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Optomechanical cooling with coherent and squeezed light:
The thermodynamic cost of opening the heat valve
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Ground-state cooling of mechanical motion by coupling to a driven optical cavity has been demonstrated
in various optomechanical systems. In our paper, we provide a thermodynamic performance analysis of op-
tomechanical sideband cooling in terms of a heat valve. As performance quantiÞers, we examine not only
the lowest reachable effective temperature (phonon number) but also the evacuated-heat ßow as an equivalent
to the cooling power of a standard refrigerator, as well as appropriate thermodynamic efÞciencies, which all
can be experimentally inferred from measurements of the cavity output light Þeld. Importantly, in addition
to the standard optomechanical setup fed by coherent light, we investigate two recent alternative setups for
achieving ground-state cooling: replacing the coherent laser drive by squeezed light or using a cavity with a
frequency-dependent (Fano) mirror. We study the dynamics of these setups within and beyond the weak-coupling
limit and give concrete examples based on parameters of existing experimental systems. By applying our
thermodynamic framework, we gain detailed insights into these three different optomechanical cooling setups,
allowing a comprehensive understanding of the thermodynamic mechanisms at play.
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I. INTRODUCTION

Nano- and micromechanical resonators constitute an excel-
lent platform for exploring thermodynamics on the nanoscale
[1Ð3]. Importantly, stochastic and quantum ßuctuations can
play a major role determining nanomechanical motion [4,5],
enabling tests of stochastic [1] and quantum thermodynamics
concepts [6] in experiments. In this respect, optomechani-
cal systems [7] are a pertinent platform as they allow for
precise control over the classical and quantum dynamics of
nanomechanical motion by using electromagnetic Þelds. This
capability motivated proposals of optomechanics-based work
measurement schemes [8Ð10] and heat engines [11Ð18] and
has already lead to the experimental quantiÞcation of nonequi-
librium thermodynamic processes such as irreversible entropy
production [19,20].

An ubiquitous thermodynamic process is cooling. In the
context of optomechanics, cooling is employed to reduce
the entropy of eigenmodes of the mechanical resonator,
which is a necessary step for exerting quantum control
over mechanical motion and, thus, a crucial requirement for
the implementation of any optomechanics-based quantum
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technology. Furthermore, any optomechanics-based heat en-
gine exploits cooling in its operation cycle. Cooling to the
ground state of mechanical motion has been theoretically an-
alyzed (see, e.g., Refs. [21Ð24]) and experimentally realized
by direct thermal cooling [5], optomechanical sideband cool-
ing [25Ð27], or feedback cooling [28,29]. In the context of
thermodynamics, optomechanical cooling has been examined
in the light of entropy production [19,20] or as a quantum
absorption refrigerator [30Ð32] fed by thermal light. However,
a detailed analysis of the desired output, such as the reduc-
tion in phonon number, related to thethermodynamic costof
optomechanical cooling with nonthermal light sources in the
steady-state has so far been missing.

In our paper, we present this missing analysis of the
thermodynamic performance of different optomechanical
sideband cooling schemes, which is of crucial relevance to
optimize the performance of future devices. We therefore
provide a comprehensive theoretical framework for sideband
cooling beyond previously performed approximations. We
Þnd that this analysis not only yields information about ac-
tual performance benchmarks but also provides insights into
the thermodynamic mechanisms at play and the required
resources for realizing optomechanical cooling in different
experimental setups. First, we notice that optomechanical
cooling does not correspond to the commonly employed re-
frigerator framework, in which the work provided to a system
makes heat ßow out of a cold bath.1 The thermodynamic
system to be cooled consists of a mechanical resonator (from
which heat should be taken away) that is in contact with
a hot phonon bath, which leads to Brownian motion of the
resonator. On the other hand, there is a photon bath, which is
determined by the noise properties of the light Þeld and which
appears as cold, since its temperature is much smaller than the
energy scale of the photons. This photon bath couples to the
mechanical degrees of freedom via a driven optomechanical
cavity(see Fig.1). We identify that the light Þeld acts as a
tunable valve that controls the ßow of heat from the mechani-
cal resonator to the cold bath, i.e., the noise of the light Þeld.
Therefore, unlike as in usual refrigerators, heat ßows from
hot to cold, but, importantly, there is a cost associated with
maintaining the valve open (via the driving of the cavity).
The heat-valve scenario that we suggest here thereby gives
a very clear picture of this setting with two heat baths and
an additional work input. It is particularly helpful for the
understanding of the mechanisms at play when comparing
sideband cooling in different optomechanical setups.

We furthermore Þnd it insightful to look at optomechanical
cooling as a special example of reservoir engineering [33]:
A low temperaturephotonbath is prepared with the help of
a laser-irradiated cavity, such that it is transformed into an
effective coldphononbath [21]. Engineered reservoirs have
shown to be especially appealing to thermodynamics as they
allow to explore non-thermal resources [34Ð38] and study
the impact of genuine quantum features, such as squeezing
[39Ð42], entanglement [43], or quantum coherence [44Ð46]

1See also AppendixE for an overview of the differences between
our framework and absorption refrigerators.

on energy and entropy exchanges. Recently, it was demon-
strated that a classically engineered reservoir can be used to
beat the classical Carnot bound of heat machines [4]. Here,
the situation is different: We start from a photon bath, in
which thermal ßuctuations are negligible at optical frequen-
cies to engineer athermalbath of a completely different type,
namely, an effective phonon bath. In this sense, thevalvethat
is established is an important ingredient of the engineered
bath. In most cases, the cost to create the engineered bath is
not taken into account in the efÞciency.

In our paper, we provide and calculate appropriate cooling
efÞciencies of optomechanical sideband cooling, which ac-
count for the cost of the heat valve (i.e., the bath engineering)
and which yield an additional benchmark in optomechanics,
besides the resonatorÕs phonon occupation. We then apply
our comprehensive thermodynamic analysis of optomechan-
ical cooling to three different setups, which can be used to
cool mechanical motion to the ground state. These are (i)
a standard optomechanical setup driven by a coherent laser
input (Fig.1), (ii) a standard optomechanical setup driven by
squeezed light[Fig. 3(a)], and (iii) an optomechanical cavity
that employs a frequency-dependent (Fano) mirror as one of
the cavity boundaries and that is driven by a coherent laser
[Fig. 3(b)]. Importantly, we illustrate our analysis with con-
crete experimental parameters, which allow us to benchmark
different optomechanical platforms against each other. Setup
(i) [21Ð24] is widely employed for ground-state cooling pro-
vided the optomechanical system is in the resolved-sideband
regime [25,26]. Setup (ii) [47Ð49] is motivated by shaping the
quadrature noise of the cold photon bath. This setup can lead
to a reduced backaction of the light Þeld onto the mechani-
cal resonator and, thus, to ground-state cooling in a regime,
where a coherent drive fails, as we here illustrate. Finally,
setup (iii) [50] results in a Fano-like cavity line shape. This
setup aims at suppressing the Stokes process and, thus, the
light-induced heating of the mechanical motion originating
from the optomechanical interaction itself. Importantly, our
theoretical analysis, which employs a Langevin as well as a
master equation approach, is valid both for weak and strong
optomechanical coupling.2 It thereby extends the validity of
previous work [47].

This paper is structured as follows. In Sec.II , we de-
scribe the theoretical models we use for each setup, outline
the thermodynamic picture that we develop here, and present
the speciÞc experimental platforms we use as examples. In
Sec.III , we derive the dynamics of the three setups and apply
these results to a thermodynamic analysis of optomechanical
cooling illustrated with realistic optomechanics experiments.
We conclude in Sec.IV. The Appendices contain detailed
information on the employed theoretical methods and approx-
imations and thereby allows to straightforwardly follow all
calculations performed in this work.

2We are referring here to the effective optomechanical couplingg =
g0|α|, enhanced by the light Þeld in the cavity, of amplitude|α|, see
Eq. (4). On the contrary, the single-photon couplingg0 is assumed to
be very small compared to the other frequencies involved.
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II. SETUPS AND MODELS

A. Sideband cooling in cavity optomechanical setups

In the following, we introduce the models for the three
different setups that we consider for sideband cooling and start
with the standard setup of driving an optomechanical cavity
with coherent light.

1. Standard setup

A typical optomechanical setup consists of a Fabry-PŽrot
cavity of frequencyωcav with a moving-end mirror of me-
chanical resonance frequency�mec [see Fig.1(b)]. The cavity
is driven by a laser of frequencyωlas. It is described by the
Hamiltonian [7], in the frame rotating atωlas,

öH = øh�mecöb  öb+ øh�0öa  öa + øh(εöa  + ε∗ öa)

− øhg0öa  öa(öb+ öb  ), (1)

where�0 = ωcav − ωlas is the bare detuning between the cav-
ity and the laser. We have denoted öa the photon-annihilation
operator of the cavity andöb the phonon-annihilation operator.
The single-photon optomechanical coupling strength is given
by g0 andε is the drive amplitude.

The cavity is coupled to a photon and a phonon bath, where
κ denotes the optical loss rate andγ the mechanical damping
rate. The evolution of this system can be described with a set
of Langevin equations [23]

úöq = �mecöp, (2a)

úöp = −�mecöq − γ öp+ g0

√
2öa  öa + √

γ öξ, (2b)

úöa = −(κ + i�0)öa + ig0

√
2öaöq − iε +

√
2κ öain, (2c)

where we have deÞned the mechanical quadratures öq = (öb+
öb  )/

√
2 and öp = (öb− öb  )/i

√
2. The thermal noise of the me-

chanics is given by the operatoröξ , while vacuum noise of the
light Þeld is associated with the operator öain.

We assume in the following that the mechanical quality
factorQmec = �mec/γ is large and that the temperatureTmecof
the mechanical environment is high, that is, øh�mec � kBTmec,
see Sec.II C for concrete implementations in this regime. We
can then make the white-noise approximation for the correla-
tion function for the thermal noise of the mechanics

〈öξ (t )öξ (t ′)〉 = (2ønmec+ 1)δ(t − t ′), (3)

where ønmec = (eøh�mec/kBTmec − 1)−1 is the average number of
phonons in the mechanical environment. This approximation
is equivalent to the Born-Markov approximation made in the
derivation of the master equation [24] (see AppendixB 5 for
a comparison of the different approaches and level of approx-
imations frequently used in optomechanics). In the examples
studied in this paper (presented in Sec.II C), this approxima-
tion yields satisfactory results, but we explain how to relax it
in AppendixB 2 c.

To quantify the ratio between the optomechanical coupling
and the coupling to the optical and mechanical baths, we use
the quantum cooperativity:

C = 2g2

κγ ønmec
. (4)

(a) (b)

FIG. 2. Principle of resolved-sideband cooling in the weak-
coupling limit in a Raman-scattering picture. The Stokes and
anti-Stokes processes are represented by the magenta and cyan ar-
rows, respectively. (a) Cavity density of states.� is the effective
detuning (deÞned in Sec.II B) between the laser frequency (orange
line) and the cavity resonance frequency (dashed black line), which
is shifted with respect to�0 by the optomechanical interaction.
(b) Partial energy diagram of the optomechanical system around the
state|p, n〉 with p photons andn phonons.

Here,g = g0|α| is the effective coupling with|α| being the
amplitude of the coherent Þeld in the cavity, which is propor-
tional to the driving amplitude of the laserε, see Eq. (14a).

The laser driving the cavity is modeled as a classical drive,
included in the Hamiltonian (1). Its drive amplitudeε is re-
lated to the input laser powerPlas by

Plas = øhωlas
|ε|2
2κ

. (5)

The cavity and the resonator are typically at the same tem-
perature, i.e.,Tmec = Tcav, however, the cavity frequency is
typically orders of magnitude larger than the mechanical
frequency and øhωcav � kBTcav (see Sec.II C). Therefore the
average number of photons in the optical environment is neg-
ligible, øncav 	 0, and when driving with coherent light, there
is only one non-zero correlation function of the cavity input
noise, in contrast to the squeezed case, see Eqs. (8). This
correlation function is

〈öain(t )öa 
in(t ′)〉 = δ(t − t ′). (6)

To sketch the principle of sideband cooling, we consider
temporarily the resolved-sideband regime, that isκ � �mec,
and a weak optomechanical coupling:g � κ,�mec. In this
regime, as illustrated by Fig.2, three processes can occur:
A photon from the laser can (1) be absorbed by the cavity
without changing the state of the resonator (in orange), (2)
create a photon in the cavity at lower frequencyωlas − �mec
and a phonon (Stokes process, in magenta), or (3) in com-
bination with a phonon, create a photon at higher frequency
ωlas + �mec(anti-Stokes process, in cyan). The Stokes process
heats up the resonator while the anti-Stokes process cools it
down. By choosing a cavity-laser detuning close to the me-
chanical frequency, the rates of the Þrst two processes can be
reduced, allowing effective cooling [51]. Note that the results
presented in this paper focus on, but are not restricted to,
the resolved-sideband regime and they are valid beyond the
weak-coupling limit.

2. Squeezed-light setup

To improve the cooling scheme presented above, one can
use squeezed light instead of coherent light to go beyond the
quantum backaction limit [47,48]. In the model considered
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(a)

(b) (c)

FIG. 3. (a) Squeezed-light setup: We add to the laser driving the
cavity a squeezed vacuum Þeld. Since the control of the environ-
ment of the cavity is not perfect, there is some residual vacuum
noise entering the cavity. The squeezed noise is generated with a
degenerate parametric ampliÞer (DPA) driven at 2ωlas thanks to a
second harmonic generator (SHG). See Sec.II A 2 for the deÞnitions
of the notations. (b) Fano-mirror setup: The left-hand side mirror
of the cavity is replaced by a Fano mirror. Unlike in the canonical
setup [Fig.1(b)], we differentiate the noise coming through the left
and right mirrors. See Sec.II A 3 for the deÞnitions of the notations.
(c) Cavity density of states (solid gray line) which is asymmetrical in
the Fano-mirror setup. The dashed gray line represents the density of
states of a standard cavity of equivalent linewidth.

here, as depicted in Fig.3(a), this means replacing the vacuum
noise input by squeezed noise, generated with a degenerate
parametric ampliÞer (DPA) (see Ref. [52], Chap. 10). This is
an example of a cascaded open quantum system [53], where
the output öcout,s of the DPA is used as an input for the cavity,
namely öcout,s(t ) = öain,s(t ) (we neglect the delay due to prop-
agation, which is irrelevant for our purposes). We consider
that the DPA mode, with annihilation operator öc, is resonant
with the cavity pump, i.e., at frequencyωlas. The DPA pump
is tuned with the parametric oscillator, i.e., at frequency 2ωlas.

The Langevin equation for the DPA reads [47]

úöc = −κöc + χ öc  +
√

2κöcin, (7)

where öcin = 1√
κ

(
√

κsöcin,s + √
κv öcin,v) is the total input Þeld,

κ = κs + κv the corresponding total loss rate andχ =
|χ |e−i2θ is the squeezing parameter withθ the squeezing angle
[see Fig.3(a)]. The input vacuum noise öcin,v with associated
coupling κv corresponds to the uncontrolled losses of the
DPA. The desired output from the DPA is then Þnally obtained
from öcout,s = √

2κsöc − öcin,s. The Langevin equations for the
optomechanical system are still Eqs. (2), but now the total op-
tical input noise reads öain = 1√

κ
(
√

κsöcout,s+ √
κv öain,v), where

κs is the coupling to squeezed vacuum noise and öain,v corre-
sponds to the uncontrolled losses of the cavity with associated
couplingκv [47]. The total loss rate of the cavity is therefore

κ = κs + κv. In the white-noise approximation, the correlation
functions of the input noise read [52] (see AppendixC 1)

〈öa 
in(t )öain(t ′)〉 = πsNsδ(t − t ′), (8a)

〈öain(t )öain(t ′)〉 = πsMsδ(t − t ′). (8b)

The purity of the squeezing isπs = κsκs/κκ with πs = 1
for pure squeezing andπs = 0 for vacuum noise only. Further-
more, we have

Ns = 4r2
s

(1 − r 2
s )2

, (9a)

Ms = 2rs
(
1 + r 2

s

)
(
1 − r 2

s

)2 e−i2θ . (9b)

with the squeezing ratiors = |χ |/κ and this ratio is such that
0 < rs < 1, so the white-noise approximation holds.

3. Fano-mirror setup

An alternative strategy to improve the optomechanical
cooling is to make the cavity density of states asymmetric to
further suppress the detrimental Stokes process [see Fig.3(c)].
This can be achieved by replacing the left-hand side mir-
ror of the cavity by a Fano mirror (e.g., a photonic crystal
membrane) [50]. We then treat separately the cavity input
noise öain,L and öain,R coming through the left-hand side and
right-hand side mirrors, denotingκL andκR the correspond-
ing loss rates. Both are vacuum noise and their correlation
functions obey Eq. (6). The setup is depicted in Fig.3(b) and
modeled by adding the internal mode of the Fano mirror to the
optomechanical description. We consider an even Fano-mirror
mode,3 so the setupÕs Hamiltonian reads [50]

öHFano = öH + øhωd öd  öd + øhλ(öa  öd + öa öd  ), (10)

where öH is the Hamiltonian of the standard setup, given by
Eq. (1). We have denotedöd the annihilation operator for the
considered mode of the Fano mirror,ωd its frequency, andλ
the coupling strength between this mode and the cavity mode.

The Langevin equations for such a system read [50] (in the
frame rotating atωlas)

úöq = �mecöp, (11a)

úöp = −�mecöq − γ öp+ g0

√
2öa  öa + √

γ öξ, (11b)

úöa = −(κ + i�0)öa + ig0

√
2öaöq − iε − G öd

+
√

2κRöain,R +
√

2κL öain,L, (11c)

úöd = −(γd + i�d) öd − Göa +
√

2γd öain,L, (11d)

with γd the coupling strength between the Fano-mirror mode
and the left-hand side input,�d = ωd − ωlas the detuning
with the laser drive andκ = κL + κR the total loss rate of the
cavity. We have also deÞnedG = iλ + √

κLγd. In the model
considered here, the coupling between the Fano-mirror mode
and the cavity mode is given byλ = √

κ0γd [50], whereκ0

3This is the one studied in Ref. [50], but it could also be an odd
mode, as treated in the Supplemental Material of the same paper.

063519-4



OPTOMECHANICAL COOLING WITH COHERENT AND É PHYSICAL REVIEW A103, 063519 (2021)

is the loss rate that the left-hand side mirror would have if it
were frequency independent. For simplicity, we takeκ0 = κR.

For the Fano-mirror setup, the total loss rate of the cavity
is very large (a lot larger than for the standard setup). Such
a large loss rate would place a standard setup in the non-
sideband-resolved limit. However, this does not reßect the
actual linewidth of the cavity. Instead, the presence of the
Fano mirror leads to a different effective loss rate, correspond-
ing to theeffectivelinewidth of the cavity,κeff (see Sec.II C 3).
We therefore use this effective linewidth in the cooperativity

C → 2g2

κeffγ ønmec
, (12)

for this setup, in what follows.

B. Thermodynamic picture

The thermodynamic system of interest is the mechanical
resonator. The phonon number of this mechanical resonator
ßuctuates due to its coupling to a mechanical environment,
which constitutes a hot phonon bath at temperatureTmec. The
goal of optomechanical (sideband) cooling is to reduce the
amount of ßuctuations in the resonator, thereby cooling it
down. To do so, we have at our disposal a cold photon bath, in
the sense that it contains negligibly few thermal excitations.4

However, heat can ßow from the ßuctuating mechanical res-
onator to this zero-temperature environment only if a coupling
mechanism between phonons and photons is established. This
coupling is provided by the laser that is driving the cavity,
thereby constituting a heat valve (see Fig.1 for a sketch of
this process). Hence, the established heat ßow from hot to
cold comes with a cost, arising from coupling the system to
the cold bath, i.e., from keeping the valve opened. Note that
thiscooling processis very different from a typical thermody-
namicrefrigerator, where one has the goal to make heat ßow
from a cold bath to a hot bath by providing work to the system.

To characterize this cooling process, we analyze three
thermodynamic quantities, which are complementary to each
other and to a certain extent equivalent to those typically quan-
tifying the performance of a thermodynamic cooling device.
This is, Þrst of all, the coldest temperature that can be reached,
here represented by the lowest steady-state phonon number
of the mechanical resonator. This quantity is experimen-
tally accessible via calibrated optomechanical thermometry
or sideband asymmetry determined from the cavity output
light Þeld. This is the quantity that is commonly considered
when studying optomechanical cooling. Note, however, that
the mechanical resonator is a microscopic system and does not
constitute a bath itself. By its coupling to the hot mechanical
phonon bath and the cold photon bath, it is brought into a
nonequilibrium state and the lowest reachable steady-state
phonon number can hence only be related to aneffective
temperature.

Importantly, in our work we complement this study by
analyzing two further thermodynamic quantities. Typically, in
a refrigerator the cooling power is analyzed as a performance

4Laser phase noise may be treated as a nonzero temperature bath,
see Ref. [54].

quantiÞer, namely, the heat ßow out of the bath to be cooled.
As mentioned above, the mechanical resonator that is intended
to be cooled is, however,not a bath, and the total heat ßow
out of or into the resonator is always zero in the steady state.
We therefore introduce instead theevacuated-heat �owas
an equivalent to the cooling power, namely, the heat cur-
rent, Jc, carried by phonons at frequency�mec ßowing out
of the mechanical resonator and into the effective cold bath.
We deÞneJc = øh�mecI

phonon
c with the associated phonon ßux,

I phonon
c . The latter quantity is experimentally accessible from

the cavity output light Þeld by measuring the amplitude and
phase quadrature of the light Þeld, see AppendixB 4.

Finally, we analyze the efÞciency of this cooling process.
As described above, maintaining the valve opened in a given
position has a cost. The full cost is given by the laser power
Plas required to create the coherent Þeld in the cavity mode.
This motivates us to deÞne a cooling efÞciency

ηfull = Jc

Plas
, (13)

comparing the evacuated-heat ßow (the desired output) with
the full laser power (the exploited resource). We deÞne an
alternative cooling efÞciency later in Eq. (36), which, at the
cost of neglecting parts of the resource, gives a better picture
of the conversion process from phonons to photons. This alter-
native efÞciency [Eq. (36)] can actually be more relevant for
device realizations, when the laser light, which was not used in
the conversion process, is partly reused for further operations
and, hence, is not lost. Note that standard refrigerators or heat
pumps are often characterized by coefÞcients of performance;
here we refrain from using this terminology and rather use
the more generic notion (cooling) efÞciency, since the desired
output of the present process is not the heat ßow into or out of
one of the baths, but rather the relevant part of the ßux out of
the microscopic system attached to them.

In the following, we want to consolidate the above de-
scribed thermodynamic picture and therefore start with an
analysis of the standard setup. As a Þrst step, we linearize
the Hamiltonian (1) around the systemÕs semiclassical steady
state (see AppendixB 1 for details),5 in which the cavity mode
is in the coherent state of amplitudeα and the resonatorÕs rest
position is øq [23], with

α = −iε
κ + i�

, (14a)

øq =
√

2
g0

�mec
|α|2. (14b)

We deÞne the effective detuning� = �0 − g0
√

2 øq and
choose the phase inε so α = |α| is real and positive. We
split the operators into their average and ßuctuation terms:
öa = α + δöa, öq = øq + δ öq, öp = δ öp. The linearized Hamiltonian
reads

öHlin = øh�δöa  δöa + øh�mecδöb  δöb

− øhg(δöa + δöa  )(δöb+ δöb  ), (15)

5This approximation is justiÞed in most optomechanical setups
as the optomechanical couplingg0 is typically very small:g0 �
γ (2ønmec+ 1), κ [7,55], see TableII .
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where we have denotedδöb = (δ öq + iδ öp)
√

2. Indeed, we see
from the expression of the effective couplingg = g0|α| that
the light Þeld in the cavity plays a key role in the cooling
process, acting like a valve that allows phonons to ßow toward
the cavity.

For the sake of obtaining a simple and more usual ther-
modynamics picture, weÑin this sectionÑfurthermore resort
to the weak-coupling regime (g � �mec, κ). Tracing out the
cavity degrees of freedom, we then Þnd the master equation
[24] describing the dynamics of the mechanical resonator,

d öρmec

dt
= − i

[
�eff

mecδ
öb  δöb, öρmec

] + (γ ønmec+ A+)D[δöb  ]öρmec

+ (γ (ønmec+ 1) + A−)D[δöb]öρmec . (16)

Here, öρmec is the density operator of the resonator,�eff
mec

the effective mechanical frequency (see AppendixB 2 a), and
D[ öO]öρ = öOöρ öO  − 1

2{ öO  öO, öρ}. We have deÞned the rates

A± = 2g2κ

κ2 + (�mec± �)2
, (17)

which correspond to the Stokes and anti-Stokes processes,
respectively. This is the situation depicted in Fig.2. Equiv-
alently, Eq. (16) can be rewritten in the form

d öρmec

dt
= − i

[
�eff

mecδ
öb  δöb, öρmec

]
+ �opt

(
ønoptD[δöb  ] + (ønopt + 1)D[δöb]

)
öρmec

+ γ
(
ønmecD[δöb  ] + (ønmec+ 1)D[δöb]

)
öρmec. (18)

This equation shows that the driven cavity acts on the res-
onator like an effective thermalphononbath of associated
damping rate�opt = A− − A+ and containing a Þnite number
of phonons ønopt = A+/�opt. Hence, the cavity and its envi-
ronment play the role of an effective cold bath [dashed box
in Fig. 1(b)], of Þnite effective temperatureTopt such that
ønopt = (eøh�mec/kBTopt − 1)−1. As a result, the average phonon
number associated to the ßuctuations of the resonator in the
steady state ønÞn = 〈δöb  δöb〉ss can be interpreted as the steady
state of a system coupled to two thermal baths [7],

ønÞn = γ ønmec+ �optønopt

γ + �opt
. (19)

We can see from Eq. (17) that �opt is proportional tog2 =
g2

0|α|2. This conÞrms that the light Þeld in the cavity is like a
heat valve allowing more or less heat to ßow between the res-
onator and the cold phonon bath. Note that the effective cold
bath is anengineered bathand therefore it comes with a cost.
This further motivates the above described thermodynamics
picture and the resulting deÞnition for the cooling efÞciency
as given in Eq. (13).

In the weak-coupling regime, the evacuated-heat ßow is
explicitly given by

Jc = øh�mec�opt(ønÞn − ønopt)

= øh�mec
γ�opt

γ + �opt
(ønmec− ønopt). (20)

Using Eq. (14), the full efÞciency, Eq. (13), becomes

ηfull = �mec2κ

ωlasα2(κ2 + �2)
γ�opt

γ + �opt
(ønmec− ønopt) . (21)

This weak-coupling thermodynamic picture also gives us fur-
ther insights into the improvements provided by alternative
setups. Squeezing the input noise, as described in Sec.II A 2,
allows to reduce the position quadrature noise of the intra-
cavity Þeld, which couples to the mechanics. As the cavity
transfer function converts part of the input momentum noise
into position noise and conversely, it is necessary to rotate
the input squeezed state by the adequate angleθ (given in
Sec.III B 2) so as to compensate for this effect. This reduction
of the intracavity position noise can be interpreted as lowering
the temperature of the effective cold phonon bath, i.e., ønopt
is smaller while�opt remains the same as in the standard
setup. On the other hand, with the Fano-mirror setup from
Sec. II A 3, the imbalance between rates of the Stokes and
anti-Stokes processes is increased, which results in a change
in �opt and a decrease in ønopt. Therefore, the effective cold
bath gets colder and its coupling to the resonator is modiÞed.

C. Examples for speciÞc realizations

We now turn to inspect speciÞc optomechanical realiza-
tions to illustrate our thermodynamic analysis of optomechan-
ical cooling with concrete examples and also to benchmark
these realizations against each other. With the evacuated-heat
ßow and the cooling efÞciency, our analysis yields comple-
mentary insights beyond the achievable phonon occupation as
a benchmark only. To this end, we select four representative
optomechanical systems, whose parameters are summarized
in TableII . From here on, we refer to them as systems (1)Ð(4).

System (1) employs mechanical resonators in the MHz
regime and is placed in the sideband-resolved regime. Such
systems can be realized, for example, with free-space Fabry-
PŽrot-based optomechanics [56,57]. Importantly, ground-state
cooling has already been demonstrated with such a system
in the membrane-in-the-middle conÞguration [58]. An ad-
vantage of the Fabry-PŽrot system is its versatility as it can
be directly modiÞed to realize a Fano-mirror setup [50,59].
System (2) is an integrated optomechanics device made of
an optomechanical crystal with mechanical motion in the
GHz regime that is placed in the sideband-resolved regime.
This system is a prominent implementation for realizing
optomechanics-based quantum networks with demonstrations
of ground-state cooling [25] and nonclassical state gener-
ation [60,61]. Our thermodynamic analysis of this system
yields complementary insights beyond its use in quantum
networks. System (3) is an optically levitated nanoparticle
coupled to an optical cavity. Recently, ground-state cooling
of the center-of-mass motion of such a levitated particle has
been demonstrated [27]. Levitated optomechanics constitutes
a pertinent platform for exploring thermodynamic heat en-
gines or stochastic and quantum thermodynamics phenomena.
Multiple experiments are already performed along these lines
[62]. System (4) is based on the membrane-in-the-middle
conÞguration [56], but in the non-sideband-resolved regime.
Recently, feedback-based cooling to the ground state [28] has
been demonstrated in such a system. We here show that one
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can actually achieve ground-state cooling when employing a
squeezed-light drive instead of a coherent one, even in the
absence of feedback, as evidenced in Refs. [47Ð49].

We analyze the considered four systems in the context of
three different setups: (i) the standard setup, (ii) the squeezed-
light setup, and (iii) the Fano-mirror setup. The corresponding
choice of parameters is shortly discussed in the following.

1. Standard setup

For the standard setup, we assume driving of the op-
tomechanical system with coherent laser light and use the
parameters of the four systems as given in TableII . In this
way, we basically follow the experimental implementations
of Refs. [25,27,28,63,64].

2. Squeezed-light setup

In principle, the four systems can also be driven with a
squeezed-light source. However, this has so far only been
done and used for demonstrating ground-state cooling in mi-
crowave optomechanics [48]. Squeezed states of light are
customarily generated using nonlinear optics processes. For
example, squeezing levels of 12.7 dB [65] and 13 dB [66]
at wavelengths of 1064 nm and 1550 nm, respectively, have
been generated. These wavelengths are also typically used in
optomechanics experiments, see TableII . Squeezing in these
experiments [65,66] is customarily observed at MHz sideband
frequencies, which matches optomechanics implementations
with mechanical motion in the MHz regime. Squeezing at
GHz sideband frequencies, which is required when employing
mechanical motion at GHz frequencies, has been generated at
5 dB levels [67Ð69]. In our analysis, we assume a squeezed-
light source with realistic squeezing levels6 of 0.87 dB,
0.59 dB, 2.7 dB, and 15.4 dB for the four systems, respec-
tively.

3. Fano-mirror setup

Free-space optomechanical devices can be directly adapted
to realize a Fano-mirror setup, see, e.g., Refs. [50,59]. To
be able to compare the Fano-mirror setup with the standard
setup, we use the fact that the effective linewidth of the cavity
with the Fano mirror isκeff = γd/ζ

2
0 [50], where ζ0 is the

polarizability of the left mirror at frequencyωd. Since we
have chosenκR = κ0, ζ0 is also the (frequency-independent)
polarizability of the right mirror. Denoting� the free spectral
range of the cavity that is given in TableII , we haveκL = 2�

andκ0 = �/2ζ 2
0 . Moreover, choosing to use the optimal value

γ ∗
d = 4�mecζ0 [50], we can determineζ0 for each system such

thatκeff is equal to the systemÕs cavity loss rate.
Optomechanical cavities with Fano mirrors can be realized

by using suspended photonic crystal slabs, see, for example,
Refs. [70Ð74]. The parameters of the photonic crystal slab
[75] allow engineering of a desired reßectivity at frequency
ωd and, thus, a correspondingκeff. Fine tuning of the optical
resonance of the photonic crystal mirror can be achieved in

6The amount of squeezing in dB is calculated as
−10 log10(2〈�Pθ

in,s〉) with the variance of shot noise being12
and〈�Pθ

in,s〉 the variance of the squeezed quadrature.

postfabrication, for instance, by using thermal tuning [76],
strain tuning [77], or by depositing [78] or etching [79] atomic
layers of the suspended photonic crystal. Therefore, it is rea-
sonable to assume thatγd close to the optimal value can be
achieved in an experimental setup.

III. THERMODYNAMIC PERFORMANCE

In Sec.II , we have described the cooling process in the
three setups and have outlined how to set up a consistent
thermodynamic picture. In this section, we analyze the ther-
modynamic performance of four example realizations and
compare their performance for the operation in the three
different setups. The parameters used for the four example
realizations are given in TableII . The analysis of the thermo-
dynamic performance includes the lowest reachable phonon
number, the evacuated-heat ßow as well as the cooling efÞ-
ciency. To obtain all these quantities, we Þrst need to analyze
the dynamics of the systems in the three setups.

A. Dynamics

The Þrst step to the study of the systemsÕ dynamics in each
of the three setups is to linearize the Langevin equations, as
we have previously done in Sec.II A 1 for the standard setup.
Here we present a short overview for all three setups. We
then derive the evolution of the second-order moments, and
in particular of the photon and phonon numbers.

1. Standard setup

Applying the linearization introduced in Sec.II B to the
Langevin equations for the standard setup, Eqs. (2), we obtain

δ úöq = �mecδ öp, (22a)

δ úöp = −�mecδ öq − γ δ öp+ g
√

2(δöa  + δöa) + √
γ öξ, (22b)

δúöa = −(κ + i�)δöa + ig
√

2δ öq +
√

2κ öain. (22c)

From these equations and the noise correlation functions,
given by Eqs. (3) and (6), we derive the evolution of the
photon and phonon numbers associated to the ßuctuations7

d〈δöa  δöa〉
dt

= ig(〈δöa  (δöb  + δöb)〉 − 〈δöa(δöb  + δöb)〉)
− 2κ〈δöa  δöa〉, (23a)

d〈δöb  δöb〉
dt

= ig(〈(δöa + δöa  )δöb  〉 − 〈(δöa  + δöa)δöb〉)

+ γ

(
ønmec− 〈δöb  δöb〉 + 〈δöb2 + δöb 2 〉

2

)
. (23b)

Details about the derivation and the evolution equations of
the other second-order moments can be found in Appendix

7Note that the environment contribution in Eq. (23b) has an ex-
tra term in〈δöb2 + δöb 2 〉 compared to the one in Ref. [24] because
Ref. [24] used a different noise model. Both models give very similar
results in the high mechanical quality factor regime considered here.
See AppendixB 5 for a discussion of the differences between the two
approaches.
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B 2 b. For each of the above equations, two contributions stand
out: the optomechanical one, proportional tog, and the one
from the optical and mechanical environment, proportional to
κ andγ , respectively. When one neglects the nonresonant pro-
cessesδöaδöb andδöa  δöb  (rotating wave approximation (RWA),
valid for small couplingg, see AppendixB 5), the optome-
chanical contribution corresponds to the scattering picture
from Fig. 2(b), with heating from the Stokes process and
cooling from the anti-Stokes process.

2. Squeezed-light setup

In the case of the squeezed-light setup, described in
Sec. II A 2, the DPA and cavity are only coupled through
the noise. Therefore, the average Þelds in the cavity and res-
onator are still given by Eqs. (14) and the linearized Langevin
equations are the same as Eqs. (22). In contrast, the cavity
input noise correlation functions are given by Eqs. (8). As a
consequence, the photon number evolution becomes

d〈δöa  δöa〉
dt

= ig
(〈δöa  (δöb  + δöb)〉 − 〈δöa(δöb  + δöb)〉)

+ 2κ (πsNs − 〈δöa  δöa〉), (24)

while the evolution equation of the phonon number is un-
changed [Eq. (23b)]. Further changes to the evolution of the
second-order moments are detailed in AppendixC 2 a.

3. Fano-mirror setup

Like in Sec. II B, we linearize the Langevin equations
(11) by splitting operators into their average terms and ßuc-
tuation terms. But in this case, we have one extra operator,
öd = δ + δ öd, which modiÞes the semiclassical steady state into
(see AppendixD 1 for details)

α = −iε
κ + i� − G2/(γd + i�d)

, (25a)

øq =
√

2
g0

�mec
|α|2, (25b)

δ = −G
γd + i�d

α. (25c)

The linearized Langevin equations read

δ úöq = �mecδ öp, (26a)

δ úöp = −�mecδ öq − γ δ öp+ g
√

2(δöa  + δöa) + √
γ öξ, (26b)

δúöa = −(κ + i�)δöa + ig
√

2δ öq − Gδ öd

+
√

2κL öain,L +
√

2κ0öain,R, (26c)

δ úöd = −(γd + i�d)δ öd − Gδöa +
√

2γd öain,L. (26d)

The free parameter�d of the Fano-mirror mode was found
to be constrained by the cavity mode and the optical loss rates
by �d = � − 2

√
κ0κL [50].

From these equations and the noise correlation functions,
given by Eqs. (3) and (6), we derive the evolution of the
photon number (see AppendixD 2 b):

d〈δöa  δöa〉
dt

= ig(〈δöa  (δöb  + δöb)〉 − 〈δöa(δöb  + δöb)〉)

− 2Re(G〈δ ödδöa  〉) − 2κ〈δöa  δöa〉, (27)
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Squeezed light

n̄opt

Fano mirror

FIG. 4. Steady-state phonon number as a function of coopera-
tivity for the three setups (indicated by different lines in each plot).
The dotted and dashed black lines, respectively, indicate the average
phonon number in the hot mechanical bath and in the effective
cold bath (weak-coupling limit) for the standard setup. The vertical
solid lines indicate the cooperativities at which the standard and
squeezed-light setups (in blue) and Fano-mirror setup (in green)
become unstable (see AppendicesB 1 andD 1). The number in each
subÞgure corresponds to the system number as given in TableII .

The evolution equation of the phonon number is unchanged
[Eq. (23b)].

B. Steady-state phonon number

The Þrst performance indicator we consider is the steady-
state phonon number ønÞn = 〈δöb  δöb〉ss, which is the standard
quantity that is used to characterize sideband cooling and
experimentally accessible via calibrated noise thermometry or
sideband asymmetry. In a thermodynamic picture, this quan-
tity would correspond to the lowest temperature that can be
reached by a refrigerator. Indeed, the average phonon number
in the ßuctuations can be related toTeff, theeffectivetempera-
ture of the resonator, by

ønÞn = (
eøh�mec/kBTeff − 1

)−1
. (28)

Since the position of the resonator has been shifted (see
Sec.II B), we actually have the mean stationary phonon num-
ber〈öb  öb〉ss = (g/�mec)2|α|2 + ønÞn.

In the following, we describe how to obtain the steady-state
phonon number, ønÞn, in the three setups and discuss some of
its general properties. We then discuss differences between
the different setups and example realizations in the end of this
section.

1. Standard setup

For the standard setup, ønÞn can be found analytically, by
solving the equations for the second-order moments for the
steady state. However, the obtained expression is rather com-
plex and we therefore present it in AppendixB 2 b, see also
Refs. [23,24]. Instead, to illustrate our results, we here present
plots, see Fig.4, using the realistic experimental parameters
from TableII . The only free parameter in the standard setup is
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the detuning�. In the resolved-sideband regime,κ � �mec,
the lowest phonon number is obtained for� 	 �mec, as il-
lustrated in Fig.2. Note however, that the optimal detuning is
exactly given by the mechanical frequency only in the weak-
coupling approximation. All the plots for the standard setup
are done at� = �mec, except for the experimental system
(4) (see TableII ), where we use� = κ. System (4) is not
in the resolved-sideband regime and the cavity linewidth is
larger than the mechanical frequency. As a consequence, if
� = �mec, the Stokes and anti-Stokes rates are almost equal,
not leading to effective cooling. The best cooling is obtained
when the difference between the two rates is the largest, that
is on the slope of the cavity density of states, for a detuning
close toκ.

2. Squeezed-light setup

As in the standard case, we obtain an analytical expression
of the steady-state phonon number (see AppendixC 2 a) for
the squeezed-light setup. Again, the lowest phonon number is
obtained for� 	 �mec. However, we have three additional
parameters: the squeezing purityπs, the squeezing ratiors
and the squeezing angleθ (see Sec.II A 2). As expected,
the best results with respect to the lowest reachable phonon
number are obtained for pure squeezing, i.e.,πs = 1. Besides,
there exists an optimal value of the squeezing angleθ∗ that
minimizes the phonon number. Interestingly, this angle does
not depend on the other squeezing parameters (see Eq. (C8)
in AppendixC 2 bfor the full expression) and, in the limit of
weak coupling and neglecting the mechanical damping rate, it
is given by [47]

tan(2θ∗) = 2�κ

�2 − �mec
2 − κ2

. (29)

Therefore, it is possible to determine this optimal angle from
the optomechanical setupÕs parameters. There exists also an
optimal valuer ∗

s of the squeezing ratio which depends on the
squeezing angle (see AppendixC 2 bfor details). All the plots
for this setup are done using the parameters from TableII , with
� = �mec [except for system (4) for which� = κ], πs = 1
and the values ofθ andrs, which are optimal for reducing the
steady-state phonon number.

Going to the limit of weak coupling and neglecting the
mechanical damping rate, we derive the phonon number in
the effective cold bath (see Sec.II B)

ønsqu
opt = ønopt

(
1 + 2πsNs(�2 + �2

mec+ κ2)
κ2 + (� − �mec)2

−2πs|Ms|
√

κ2 + (� + �mec)2

κ2 + (� − �mec)2
cos(2θ − 2θ∗)

)
,

(30)

where ønopt is the phonon number in the effective cold bath in
the absence of squeezing, in agreement with the results from
[47]. This explicitly shows that, with the appropriate squeez-
ing parameters, we can get acoldereffective cold phonon bath
than with the standard setup, thus allowing to reach a lower

ønÞn. In this limit, the optimal squeezing ratior ∗
s is such that

|Ms(r ∗
s )|

Ns(r ∗
s )

=
√

κ2 + (� + �mec)2

κ2 + (� − �mec)2
, (31)

and then ønsqu
opt = ønopt(1 − πs) [47]. Therefore, in this ideal case

and with perfect squeezing, the lowest attainable temperature
of the effective cold phonon bath is zero.

3. Fano-mirror setup

In this setup, the cavity density of states is centered around
ωd [50] [see Fig.3(c)], therefore the lowest phonon num-
ber can be obtained for�d 	 �mec [50]. As explained in
Sec. II C 3, Fano mirrors with the desired loss rateγd can
be fabricated by engineering the photonic crystal lattice pa-
rameters. It is therefore realistic to use the loss rateγ ∗

d , for
which the phonon number gets minimized, see TableII for the
numerical values, and�d = �mec in the plots. Once again,
to obtain the best cooling, we use a different detuning for
system (4):�d = 2.5�mec (see AppendixD 2 e). We solved
the equations for the second-order moments to obtain ønÞn
numerically (see AppendixD 2 b).

4. Discussion

We have plotted ønÞn as a function of cooperativity for each
setup and for each system from TableII in Fig. 4. For all
four example systems in all three cooling setups, we notice
that at low cooperativity, the thermal noise prevails over the
optomechanical coupling and ønÞn 	 ønmec. Then, when the co-
operativity increases, the optomechanical coupling allows us
to reach lower phonon numbers, in most cases down to the
ground state of the mechanical resonator (namely, ønÞn < 1).
The minimum is reached, when the optomechanical coupling
becomes so large that ønÞn is governed by the occupation of the
effective cold phonon bath, namely, ønÞn ≈ ønopt [see Eq. (19)
obtained in the weak-coupling limit]. Finally, when further
increasing the cooperativity, the coupling becomes so strong
that the optomechanical back-action increases the ßuctuations
of the resonator and the phonon number increases as well.8

This is the case when nonresonant processes of typesδöaδöb
and δöa  δöb  start to play a role. This behavior due to back-
action is not captured by the weak-coupling approximation
[Eq. (19), see also AppendixB 5]. Eventually, the phonon
number diverges.9 Interestingly, Fig.5 shows that the diver-
gence of ønÞn = (〈δ öq2〉 + 〈δ öp2〉 − 1)/2 fully comes from the
position ßuctuations while the momentum ßuctuations keep
decreasing with cooperativity.

There are, however, also differences between the different
systems and between the different setups. Comparing the dif-
ferent setups, we Þnd that both the driving with squeezed light
as well as the use of a Fano mirror allow us to reach lower
phonon numbers than the standard setup, as expected. Inter-
estingly, the steady-state phonon number is, however, only
little decreased with respect to the standard setup. For systems

8In the strong coupling limit, lower phonon numbers can be ob-
tained in an instantaneous instead of the steady state, see Ref. [80].

9The system is no longer stable, see AppendicesB 1 andB 2 b.
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FIG. 5. Fluctuations of the mechanical position (solid lines) and
momentum (dashed lines) quadratures as a function of cooperativity
for the three setups: standard setup in blue (dark gray), squeezed-
light setup in red and orange (medium gray), and Fano-mirror setup
in green (light gray). The number in each subÞgure corresponds
to the system number as given in TableII . For systems (1)Ð(3),
the curves for the standard and squeezed-light setups are almost
identical.

(1)Ð(3), the difference is hardly visible on the log scale used
in Fig. 4; while the absolute difference in the phonon number
is indeed small, the relative difference with respect to the
standard setup is quite signiÞcant, as visible in TableI.

Furthermore, the dips in the curves for the Fano-mirror
setup are always shifted to larger cooperativity values, which
means that a larger optomechanical coupling is required to
cool the resonator. This can be reached by increasing the
power of the laser driving. The shift can be understood by
looking at the weak-coupling picture. For the systems we
consider, the coupling�opt to the effective cold phonon bath,
at a givenC, is weaker in the Fano-mirror setup than in the
standard setup (see AppendixD 2 d).

For all systems in the resolved-sideband regime (the Þrst
three in TableII ), all setups enable ground-state cooling.
While the overall behavior seems very similar for systems
(1)Ð(3), the initial phonon number has very different or-
ders of magnitude in the different systems, meaning that
also the overall reduction in order to reach the ground state
is not the same. Contrast system (4), which is not in the
resolved-sideband regime, does not allow for ground-state

TABLE I. Relative difference between the minimum phonon
number ønÞn reached with the standard and the squeezed-light/Fano-
mirror setup,xsqueezed/Fano= (ønstandard

Þn − ønsqueezed/Fano
Þn )/ønstandard

Þn .

System (1) (2) (3) (4)

xsqueezed 14.4% 22.5% 54.8% 99.4%
xFano 5.0% 22.7% 56.5% 66.4%

cooling when using a coherent drive.10 However, driving with
squeezed light reduces ønÞn below one. Numerical values for
the lowest reachable phonon numbers in all setups and sys-
tems are given in TableII .

C. Evacuated-heat ßow

Traditionally when studying refrigerators, one looks at the
cooling power, namely, the heat that is extracted from the
object to be cooled. Here, heat is extracted from the mechan-
ical resonator by phonons ßowing into the engineered, cold
environment, thereby compensating the heat ßow from the
hot mechanical bath. The evacuated-heat ßow, constituting an
equivalent to the cooling power here, hence corresponds to the
phonon ßow into this cold environment times the frequency
of the mechanical resonator, namely, the energy that each of
these phonons carries away,Jc = øh�mecI

phonon
c . This quantity

can be inferred from measurements of the cavity output light
Þeld, see AppendixB 4 for details.

The ßux of phonons from the resonator to the cavity,
I phonon
c , can be identiÞed in the evolution of the phonon num-

ber [Eq. (23b)] as

I phonon
c = ig〈(δöa + δöa  )(δöb− δöb  )〉. (32)

Note that this expression is very similar to the contribution
μb of the entropy production rate analyzed in Ref. [19] with
I phonon
c = −μb(ønmec+ 1

2 ) in the steady state. The ßux−I phonon
c

is then equal to the ßow of phonons going into the mechanical
environment, which is an irreversible process that con-
tributes to the entropy production rate and, thus, is reßected
in μb.

We obtain the steady-state evacuated-heat ßow in the three
setups and for the four different systems and showJc in Fig. 6
as a function of the cooperativity, up to those values, where ønÞn
diverges. For small cooperativity values, the evacuated-heat
ßow is linear (visible in the insets) but vanishingly small,
namely, when the optomechanical coupling is small. The
result for the evacuated-heat ßow from the weak-coupling
approximation [Eq. (20)], Jc ≈ øh�mec�optønmec, clearly shows
that the phonon ßow for smallC is constrained by the small
coupling to the effective cold phonon bath. It then rapidly
increases at cooperativity values at which�opt ≈ γ . This is
the same parameter range for which the steady-state phonon
number ønÞn starts to differ from the value imposed by the hot
environment, ønmec. The evacuated-heat ßow then saturates at a
constant value,Jc ≈ øh�mecγ ønmec, namely, when the coupling
to the effective optical bath is so large that the ßow of phonons
into the cold bath is only constrained by the inßow of phonons
from the hot mechanical bath. This is the maximum amount of
(phononic) heat that can ßow through the system, as long as
the effective optical phonon bath is colder than the mechanical
bath. Note that this saturation happens at a much smaller co-
operativity than the one at which the minimum ønÞn is reached.
Indeed, the bottleneck of the heat ßow through the system
is reached when�opt exceedsγ ; however, equilibration of

10This would require feedback cooling (see, for instance, Ref. [23]),
as was done in the experiment using this setup [28].
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TABLE II. Parameters of four different optomechanical systems that we consider for our thermodynamic analysis of optomechanical
cooling. The last section in the table indicates the minimum achievable steady-state phonon number ønÞn for each of the setups and the section
above corresponds to the assumed parameters we used in the Þgures.

System (2) System (3) System (4)
Quantity of interest Symbol System (1) [25,63] [27,64] [28]

sideband sideband sideband non
-resolved, -resolved, -resolved, -sideband

MHz GHz levitated resolved
Mechanical frequency �mec/2π 1× 106 Hz 3.7× 109 Hz 3.05× 105 Hz 1.14× 106 Hz
Mechanical damping rate γ /2π 0.1 Hz 3.5× 104 Hz 1.6× 10−4 Hz 1.1× 10−3 Hz
Mechanical environment temperature Tmec 4 K 20 K 300 K 10 K
Average phonon number atTmec ønmec 8.3× 104 7.1× 102 1.3× 108 1.1× 106

Laser wavelength λlas 1550 nm 1537 nm 1064 nm 795 nm
Cavity loss rate κ/2π 2× 105 Hz 5× 108 Hz 1.93× 105 Hz 1.59× 107 Hz
Cavity length Lcav 3.75× 10−3 m 3× 10−6 m 1.07× 10−2 m 1.6× 10−3 m
Cavity free spectral range �/2π 4.0× 1010 Hz 1.44× 1013 Hz 1.40× 1010 Hz 9.38× 1010 Hz
Single-photon coupling strength g0/2π 10 Hz 9.1× 105 Hz 0.3 Hz 129 Hz

Sideband resolution �mec/κ 5 7.4 1.58 0.07
Granularity parameter g0/κ 5.0× 10−5 1.8× 10−3 1.5× 10−6 8.1× 10−6

Mechanical quality factor Qmec = �mec/γ 1.0× 107 1× 105 1.9× 109 1.03× 109

Single-photon quantum cooperativity C0 = 2g2
0/κγ ønmec 6.0× 10−8 6.6× 10−5 2.2× 10−11 8.6× 10−7

Number of coherent oscillations Qmec/ønmec 120.0 140.8 14.8 936.7

Effective detuning � = �0 − g0

√
2 øq �mec �mec �mec κ

Squeezing angle θ 0.835 rad 0.819 rad 0.939 rad 1.11 rad
Squeezing ratio rs 0.050 0.034 0.154 0.711
Squeezing levela −10 log10(2〈�Pθ

in,s〉) 0.87 dB 0.59 dB 2.7 dB 15.4 dB
Fano mode loss rate γd/2π 8.0× 107 Hz 4.38× 1011 Hz 7.71× 106 Hz 1.31× 106 Hz
Fano setup, left-side loss rate κL/2π 8.0× 1010 Hz 2.88× 1013 Hz 2.80× 1010 Hz 1.88× 1011 Hz
Fano setup, right-side loss rate κR/2π 5.0× 107 Hz 8.22× 109 Hz 1.75× 108 Hz 5.70× 1011 Hz

Minimum phonon number, standard setup min(ønstandard
Þn ) 0.077 0.021 0.21 6.7

Minimum phonon number, squeezed-light setup min(ønsuqeezing
Þn ) 0.066 0.016 0.096 0.039

Minimum phonon number, Fano-mirror setup min(ønFano
Þn ) 0.073 0.016 0.091 2.4

aThis is the amount of squeezing in dB below shot noise, with the variance of shot noise being 1/2 and〈�Pθ
in,s〉 the variance of the squeezed

quadrature.

the resonator at some ønÞn is governed by the effective cold
bath only when the exchange rate�optønopt exceedsγ ønmec.
Importantly, the evacuated-heat ßow isnot affected by the
backaction effect leading to an increase of ønÞn at large co-
operativity. This means that the opposite heat ßow from the
nonresonant termsδöaδöb and δöa  δöb  exactly counterbalance
each other, see AppendixB 3 and the plot therein. The strong
hybridization between cavity photons and phonons in the limit
of large cooperativity can hence be understood as leading
to a direct steady-state heat ßow between mechanical bath
and light Þeld, with less cooling effect on the local mechani-
cal subsystem. Note that this crucial difference between the
behaviors of the lowest reachable phonon number and the
evacuated heat ßow clearly show the complementarity of these
two performance quantiÞers.

The described qualitative behavior is globally the same in
all setups and for all studied systems. The threshold, which is
needed to signiÞcantly cool down the resonator, is, however,
higher for the Fano mirror, since, as discussed previously,
higher cooperativities are needed to establish a�opt that is
comparable to the one of the standard and the squeezed-light
setup. The standard setup and the setup fed by squeezed light
only differ by small numerical values. This means that the

evacuated-heat ßow is not inßuenced by the noise properties
of the input light. Indeed, in the weak-coupling regime that
governs the physics of the evacuated-heat ßow, squeezing only
enters via ønopt, see Eqs. (2), which is negligibly small both in
the standard and the squeezing setup.

D. EfÞciencies

The squeezed-light and Fano-mirror setups allow us to
reach lower phonon numbers than the standard setup without
altering the saturation value of the evacuated-heat ßow. In
this section, we aim to understand if these cooling schemes
are more or less efÞcient, namely, whether they require extra
resources to evacuate the same amount of heat and reach
resonator states close to the ground state. We therefore look at
the cooling efÞciencyηfull deÞned as the evacuated-heat ßow
divided by the laser power [Eq. (13)] as well as a complemen-
tary cooling efÞciencyηconv, characterizing the efÞciency of
the phonon-photon conversion process.

1. Full cooling efficiency

To obtain the full cooling efÞciency for all setups and sys-
tems, we insert the expression for the laser power, Eq. (5), and
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FIG. 6. Evacuated-heat ßow as a function of cooperativity for the
three setups (indicated by different lines in each plot). The insets
show the evacuated-heat ßow at low cooperativity with a linear scale.
The number in each subÞgure corresponds to the system number in
the parameter TableII .

for the evacuated-heat ßow, Eq. (32), into the full efÞciency,
ηfull = Jc/Plas. The drive amplitudeε of the laser, entering
the expression for the laser power is determined from the
steady-state amplitude of the Þeld in the cavity,|α| = g/g0,
using Eq. (14a) in the standard and squeezed-light setups and
Eq. (25a) for the Fano-mirror setup. The resulting full cooling
efÞciency is plotted in Fig.7 as a function of the cooperativity.

For all setups and systems, the cooling efÞciency is con-
stant until some cooperativity threshold, namely, the one
at which the evacuated-heat ßow displays a crossover to a
plateau. The reason for this is that both the evacuated-heat
ßow as well as the laser power are linear inC for small coop-
erativities. The small magnitude of the full cooling efÞciency
derives from the low phonon energy compared to the energy of
the laser photons and the weak optomechanical single-photon
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FIG. 7. Full cooling efÞciencyηfull as a function of cooperativ-
ity for the three setups (indicated by different lines in each plot).
The number in each subÞgure corresponds to the system number
in parameter TableII . Note that the full cooling efÞciency of the
squeezed-light setup differs from the plotted one by a factorR as
given in Eq. (33).

coupling g0. At cooperativities at which the evacuated-heat
ßow sets in, the full cooling efÞciency decreases rapidly. We
chose to cut the curves at the cooperativities, in which the
phonon number ønÞn diverges.

The full cooling efÞciencies for the three setups have
similar features but differ by their magnitude. The largest
efÞciency is the one of the standard setup, since it requires the
least laser-power input. For the squeezed-light setup, only the
reßected fractionRof the input laser power is actually used for
driving the cavity, while the remaining transmitted part feeds
the DPA, generating the squeezing, see Fig.3(a). Therefore,
the actual efÞciency,η′

full , is smaller than the plotted one,ηfull ,
by a factorR,

η′
full = Jc

Plas/R
= Rηfull . (33)

The factor R by which the full cooling efÞciency of the
squeezed-light setup is reduced with respect to the one of the
standard setup hence depends on the cost of the squeezing
generation. We refrain from giving a speciÞc value forR
because quantifying this cost requires to Þx the details of the
experimental setup used to generate the squeezed vacuum.
With Eq. (33), we provide an instruction on how to include
the cost of squeezing in a concrete experimental realization.

The full cooling efÞciency of the Fano-mirror setup is
orders of magnitude smaller than the one of the standard (and
squeezed-light) setup. Indeed, as visible in Eqs. (25), for the
Fano-mirror setup, the laser Þeld not only creates the steady-
state Þeld in the cavity but also the one in the mirror mode. So
more laser power is required to reach the same value ofα, and
therefore the same cooperativity. Thus,ηfull illustrates how
much extra resources are required to cool down the resonator
using a Fano mirror.

Overall, reaching lower phonon numbers, either with
squeezed light (as one has to account for the factorR < 1
taking into account the cost to create squeezed light) or a Fano
mirror, is hence more costly and reduces the efÞciency of the
cooling process.

Comparing the efÞciencies of the example realizations of
different systems, we note that the full cooling efÞciency of
the nonresolved sideband system (4) is similar to systems (1)
and (3), even though the phonon number ønÞn of system (4) is
larger than the one for the standard and Fano-mirror setups.
This motivates us to deÞne in the following section another
cooling efÞciency that is more sensitive to whether the system
is in the resolved-sideband regime.

As is commonly the case in thermodynamics, there is a
trade-off between optimizing the efÞciency and the desired
output. While in a standard refrigerator, this trade-off is typi-
cally analyzed between the efÞciency and the cooling power,
we here identify the lowest reachable phonon number as the
relevant quantity which should be optimized, possibly to-
gether with the efÞciency of the heat evacuation process. We
illustrate this trade-off in Fig.8. Indeed,ηfull starts to decrease
at a cooperativity orders of magnitude lower than the one at
which ønÞn reaches its minimum value.
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FIG. 8. Full cooling efÞciencyηfull as a function of the effective
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each plot). The number in each subÞgure corresponds to the system
number in parameter TableII . Note that the full cooling efÞciency of
the squeezed-light setup differs from the plotted one by a factorR as
given in Eq. (33).

2. Conversion efficiency

The full cooling efÞciency,ηfull , discussed above compares
the evacuated-heat ßow to thefull laser power input needed
to set up the cooling mechanism. While this yields a rather
complete beneÞt/cost ratio, it gives less insight about the
cooling efÞciency of the optomechanical conversion process
from phononic to photonic heat. Note however, that the light
leaking out of the cavity could in principle partly be reused;
thus, this part would further be available as a resource. In
this subsection, we therefore introduce an alternative cooling
efÞciency that we callconversion ef�ciency.

When looking at the microscopic process, it is of interest to
consider the photons involved in the optomechanical interac-
tion as the resource. We therefore start by identifying the ßux
of photons interacting with the mechanics

I photon = ig(〈δöa  (δöb  + δöb)〉 − 〈δöa(δöb  + δöb)〉). (34)

We have obtained this quantity by analyzing the evolution of
the photon number, Eq. (23a). Note that this expression is very
similar to the contributionμa of the entropy production rate
analyzed in Ref. [19] with I photon = μa/2 in the steady state.
Again, this is not surprising asI photon describes the ßux of
photons that ultimately leak out of the cavity to the optical
environment, which is an irreversible process that contributes
to the entropy production rate. Further, alsoI photon can be
inferred from measurements of the output cavity light Þeld;
for details, see AppendixB 4.

With this, the conversion efÞciency can be deÞned as the
evacuated-heat ßow (phonons ßowing out of the resonator into
the cold bath) with respect to the ßow of photons that actually
interact with the mechanics:

ηconv = I phonon
c

I photon
. (35)
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FIG. 9. Conversion efÞciencyηconv as well asη′
conv as a function

of cooperativity for the three setups (indicated by different lines
in each plot). The insets show the same plots but in log-log scale.
The number in each subÞgure corresponds to the system number in
parameter TableII . The insets show sections of the main plots as
log-log plots.

Using Eqs. (32) and (34), we obtain

ηconv = 〈δöa  δöb− δöaδöb  〉 − 〈δöa  δöb  − δöaδöb〉
〈δöa  δöb− δöaδöb  〉 + 〈δöa  δöb  − δöaδöb〉 . (36)

In sideband cooling schemes, the detuning of the laser
drive is close to resonance with the beam-splitter terms,
δöa  δöb andδöaδöb  , while the two-mode-squeezing terms,δöaδöb
and δöa  δöb  , are nonresonant. The latter are detrimental to
the cooling, i.e.,〈δöa  δöb  − δöaδöb〉 > 0 (a plot of the beam-
splitter and two-mode-squeezing contributions to the heat
ßow is included in AppendixB 3), leading toηconv < 1. How-
ever, when the beam-splitter terms are perfectly resonant,
that is for � = �mec in the resolved-sideband regime the
two-mode-squeezing contributions become negligible in the
weak-coupling limit and the conversion efÞciency goes to 1.
Note that in the Fano-mirror setup, there is an extra term in the
evolution of the photon number [Eq. (27)] due to the added
mirror mode. This extra term does neither interact with the
mechanics nor is it leaking out of the cavity. If interested in
this extra cost of the interaction between the cavity and the
Fano-mirror mode as well, one can take this term into account
as one of the resources in the efÞciency, which then gives

η′
conv = gIm(〈δöb  (δöa  + δöa)〉)

gIm(〈δöa(δöb  + δöb)〉) − Re(G〈δ ödδöa  〉) . (37)

Figure9 shows the conversion efÞciency,ηconv, as a func-
tion of cooperativity for all setups and systems. One Þrst
observes that the conversion efÞciency is by orders of mag-
nitude larger than the full cooling efÞciency and can even
reach values up to 1. This means that the largest reduction
of resources provided by the laser comes from the reusable
laser power, which is accounted for inηconv but not inηfull .
At the same time, it shows that it is the conversion efÞciency,
ηconv, which provides the deepest insights into the fundamen-
tal physics of our cooling process.
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Interestingly, while the full efÞciencyηfull rapidly de-
creases at those cooperativity values at which the evacuated-
heat ßow starts to be considerably large, the conversion
efÞciency,ηconv stays close to maximal up to those cooper-
ativity values, at which the phonon number, ønÞn approaches
its minimum.

The conversion efÞciency is overall the largest for the
Fano-mirror setup, while it is very similar for the squeezed-
light and standard setups. This similarity between standard
and squeezed-light setup reßects that the effect of squeezing
is mainly a reduction of the temperature of the cold effec-
tive phonon bath. Instead, the presence of the Fano mirror
improves the conversion process. However, the modiÞed con-
version efÞciency of the Fano-mirror setup,η′

conv, which takes
into account the cost of the interaction between the cavity and
Fano-mirror modes (light green dotted line), is reduced by up
to several orders of magnitude. That can be seen best in the
insets of the plot panels of Fig.9.

This is different only for system (4), which is not in the
sideband-resolved regime. For system (4), as expected, the
conversion efÞciency is smaller than for the other systems.
Surprisingly, the Fano-mirror setup is signiÞcantly more efÞ-
cient than the other two setups, even when looking atη′

conv,
which means that the asymmetry in the density of states of
the cavity created by the Fano mirror can provide the same
evacuated-heat ßow out of the nonsideband resolved system,
at the cost of much less resources than what is required for the
standard setup using coherent or squeezed light.

The relation between the conversion efÞciency and the
smallest reachable steady-state phonon number, ønÞn, is plotted
in Fig.10. While also here a trade-off can be observed, impor-
tantly, the conversion efÞciency is shown to be large down to
phonon numbers that are very close to the lowest reachable
values.

IV. CONCLUSION

In this paper, we have provided a detailed thermodynamic
analysis of optomechanical sideband cooling for different se-
tups of cavity optomechanicsÑa standard setup employing a
coherent laser drive or a squeezed laser drive, as well as a
setup with a Fano mirror as one of the cavity mirrors. We
have demonstrated how optomechanical cooling is realized
by powering a heat valve that connects the mechanical res-
onator, heated by its coupling to a mechanical bath, to an
engineered cold phonon bath provided by the optical driving.
We have analyzed the lowest steady-state phonon number that
can be reached for the mechanical system, together with the
evacuated-heat ßow and the efÞciencies of the cooling pro-
cess. The latter are additional, complementary performance
quantiÞers that we have identiÞed in our heat-valve setting
and that turn out to be particularly insightful in the analysis
put forward here.

This comprehensive theoretical analysis, which goes be-
yond the validity regime of previous studies of sideband cool-
ing [47], employs realistic numbers from a broad range of pos-
sible experimental implementations [25,27,28,56,57,63,64].
Our analysis has two main beneÞts. First, it provides an
improved understanding of the underlying processes and the
required mechanisms and resources for different optome-
chanical cooling setups. Second, the understanding of the
thermodynamicsunderlying sideband cooling, as discussed in
this paper, will enable further development of thermodynamic
machines exploiting the heat ßow between hot phonon bath
and cold bath, engineered by the laser-light induced phonon-
photon coupling.
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APPENDIX A: SPECIFIC PARAMETERS USED
IN THE FIGURES

All the parameters used in the Þgures are gathered in
TableII . The columns correspond to each of the studied sys-
tems. The uppermost section of the table contains the actual
experimental parameters, the second one gives some insight-
ful parameter ratios, the third one corresponds to the assumed
parameters we used for the squeezed-light and Fano-mirror
setups and the last one indicates the minimum achievable
phonon number ønÞn in the mechanical resonator for each of
the setups.

APPENDIX B: Standard setup

1. Steady state and linearization

The semiclassical steady state of the optomechanical sys-
tem is given by Eqs. (14), which are actually a nonlinear
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�mec(κ2 + �2).

system of equations because the effective detuning� depends
on the steady-state mechanical position øq [23]. As a conse-
quence, the average photon number in the cavity,|α|2, is a
solution of the cubic equation

|α|2
(

κ2 +
(

�0 − 2g2
0

�mec
|α|2

)2
)

= |ε|2. (B1)

Therefore there are two different regimes depending on the
optomechanical parameters and the laser power and detuning:
one where the above equation has a single real root and
one where it has three. The systems (see TableII ) with the
respective detunings considered in this paper are in the Þrst
regime, therefore, there is a unique steady state (α, øq). On the
other hand, in the second regime there are multiple possible
steady states, see, for instance, Ref. [55], Chap. 2, for more
details.

We study the evolution of the optomechanical system
around this steady state by splitting the Heisenberg op-
erators in the Langevin equations (2) into a steady-state
value and a ßuctuation operator: öa = α + δöa, öq = øq + δ öq
and öp = øp+ δ öp, with øp = 0. Then, we use Eqs. (14) and
neglect the second-order terms (inδöaδ öq and δöa  δöa) to
obtain the linearized Langevin equations (22). In these
equations, the nondissipative part of the evolution is
governed by the quadratic HamiltonianöHlin, given in
Eq. (15).

The stability of the optomechanical system can be deter-
mined by applying the Routh-Hurwitz criterion, from which

emerges the stability conditionSRH > 0 [23,24], with

SRH = �mec(κ2 + �2) − 4g2�. (B2)

As can be seen in Fig.11, the four systems studied in this pa-
per fulÞll this stability condition for all the considered values
of the couplingg.

2. Solving the dynamics

a. Solution of the Langevin equations

The system of equations (22) can be solved in the fre-
quency domain [23]. We have used the following convention
for the Fourier transform:öf [ω] = ∫ +∞

−∞ dteiωt öf (t ). In particu-
lar, the expression of the mechanical position is given by

χeff
mec[ω]−1δ öq[ω] =

√
2κ2g((κ − iω) öXin[ω] + � öPin[ω])

(κ − iω)2 + �2

+ √
γ öξ [ω], (B3)

with the input noise quadraturesöXin = (öain + öa 
in)/

√
2 and

öPin = i (öa 
in − öain)/

√
2. The mechanical susceptibility is given

by

χeff
mec[ω] = �mec

(
�2

mec− ω2 − iωγ − 4g2��mec

(κ − iω)2 + �2

)−1

.

(B4)
We can put it in the usual form for a harmonic oscillator [7],
that is,

χeff
mec[ω] = �mec

(
�eff

mec[ω]2 − ω2 − iωγ eff[ω]
)−1

,

identifying the effective mechanical frequency�eff
mec[ω] =

�mec+ δ�mec[ω] and damping rateγ eff[ω] = γ + �opt[ω].
We have denoted

δ�mec[ω] = − 2g2�(κ2 − ω2 + �2)
(κ2 + (ω − �)2)(κ2 + (ω + �)2)

, (B5)

�opt[ω] = 8g2��mecκ

(κ2 + (ω − �)2)(κ2 + (ω + �)2)
. (B6)

δ�mec[ω] is the frequency shift due to the optical spring
effect [7]. In the weak-coupling regime, we can neglect the
contributions to the evolution of the nonresonant frequencies,
therefore the effective frequency from the master equation
(16) is equal to�eff

mec[�mec] and the cold bath damping rate
is given by�opt[�mec].

b. Lyapunov equation

From the Langevin equations (22) and using the correla-
tion functions of the noise, Eqs. (3) and (6), we obtain the
evolution of the second-order moments of the quadratures:

d〈δ öX2
a 〉

dt
= 2�〈δ öXaδ öPa〉 − 2κ

〈
δ öX2

a

〉 + κ, (B7a)

d〈δ öXaδ öPa〉
dt

= �
(〈
δ öP2

a

〉 − 〈
δ öX2

a

〉) + 2g〈δ öXaδ öq〉 − 2κ〈δ öXaδ öPa〉, (B7b)

d〈δ öXaδ öq〉
dt

= �mec〈δ öXaδ öp〉 + �〈δ öPaδ öq〉 − κ〈δ öXaδ öq〉, (B7c)

d〈δ öXaδ öp〉
dt

= −�mec〈δ öXaδ öq〉 + �〈δ öPaδ öp〉 + 2g
〈
δ öX2

a

〉 − (γ + κ )〈δ öXaδ öp〉, (B7d)
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d〈δ öP2
a 〉

dt
= −2�〈δ öXaδ öPa〉 + 4g〈δ öPaδ öq〉 − 2κ〈δ öP2

a 〉 + κ, (B7e)

d〈δ öPaδ öq〉
dt

= −�〈δ öXaδ öq〉 + �mec〈δ öPaδ öp〉 − κ〈δ öPaδ öq〉 + 2g〈δ öq2〉, (B7f)

d〈δ öPaδ öp〉
dt

= −�〈δ öXaδ öp〉 − �mec〈δ öPaδ öq〉 − (γ + κ )〈δ öPaδ öp〉 + 2g(〈δ öXaδ öPa〉 + 〈δ öqδ öp〉), (B7g)

d〈δ öq2〉
dt

= 2�mec〈δ öqδ öp〉, (B7h)

d〈δ öqδ öp〉
dt

= �mec(〈δ öp2〉 − 〈δ öq2〉) + 2g〈δ öXaδ öq〉 − γ 〈δ öqδ öp〉, (B7i)

d〈δ öp2〉
dt

= −2�mec〈δ öqδ öp〉 + 4g〈δ öXaδ öp〉 − 2γ 〈δ öp2〉 + γ (2ønmec+ 1), (B7j)

where we have deÞned the optical quadraturesδ öXa = (δöa +
δöa  )/

√
2 andδ öPa = (δöa − δöa  )/i

√
2. From these equations,

we get the evolution of the photon and phonon numbers,
〈δöa  δöa〉 = 1

2 (〈δ öX2
a 〉 + 〈δ öP2

a 〉 − 1) and 〈δöb  δöb〉 = 1
2 (〈δ öq2〉 +

〈δ öp2〉 − 1):

d〈δöa  δöa〉
dt

= 2g〈δ öPaδ öq〉 − 2κ〈δöa  δöa〉, (B8a)

d〈δöb  δöb〉
dt

= 2g〈δ öXaδ öp〉 + γ

(
ønmec+ 1

2
− 〈δ öp2〉

)

= −I phonon
c − I phonon

h . (B8b)

We have identiÞed the phonon ßowsI phonon
c = −2g〈δ öXaδ öp〉

and I phonon
h = −γ (ønmec+ 1

2 − 〈δ öp2〉) directed towards the
cold and hot bath, respectively. Similarly, the ßow of photons
coming from the cavity and interacting with the mechan-
ics readsI photon = 2g〈δ öPaδ öq〉. Rewriting Eqs. (B8) fully in
terms of the annihilation and creation operators, we obtain
Eqs. (23).

The linearized HamiltonianöHlin [Eq. (15)] is Gaussian.
Therefore, the system of equations (B7) can be rewritten in
the form of a Lyapunov equation forV, the covariance matrix
of the quadratures,

dV
dt

= AV + VAT + B. (B9)

The elements of covariance matrixV are deÞned as

Vi j = 1
2〈{Yi ,Yj }〉 − 〈Yi〉〈Yj 〉, (B10)

where
Y is the vector of operators (δ öXa, δ öPa, δ öq, δ öp). We have
deÞned the matrices

A =

⎡
⎢⎣

−κ � 0 0
−� −κ 2g 0
0 0 0 �mec
2g 0 −�mec −γ

⎤
⎥⎦, (B11a)

B =

⎡
⎢⎣

κ 0 0 0
0 κ 0 0
0 0 0 0
0 0 0 γ (2ønmec+ 1)

⎤
⎥⎦. (B11b)

We then determine the steady-stateøV by solving 0= A øV +
øV AT + B and obtain the steady-state phonon number

ønÞn = 1
2

( øV33 + øV44 − 1). (B12)

Furthermore, the steady-state efÞciencies [Eqs. (36) and (13)]
can be expressed as

ηfull = −4κ�mecgøV14

ωlas|ε|2 , (B13)

ηconv = −
øV14

øV23
. (B14)

We therefore obtain the following analytical expressions

ønÞn = g2c1 + γ ønmecc2

c3SRH
, (B15)

ηfull =
(
4�mecg2

0γ κ2
)
(c4 + ønmecc5)

(�2 + κ2)ωlasc3
, (B16)

ηconv = γ SRH(c4 + ønmecc5)
�mec(c6 + γ ønmecc7)

, (B17)

with SRH deÞned by Eq. (B2) and

c1 = [
�mec(�2 + κ2)2 + (

�2 − 4��mec+ 2�mec
2 + κ2)SRH

]
κ2

+ γ
[
�2(�3 + �mec

3) − 2��mec
2g2 + (2�3 + 2�2�mec+ �mec

3)κ2 + (� + 2�mec)κ4

+ (
�2 − 3��mec+ κ2)SRH

]
κ

+ γ 2[2�2�mecg2 + (2� + �mec)κ4 + �2(2� + �mec)κ2] + γ 3(�2 + κ2)κ�, (B18a)

c2 = [
�mecκ

6 + (
3�2�mec+ 2�3

mec− 2�g2)κ4 + ((
3�4 + �4

mec

)
�mec− 2

(
2�2 + 3�2

mec

)
�g2)κ2
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+�
((

�2 − �2
mec

)2
��mec− 2

(
�4 − 5�2�2

mec+ 2�4
mec

)
g2 − 8��mecg4

)]
κ

+ γ
[
2�mecκ

6 + 2
(
2�2�mec+ �3

mec− 2�g2)κ4 + 2�
(
��mec

(
�2 + �2

mec

) − (
2�2 + 3�2

mec

)
g2)κ2

+ 2g2�2�mec
(
��mec− 2g2)] + γ 2[�mecκ

4 + 2
(
��mec− g2)�κ2 + (

��mec− 2g2)�3]κ, (B18b)

c3 = 8��mecg2κ2 + γ
[
κ4 + 2

(
�2 + �2

mec

)
κ2 + (�2 − �2

mec)
2 + 8��mecg2]κ

+2γ 2[��mecg2 + (
�2 + �2

mec

)
κ2 + κ4] + γ 3(�2 + κ2)κ, (B18c)

c4 = −(
κ2 + (� − �mec)2)κ + (

��mec+ κ2 − �2)γ , (B18d)

c5 = 2��mec(γ + 2κ ), (B18e)

c6 = 4
(
�2 + κ2)g2κ2 + γ

[
(κ2 + �2)2 + 2g2(4κ2 + �2

mec

) + (�mec− 2�)SRH
]
κ

+ γ 2[2κ4 + (
�2 + (� − �mec)2 + 4g2)κ2 + �2�mec(�mec− �) + 2�(2� − �mec)g2] + γ 3(�2 + κ2)κ, (B18f)

c7 = [
(κ2 + �2)2 + �mecSRH

]
2κ + γ

[(
�2

mec+ 4κ2)(κ2 + �2) + �mecSRH
] + γ 2(�2 + κ2)2κ. (B18g)

Wheng reaches the critical value

gcrit =
√

�mec

4�
(κ2 + �2), (B19)

the matrixA is not invertible and the Lyapunov equation (B9)
does not have a steady state. In particular, ønÞn diverges, as
visible in Fig. 4. This critical value of the couplingg corre-
sponds to the point at which the stability conditionSRH > 0
(see AppendixB 1) is no longer fulÞlled.

c. Beyond the white-noise approximation

According to Ref. [81], the white-noise approximation
for the mechanical noise [Eq. (3)] gives inconsistent results,
even at high temperature because the commutation relation
[ öq, öp] = i is not preserved and it yields a spurious term in the
phase ßuctuation spectrum. Depending on the quantities of
interest this does not necessarily impact the results, like in our
case (see AppendixB 5). Nevertheless, to restore the correct
commutation relation, the thermal noise operator should fulÞll
the following relations:

〈öξ (t )öξ (t ′)〉 =
∫

dω
ωe−iω(t−t ′ )

2π

coth
( øhω

2kBTmec

) + 1

�mec
, (B20)

[ öξ (t ), öξ (t ′)] = 2i
1

�mec

d
dt

δ(t − t ′). (B21)

To compute the steady-state phonon number without making
the white-noise approximation, we use the same method as in
Ref. [23]. The effective phonon number is given by1

2(〈δ öq2〉 +
〈δ öp2〉 − 1), therefore, we can compute it from the position and
momentum ßuctuations:

〈δ öq2〉 =
∫ +∞

−∞

dω

2π
Sq[ω], (B22)

〈δ öp2〉 =
∫ +∞

−∞

dω

2π

ω2

�2
mec

Sq[ω]. (B23)

The position ßuctuation spectrum,

Sq[ω] =
∫ +∞

−∞
dteiωt 〈δ öq(t )δ öq(0)〉

=
∫ +∞

−∞

dω′

2π
〈δ öq[ω]δ öq[ω′]〉, (B24)

is obtained from the solution of the Langevin equations (B3).
In this case, the noise correlation functions are

〈öξ [ω] öξ [ω′]〉 = 2π
ω

�mec

[
1 + coth(

øhω

2kBTmec
)
]
δ(ω + ω′),

(B25)

and

〈 öXin[ω] öXin[ω′]〉 = 〈 öPin[ω] öPin[ω′]〉 = πδ(ω + ω′),

(B26a)

〈 öXin[ω] öPin[ω′]〉 = −〈 öPin[ω] öXin[ω′]〉 = iπδ(ω + ω′).

(B26b)

So, we get

Sq[ω] = ∣∣χeff
mec[ω]

∣∣2(Sth[ω] + Srp[ω]), (B27)

where

Sth[ω] = γ
ω

�mec
coth

(
øhω

2kBTmec

)
, (B28)

Srp[ω] = 4g2κ

κ2 + (ω − �)2
, (B29)

are the thermal and radiation pressure noise spectra. To avoid
lengthy computation, we did not calculate the analytical ex-
pression for the phonon number but integrated it numerically
instead. We conÞrmed that it gives almost identical results as
the white-noise approximation for the parameters considered
in this paper [see Fig.13].

For the other quantities, namely,Jc, ηfull and ηconv, we
would also need to compute〈δ öXaδ öp〉 and 〈δ öPaδ öq〉. This can

063519-17



JULIETTE MONSELet al. PHYSICAL REVIEW A 103, 063519 (2021)

10−6

100

co
ol

in
g

p
ow

er

(1) 10−9

100

(2)

10−8 10−4 100 104

C

10−3

100

103

co
ol

in
g

p
ow

er

(3)

10−8 10−4 100 104

C

10−6

100

106

(4)

Jc/h̄Ωmecκ JBS
c /h̄Ωmecκ −JTMS

c /h̄Ωmecκ

FIG. 12. Beam splitter (dashed dark blue line) and two-mode
squeezing (dotted orange line) contributions to the evacuated-heat
ßowJc (solid cyan line) as a function of cooperativity for each of the
systems from TableII . We have actually plotted−JTMS

c so as to see
all the curves on the same plot in log-log scale.

be done by inserting the solution of the Langevin equations
(22) in the frequency domain into

〈δ öXaδ öp〉 =
∫ +∞

−∞

dω

2π

∫ +∞

−∞

dω′

2π
〈δ öXa[ω]δ öp[ω′]〉, (B30)

〈δ öPaδ öq〉 =
∫ +∞

−∞

dω

2π

∫ +∞

−∞

dω′

2π
〈δ öPa[ω]δ öq[ω′]〉. (B31)

Note that this approach could be used to treat a case where
the input noise in the cavity is not vacuum noise by replacing
Eqs. (B26) by the appropriate correlation functions.

3. Contributions to the evacuated-heat ßow

The evacuated-heat ßowJc, Eq. (32), can be split into
two contributions:Jc = JBS

c + JTMS
c , whereJBS

c = ig〈δöa  δöb−
δöaδöb  〉 comes from the beam-splitter interaction term
−øhg(δöa  δöb+ δöaδöb  ) in the Hamiltonian öHlin [Eq. (15)]
andJTMS

c = ig〈δöaδöb− δöa  δöb  〉 from the two-mode-squeezing
term −øhg(δöaδöb+ δöa  δöb  ). In the RWA, valid in the weak
coupling regime (see next AppendixB 5) for � close to
�mec, only the beam-splitter contribution is taken into ac-
count. Figure12 indeed shows that in the resolved-sideband
regime [systems (1)Ð(3)],JTMS

c is negligible at lowC, then
both contributions diverge whileJc remains constant. In the
nonresolved-sideband regime [system (4)],Jc has the same
behavior but the two contributions are always of the same
order of magnitude.

4. Measuring the photon and phonon ßows

In an experiment, the power spectra of the quadraturesöXout
and öPout of the light Þeld leaking out of the cavity can be
measured using a double homodyne detection scheme. They
are related to the ßuctuation spectra of the quadratures of the

intracavity Þeld by

SXout[ω] = SXin [ω] + 4κ|α|2δ(ω) + 2κSXa[ω], (B32)

SPout[ω] = SPin [ω] + 2κSPa[ω], (B33)

where we have used the input-output relation öaout = öain −√
2κ öa. The power spectra are deÞned like in Eq. (B24).
Besides, using the equations for the second-order moment

(B7) in the steady state, the phonon and photon ßows,I phonon
c

from Eq. (32) andI photon from Eq. (34), can be expressed as
functions of〈δ öX2

a 〉 and〈δ öP2
a 〉:

I phonon
c = 2κ

��

[
κ2〈δ öX2

a

〉 − �2〈δ öP2
a

〉 + �2 − κ2

2

]
, (B34)

I photon = κ
[〈
δ öX2

a

〉 + 〈
δ öP2

a

〉 − 1
]
. (B35)

For a given operatoröA, 〈 öA2〉 = ∫ +∞
−∞

dω
2π

SA[ω], so we obtain

I phonon
c = 2κ

��

∫ +∞

−∞

dω

2π

(
κ2SXa[ω] − �2SPa[ω]

)

+ κ (�2 − κ2)
��

, (B36)

I photon = κ

∫ +∞

−∞

dω

2π
(SXa[ω] + SPa[ω] ) − κ. (B37)

The cavity loss rateκ and the effective detuning� can
be measured using optomechanically induced transparency,
thereforeI phonon

c andI photon are accessible experimentally. Fi-
nally, since the laser input powerPlas can also be determined,
we have access to the evacuated-heat ßowJc and both efÞ-
cienciesηfull andηconv.

5. Comparison of the different approximations

Different approaches involving various approximations are
used in the literature when studying optomechanical systems.
Here we provide a quick overview of their differences and
how this impacts the steady-state phonon number in the case
of the setups considered in this article.

The simplest case is to consider the weak-coupling regime
(see Ref. [7,21] and Sec.II B) whereg � κ,�mec. This allows
us to neglect the mechanical backaction in the ßuctuation
spectrum of the radiation pressure force and the steady-state
phonon number in the resonator is given by Eq. (19).

When going beyond the weak coupling limit, two com-
monly used approaches are master equations (e.g., Ref. [24])
or Langevin equations (e.g., Refs. [23,55]). Modeling of the
Brownian motion of a mechanical resonator is a complex
problem, as highlighted in Refs. [81,82], for instance, and
these two approaches usually do it differently which leads
to different values for ønÞn. Nevertheless, these differences
vanish in the limit of high temperatureTmec and high qual-
ity factor Qmec, which is relevant for the setups studied in
this article (see TableII ). A detailed derivation of both the
master equation and the Langevin equations valid beyond the
high-temperature regime for the mechanical bath is provided
in Ref. [82]. Typically, in the master equation approach, the
Brownian motion is modeled by the dissipative termγ (1 +
ønmec)D[ öb]öρ + γ ønmecD[ öb  ]öρ in the evolution of the density
operator öρ, whereD[ öO]öρ = öOöρ öO  − 1

2{ öO  öO, öρ}. This term
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FIG. 13. Comparison of the resonatorÕs steady-state phonon
number ønÞn obtain with different methods for each of the systems
from TableII .

corresponds to symmetrical noise affecting identically the öq
and öp quadratures. Conversely, in the Langevin equations,
the thermal noise typically only acts on öp [like in Eqs. (2)].
However, symmetrical noise can be obtained by making a

RWA during the derivation of the Langevin equations (see
Chap. 1 in Ref. [55]).

Figure13 shows the resonatorÕs steady-state phonon num-
ber ønÞn computed with different methods: the weak-coupling
limit using Eq. (19) (dashed green line), the master equa-
tion approach from Ref. [24] (dotted red line), the same
master equation approach but making an extra RWA (yellow
dash-dotted line) and a Langevin approach, going beyond the
white-noise approximation for the mechanical noise like in
Appendix B 2 c and Ref. [23] (solid blue line). We can see
that the master equation and Langevin approaches give almost
identical results for the experimental systems considered in
this paper. Note that the approach followed in the main text
to obtain, among others, the plots of ønÞn in Fig. 4 uses an
intermediate level of approximation: Langevin equations with
noise on the resonatorÕs momentum only (more accurate than
the symmetrical noise in the master equation) but using the
white-noise approximation for the correlations of the mechan-
ical noise.

The green and yellow curves show us at which cooperativ-
ity the weak-coupling approximation and RWA, respectively,
stop working. The RWA in question here consists in neglect-
ing the nonresonant termsδöaδöb and δöa  δöb  , and therefore
leads to the Hamiltonian

öHRWA = øh�δöa  δöa + øh�mecδöb  δöb− øhg(δöa  δöb+ δöaδöb  ),

which corresponds to an intuitive scattering picture since the
total number of particles is conserved.

APPENDIX C: SQUEEZED-LIGHT SETUP

1. Squeezed noise

The correlation functions for the squeezed noise generated by the setup described in Sec.II A 2 read [47,52]

〈öa 
in(t )öain(t ′)〉 = πsns(t − t ′), (C1a)

〈öain(t )öain(t ′)〉 = πsms(t − t ′). (C1b)

We have deÞned

ns(τ ) = r 2
+ − r 2

−
4

(
e−r−|τ |

2r−
− e−r+|τ |

2r+

)
, (C2a)

ms(τ ) = r 2
+ − r 2

−
4

(
e−r−|τ |

2r−
+ e−r+|τ |

2r+

)
e−i2θ , (C2b)

where we have denotedr± = κ ± |χ | the decay rates of the ßuctuations of the squeezed and anti-squeezed quadratures. We
have assumed that we haveκ > |χ |. Then, we make the white-noise approximation ([52], Chap. 10). Namely, we take the limit
r+, r− → ∞ in Eqs. (C2) to obtain the expressions ofNs andMs [Eqs. (9)] used in the noise autocorrelation functions [Eqs. (8)].
Rewritingr± = κ(1 ± rs), wherers is the squeezing ratio deÞned in Sec.II A 2, we see that the white-noise approximation can
be made for any value ofrs in [0, 1[ provided thatκ is sufÞciently large.

2. Solving the dynamics

The only differences between the squeezed-light and the standard setup are the correlation functions of the optical noise,
given by Eqs. (8). As a consequence, the results from AppendixB 2 a still hold while there are some small modiÞcations to
the evolution of the second-order moments. In particular, the effective mechanical susceptibility is unchanged [Eq. (B4)]. This
shows us that in the weak-coupling limit, the resonatorÕs coupling strength to the effective cold bath,�opt, is the same while ønopt
can be made smaller than in the standard setup.
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a. Lyapunov equation

Like in Sec.B 2 b, we derive the Lyapunov equationdV
dt = AV + VAT + Bsqu for the covariance matrixV of the quadratures.

A is unchanged [Eq. (B11a)] while Bsqu = B + δB, whereB is the matrix for the usual vacuum noise, given by Eq. (B11b) and
δB the additional term coming from the squeezing:

δB
2κπs

=

⎡
⎢⎢⎢⎢⎣

Ns + |Ms| cos(2θ ) −|Ms| sin(2θ ) 0 0

−|Ms| sin(2θ ) Ns − |Ms| cos(2θ ) 0 0

0 0 0 0

0 0 0 0

⎤
⎥⎥⎥⎥⎦. (C3)

As previously, we determine the steady state from the Lyapunov equation and compute ønÞn from Eq. (B12) and the efÞciencies
ηconv andηfull from Eqs. (B14) and (B13). We obtain the following analytical expressions:

ønÞn = g2(c1 + δc1) + γ ønmecc2

c3SRH
, (C4)

ηfull =
(
4�mecg2

0γ κ2
)
(c4 + δc4 + ønmecc5)

(�2 + κ2)ωlasc3
, (C5)

ηconv = γ SRH(c4 + δc4 + ønmecc5)
�mec(c6 + δc6 + γ ønmecc7)

, (C6)

wherec1, c2, c3, c4, c5, c6 andc7 are given by Eqs. (B18) andSRH is deÞned by Eq. (B2). We have deÞned the corrections
coming from the squeezing

δc1 = 2κπsNs
[(

�mec(κ2 + �2)2 + (
�2 + 2�2

mec

)
SRH

)
κ + γ

(
�mecκ

2(2κ2 + 2�2 + �2
mec

)
+ (�2 + κ2)SRH + ��2

mec

(
��mec− 2g2)) + γ 2(�2 + κ2)�mecκ

] − 2κπs|Ms|(c∗ cos(2θ ) + s∗ sin(2θ )), (C7a)

δc4 = 2πs|Ms|
[(

�2 − �2
mec− κ2 − γ κ

)
cos(2θ ) + �(γ + 2κ )sin(2θ )

]
κ − 2πsNs

[(
�2 + �2

mec+ κ2)κ + γ (�2 + κ2)
]

= δc6, (C7b)

with

s∗ = (
2
[
�mec(�2 + κ2) + SRH

]
κ + γ

[
5�mec

(
4κ2 + �2

mec

) + SRH
] + 2γ 2�mecκ

)
�κ, (C8a)

c∗ = [
�mec(�4 − κ4) + (

�2 − 2�mec
2 − κ2)SRH

]
κ + γ

[ − 3�mecκ
4 + (

�2�mec− �3
mec+ 4�g2)κ2 + 2��2

mecg
2]

+ γ 2(� + κ )(� − κ )�mecκ. (C8b)

We can see that the stability of the optomechanical system is still given by the conditionSRH > 0.

b. Parameter optimization

The optimal squeezing angleθ∗ is obtained by Þnding the minimum of ønÞn(θ ). We Þnd cos(2θ∗) = c∗/
√

c∗2 + s∗2 and
sin(2θ∗) = s∗/

√
c∗2 + s∗2, wheres∗ andc∗ are deÞned in Eqs. (C8). Therefore the optimal squeezing angle depends only on the

optomechanical parameters and not on the other squeezing parameters.
We also minimize ønÞn(rs) to Þnd the optimal squeezing ratior ∗

s . We Þnd thatr ∗
s is a root of the fourth degree equation

a∗r 4
s − 4b∗r 3

s + 6a∗r 2
s − 4b∗rs + a∗ = 0, (C9)

with

a∗ = c∗ cos(2θ ) + s∗ sin(2θ ), (C10a)

b∗ = [
�mec(κ2 + �2)2 + SRH

(
�2 + κ2 + 2�2

mec

)]
κ + γ

[
�mec(κ2 + �2)(2κ2 + �2) + (

�2
mec+ κ2)SRH

− 2�3g2] + γ 2(�2 + κ2)�mecκ. (C10b)

The only root that fulÞlls 0� rs < 1 is

r ∗
s = b∗

a∗ +
√(

b∗

a∗

)2

− 1 −
√

2

√√√√(
b∗

a∗

)2

+ b∗

a∗

√(
b∗

a∗

)2

− 1 − 1, (C11)

which depends on both the optomechanical parameters and the squeezing angle.
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c. Beyond the white-noise approximation

Like for the standard setup in AppendixB 2 c, we can go beyond the white-noise approximation, but this time for both noises.
The correlation functions for the optical noise, in the frequency domain, read

〈(öa 
in)[ω]öain[ω′]〉 = πsns[ω]2πδ(ω + ω′), (C12a)

〈öain[ω]öain[ω′]〉 = πsms[ω]2πδ(ω + ω′), (C12b)

with

ns[ω] = r 2
+ − r 2

−
4

(
1

r2− + ω2
− 1

r2+ + ω2

)
, (C13a)

ms[ω] = r 2
+ − r 2

−
4

(
1

r2− + ω2
+ 1

r2+ + ω2

)
e−i2θ . (C13b)

As previously, the steady-state phonon number ønÞn can be computed using the position ßuctuation spectrum

Sq[ω] = ∣∣χeff
mec[ω]

∣∣2(Sth[ω] + Ssqu
rp [ω]

)
. (C14)

Sth[ω] is given by Eq. (B28) and the radiation pressure noise spectrum reads

Ssqu
rp [ω] = Srp[ω]

(
1 + 2πs

ns[ω](κ2 + �2 + ω2) − |ms[ω]|[(�2 − κ2 − ω2) cos(2θ ) + 2�κ sin(2θ )]
κ2 + (ω + �)2

)
(C15)

whereSrp[ω] is the radiation pressure noise spectrum for unsqueezed vacuum noise [Eq. (B29)].

APPENDIX D: FANO-MIRROR SETUP

1. Steady state and linearization

We determine the semiclassical steady state of Eqs. (11)
and derive the Langevin equations (26) like for the standard
setup in AppendixB 1. The difference is the presence of the
Fano-mirror mode, whose annihilation operator is split into
öd = δ + δ öd. The steady state (α, øq, δ) is given by the system
of nonlinear equations (25).

In this case, the stability condition isSFano
RH > 0, with

SFano
RH = �2�mecγd

2 + 4�mecγd
2(κ0

2 − �
√

κ0κL + κ0κL )

+ 2�mecγd(κL − κ0)�d(� + 2
√

κ0κL )

+ �mec�d
2(�2 + (κ0 + κL )2)

− 4(γd
2(� − 2

√
κ0κL ) + γd(κL − κ0)�d

+ ��d
2)g2. (D1)

SFano
RH > 0 corresponds, up to a factor�mec, to the determinant

of the A matrix (Eq. (D8a)) of the Lyapunov equation (see
Sec.D 2 b). As can be seen in Fig.14, the Fano-mirror setup
for the four systems studied in this paper fulÞll this stability
condition for all the considered values of the couplingg.

2. Solving the dynamics

a. Solution of the Langevin equations

Like in AppendixB 2 a, the Langevin equations (26) can
be solved in the frequency domain and the expression of the
mechanical position is given by

χeff
mec[ω]−1δ öq[ω] = g

∑
μ=L,R

{
(tμ[ω] + t∗

μ[−ω]) öXin,μ[ω]

+ i (tμ[ω] − t∗
μ[−ω]) öPin,μ[ω]

}
+ √

γ öξ [ω], (D2)

with the input noise quadraturesöXin,μ = (öain,μ + öa 
in,μ

)/
√

2

and öPin,μ = i (öa 
in,μ

− öain,μ)/
√

2. We have deÞnedtμ[ω] as

tL[ω] =
√

2κL − √
2γdGεd[ω]−1

εa[ω] − G2εd[ω]−1
, (D3)

tR[ω] =
√

2κ0

εa[ω] − G2εd[ω]−1
, (D4)

with εa[ω] = κ + i (� − ω) and εd[ω] = γd + i (�d − ω).
Note that in this section the∗ exponent denotes the complex
conjugate and not an optimal value like in the part on the
squeezing. The mechanical susceptibility is given by

χeff
mec[ω]−1 = χ0

mec[ω]−1 + χeff
opt[ω]−1, (D5)

whereχ0
mec[ω] = �mec(�2

mec− ω2 − iωγ )−1 is the mechani-
cal susceptibility of the bare resonator andχeff

opt[ω] the optical
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FIG. 14. Stability conditionSFano
RH of the Fano-mirror setup as a

function of the cooperativities considered in this paper for each of
the systems from TableII . SFano

RH has been normalized by its value at
zero couplingSFano

RH,0.
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contribution to the susceptibility, which reads

χeff
opt[ω]−1 = 2ig2

ε∗
a[−ω] − G∗2ε∗

d[−ω]−1
− 2ig2

εa[ω] − G2εd[ω]−1
.

(D6)
We then identify the optical contribution to the mechanical
damping rate:

�opt[ω] = −�mec

ω
Imχeff

opt[ω]−1. (D7)

Therefore, in the weak-coupling regime, the resonatorÕs cou-
pling to the effective cold bath, given by�opt[�mec], is
different from the one of the standard setup.

b. Lyapunov equation

Like in Sec.B 2 b, we write the Langevin equations for
the quadratures and obtain the Lyapunov equationdV

dt = AV +
VAT + B for 
Y = (δ öXa, δ öPa, δ öq, δ öp, δ öXd, δ öPd), with

A =

⎡
⎢⎢⎢⎢⎣

−κ � 0 0 −√
γdκL

√
γdκ0

−� −κ 2g 0 −√
γdκ0 −√

γdκL

0 0 0 �mec 0 0
2g 0 −�mec −γ 0 0
−√

γdκL
√

γdκ0 0 0 −γd �d

−√
γdκ0 −√

γdκL 0 0 −�d −γd

⎤
⎥⎥⎥⎥⎦,

(D8a)

B =

⎡
⎢⎢⎢⎢⎢⎣

κ 0 0 0
√

γdκL 0
0 κ 0 0 0

√
γdκL

0 0 0 0 0 0
0 0 0 (2ønmec+ 1)γ 0 0√

γdκL 0 0 0 γd 0
0

√
γdκL 0 0 0 γd

⎤
⎥⎥⎥⎥⎥⎦.

(D8b)

These results are in agreement with the ones from the Sup-
plemental Material of Ref. [50]. The matrices are now too big
to get a tractable analytical solution, so we solve the Lyapunov
equation numerically instead [using Python and, in particular,
scipy.linalg.solve_continuous_lyapunov(A, -B)].
As previously, ønÞn is given by Eq. (B12) and the efÞciencies
ηconv and ηfull by Eqs. (B14) and (B13). η′

conv [Eq. (37)] is
obtained from

η′
conv = −2gøV14

2gøV23 − √
γdκL ( øV15 + øV26) + √

γdκ0( øV16 − øV25)
.

(D9)

c. Beyond the white-noise approximation

Like for the standard setup in AppendixB 2 c, we can
go beyond the white-noise approximation for the mechanical
noise and compute the effective phonon number from position
ßuctuation spectrum. Using Eq. (D2), we obtain

Sq[ω] = ∣∣χeff
mec[ω]

∣∣2(Sth[ω] + SFano
rp [ω]

)
(D10)

whereSth[ω] is given by Eq. (B28) and the radiation pressure
noise spectrum reads

SFano
rp [ω] = 2g2(|tL[ω]|2 + |tR[ω]|2). (D11)

d. Weak-coupling limit

We study here the weak-coupling limitg � κ,�mec. In this
limit, illustrated in Fig.3(c), the Stokes and anti-Stokes rates
are given by

AFano
± = g2(|tL[∓�mec]|2 + |tR[∓�mec]|2). (D12)

Therefore, at�d = �mecand the optimalγd, which is relevant
for the sideband-resolved systems (1)Ð(3) considered in this
paper (see TableII ), we have

AFano
−
A−

= (4�mec)2

�κeff
, (D13)

AFano
+
A+

= 2�κeff(4�mec)2
(
4�2

mec+ κ2
eff

)
(4�mec)2((4�mec)2 + 2�κeff )

2 + �2κ4
eff

, (D14)

whereA± are the rates [Eqs. (17)] for the cavity in the standard
setup of equivalent linewidth and associated loss rateκeff
(see Sec.II A 3). Namely, in systems (1)Ð(3), the use of the
Fano-mirror setup reduces the rate of the detrimental Stokes
process by 10 to 12 orders of magnitude while the rate of
the anti-Stokes process that cools down the resonator is only
decreased by 2 to 4 orders of magnitude. As a consequence,
the temperature of the effective cold phonon bath is lower
(ønopt is 8 to 10 orders of magnitude smaller) but�opt is also a
couple of orders of magnitude smaller. This explains the shift
of curves for the Fano-mirror setup in terms of cooperativity
in Fig. 4. Indeed, expressing�opt as a function of the coop-
erativity,�opt = αoptC, and neglecting�optønopt in Eq. (19), we
obtain ønÞn 	 γ ønmec/(γ + αoptC). The reduction of the phonon
number starts to be non-negligible whenC becomes larger
thanγ /αopt, butαopt is a few orders of magnitude smaller for
the Fano-mirror setup, hence the shift in cooperativity. For a
system in the resolved-sideband regime, with� = �mec, the
cooperativity threshold to start seeing a decrease in ønÞn isC ∼
1/ønmec for the standard setup andC ∼ �κeff/((4�mec)2ønmec)
for the Fano-mirror setup.

e. Optimal detuning in the nonresolved-sideband regime

In the non-sideband-resolved regime, for the standard and
squeezed-light setups, the best cooling is not obtained for a
detuning� close toκ. However, for the Fano-mirror setup,
the optimal choice is�d 	 2.5�mec, not �d = κeff. We can
understand it by looking at the phonon number in the cold bath
in the weak-coupling regime: ønFano

opt = AFano
+ /(AFano

− − AFano
+ )

[see Eq. (D12)]. Indeed, the parameters of the Fano-mirror
setup are such thatγd = 4�mecζ0 and ζ0 = 4�mec/κeff (see
Sec.II C 3), so in the limit�mec � κeff andγd � �, we Þnd
that the minimum of ønFano

opt is reached for

�d

�mec
=

(
3
√

37+ 26
) 2

3 + 2
(
3
√

37+ 26
) 1

3 + 7

3
(
3
√

37+ 26
) 1

3

	 2.5. (D15)
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APPENDIX E: COMPARISON WITH ABSORPTION
REFRIGERATORS

Optomechanical cooling has also been studied in the con-
text of absorption refrigerators [30,32], which are, like the
setups we study, autonomous thermal machines. However, this
framework is different from the situation we consider in this
article as it typically assumes a three-body interaction, where
three system parts interact with three heat baths [31]. One of
the baths has to be hotter than the other and can, for example,
be realized by thermal light.

Conversely, in our case, we study a cavity optomechanical
system, which is a two-body system (cavity and mechani-
cal resonator), where each subsystem is coupled to a bath.
Those baths are typically at the same temperature. Further-
more, we analyze coherent or squeezed light incident to
the cavityÑwhich are both minimum uncertainty statesÑ
and therefore interpreted as work. The valve picture depicted
in Fig. 1(a) is quite intuitive to describe the standard op-
tomechanical setup and can be straightforwardly adapted to
the squeezed-light and Fano-mirror setups. In contrast, the
result of a quantum absorption refrigerator is that one can

cool with thermal light, which we do not consider in our
paper.

The Þrst setup studied in Ref. [30] couples the cavity
mode to the motion of a trapped atom (mechanical degree
of freedom) and to its internal state (two-level system) while
the second couples the modes of two cavities to the motion
of a trapped atom. Both cases are quite different from the
standard optomechanical sideband cooling setup we study and
therefore hard to compare. We can nevertheless note that their
predictions using sunlight (Fig.7 in Ref. [30]) brings the
mechanics close to the ground state but ønÞn does not go well
below 1 as in the levitated optomechanical system which is
the most similar system we study (see system (3) in Fig.4 and
Ref. [27] for the experimental results).

The setup studied in Ref. [32] would correspond to our
standard setup where the coherent laser drive has been re-
placed by thermal light at temperatureTw. But their results
are hard to compare to ours as they do not study the Þnal
phonon number and renormalize their efÞciency by the Carnot
absorption refrigerator efÞciency, which is ill-deÞned in our
two-terminal system with possibly equal temperatures.
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