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ABSTRACT This paper presents an accurate analytical method for calculating the leakage inductance
of shell-type E-core transformers with rectangular windings. For this purpose, first, an expression for
calculating the leakage inductance per unit length inside the core window considering the core walls as
the flux-normal boundary condition is derived. Then, a new accurate method for determining the Mean
Length of Turns (MLT) based on the total stored energy is presented. The MLT is needed for the leakage
inductance calculation using 2-D methods. By dividing the MLT into three partial lengths and calculating
the corresponding leakage inductances using three different core window arrangements, the effect of core
structure on the total leakage inductance is considered. The method is verified by 3-D FEM simulations
as well as the leakage inductance measurements on two different fabricated transformer prototypes. The
superiority of the method is also confirmed by comparisons with the previous analytical approaches. The
proposed method enables the leakage inductance calculation with an error less than 1%, compared to the 3-D
FEM results. Using the presented method, the leakage inductance calculations can be performed rapidly and
accurately in the design stage without the need for time-consuming 3-D FEM simulations.
INDEX TERMS Leakage inductance, shell-type transformer, MFT.

I. INTRODUCTION

One of the popular types of the high-power DC-DC converters is the Dual Active Bridge (DAB) converter with application areas like smart grids and highly restricted applications
such as traction and offshore wind farms [1], [2]. A DAB
converter is shown in Fig. 1. The converter benefits from
a Medium Frequency Transformer (MFT) to transfer the
power between the primary and secondary bridges and this
results in a high-power density unit. The MFT is subjected
to square voltage waveforms from both sides. Such a transformer serves as an inductance, in addition to its natural
duty of galvanic isolation between the primary and secondary
bridges. For achieving a soft switching operation, a minimum series inductance is required to be integrated with the
The associate editor coordinating the review of this manuscript and
approving it for publication was Yilun Shang.
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leakage inductance of the MFT [3]. An insufficient leakage
inductance can adversely affect the converter efficiency while
higher values of leakage inductance can cause an unnecessary
reactive power circulation within the converter [4]. Therefore,
the design of an MFT should fulfill the criteria of having a
determined leakage inductance in addition to meet the other
design requirements such as the specified isolation, efficiency
and the thermal requirements [3], [5], [6], [7].
In recent works [4], [8]–[10] the effect of frequency on
the leakage inductance of high frequency transformers (HFT)
has been studied up to 2 MHz using the Dowell method
[11] or its improved form [12]. In order to reduce the
frequency-dependent eddy current losses of the windings,
Litz wire is generally used in medium frequency transformers. It contains a large number of conductor strands with a
small diameter of for example 0.1 or 0.2 mm. Since the skin
depth is greater than the diameter of conductor, the change in
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current distribution and consequently the leakage inductance
variation with respect to frequency is negligible at least up to
20 kHz which is a relatively high value as the rated frequency
of an actual MFT [13]–[15].
Several methods for calculation of the leakage inductance
of a transformer can be found in the literature. In the classical
method, the effect of the core is neglected, and it is also
difficult to consider asymmetries in distributions of Ampereturns. The effect of the radial component of flux on the
leakage inductance is considered by applying the Rogowski
factor to the average height of the windings [16], [17]. In [18],
unbalanced ampere-turn due to the different heights of windings is treated with the linear superposition of the longitudinal
and transverse magnetic fields to avoid large errors of the
classical analytical model.
A popular approach to calculate axial and radial components of the leakage field taking the effect of the iron core into
account is the method of images [19], [20]. The calculation of
the leakage inductance of toroidal transformers based on the
analytical integration of the stored energy is presented in [21].
A method based on double Fourier series, originally proposed by Roth [22], was developed in [23] to calculate the
leakage reactance for an arbitrary arrangement of windings.
In this method, the core window is considered as π radians
wide and π radians long, regardless of its absolute dimensions. The magnetic field analysis of rectangular conductors
in a closed slot using double Fourier series was extended
in [24]. By simplifying the infinite sums obtained for the
vector potential, a closed-form relation was proposed for
the leakage inductance of a two-winding transformer. Based
on the application of Roth’s method, the influence of various factors (such as axial or radial cooling ducts) on the
leakage inductance of transformers was investigated in [25].
The advantages and the limitations of the Roth’s method
are discussed in [26] from the mathematical point of view.
In [27], different analytical methods used for calculation of
the leakage inductance are compared with respect to the
accuracy and computation time.
The application of the finite element method (FEM) for
calculation of the leakage inductance has been the subject of
study for decades [28]–[30]. The main advantage of FEM is
that it can be employed to complex geometries. The FEM
analysis is very accurate; however, it requires much longer
time to execute compared with the analytical methods especially during the design stage. Moreover, a FEM tool or a
special finite element analysis program is also needed for this
purpose.
For calculating the leakage inductance of shell-type transformers with rectangular windings using the conventional
method, first, the inductance per unit length is calculated
by a 1-D or 2-D field analysis and then by multiplying the
inductance per unit length by the mean length of turns (MLT)
the total leakage inductance is obtained [27], [31]. There is no
definitive method for determining the MLT in the literature.
In a shell-type transformer, the energy stored in the corner
regions of the rectangular windings has a significant effect on
72648

the leakage inductance, which has not been dealt with enough
in the previous analytical methods. Missing in available literature is thus an accurate method for determining the MLT.
Furthermore, an important issue is to incorporate the effect
of the boundary conditions caused by the core walls in the
leakage inductance calculation which is less considered in the
previous studies.
In a previous work of the authors [32], an analytical method
for calculating the leakage inductance of MFTs with rectangular windings was presented. The inductances per unit
length, denoted by Lin and Lout , are calculated using a 2-D
field analysis inside and outside the core window. The MLT
is equal to the perimeter of a hypothetical rectangle whose
sides are located in the middle of the total width of the
windings and the main gap on each side. Based on the part
of the MLT which is surrounded by the core, the MLT is
divided in two partial lengths MLTin and MLTout . The total
leakage inductance is then obtained by the summation of
MLTin Lin +MLTout Lout . Good results were observed for this
method compared to the measurement results. However, further research done by the authors shows that the proposed
method is not general enough and by changing the dimensions of the windings or the core, the accuracy of leakage
inductance may decrease. The results of multiple 3-D FEM
simulations performed in the current work show that despite
the considerations made in calculating the leakage inductance
per unit length, determination of the MLT in the usual way is
not accurate enough, resulting to errors in the total leakage
inductance.
In this paper, first, an analytical method based on a twodimensional field analysis is provided in Section II for calculation of the leakage inductance inside the core window.
The proposed method can be considered as a reformulation
of Roth’s method for the problem of calculating the leakage inductance inside a closed slot. By applying the double
Fourier series to the governing equation and considering the
boundary conditions defined on the core walls, the vector
potential relation for each coil is obtained in the form of
infinite double series. Having the vector potential relation,
the leakage inductance per unit length is obtained for any
arbitrary arrangement of coils inside the core window. As the
next step, in Section III, a new method for determination
of the MLT based on the total energy stored in the axial
leakage field is presented. In this method, the effect of the
distribution of Ampere-turns in individual layers of the windings is considered in determining the MLT. Considering the
boundary conditions exerted by the core walls, the MLT
is divided into three partial lengths in Section IV and the
total leakage inductance is derived from the combination of
the leakage inductances calculated for three different core
window arrangements.
The accuracy of the proposed method is confirmed by
the 3-D finite element analysis. Moreover, the results of
the proposed method are verified by measurements on two
constructed MFTs with different core types and dimensions.
A sensitivity analysis is also performed, and the results of
VOLUME 9, 2021
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FIGURE 1. Equivalent circuit of a DAB converter and corresponding current and voltage waveforms.

the proposed method are compared with the results of the
previous analytical methods as well as the results of the 3-D
FEM for various case studies.
II. LEAKAGE INDUCTANCE CALCULATION
A. CALCULATION OF VACTOR POTENTIAL

The geometry used for field analysis is shown in Fig. 2.
The following assumptions are made.
1) The coils are inside the core window and are surrounded
by the core walls in the x-y plane.
2) The coils have a rectangular cross section with a uniform
current density.
3) The core is assumed to have an infinite permeability
which means a flux-normal boundary condition on the core
walls.
4) The current density vector J is in the z direction and the
length of the geometry is infinite in the z-axis direction.
5) The total Ampere-turns of the coils is equal to zero
inside the core window.
Since all the field quantities are independent of the z coordinate, the following equation can be used for expressing the
vector potential (A) of a coil in planar coordinates.
∂ 2A ∂ 2A
+ 2 = −µ0 J
(1)
∂y2
∂x
The current density inside the coil is constant and can be
written as a function of position
(
j x1 < x < x2 , y1 < y < y2
J (x, y) =
(2)
0 else

FIGURE 2. The geometry used for field analysis.

The harmonic coefficients (Jmn ) are calculated as follows.
• Case A: m = 0, n = 0
This is the algebraic-average current density inside the core
window. Since for the leakage reactance the positive and
negative Ampere-turns balance exactly, the sum of J00 terms
resulting from all coils is equal to zero.
• Case B: m = 0, n = 1, 2 . . .


mπ
2j
mπ
Jm0 =
sin(
x2 ) − sin(
x1 ) (y2 − y1 ) (5)
mπH
wc
wc
•

where
NI
(3)
(x2 − x1 )(y2 − y1 )
and NI is the Ampere-turns of the coil.
A double Fourier series can be applied to the current density. To find a correct extension, one needs to consider the
boundary conditions at the window walls. Regardingthe fluxnormal boundary condition at the core walls (∂A ∂n = 0)
and thus the extension required for the vector potential,
the following double Fourier series is used for the current
density
j=

J=

∞ X
∞
X
m=0 n=0

VOLUME 9, 2021

Jmn cos(

mπ
nπ
x) cos( y)
wc
hc

•

Jmn

Case C: m = 1, 2 . . . , n = 0


2j
nπ
nπ
J0n =
sin( y2 ) − sin( y1 ) (x2 − x1 )
nπL
hc
hc
Case D: m = 1, 2 . . . , n = 1, 2 . . .


4j
mπ
mπ
=
sin(
x
)
−
sin(
x
)
2
1
wc
wc
mnπ 2


nπ
nπ
× sin( y2 ) − sin( y1 )
hc
hc

(7)

Substituting the double Fourier series (4) into (1), we have
∞

(4)

(6)

∞

XX
∂ 2A ∂ 2A
mπ
nπ
+
=
−µ
Jmn cos(
x) cos( y) (8)
0
2
2
wc
hc
∂y
∂x
m=0 n=0
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From (8), A can be obtained in the form of a double infinite
series as
A=

∞ X
∞
X

Amn cos(

m=1 n=1

nπ
mπ
x) cos( y)
wc
hc

(9)

where
Amn =

µ0 Jmn
mπ 2
2
( wc ) + ( nπ
hc )

(10)

Equation (10) is valid for all values of m and n from 0 to
∞, except for the special case m = 0 and n = 0. Considering
the balanced Ampere-turns inside the core window, there is
no need to calculate A00 since the product terms of A00 J00
vanish during leakage inductance calculation.
FIGURE 3. Arbitrary arrangement of coils inside the core window.

B. CALCULATION OF LEAKAGE INDUCTANCE PER UNIT
LENGTH

Consider N coils (with zero net Ampere-turns) inside the core
window as is shown in Fig. 3. The arrangement of the coils
is arbitrary. The leakage inductance can be calculated using
the total magnetic energy stored inside the core window. The
magnetic energy stored in the system is obtained by
Z
1
W =
AJdv
(11)
2
Considering A and P
J resultingP
from each coil and substituting A and J with
Ai and
Ji respectively, the total
magnetic energy per unit length is obtained as
N

Wu =

N

1 XX
2

III. DETERMINATION OF MEAN LENGTH OF TURNS (MLT)

Z
Ai Jj dxdy

(12)

i=1 j=1

Considering the core window as the integration area,
using (4) and (9), each integral term in (12) can be evaluated
as
Z
Ai Jj dxdy = hc wc

∞ ∞
∞
1 XX
1X
Aimn Jjmn +
Aim0 Jjm0
4
2
m=1 n=1
m=1
!
∞
1X
+
Aim0 Jjm0
(13)
2
m=1

Once the total energy is obtained, the leakage inductance
per unit length (H/m) can be obtained as
u
Lleakage
=

2Wu
I2

(14)

where I , denotes the winding current in the side from which
the leakage inductance is calculated. It should be noted that in
order to obtain the total leakage inductance of the transformer,
u
Lleakage
in (14) should be multiplied by the mean length of
turns which is the subject of discussion in the next section.
72650

FIGURE 4. Distribution of axial leakage field intensity inside windings.

The total leakage inductance is the leakage inductance per
unit length multiplied by the mean length of turns (MLT).
For this reason, the parameter of MLT is of great importance
in the determination of the leakage inductance. Since the
method presented here is based on the total energy stored in
the axial leakage field of the windings, the calculated MLT
is denoted by MLTTEM . The superscript TEM stands for the
‘‘Total Energy Method’’.
According to Fig. 4, each winding may have an arbitrary
number of coils. It is assumed that all coils of the windings
have the same height equal to hw . The net Ampere-turns is
zero and there is no leakage flux outside the windings. The
magnetic flux density is calculated using the Ampere law
assuming an axial leakage field. The distribution of magnetic
field strength, H , inside the windings and in the main gap
is demonstrated in Fig. 4. The magnetic field strength is
constant inside the gaps while it changes linearly inside the
coils
Hcanalk =

k
1 X
NIi
hw

(15)

i=1

Hcoilk = Hcanalk−1 +

NIk x
hw tk

(16)
VOLUME 9, 2021

M. Eslamian et al.: Accurate Analytical Method for Leakage Inductance Calculation

FIGURE 5. The windings are replaced with equivalent gaps and
equivalent thin windings to make a gap with a uniform field intensity
equal to the filed intensity of the main gap and with an energy equal to
the total energy of the leakage field.

where NIk is the Ampere-turns of the coil k and tk is the width
of the coil k.
The stored energy (per unit length) in each winding is
the sum of the energies stored inside the coils and the gaps
between the coils
tk

W1u

p−1
p Z
X
X
1
1
2
2
µ0 Hcoilk hw dx +
µ0 Hcanal
h g (17)
=
k w k
2
2
k=1

k=1 0

N Ztk
N
−1
X
X
1
1
u
2
2
W2 =
µ0 Hcoil
h
dx
+
µ0 Hcanal
h g
w
k
k w k
2
2
k=p+1 0

k=p+1

(18)

FIGURE 6. Determination of the MLT (named MLTTEM ) considering the
winding parameters.

the energies stored in the equivalent gaps are given by
1
2
µ0 Hcanal
h T
(21)
p w eq1
2
1
2
W2u = µ0 Hcanal
h T
(22)
p w eq2
2
where Teq1 and Teq2 are the widths of the equivalent gap of
windings 1 and 2 respectively.
Equating (17) with (21) and (18) with (22), after some
algebraic simplifications, Teq1 and Teq2 are obtained as
W1u =

Teq1 =

where gk is the gap size between the coils k and k + 1.
Note that gp is the size of the main gap. The field strength
is constant in the main gap and thus the stored energy in the
main gap is given by
WGu

1
2
= µ0 Hcanal
h g
p w p
2

k=1

2
Hcanal
t +
k−1 k

+

1
2
Hcanal
p

k=1
N
X

1
2
Hcanal
p

Hcanalk−1
NIk tk
hw

(23)

2
Hcanal
t +
k−1 k

k=p+1

+

+

tk NIk2
3 h2w
!

p−1 

X
2
Hcanal
g
k
k

(20)

and NIW 1 is the total Ampere-turns of winding 1 and NIW 2 is
the total Ampere-turns of winding 2.
If windings 1 and 2 are replaced by equivalent windings
with infinitely small width but with the same Ampere-turns
(see Fig. 5), the field intensity in the gap between two equivalent windings will have a constant value. In this case, to have a
field intensity equal to Hcanal,p (the value of the field intensity
in the main gap), the width of the gaps added to the sides of
the main gap (namely the equivalent gaps 1 and 2) should
be determined in such a way that the stored energy in the
equivalent gaps 1 and 2 to be the same as the energy stored
inside windings 1 and 2 respectively. According to Fig. 5,
VOLUME 9, 2021

2
Hcanal
p

(19)

where
NIW 1
NIW 2
=−
hw
hw

p
X

+

Teq2 =
Hcanalp =

1

1

N
−1
X

2
Hcanal
p

k=p+1



tk NIk2
3 h2w
!

Hcanalk−1
NIk tk
hw
2
Hcanal
g
k k



(24)

According to Fig. 6, knowing Teq for windings 1 and
2 inside and outside the core window, the MLT can be determined using the parameters sw and sl which are calculated as
follows.

.
in
in
in
in
sw = T1in − Teq
+
T
+
T
+
T
2
(25)
eq
g
eq
1
1
2

.
out
out
out
sl = T1out − Teq
+ Teq
+ Tgout + Teq
2 (26)
1
1
2
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in and T out are the widths of the equivalent gap
where Teq1
eq1
of winding 1 inside and outside the core window respecin and T out are the widths of the
tively, and likewise Teq2
eq2
equivalent gap of winding 2 inside and outside of the core
window respectively. Note that the width of each winding
inside or outside the core window (indicated by T1in , T1out ,
T2in and T2out ) is equal to the sum of the widths of the corresponding coils and gaps inside or outside the core window.
In general, in the presented method for calculation of the
MLT, all the gaps including the main gap can have arbitrary
values inside and outside the core window. In a case where
each winding consists of one coil and the widths of the
windings are also identical, the MLT path will go through the
middle of the main gap for all sides. If this is not the case,
depending on the parameters sw and sl, the MLT path will
deviate from the middle of the main gap which will result in
a change of the mean length of turns and consequently a different value of the total leakage inductance of the transformer.
Using the obtained relations for the stored energy inside the
windings and in the main gap, it is possible to derive a relation
for the leakage inductance of the planar MFTs similar to
the classical relations presented in literature for conventional
power transformers [16]. For this purpose, it is assumed that
the leakage flux is in the axial direction while the Rogowski
factor is applied subsequently for taking the radial component
u,in
of the leakage flux into account. If Lleakage,1D
is the leakage inductance per unit length inside the core window and
u,out
Lleakage,1D
is the leakage inductance per unit length outside
the core window (both in H/m), the total leakage inductance
is given by
u,in
u,out
Lleakage = krin l in Lleakage,1D
+ krout l out Lleakage,1D

(27)

where krin and krout are the Rogowski factors inside and outside the core window and l in and l out are the mean length of
turns inside and outside the core window (in m) respectively.
The l in and l out parameters are calculated as
l in = 2(l1 + 2 sl)
l out = 2(w1 + 2 sw)

(28)
(29)

where l1 and w1 are indicated in Fig. 6. Using the amount
of energy stored inside the windings and in the main gap,
u,in
u,out
Lleakage,1D
and Lleakage,1D
are calculated as

.
u,in
Lleakage,1D
= 2 W1u,in + WGu,in + W2u,in I 2
(30)
.

u,out
Lleakage,1D
= 2 W1u,out + WGu,out + W2u,out I 2 (31)
where W1u,in and W1u,out are obtained from (21) by replacing
in and T out . Similarly, W u,in and W u,out are
Teq with Teq1
eq1
2
2
in and T out and
obtained from (22) by replacing Teq with Teq2
eq2
also WGu,in and WGu,out are obtained from (19) by replacing gp
with Tgin and Tgout , respectively. I is the current of the excited
winding.
72652

The Rogowski factor inside the core window, krin ,
is obtained as [17]
−

in

πhw
in

in

1 − e (T1 +Tg +T2 )

krin = 1 −
πhw (T1in + Tgin + T2in )

(32)

To calculate krout , the Rogowski factor outside the core
window, the superscript ‘‘in’’ is replaced with ‘‘out’’ in (32).
Note that (27) is the relation for the leakage inductance calculation based on the classical approach and the ‘‘in’’ and ‘‘out’’
superscripts in (27) are only for the possibility of having
different main gaps inside and outside the core window. The
mentioned superscripts are not for considering the different
boundary conditions (introduced by the core walls) inside and
outside the core window.
According to the method described for the classical
method, l in and l out are independent of hw but the total
leakage inductance is dependent on hw according to (19), (21)
and (22). If the heights of windings 1 and 2, hw1 and hw2 ,
are different, then hw can be calculated as the average height
of the windings i.e., (hw1 + hw2 )/2. If each winding itself
consists of a number of coils with different heights, then the
maximum height covered by the coils, not the average height
of the coils, is considered as the height of that winding. The
simulation results show that the calculation of hw1 and hw2
in this way leads to much better results than the case where
hw1 and hw2 are considered as the average heights of the coils.
It should be noted that the method described for determining
hw is dedicated only to the classical method developed in this
section whereas in the method presented in Section II which
is based on a two-dimensional field analysis, the height of
each coil is accurately considered in the calculations.
IV. SEGMENTATION OF MLT AND LEAKAGE
INDUCTANCE CALCULATION

According to Fig. 7, the MLT path, defined in Section III, can
be divided into three different parts, namely MLTin , MLTout1
and MLTout2 . Over the length of MLTin , the windings are
surrounded completely by the core walls. Over the length of
MLTout1 , the windings are adjacent to the core walls only
from one side and over the length of MLTout2 where the
windings are not adjacent to the core walls from left or right
side, there is no major effect from the core walls on the
leakage inductance. Based on this partitioning, the leakage
inductance is calculated with three different arrangements of
the core window as it is shown in Fig. 8. The arrangement
shown in Fig. 8(a) is used to calculate the leakage inductance
for those parts of the windings which are situated completely
inside the core window and have a total length equal to MLTin .
To calculate the leakage inductance for MLTout1 , as shown
in Fig. 8(b), the outer wall of the core window is displaced
in the radial direction while the upper and lower walls of the
core window are displaced axially in opposite directions. The
amount of displacement in the radial direction is the same as
the width of the core window that is enough to neutralize the
effect of the core’s outer wall. The displacements of the upper
VOLUME 9, 2021
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FIGURE 7. Segmentation of the MLT into three partial lengths, MLTin ,
MLTout1 and MLTout2 (MLT=MLTin + MLTout1 + MLTout2 ).

FIGURE 9. The proposed method used for calculation of the leakage
inductance.

For MLTout2 the effect of the iron core is smaller and thus,
the inner and outer walls of the core window are assumed
to be far enough away from the windings. The suitable displacement of the core walls for this part is demonstrated
in Fig. 8(c). The displacements of the upper and lower walls
of the core window are equal to MLTout2 implying that the
effect of yokes becomes smaller as MLTout2 increases so that
the effect of yokes vanishes as MLTout2 tends to infinity. If
the leakage inductances corresponding to the core window
u , Lu
arrangements in Figs. 8(a), 8(b) and 8(c) are Lin
out1 and
u
Lout2 respectively, the total leakage inductance is obtained as
u
u
u
Lleakage = MLTin Lin
+ MLTout1 Lout1
+ MLTout2 Lout2
(33)

FIGURE 8. Core window arrangements and the relevant partial lengths
and the corresponding leakage inductances (a) actual core window
(b) core window with displaced core walls used for the region out1
(c) core window with displaced core walls used for the region out2.

The proposed method for the leakage inductance calculation is illustrated by a flowchart in Fig. 9. The procedure
includes determination of the MLT according to the method
presented in Section III, dividing the obtained MLT into three
parts according to the method presented in this section and
calculation of the leakage inductance per unit length for each
part based on the analytical approach presented in Section II
and then obtaining the total leakage inductance by (33).

and lower walls are also in such a way that the window height
in the new case is twice the actual height of the core window.
This ensures that the yoke impact on leakage inductance is
small enough for MLTout1 .

In order to validate the proposed method, the 3-D finite element method is employed to analyze the leakage field inside
the MFTs under study. Two MFTs are studied in this paper,

VOLUME 9, 2021
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FIGURE 11. The mesh results for the Nanocrystalline-core MFT.
FIGURE 10. The mesh results for the Ferrite-core MFT.

one with a Ferrite core and another with a Nanocrystalline
core. COMSOL Multiphysics is used for the field analysis.
Since the winding layers do not have the same dimensions,
they are considered as individual coils with a gap equal
to the thickness of the inter-layer insulation tape between
them. Each winding layer is defined as a stranded coil with
a certain number of turns. The currents of the windings are
specified in such a way that the net Ampere-turns is equal to
zero to comply with the short-circuit test condition used for
measuring the leakage inductance. As a result, the amplitude
of the main flux in the core is low and the working point is on
the linear part of the core’s magnetization curve i.e., the core
acts as a linear magnetic material. For this reason, the core
has been modeled with a sufficiently large relative permeability (e.g., µr =1000) without taking saturation phenomena
into account. The windings and the surrounding medium are
modeled with µr =1. Furthermore, due to the usage of Litz
wire in the windings, it can be assumed that the current
density is uniformly distributed inside the windings. The
electrical conductivity of all materials is set to be zero. The
mesh results for the Ferrite-core and Nanocrystalline-core
MFTs are presented in Figs. 10 and 11, respectively. The
surrounding medium is made hidden to make the active part
more visible.
The leakage flux distributions obtained from the magnetic
analysis for the Ferrite-core and Nanocrystalline-core MFTs
are shown in Figs. 12 and 13 respectively. As is clear from
these figures, the presence of a high-permeable core changes
the shape of the leakage flux affecting the leakage inductance
consequently. The leakage flux has a significant outward
fringing in the region where the windings are not surrounded
by the core walls.
The distributions of magnetic flux density in different cut
planes (defined in Fig. 14) are illustrated in Fig. 15. As is
clear from Fig. 15(a), in cut plane 1, the windings are surrounded by the core walls from all sides, contributing to a
high leakage inductance especially due to the axial leakage
flux resulting from the high-permeable top and bottom yokes.
As can be seen from Fig. 15(b), in cut plane 2, the windings
72654

FIGURE 12. The result of 3-D FEM simulation for leakage field analysis of
the Ferrite-core MFT.

are adjacent to the core wall only from one side, resulting in
a lower leakage inductance due to an increase in the radial
component of the leakage flux. In cut plane 3, as is shown
in Fig. 15(c), the windings are not adjacent to any of the
core walls, accordingly resulting in a much lower leakage
inductance. It can be seen that the leakage flux pattern in cut
plane 3 is clearly different from the one in cut plane 2 where
the side core wall deforms the leakage flux considerably.
The results of the leakage inductance calculation using
the proposed method and using FEM (referred to the lowvoltage side) are given in Table 1. The larger error with the
Nanocrystalline-core MFT in Table 1 can be related to its
larger main gap which results in an increase in the radial
component of the leakage field. In the finite element method,
the leakage inductance is calculated using the total stored
magnetic energy. Note that due to the low level of flux in
the core, the energy stored inside the core is very low and
therefore the total magnetic energy is in principle equal to the
energy stored in the leakage field. The per-unit-length leakage
VOLUME 9, 2021
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FIGURE 13. The result of 3-D FEM simulation for leakage field analysis of
the Nanocrystalline-core MFT.

FIGURE 14. Cut planes in the corner of the model (from top view) for
demonstrating the distribution of the leakage field in different regions.
TABLE 1. Results of leakage inductance calculation.

inductances and the corresponding MLT partial lengths calculated by the proposed method are also provided in Table 2.
As can be seen from Table 1, the error of the proposed method
related to FEM is less than 1% for both MFTs. This level of
accuracy proves efficiency of the proposed method provided
in this article for calculating the leakage inductance of shelltype MFTs with rectangular windings.
VI. TEST OBJECT AND EXPERIMENTAL VERIFICATION

To verify the proposed method, inductance measurements
have been performed on two fabricated 50 kW, 1 kV to
3 kV shell type MFTs, one with a Ferrite core and another
with a Nanocrystalline core [33]. The prototypes are shown
in Fig. 16. Note that the high frequency content of the
VOLUME 9, 2021

FIGURE 15. Distribution of leakage field (T) in the cut planes for two MFT
prototypes (right plots for Ferrite-core MFT and left ones for
Nanocrystalline-core MFT).

voltage waveform applied to the MFT windings necessitates the use of a magnetic core with low AC losses at
high frequencies. Therefore, a set of 5 pairs of Ferrite magnetic cores and a set of 2 pairs of Nanocrystalline magnetic
cores are used for the prototypes. To minimize the high
frequency eddy current losses in the windings, a Litz-type
wire consisting of 181 copper strands, each with diameter
of 0.2 mm, is used. The dimensions of Litz wire used are
3.8 mm × 2.5 mm.
72655

M. Eslamian et al.: Accurate Analytical Method for Leakage Inductance Calculation

TABLE 2. Per-unit-length leakage inductances (µH/m) and the MLT
partial lengths (mm) calculated by the proposed method.

FIGURE 18. The leakage inductance measured as a function of frequency
for the Ferrite-core MFT.

FIGURE 16. The MFT prototypes used as the test objects (Ferrite-core MFT
on the left side and Nanocrystalline-core MFT on the right side).

FIGURE 17. The test setup for leakage inductance measurement.

In the Ferrite-core MFT, the LV winding has 18 turns with
3 parallel wires in axial direction for each turn and it is wound
in three layers. The HV winding has 54 turns, and it is built in
three layers with 1 wire for each turn. In the Nanocrystallinecore MFT, the LV winding has 16 turns with 3 parallel wires
in axial direction for each turn and it is wound in two layers.
The HV winding has 48 turns, and it is built in two layers
with 1 wire for each turn. The rated currents of the LV and
HV windings in both MFTs are 54 and 18 A respectively.
The detailed parameters of the fabricated MFT prototypes are
presented in the APPENDIX.
The measurement of leakage inductance is performed
using an Agilent E4980A RLC meter. To minimize the measurement error, the E4980A RLC meter features powerful
correction functions including cable length correction as well
as load corrections. These correction functions are used to
correct additional errors introduced by the test fixture and the
test leads. Also, by an effective shielding, the effects of the
electrical noise picked up by the test leads are minimized.
The test setup is shown in Fig. 17. The measurements are
performed from the LV winding while the HV winding is
72656

FIGURE 19. The leakage inductance measured as a function of frequency
for the Nanocrystalline-core MFT.

short-circuited. The leakage inductance values measured in
the frequency range of 1 kHz to 10 kHz are demonstrated
in Figs. 18 and 19. As can be seen from these figures,
the leakage inductance does not change significantly in the
measurement frequency range. This confirms that the leakage
inductance is not affected by the skin and proximity effects
due to the use of Litz wire in the windings.
q 
It is noted that the skin depth (δ = 2 (ωµσ ) [34]) of
copper at 10 kHz is about 0.73 mm (with σ = 4.74e7 S/m at
75◦ C) while the diameter of each strand of Litz wire is only
0.2 mm. Therefore, due to the small diameter of the conductor
strands compared to the depth of penetration, no significant
change is observed in the leakage inductance in the frequency
range of 1 kHz to 10 kHz.
The results of the leakage inductance measurement are
presented in Table 3. The average measured value for the
leakage inductance according to measurements is 40.44 µH
for the MFT with Ferrite core and 30.24 µH for the MFT
with Nanocrystalline core. It can be noticed from Table 3
that the leakage inductances computed using the 3-D FEM
and using the proposed method are in close agreement to the
measurement results.
It can also be seen from Table 3 that despite considering
the most details of geometry, there is still a small difference
between the results of the 3-D FEM and the measurement
in the case of the MFT with Nanocrystalline core. Since
substantial efforts have been made to minimize the measurement error, the remaining error is believed to be due
to the tolerances of the manufacturing process. However,
if the 3-D FEM is used as the reference method, it can be
seen that the proposed method is very accurate according
to Table 1.
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TABLE 3. Results of leakage inductance calculation.

VII. SENSITIVITY ANALYSIS

To verify the proposed method, a sensitivity analysis is performed on both MFTs with Nanocrystalline and Ferrite cores.
According to Fig. 20, four cases are considered for each
MFT. The first case is equivalent to the actual dimensions
of the transformer. As the second case, the gaps between the
LV winding’s layers are increased so that g = 5mm while
all the other distances including the main gap and the HV
winding’s clearances are kept constant. The increased gaps
are for creating oil ducts and improving the cooling of the LV
winding at higher currents. As the third case, the HV winding
clearances are increased so that the distances d1 and d2 are
equal to 22 and 36 mm, respectively. This is accomplished
by moving the HV winding to the right side and displacing
the core walls accordingly. Increasing HV winding clearances
is for enhancing the insulation withstand of the HV winding
at higher voltages. The fourth case is the combination of
the second and third cases. In this case, the gaps between
the LV layers and the HV winding’s clearances are increased
simultaneously. This case represents the geometrical conditions required for the operation of a high-power high-voltage
MFT. The leakage inductance is calculated using different
methods for both MFTs for the aforementioned four cases.
The relative errors are presented in Table 4. The 3D FEM
is used as the reference method and the other methods are
compared with it. Note that due to the dimensional limitation of the existing off-the-shelf cores, it was not practical to build and test all the cases studied in the sensitivity
analysis.
The results of the 3-D FEM are highlighted by gray color.
The error values of more than 1% are highlighted by orange
color. It can be seen that the error of the method of inductance
calculation with MLTTEM divided in three parts i.e., MLTin ,
MLTout1 and MLTout2 , is less than 1 % for both MFTs in
all cases. This indicates the high accuracy of the proposed
method for the leakage inductance calculation. Note that the
proposed method is according to the procedure illustrated by
the flowchart in Fig. 9.
To investigate the effect of the segmentation of the MLT
which is discussed in Section IV, another simulation is performed, and its results are presented in Table 4. In this simulation, MLTTEM is divided into two segments, MLTin and
MLTout , instead of three segments. Here, MLTout is the sum of
MLTout1 and MLTout2 (see Fig. 7) and the arrangement shown
in Fig. 8(b), which is the arrangement used for MLTout1
in the previous simulation, is used to calculate the leakage
inductance for MLTout . The errors introduced in this case
VOLUME 9, 2021

FIGURE 20. The different arrangements of the windings used in
sensitivity analysis.

FIGURE 21. The MLT in the middle of the sum of the widths of the
out
windings and the main gap (named MLTMTW ). sl=(Tout
+ Tout
g + T1 )/2,
1

in
sw=(Tin
+ Tin
g + T1 )/2.
1

confirm the importance of a correct segmentation of the MLT
for the leakage inductance calculation.
The effect of the MLT’s determination method on the leakage inductance has been also investigated in the sensitivity
analysis. For this purpose, according to Fig. 21, the middle
of the total width of the windings and the main gap is used
to determine the MLT (MLTMTW ). This is the way usually
used for determining the MLT [31]. Similar to MLTTEM ,
the leakage inductance calculation with MLTMTW has been
performed with a 2-part MLT as well as a 3-part MLT and the
results are presented in Table 4. The calculation results show
that considerable errors are introduced for both MFTs as a
result of using MLTMTW instead of using MLTTEM (the MLT
proposed in the paper). Since the mean length of turns is not
assessed correctly with MLTMTW , segmentation of the MLT
in 2 or 3 parts does not make any difference in the accuracy
i.e., both 2-part and 3-part MLTs are not accurate enough in
this case.
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TABLE 4. Leakage inductance results from the sensitivity analysis.

It should be noted that since the actual widths of the LV
and HV windings are the same in both MFTs, MLTMTW
in cases 1 and 3 (cases without increasing gaps between LV
layers) is approximately equal to MLTTEM and thus, the errors
with the 3-part MLTMTW in cases 1 and 3 are noticeably small.
Finally, the results of the leakage inductance calculation
using the classical method detailed in Section III are added
to Table 4. The results demonstrate that, depending on the
arrangement of the core and the coils, this method can result
in considerable errors in the leakage inductance calculation
for both MLTTEM and MLTMTW . Although employment of the
classical method is simpler, it is not suitable for calculation
of the leakage inductance of the shell type MFTs.
The results of the sensitivity analysis show that the leakage
inductance is calculated accurately in all cases using the
proposed method. In summary, it can be concluded that calculation of the leakage inductance per unit length, determination
of the MLT and the MLT’s segmentation, all should be done
correctly for an accurate estimation of the leakage inductance.
Regarding the computation time required for the calculations, it can be seen from (13) that the relation obtained
for the leakage inductance per unit length is in the form of
a double infinite series and therefore the total computation
time is strongly dependent on the number of components
used in estimating the value of the series. To achieve an
accuracy up to two decimal places and therefore the lowest
cut-off error, 50 components for each of x and y variables is
used to determine the leakage inductance. By reducing this
number, the calculation cost can be significantly improved
with a relatively small reduction in the accuracy. Therefore,
depending on the acceptable criterion for the error value,
the computation time is variable. The computation time of the
proposed method is also a function of the number of winding
layers (coils) used in the leakage inductance calculation.
By increasing the number of winding layers, the computation
time is increased too. Since the layers inside each winding
do not have the same dimensions, the leakage inductance is
calculated considering the individual layers of the windings
for both MFTs.
According to Table 5, the total computation time for the
proposed method is assessed about 0.36 and 0.75 s for MFTs
with Nanocrystalline and Ferrite cores, respectively. Note
that these times correspond to the total times required for
calculating the leakage inductance for a 3-part MLT (with
72658

TABLE 5. Comparison of the calculation time for different methods.

three core window arrangements) and thus the approximate
solution times for one core window arrangement are about
0.12 and 0.25 s. Note that the computation times are different
because the numbers of winding layers are different in two
MFTs. It is noteworthy that the solution time is reduced to
about 0.072 millisecond if each of the LV and HV windings
is represented with one single coil instead of a layer-by-layer
modeling, however, at the cost of decreasing the accuracy.
The computation time as a result of using the 2-D magnetostatic FEM for calculation of the leakage inductance per
unit length is also presented in Table 5. Note that the 2-D
FEM is only used for calculating the leakage inductance per
unit length while the total leakage inductance is calculated
using the 3-part MLTTEM according to the method proposed
in this paper. It can be seen that the computation time of
the 2-D FEM is in the order of several seconds while the
analytical method takes less than of 1 second in the case
of both MFTs. The equivalent 3-D FEM simulations in the
same PC used for the proposed method take nearly 10 and
8 minutes to run for two MFTs under study. Note that in
order to reduce the solution time and facilitate performing
multiple 3-D FEM simulations, the geometry of the core
for the 3-D FEM simulations is simplified by neglecting
the small distances between the core stacks to model the
core as a bulk magnetic material. It should be noted that in
addition to the solution time, the use of the finite element
method (2-D or 3-D) requires some pre- and postprocessing
steps such as drawing the geometry, meshing the model and
extracting the results, which make the repeatability of the
analysis more challenging. Moreover, using the finite element
method requires a software or tool that is not always available
for everyone.
To sum up, the 3-D FEM is very accurate, but it requires
a considerable solution time when a large number of simulations needs to be run to evaluate the design variants of
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a transformer. The analytical method is much faster, and it
is easy to implement, making it possible a more advanced
optimization with a shorter time. The 2-D magnetostatic FEM
can also be used for calculation of leakage inductance per
unit length, however, at the cost of much longer solution time
compared to the analytical approach. The classical method
is fastest (in the order of several milliseconds, not shown in
Table 5 ) compared to the other methods but it is not accurate
enough to employ to a MFT.

APPENDIX

VIII. CONCLUSION

In this paper, an accurate analytical method for the leakage
inductance calculation of shell-type E-core transformers with
rectangular windings is presented. The expression derived for
the leakage inductance per unit length is based on a double
Fourier series expansion of the field inside the core window.
The method is applicable to any arbitrary arrangement of
windings inside the core window, taking the radial as well
as the axial component of the leakage field into account.
It was shown that the classical method, due to neglecting the
core’s effect and also simplifications made in the problem’s
geometry, is not suitable to apply to the shell-type MFTs used
in DAB converters.
In 2-D methods, the total leakage inductance is obtained
by multiplying the leakage inductance per unit length by the
mean length of turns (MLT). The simulation results reveal
that the conventional method for determining the MLT is
not accurate enough in the case of MFTs in general. In this
paper, a new method based on the total energy stored in
the axial leakage field is presented by which the MLT can
be determined more accurately considering the distribution
of Ampere-turns inside individual layers of the windings.
It was also shown that by dividing the MLT into three
partial lengths and combining the corresponding leakage
inductances according to the method presented in the paper,
the accuracy of the leakage inductance calculation can be
enhanced significantly.
The proposed method has been verified by 3-D FEM simulations. The error is less than 1% compared to the 3-D
FEM in all studied cases. The accuracy of the proposed
method, unlike for the previous methods, is not affected by
the dimensions of the core and windings. The results of the
sensitivity analysis show that despite the accurate determination of the leakage inductance per unit length, the lack of
accurate determination of the MLT can lead to an error of
2.6%. It is also concluded that by considering the boundary
conditions exerted by the core walls to different parts of
the windings, the error of leakage inductance calculation
can improve by about 2.5%. The proposed method is also
employed to two MFT prototypes and the results are experimentally verified. The comparisons confirm the accuracy of
the proposed method for actual high-power MFTs. The 3-D
FEM simulation is very accurate, but it is also very time
consuming. The analytical method proposed in this paper is,
however, easy to implement and can be used to examine a
large number of designs in a short time with high accuracy.
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FIGURE 22. The parameters of the shell-type transformer prototypes.
TABLE 6. The properties of the shell-type transformer prototypes.
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