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Mathematics Ukrainian Academy of Sciences

INTRODUCTION

L’viv, 290601, Ukraine

To solve the problems of improvement of the existent and
creation of new efficient lower limb prostheses, and to stu-
dy effect of prosthesis design, as a special technical devi-
ce, on kinematical dynamical energetical and other characte-
ristics of amputee locomotion it is expedient to use wide ca-
pabilities of mathematical modelling of a human walk process
on a prosthetic limb. There was proposed earlier mathemati-
cal models of biped walk having different degrees of adequa-
cy in multitude of works. These models were used for diffe-
rent purposes: investigation of kinematical dynamical and

energetical characteristics of human gait, working out and

creation of antropomorphic walking machines, etc.
In the given paper a mathematical model has been proposed

for investigation of dynamics of an amputee’s locomotor sys-

tem (ALS) with a below-knee prosthesis. Based on this

computer program (CP) has been

model

composed [1]. The series of

problems of dynamics of a two-leggal walking, calculation of

consumption of energy on motion and optimization of elastic
parameters of the prosthetic foot design has been solved.

This paper is an extension of the research into

bipedal

locomotion that was undertaken in [2-3].

THE MODEL OF THE BIOTECHNICAL SYSTEM "MAN-PROSTHESIS"

An ALS with below-knee prosthesis under consideration

consists of an

inertial torso and two legs (Fig. 1).
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Each leg consists of three elements. The two elements with

weight and inertia model the thigh and shin, while the third
weightless and inertia-free element models the foot.

Assume that NXYZ is a fixed rectangular Cartesian coordi-
nate system. It is assumed that the amputee moves in the NXY
plane along the NX axis, over a horizontal surface. In addi-
tion to the weights of its component parts (the torso,
thighs, and shins), the external forces acting on the ALS
include the interaction forces between the feet and the sur-
face, which we replace by force Ry applied at the point of
the ankle joint, and moment P, that acts in the same joint
(i=1,2). It is assumed that control moments q, and u, (i=
=1,2) act in the hip and knee joints, these moments being
treated as internal forces.

Because the feet are weightless and without inertia, we
will not concern ourselves with their motion, but will assu-
me that the foot of the shifted leg moves, e.g., parallel to
the surface, while the foot of the support leg is fixed in
relation to this same surface.

The equations. of motion of this controlled system, writ-
ten in the form of Lagrange equations of the second kind,

are as follows [3]:

d &K 3K . .
—__——=Q (zlz )I J=ll""7l (1)
dt azj azJ

where z=(x,y,w,a1,a2,B,,Bz) — are generalized coordinates

(See Fig.1), K - is the kinetic energy of the ALS, Q, - are
external generalized forces including gravity, resistance

and control torques.

To receive a complete
the dynamics of the ALS the equations (1) has been added by
balance of feet under the ac-

system of expressions describing

conditions of a kinethostatic
tion of ankle moment and the forces of reactions of the sup-

port
Pu(t) + (X = %) Ry, (t) + (¥Yi = Yai) R (t) =0 (2)
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where Ry, R,, - projections on a horizontal and vertical

axes of a main vector of forces of ground reactions acting
on the foot of i-th leg, (x;,y,) and (xg,,yy) are the car-
tesian coordinates of the ankle joint and point of the vec-
tor R, application of the i-th leg (i=1,2). Henceforth the
subscript 1 will refer to the prosthetic leg,2 to the intact
leg.

In addition to equations (1), the generalized coordinates
obey two kinematic constraints that follow from the geometry

of the leg (Fig.1l):

x(t) = x; - a; sin «; - b, sin 8,, (3)

y(t) yy + a; cos ay + by cos g,

where a,, b, are the thigh and shin lengthes of the i-th leg
(i=1,2).

Let’s note an important feature of the described model.
In the frame of this model it is chance directly to take in-
to consideration the principal dynamic difference between an
intact and prosthetic limbs of ALS. This will be achieved by
the way of refusal from the assumption that the controlling
force moments at all the joints of a prosthetic limb are the
active ones. 1In the given paper a mathematical modelling of
human gait with a below-knee prosthesis is considered based
on a supposition that a force moment at the prosthetic ankle
joint, is a passive one. The value of this moment depends
not only on the gait pattern of a man but on a prosthetic
construction as well. In the algorithm proposed this has
been shown in such a way that the moment at the ankle joint
of the prosthesis (a function p;(t)) 1is assumed as preset
one in advance. Thus if to select one or another kind of the’
function p,(t) it is possible to study the motion of a man
with below-knee prosthesis of different constructi6n.

THE MATHEMATICAL FORMULATION OF THE PROBLEMS STATEMENT

The mechanical system under consideration has nine degre-
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es of freedom. In the general case, therefore, we neec =y
know. nine functions of time in order to determine the law £
motion of the system. A number of requirements should be -m—
posed on the choice of these functions (2], e.g., rhytkaic
property of motion, continuity of law of motion, anthrepome—
rphic property of law of motion, requirement that the fzco
not slide along the surface, constraint on the contrcl —

ment in the foot, etc.

Obviously, the above requirements to not uniquely srecizy
the law of motion. In view of our assumption 7,(t) = 72(t)} =
= m/2 regarding the motion of the feet, only seven of —=
nine functions remain at our disposal; these can be taken —
be the following: x(t), y(t), the coordinates of the suspe~—
sion point 0 of the legs; y(t), the angle that defines *==
departure of the torso from the vertical drawn through poi=—r
0; x,(t), y,(t), the coordinates of the ankle joints (i=:.
2).

We will study single-support locomotion, i.e., motion —
our system such that only one leg is in contact with t==
surface at any point in time.

For an arbitrary double step, we specify the Cartesiz=~

coordinates of the ankle joints of legs as follows [2]:

0 t 0,T/2
%, () = » e[ /2]
L - L cos w(t - T/2), t € [T/2,T)]
(+
0 » t e [0,T/2]
Yi(t) = { [
a* sin? w(t - T/2) , t e [T/2,T)
-L 0,T/2
attl = { cos wt , Be [ /2]
0 , t e [T/2,T)
(5
a* sin? wt , t e [0,T/2]
ya(t) =
0 , t e [T/2,T]
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We define the motion of the suspension point of the legs

as follows:

Vt - S + B,sin(2w,t + « , £t € [0,T/2
‘() - xSin(2ut + a,) le,7/2]
L + Vt - S + B,sin(2w,t, + o), t € [T/2,T]
h + Bysin(2w,t + «) , £t e [0,T/2]
y(t) = Y Y Y (7)
h + Bysin(2wyt, +ay) , t e [T/2,T]

In (4) -(7), L is the step length; a* is the maximum ele-
vation of the shifted leg over the surface; S is the distan-
ce from the ankle joint of the support leg to the projection
of the suspension point 0 onto the surface at t=0; T is the
duration of the double step; w = w,= w,2= 2n/T, V = 2L/T, t,=
=t -T/2, h, B, By, a,, a, are arbitrary constants.

In accordance with the requirement of periodicity, we

specify the motion of the torso as follows:
Y(t) = -(C; + C, sin 2wt + C, cos 2wt), t e [0,T] (8)

where ¢C;, C,, C; are arbitrary constants.

For parameters L, §, V, h, B,, B, «,, a, a*, ¢, C,, G,
have determined the permissible set of its meanings which
takes into consideration the requirements on the human gait.

To estimate the energy expenditures in bipedal locomotion

we will compute the following functional [1-4]:

2 T
E=—2"0 (la,(t) (4" (t)-a; (t))| +
0
+ |uy(t) (a; (£)-B; (t)) | + (9)

+ |pi(t) BI(t)] } dt
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Problem 1. Assume that kinematics of legs are given by me-
ans of (4)-(7). From among the possible motions of the torso
(8), we are to find the energetically optimal law of motion
of torso of our system.

We have a problem of parametric optimization of functio-
nal (9) with free parameters: Ci» C, C3. The law of motion
and controls are subject to the constraints (1)-(3).

Let the construction of a prosthetic foot is designed in
such a way that a moment at the ankle joint of a prosthetic

leg may be represented as

P1(t) = py + cB,(t) + kB, (t)

where c¢, k are the parameters characterizing concentrated
elasticity and visco-elasticity of the prosthesis, respecti-

vely, p, is free parameter.
Problem 2. Assume that X (t),y;(t), (i=1,2) and x(t),y(t)
are given by (4)-(7). Find generalized coordinates y(t),

a (t),B,(t), control moments q,(t), u,(t), p,(t), components

of the support reactions R, (t), Ry (t), (i=1,2) and parame-
ters p}, c*, k*, which satisfy equations (1), constraints

(2), (3) and minimizes functional
% = max ,pl(trp()Icrk) = p¥(t)l
te[o, T/2)

In (11) function pi(t) 1is control moment in ankle joint

and is determined by solution of the problem 1.

RESULTS AND DISCUSSION

There has been set up the algorithms to solve of the pro-
on these algorithms computer
This CP makes

blem 1 and problem 2. Based
pProgram (CP) has been composed in C-language.

it possible:
1) to simulate a human locomotion both normal and on ar-
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tificial lower extremities;
2) based on preset antropometric data and kinematics of

human’s locomotor system to calculate the forces of ground

reaction and the moments of forces acting at the joints of
legs during the motion of a man along a horizontal surface;

3) to calculate the energy costs required for the preset
motion of a human’s locomotor system both normal and on a
below-knee prosthesis;

4) to solve the problems of optimization of elastic and
visco-elastic parameters of prosthetic foot.

The CP developed makes it possible to display the film of
motion of a man, graphic dependencies of kinematic dynamic
and energetic characteristics of a two-leggal walking.

Let us describe some results of solution of problem 1 and
for L =0.7m, S = 0.35m, h = 0.967m, B, = 0.00m,

problem 2
B, = 0.016m, a* = 0.05m, a,=-1.570rad, a,=-1.571rad, V =

Y
= 1.10m/sec, M = 80kg, H = 1.8m, where M and H are mass and

height of human’s locomotor system, respectively.

Fig.2 shows the way in which the angular coordinate of
torso change in time over a double step. The longitudinal
and vertical support reactions of the obtained laws of moti-
on are shown in Fig.3 and Fig.4. Figures 5 and 6 show the
control moments in ankle and knee joints of the prosthetic
leg. On Fig.2-6 curves i correspond solution of the problem

i (i=1,2); ¢ in rad, R,,, R, in N, time t in % of dura-

tion of double step.

The maximum value of R, (t) for prosthetic leg is = 20%
of the weight of biomechanical system "Man-Prosthesis". The
maximum value of vertical component of the support reaction

for prosthetic leg differs from the weight of system by not
more than 20%.

Energy expenditure for laws of motion of
have finded in problem 1 and problem 2 are 289.6J/m and

a system which

303.0J/m, respectively. Optimal meaning of constructive pa-

rameters of prosthetic foot for solution of the problem 2

are: pg = 207.06 Nm, c* = 914.24 Nm, k* = 0.0 Nmsec.
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With the help of the CP developed a problem of optimiza-
tion of resilier: characteristics of prosthetic foot had so-
lved for a number of gait patterns. The ankle moment at pro-

sthetic foot was chosen as pi(t) = cB,(t) + kB;(t). The ana-
lysis of numerical results has shown that kinematical dyna-

mical and energetical characteristics of biped locomotion

are strongly change when we change the concentrated elasti-

city and visco-elasticity of the ankle joint of the prosthe-
tic foot. At a preset gait there exist optimal meanings of
the parameters ¢, k, which requife minimal energy costs du-
ring ambulation of a man on a below-knee prosthesi§.

For example, for a gait of a kind (4)-(7) at V = 0.83m/s,
T =1.22s, h = 0.8m, S = 0.23m, B, = 0.021m, B, = 0.016m, °
a* = 0.03m, a,= 0.77rad, a,=-1.62rad and for amputee with
mass 70kg and height 1.8m the optimal meanings of these pa-
rameters are c*= 245 Nm, k*= 2 Nms. The required energy ex-
penditures on a unit of way are equal to 271 J/m.

There was considered the problem of modelling of human
locomotion with an above-knee prosthesis. It was assumed

that in equations (1) the knee and ankle moments of artifi-

cial leg are passive ones. These moments were chosen as

Pi(t) = cBi(t) + kB{(t), u(t) = c,(a, - B,) + ky(a] - Bi)-

The parameters ¢, c,, k, k, are concentrated elasticity and

visco-elasticity of ankle and knee joints, respectively.

The problem i optimization of resilient characteristics
of above-knee prosthesis had solved for a number of gait pa-
tterns. The analysis of numerical results has shown that at
a preset gait there exist optimal meanings of the parameters
C, ¢, k, ky, which require minimal energy costs during am-
For example,

and for ampu-

bulation of a man on an abowe-knee prosthesis.
*

for a gait with L = 0.7m, T = 2s, a™= 0.03m,
tee with mass 80kg and height 1.7m the optimal meanings of

these parameters are c*= 238 Nm, k*= 10 Nms, c*= 54 Nm,

u
k¥= 15 Nms. The required energy expenditures on a unit of

way are equal to 290 J/m.
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Fig. 2
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