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On Delay-limited Average Rate of HARQ-based
Predictor Antenna Systems
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Abstract—Predictor antenna (PA) system is referred to as a
system with two sets of antennas on the roof of a vehicle, where
the PAs positioned in the front of the vehicle are used to predict
the channel state observed by the receive antennas (RAs) that
are aligned behind the PAs. In this work, we study the effect of
spatial mismatch on the accuracy of channel state information
estimation, and analyze the delay-constrained average rate of
hybrid automatic repeat request (HARQ)-based PA systems. We
consider variable-length incremental redundancy (INR) HARQ
protocol, and derive a closed-form expression for the maximum
average rate subject to a maximum delay constraint. Moreover,
we study the effect of different parameters such as the vehicle
speed, the antenna distance and the rate allocation on the system
performance. The results indicate that, compared to the openloop case, the delay-limited average rate is considerably improved
with our proposed PA-HARQ scheme.
Index Terms—Average rate, backhaul, channel state information (CSI), HARQ, integrated access and backhaul (IAB),
Marcum Q-function, mobility, mobile relay, predictor antenna,
spatial correlation.

I. I NTRODUCTION
One of the main use cases of future wireless networks is
vehicle communications. In such setups, channel state information at the transmitter side (CSIT) plays a key role in the
system design and optimization schemes. However, due to the
mobility of the users, the typical channel estimation methods
may be inaccurate as the position of the transmit/receive
antennas may change quickly. For this reason, the predictor
antenna (PA) concept has been proposed and evaluated in,
e.g., [1]–[5]. Here, the PA setup refers to as a system where
two sets of antennas are deployed on the roof of a vehicle,
and the PA(s) positioned at the front of the vehicle are used
to predict the channel observed by the receive antennas (RAs)
that are positioned behind the PA(s).
Typical PA systems have two problems, namely, spatial
mismatch and spectral efficiency, compared to a static multiple
input multiple output (MIMO) system with as many antenna
elements. Specifically, due to, e.g., speed change or feedback/processing delay, the RAs may not reach the same point
as the PA when they receive data, leading to imperfect CSIT.
This spatial mismatch problem has been studied in [2]–[4]
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where different techniques are applied to compensate for this
effect. Moreover, while the PA is mainly used to improve the
CSIT, using one of the antennas only for CSIT estimation may
not be efficient, in terms of spectral efficiency. This becomes
important especially when we remember that, with a PA setup
on top of buses/trains, the PA should serve a large number of
users inside the vehicle, e.g., watching videos. In such cases,
we have a delay-limited system in which a certain number of
information bits should be transferred within a limited period
of time.
From another perspective, hybrid automatic repeat request
(HARQ) is a well-known technique to improve the data transmission reliability and efficiency. The main idea of HARQ
is to retransmit the message that experienced poor channel
conditions, reducing the outage probability [6], [7]. As the
PA system includes the feedback link, i.e., from the PA to
the base station (BS), HARQ can be supported by the PA
structure in high mobility scenarios. That is, the BS could
potentially adjust the transmit rate/power to the RA based on
the feedback from the PA. In this way, it is expected that such
a joint implementation of the PA and the HARQ scheme can
improve the system efficiency and reliability. However, PAHARQ has not been considered in the literature except for
[5] which studies outage-limited power allocation in the cases
with fixed-length coding.
In this paper, we develop an HARQ-based scheme for
delay-limited PA systems where we need to transfer a certain
number of bits within a limited period of time. The goal is to
maximize the delay-constrained average rate in the presence
of imperfect CSIT. Different from [1], [2], where numerical
and test-bed based analysis are presented, in this work we
model the PA system analytically, and design an HARQbased PA scheme. Using the incremental redundancy (INR)
protocol and variable-length coding, we derive closed-form
expressions for the maximum delay-limited average rate as
well as for the optimal rate allocation. The problem setup
is different from the ones in [3]–[5] because of the HARQ
setup and variable-length coding. Finally, we compare the
proposed scheme with different benchmarks, and evaluate the
effect of different spatial correlation models, as well as system
parameters such as transmission delay and the vehicle speed
on the average rate.
The analytical and simulation results show that, while an
HARQ-assisted PA system leads to considerable performance
improvement, compared to the open-loop case, the average
rate is remarkably affected by the spatial mismatch and delay
constraint. Moreover, while our proposed scheme provides the
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In this way, the signals transmitted in the BS-PA link and the
BS-RA link in the first and second transmissions, respectively,
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Fig. 1. HARQ-based PA system with spatial mismatch.
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Fig. 2. Timing of the proposed PA-HARQ scheme.

same CSIT accuracy as typical PA setups, it gives the chance
to better utilize the PA setup and improve the average rate.
Finally, for a broad range of vehicle speeds/delay constraints,
the optimal average rate scales with signal-to-noise ratio
(SNR) almost logarithmically.
II. S YSTEM M ODEL
In the standard PA setup, proposed in [1]–[4], the PA at
the front of the vehicle1 is used only for channel estimation.
As opposed, here, we develop a setup where the PA is used
for both channel estimation and initial data transmission under
frequency-division duplex (FDD). Our proposed setup and its
timing can be seen in Figs. 1 and 2, respectively. Here, at t1
the BS sends pilots as well as the encoded data with certain
initial rate R and power p to the PA. Then, at t2 , the PA
estimates the BS-PA channel ĥ from the received pilots. At
the same time, the PA tries decoding the data and generates
an acknowledgement (ACK) if the decoding of the data is
successful. Otherwise, a negative acknowledgement (NACK)
will be fed back. ACK or NACK is sent to the BS at t3 . In case
of an NACK, the PA also sends CSIT feedback to the BS so
that it gets an estimation of ĥ. Based on the received feedback,
the BS decides whether or not to retransmit the message with
an adapted rate. Finally, at t4 and with NACK, the BS sends
data to the RA with an adapted rate. We define t4 − t1 = δ.
For simplicity of presentations, we assume the feedback link
to be perfect. This is motivated by the fact that, compared to
the direct BS-PA link, considerably lower rate is required in
the feedback link. Finally, one can follow the same procedure
as in [4] to model the quantization feedback error as an extra
additive Gaussian noise.
1 In

the analysis, we consider a forward direction of the vehicle such that
the front and the backward antennas work as the PA and the RA, respectively.
With a reverse direction, the role of the antennas will be switched.

respectively, where p is the transmit power while x̂ and x are
the transmitted message with unit variance, and z ∼ CN (0, 1)
represents the independent and identically distributed (IID)
complex Gaussian noise added at the receiver side. Also,
h represents the BS-RA channel coefficient. Note that, as
explained in the following, the signals x̂ and x may be of
different lengths, as functions of the channel quality and
maximum delay constraint.
We assume that the vehicle moves through a stationary
electromagnetic standing wave pattern, and the system is
moving in a straight line. Because of the short control-loop
delay, the moving distance is in the order of centimeter so the
moving direction is almost linear. This assumption has been
experimentally verified in, e.g., [8]. Thus, if the RA reaches
exactly the same position as the position of the PA when
receiving the pilots, it will experience the same channel, i.e.,
h = ĥ, and the CSIT will be perfect. However, if the RA
does not reach the same point as the PA, due to, e.g., the
BS processing delay is not equal to the time that we need
until the RA reaches the same point as the PA, the RA may
receive the data in a place different from the one in which
the PA was receiving the pilots. Such spatial mismatch may
lead to CSIT inaccuracy, which affects the system performance
considerably.
Let us define d as the effective distance between the place
where the PA estimates the channel at time t, and the place
where the RA reaches at time t + δ. Then, we have
d = |da − dm | = |da − vδ|,

(3)

where dm is the displacement of the vehicle during time
interval δ, and v is the velocity of the vehicle. Then, da is the
antenna separation between the PA and the RA. We assume d
to be known by the BS.
Using the classical Jake’s correlation model and assuming
a semi-static propagation environment, i.e., assuming that the
coherence time of the propagation environment is larger than δ,
the channel coefficient of the BS-RA downlink can be modeled
as [3, eq. (5)]
p
(4)
h = 1 − σ 2 ĥ + σq.
Here, q ∼ CN (0, 1) which is independent of the known
channel value ĥ ∼ CN (0, 1), and spatial correlation factor
σ is a function of the effective distance d as
σ = r

φ22 −φ21
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(φ2 ) + (φ22 − φ21 )
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Furthermore, φ1 = Φ1,1 and φ2 = Φ1,2 , where Φ is from
Jake’s model
 
ĥ = Φ1/2 H ,
(6)
ε
h
where Hε has independent circularly-symmetric zero-mean
complex Gaussian entries with unit variance, and Φ is the
channel correlation matrix with the (i, j)-th entry
Φi,j = J0 ((i − j) · 2πd/λ) ∀i, j.

(7)

P∞ ( x2 )2i (−1)i
Here, Jn (x) = ( x2 )n i=0 i!Γ(n+i+1)
represents the n-th
order Bessel function of the first kind. Moreover, λ denotes
the carrier wavelength, i.e., λ = c/fc where c is the speed
of light and fc is the carrier frequency. There are different
ways to model the channel correlation as a result of, e.g.,
Doppler effect. If, instead of uniform Jake’s model with
uniform scattering, we consider different scattering models [9,
Table 6.2] to study the effect of spatial correlation, then (7) is
changed to
2

Φi,j = e−(πd/λ) ∀i, j,

(8)

for Gaussian scattering, and
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Fig. 3. Illustration of block length for two transmission rounds.

III. A NALYTICAL R ESULTS
Let us denote the initial rate by R = K
L nats per channel use
(npcu), where K is the number of nats2 per codeword. Here,
the results are presented for the cases with moderate/long
codewords, which is of interest in moving relays [2]. In such
cases, the error probability converges to the outage probability
and we can follow the same information theoretical approach
as in [6], [7] to analyze the system performance. Then, in the
first transmission, if the instantaneous channel gain supports
the rate, i.e., R < log(1 + ĝp) or equivalently, ĝ > pθ where
θ = eR −1, an ACK is sent back to the BS and the transmission
stops. On the other hand, if R > log(1 + ĝp), an NACK as
well as the instantaneous channel gain ĝ are sent back to the
BS. Then, in Round 2, we determine the required rate as
R(ĝ) = log(1 + ĝp) =


Φi,j = sinc

!

2d
λ


∀i, j,

(9)

for rectangular scattering (see Section IV for discussions).
From (4), for a given ĥ and σ 6= 0, |h| follows a Rician
distribution. Let us define the channel gains between BS-PA
and BS-RA as ĝ = |ĥ|2 and g = |h|2 , respectively. Then, the
probability density function (PDF) of g|ĝ is given by
!
p
2 )y
2 )y
2
x(1
−
σ
1 − x+(1−σ
σ2
fg|ĝ (x|y) = 2 e
I0
, (10)
σ
σ2
which is non-central Chi-squared distributed with the cumulative distribution function (CDF)
r
r !
2(1 − σ 2 )y
2x
,
(11)
Fg|ĝ (x|y) = 1 − Q1
,
2
σ
σ2
with Q1 (·, ·) being the Marcum-Q-function. As shown in Fig.
3, let us denote the maximum acceptable delay constraint
by Lmax channel use. That is, Lmax gives the maximum
acceptable delay, or the maximum possible coding length, for
data transmission. We present the block length allocated to
the first and the second transmission signals by L and L(ĝ),
respectively, with L + L(ĝ) ≤ Lmax . Here, L is optimized
based on average performance, and L(ĝ) is based on the
instantaneous channel quality ĝ. This is because we do not
have instantaneous CSIT in Round 1, and, therefore, we should
send the data with a fixed rate which is determined based on all
possible values of channel realization weighted by the channel
distribution. However, in the second round, the sub-codeword
length is adapted based on the instantaneous channel quality ĝ
available at the BS. In the following, we optimize the average
rate in the presence of variable-length coding and a maximum
delay constraint.

K
,
L + L(ĝ)

(12)

which is equivalent to
L(ĝ) =

K
− L,
log(1 + ĝp)

(13)

with L(ĝ) being the length of the redundancy bits sent in the
second round. Let us denote Rmin = LKmax which is limited
by the delay constraint Lmax . If L(ĝ) + L > Lmax , with
θmin = eRmin − 1, leading to ĝ < θmin
p , no signal is sent
in the second round because the maximum delay constraint
can not be satisfied. Otherwise, if ĝ > θmin
p , we send a subcodeword with length L(ĝ). Note that, following the standard
INR protocol [6], [7], in the retransmissions only redundancy
bits are sent and one can follow the state-of-the-art variablelength coding schemes developed for INR, e.g., [7], [10], to
generate them.
In this way, the average rate, for given ĝ, is obtained as




θ
θmin
θ
η|ĝ = RI ĝ >
+ log(1 + ĝp)I
≤ ĝ ≤ , A .
p
p
p
(14)
Here, I(x) is the indicator function and A is the event that the
message is decoded in the second round. Note that, with the
rate allocation scheme of (12), it is straightforward to show
that A occurs if and only if g ≥ ĝ. In this way, (14) can be
rewritten as




θmin
θ
θ
η|ĝ = RI ĝ >
+ log(1 + ĝp)I
≤ ĝ ≤ , g ≥ ĝ .
p
p
p
(15)
Finally, averaging the system performance over all possible
ĝ, we can obtain the average rate as follows.
2 Here, the results are presented in terms of nats, i.e., symbols. It is
straightforward to represent the results in terms of bits by scaling the rate
terms by log2 e.

4

Theorem 1. The average rate of the proposed PA-HARQ
scheme is approximately given by (16).

8

Proof. Using (15) and taking average over ĝ, whose PDF is
given by fĝ (x) = e−x , we have

 Z θ/p
θ
η(R) = R Pr ĝ ≥
log(1 + px)fĝ (x) Pr(g ≥ x)dx
+
p
θmin /p

6

7

5
4
3

θ
−p

= Re ×
r
r !
Z θ/p
2 (1 − σ 2 ) x
2x
−x
e log(1 + px)Q
,
dx
2
σ
σ2
θmin /p
Z θ/p
(b)
θ
1
−p
' Re
+
e−x log(1 + px) dx+
2
θmin /p
Z θ/p
σ
1
e−x log(1 + px) √ dx
2 θmin /p
2 πx
(c)

θ

= Re− p + (F1 (θ/p) − F1 (θmin /p)) +

σ
√
k (F2 (θ/p) − F2 (θmin /p)) +
4 π
s !
s
!! !
√
θ
θmin
b π erf
− erf
.
(16)
p
p
q
q
2(1−σ 2 )x
2x
Here, (b) is obtained by
'
for
2
σ
σ2
small/moderate values of σ, using [11, Eq. (A-3-2)]

2
1
1 + e−x I0 (x2 ) ,
(17)
Q(x, x) =
2

2
1
0
10

30

35

40

θ
p

•

and

Using (16), the optimal average rate can be found as ηopt =
argmaxR η(R). Setting the derivative of (16) with respect
to R equal to zero, the optimal transmit rate R is found by
numerical solution of
(
 θ
1
Ropt = arg −
ReR − p e− p +
p
R
!

θ
2eR − p − 2 eR− p
θ
θ
σ
R− p
R− p
√
ke
−k
+ 2be
+
4 π
2p2 pθ
)
− pR+1
p

θ
1 e
1
ReR − p e− p eR+ p pR+1 = 0 ,
(20)
4p
p

25

which is a one-dimensional equation and can be solved effectively by, e.g., bisection method.
Finally, to evaluate the effectiveness of the proposed setup,
we consider following benchmarks:
• Open-loop transmission: The average rate of the openloop setup, i.e., with no retransmissions, is given by
Z ∞
θ
Re−x dx = Re− p ,
(21)
η Open-loop =

x

√  √ −x
1√
π erf
x − xe ,
(19)
2
R ∞ −t
with some manipulations. Here, E1 (z) = z e t dt represents
Rx
2
the exponential integral, and erf(x) = √2π 0 e−t dt is the
error function.


20

Fig. 4. ηopt vs. SNR. Rmin is set to 2 npcu, and σ in (5) is set to 0.1 for
dash line and 0.9 for solid line, respectively.

and I0 (x) ' √e2πx [12, Eq. (9.7.1)]. Then, in (c) we use linear
min
, with
approximation of log(1 + px) ' kx + b at x = θ+θ
 2p
2p
θ+θmin
θ+θmin
k = θ+θmin +2 and b = − 2p k + log 1 + 2 . Moreover,
(c) is obtained by defining F1 (x) and F2 (x) as




1 −x
px + 1 x+ p1
F1 (x) = − e
log(px + 1) + E1
e
,
2
p
(18)

F2 (x) =

15

•

and the optimal rate allocation is found by setting the
derivative of (21) with respect to R equal to zero leading
to R = W(p), where W(·) represents the Lambert Wfunction xex = y ⇔ x = W(y) [13].
Basic ARQ: Here, we follow the same method as in the
proposed scheme, except that in the second round exactly
the same signal is retransmitted and the receiver does
not combine the two copies of the signal. Then, (15) is
rephrased as




θ
θmin
θ
η|ĝ = RI ĝ >
+ 0.5RI
≤ ĝ ≤ , g ≥ ĝ ,
p
p
p
(22)
and one can follow the same method as in Theorem 1 to
derive the average system performance.
Diversity-based transmission: For this scheme, we send
two copies of the same signal to the RA in two frequency
bands simultaneously. In this way, frequency diversity is
achieved by transmitting the signal into two independent
BS-RA channels and performing maximum ratio combing
(MRC) at the receiver. Here, the throughput is given by
η|ĝ, g = 0.5RI {log (1 + (g + ĝ) P ) > R} .

(23)

Depending on system model and performance metric, there
are different methods which can be applied in the PA system
(See [14] for comparison of various schemes).
IV. S IMULATION R ESULTS
In the simulations, we set δ = 5 ms, carrier frequency fc = λc
= 2.68 GHz with λ being the carrier wavelength, and da =
1.5λ, which affect the spatial correlation factor σ as given in
(5). In Fig. 4, we demonstrate the optimal average rate in npcu
with different cases for a broad range of SNRs which, because
the noise has unit variance, we define as 10 log10 P . Here, we
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Fig. 5. Optimal values of R vs. SNR, Rmin = 2, 3 npcu, and σ = 0.1.

set Rmin = 2 npcu which corresponds to a delay constraint
Lmax (cf. Sec. III), and σ = 0.1, 0.9. The approximation values
are obtained by Theorem 1, and the results are compared with
the benchmark schemes given in (21)-(23). Figure 5 presents
optimal values of initial rate allocation R for different values
of Rmin as a function of the SNR. Here, we set Rmin = 2, 3
npcu, and σ = 0.1. Then, the optimal average rate as a function
of the vehicle velocities is illustrated in Fig. 6, with Rmin = 2
npcu, and SNR = 20, 24, and 28 dB. Moreover, we present
the approximation values from Theorem 1. Here, as explained
in [3, Section II], manipulating v is equivalent to changing
the level of spatial correlation σ for given values of δ, fc and
da in (4). Finally, we study the effect of different scattering
models on the system performance, i.e., uniform scattering (7),
Gaussian scattering (8), and rectangular scattering (9).
According to the figures, we can conclude the following:
• The approximation scheme of Theorem 1 is tight for a
broad range of values of SNR (Figs. 4-6), Rmin (Fig. 5)
as well as σ, or equivalently, v (Figs. 4, 6). Thus, for
different parameter settings, the average rate of the PAHARQ system can be well optimized by Theorem 1.
• With deployment of the PA-HARQ setup, remarkable
average rate gain is achieved, compared to benchmark
schemes, especially in moderate/high SNRs (Fig. 4).
Moreover, the average rate increases when the spatial
correlation between the PA and the RA is low, i.e., when
σ increases (Figs. 4, 6). Note that, according to (7)-(9),
σ varies as a function of the vehicle speed v.
• For a broad range of parameter settings and SNRs, the
optimal rate R increases with SNR, in the log domain,
almost linearly (Fig. 5). As Rmin increases, i.e., with more
stringent delay-constraint, higher initial transmission rate
R is required for the optimal average rate, as can be seen
in the low-SNR range of the figure.
• In Fig. 6, there is a minimum value for the average
rate. This is intuitively because at low and high speeds,
i.e., v < 110 km/h and v > 130 km/h, we have
larger σ, which although it reduces the CSIT accuracy,
provides higher average rate since it gives better spatial
diversity. The lowest value of η is observed at around
120 km/h, which matches our straightforward calculation
from d = |dm − da |. Moreover, the effect of different
Doppler scattering models on the system performance is
relatively negligible (Fig. 6). Thus, the analytical- and the
simulation-based conclusions hold for different scattering

2.5
100
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130

140

Fig. 6. ηopt vs. v. Rmin = 2 npcu, and SNR = 20, 24, 28 dB.

models.

V. C ONCLUSION
We proposed an HARQ-based approach in order to compensate for the spatial mismatch and spectral under-utilization
of PA systems. We designed the system such that the feedback
from the PA can be used to adjust the codeword length in order
to improve the average rate. The simulation and analytical
results show that, while HARQ-assisted PA systems lead to
considerable performance improvement, compared to different
benchmark systems, the average rate is remarkably affected by
the spatial mismatch, the SNR as well as the delay constraint.
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