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a b s t r a c t 

Due to their ability to reversibly absorb/desorb hydrogen without hysteresis, Pd–Au nanoalloys have 

been proposed as materials for hydrogen sensing. For sensing, it is important that absorption/desorption 

isotherms are reproducible and stable over time. A few studies have pointed to the influence of short and 

long range chemical order on these isotherms, but many aspects of the impact of chemical order have 

remained unexplored. Here, we use alloy cluster expansions to describe the thermodynamics of hydrogen 

in Pd–Au in a wide concentration range. We investigate how different chemical orderings, corresponding 

to annealing at different temperatures as well as different external pressures of hydrogen, impact the 

behavior of the material with focus on its hydrogen absorption/desorption isotherms. In particular, we 

find that a long-range ordered L1 2 phase is expected to form if the H 2 pressure is sufficiently high. Fur- 

thermore, we construct the phase diagram at temperatures from 250 K to 500 K, showing that if full 

equilibrium is reached in the presence of hydrogen, phase separation can often be expected to occur, in 

stark contrast to the phase diagram in para-equilibrium. Our results explain the experimental observa- 

tion that absorption/desorption isotherms in Pd–Au are often stable over time, but also reveal pitfalls for 

when this may not be the case. 

© 2021 The Author(s). Published by Elsevier Ltd on behalf of Acta Materialia Inc. 

This is an open access article under the CC BY license ( http://creativecommons.org/licenses/by/4.0/ ) 
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. Introduction 

The prospect of hydrogen as a replacement for fossil fuels con- 

inues to generate interest in metallic hydrides. Some metals are of 

articular interest in this context as they can be reversibly loaded 

nd unloaded with hydrogen by tuning the partial pressure of H 2 

as in the environment; Pd is one such example. When loaded 

ith hydrogen, the Pd hydride has a hydrogen density that is or- 

ers of magnitudes larger than H 2 gas under the same conditions, 

nd it is therefore a candidate for storing hydrogen [1] . Another 

otential application of Pd hydrides is sensing [2,3] . Pd nanoparti- 

les that are exposed to hydrogen quickly form a hydride [4] , and 

hen doing so, their optical properties change. This change can 

e easily detected, and Pd nanoparticles can thus be used as re- 

ersible hydrogen sensors [5,6] . The use of Pd for hydrogen sensing 

pplications has, however, a major disadvantage; Pd hydride for- 

ation at room temperature is associated with a first-order phase 

ransition from a hydrogen-poor α phase to a hydrogen-rich β
hase, which causes the sensor response to be a highly non-linear 

unction of H 2 pressure. Since the phase transition is also associ- 
∗ Corresponding author. 
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ted with hysteresis [7–9] , the response moreover differs between 

he loading and unloading half-cycles. These aspects are generally 

nfavorable for sensing applications. 

Fortunately, these drawbacks can be alleviated by alloying Pd 

ith Au. With around 20 mol-% of Au in Pd, the system can 

e loaded continuously with hydrogen [10,11] , eventually making 

he sensor readout an almost linear function of H 2 pressure [12–

5] . The introduction of another chemical species thus fundamen- 

ally changes the thermodynamics of the material and improves its 

roperties. From a scientific as well as practical standpoint, how- 

ver, an alloy is significantly more complex than a pure metal, and 

ultiple important questions arise: what is the optimal composi- 

ion, how are the chemical elements ordered under different cir- 

umstances, and how does this ordering influence the properties of 

he material? The influence of overall composition can usually be 

elatively easily optimized by experimental screening. The chem- 

cal ordering, on the other hand, is difficult to both control and 

easure experimentally, and can be expected to be influenced by 

onditions during and after fabrication. Moreover, although Pd–Au 

anoalloy sensors tend to be stable over time [16] , changes may 

ccur over long time-scales due to slow kinetics, which makes the 

ffects tedious to experimentally assess, while they may still be 

etrimental to the material. Although the study of hydrogen in 
c. This is an open access article under the CC BY license 
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d and its alloys has a long and rich history [7,17–23] , many fun-

amental aspects of the Pd–Au–H system are still unknown, and 

o fully exploit this material it is of paramount importance that 

ts thermodynamics are understood, as it determines the driving 

orces that underpin the evolution of the atomic scale structure 

ver time. 

A few previous studies have successfully used combinations of 

ensity-functional theory (DFT) calculations and statistical meth- 

ds to predict properties of hydrogen in Pd–Au. For example, Ma- 

atkulov and Zhdanov [24] recently developed a model based on 

FT calculations that successfully predicted absorption isotherms, 

ighlighting that once octahedral sites without surrounding Au 

toms become few, the phase transition and its associated hys- 

eresis disappears. These calculations assumed a Pd–Au lattice 

ith random configuration, which remained unaffected by inser- 

ion of hydrogen. This metastable equilibrium, with equilibrium 

nly on the hydrogen sublattice, is commonly referred to as para- 

quilibrium [25–27] . If the metal atoms are allowed to rearrange 

n response to hydrogen such that full equilibrium is reached, a 

ignificantly more complex phase diagram can be expected [28] . 

his was indicated experimentally by Lee et al. [29] , who found 

hat long-range order (LRO) was formed in Pd–Au with 19% Au 

hen subjected to a high pressure of H 2 at high temperatures. Im- 

ortantly, alloys with this LRO had strikingly different pressure–

omposition isotherms than those that had not been treated in 

 high-pressure H 2 gas and lacked LRO. A similar conclusion was 

eached by Chandrasekhar and Sholl et al. [30] , who computed hy- 

rogen solubility as a function of chemical order at Au contents 4% 

nd 15%. These results show that the different degrees of equilibra- 

ion matter for the properties of the Pd–Au–H system, and since 

any applications depend on reproducible pressure–composition 

sotherms, chemical order should not be ignored. In this light, it is 

bvious that a full accounting of the impact of chemical order on 

he thermodynamics of Pd–Au–H is desirable. 

Here, we make a detailed atomic scale study of the thermo- 

ynamics of hydrogen in Pd–Au. To this end, we use alloy cluster 

xpansion fitted to DFT to describe the energetics of the system 

anging from 0% to 50% Au in Pd and in the full range from no hy-

rogen to full hydrogen occupation. This approach, which has been 

uccessfully applied to similar materials in the past [30–34] , allows 

or very fast evaluation of the energy of a system with hundreds 

f atoms with an accuracy approaching that of DFT. Using Monte 

arlo (MC) simulations, we can elucidate the thermodynamics and, 

n particular, study how chemical order evolves under different cir- 

umstances. 

. Methodology 

Our methodology comprises the following steps: (1) we cal- 

ulate energies of Pd–Au–H structures with different composition 

nd configuration [35,36] with DFT [37–40] , (2) fit alloy cluster 

xpansion to these energies [41] , and (3) sample the system us- 

ng MC simulations in different ensembles using the icet software 

36] . The details of these methods are provided in Supplemen- 

ary Note 1–3. With this methodology, we can extract temperature- 

ependent thermodynamic quantities with a high accuracy. 

In Pd–Au–H, hydrogen primarily occupies octahedral interstitial 

ites in the face-centered cubic (FCC) lattice formed by Pd–Au (al- 

hough in some configurations, tetrahedral site may be preferred 

24,42] ). The full system can thus be viewed as a rock salt struc- 

ure, i.e., two interpenetrating FCC sublattices, one occupied by Pd 

nd Au, and the other populated with H and vacancies. In the fol- 

owing, we will state concentrations per sublattice , such that, for 

xample, the H concentration is 100% if all sites on the H/vacancy 

ublattice are occupied by H, whereas energies are stated per for- 

ula unit (f.u.) with a f.u. being two sites, one per sublattice. 
2 
e restricted our training data (and simulations) to Au concen- 

ration below 50%, and excluded training data with too large relax- 

tion relative to the reference lattice (as detailed in Supplementary 

ote 2). 

To be able to quantify the uncertainty stemming from the fit- 

ing of the cluster expansion (CE) model, we used a Bayesian ap- 

roach to construct 10 additional CE models [43,44] , below re- 

erred to as “sampled cluster expansion”. The results below were, 

owever, obtained with the average CE model unless stated other- 

ise. 

In this work, we exploit the possibility to sample the two sub- 

attices with different strategies in the same MC simulation. Specif- 

cally, we used different combinations of the canonical, semi-grand 

anonical (SGC), and variance-constrained semi-grand canonical 

VCSGC) [45,46] ensembles. MC simulations in the canonical en- 

emble involve swapping the chemical identity of two randomly 

hosen sites on the same sublattice, whereas SGC and VCSGC sim- 

lations only involve flipping the chemical identity of one site at 

 time. The overall composition is thus preserved in the canoni- 

al ensemble but not in the SGC or VCSGC ensemble. The canon- 

cal ensembles is thus closely related to closed systems (which is 

sually the case for the Pd–Au sublattice experimentally), whereas 

he SGC and VCSGC ensemble mimic open systems (which is al- 

ost always the case for the H–vacancy sublattice). The SGC and 

CSGC ensembles also yield access to the free energy derivative 

 F /∂ c, and by extension the partial pressure of H 2 , as discussed in

upplementary Note 4. By integration, the free energy landscape 

an be mapped out and phase diagrams constructed, as detailed in 

upplementary Note 6. 

. Results and discussion 

.1. Cluster expansion construction 

The CE constructed in this work has a root mean square error 

or the mixing energies of 8.3meV/f.u. over the training set and 

f 15.3meV/f.u. over the test set. To put these number in perspec- 

ive, it is instructive to compare them to the wide span ( −100 to 

00 meV / f . u . ) of mixing energies in this system ( Fig. 1 ). The largest

rrors are frequently found among structures with a large content 

f Au, which partially explains the large difference in error be- 

ween training and test set, as the latter contained a higher pro- 

ortion of structures with high Au content. The predicted energy 

f all structures (including structures that relaxed too far relative 

o the reference structure (see Fig. S2) but excluding those with 

 Au > 0 . 5 ) has a good albeit not perfect correlation with the corre-

ponding DFT energies ( Fig. 1 a, R 2 = 0 . 934 ). The energies of struc-

ures with long relaxation distances are sometimes severely over- 

stimated. This is unsurprising since they were not included in the 

raining data and cannot be expected to be well described by the 

E in any case. Many of the poorly described structures are those 

ith higher mixing energies in a series of configurations with the 

ame composition ( Fig. 1 b–g), and hence are in general less rele- 

ant for the thermodynamics of the system. 

The effective cluster interactions (ECIs) of the constructed CE 

xhibit physically sound behavior in the sense that the strongest 

nteractions are those that occur at a short distance, and triplet 

nteractions are generally smaller than pair interactions ( Fig. 2 ). 

ased on the ECIs, we can already at this point anticipate roughly 

ow the system will behave. The strongest interaction is the one 

etween Au/Pd and its nearest neighbor H/vacancy. We can antici- 

ate that H will be attracted to Pd and vacancies to Au. H–H inter- 

ctions, on the other hand, are comparatively weak, whereas the 

ositive, short-ranged Au/Pd–Au/Pd ECI indicate that the formation 

f Pd–Au pairs is energetically favorable. 
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Fig. 1. Mixing energies as predicted with the CE developed in this work compared to target energies from DFT calculations. Structures for which the largest relaxation 

distance was small (dark blue dots in (a)) are generally well reproduced by the CE, whereas the energy of structures with large relaxation distances are overestimated 

by the CE (yellow dots in (a)). Only structures with maximum relaxation distance less than 0.5 ̊A were included when training the CE. Mixing energies as a function of 

H concentration at fixed Au concentration (b–d) and as a function of Au concentration at fixed H concentration (e–g) reveal that the general energy landscape is well 

reproduced in the concentration intervals considered here. 

Fig. 2. Effective cluster interactions (ECIs) in the cluster expansion developed in 

this study, as function of the radius of the cluster, here defined as the average dis- 

tance between the atoms in the cluster and their center of mass (assuming all 

atoms have the same mass). Pair ECIs are split in three categories, interactions 

between Au/Pd and Au/Pd (a), between Au/Pd and H/vacancy (b), and between 

H/vacancy and H/vacancy (c). In the same vein, triplet interactions are split into 

four categories depending on the sublattices involved (d)–(g). Error bars, defined as 

two standard deviations over a set of 100 randomly sampled cluster expansions, are 

shown in red at the tip of each bar. 

3

h

i

Fig. 3. The L1 2 phase without hydrogen (a) and with 25% hydrogen (b). Palladium, 

gold, and hydrogen are shown in blue, yellow, and white, respectively, whereas va- 

cancies are shown as grey dots. In this ordered phase, hydrogen preferentially oc- 

cupies the site surrounded by nearest neighbor Pd atoms. Note that this choice of 

cell does not give an accurate representation of compositions; the structures have 

(a) 25% Au and 75% Pd and (b) the same composition on the Pd–Au sublattice and 

25% hydrogen and 75% vacancies on the other. 
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.2. Ordered phases in hydrogen-free Pd–Au 

Although the focus of our work is on the thermodynamics of 

ydrogen in Pd–Au, we begin our analysis with the Pd–Au alloy 

n absence of hydrogen as ordering on this sublattice turns out to 
3 
e also relevant with regard to the hydrogenated system, as dis- 

ussed below. As our CE is only fitted to structures with 50% Au 

r less, we restrict our analysis to this composition interval. The 

ixing energies of structures with 12 Pd/Au atoms or less are neg- 

tive, meaning mixing is favorable ( Fig. 1 e). It is, however, still pos- 

ible that phase separation occurs between ordered (intermetallic) 

hases. LRO in Pd–Au has been reported in experiments on thin 

lms [47,48] and nanoparticles [49] , but has generally not been 

ound in the bulk, suggesting that the energetics causing ordering 

s either enhanced by surface stress or has critical temperatures 

oo low for ordering to occur readily in bulk samples. By enumer- 

ting structures with up to 12 atoms in the cell, our CE identifies 

hree structures on the convex hull between 0 and 50% Au: the 

rivial case of pure Pd, AuPd 3 in the L1 2 configuration ( Fig. 3 a) and 

uPd in the L1 0 configuration. These findings are largely consistent 

ith other computational studies, although other structures have 

ccasionally been found on the convex hull [50,51] . 

To investigate at below which temperature the L1 2 phase will 

ppear, we ran MC simulations in the canonical ensemble, i.e., with 

he composition fixed at 25% Au in Pd, and tracked the LRO param- 

ter (see Supplementary Note 5) as a function of temperature. The 
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Fig. 4. Pressure–composition isotherms in steps of 50 K for pure Pd hydrides (a). 

Phase transitions from the hydrogen-poor α phase to the hydrogen-rich β phase 

have been drawn with a dashed line. These dashed lines indicate the phase bound- 

aries of the two-phase region (blue crosses in (b), blue line is a fit to guide the eye). 

Compared to experimental results [52] (orange line in b), the critical temperature 

is underestimated, but the uncertainty from the choice of CE is significant, as indi- 

cated by the spread of the miscibility gap at 300 and 400 K from ten sampled CEs 

(red lines indicate difference between minimum and maximum value predicted by 

these ten CEs). Here, we have disregarded ordered phases with hydrogen concen- 

trations above 0.67, all of which have critical temperatures below 200 K. 
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esults revealed a critical temperatures at 180 K (Fig. S6), with a 

pan among the sampled cluster expansion from less than 150 K 

o 260 K. 

.3. Hydrogen in pure Pd 

We are now ready to add hydrogen to the system. Since the 

ure Pd hydride (no Au) has been more thoroughly studied than 

he alloy hydride, we begin in this limit. We carried out VCSGC-MC 

imulations on the H/vacancy lattice with temperatures between 

00 K and 700 K in steps of 50 K. The thus obtained isotherms

 Fig. 4 a) indicate a low solubility of H in Pd until a “threshold pres-

ure” has been reached. For sufficiently low temperatures, there 

s then a phase transition from a hydrogen-poor α phase to a 

ydrogen-rich β phase, which can be detected by integrating the 

ree energy derivative and identify the regions where the free en- 

rgy curve lies above its convex hull (as outlined in Supplemen- 

ary Note 6). The corresponding phase diagram is largely consis- 

ent with the experimental phase diagram constructed by Wicke 

nd Blaurock [52] ( Fig. 4 b). The critical temperature, which is chal- 

enging to estimate accurately both experimentally and by means 

f MC simulations, differs approximately 140 K (560 K experimen- 

ally and 420 K based on our CE). Although this is a fairly large

iscrepancy, it should be noted that small variations in the ECIs 
4 
ave a large impact on the critical temperature; at temperatures 

lose to the critical temperature, uncertainties in the phase bound- 

ry become large (quantified by ten sampled cluster expansion; the 

pread from these ten cluster expansion is indicated with red hor- 

zontal bars in Fig. 4 b). Discrepancies between simulation and ex- 

eriment are thus not unexpected, especially given that it is also 

hallenging to construct the phase diagram experimentally. 

.4. Hydrogen loading of fixed Pd–Au lattice: random and 

ara-equilibrium 

We are now ready to include Au in the MC simulations. To this 

nd, we note that the two sublattices are markedly different from 

 kinetic perspective. Hydrogen diffuses easily even at low tem- 

eratures, while Pd and Au diffuse over a much longer timescale. 

o reach full equilibrium, in which the Pd and Au atoms rear- 

ange in response to a change in hydrogen environment, a very 

low experiment with H 2 pressure kept constant over extended 

eriods of time, is required (see Sect. 4 below). If the H 2 pres- 

ure is more quickly increased/decreased, we may instead assume 

hat the Pd–Au sublattice is frozen and that a metastable equilib- 

ium is reached by rearrangement of the hydrogen atoms only. The 

hemical order on the Pd–Au sublattice would then typically be 

ictated by the conditions during fabrication of the alloy, which 

sually involve a form of thermal annealing. Here, we distinguish 

wo extremes of such a metastable equilibrium: para-equilibrium , 

n which the Pd–Au ordering is equilibrated at 300 K in the ab- 

ence of H 2 , and random equilibrium , in which the Pd–Au lattice is 

andomized, corresponding to quenching of the system after equi- 

ibration at a very high temperature in absence of H 2 . 

We can model these situations by only carrying out VCSGC-MC 

ips on the H/vacancy sublattice. For the random equilibrium, we 

ommence from a simulation cell in which the Pd and Au atoms 

ave been randomly distributed, whereas for para-equilibrium, we 

un a canonical MC simulation with only Pd and Au and randomly 

ick a configuration as the fixed Pd–Au lattice. To suppress spuri- 

us effects from the particular choice of Pd–Au lattice, we averaged 

ur results over five instances of both cases. 

These MC simulations reveal weak short-range order (SRO) 

 Fig. 5 , for definitions see Supplementary Note 5). We first note 

hat the equilibration of the Pd–Au lattice in absence of hydro- 

en yields a weak propensity for the system to form unlike (Pd–

u) nearest neighbor bonds, whereas bonds that are alike (Au–

u and Pd–Pd) are weakly favored among next-nearest neighbors 

 Fig. 5 a; in random Pd-Au the corresponding order parameters are 

ero by construction). For nearest neighbor Pd/Au–H/vacancy pairs 

 Fig. 5 b–c), the SRO parameter is negative, indicating that H is 

ore likely to occupy sites next to Pd than next to Au. This con- 

rms what has been observed both with Mössbauer spectroscopy 

53] and first-principles calculations [24] , namely that it is energet- 

cally unfavorable for hydrogen to occupy the sites closest to a Au 

tom. For next-nearest Pd/Au–H/vacancy neighbors ( Fig. 5 d–e), on 

he other hand, the effect is reversed, albeit weaker. The change of 

ign between first and second nearest-neighbor was observed also 

y Sonwane et al. [54] in a model based on DFT calculations. It is 

urthermore consistent with the common argument that chemistry 

auses repulsion between neighboring Au and H, whereas dilation 

f the lattice by a Au atom gives rise to a more long-ranged elastic 

ttraction [20] . 

The most pronounced difference between the two types of 

quilibria is found for the most short-ranged H/vacancy pair 

 Fig. 5 f–g), for which the system in para-equilibrium has a stronger 

endency to form H–H pairs. For next-nearest neighbor H/vacancy 

airs ( Fig. 5 h–i) a more complex behavior emerges, with the sign 

f the SRO parameter being dependent on both H and Au concen- 

ration. For high H and Pd content, the SRO parameter is negative, 
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Fig. 5. SRO at 300 K in Pd–Au–H with the Pd–Au lattice fixed in a random configu- 

ration (left column) and as equilibrated in absence of H (para-equilibrium, right col- 

umn). The SRO in the nearest-neighbor shell between the Pd/Au and the H/vacancy 

lattices (a–b) is negative, which, with our definitions (see Supplementary Note 5), 

means that H tends to sit close to Pd and vacancies close to Au. In the second Au/Pd 

shell (c–d), a weak reverse trend is seen throughout most of the H concentration 

range. In the first H/vacancy shell (f–g), H–H pairs are favored, only weakly in ran- 

dom equilibrium but stronger in para-equilibrium. The behavior is more complex in 

the second H/vacancy shell, with ordering tendencies being dependent on both H 

and Au concentrations. 

i

H

c

e

p

r

s

e

Fig. 6. Pressure–composition isotherms at 300 K for Pd–Au–H with (a) a random 

Pd–Au sublattice and (b) in para-equilibrium, i.e., with the Pd–Au lattice equili- 

brated at 300 K in absence of H. Phase transitions from the H-poor α phase to 

the H-rich β phase are indicated with a dashed line. The corresponding two phase 

diagrams (c) are almost identical, with the two-phase region closing at approxi- 

mately 8-9% Au. Red lines at 6.3% Au indicate the range of values obtained from 

ten sampled CEs. By studying the hydrogen uptake at fixed H 2 pressure as a func- 

tion of Au concentration (d), it is clear that differences between random and para- 

equilibrium are found primarily at high H 2 pressures, where at the same pressure 

the random system absorbs a slightly larger amount of hydrogen than the system in 

para-equilibrium. Larger variations are also seen at 10 −2 bar (orange line), since this 

it close to the plateau pressure. The phase diagram in para-equilibrium is indicated 

with transparent grey in (d). 

v

2

h

H

e

f

w

d

m

ndicating that H atoms are distributed throughout the material, as 

–H pairs are not favored. With a high content of Au and/or low 

ontent of H, the opposite behavior occurs, i.e., there is a slight 

xcess of H–H pairs. This effect is somewhat more pronounced in 

ara-equilibrium. 

Given the quantitative difference in chemical ordering between 

andom Au–Pd and para-equilibrium, we may now look for con- 

equences for their respective thermodynamics. It turns out, how- 

ver, that their H pressure–composition isotherms ( Fig. 6 a–b) are 
2 

5 
ery similar. It is only at fairly high Au concentrations, approaching 

5% Au, that the isotherms of random and para-equilibrium ex- 

ibit discernible differences. At high Au concentrations and high 

 2 pressures, the hydrogen uptake is slightly higher in random 

quilibrium than in para-equilibrium ( Fig. 6 d). Although this dif- 

erence is small, there seems to be a weak but consistent trend; 

hen SRO emerges due to lower annealing temperature, the hy- 

rogen uptake at 300 K goes down at pressures above approxi- 

ately 10mbar (Fig. S7). The difference seems to be the largest 
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Fig. 7. Phase diagram of hydrogenated Pd–Au in full equilibrium at (a) 300 K and 

(b) 400 K. Black areas indicate single-phase regions, whereas white areas are multi- 

phase regions. Isobars (lines of fixed H 2 partial pressure) are drawn with colored 

lines. Many of the isobars converge in a region around 25% Au and 25% H, where 
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inset shows a schematic representation of the phase diagram to aid its interpreta- 
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t a hydrogen pressure around 1bar, where the fully random alloy 

ith 25% Au absorbs almost 4 percentage points more hydrogen 

han the one equilibrated in 300 K. These results seem to be in 

greement with Chandrasekhar and Sholl [30] . To summarize, the 

RO that emerges at low temperatures in Pd–Au makes the mate- 

ial absorb slightly less hydrogen at high H 2 pressures. 

The discontinuity in the Au-poor isotherms, which is the hall- 

ark of the phase transition from α to β, disappears quickly when 

he Au content is increased and it does so in almost exactly the 

ame way for random and para-equilibrium. Consequently, the re- 

pective phase diagrams are essentially identical ( Fig. 6 c). Our re- 

ults predict a critical Au concentration for the α + β two-phase 

egion around 8–9%. This is significantly lower than experimen- 

al measurements, which yield estimates that vary from 10–15% 

at 303 K) [11] to around 17% (at 298 K) [10] . The prediction of

he solvus line is, however, sensitive to small variations in the ECIs 

quantified by the spread obtained by sampling ten cluster expan- 

ion and indicated by red horizontal bars in Fig. 6 c). Thus both our

rediction and the experimental value are associated with signifi- 

ant uncertainties. 

.5. Hydrogen loading in full equilibrium 

We may now ask what will happen if we allow the Pd–Au lat- 

ice to rearrange as we expose it to hydrogen. This situation is 

ommonly referred to as full (or complete) equilibrium. It should 

e noted that this is an idealization that is very time-consuming 

o achieve in practice, as in most experiments the H 2 pressure is 

ot maintained long enough to allow for Pd and Au to diffuse to 

 sufficient extent. Yet, it is important as it provides the thermo- 

ynamic driving force for the changes that do occur, although they 

ay only rarely take the system to full equilibrium. To investigate 

he full equilibrium, we carried out MC simulations in the VCSGC 

nsemble on both sublattices. Subsequently we obtained the free 

nergy by integration across the concentration plane using many 

ifferent integration paths, and sampled the convex hull based on 

hese different integration paths (for details, see Supplementary 

ote 6). Thereby we obtained a heat map of the probability that 

ertain compositions are on the convex hull, which can be inter- 

reted as (an isothermal cut of) the phase diagram ( Fig. 7 ; see Fig.

10 for data at 250 and 500 K). The two-phase region at low Au 

ontent observed in para and random equilibrium is present in the 

ull phase diagram at 300 K as well, but is accompanied by a much 

arger multi-phase region at higher Au concentrations ( Fig. 7 a). At 

00 K, the former two-phase region is almost gone, but the multi- 

hase region at higher Au contents is still present. This new multi- 

hase region that appears in the full phase diagram, as opposed 

o random and para-equilibrium, is largely driven by a particularly 

table composition interval around 25% Au and approximately 10–

0% H, where at 300 K isobars ranging from 10 −3 bar to 10 2 bar all

onverge. A closer look at this composition interval reveals that 

RO develops here (Fig. S9). Specifically, the Pd–Au sublattice or- 

ers in the L1 2 phase, in which the atoms are arranged such that 

5% of the hydrogen sites are octahedral “cages” with only Pd near- 

st neighbors ( Fig. 3 b). As has been previously reported [24] and 

an be expected from the ECIs ( Fig. 2 ), occupation of hydrogen at

uch sites is energetically particularly favorable, and renders this 

ong-range ordered phase particularly stable. At 500 K (Fig. S10b), 

RO no longer forms and the phase diagram is largely featureless, 

.e., a solid solution can be expected at any concentration (except 

ossibly at high Au content and extremely high H 2 pressures). 

The phase diagram in Fig. 7 a thus predicts that if a Pd–Au alloy

t 300 K with, say, approximately 15% Au is subjected to a H 2 pres-

ure between approximately 10 −3 bar and 10 2 bar, phase separation 

ill occur. Of the resulting two phases, one will be the L1 2 phase 

ith between 10 and 30% H. The character of the other phase de- 
6 
ends on the H 2 pressure; if the pressure is below 10 −2 bar, the 

econd phase will be the dilute α phase (with Au content strongly 

ependent on H 2 pressure) whereas if the pressure is above ap- 

roximately 10 −2 bar, the second phase will be the hydrogen-rich 

phase with approximately 5% Au. 

The existence of a long-range ordered phase in hydrogen- 

reated Pd–Au has been reported experimentally by Lee et al. [29] , 

ho observed a super-lattice phase in Pd–Au with 19% Au. The 

tructure of this phase could not be determined but the authors 

eported it to be more complex than L1 2 . It should perhaps not 

e ruled out, however, that the off-stoichiometric composition as 

ell as defects such as anti-phase boundaries, which occurred fre- 

uently in some of our simulations, may have played a role in 

hese experiments. Importantly, these experiments provide us with 

n approximate time scale for the transformation between ordered 

nd disordered phases. Specifically, “diagnostic” hydrogen-loading 

sotherms indicate that at 523 K changes in order take place grad- 

ally over many hours [29] . 

Another region of interest in Fig. 7 is the single-phase region 

hat the 10 3 bar isobar traces out (pink line in Fig. 7 ). Here, the

RO parameter for nearest neighbor Pd–Au pairs switches sign, in- 

icating a transition from an excess of Pd–Au pairs to an excess of 

u–Au and Pd–Pd pairs (Fig. S8). Inspection of the MC trajectories 

t these composition reveals that the system has started to cluster 
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Fig. 8. Impact of annealing conditions on absorption of H in Pd–Au with 25% Au 

at 300 K. After annealing in 400 K (a), the isotherms exhibit a markedly different 

behavior if the H 2 pressure during annealing was between 1 and 100bar (the red 

10bar isotherm is hidden under the green 1bar isotherm). After annealing in 600 K 

(b), the isotherms are almost identical regardless of H 2 exposure during annealing. 

The origin of the change in isotherm in (a) is the formation of LRO under certain 

conditions as quantified in (c). The CE predicts that LRO will form in full equilib- 

rium when Pd–Au with 25% Au is subjected to H 2 pressure and temperature cor- 

responding to the area between the black lines. The corresponding area predicted 

with ten sampled CEs is indicated with transparent blue, one per CE. Darker color 

thus means more cluster expansion predict order formation at that point. Out of 

these ten cluster expansion, two have a critical temperature too low to be visible 

in this figure. The conditions investigated by Lee et al. [29] with signs of order for- 

mation in Pd–Au with 19% Au are indicated with red crosses. Colored squares and 

triangles indicate the annealing conditions for isotherms in (a) and (b), respectively. 
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d
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d
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nto hydrogen-poor Au clusters and hydrogen-rich Pd clusters, both 

nly a few atoms large. Our model considers this phase thermo- 

ynamically stable and not merely a first step towards full phase 

eparation. It seems plausible that a phase like this may provide a 

avorable balance between the short-ranged repulsion between Au 

nd H and the long-ranged elastic attraction caused by dilation of 

he Pd lattice by adjacent Au clusters. It is not surprising that this 

hase has not been reported experimentally given the very high 

 2 pressure required for it to form ( � 10 3 bar). It should be noted

hat the pressure specified in this region is highly approximate, as 

his is outside the applicability range of the ideal gas law. 

.6. Impact of annealing conditions on hydrogen solubility 

Although full equilibrium will usually not be reached in the 

ime frame of a typical hydrogen loading experiment, there may 

e circumstances in which full equilibrium is approached. For ex- 

mple, annealing of Pd–Au is sometimes done in the presence 

f hydrogen in order to prevent oxidation. Although the pressure 

f H 2 is then typically too low to have a significant impact, the 

hase diagram Fig. 7 shows that complex behavior may emerge in 

he presence of hydrogen, especially if the temperature is not too 

igh. We may consider a fairly typical situation in which the al- 

oy is annealed at a particular temperature and H 2 pressure, after 

hich hydrogen absorption/desorption isotherms are measured at 

nother temperature. Since the latter absorption/desorption is usu- 

lly carried out at a much lower temperature than the annealing, 

nd during a much shorter period of time, it is reasonable to as- 

ume that the Pd–Au sublattice gets frozen in during annealing and 

oes not change when measuring the isotherm. The chemical or- 

ering on the Pd–Au sublattice would then be determined entirely 

y the conditions during annealing. 

We now mimic such an experiment by simulating isotherms at 

00 K in Pd–Au with 25% of Au annealed in different conditions. To 

his end, we first run MC simulations at a specified annealing tem- 

erature with canonical MC swaps on the Pd–Au sublattice, and 

GC MC flips on the H–vacancy sublattice, using a chemical poten- 

ial corresponding to a fixed H 2 pressure. We then pick five ran- 

om snapshots from the resulting trajectory, remove the hydrogen, 

x the Pd–Au sublattice, and run MC simulations at 300 K with 

GC flips on the H–vacancy sublattice only, using a wide range of 

ydrogen chemical potentials. 

Inspection of 300 K isotherms with Pd–Au annealed in 400 K 

 Fig. 8 a) reveals that the hydrogen concentration depends strongly 

n the conditions during annealing. When annealed in pressures 

f 10 −1 bar or lower (blue and orange lines), the isotherms behave 

s in the random or para-equilibrium case, with an almost linear 

sotherm (when plotted on a logarithmic scale). For higher pres- 

ures, however, the isotherms are markedly different. After anneal- 

ng in 1, 10 or 100bar, the uptake of hydrogen at low pressures is 

uch higher, after which the concentration of hydrogen stays at 

bout 25% up to very high pressures, meaning that at sufficiently 

igh pressures, the hydrogen content is in fact higher in Pd–Au 

amples that were annealed in the absence of hydrogen. The dif- 

erence between these two kinds of isotherms is that annealing in 

–100bar induces L1 2 LRO. If the H 2 pressure is raised to 1,000bar, 

he ordered phase no longer forms, and the isotherm (brown line 

n Fig. 8 a) becomes more similar to the low-pressure isotherms, al- 

hough the hydrogen uptake is significantly higher if the H 2 pres- 

ure is above a few millibar. 

The ordered L1 2 phase is thus clearly distinguishable from the 

nes lacking LRO already from the isotherms. These findings are 

onsistent with Lee et al. [29] . When annealing in 600 K, on the

ther hand, the temperature is too high for any LRO to emerge, and 

he 600 K isotherms are essentially identical regardless of anneal- 

ng pressure ( Fig. 8 b). It is expected that much higher pressures 
7 
re required to impact the system at 600 K compared to 400 K, 

ecause at constant pressure when the temperature goes up, the 

ydrogen content in the material goes down. Nevertheless, when 

he annealing pressure is 100bar, the hydrogen content in the sys- 

em is about 14% during annealing, but the 300 K isotherm is 

till virtually unaffected. Only when the annealing pressure reaches 

,0 0 0bar (leading to approximately 26% hydrogen in the system 

uring annealing), is the isotherm clearly distinguishable from the 

sotherm of Pd–Au annealed in vacuum, and even then the differ- 

nce is small. 

This picture emerges more comprehensively if we study the hy- 

rogen absorbed at 300 K and specific partial pressures (Fig. S11): 

he content of hydrogen is virtually independent of annealing con- 

itions as long as the phase transition to the L1 2 phase does not 

ccur. Very high annealing pressures, on the order of 10–10 0 0bar, 
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re required to achieve a significant impact on the content of ab- 

orbed hydrogen unless the ordered L1 2 phase is formed. 

It is worth stressing that while hydrogen uptake at moderate 

ressure is enhanced by LRO formation, we observe a different 

rend in Sect. 3.4 ; SRO formation decreases the hydrogen uptake 

nless the pressure is very low. It is thus advisable not to speak in

oo general terms about the impact of chemical order on hydrogen 

olubility, because it depends on the details of the chemical order 

s well as the H 2 pressure at which the solubility is assessed. 

Given that the chemical ordering of the L1 2 phase thus has a 

ignificant impact on the nature of absorption of H 2 in Pd–Au, it 

ay have a notable impact on any utilization thereof. We there- 

ore estimate the conditions during which this long-range ordered 

hase will form ( Fig. 8 c). Our CE indicates that the ordered struc- 

ure starts to form below approximately 500 K with a H 2 pres- 

ure between approximately 50 and 100bar. The H 2 pressure range 

here LRO forms then widens quickly as temperature is decreased, 

ut slower kinetics will of course inhibit order formation at too 

ow temperatures. Lee et al. [29] , who studied Pd–Au with 19% Au, 

ssumed that distinct isotherms are a fingerprint of LRO, and while 

he purpose of their study was not to map out the conditions un- 

er which order emerges, their observations are qualitatively con- 

istent with our CE (red crosses in Fig. 8 c), but with a higher criti-

al temperature (with LRO persisting up to at least 598 K). It thus 

eems likely that our CE underestimates the critical temperature 

y at least 100 K. By repeating the same calculations with 10 dif- 

erent cluster expansion (blue areas in Fig. 8 c), we observe quali- 

atively the same behavior but find that both the critical tempera- 

ure and the pressure range are very sensitive to small variations 

n the ECIs. Although none of the sampled cluster expansion ex- 

ibit a critical temperature above 600 K, it should be clear that 

mall errors not captured by the CE approach (such as neglect of 

ibrations or the choice of exchange-correlation functional used to 

alculate the training data) may cause an error of this magnitude. 

. Conclusions 

We have comprehensively investigated the impact of chemi- 

al order on hydrogenation of Pd–Au alloys using a computational 

pproach based on DFT calculations, CE models, and MC simu- 

ations. Although relatively large relaxations from octahedral hy- 

rogen sites hamper the ability of the CE models to exactly re- 

roduce formation energies calculated with DFT, we found that 

ur CE reproduced thermodynamic properties of Pd–Au–H that are 

ell-established experimentally, with a quantitative agreement on 

ar with what can be expected from a CE approach. This applies 

specially given the large impact of small changes in the ECIs, 

hich is likely always inherent in this approach or indeed any 

ther approach for deriving phase diagrams from interatomic po- 

entials or first-principles data. Vibrational contributions, includ- 

ng the zero-point energy, can sometimes play an important role 

n hydrides due to the low mass of hydrogen, but inclusion of 

hese effects would have been computationally prohibitive. More- 

ver, we note that tetrahedral hydrogen sites can play a role, al- 

hough they are usually energetically much less favorable than oc- 

ahedral sites [24,42] . These effects may contribute to some of the 

uantitative disagreement with experiment since especially vibra- 

ions have been shown to have a notable impact on phase dia- 

rams [55–57] . 

Our results provide a rationale for the experimental observa- 

ion that absorption/desorption isotherms are relatively stable over 

ime; as long as the L1 2 phase does not form, isotherms will stay 

imilar even if chemical order changes. This is manifested by the 

imilarity between isotherms in random and para-equilibrium. Our 

esults predict that a small reduction in the ability to absorb hy- 

rogen may be observed if Pd–Au annealed at a very high temper- 
8 
ture is allowed to reach equilibrium at a much lower tempera- 

ure. We emphasize that the present results are strictly valid only 

or the bulk material, and do not take into account potentially im- 

ortant effects such as agglomeration of hydrogen in grain bound- 

ries, surface fouling or surface segregation, which should be kept 

n mind when comparing with experiment. 

Under long-term exposure to hydrogen, however, the situation 

hanges substantially. The emergence of the ordered L1 2 phase in- 

roduces complexity in the phase diagram, and Pd–Au stored at 

oom temperature and, say, 1mbar H 2 may over time exhibit very 

ifferent absorption isotherms, as the result of emerging LRO. The 

ydrogen content in air is of course orders of magnitude lower 

han what we predict is required for this phase to form, but re- 

eated exposure to high H 2 pressures may result in formation of 

RO and an altered isotherm. Such conditions are found for exam- 

le in membrane reactors for hydrogen gas production [58] . While 

e did not address kinetic aspects in this study, earlier experi- 

ents provide an approximate time scale for the transformation, 

s samples annealed at 523 K were observed to exhibit a gradual 

ransition over many hours [29] . 

Does the LRO vanish when the hydrogen is removed? This ques- 

ion is difficult to answer, because our simulation approach is not 

ble to describe the kinetic stability of the ordered phase in ab- 

ence of hydrogen (or vice versa). We do predict that the L1 2 phase 

s the ground state at this composition also in absence of hydrogen, 

ut its critical temperature is well below 300 K. It may, however, 

e noted that there are (hydrogen-free) Pd–Au phase diagrams in 

he literature where this phase is expected to form above room 

emperature [47,48,51] , that is, even without exposure to hydrogen. 

lthough the existence of this phase, let alone its critical tempera- 

ure, remains debated, it seems reasonable to assume that the L1 2 
hase might be fairly stable at room temperature even after hy- 

rogen is removed. One should note that time-dependent anneal- 

ng experiments suggest that order → disorder and disorder → order 

ransitions proceed on similar time scales [29] . In combination 

ith the exponential temperature dependence of the diffusivity, 

ne can thus expect the time-temperature history of, e.g., a mem- 

rane reactor, to play a crucial role. 

The emergence of a different isotherm upon ordering might 

onstitute a challenge as the sensor would have a different read- 

ut at the same H 2 pressure. It may, however, also present an op- 

ortunity. The ordered phase absorbs significantly more hydrogen 

t low pressures. A sensor consisting of the ordered phase is thus 

ikely (depending on the nature of the readout) to be significantly 

ore sensitive to small changes in H 2 pressure. If the phase is suf- 

ciently stable, this may provide a relatively simple way to im- 

rove a Pd–Au hydrogen sensor—annealing in hydrogen to boost 

ensitivity. 
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36] M. Ångqvist, W.A. Muñoz, J.M. Rahm, E. Fransson, C. Durniak, P. Rozyczko, 
T.H. Rod, P. Erhart, Icet – a python library for constructing and sampling alloy 

cluster expansions, Advanced Theory and Simulations 2 (7) (2019) 190 0 015, 
doi: 10.10 02/adts.20190 0 015 . 

37] G. Kresse, J. Furthmüller, Efficiency of ab-initio total energy calculations for 
metals and semiconductors using a plane-wave basis set, Computational Ma- 

terials Science 6 (1) (1996) 15–50, doi: 10.1016/0927-0256(96)0 0 0 08-0 . 
38] G. Kresse, D. Joubert, From ultrasoft pseudopotentials to the projector 

augmented-wave method, Physical Review B 59 (1999) 1758–1775, doi: 10. 

1103/PhysRevB.59.1758 . 
39] M. Dion, H. Rydberg, E. Schröder, D.C. Langreth, B.I. Lundqvist, Van der waals 

density functional for general geometries, Phys. Rev. Lett. 92 (2004) 246401, 
doi: 10.1103/PhysRevLett.92.246401 . 

40] K. Berland, P. Hyldgaard, Exchange functional that tests the robustness of the 
plasmon description of the van der Waals density functional, Physical Review 

B 89 (2014) 035412, doi: 10.1103/PhysRevB.89.035412 . 

[41] J. Sanchez, F. Ducastelle, D. Gratias, Generalized cluster description of multi- 
component systems, Physica A: Statistical Mechanics and its Applications 128 

(1) (1984) 334–350, doi: 10.1016/0378-4371(84)90096-7 . 
42] D. Nanu, W. Legerstee, S. Eijt, W. Haije, J. Vente, M. Tucker, A. Böttger, In-

sights into the relation between crystal structure and deuterium desorption 
characteristics of Pd–Au–D alloys, Acta Materialia 56 (20) (2008) 6132–6140, 

doi: 10.1016/j.actamat.2008.08.045 . 

43] T. Mueller, G. Ceder, Bayesian approach to cluster expansions, Physical Review 

B 80 (2009) 024103, doi: 10.1103/PhysRevB.80.024103 . 

44] D. Foreman-Mackey, D.W. Hogg, D. Lang, J. Goodman, emcee: The MCMC ham- 
mer, Publications of the Astronomical Society of the Pacific 125 (925) (2013) 

306–312, doi: 10.1086/670067 . 
45] B. Sadigh, P. Erhart, Calculation of excess free energies of precipitates via di- 

rect thermodynamic integration across phase boundaries, Physical Review B 86 

(2012) 134204, doi: 10.1103/PhysRevB.86.134204 . 
46] B. Sadigh, P. Erhart, A. Stukowski, A. Caro, E. Martinez, L. Zepeda-Ruiz, Scalable 

parallel monte carlo algorithm for atomistic simulations of precipitation in al- 
loys, Physical Review B 85 (2012) 184203, doi: 10.1103/PhysRevB.85.184203 . 

[47] Y. Matsuo, A. Nagasawa, J. Kakinoki, Ordered Alloys of the Gold-Palladium Sys- 
tem. II. Electron Diffraction Study on Evaporated AuPd 3 Films, Journal of the 

Physical Society of Japan 21 (12) (1966) 2633–2637, doi: 10.1143/JPSJ.21.2633 . 

48] Y. Kawasaki, S. Ino, S. Ogawa, Electron diffraction study on the superlattice 
formation in the gold-palladium alloy system, Journal of the Physical Society 

of Japan 30 (6) (1971) 1758–1759, doi: 10.1143/JPSJ.30.1758 . 

https://doi.org/10.1016/j.actamat.2021.116893
https://doi.org/10.1021/acs.chemrev.8b00313
https://doi.org/10.1021/nn505804f
https://doi.org/10.1021/acssensors.0c02019
https://doi.org/10.1038/ncomms14020
https://doi.org/10.1038/s41563-019-0325-4
https://doi.org/10.1021/acsanm.0c01907
https://doi.org/10.1146/annurev.ms.21.080191.001413
https://doi.org/10.1038/nmat4480
https://doi.org/10.1038/nmat4409
https://doi.org/10.1021/j100894a054
https://doi.org/10.1021/jp100858r
https://doi.org/10.1021/acs.nanolett.5b01053
https://doi.org/10.1021/acsnano.8b02835
https://doi.org/10.1016/j.ijhydene.2012.12.146
https://doi.org/10.1021/acsami.8b22455
https://doi.org/10.1002/admi.201801442
https://doi.org/10.1039/CT9119900463
https://doi.org/10.1002/andp.19324050702
https://doi.org/10.1002/bbpc.19950990605
http://refhub.elsevier.com/S1359-6454(21)00273-1/sbref0020
http://refhub.elsevier.com/S1359-6454(21)00273-1/sbref0020
https://doi.org/10.1146/annurev.matsci.36.090804.094451
https://doi.org/10.1016/j.calphad.2007.02.002
https://doi.org/10.1016/j.actamat.2010.11.035
https://doi.org/10.1103/PhysRevE.101.042130
http://refhub.elsevier.com/S1359-6454(21)00273-1/sbref0025
http://refhub.elsevier.com/S1359-6454(21)00273-1/sbref0025
https://doi.org/10.1016/j.scriptamat.2003.11.020
https://doi.org/10.1007/s11669-019-00724-0
https://doi.org/10.1103/PhysRevB.74.014113
https://doi.org/10.1088/0953-8984/19/32/326222
https://doi.org/10.1016/j.jallcom.2014.04.156
https://doi.org/10.1063/1.2900558
https://doi.org/10.1080/14786435.2019.1628367
https://doi.org/10.1103/PhysRevMaterials.2.083602
https://doi.org/10.1021/acs.chemmater.8b04285
https://doi.org/10.1103/PhysRevB.77.224115
https://doi.org/10.1002/adts.201900015
https://doi.org/10.1016/0927-0256(96)00008-0
https://doi.org/10.1103/PhysRevB.59.1758
https://doi.org/10.1103/PhysRevLett.92.246401
https://doi.org/10.1103/PhysRevB.89.035412
https://doi.org/10.1016/0378-4371(84)90096-7
https://doi.org/10.1016/j.actamat.2008.08.045
https://doi.org/10.1103/PhysRevB.80.024103
https://doi.org/10.1086/670067
https://doi.org/10.1103/PhysRevB.86.134204
https://doi.org/10.1103/PhysRevB.85.184203
https://doi.org/10.1143/JPSJ.21.2633
https://doi.org/10.1143/JPSJ.30.1758


J.M. Rahm, J. Löfgren, E. Fransson et al. Acta Materialia 211 (2021) 116893 

[

[

[

[

[

[

[

[

[

49] J. Nelayah, N.T. Nguyen, D. Alloyeau, G.Y. Wang, C. Ricolleau, Long-range chem- 
ical orders in Au–Pd nanoparticles revealed by aberration-corrected electron 

microscopy, Nanoscale 6 (2014) 10423–10430, doi: 10.1039/C4NR01427H . 
50] S.V. Barabash, V. Blum, S. Müller, A. Zunger, Prediction of unusual stable or- 

dered structures of Au-Pd alloys via a first-principles cluster expansion, Physi- 
cal Review B 74 (2006) 035108, doi: 10.1103/PhysRevB.74.035108 . 

[51] F. Berthier, B. Legrand, Analysis of Au–Pd driving forces via the effective site 
energy model: LRO, antisites and enthalpy of permutation, Journal of Physics: 

Condensed Matter 32 (35) (2020) 354001, doi: 10.1088/1361-648x/ab87ce . 

52] E. Wicke, J. Blaurock, New experiments on and interpretations of hysteresis 
effects of Pd-D 2 and Pd-H 2 , Journal of the Less Common Metals 130 (1987) 

351–363, doi: 10.1016/0022-5088(87)90129-9 . 
53] F.E. Wagner, M. Karger, F. Pröbst, B. Schüttler, Interaction of Hydrogen with 

Substitutional Solute Metals in the ß-Phase of the Palladium-Hydrogen System, 
Springer US, Boston, MA, pp. 581–588. 10.1007/978-1-4684-7630-9_82 

54] C.G. Sonwane, J. Wilcox, Y.H. Ma, Solubility of hydrogen in PdAg and PdAu bi- 

nary alloys using density functional theory, The Journal of Physical Chemistry 
B 110 (48) (2006) 24549–24558, doi: 10.1021/jp064507t . 
10 
55] A. van de Walle, G. Ceder, The effect of lattice vibrations on substitutional al- 
loy thermodynamics, Reviews of Modern Physics 74 (2002) 11–45, doi: 10.1103/ 

RevModPhys.74.11 . 
56] A. Böttger, D. Nanu, A. Marashdeh, The γ -Fe[N] and γ ′ -Fe 4 N 1 −x phase bound- 

aries in high-nitrogen steels: The cube cluster approximation and the effect of 
vibrational energy contributions, Computational Materials Science 95 (2014) 

8–12, doi: 10.1016/j.commatsci.2014.07.004 . 
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