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Abstract

Over the past decade, deep learning has revolutionized industry and academic
research. Neural networks have been used to solve a multitude of previously
unsolved problems and to significantly improve the state-of-the-art on other
tasks, in some cases reaching superhuman levels of performance. However,
most neural networks have to be carefully adapted to each application and
often require large amounts of data and computational resources.

Geometric deep learning aims to reduce the amount of information that neural
networks have to learn, by taking advantage of geometric properties in data. In
particular, equivariant neural networks use (local or global) symmetry to reduce
the complexity of a learning task.

In this thesis, we investigate a popular deep learning model for tasks exhibiting
global symmetry: G-equivariant convolutional neural networks (GCNNs). We
analyze the mathematical foundations of GCNNs and discuss where this model
fits in the broader scheme of equivariant learning. More specifically, we discuss
a general framework for equivariant neural networks using notions from gauge
theory, and then show how GCNNs arise from this framework in the presence
of global symmetry. We also characterize convolutional layers, the main building
blocks of GCNNs, in terms of more general G-equivariant layers that preserve
the underlying global symmetry.

Keywords: deep learning, convolutional neural networks, homogeneous spaces,
homogeneous vector bundles, induced representations, symmetry.
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1 Introduction

In this chapter, we provide the relevant background material that is needed in
order to understand Paper I.

First, we give a basic introduction to deep learning. This introduction focuses
on a certain class of neural networks and a specific learning task, but its contents
are much more widely applicable. We then delve into more detailed discussions
on convolutional neural networks and geometric deep learning.

Geometric deep learning models, in particular the G-equivariant convolutional
neural networks and gauge equivariant neural networks studied in Paper I, use
the language of principal bundles and associated vector bundles to describe
learning on manifolds. In turn, these notions require basic knowledge of group
representations. We therefore give short introductions to representation theory
and the theory of fiber bundles.

1



2 1. Introduction

1.1 Deep Learning

We begin with an introduction to deep learning, and then discuss convolutional
neural networks and geometric deep learning. See Goodfellow et al. (2016) for
a more comprehensive introduction to deep learning.

1.1.1 Essentials of deep learning

Consider the problem of learning an unknown function f : X → Y between
two spaces X and Y , given a training data set

Strain = {(xi, f(xi)) ∈ X × Y | i = 1, . . . , Ntrain} . (1.1)

In a house price estimation task, for instance, X could be the space of all houses
in a given geographical region, parameterized by numerical features such as
postal codes, area in square meters, number of rooms, age, etc. In this example,
the codomain Y = [0,M ] would be the possible price range, for some realistic
upper bound M > 0 on the price, and the unknown function f : X → Y would
associate each house with its, in some sense, correct price. The training data set
Strain would contain a list of recently sold houses xi in the given geographical
region together with the final selling price f(xi).

Another example is an image classification task in which X contains satellite
images and Y = {1, 2, 3, . . . , k} is a list of countries. Perhaps y = 1 represents
Sweden, y = 2 represents Denmark, etc. The unknown function f : X → Y
would then map each image to the country that it depicts. There could also be
separate classes y ∈ Y for edge cases such as country borders, oceans, and so
on. In this example, the training set Strain would be a relatively small subset of
images xi for which the depicted country f(xi) is known.

A natural approach to approximating such unknown functions is to consider
a space of parameterized functions fθ : X → Y , and use the training data set
to optimize the parameter θ so to minimize the discrepancy between fθ and f .
This is what neural networks do.

Among the simplest and most basic neural networks are multilayer perceptrons.
These networks are functions fθ : RN0 → RNL consisting of a sequence of layers

xl = σl
(
W lxl−1 + bl

)
, l = 1, . . . , L, (1.2)

where x0 ∈ RN0 is the input to the first layer. In each layer l = 1, . . . , L, the
components of the bias vector bl ∈ RNl and of the weight matrix W l ∈ RNl×Nl−1
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are so-called trainable parameters, and the activation function σl : R → R is a
non-linear function that is applied element-wise to W lxl−1 + bl ∈ RN` . There
are a few common choices for the activation function, mainly the rectified linear
unit ReLU(x) = max{0, x} and the sigmoid σ(x) = (1+e−x)−1. To summarize,
the neural network is the function

fθ : RN0 → RNL , fθ(x
0) = xL, (1.3)

and θ represents all components of the bias vectors bl and weight matrices W l.
The number of parameters can thus grow extremely large. The dimensions N0

and NL are chosen under the assumption that X = RN0 and Y = RNL .

As stated above, we can use the training data to compare fθ with the unknown
function f : RN0 → RNL , by comparing the output fθ(xi) of the neural network
with its corresponding label yi = f(xi), for each training data point xi. To make
the comparison, we use a non-negative loss function

` : RNL × RNL → [0,∞), (1.4)

common choices being the Euclidean norm `(v, w) = ‖v − w‖ or its square
`(v, w) = ‖v − w‖2. We compute the loss for all elements (xi, yi) ∈ Strain of the
training data set and consider the minimization problem

min
θ

∑
i

`(fθ(xi), yi)︸ ︷︷ ︸
`(θ)

. (1.5)

The neural network fθ is trained by iteratively improving the parameter θ, i.e.,
the biases and the weight matrices, until the training loss `(θ) is sufficiently
small. The trainable parameters in θ are often initialized randomly, hence the
neural network produces nonsense estimates in the beginning. The network
has no predictive power in the initial stages. However, an iterative optimization
method such as gradient descent,

θ 7→ θ − α∇`(θ), (1.6)

with learning rate 0 < α < 1, ensures that the training loss `(θ) always decreases
in each iteration of training (called an epoch to distinguish it from other iterative
processes). There are many different optimization methods to choose between,
but most methods are based on gradient descent. Alternatively, using stochastic
gradient descent allows the training loss to occasionally increase, thus reducing
the risk of getting stuck in a local minima, but the loss still decreases over time.
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Given sufficiently large numbers of epochs and trainable parameters, a well-
designed neural network eventually reaches a small training loss. The network
can then accurately predict the correct labels yi for the training data points xi.
This does not imply, however, that the performance generalizes beyond the
training data. Perhaps the network simply learned the data by heart, instead of
learning relevant features that would help it make good predictions fθ(x) for
data points x that it has not previously seen. If so, the neural network is said to
have overfit the training data.

One example would be if there is only a single training data point, Ntrain = 1.
The network has little chance to learn general features of the data distribution
if it only sees a single instance, hence it is likely to overfit. One way to prevent
overfitting is thus to increase the amount of training data. Another method is to
add regularization terms to (1.5) that prevent the training loss from becoming
too small.

The performance is also evaluated during each epoch, each iteration of training,
by applying the network to a separate test data set Stest and computing the test
loss. This information is not used directly to update the network parameters
via gradient descent, it is only for evaluation. That being said, performance on
test data is often used as a stopping criteria: If the test loss begins to increase
while the training loss is still decreasing, the network is likely starting to overfit.
Training may thus be aborted at this point.

Model parameter such as the number of layers L, the dimension Nl of each
layer, regularization parameters, and so on, are referred to as hyperparameters. It
is common to train a neural network multiple times with different combinations
of hyperparameters, and then choose the best performing combination. The
test data has then indirectly influenced the training of all these network designs,
which introduces bias, so a third validation data set Svalidation is used to evaluate
the different combinations of hyperparameters. Hopefully, the resulting neural
network fθ is a good approximation to the unknown function f .

In this introduction to deep learning, we have discussed one of the most basic
types of neural networks - the multilayer perceptron. We have also focused on
the task of approximating an unknown function f : X → Y given a training
data set (1.1) containing labeled data (xi, yi). That is, a supervised learning task.
While there are a multitude of different neural networks and different kinds of
tasks, with different training procedures and evaluation methods, the material
we have presented summarizes some essential aspects of deep learning.
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1.1.2 Convolutional neural networks

In this thesis, we are primarily interested in a particular type of neural networks
called convolutional neural networks (CNNs). These networks are applied to data
points that have a 2D or 3D grid structure, which we represent mathematically
as finitely supported functions

f : Z2 → Rm, (1.7)

where m is the number of channels. In this case, 3D grids correspond to m > 1
channels when thinking of the channels as the third grid dimension.

Digital images satisfy (1.7) if we view Z2 as the pixel grid: Digital images map
each pixel to either a grayscale value (m = 1) or an RGB array (m = 3). Finite
support is then analogous to finite image resolution. Equivalently, we can view
RGB images as having a 3D grid structure in which the red, green, and blue
color channels are stacked on top of each other (Figure 1.1).

(a) Grayscale image (m = 1). (b) RGB image (m = 3).

Figure 1.1: Digital images have a 2D (grayscale) or 3D (RGB) grid structure. We can also
view them as functions f : Z2 → Rm with m = 1 (grayscale) or m = 3 (RGB) channels.
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The main building blocks of CNNs are called convolutional layers. The name is
inspired by convolutions of real-valued functions κ, f : R→ R,

(κ ∗ f)(y) =
∫ ∞
−∞

κ(y − x)f(x) dx, (1.8)

but have been generalized to allow vector-valued data points (1.7):

[κ ? f ](y) =
∑
x∈Z2

κ(x− y)f(x). (1.9)

Here, κ : Z2 → Hom(Rm,Rn) is a matrix-valued kernel, or filter, for some natu-
ral number n ∈ N. Note that (1.9) differs from (1.8) not only in dimensionality
and the domain of integration/summation, we have also involuted the kernel:
κ(x− y) versus κ(y − x). This means that (1.9) is a cross-correlation operator
rather than a convolution operator, but it can easily be turned into the latter
by redefining the kernel. Paper I uses the convention (1.9) since it makes some
proofs easier to formulate.

Convolutional layers are trained by optimizing the matrix elements in κ(x) for
each x ∈ Z2. This is possible because, in practice, κ is only supported on a small
number of points around the origin in Z2. When referring to a convolutional
layer with a “3× 3 kernel”, for instance, we mean that

supp(κ) =
{
(x1, x2) ∈ Z2

∣∣ x1, x2 = −1, 0, 1
}
. (1.10)

That is, the kernel size 3× 3 only refers to the support of κ, which is different
from the matrix dimensions n×m of κ(x) ∈ Hom(Rm,Rn). The most common
kernel sizes are k × k where k is a small, odd integer.

To compute the output [κ ? f ](y) of a convolutional layer at a point y ∈ Z2,
we first transform each m-channel input array f(x) into an n-channel output
array κ(x− y)f(x) for each point x ∈ Z2, and then sum over x. This procedure
can be visualized as placing a k × k kernel on top of the input data point f ,
with the kernel support centered at y, and computing pointwise inner products
between f and each row in the kernel κ (Figure 1.2). When computing [κ?f ](z)
at another point z ∈ Z2, we simply reposition the kernel and repeat the process.
Convolutional layers are thereby computed by “sliding” the kernel across the
input data point f .

The “sliding kernel” interpretation illustrates that convolutional layers employ
weight sharing, i.e., the same k2 ∗ n ∗m non-zero kernel matrix elements are
used to compute the output at each point. The very small number of weights
in convolutional layers makes CNNs relatively efficient to train.
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y

y

Figure 1.2: A convolutional layer that maps a 4-channel data point f : Z2 → R4 into
a 2-channel data point κ ? f : Z2 → R2. This convolutional layer uses a 3 × 3 kernel,
meaning that κ is supported on a 3× 3 grid. This should not be confused with the 4× 2
matrix dimension of κ(x).

There is another interesting consequence of the sliding kernel: Consider the
translation operator on Z2 that translates each grid point by the same amount,

Lx0 : Z2 → Z2, Lx0(x) = x+ x0, x0 ∈ Z2. (1.11)

This translation operator induces a translation operator on data points f , that
moves the argument in the opposite direction: (Lx0f)(x) = f(x − x0). If we
now apply a convolutional layer to the translated data point, we find that

[κ ? Lx0
f ](y) =

∑
x∈Z2

κ(x− y)f(x− x0)

=
∑
x∈Z2

κ(x− (y − x0))f(x) = Lx0 [κ ? f ](y).
(1.12)

Convolutional layers thus commute with the translation operator. Intuitively,
this means that convolutional layers preserve the global symmetry in Z2, which
is important for applications. As an example, consider using a CNN for a facial
recognition task, and suppose for argument’s sake that the kernel κ has learned
to recognize human eyes. Thanks to the translation equivariance (1.12), it does
not matter where the eyes are located in any particular image, the sliding kernel
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will eventually locate them. That is, the CNN does not have to worry too much
about technical artifact such as the exact pixel coordinates of facial features.

We can add a bias vector b ∈ Rn after the convolutional layer and then apply a
non-linear activation function σ : R→ R to each component. These operations
are independent of x ∈ Z2, hence the composition

σ (κ ? f + b) (1.13)

is still translation equivariant; it still commutes with the translation operator.
We can therefore build arbitrarily long sequences of layers (1.13) that preserve
translation equivariance. That being said, there are also other layers that break
equivariance. One example is pooling layers which are used for downsampling;
essentially, throwing away (hopefully redundant) information in order to speed
up computations. To give an explicit example, max pooling layers split Z2 into
small components and computes the maximum value of data points f in each
component, which clearly breaks equivariance (Figure 1.3).
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Figure 1.3: Max pooling layer.

Translation equivariance is an important property of convolutional layers that
facilitates learning, but it is not the only aspect that determines the performance
of a CNN. Sometimes, achieving higher performance may require using pooling
layers or other layers that break equivariance. It is also common practice to use
a multilayer perceptron or some other neural network for the last layers in a
CNN, and these networks also break equivariance. However, the general idea
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is that if equivariance aids in the extraction of useful features in the first layers,
it may not be needed later on.

1.1.3 Geometric deep learning

In many deep learning tasks, data is essentially treated as arrays of numbers
that have no geometric or similar useful properties. It is common, for instance,
to reshape 2D data into 1D arrays by stacking the columns on top of each other,
even though this can destroy any 2D geometry that may have been present.

Geometric deep learning models instead utilize geometry, when present in data,
to improve learning and achieve higher performance. CNNs are perhaps the
simplest examples of geometric deep learning models, because convolutional
layers make use of the global translation symmetry in Z2. On the other hand,
CNNs still assume that data points are flat 2D or 3D arrays of numbers.

Other types of data have natural curvature, one example being meteorological
data on intercontinental regions. Another example is spherical photography,
such as the images in Google Street View. Furthermore, aerial photographs may
have a flat geometry and can be processed using ordinary CNNs, but there is
an orientation ambiguity in aerial photographs that CNNs do not understand.
When processing such images, it would be desirable to use convolutional layers
that are equivariant not only to translations, but also to planar rotations.

In all of these examples, data points can be interpreted as vector-valued maps
f :M→ V defined on more general manifolds thanM = Z2. Spherical images
are functions S2 → R3 defined on the sphere S2, for example. Geometric deep
learning models are intended for these more general types of data. In Paper I,
we investigate a particular geometric deep learning model that generalizes
the translation equivariance in CNNs, to other types of equivariance for data
points defined on other globally symmetric spacesM. This model is called
G-equivariant convolutional neural networks (GCNNs), where G is the symmetry
group that characterizes the global symmetry inM. The symmetry group of
the sphereM = S2, for example, is the rotation group G = SO(3).

A detailed discussion on GCNNs and other geometric deep learning models
requires the notions of principal bundles and associated vector bundles which,
intuitively, are manifolds with certain spaces (fibers) attached to each point.
We give an introduction to these notions in Section 1.3 but in preparation, we
also need to discuss group representations.
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1.2 Representation theory

Equivariant neural networks such as GCNNs utilize symmetry, when present
in the vector-valued data functions. Mathematicians study abstract symmetry
transformations using group theory, and when these symmetry transformations
manifest themselves in terms of linear transformations on vector spaces, they
fall under the label representation theory.

1.2.1 Lie groups and Haar measures

Before introducing representations, let us briefly summarize a few relevant
notions: Lie groups, Haar measures, and unimodularity. See Lee (2013) for
a more comprehensive introduction to Lie groups. Haar measures on locally
compact groups, and the concept of unimodularity, is discussed in detail in
Deitmar and Echterhoff (2014) and Folland (2016).

Definition 1. A Lie group is a group G that is also a (real) smooth manifold,
such that the following multiplication and inversion maps are smooth:

m : G×G→ G, m(g, h) = gh,

i : G→ G, i(g) = g−1.
(1.14)

Remark 1. Smooth manifolds are assumed Hausdorff and second countable.
The same naturally goes for Lie groups, being instances of smooth manifolds.

Example 1.

(a) Euclidean space Rd is an abelian d-dimensional Lie group.

(b) Let G be a finite or countable group equipped with the discrete topology.
There is a unique smooth structure onG that turnsG into a 0-dimensional
Lie group. For instance, Z2 is a Lie group.

(c) The general linear groups GL(n,R) and GL(n,C) are Lie groups for all
natural numbers n ≥ 1. Many more Lie groups are obtained as closed
subgroups of these: O(n), SO(n), U(n), SU(n), SL(n,R), SL(n,C), etc.

(d) The Euclidean groups E(n) are Lie groups for all natural numbers n ≥ 1,
as are the Poincaré group, the Lorentz group, and other, similar groups.

�
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The smooth manifold structure of a Lie group G implies that each point g ∈ G
has a compact neighbourhood. Hausdorff topological groups satisfying this
local compactness property are aptly known as locally compact groups, and form
the backbone of harmonic analysis.

Theorem 1 (Folland, 2016, §2.2). Let G be a locally compact group. There exists a
non-zero Radon measure µ on G, called a (left) Haar measure, that is left-invariant
in the sense that

µ(gS) = µ(S), (1.15)

for all measurable sets S ⊆ G and all g ∈ G. The Haar measure µ on G is unique up
to scaling and, if G is compact, the scaling can be chosen such that µ(G) = 1.

We typically assume that a scale has been chosen and refer to the Haar measure
on G. There is also an equivalent notion of right Haar measures, which satisfy
µ(Sg) = µ(S), but these two notions do not coincide in general.

Definition 2. A locally compact groupG is unimodular if any left Haar measure
on G is also a right Haar measure.

Unimodular groups include some of the most commonly studied groups, such
as compact groups, abelian groups, finite and discrete groups, the Euclidean
groups E(n), and so on.

One may integrate compactly supported continuous functions f ∈ Cc(G) with
respect to the Haar measure µ on G. Left-invariance implies that for all h ∈ G,∫

G

f(hg) dµ(g) =

∫
G

f(g) dµ(g). (1.16)

Unimodular groups also satisfy the right-invariance and inversion properties∫
G

f(gh) dµ(g) =

∫
G

f(g) dµ(g) =

∫
G

f(g−1) dµ(g). (1.17)

A natural question is how integration with respect to the Haar measure relates
to integration of differential forms, when G is a Lie group. This question is
answered in (Wallach, 2018, §2.5) by constructing left Haar measures on G as
top forms ω induced from alternating top forms on the Lie algebra g, i.e., the
space of left-invariant vector fields on G. This construction nicely illustrates
why different choices of alternating forms yield the same Haar measure up to
scaling, and how right Haar measures are obtained from alternating forms on
right-invariant vector fields. The moral of the story is that integration in the
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Haar sense coincides with integration in the sense of smooth manifolds:∫
G

f dµ =

∫
G

fω, (1.18)

assuming compatible scalings of µ and ω. Let us ignore the integration theoretic
technicalities from now on and simply write the integral of f ∈ Cc(G) as∫

G

f(g) dg, (1.19)

assuming any choice of left Haar measure on the Lie group G.

Before moving on to representations, observe that the assignment

〈f, f ′〉2 :=

∫
G

f(g)f ′(g) dg, f, f ′ ∈ Cc(G), (1.20)

defines an inner product on Cc(G). Let L2(G) be the completion of Cc(G) after
performing the usual identification of functions that agree almost everywhere:

f = f ′ ⇐⇒ ‖f − f ′‖2 = 0, f, f ′ ∈ L2(G). (1.21)

The Hilbert space L2(G) is separable when G is second countable. In particular,
this holds when G is a Lie group. Much of the analysis in Paper I is related to
L2(G) and its use in harmonic analysis - we will say more about this below.

1.2.2 Group representations

It is time for us to discuss group representations. These can be motivated from
at least two perspectives: Representations make it possible to translate group
theoretic problems into functional analysis, which often makes them easier to
solve. Conversely, many geometric problems are naturally formulated in terms
of linear transformations on vector spaces, and often involve symmetry of some
kind. Group theory is the formal study of symmetry, so it is not surprising that
we can view such problems from a group theory point of view.

Definition 3. Let G be a topological group and let V be a topological vector
space. A (strongly continuous) representation of G is a group homomorphism

ρ : G→ GL(V ) (1.22)
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such that the following map is continuous for all g ∈ G, v ∈ V :

G× V → V, (g, v) 7→ ρ(g)v. (1.23)

Representations are denoted (ρ, V ) or simply ρ. Finally, a representation (ρ, V )
is called unitary if V is a complex Hilbert space and ρ(g) is unitary for all g ∈ G.

Remark 2. We give some examples of representations on vector spaces over R,
and representations can be studied for vector spaces over any field K. However,
complex representations are especially well-behaved thanks to the fundamental
theorem of algebra and other strong results. Introductory texts usually focus on
complex representations for this reason, and we make the same choice: Unless
otherwise stated, vector spaces V are assumed to be complex.

Example 2. Let G be a topological group. For any topological vector space V ,
there is a trivial representation that sends each g ∈ G to the identity operator,

ρ : G→ GL(V ), ρ(g) = IdV . (1.24)

The special case V = C is known as the trivial representation. �

Example 3. Consider the rotation group SO(2) and identify each element with
its angle of rotation θ. Then the map

R(θ) =

[
cos θ − sin θ
sin θ cos θ

]
, (1.25)

becomes a representation, on R2 as well as on C2. Indeed, for all angles θ, φ,

R(θ)R(φ) =

[
cos θ − sin θ
sin θ cos θ

] [
cosφ − sinφ
sinφ cosφ

]
=

[
cos(θ + φ) − sin(θ + φ)
sin(θ + φ) cos(θ + φ)

]
= R(θ + φ)

In particular, R(θ)R(−θ) = R(0) = IdR2 , hence R(−θ) = R(θ)−1. �

Example 4. Let Sn be the symmetric group whose elements are permutations
of n objects, for n = 1, 2, 3, . . .. That is, the elements g ∈ Sn are bijections

g : {1, 2, 3, . . . , n} → {1, 2, 3, . . . , n}. (1.26)

Given a basis e1, . . . , en ∈ Cn and a permutation g ∈ Sn, there exists a unique
linear operator ρ(g) that permutes the basis vectors: ρ(g)ei = eg(i) for each
i = 1, . . . , n. The mapping g 7→ ρ(g) is a representation of Sn. �
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The next definition shows how to build representations from simpler ones.

Definition 4. The direct sum of two G-representations (ρ, Vρ) and (σ, Vσ) is the
representation (ρ⊕ σ, Vρ ⊕ Vσ) defined by

(ρ⊕ σ)(g) : v ⊕ w 7→ ρ(g)v ⊕ σ(g)w. (1.27)

Similarly, their tensor product is the representation (ρ⊗ σ, Vρ ⊗ Vσ) defined by

(ρ⊗ σ)(g) : v ⊗ w 7→ ρ(g)v ⊗ σ(g)w. (1.28)

We can also deconstruct some representations into smaller ones:

Definition 5. Let (ρ, V ) be a G-representation and suppose that W ⊆ V is a
linear subspace that is closed under the representation,

ρ(g)w ∈W, for all w ∈W, g ∈ G. (1.29)

Then W is an invariant subspace, and (ρ,W ) is a subrepresentation of (ρ, V ).

All representations (ρ, V ) have two obvious subrepresentations, obtained by
letting W ⊆ V be either the full space W = V or the trivial subspace W = {0}.
These subrepresentations are not very interesting and are not considered proper,
because W is not a proper subspace.

Definition 6. A representation is reducible if it has a proper subrepresentation.
Representations that are not reducible are called irreducible.

Example 5. A trivial representation (IdV , V ) is irreducible iff dimV = 1. �

The next lemma explains why unitary representations are especially interesting:
They can be decomposed into direct sums of subrepresentations.

Lemma 2. Let (ρ, V ) be a unitary representation and suppose that W ⊆ V is a closed,
invariant subspace. Then the orthogonal complement W⊥ is also a closed invariant
subspace, and (ρ, V ) decomposes into a direct sum representation on W ⊕W⊥.

Proof. Recall the definition of the orthogonal complement,

W⊥ =
{
w⊥ ∈ Vρ

∣∣ 〈w,w⊥〉 = 0 for all w ∈W
}
. (1.30)

According to a standard result in functional analysis, if V is a Hilbert space and
W ⊆ V is a closed subspace, then W⊥ is a closed subspace and V =W ⊕W⊥.
In particular, W and W⊥ are Hilbert spaces in their own right. It is therefore
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sufficient to prove that W⊥ is an invariant subspace, i.e., that ρ(g)w⊥ ∈ W⊥
for each w⊥ ∈W⊥ and all g ∈ G. But this follows immediately from the facts
that ρ is unitary and that W is an invariant subspace:

〈w, ρ(g)w⊥〉 = 〈ρ(g−1)w,w⊥〉 = 0, (1.31)

for all w ∈W . That is, ρ(g)w⊥ ∈W⊥ and the lemma follows.

It seems likely that unitary representations can be decomposed into direct sums
of irreducible subrepresentations, if we just keep decomposing a representation
into smaller and smaller subrepresentations until these cannot be decomposed
any further. This is certainly true for compact groups, which follows from the
famous Peter-Weyl theorem (Deitmar and Echterhoff, 2014, Theorem 7.2.4). It is
also true for many other groups if we replace direct sums with direct integrals. In
this sense, irreducible representations are the prime numbers of representation
theory, the building blocks used to construct all other representations.

It is sometimes possible to translate one representation into another. An almost
trivial example is that the real SO(2)-representation (1.25) can be transformed
into the following real SO(2)-representation,

σ(θ) =

cos θ 0 − sin θ
0 1

sin θ 0 cos θ

 , (1.32)

that performs rotations about the y-axis in R3. All we need to do is identify R2

with the xz-plane in R3 via the linear transformation T : R2 → R3 given by

T =

1 0
0 0
0 1

 , (1.33)

in the standard bases. If we fix a vector v ∈ R2 and a rotation angle θ, it seems
likely that the following two procedures give the same result:

1. First use R(θ) to rotate v and then map the rotated vector to the xz-plane.

2. First map v to the xz-plane and then use σ(θ) to rotate about the y-axis.

Indeed, a short calculation shows that T ◦R(θ) = σ(θ) ◦ T . In this example, the
relation between R(θ) and σ(θ) was rather obvious, but this way of relating
two representations can be applied much more generally.
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Definition 7. An intertwiner, or equivariant map, between twoG-representations
(ρ, Vρ), (σ, Vσ) is a bounded linear map T : Vρ → Vσ satisfying, for all g ∈ G,

T ◦ ρ(g) = σ(g) ◦ T. (1.34)

We let HomG(Vρ, Vσ) denote the space of all such intertwiners. Moreover, if an
intertwiner T ∈ HomG(Vρ, Vσ) is a (unitary) isomorphism, then (ρ, Vρ), (σ, Vσ)
are said to be (unitarily) equivalent.

Example 6. When viewed as a complex representation, the SO(2)-representation
(1.25) is unitarily equivalent to the direct sum representation ρ(θ) = eiθ ⊕ e−iθ:

R(θ) =

[
cos θ − sin θ
sin θ cos θ

]
= T

[
eiθ 0
0 e−iθ

]
T ∗, (1.35)

where T = 1√
2

[
i −i
1 1

]
. �

Irreducible representations have strict limitations on the possible intertwiners,
as the next lemma shows. This is a famous result known as Schur’s first lemma.

Lemma 3 (Deitmar and Echterhoff, 2014, Lemma 6.1.7). Let (ρ, V ) be a unitary
representation of a topological group G. Then the following are equivalent:

(a) (ρ, V ) is irreducible.

(b) If T : V → V is an intertwiner, there is a constant λ ∈ C such that T = λ Id.

This lemma is motivated by the following observation: Let (ρ, V ) be a unitary
representation of G and suppose that T : V → V is an intertwiner. If λ is an
eigenvalue of T , then the corresponding eigenspaceEλ is an invariant subspace
of V since, for each v ∈ Eλ and all g ∈ G,

Tρ(g)v = ρ(g)Tv = λρ(g)v, (1.36)

hence ρ(g)v ∈ Eλ. The unitary representation (ρ, V ) is thus reducible if Eλ is a
proper subspace. Equivalently, if (ρ, V ) is irreducible, we must have Eλ = V
which means that Tv = λv for all v ∈ V and so T = λ Id. This is not a complete
proof because it assumes the existence of an eigenvalue, but it provides some
intuition. The other direction is more straightforward.

The next result, Schur’s second lemma, is even more famous than the first. It is
proven by noting that for any intertwiner T : Vρ → Vσ , its adjoint T ∗ is also an
intertwiner, hence so is their composition T ∗T : Vρ → Vρ. Schur’s first lemma



1.2. Representation theory 17

can thus be applied to the positive semi-definite map T ∗T , which allows us to
extract the relevant information about T .

Corollary 4 (Deitmar and Echterhoff, 2014, Corollary 6.1.9). Let (ρ, Vρ), (σ, Vσ)
be irreducible unitary representations and assume that T : Vρ → Vσ is an intertwiner.
Then T is either zero or invertible with continuous inverse. In the latter case there is a
scalar c > 0 such that cT is unitary. The space HomG(Vρ, Vσ) is zero unless ρ and σ
are unitarily equivalent, in which case the space has dimension 1.

We end this part with a discussion on the left and right regular representations
of a unimodular Lie group G. For reasons that are explained in Paper I, these
representations are tightly connected both to convolutional layers in GCNNs
and to Fourier analysis. This connection lets us apply Fourier theoretic methods
when studying GCNNs.

Example 7. Let G be a unimodular Lie group. For each g ∈ G, define the map

λ(g) : L2(G)→ L2(G), (λ(g)f)(g′) = f(g−1g′), (1.37)

for f ∈ L2(G) and g′ ∈ G. The assignment g 7→ λ(g) is a unitary representation
of G called the left regular representation. It is unitary thanks to left-invariance
of the Haar measure:

〈λ(g)f, λ(g)f ′〉 =
∫
G

f(g−1g′)f ′(g−1g′) dg′ = [g′ 7→ gg′]

=

∫
G

f(g′)f ′(g′) dg′ = 〈f, f ′〉

Similarly, one can define a unitary right regular representation ρ by

ρ(g) : L2(G)→ L2(G), (ρ(g)f)(g′) = f(g′g), (1.38)

for f ∈ L2(G) and g, g′ ∈ G. �

Lemma 5. The left and right regular representations of a unimodular Lie group G are
unitarily equivalent.

Proof. Define an involution operator T : L2(G)→ L2(G) by (Tf)(g) = f(g−1).
This is clear a unitary map that intertwines the left and right representations:[

T ◦ λ(g)f
]
(g′) = f

(
(g−1g′)−1

)
= f

(
g′
−1
g
)
=
[
ρ(g) ◦ Tf

]
(g′), (1.39)

for f ∈ L2(G) and g, g′ ∈ G.
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1.3 Fiber bundles

We now turn our attention to fiber bundles, which form the natural setting
for geometric data functions on manifolds. Let us introduce the subject with a
couple of motivating examples. More detailed expositions of fiber bundles can
be found in Kolár et al. (2013) and Lee (2013).

Consider a smooth manifoldM of dimension d and recall that, for each point
x ∈M, there is an associated tangent space TxM. A vector field onM assigns
a tangent vector Xx ∈ TxM to each point in some open set U ⊆ M and
this assignment should be at least continuous. But the tangent vectors Xx

lie in different tangent spaces TxM for different points x, so we cannot talk
about continuous vector fields unless we know how to vary the space TxM
continuously. The tangent bundle TM solves this problem by defining a suitable
topology and smooth structure on the disjoint union of all tangent spaces,

TM :=
⋃̇
x∈M

TxM. (1.40)

The structure on TM is defined in such a way that the projection π : TM→M,
Xx 7→ x, that sends a tangent vector to the point it is attached to on the manifold,
is smooth. Vector fields are then defined as continuous or smooth maps

X : U → TM, satisfying π ◦X = IdM, (1.41)

which ensures that X(x) lies in the correct tangent space TxM for each x ∈ U .
We picture the tangent bundle as a copy of the manifoldMwith the tangent
space TxM attached to each point x ∈ M. Given any local coordinate chart
(u1, . . . , ud) : U → Rd, for U ⊂M, recall that the tangent vectors

∂

∂ui

∣∣∣∣
x

∈ TxM, i = 1, . . . , d, x ∈ U, (1.42)

form a basis in TxM called a coordinate basis. Note that the maps x 7→ ∂
∂ui

∣∣
x

are
examples of (smooth, local) vector fields on U for i = 1, . . . , d. The coordinate
basis also gives an isomorphism TxM ' Rd for each x ∈ U , so the tangent
bundle can locally be viewed as the cartesian product U×Rd. One might expect
this idea to extend to the whole bundle, so that TMwould be isomorphic to
M×Rd. If so, we would call TM a trivlal bundle. However, the lack of a global
coordinate chart (in general) prevents this idea from coming to fruition; the
tangent bundle generally has a more intricate geometric structure and is not
isomorphic toM× Rd.
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Lie groups G have a similar geometric structure: If K ≤ G is a closed subgroup,
then G is the disjoint union of cosets

G =
⋃̇
g∈G

gK, (1.43)

and we may think of G as the quotient manifold G/K with the cosets gK ' K
attached to each point. The quotient map q : G→ G/K then sends each group
element g ∈ G to the point q(g) ∈ G/K it is attached to, just like the projection
π : TM→M of the tangent bundle. We may also define analogues of vector
fields as continuous maps s : U → G satisfying q ◦ s = IdG/K , where U ⊆ G/K
is an open set. Further,G can locally be viewed as a cartesian product U×K but
again, this does not hold globally: G is generally not isomorphic to G/K ×K.

In both of these examples, we attached a fiber (TxM; gK) to each point on a
base space (M;G/K), thus obtaining a larger total space (TM;G). A projection
(π; q) connected the total space and the base space, sending each element in
the total space to the point in the base space where it is attached. Moreover,
the total space could locally be viewed as a cartesian product (U × Rd;U ×K)
involving a characteristric fiber (Rd;K), but this local perspective did not extend
globally. Together, these properties define a fiber bundle.

Definition 8. A fiber bundle is a structure (E, π,X, F ), where E, X , and F are
topological spaces and π : E → X is a surjective continuous map satisfying the
following: For each x ∈ X , there exists a neighbourhood U ⊆ X around x and
a homeomorphism

φ : π−1(U)→ U × F, (1.44)

called a local trivialization, such that the following diagram commutes:

π−1(U) U × F

U

π

φ

π1

Here, π1 : U × F → U is the projection onto the first coordinate.

The topological spaces E, X , and F are respectively called the total space, the
base space, and the characteristic fiber of the bundle. Furthermore, we say that
(E, π,X, F ) is a smooth fiber bundle if E, X , and F are smooth manifolds, π is a
smooth map, and the local trivializations can be chosen to be diffeomorphisms.
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Remark 3. It is common to denote fiber bundles by their projection π : E → X ,
or simply by the total space E, leaving the other ingredients implicit.

There are many different kinds of fiber bundles, depending on the characteristic
fiber F and its properties. When F is a vector space, for example, the bundle
could very well be a vector bundle.

Definition 9. Let π : E → X be a fiber bundle whose fibers Ex = π−1({x})
have the structure of a finite-dimensional vector space. Assume that, for any
local trivialization φ : π−1(U)→ U × F and each x ∈ U , the map

F → Ex, v 7→ φ−1(x, v), (1.45)

is an isomorphism of vector spaces. Then E is called a vector bundle.

Example 8. The tangent bundle is a smooth vector bundle: Its fibers π−1({x}) =
TxM are d-dimensional vector spaces and the local trivializations are obtained
from local coordinate charts, hence (1.45) becomes

φ : Rd → TxM,
(
v1, . . . , vd

)
7→

d∑
i=1

vi
∂

∂ui

∣∣∣∣
x

, (1.46)

which is an isomorphism of vector spaces. �

Definition 10. Let π : E → X and π′ : E′ → X ′ be fiber bundles. A continuous
map ϕ : E → E′ is called a bundle map (bundle morphism) if there is a continuous
map f : X → X ′ such that the following diagram commutes:

E E′

X X ′

π

ϕ

π′

f

If both ϕ and f are homeomorphisms, the bundle map is called an isomorphism
of bundles, or a bundle isomorphim. Smooth bundle maps are defined analogously.

Remark 4. The notion of isomorphism introduced in Definition 10 depends on
the type of bundle. An isomorphism of smooth vector bundles, for example, must
be smooth as well as linear on each fiber.

We mentioned earlier that the tangent bundle TM can be isomorpic toM×Rd,
even though this is rarely the case. Cartesian products such asM× F trivially
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satisfy the definition of a fiber bundle, because we can define the projection

π :M× F →M, π(x, f) = x, (1.47)

by projection onto the first component. Also, the identity map onM× F is a
local trivialization.

Definition 11. A fiber bundle π : E →M is trivial if it is isomorphic toM×F .

The geometric deep learning models that we consider in Paper I assume that
data points are collections of vectors attached at different points on a manifold,
and may therefore have a geometric structure. The following definition makes
this idea precise.

Definition 12. Let π : E →M be a fiber bundle and let U ⊆M be an open set.
A (local) section is a continuous map

s : U → E, satisfying π ◦ s = IdM . (1.48)

That is, sections map each point x ∈ U to an element of its fiber Ex.

Data points are defined in Paper I as (compactly supported) sections of vector
bundles. In particular, data points include vector fields, which are sections of
the tangent bundle TM. Moreover, we discussed earlier that Paper I analyzes
GCNNs, which generalize the equivariance properties of convolutional layers
in CNNs to data points defined on other globally symmetric spacesM. This is
indeed the main focus in Paper I, but it also discusses local symmetries. In a
sense, local symmetries describe certain redundancies or degrees of freedom
that exist in a given situation.

Perhaps the best example of a local symmetry is that we can choose a basis in
any tangent space TxM, but we cannot choose a basis for all tangent spaces in
a continuous manner. Not unless the tangent bundle TM is trivial. Naively,
one might consider defining a geometric deep learning model for vector fields
by choosing bases in all tangent spaces, and then working exclusively in terms
of components. This would turn vector fields into arrays of numbers and we
could probably use standard neural networks to process these. However, it is
simply not possible to make a continuous choice of basis for each tangent space,
we are forced to work locally on patches. But this introduces a problem: What
if two patches overlap and we use two different bases for the same tangent
space TxM in the two patches? Most neural networks do not understand that
two arrays can represent the same vector in different bases, so numerical results
obtained in one basis may be incompatible with those obtained in another basis.
Moreover, this problem is fundamentally unavoidable. The local symmetry in
this scenario is the choice of bases in tangent spaces.
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The study of local symmetry falls under the name gauge theory, which originates
in theoretical physics. It uses the following notions of principal bundles and
associated bundles, and we bring these notions up since they are equally useful
when studying the globally symmetric setting of GCNNs.

Definition 13. Let K be a topological group. A fiber bundle π : P → M is
called a principal K-bundle with structure group K if there is a free, continuous
right K-action

P ×K → P, (p, k) 7→ p / k, (1.49)

with the following properties for each x ∈M.

(i) Let Px = π−1({x}) be the fiber at x. Then

p ∈ Px, k ∈ K ⇒ p / k ∈ Px. (1.50)

That is, the K-action preserves fibers.

(ii) For each p ∈ Px, the mapping k 7→ p / k is a homeomorphism K → Px.

A principal K-bundle π : P →M is smooth if it is a smooth fiber bundle, K is a
Lie group, the action (1.49) is smooth, and the maps (1.50) are diffeomorphisms.

Remark 5. Sections of principal bundles are called gauges.

GCNNs are concerned with the following smooth principal bundle, which we
touched upon in the introduction to this part.

Proposition 6. Let G be a Lie group and let K ≤ G be a closed subgroup. Then the
quotient map

q : G→ G/K, g 7→ gK, (1.51)

defines a smooth principal K-bundle overM = G/K.

Proof. If we remove the word “smooth”, the proposition actually holds for any
topological group G such that the closed subgroup K ≤ G admits a gauge, and
we formulate the proof for such groups. Lie groups admit smooth gauges and
G will thus be a smooth principal K-bundle (Steenrod, 1960, p. 31-33).

Assume the existence of a (smooth) gauge ω : U → G for an open set U ⊂ G/K,
and use ω to define a map φ : q−1(U)→ U ×K by

φ(g) =
(
q(g), ω(q(g))−1g

)
= (gK, k−1), (1.52)
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where k = g−1ω(q(g)). Then φ is continuous (smooth), and so is its inverse

φ−1(gK, k) = ω(gK)k, (1.53)

hence φ is a homeomorphism (diffeomorphism). Moreover, it is evident from
(1.52) that q = π1 ◦φ, and so φ is a local trivialization around any point gK ∈ U .
As for points gK 6∈ U , fix an arbitrary g̃ ∈ G and define the map

ωg̃ : g̃U → G, ωg̃(gK) = g̃ω(gK). (1.54)

This is a continuous (smooth) gauge, and induces a local trivialization φg̃ in the
same manner as above. Because any point gK ∈ G/K lies in some g̃U and thus
admits a local trivialization φg̃, we find that q : G→ G/K is a (smooth) fiber
bundle. Finally, observe that right-multiplication G×K → G, (g, k) 7→ gk is a
continuous (smooth) right-action that clearly satisfies both of the conditions in
Definition 13, so we conclude that G is a (smooth) principal K-bundle.

Definition 14. Consider a principal K-bundle π : P →M and suppose that
ρ : K → GL(Vρ) is a finite-dimensional representation of the structure group.
Now define the following equivalence relation ∼ on the product P × Vρ,

(p, v) ∼ (p / k, ρ(k)−1v), p ∈ P, v ∈ Vρ, k ∈ K. (1.55)

Then the quotient space P ×ρ Vρ = (P × Vρ)/ ∼, that is,

P ×ρ Vρ = {equivalence classes [p, v] | p ∈ P, v ∈ Vρ} , (1.56)

is called an associated bundle.

Remark 6. Associated bundles are most often called associated vector bundles,
since they are special cases of a more general definition. However, we only use
associated vector bundles here and in Paper I, so we use the shorter name.

In Paper I, we give an example that shows explicitly how the tangent bundle
TM is an associated bundle. More importantly, we demonstrate that GCNNs
are naturally formulated in terms of homogeneous vector bundles, which are also
associated bundles. In other words, this concept is very useful.

Of course, one cannot simply claim that associated bundles P ×ρVρ are bundles
by virtue of their name, it must be proven. One proof uses a gauge ω : U → P to
pick representatives (ω(x), v) ∈ P×Vρ of equivalence classes [ω(x), v] ∈ P×ρVρ,
and these representatives are then used to construct the local trivializations. A
complete proof can be found in (Kolár et al., 2013, §10.7)

Proposition 7. Let P be a (smooth) principal K-bundle and suppose that (ρ, Vρ) is a
finite-dimensional K-representation. Then P ×ρ Vρ is a (smooth) vector bundle.
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We end with a result that explains the aforementioned problem with choosing
bases in tangent spaces. The process of continously choosing such bases defines
a gauge in a principal bundle called a frame bundle FM and for most manifolds,
the frame bundle is nontrivial.

Proposition 8. A principal K-bundle P is trivial iff it admits a global gauge.

Proof. First suppose that P is trivial, and let ϕ :M×K → P be an isomorphism
of bundles. Then the mapping

ω :M→ P, ω(x) = ϕ(x, k), (1.57)

is a continuous, global gauge for any fixed k ∈ K. For the other direction,
suppose ω :M→ P is a global gauge and define the mapping

φ :M×K → P, (x, k) 7→ ω(x) / k, (1.58)

which is continuous since both ω and the K-action are continuous. If we now
fix x ∈M, then the restriction φx : K → Px, k 7→ φ(x, k) is a homeomorphism
by Definition 13(ii), hence (1.58) has a continuous inverse

φ−1 : P →M×K, p 7→
(
π(p), φ−1π(p)(p)

)
. (1.59)

Furthermore, (1.58) preserves basepoints and satisfies

φ(x, kk′) = ω(x) / k / k′ = φ(x, k) / k′, (1.60)

and is therefore an isomorphism of principal bundles. That is, P is trivial.



2 Summary of results

In this chapter, we provide a summary of the paper included in this thesis. The
overall aims, findings, and conclusions from the paper are presented to further
make it easier to understand the paper’s contribution to the research field.

In Paper I, Homogeneous vector bundles and G-equivariant convolutional neural net-
works, we conduct a mathematical analysis of G-equivariant convolutional neural
networks (GCNNs). These networks are aimed at deep learning tasks in which
the data is defined on a globally symmetric spaceM with global symmetry
group G, for example spherical data (M = S2, G = SO(3)). Incorporating the
global symmetry ofM into the network structure, through G-equivariant layers,
reduces the amount of information that the network has to learn.

Local symmetry is another type of symmetry that describes redundancies in
mathematical models; degrees of freedom which give rise to degeneracies or
other problems and cannot be ignored, even if they have no effect on the model
predictions. One such example is the choice of basis in a vector space (or more
generally, the choice of local frame in a tangent bundle). Such choices might be
necessary in order to perform computations but should have no effect on what
the model predicts. Neural networks are not designed with local symmetry
in mind, they can be highly dependent on how the data is represented. Gauge
equivariant neural networks were introduced to counteract this problem. These
networks are especially useful when the data is defined on a curved manifold,
where one is forced to work locally in patches but want to avoid inconsistencies
on overlaps.

GCNNs and gauge equivariant neural networks are both based on the gauge
theoretic notions of principal bundles and associated vector bundles. However,
these two network types have only been studied separately from each other. We
combine the two network types into a common framework, highlighting their
many similarities. In fact, their only significant difference is the equivariance
properties imposed on layers.

25
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We also show that GCNNs arise naturally from homogeneous vector bundles.
These bundles are closely related to the aforementioned equivariance frame-
work, but have not been previously discussed in this context. In our opinion,
GCNNs should be formally defined in terms of homogeneous vector bundles,
as these bundles perfectly encapsulate the idea of globally symmetric spaces
and G-equivariant transformations.

Implementations of GCNNs are typically based on convolutional layers. These
are special cases of the G-equivariant layers mentioned earlier, but have a more
explicit structure as integral operators. We give an example of a G-equivariant
layer that is not a convolutional layer. There have been previous investigations
into the question of when a G-equivariant layer is, in fact, a convolutional layer.
These investigations have either made strong assumptions on layers or have
been restricted to compact groups G. We answer this question for more general,
unimodular Lie groups G, using reproducing kernel Hilbert spaces (RKHS) as
well as the related concept of bandwidth in Fourier analysis. To our knowledge,
this is the first time RKHS have been applied to equivariant neural networks,
even though RKHS are used in other areas of deep learning.
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HOMOGENEOUS VECTOR BUNDLES AND

G-EQUIVARIANT CONVOLUTIONAL NEURAL NETWORKS

JIMMY ARONSSON

Abstract. G-equivariant convolutional neural networks (GCNNs) is a geomet-
ric deep learning model for data defined on a homogeneous G-spaceM. GCNNs

are designed to respect the global symmetry inM, thereby facilitating learning.

In this paper, we analyze GCNNs on homogeneous spacesM = G/K in the case
of unimodular Lie groups G and compact subgroups K ≤ G. We demonstrate

that homogeneous vector bundles is the natural setting for GCNNs. We also

use reproducing kernel Hilbert spaces to obtain a precise criterion for expressing
G-equivariant layers as convolutional layers. This criterion is then rephrased as

a bandwidth criterion, leading to even stronger results for some groups.
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1. Introduction

Developments in deep learning have increased dramatically in recent years. Even
though multilayer perceptrons [2] and other general-architecture models work well
for some tasks, achieving higher levels of performance often requires models that are
more tailored to each application, and which incorporate some level of understanding
of the data. Geometric deep learning [5, 6, 7, 13, 38] is the approach of using inherent
geometric structure in data, and symmetry derived from geometry, to improve deep
learning models.

Convolutional neural networks (CNNs) are among the simplest and most broadly
applicable general-architecture models. They have been successfully applied to image
classification and segmentation [41, 52, 53], text summarization [42], pose estimation
[37], sign language recognition [27], and many other tasks. One reason why CNNs are
so useful is that convolutional layers, the basic building blocks of CNNs, commute
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with the translation operator in Z2; convolutional layers are translation equivariant.
In image classification tasks, for instance, Z2 represents the underlying pixel lattice,
and translation equivariance helps CNNs identify objects in images regardless of
their exact pixel coordinates. As convolutional layers respect the global translation
symmetry in Z2, CNNs are examples of geometric deep learning models.
G-equivariant convolutional neural networks (GCNNs) [10, 12] are generalizations

of CNNs to data points defined on homogeneous G-spaces M. Convolutional layers
that commute with the action G × M → M of the global symmetry group G,
remove the need for GCNNs to learn about the global symmetry. It is already built
into the network. This enables GCNNs to focus on learning other relevant features
in data, potentially improving performance. One example is the detection of tumors
in digital pathology. Images of tumors can have any orientation, and GCNNs with
both translation and rotation equivariant layers have higher accuracy than ordinary
CNNs [46]. Rotation equivariance is also highly useful in 3D inference problems [49],
in point cloud recognition [35], and in other tasks.

Gauge equivariant neural networks [9, 13, 18, 36] are instead designed to respect
local symmetries. For example, computations involving vector fields - in meteorology
or other areas - require vectors to be expressed in components. This requires a frame;
a smooth assignment of a basis to each tangent space. However, the sphere and other
non-parallelizable manifolds do not admit a global frame, so the computations must
be performed locally, using different local frames for different regions on the manifold.
It is then important that any numerical results obtained in one frame are compatible
with those obtained in any other frame on overlapping regions. In other words, the
computations should be equivariant with respect to the choice of local frame, which
is a viewed as a gauge degree of freedom; a local symmetry. Gauge equivariant neural
networks have also been introduced for problems exhibiting other local symmetries,
primarily in lattice gauge theory.

In this paper, we study the mathematical foundations of GCNNs and characterize
convolutional layers in terms of more abstract layers. Our contributions are threefold:

• We analyze a general framework that include both gauge equivariant neural
networks and GCNNs, that only differ in whether layers respect a local gauge
symmetry or a global translation symmetry. Moreover, we show that GCNNs
are naturally expressed in terms of homogeneous vector bundles.
• In general, not all G-equivariant layers can be written as convolutional layers.

We investigate the relation between these types of layers for all homogeneous
spacesM = G/K when G is a unimodular Lie group and K ≤ G is a compact
subgroup. As a result of this investigation, we find a criterion for expressing
G-equivariant layers as convolutional layers (Theorem 14).
• We highlight the close relationship between convolutional layers in GCNNs,

reproducing kernel Hilbert spaces (RKHS), and bandwidth. We reformulate
the criterion in Theorem 14 as a bandwidth criterion and prove that, when G
is discrete abelian or finite,1 all G-equivariant layers are indeed convolutional
layers (Corollaries 19-21).

This work was inspired by a number of papers [9, 10, 11, 12, 13, 48]. The theoretical
papers [9, 12] have been of particular importance, as our work grew from a desire to
understand the mathematics of equivariant neural networks in even greater detail.

In the case of compact groups G, the Peter-Weyl theorem and other powerful tools
have allowed researchers to study GCNNs using harmonic analysis. Among the most

1Discrete Lie groups are countable, in this paper, as we assume smooth manifolds to be Hausdorff

and second-countable.
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well-known results in this direction is Theorem 1 in [28], which uses Fourier analysis
on G to establish that the layers in a G-equivariant feed-forward neural network must
be generalized convolutional layers, when G is compact. This result is similar to our
second contribution above and we discuss the distinction in Section 3.4. Others have
used the well-known representation theory of the compact group G = SO(3) to study
rotation equivariant GCNNs for spherical data [15, 16, 17].

The paper is structured as follows. We summarize the relevant machine learning
background in Section 2.1, and discuss a framework for equivariant neural networks in
Section 2.2. In Section 3, we restrict attention to homogeneous spaces G/K where G
is a unimodular Lie group andK ≤ G is a compact subgroup. Section 3.2 explains the
relation between GCNNs, homogeneous vector bundles, and induced representations.
This relation is used to motivate the definition of G-equivariant layers in Section 3.4,
where we also discuss convolutional layers and prove the aforementioned Theorem 14;
this result characterizes when a G-equivariant layer is a convolutional layer, in terms
of RKHS. Section 3.5 then relates RKHS to bandwidth, leading to a reformulation
of Theorem 14 (Corollary 19) as well as a few stronger results. Finally, in Section 4,
we summarize our work and end with a discussion.

2. Foundations of equivariant neural networks

In this section, we give an introduction to convolutional neural networks (CNNs)
and discuss a simple framework for equivariant neural networks.

2.1. Convolutional neural networks. CNNs were first introduced in 1979 under
the name of Neocognitrons, and were used to study visual pattern recognition [21]. In
the 1990s, CNNs were successfully applied to problems such as automatic recognition
of handwritten digits [33] and face recognition [32]. However, it was arguably not
until 2012, when the GPU-based AlexNet CNN outperformed all competition on the
ImageNet Large Scale Visual Recognition Challenge [30], that CNNs and other neural
networks truly caught the public eye. Industrial work and academic research on deep
learning has since soared, and current state-of-the-art deep learning architectures
are significantly more powerful and more complex than AlexNet. Yet, convolutional
layers remain important components.

In this introduction, we focus on data that can be represented by finitely supported
functions

f : Z2 → Rm. (2.1)

Digital images, for example, are of this form since each pixel x ∈ Z2 is associated with
a color array f(x) ∈ Rm, and finite support is analogous to finite image resolution.
Note that m = 1 corresponds to grayscale images and m = 3 to RGB images, but
we allow any number of channels m. In general, any data represented by a finite 2D
(m = 1) or 3D (m > 1) array with real-valued entries is of the form (2.1).

Convolutional layers act on data points (2.1) by2

[κ ? f ](x) =
∑
y∈Z2

κ(y − x)f(y), (2.2)

given a matrix-valued kernel κ : Z2 → Hom(Rm,Rn) for some n ∈ N. The kernel is
also finitely supported in practice, so the maps κ ? f : Z2 → Rn are themselves data
points (2.1) with n channels. Broadly speaking, CNNs consist of convolutional layers
(2.2) combined with other transformations, such as non-linear activation functions
and batch normalization layers. We are mainly interested in convolutional layers,

2The name convolutional layer is used even though (2.4) more closely resembles a cross-correlation.
It can be expressed as a convolution if we replace the kernel with its involution κ∗(y) = κ(−y).
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so we do not go into detail about non-linear activation functions or other types of
layers. For more extensive descriptions of CNNs, see [1, 24, 51].

In image classification tasks, for instance, CNNs categorize digital images into a
predefined number k of distinct classes, based on what the images depict. The CNN
maps each digital image f : Z2 → Rm to a probability vector in Rk estimating the
probability that f belongs to any given class. During training, this probability vector
is compared to the correct answer (which is known) and the discrepancy is computed
using a loss norm or distance function. A gradient descent-based algorithm minimizes
the loss function, thereby learning the kernel matrix elements and any other trainable
network parameters. The result of this training procedure is a CNN that accurately
classifies images in the training data set. Finally, the predictive power of the CNN
is evaluated by using it to classify images from a test data set; images that were not
used during training and which the CNN has not encountered before.

CNNs perform very well on image classification and similar machine learning tasks,
and are important parts of many state-of-the-art network architectures on such tasks
[4, 25, 44, 50]. One reason for their success is translation equivariance: Convolutional
layers (2.2) commute with the translation operator in the image plane,

Lx : Z2 → Z2, Lx(y) = y + x, x ∈ Z2. (2.3)

Translation equivariance makes CNNs agnostic to the specific locations of individual
pixels, while still taking into account the relative positions of different pixels; images
are more easily classified based on relevant features of their subjects, and not based
on technical artifacts such as specific pixel coordinates. This observation motivates
the introduction of more general convolutional layers that act equivariantly on data
points f : M→ V , where the domain M is homogeneous with respect to a locally
compact group G [10, 12]. Given finite-dimensional vector spaces V,W , convolutional
layers are defined as certain vector-valued integrals3

κ ? f :M→W, (κ ? f)(g) =

∫
G

κ(g−1g′)f(g′) dg′, (2.4)

with operator-valued kernels κ : G→ Hom(V,W ).

Remark 1. In (2.4), we integrate with respect to a Haar measure on the unimodular
Lie group G.

Broadly speaking, G-equivariant convolutional neural networks (GCNNs) consist
of sequences of convolutional layers (2.4) mixed with non-linear activation functions,
and possibly other layers that are equivariant with respect to the global symmetry.
This characterization is intentionally vague as we want to avoid making unnecessarily
restrictive assumptions on the layers. For this reason, we will not study GCNNs from
a holistic perspective, as a sequence of multiple layers, but instead focus on individual
layers. We give a formal definition of abstract, G-equivariant layers in Definition 9,
before defining the more specific convolutional layers in Definition 10.

2.2. Gauge theory and the equivariant framework. Before going into detail
about GCNNs in Section 3, let us describe a mathematical framework for equivariant
neural networks. The framework is based on gauge theoretic concepts but is equally
suitable for GCNNs. Both gauge equivariant neural networks and GCNNs will thus
be described by this framework, their main difference being the specific equivariance
properties imposed on layers.

3For a summary on vector-valued integration on locally compact groups, see [19, Appendix 4].
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Remark 2. This framework is already being used in GCNNs and gauge equivariant
neural networks separately [9, 12]. We are simply presenting the unified theory that
includes both types of equivariance as separate cases.

Gauge theory originated in physics as a way to model local symmetry. In quantum
electrodynamics (QED), for example, the electron wave function can be locally phase
shifted, ψ 7→ eiαψ, with no physically observable consequence, and so QED is said to
possess a U(1) gauge symmetry. Mathematicians have later adopted gauge theory in
order to study other types of local symmetries. The introduction of gauge equivariant
deep learning models has been suggested by deep learning practitioners and physicists
alike. For example, [9] investigates the structure of gauge equivariant layers used for
vector fields, tensor fields, and more general fields. Physicists have introduced gauge
equivariant neural networks for applications in, e.g., lattice gauge theory [3, 18, 36].

We assume some familiarity with fiber bundles,4 but we still present a few relevant
definitions and examples.

Definition 1. Let K be a Lie group. A smooth fiber bundle π : P →M is called a
principal K-bundle with structure group K if there is a free, smooth right K-action

P ×K → P, (p, k) 7→ p / k, (2.5)

with the following properties for each x ∈M.

(i) Let Px = π−1({x}) be the fiber at x. Then

p ∈ Px, k ∈ K ⇒ p / k ∈ Px. (2.6)

That is, the K-action preserves fibers.
(ii) For each p ∈ Px, the mapping k 7→ p / k is a diffeomorphism K → Px.

Principal bundles are natural tools for understanding local symmetries, i.e., gauge
degrees of freedom. In theoretical physics, gauge degrees of freedom are redundancies
in the mathematical theory with no physical relevance. This is both a blessing and
a curse: Solving the Yang-Mills equations of motion as an initial value problem, for
example, is an underdetermined problem that cannot be solved without taking the
gauge degrees of freedom into account; without choosing a gauge [39]. This is similar
to our example in the introduction, that computations involving vector fields may
require a choice of basis in each tangent space, even if this choice is irrelevant for
the underlying application. On the other hand, problems may also become easier to
solve by choosing a gauge with some finesse.5

Definition 2. Let π : P →M be a principal K-bundle and assume U ⊆M is open.

(i) A gauge is a local section ω : U → P .
(ii) A gauge transformation is an automorphism χ : P → P that is equivariant,

χ(p / k) = χ(p) / k, p ∈ P, k ∈ K, (2.7)

and which preserves fibers: π ◦ χ = π.

We will go into more detail about the vector field example in Example 1. However,
we first need to define associated bundles. To this end, let π : P →M be a principal
K-bundle and let ρ : K → GL(Vρ) be a finite-dimensional representation. Define an
equivalence relation ∼ on P × Vρ by

(p, v) ∼ (p / k, ρ(k)−1v), p ∈ P, v ∈ Vρ, k ∈ K. (2.8)

4Introductions to fiber bundles can be found in [26, 34, 40].
5See, for example, the temporal gauge in lattice gauge theory [22, §3.3.2].
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Let P×ρVρ = (P×Vρ)/ ∼ denote the quotient space, whose elements are equivalence
classes

[p, v] = [p / k, ρ(k)−1v], p ∈ P, v ∈ Vρ, k ∈ K, (2.9)

and consider the projection πρ : P ×ρ Vρ →M defined by πρ([p, v]) = π(p). Observe
that each fiber π−1

ρ ({x}) has a natural vector space structure such that the mapping

Vρ → π−1
ρ ({x}), v 7→ [p, v], (2.10)

is a linear isomorphism for each fixed p ∈ Px.

Lemma 1 ([26, §10.7]). The associated bundle πρ : P×ρVρ →M is a smooth vector
bundle.

Example 1. Let d = dimM and consider a coordinate chart
(
u1, . . . , ud

)
: U → Rd,

for U ⊆M. Recall that for each x ∈ U , the induced coordinate basis in TxM,

ω(x) :=

(
∂

∂u1

∣∣∣
x
, . . . ,

∂

∂ud

∣∣∣
x

)
, (2.11)

lets us express tangent vectors Xx ∈ TxM in components X1
x, . . . , X

d
x ∈ R. Moreover,

(2.11) defines a local frame ω : U → FM that sends each point x ∈ U to its
coordinate basis in TxM. Local frames are sections of the frame bundle FM, which
is a principal GL(d,R)-bundle, hence local frames are examples of gauges.

Fix x ∈ U and expand Xx ∈ TxM in the coordinate basis:

Xx =

d∑
i=1

Xi
x

∂

∂ui

∣∣∣
x
. (2.12)

By decomposing (2.12) into components and basis vectors, we can view the tangent
vector Xx as one giant tuple

Xx =

(
∂

∂u1

∣∣∣
x
, . . . ,

∂

∂ud

∣∣∣
x
, X1

x, . . . , X
d
x

)
= (ω(x), X(x)) ∈ FM× Rd. (2.13)

Another choice of coordinate chart produces another local frame ω′ : U ′ → FM
and another decomposition (2.12), assuming that x ∈ U ′. These decompositions are
related by a change of basis

(ω′(x), X ′(x)) = (ω(x)B(x), B(x)−1X(x)), (2.14)

for some B(x) ∈ GL(d,R). Now observe that (2.14) is of the form

(p′, v′) = (p / k, ρ(k)−1v), (2.15)

where p, p′ ∈ FM, v, v′ ∈ Rd, k ∈ GL(d,R), the right-action / is right-multiplication,
and (ρ,Rd) is the standard representation ρ(k) = k of GL(d,R). The basis-dependent
description (2.12) ofXx thus resemble the pairs (p, v) in the construction of associated
bundles. Passing to the quotient (FM×ρ Rd)/ ∼ instead gives a basis-independent
description of Xx, since it identifies all possible decompositions (2.12) in all possible
bases. That is, the tangent bundle is isomorphic to FM×ρ Rd. �

Equivariant neural networks use the language of principal and associated bundles.
In the remainder of this subsection, let Eρ = P×ρVρ and Eσ = P×σVσ be associated
bundles, given a principal bundle π : P →M over a smooth manifoldM. Further let
Γc(Eρ) and Γc(Eσ) be the vector spaces of compactly supported continuous sections
of Eρ and Eσ, respectively.

Definition 3. A data point is a section s ∈ Γc(Eρ).
6



Remark 3. Even though data is typically real-valued, we primarily consider complex
representations (ρ, Vρ) so to simplify the mathematical theory. The harmonic analysis
in Section 3.5 especially benefits from this choice.

Our decision to restrict attention to compactly supported sections was also made
for mathematical reasons: G-equivariant layers are defined in Section 3.4 in terms of
an induced representation, which lives on the completion of Γc(Eρ) with respect to a
certain inner product. This is not a serious restriction from an application viewpoint.

Definition 4. A feature map is a compactly supported continuous map f : P → Vρ
that satisfies the transformation property

f(p / k) = ρ(k)−1f(p), (2.16)

for all p ∈ P , k ∈ K. The vector space of such feature maps is denoted Cc(P ; ρ)

Data points and feature maps are, in a sense, dual to each other: Each data point
in Γc(Eρ) is of the form

sf (x) = [p, f(p)], (2.17)

for a feature map f ∈ Cc(P ; ρ), where p ∈ Px is any element of the fiber at x ∈ M.
Note that (2.17) does not depend on the choice of p: Given another element p′ ∈ Px,
there exists a unique k ∈ K such that p′ = p / k and

[p′, f(p′)] = [p / k, f(p / k)] = [p / k, ρ(k−1)f(p)] = [p, f(p)]. (2.18)

That is, the equivalence class [p, f(p)] only depends on the basepoint x.

Lemma 2 ([26, §10.12]). The linear map Cc(P ; ρ) → Γc(Eρ), f 7→ sf is a vector
space isomorphism.

We are almost ready to define general and gauge equivariant layers. Before doing
so, however, we must say how gauge transformations χ : P → P act on data points.
Let θχ : P → K be the uniquely defined map satisfying χ(p) = p/θχ(p) for all p ∈ P ,
and define the following action on the associated bundle Eρ:

χ · [p, v] = [χ(p), v] = [p, ρ(θχ(p))v], [p, v] ∈ Eρ. (2.19)

The corresponding action on data points is given by

(χ · sf )(p) = [p, ρ(θχ(p))f(p)] = sρ(θχ)f (x), sf ∈ Γc(Eρ). (2.20)

We distinguish between general layers and more specific gauge equivariant layers, as
G-equivariant layers in GCNNs will only be a special case of the former.

Definition 5. Let Eρ = P ×ρ Vρ and Eσ = P ×σ Vσ be associated bundles.

(i) A (linear) layer is a linear map Φ : Γc(Eρ)→ Γc(Eσ).
(ii) A layer Φ is gauge equivariant if, for all gauge transformations χ : P → P ,

Φ ◦ χ = χ ◦ Φ. (2.21)

In equivariant neural networks, data points are sent through a sequence of layers,
which are mixed with non-linear activation functions. Again, we focus on individual
layers in this paper, and leave the analysis of equivariant activation functions and
multi-layer networks for an upcoming paper [23]. The fiber bundle-theoretic concepts
discussed in this part describe two kinds of equivariant neural networks:

(i) Gauge equivariant neural networks, which respect local gauge symmetry and
whose layers are gauge equivariant.

(ii) GCNNs, which respect global translation symmetry in homogeneousG-spaces
M, and whose layers are G-equivariant (Definition 9).
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Remark 4. Our definition of layers is almost identical to the linear maps in [9]. The
difference is that we focus on compactly supported sections, whereas [9] use sections
that are supported on a single coordinate chart. Also, [9] investigates the structure
of their linear maps under additional assumptions of so-called locality, covariance,
and weight-sharing. Covariance is analogous to gauge equivariance in our setting.

A consequence of Lemma 2 is that (gauge equivariant) layers Φ : Γc(Eρ)→ Γc(Eσ)
induce a unique linear map φ : Cc(P ; ρ) → Cc(P ;σ) such that Φsf = sφf . Writing
data points as sf = [·, f ] allows us to also express this relation as Φ[·, f ] = [·, φf ]. We
think of Φ and φ as two sides of the same coin, and use the name (gauge equivariant)
layer for both maps.

Γc(Eρ) Γc(Eσ)

Cc(P ; ρ) Cc(P ;σ)

Φ

φ

Example 2. Let T : Vρ → Vσ be a linear transformation and consider the layer

φ : Cc(P ; ρ)→ Cc(P ;σ), (φf)(p) = T
(
f(p)

)
, (2.22)

for p ∈ P , f ∈ Cc(P ; ρ). Since f and φf are feature maps and thereby satisfy (2.16),
the linear transformation T must satisfy

σ(k)T
(
f(p)

)
= T

(
f(p / k−1)

)
= T

(
ρ(k)f(p)

)
, (2.23)

for all k ∈ K, p ∈ P, f ∈ Cc(P ; ρ). This can be seen to imply that σ ◦ T = T ◦ ρ, so
T intertwines the representations ρ and σ. Another way to arrive at this conclusion
is to analyze when the corresponding layer

Φ : Γc(Eρ)→ Γc(Eσ), Φsf = [·, φf ], (2.24)

is well-defined.
Now consider a gauge transformation χ : P → P and its induced map θχ : P → K.

Because T is an intertwiner,

(Φ ◦ χ)sf = sφρ(θχ)f = sσ(θχ)φf = (χ ◦ Φ)sf , (2.25)

hence the layer Φ is automatically gauge equivariant. �

As this example illustrates, gauge equivariance is tightly connected to intertwining
properties of φ. Rearranging (2.25) gives the following result.

Lemma 3. A general layer Φ : Γc(Eρ)→ Γc(Eσ) is gauge equivariant iff

φ ◦ ρ(θχ)f = σ(θχ) ◦ φf, (2.26)

for all gauge transformations χ : P → P and all feature maps f ∈ Cc(P ; ρ).

This concludes our discussion of gauge theory and of equivariant neural networks.
The framework for the latter is evidently very general, consisting of layers and non-
linear activation functions between data points. There are advantages of working at
this level of generality: Ordinary (non-equivariant) neural networks have a multitude
of different types of layers, many of them linear. Equivariant analogues of such layers
are likely to satisfy either Definition 5(ii) or Definition 9, depending on the relevant
type of equivariance. Any result that can be proven using this general framework, will
thus be true for many different instances of equivariant neural networks. One example
is Theorem 14 below, that characterizes the structure of abstract G-equivariant layers
in any GCNN.
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3. G-equivariant convolutional neural networks

Recall that GCNNs generalize ordinary CNNs to data points f :M→ V defined
on homogeneous G-spaces M. Let us give a brief recap on homogeneous spaces and
global symmetry, before moving on to discuss homogeneous vector bundles, sections,
and induced representations. We will demonstrate that GCNNs and G-equivariant
layers (originally defined in [12]) are most naturally understood from the perspective
of homogeneous vector bundles. We then use reproducing kernel Hilbert spaces and
bandwidth to understand which G-equivariant layers are expressible as convolutional
layers.

3.1. Homogeneous spaces.

Definition 6. Let G be a Lie group. A smooth manifoldM is called a homogeneous
G-space if there exists a smooth, transitive left G-action

G×M→M, (g, x) 7→ g · x. (3.1)

Since the action (3.1) is transitive, we may choose an arbitrary basepoint x0 ∈M
and express any other point x ∈M as x = g ·x0 for some g ∈ G. This group element
is typically not unique, but observe that

g · x0 = g′ · x0 ⇐⇒ g−1g′ ∈ Hx0 , (3.2)

where Hx0
= {g ∈ G | g · x0 = x0} is the isotropy group of x0. In other words, there

is a one-to-one correspondence between points x ∈M and left cosets gHx0
∈ G/Hx0

.

Proposition 4 ([34, Theorem 21.18]). LetM be a homogeneous G-space and choose
a basepoint x0 ∈M. The isotropy group Hx0 is a closed subgroup of G, and the map

Fx0
: G/Hx0

→M, gHx0
7→ g · x0, (3.3)

is an equivariant diffeomorphism.

Homogeneous spaces are globally symmetric in the sense that any point x0 ∈ M
may be chosen as basepoint. Given another choice of basepoint x′0 ∈ M, the spaces
G/Hx′0

' G/Hx0
are diffeomorphically related by a translation in G - more precisely,

by the composition F−1
x0
◦ Fx′0 . Euclidean space M = Rd, for example, possesses a

global translation symmetry, allowing any point to be considered as origin. Similarly,
the rotationally symmetric sphere M = S2 does not have a unique north pole.

We end this part with the following proposition, which is instrumental in relating
homogeneous vector bundles to the equivariance framework in Section 2.2.

Proposition 5 ([43, §7.5]). Let G be a Lie group and let H ≤ G be a closed subgroup.
Then the quotient map

q : G→ G/H, g 7→ gH, (3.4)

defines a smooth principal H-bundle over the homogeneous G-space M = G/H.

3.2. Homogeneous vector bundles. Vector bundles may inherit global symmetry
from a homogeneous base space; the transitive action (g, x) 7→ g ·x may induce linear
maps Ex 7→ Egx between fibers. Such bundles are naturally called homogeneous and,
because this symmetry is also encoded in its sections (data points), we will show that
homogeneous vector bundles is the natural setting for studying GCNNs.

From this point on, we restrict attention to homogeneous spacesM = G/K where
G is a unimodular Lie group and K ≤ G is a compact subgroup. Elements of the
homogeneous space is interchangably denoted as x ∈M or gK ∈ G/K.

Remark 5. Examples of unimodular Lie groups include all finite, discrete, compact,
or abelian Lie groups, the Euclidean groups, and many others. See [19, 20] for details.
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Definition 7 ([47, 5.2.1]). Let M be a homogeneous G-space and let π : E → M
be a smooth vector bundle with fibers Ex. We say that E is homogeneous if there is
a smooth left G-action G× E → E satisfying

g · Ex = Egx, (3.5)

and such that the induced map Lg,x : Ex → Egx is linear, for all g ∈ G, x ∈M.

Example 3. The frame bundle FM is a homogeneous vector bundle whenever M
is a homogeneous space, and the same is true of any associated bundle FM×ρ Vρ.
In particular, the tangent bundle TM is a homogeneous vector bundle. �

Example 4. If (ρ, Vρ) is a finite-dimensional K-representation, then the associated
bundle Eρ = G×ρ Vρ is a homogeneous vector bundle with respect to the left action

g · [g′, v] = [gg′, v]. (3.6)

�

All homogeneous vector bundles E are of the form G ×ρ Vρ, up to isomorphism.
To understand why, consider the fiber EK = EeK and observe that the restriction of
(3.5) to EK and elements k ∈ K yields invertible linear maps

Lk : EK → EK . (3.7)

The defining properties of group actions ensure that ρ(k) = Lk is a finite-dimensional
K-representation on EK . Moreover, because the linear maps Lg,x are isomorphisms,
any element v′ of any fiber Ex can be obtained as the image v′ = Lg,K(v) =: Lg(v)
for some choices of g ∈ q−1({x}) and v ∈ EK . The mapping

ξ : G× EK → E, (g, v) 7→ Lg(v), (3.8)

is thus surjective. It is not injective, though, since the relation

Lg = Lg ◦ Lk ◦ Lk−1 = Lgk ◦ ρ(k−1), (3.9)

implies that ξ(g, v) = Lg(v) = Lgk(ρ(k−1)v) = ξ(gk, ρ(k−1)v) for k ∈ K. However,
the same argument shows that ξ is made injective by passing to the quotient G×ρEK .

Lemma 6 ([47, 5.2.3]). The map

G×ρ EK → E, [g, v] 7→ Lg(v), (3.10)

is an isomorphism of homogeneous vector bundles.

We now have two perspectives on bundles G×ρ Vρ: As bundles associated to the
principal bundle P = G, and as homogeneous vector bundles (up to isomorphism).
The former perspective offers a connection to the framework in Section 2.2, whereas
the latter motivates the definition of G-equivariant layers in Section 3.4 below.

3.3. Induced representations. Let us show the relationship between homogeneous
vector bundles and induced representations, which will be an essential ingredient in
the definition of G-equivariant layers. To this end, let (ρ, Vρ) be a finite-dimensional
unitary K-representation and consider the homogeneous vector bundle Eρ = G×ρVρ.

We will need inner products on Γc(Eρ) and Cc(G; ρ), the former of which is defined
using the following unitary structure:

Lemma 7 ([47, 5.2.7]). The unitary structure

〈[g, v], [g, w]〉gK := 〈v, w〉ρ, (3.11)

defines a complete inner product on each fiber EgK , making Eρ into a Hilbert bundle
with Lg,x unitary. This unitary structure is unique in that, if we identify Vρ with EK
in the canonical manner, then the inner product on Vρ so induced agrees with 〈 , 〉ρ.

10



We also need the following measure on G/K:

Theorem 8 (Quotient Integral Formula [14, §1.5]). There is a unique G-invariant,
nonzero Radon measure dx on G/K such that the following quotient integral formula
holds for every f ∈ Cc(G):∫

G

f(g) dg =

∫
G/K

∫
K

f(xk) dk dx. (3.12)

Using these two ingredients, we make Γc(Eρ) into a pre-Hilbert space with respect
to the inner product

〈s, s′〉L2(Eρ) :=

∫
G/K

〈s(x), s′(x)〉x dx, s, s′ ∈ Γc(Eρ), (3.13)

and we denote its completion L2(Eρ). Similarly, Cc(G; ρ) is a pre-Hilbert space with
respect to the inner product

〈f, f ′〉L2(G;ρ) =

∫
G

〈f(g), f ′(g)〉ρ dg, f, f ′ ∈ Cc(G; ρ), (3.14)

the completion of which is denoted L2(G; ρ).

Definition 8. The G-representations

indGKρ(g) : L2(Eρ)→ L2(Eρ), (indGKρ(g)s)(x) = g · s(g−1x), (3.15)

IndGKρ(g) : L2(G; ρ)→ L2(G; ρ), (IndGKρ(g)f)(g′) = f(g−1g′). (3.16)

are called induced representations, or representations induced by ρ.

Both indGKρ and IndGKρ are unitary [47, 5.3.2] and may be identified:

Lemma 9. The induced representations indGK(ρ), IndGK(ρ) are unitarily equivalent.

Proof. This is [47, 5.3.4], but let us write down a proof for clarity. First observe that
the isomorphism Cc(G; ρ)→ Γc(Eρ), f 7→ sf is unitary, which follows by combining
the quotient integral formula (3.12), the unitarity of ρ, and the compactness of K:
For all f, f ′ ∈ Cc(G; ρ), the map g 7→ 〈f(g), f ′(g)〉ρ lies in Cc(G) and so

〈f, f ′〉L2(G;ρ) =

∫
G/K

∫
K

〈f(xk), f ′(xk)〉ρ dk dx

=

∫
G/K

〈f(x), f ′(x)〉ρ dx

=

∫
G/K

〈[x, f(x)], [x, f ′(x)]〉x dx = 〈sf , sf ′〉L2(Eρ).

(3.17)

The same map f 7→ sf satisfies(
indGK(ρ)sf

)
(x) = g · sf (g−1x) = [x, f(g−1x)] = sIndGK(ρ)f (x), (3.18)

so it extends to a unitary isomorphism L2(G; ρ)→ L2(Eρ) intertwining the induced
representations. �

To gain a better understanding of the induced representations, consider the Bochner
space L2(G,V ), the space of square-integrable functions f : G→ V that take values
in a finite-dimensional Hilbert space V . It is itself a Hilbert space with inner product

〈f, f ′〉L2(G,V ) =

∫
G

〈f(g), f ′(g)〉V dg′. (3.19)

11



The induced representation (IndGKρ, L
2(G; ρ)) is nothing but the restriction of the left

regular representation Λ on L2(G,Vρ) to a closed, invariant subspace. Furthermore,
Λ is intimately related to the left regular representation λ on L2(G), as the following
lemma shows. The proof of this lemma is a short calculation.

Lemma 10. Let V be a finite-dimensional Hilbert space and equip L2(G)⊗ V with
the tensor product inner product. Then the natural unitary isomorphism

A : L2(G)⊗ V → L2(G,V )

f ⊗ v 7→ fv
(3.20)

intertwines λ⊗ IdV with Λ.

This lemma also shows that, if we choose an orthonormal basis e1, . . . , edimV ∈ V ,
elements of L2(G,V ) are simply linear combinations f =

∑
i f

iei with component
functions f i ∈ L2(G). We use this fact in some calculations of vector-valued integrals,
and the component functions will also be important in Section 3.5.

3.4. G-equivariant and convolutional layers. Given a homogeneous G-spaceM,
we observed that vector bundles π : E →M may inherit the global symmetry ofM.
We took a closer look at such homogeneous vector bundles and found that they are
isomorphic to associated bundles G×ρ Vρ, and therefore fit within the equivariance
framework of Section 2.2 . We also saw how the global symmetry ofM is encoded in
data points and feature maps via induced representations, and we want G-equivariant
layers to preserve this global symmetry.

Consider homogeneous vector bundles Eρ = G×ρVρ and Eσ = G×σVσ, and recall
Definition 5 of layers as general linear maps Φ : Γc(Eρ) → Γc(Eσ). We are mainly
interested in bounded layers from an application point of view, and we can make this
restriction now that the domain and codomain are normed spaces. Furthermore, any
bounded layer can be uniquely extended to a bounded linear map

Φ : L2(Eρ)→ L2(Eσ), (3.21)

and we assume this extension has already been made.

Definition 9. A bounded linear map Φ : L2(Eρ)→ L2(Eσ) is called a G-equivariant
layer if it intertwines the induced representations:

Φ ◦ indGKρ = indGKσ ◦ Φ. (3.22)

That is, G-equivariant layers are elements Φ ∈ HomG(L2(Eρ), L
2(Eσ)).

Remark 6. We could also have defined G-equivariant layers as bounded linear maps
φ : L2(G; ρ)→ L2(G;σ) that intertwine the induced representations:

φ ◦ IndGKρ = IndGKσ ◦ Φ, (3.23)

i.e., elements φ ∈ HomG(L2(G; ρ), L2(G, σ)). These definitions are clearly equivalent.

Apart from minor technical differences, Definition 9 coincides with the definition
of equivariant maps in [12]. We have thus obtained GCNNs almost directly from the
definition of homogeneous vector bundles and a desire for layers to respect the global
symmetry. This shows that homogeneous vector bundles is the natural setting for
GCNNs.

Let us now define convolutional layers.

Definition 10. A convolutional layer L2(G; ρ)→ L2(G;σ) is a bounded operator

[κ ? f ](g) =

∫
G

κ(g−1g′)f(g′) dg′, f ∈ L2(G; ρ), (3.24)

with an operator-valued kernel κ : G→ Hom(Vρ, Vσ).
12



Of course, not any function κ : G → Hom(Vρ, Vσ) can be chosen as the kernel of
a convolutional layer. The kernel must ensure both that (3.24) is bounded and that
φf ∈ L2(G;σ) for each f ∈ L2(G; ρ). We give a sufficient condition for boundedness
in Lemma 12 and the other requirement has been studied in detail in [12, 31].

The next result is an almost immediate consequence of the Fubini-Tonelli theorem.

Proposition 11. The adjoint of (3.24) is the integral operator

[f ∗ κ∗](g) =

∫
G

κ∗(g′
−1
g)f(g′) dg′, f ∈ L2(G;σ), (3.25)

where κ∗ is the pointwise adjoint of κ. That is, (κ ? ·)∗ = · ∗ κ∗.

One way to ensure that the operators (3.24)-(3.25) are bounded, is to put a bound
on the kernel matrix elements κij : G→ C for any given choice of bases in Vρ, Vσ.

Lemma 12. The operators (3.24) and (3.25) are bounded if κij ∈ L1(G) for all i, j.

Proof. We need only prove that (3.25) is bounded, its adjoint (3.24) will be bounded
as well. Choose bases e1, . . . , edimVρ ∈ Vρ and ẽ1, . . . , ẽdimVσ ∈ Vσ and observe that,

because L2(G;σ) ⊂ L2(G,Vσ), Lemma 10 enables the decomposition of f ∈ L2(G;σ)
into component functions f i ∈ L2(G):

f =

dimVσ∑
i=1

f iẽi. (3.26)

To be clear, the kernel κ is similarly decomposed into matrix elements κij = 〈ẽj , κei〉σ
and we have κ∗ji = κij . The integral (3.25) now takes the form

[f ∗ κ∗](g) =

dimVρ∑
j=1

(∫
G

dimVσ∑
i=1

κ∗ji(g
′−1g)f i(g) dg

)
ej , (3.27)

so by Young’s convolution inequality,

‖f ∗ κ∗‖2L2(G;ρ) ≤
∑
i,j

∫
G

∣∣∣∣∫
G

κ∗ji(g
′−1

g)f i(g′) dg′
∣∣∣∣2 dg =

∑
i,j

‖f i ∗ κ∗ji‖22

≤
∑
i,j

‖κij‖21‖f i‖22 ≤M
∑
i

‖f j‖22 = M‖f‖2L2(G;σ),

(3.28)

where M =
∑
i,j ‖κij‖21 <∞ if κij ∈ L1(G) for all i, j. �

We are interested in convolutional layers partly because they are concrete examples
of G-equivariant layers, which we show next.

Proposition 13. Convolutional layers are G-equivariant layers.

Proof. Convolutional layers κ ? · : L2(G; ρ)→ L2(G;σ) are bounded linear operators
by definition, so the only thing we need to prove is that κ ? · intertwines the induced
representations. This follows immediately from left-invariance of the Haar measure:
For each f ∈ L2(G; ρ) and all g, h ∈ G,[

κ ?
(
IndGKρ(g)f

)]
(h) =

∫
G

κ(h−1g′)f(g−1g′) dg′ (g′ 7→ gg′)

=

∫
G

κ
(
(g−1h)−1g′

)
f(g′) dg′ = [κ ? f ](g−1h),

(3.29)

hence
[
κ ? IndGKρ(g)f

]
= IndGKσ(g)[κ ? f ]. �
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Example 5. Let us describe where ordinary CNNs fit in the present context. CNNs
represent the case G = Z2 when K = {0} is the trivial subgroup. The corresponding
homogeneous space is G/K = Z2/{0} = Z2 and the quotient map q : G → G/K
is thus the identity map on Z2. Its inverse, the identity map ω : G/K → G, is a
globally defined gauge that eliminates the need for gauge equivariance, as we may
choose to work exclusively in this one gauge. This is just a reflection of the fact that

G = Z2 = Z/{0} × {0} = G/K ×K, (3.30)

is (obviously) trivial as a principal bundle. Its associated bundles Eρ = Z2×ρ Vρ are
also trivial: partly because the finite-dimensional K-representation σ must be trivial,
and partly because each equivalence class [g, v] only contains a single representative.
These reasons are, of course, due to the triviality of K.

This is not to say that the equivariant framework of Section 2.2 is uninteresting
when dealing with CNNs, or with GCNNs for other homogeneous spacesM = G/K
with K trivial. We saw in Sections 3.2-3.3 how the homogeneity give rise to induced
representations, which encode the global symmetry in both data points and feature
maps. This is a useful perspective to have, and G-equivariant layers are interesting
even when the bundles are trivial.

Triviality of the associated bundles, Eρ ' Z2 × Cm where m = dimVσ,6 implies
that data points and feature maps are general square-integrable functions,

L2(Eρ) ' L2(Z2; ρ) ' L2(Z2,Cm), (3.31)

and are thereby extensions of compactly supported functions f : Z2 → Cm. This ties
well into the discussion in Section 2.1. Convolutional layers (3.24) reduce to bounded
linear operators L2(Z2,Cm)→ L2(Z2,Cn) and take the form

(κ ? f)(x) =
∑
y∈Z2

κ(y − x)f(y), (3.32)

as the Haar measure on Z2 is the counting measure. The kernel κ : Z2 → Hom(Cm,Cn)
is finitely supported in practice, so boundeness of (3.32) is ensured by Lemma 12.

Interestingly, all Z2-equivariant layers are convolutional layers; there are no other
types of Z2-equivariant layers than (3.32). This is a consequence of Theorem 14 and
is proven in Corollary 20 below. �

For more general groups G, it is no longer true that all G-equivariant layers are
convolutional layers; we give an example of this fact in Example 6. Implementations
of GCNNs, however, are usually based on convolutional layers, or on analogous layers
in the Fourier domain. What consequences does the restriction to convolutional layers
have for the expressivity of GCNNs? Can we tell whether a given G-equivariant layer
is expressible as a convolutional layer? The answer to this last question, it turns out,
requires the following notion of reproducing kernel Hilbert spaces.

Definition 11. Let G be a group, let V be a finite-dimensional normed vector space,
and let H be a Hilbert space of functions G → V . Then H is a reproducing kernel
Hilbert space (RKHS) if the evaluation operator

Eg : H → V, f 7→ f(g), (3.33)

is bounded for all g ∈ G. Moreover, by left-invariant RKH subspace H ⊆ L2(G,V )
we mean a closed subspace that is both a RKHS and an invariant subspace for the
left regular representation Λ on L2(G,V ).

6Recall that we focus on complex vector bundles, hence the use of Cm instead of Rm.
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Remark 7. The term RKHS is typically reserved for the scalar case V = C, when
the evaluation operator is a linear functional. Our version would instead be dubbed
vector-valued RKHS. We see little benefit from distinguishing between these cases,
however, so we use the term RKHS all-encompassingly.

The name RKHS is due to the existence of a kernel-type function that reproduces
all elements of H. To see how, choose an orthonormal basis e1, . . . , edimV ∈ V and
write elements v ∈ V as linear combinations v =

∑
i v
iei. The projection Pi(v) = vi

onto the i’th component is always continuous, so the composition Eg,i := Pi ◦ Eg is a
continuous linear functional

E ig : H → C, f 7→ f i(g), (3.34)

for all g ∈ G and i = 1, . . . ,dimV . By the Riesz representation theorem, there are
elements ϕg,i ∈ H such that f i(g) = Eg,i(f) = 〈f, ϕg,i〉, hence

f(g) =

dimV∑
i=1

〈f, ϕg,i〉ei. (3.35)

Now, if H ⊆ L2(G,V ) is a left-invariant RKH subspace, expanding the functions ϕg,i
in the orthonormal basis, ϕg,i =

∑
j ϕ

j
g,iej , yields the formula

f(g) =
∑
i

∫
G

∑
j

ϕjg,i(g
′)f j(g′) dg′

 ei =

∫
G

ϕ∗g(g
′)f(g′) dg′, (3.36)

where ϕ∗g is the conjugate transpose of the matrix (ϕg)
j
i = ϕjg,i. By left-invariance,

f(g) =
(
Λ(g−1)f

)
(e) =

∫
G

ϕ∗e(g
−1g′)f(g′) dg′, (3.37)

hence f ∈ H is reproduced by the operator-valued kernel ϕe : G→ Hom(V ).

Remark 8. The reproducing kernel ϕe is unique and thus independent of the choice
of basis in V . This follows from uniqueness in the Riesz representation theorem.

It is now clear why left-invariant RKH subspaces of L2(G,V ) are relevant when
discussing convolutional layers, as the latter are given by integral operators similar to
(3.37). In order to show that an abstract G-equivariant layer φ : L2(G; ρ)→ L2(G;σ)
can be written as a convolutional layer, it is almost necessary for it to act in a RKHS:

Example 6. The identity operator φ : L2(G;σ)→ L2(G;σ) is clearly aG-equivariant
layer regardless of G, K, σ, but it is only a convolutional layer if L2(G;σ) is a RKHS.
This is because when φ is the identity, (3.24) becomes the reproducing property

f(g) =

∫
G

κ(g−1g′)f(g′) dg′, f ∈ L2(G;σ). (3.38)

It follows that not every G-equivariant layer is a convolutional layer, because L2(G;σ)
is not always a RKHS. When σ is the trivial representation, for instance, L2(G;σ)
reduces to L2(G) which is not a RKHS when G is nondiscrete [20, Theorem 2.42]. �

At this point, we know that global symmetry manifests itself in feature maps and
data points through the induced representation, and we used this knowledge to define
G-equivariant layers. We also defined convolutional layers and showed that these are
special cases of G-equivariant layers, but the converse problem is much more subtle:
When can a G-equivariant layer be expressed as a convolutional layer? The answer,
as we have just seen, is directly related to the concept of RKHS and our next result
makes this relation precise. It can be considered our main theorem.
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Theorem 14. Let G be a unimodular Lie group, let K ≤ G be a compact subgroup,
and consider homogeneous vector bundles Eρ, Eσ over M = G/K. Suppose that

φ : L2(G; ρ)→ L2(G;σ), (3.39)

is a G-equivariant layer. If φ maps into a left-invariant RKH subspace H ⊆ L2(G;σ),
then φ is a convolutional layer.

Proof. Fix orthonormal bases in Vρ, Vσ. For i = 1, . . . ,dimσ, consider the functionals

E i : L2(G; ρ)→ C, E i(f) = (φf)i(e), (3.40)

composing φ with evaluation at the identity element e ∈ G and projection onto the
i’th component. As φ maps into a left-invariant RKH subspace H ⊆ L2(G;σ), (3.40)
is a bounded linear functional: |E i(f)| ≤ ‖(φf)(e)‖σ ≤ ‖φf‖L2(G;σ) ≤ ‖φ‖‖f‖L2(G;ρ).

By the Riesz representation theorem, there is a unique ϕi ∈ L2(G; ρ) such that

E i(f) =

∫
G

〈f(g), ϕi(g)〉ρ dg =

∫
G

dim ρ∑
j=1

f i(g)ϕji (g) dg, (3.41)

and proceeding as in (3.36)-(3.37) with κ := ϕ∗e yields the desired relation

(φf)(g) =

∫
G

κ(g−1g′)f(g′) dg′. (3.42)

�

Remark 9. Theorem 14 is a generalization of [12, Theorem 6.1], which was proven
under the assumption that φ is an integral operator (φf)(g) =

∫
G
κ(g, g′)f(g′) dg′.

Remark 10. While Theorem 14 is similar in spirit to [28, Theorem 1], there are also
some clear differences. For example, we work with unimodular Lie groups whereas
[28] use compact groups, but [28, Theorem 1] is also stronger in this case as there is
no criterion on the layer. Another difference is that [28] analyzes the whole network
structure while we focus on individual layers. We also assume that the homogeneous
space G/K is the same before and after each layer, in constrast to [28].

In the special case of single-layer networks with compact G, [28, Theorem 1] states
that any G-equivariant layer is a convolutional layer. Example 6 seems to contradict
this statement when G is non-discrete compact. This conflict is possibly due to minor
technical differences in the assumptions on layers and data points, but we have not
identified the precise cause.

We end this section with a result that could simplify the numerical computations
of convolutional layers, as integrals over G/K are sometimes easier to compute than
integrals over G. For example when G = SO(3), K = SO(2), and G/K ' S2. This
result is similar to the generalized convolutions described in [28, Section 4.1]

Corollary 15. Let φ : L2(G; ρ) → L2(G;σ) be as in Theorem 14 and let κ be the
kernel of the resulting convolutional layer (3.42). Then

(φf)(g) =

∫
G/K

κ(g−1x)f(x) dx. (3.43)

Proof. In the proof of Theorem 14, we constructed the kernel κ from the components
of ϕi ∈ L2(G; ρ), and unitarity of ρ clearly implies that the expression 〈f(x), ϕi(x)〉ρ
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is well-defined. We may therefore use the unitary structure (3.11) to get the following
relation for all component functions (φf)i and all g ∈ G:

(φf)i(g) = 〈f, IndGKρ(g)ϕi〉L2(G;ρ) = 〈sf , sIndGKρ(g)ϕi
〉L2(Eρ) (3.44)

=

∫
G/K

〈sf (x), sIndGKρ(g)ϕi
(x)〉x dx (3.45)

=

∫
G/K

〈f(x), IndGKρ(g)ϕi(x)〉ρ dx (3.46)

=

∫
G/K

dim ρ∑
j=1

ϕji (g
−1x)f j(x) dx. (3.47)

We now obtain (3.43) by reconstructing κ from its components κij = ϕji . �

3.5. RKHS and bandlimited functions. The strength of Theorem 14 naturally
depends on how common left-invariant RKH subspaces of L2(G;σ) are. Our analysis
of G-equivariant layers would not be complete without a discussion on this topic.

Let us proceed by investigating when the component functions f i of f ∈ L2(G;σ)
are contained in a left-invariant RKH subspace H ⊂ L2(G); these subspaces have
been fully characterized when the unimodular Lie group G is of type I [8, 20]. The
unitary equivalence (3.20) then ensures that A(H⊗Vσ) ⊂ L2(G,Vσ) is a left-invariant
RKH subspace, and so is the closed subspace

A(H⊗ Vσ) ∩ L2(G;σ) ⊂ L2(G;σ). (3.48)

Remark 11. Groups of type I are, in a sense, groups with manageable representation
theory. They include the most common groups, such as all finite, discrete, compact,
or abelian groups, the Euclidean groups and many other groups. In particular, there
is a considerable overlap between type I groups and the unimodular Lie groups that
we already consider. See [19, 20] for more details.

Remark 12. While ρ, σ still denote finite-dimensional unitary representations of K,

we reserve the letter γ for elements of the unitary dual Ĝ, i.e., the space of equivalence
classes of unitary representations. Specific representatives of γ are written as (πγ , Vγ),
and note that Vγ need not be finite-dimensional unless G is compact. The unimodular
Lie group G is assumed to be of type I throughout this section.

Proposition 16 ([20, Proposition 2.40]). Let H ⊆ L2(G) be a left-invariant RKH
subspace. The kernel ϕ ∈ H is then a self-adjoint convolution idempotent,7 and

H = L2(G) ∗ ϕ =
{
f ∗ ϕ

∣∣ f ∈ L2(G)
}
⊂ C(G). (3.49)

Conversely, if ϕ ∈ L2(G) is a self-adjoint convolution idempotent, then H = L2(G)∗ϕ
is a left-invariant RKH subspace of L2(G).

Example 7. Consider the real line G = R and suppose H ⊆ L2(R) is a left-invariant
RKH subspace with kernel ϕ ∈ H. The calculation in (3.37) with V = C shows that,
for all f ∈ H,

f(x) =

∫ ∞
−∞

ϕ(y − x)f(y) dy = 〈f, λ(x)ϕ〉 = (f ∗ ϕ∗)(x). (3.50)

Since the regular representation λ is continuous, f must be continuous, so H ⊂ C(R).
Setting f = ϕ shows that the kernel is a self-adjoint convolution idempotent:

ϕ = ϕ ∗ ϕ∗ = (ϕ ∗ ϕ∗)∗ = ϕ∗. (3.51)

7That is, ϕ = ϕ ∗ ϕ∗ = ϕ∗ where ϕ∗(g) := ϕ(g−1) denotes involution.
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Combining the Plancherel transform on L2(R) (see Theorem 17 and Section 3.5.1)
with the convolution theorem in Fourier analysis, we observe that, for all f ∈ H,

f̂ = f̂ ∗ ϕ = f̂ ϕ̂. (3.52)

In particular, ϕ̂ = ϕ̂2, so ϕ̂ is the characteristic function 1E on a subset E ⊂ R̂ ' R.

Inserting ϕ̂ = 1E in (3.52) immediately tells us that supp(f̂) ⊂ E, so H is a space of
bandlimited functions. Moreover, the set E has finite Lebesgue measure according
to the Plancherel theorem: vol(E) = ‖1E‖22 = ‖ϕ‖22 <∞. �

This example illustrates that any measurable subset E ⊂ R with finite Lebesgue
measure induces a left-invariant closed RKH subspace

HE =
{
f ∈ L2(R)

∣∣∣ supp(f̂) ⊂ E
}

= L2(R) ∗ ϕE , (3.53)

ϕE being the inverse Plancherel transform of 1E [20, 2.63-2.65]. This relation between
left-invariant RKH subspaces H ⊆ L2(G) and bandlimited functions generalizes to
unimodular Lie groupsG of type I, although the necessary harmonic analysis becomes
significantly more advanced. Going into detail on this rather technical subject would
distract from the topic at hand, so we refer curious readers to the relevant literature
instead [20]. Let us take the short route of stating a theorem on the direct integral
decomposition of the left regular representation λ and its commutant

λ(G)′ =
{
T ∈ B(L2(G))

∣∣ T ◦ λ(g) = λ(g) ◦ T for all g ∈ G
}
, (3.54)

and discuss a few consequences of this decomposition, before restricting attention to
two important cases where we can be more explicit: Abelian and compact groups.

Definition 12 ([20, §3.5]). The operator-valued Fourier transform on G maps each

f ∈ L1(G) to the family F(f) = (f̂(γ))γ∈Ĝ, where each f̂(γ) ∈ B(Vγ) is a bounded

operator given by the Bochner integral

f̂(γ) =

∫
G

f(g)πγ(g) dg. (3.55)

Theorem 17 ([20, Theorem 3.48]). There is a canonical Plancherel measure ν for

the unitary dual Ĝ with the following properties:

(a) F extends to a unitary operator

P : L2(G)→
∫ ⊕
Ĝ

Vγ ⊗ Vγ dν(γ), (3.56)

called the Plancherel transform of G.
(b) P implements the following unitary equivalences:

λ '
∫ ⊕
Ĝ

πγ ⊗ Id dν(γ) (3.57)

λ(G)′ '
∫ ⊕
Ĝ

Id⊗B(Vγ) dν(γ) (3.58)

Observe that if H ⊆ L2(G) is a left-invariant closed subspace, then the projection
P : L2(G)→ H commutes with the left-regular representation and is thus an element
of the commutant λ(G)′. It therefore has a direct integral decomposition

P =

∫ ⊕
Ĝ

Id⊗P̂γ dν(γ), (3.59)

where P̂γ ∈ B(Vγ) for each γ ∈ Ĝ.
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Theorem 18 ([20, Theorem 4.22, Proposition 2.40]). Suppose that H ⊆ L2(G) is
a left-invariant closed subspace with equation (3.59) denoting the projection onto H.
Then H is a RKHS iff ∫

Ĝ

rank(P̂γ) dν(γ) <∞. (3.60)

We interpret this theorem as a bandwidth restriction, similar to Example 7. The

integrand in (3.60) is an integer-valued function on Ĝ, so the integral is finite only if

the projection (3.59) is supported on a set E ⊆ Ĝ of finite Plancherel measure,

ν
({

γ ∈ Ĝ : P̂γ 6= 0
}

︸ ︷︷ ︸
E

)
=

∫
Ĝ

1E(γ) dν(γ) ≤
∫
Ĝ

rank(P̂γ) dν(γ). (3.61)

That is, the left-invariant RKH subspacesH ⊆ L2(G) are precisely those subspaces

whose elements are bandlimited on a set E ⊆ Ĝ, in the sense that, for all f ∈ H and
each equivalence class γ 6∈ E,

f̂(γ) = P̂ f(γ) = f̂(γ) ◦ P̂γ = 0. (3.62)

Remark 13. The second equality in (3.62) is [20, Corollary 4.17].

Bandlimited functions are thus central to the theory of RKHS and, by extension, to
the mathematical theory of GCNNs. Indeed, by extending the concept of bandwidth
to feature maps, through (3.48), we obtain the following rephrasing of Theorem 14.

Corollary 19. Let G be a unimodular Lie group of type I, let K ≤ G be a compact
subgroup, and consider homogeneous vector bundles Eρ, Eσ over G/K. Suppose that

φ : L2(G; ρ)→ L2(G;σ), (3.63)

is a G-equivariant layer. If φ maps into a space of bandlimited functions, then φ is
a convolutional layer.

Remark 14. The relevance of bandwidth for convolutional layers has already been
recognized in the case of azimuthally equivariant linear operators on L2(S2) [45]. In
our setting, these operators translate to certain G-equivariant layers

Φ : L2(Eρ)→ L2(Eσ), (3.64)

when G = SO(3), K = SO(2), and ρ, σ are the trivial representation.

Remark 15. Some implementations of GCNNs use Fourier transforms and a variant

of the convolution theorem f̂1 ∗ f2 = f̂1f̂2 to compute convolutional layers [16, 29,

45, 48]. Feature maps f are then represented by their Fourier transform f̂ which, for
numerical reasons, is only approximated up to a finite bandlimit. That is, bandwidth
is already being used in implementations.

3.5.1. Abelian groups. The irreducible representations γ ∈ Ĝ of any abelian group G
are 1-dimensional, and may thus be identified with their character χγ = trπγ . There
are several useful consequences of this fact.

First, the unitary dual Ĝ is now the set of continuous homomorphisms χ : G→ T,
where T is the circle group. This is a locally compact group with respect to pointwise

multiplication and, as γ ∈ Ĝ is unitary, we may write χγ = eiξγ where ξγ : G → R.
The Fourier transform then takes the more familiar form

f̂(γ) =

∫
G

f(g)e−iξγ(g) dg, (3.65)
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for f ∈ L1(G) ∩ L2(G). Moreover, the Haar measure on Ĝ can be made to coincide
with the Plancherel measure such that (3.56) becomes a unitary equivalence

P : L2(G)→ L2(Ĝ). (3.66)

Another consequence of the fact that irreducible representations are 1-dimensional,
is that the integrand in (3.60) takes values in {0, 1} and (3.61) becomes an equality.
By the same arguments as in Example 7, we see that the left-invariant RKH subspaces

H ⊂ L2(G) are the spaces of bandlimited functions, supp(f̂) ⊂ E, for subsets E ⊂ Ĝ
of finite Haar/Plancherel measure. Also, the kernel ϕE ∈ H is the inverse Plancherel
transform of the characteristic function 1E .

Corollary 20. If G is a discrete and abelian group, then any G-equivariant layer is
a convolutional layer.

Proof. Discrete groups are unimodular Lie group of type I, so we may use results from
the current section. We note that the integral (3.60) converges for any left-invariant,

closed subspace H ⊆ L2(G), as the unitary dual Ĝ is compact when G is discrete and
abelian [14, Proposition 3.1.5], and because the integrand is bounded. Consequently,
H = L2(G) is itself a RKHS,8 and the same is true for both L2(G,Vσ) ' L2(G)⊗Vσ
and its closed, left-invariant subspace L2(G;σ), independently of K ≤ G and (σ, Vσ).
The result now follows from Theorem 14. �

By setting G = Z2, Corollary 20 establishes that convolutional layers are the only
possible translation equivariant layers in the ordinary CNN setting.

3.5.2. Compact groups. When the group G is compact, all irreducible representations

are finite-dimensional. Furthermore, the unitary dual Ĝ is discrete and the Plancherel

measure on Ĝ is simply the counting measure. For these reasons, the integral (3.60)

reduces to a discrete sum with finite summands, and converges iff P̂γ = 0 for all but

finitely many γ ∈ Ĝ.

Corollary 21. If G is finite, then any G-equivariant layer is a convolutional layer.

Proof. When G is a finite group, Ĝ is also finite [19, Proposition 5.27] and the integral
(3.60) reduces to a finite sum. That is, L2(G) is a RKHS and the result now follows
in the same way as Corollary 20. �

4. Discussion

In this paper, we have investigated the mathematical foundations of G-equivariant
convolutional neural networks (GCNNs), which are designed for deep learning tasks
exhibiting global symmetry. We presented a basic framework for equivariant neural
networks that include both gauge equivariant neural networks and GCNNs as special
cases. We also demonstrated how GCNNs can be obtained from homogeneous vector
bundles, when G is a unimodular Lie group and K ≤ G is a compact subgroup.

In Theorem 14, we gave a precise criterion for when a given G-equivariant layer is,
in fact, a convolutional layer. This criterion uses reproducing kernel Hilbert spaces
(RKHS) and cannot be circumvented, as shown in Example 6. After discussing the
relation between RKHS and bandwidth, we were able to reformulate Theorem 14 to
get an analogous bandlimit-criterion in Corollary 19. In Corollaries 20-21, we showed
that the criterion is automatically satisfied when G is discrete abelian or finite, hence
all G-equivariant layers are convolutional layers for these groups.

8In fact, the kernel is simply the Kronecker delta ϕ(g) = δg,e.
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One limitation of the current paper, compared to [12, 28], is that the homogeneous
space G/K does not change between layers. This restriction was made in order to
limit the scope of our analysis, and the same goes for our restriction to unimodular
Lie groups. It would be interesting to go beyond these restrictions in the future.
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