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SETS OF TRANSFER TIMES WITH SMALL DENSITIES

BY MicHAeL BiOorkLuND, ALEXANDER Fist & ILya D. Sukrepov

Asstract. — In this paper we introduce and discuss various notions of doubling for measure-
preserving actions of a countable abelian group G. Our main result characterizes 2-doubling
actions, and can be viewed as an ergodic-theoretical extension of some classical density theorems
for sumsets by Kneser. All of our results are completely sharp and they are new already in the
case when G = (Z, +).

Resume (Ensembles de temps de transfert avec petites densités). — Dans cet article, nous intro-
duisons et discutons plusieurs notions de doublement pour des actions préservant la mesure sur
un groupe abélien dénombrable G. Notre résultat principal caractérise les actions 2-doublantes
et peut étre vu comme une extension de nature ergodique de certains théoremes de densité
classiques pour les sommes d’ensembles par Kneser. Tous nos résultats sont optimaux et sont
nouveaux déja pour le cas ot G = (Z,+).
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1. INnTRODUCTION

Throughout this paper, we shall assume that
— G is a countable and discrete abelian group.

— (X, p) is a standard probability measure space, endowed with an ergodic prob-
ability measure-preserving action of G. In other words, (X, ) is an ergodic Borel
G-space.
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— (F,) is a sequence of finite subsets of G with the property that for every bounded
measurable function ¢ on X, there exists a p-conull subset X, C X such that

1
(1.1) 1imF— Z o(gz) z/ pdp, forallze X,.
n|Fy gEF, X

Derinition 1.1. — Let C be a subset of G. The lower asymptotic density d(C') of the
set C' with respect to the sequence (F},) is defined by

. |CNE,
(1.2) d(C) = lim 190 E0l
no B
Derinition 1.2, — Let A and B be measurable subsets of X with positive py-measures.
The set of transfer times Z4,p is defined by
(1.3) Fap=1{9€G|u(Ang 'B) > 0}.

We set Z4 = Z#a,4, and refer to Z 4 as the set of return times to the set A. If we wish
to emphasize the dependence on the measure u, we write %‘;‘7 5 and Z'; respectively.

The aim of this paper is to establish various lower bounds on d(#4 p), and to
discuss when these lower bounds are attained. As we shall see in the proofs below,
these questions are closely related to direct and inverse theorems for product sets with
small doubling, which is an active line of research in additive combinatorics.

Before we state our main results, we make a few preliminary remarks. Firstly,
our assumption (1.1) on the sequence (F},) readily implies that the lower asymptotic
density of Z4 p is strictly positive for all measurable subsets A and B of X with
positive measures. Secondly,

(i) If u(A) + u(B) > 1, then u(ANg='B) > 0 for all g, whence Za 5 = G.

(i) If u(A) + u(B) = 1, then either Za.p = G, or p(AN g, 'B) = 0 for some g,.
In the latter case, B = g; ' A° modulo p-null sets, so if denote by H the u-essential
stabilizer of A, then Z4 g = G \ g, H.

In order to arrive at non-trivial results about sets of transfer times, we shall for the
rest of the paper, always assume that the measurable subsets A and B in X satisfy

(1.4) pn(A) + p(B) < 1.
In particular, if A = B, we shall assume that p(A) < 1/2.
1.1. Maix resurts. — Our first theorem roughly asserts that if the lower asymptotic

density of #Z 4 is small enough, then the set of transfer times %4 is in fact a subgroup
of G.

Taeorem 1.3. Let A and B be measurable subsets of X with positive u-measures.
(i) d(#a.B) = max(u(A), u(B)).

(ii) If d(Za) < 3u(A), then there exists a subgroup G, <G with [G : Go] <1/u(A),
such that Z4 = G,.

JIEP. — M., 2021, tome 8



SETS OF TRANSFER TIMES WITH SMALL DENSITIES 513

Our second theorem in particular tells us that a measurable subset A C X with
positive y-measure for which (ii) in Theorem 1.3 holds must be rather special. To be
able to state the full result, we need the following notation of control.

Derintrion 1.4, — Let (Y, v) be an ergodic Borel G-space and let 7 : (X, u) — (Y, v)
be a G-factor map. If (A4, B) and (C, D) are pairs of measurable subsets with positive
measures in X and Y respectively, then we say that (C, D) controls (A, B) if

Aca(C) and BcCnw'(D), modulo u-null sets,

and %ZB = %¢. p- If we wish to emphasize the dependence on 7, we say that (C, D)
m-controls (4, B).

Taeorem 1.5. Let A and B be measurable subsets of X with positive p-measures
and suppose that d(%#a.5) < u(A) + u(B). Then there exist

(i) a proper finite-index subgroup G, < G and a homomorphism 1 from G onto the
quotient group G/G,,

(ii) a non-trivial G-factor o : (X, u) — (G/Go,ma)q,), where mg,q, denote the
normalized counting measure on G/G, and G acts on G/G, via n,

(iii) @ finite subset M C G /G,

such that Za g = n~*(M). Furthermore, there are finite subsets I,,J, C G/G, such
that the pair (I,,J,) o-controls (A, B).

Remark 1.6. — Theorem 1.5 can be viewed as an ergodic-theoretical extension of
Kneser’s celebrated inverse theorem [4] for the lower asymptotic density of sumsets
in (N, +), which roughly asserts that if d(A + B) < d(A) + d(B) for two subsets A
and B of N, where d denotes the lower asymptotic density with respect to the sequence
([1,n]), then A+ B is periodic (modulo a finite set). The connection between sumsets
and sets of transfer times will be discussed in more details below.

Theorem 1.5 also tells us that an ergodic Borel G-space which admits a pair (4, B)
of measurable subsets with positive measures with a small set of transfer times (in
the sense that the inequality d(Za.5) < u(A) + p(B) holds) must have a non-trivial
periodic G-factor. We recall that a Borel G-space is called totally ergodic if every finite-
index subgroup G, < G acts ergodically. Such Borel G-spaces cannot have non-trivial
periodic G-factors, and thus we conclude the following corollary from Theorem 1.5.

Cororrary 1.7. — Suppose that G ~ (X, p) is totally ergodic. Then, for all measur-
able subsets A, B C X with positive p-measures,

d(#a.5) > min(1, u(A) + p(B)).

Our third theorem characterizes exactly when the lower bound in Corollary 1.7 is
attained (assuming that the action is totally ergodic).

JE.P.— M., 2021, tome 8



314 M. BsorkrLunp, A. Fisi & I. D. Sukrepov

Tueorem 1.8. Suppose that the action G ~ (X, p) is totally ergodic. If
d(#a,B) = p(A) + u(B) < 1,
then there exist

(i) a homomorphism n: G — T with dense image.

(ii) a G-factor o : (X, u) — (T, mr), where my denotes the normalized Haar mea-
sure on T and G acts on T via 7.

(iii) closed intervals I, and J, of T with my(1,) = p(A) and my(J,) = u(B)
such that (I,,J,) o-controls (A, B) and
Bap=n"(JI"),
modulo at most two cosets of the subgroup kern.

Remark 1.9. — Conversely, it is not hard to show that if a pair (A4, B) of measurable
subsets in X is o-controlled by a pair (I,,J,) as in the theorem above, then

d(#a,5) = min(1, u(A) + u(B)),

and thus Theorem 1.8 really provides a complete characterization of when the lower
bound in Corollary 1.7 is attained (assuming total ergodicity).

12 (jO\ICERNIVG THE NOVELTY AND SHARPNESS OF OUR RESULTS SO FAR

Examrre 1.1 (The constant 2/(A) in Theorem 1.3 is optimal). Let N > 4 and
consider the action of G = (Z,+) on X = Z/NZ by translations modulo N. The nor-
malized counting measure p on X is clearly invariant and ergodic. Let A={0,1}C X
and note that

2
”(A):N and #a=NZU(NZ+1)U(NZ-1)CZ.

It is not hard to check that

3 3
Ad(Fs) = —===-pu(A
d(R#a) = 5 = 5 1(A),
but Z,4 is not a subgroup of Z.
Examrre 1.2 (Ergodicity of the action is needed in Theorem 1.3). — Given positive

real numbers § and €, we shall construct a non-ergodic probability measure p for the
shift action by G = (Z,+) on the space 2% of all subsets of Z, endowed with the
product topology, such that

W(A) <6 and d(#4) < (1+<)u(A),

where A = {C € 22| 0 € C}, and such that the set of return times %24 projects onto
every finite quotient of Z. In particular, Z4 cannot be a subgroup of Z, nor can it be
contained in a subgroup of Z. Here, the exact choice of the sequence (F},) in Z is not
so important; for simplicity, we can assume that F,, = [1,n] for all n > 1.

JIEP. — M., 2021, tome 8



SETS OF TRANSFER TIMES WITH SMALL DENSITIES 31h

The construction of p goes along the following lines. Given positive real numbers ¢
and e, we choose 0 < 1 < 1 such that 1 +¢ = (1+17)/(1 —n), and we pick a strictly
increasing sequence (py) of prime numbers such that

1 1
(1.5) — <6 and Y — <L

b1 k>o P P1
For every k > 1, we denote by pj the uniform probability measure on the Z-orbit of
the subgroup piZ in 2% and we note that uy(A) = 1/pi. We now define

Pk
p=(1-=nu+n oF—1°

E>2

which is clearly a Z-invariant non-ergodic Borel probability measure on 22. One readily
checks that

1—n 1
uw(A) = +n ———, and Za= el C 7,
“) P1 ,;pﬂk ! kgl

whence,

and, thus, by (1.5) and the choice of 7,

1 1+ 1+
d@#a) <3< =< (o) pA) = (L))
E>1

Clearly, Z 4 projects onto every finite quotient of Z, which finishes our construction.

ExamrrLe 1.3 (Non-Fglner sequences). All of the results in this paper are new
already in the case when G = (Z,+) and F,, = {1,...,n} (this sequence satisfies (1.1)
by Birkhoff’s Ergodic Theorem). We stress however that we do not need to assume
that the sequence (F,,) is Folner (asymptotically invariant) in G. For instance, in the
case of (Z,+), our results above also apply to the sparse sequence

F, = {Lk‘\/i-ﬁ-kﬁ/?J |k=1,....,n}, n>1,
which is far from being a Folner sequence in Z, but nevertheless satisfies (1.1) by [2].
ExamprLe 1.4 (“Non-conventional” lower asymptotic density). — If Z ~ (X, u) is
totally ergodic, then the sequence (F},) of squares
F,={k*|k=1,...,n}, forn>1,
satisfies (1.1) (the almost sure convergence follows from the work of Bourgain [3],
while the identification of the limit — for totally ergodic actions — follows from the

equidistribution (modulo 1) of the sequence (n?«), for irrational «). In particular, by
Corollary 1.7 we have

1,4,...,n?
h7m |%A,Bm{ ) , }|

n—00 n

> min(1, u(A) + u(B)),

for all measurable subsets A, B C X with positive p-measures.

J.E.P.— M., 2021, tome 8
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1.3. ON ERGODIC ACTIONS WITH SMALL DOUBLING

Derinrrion 1.10 (C-doubling actions). — Let C' > 1. We say that G ~ (X, u) is a
C-doubling action if for every § > 0, there exists a measurable subset A C X with
0 < u(A) < § such that d(Z4) < Cu(A).

Remark 1.11. We note that if the action is C-doubling, then it must also be
C’-doubling for every C' > C.

It seems natural to ask about the structure of C-doubling actions. The following
theorem provides a complete characterization of such actions.

Turorem 1.12. Let C > 1. An ergodic action G ~ (X, ) is C-doubling if and only
if there exist

(i) an infinite compact metrizable group K and a homomorphism n: G — K with
dense image.

(ii) a G-factor o : (X,u) — (K,myg), where my denotes the normalized Haar
measure on K and G acts on K via 7.

Furthermore,

— if the identity component K° of K has infinite index, then the action is
1-doubling.

— if the identity component K° of K has finite index, then the action is 2-doubling.

Remark 1.13. — Theorem 1.12 in particular asserts that an ergodic action is
C-doubling for some C' > 1 if and only if it has an infinite Kronecker factor (see
e.g. [1] for definitions).

The same line of argument as the one leading up to Theorem 1.12 also proves the
following result, whose proof we leave to the reader. We recall that G ~ (X, ) is
weakly mizing if the diagonal action G ~ (X x X, u ® u) is ergodic.

Scuovium 1.14. — There exist measurable subsets A and B of X with u(A), u(B) >0
such that d(Z4.g) <1 if and only if G ~ (X, p) is not weakly mizing.

1.4. A BRIEF OUTLINE OF THE PROOFS. Our first observation is that for any two
measurable subsets A and B of X with positive p-measures, there is a measurable
pu-conull subset X; of X such that

Hap = B,A;', forall xz € Xy,

where A, and B, are the return times of the point x to the sets A and B (see Sec-
tion 2.1 below for notation). We then observe in Lemma 2.2 that for some measurable
p-conull subset Xy C X,

d(B,A;Y) > w(A;'B), forall x € X,

which puts us in the framework of our earlier paper [1]. We combine some of the key
points of this paper in Lemma 2.4 below, the outcome of which is that there exist

JIEP. — M., 2021, tome 8
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— a measurable G-invariant u-conull subset X3 C X; N X5,

— a compact and metrizable abelian group K with Haar probability measure mg
and a homomorphism 7 : G — K with dense image,

— a G-equivariant measurable map 7 : X3 — K such that 7, (u|x,) = mx, where G
acts on K via T,

— two measurable subsets I and J of K,
such that
WA B) = my (JI7T)
and
ANnXzcr YI) and BN XzcCn '(J).
In particular,
p(A) <muc(l) and  p(B) < mx (),
and if A = B, then we can take I = J. In the settings of Theorem 1.3, Theorem 1.5
and Theorem 1.8, we see that

my(IT71) < ng(I) and my(JI7Y) < mg(I) +mg(J)

and
mK(JI_l) = min(l, mK(I) + mK(J))

respectively. At this point, we use some classical results [5] of Kneser for sumsets in
compact abelian groups, to conclude that the pair (I, J) is “reduced” to a nicer pair
(Io, J,) in a much “smaller” quotient group @ of K (see Definition 2.6 for details).
The point of all this is that the transfer times %4 p is contained in the transfer times
between I, and J,, which is equal to the set n=1(J,I,!). Here n : G — Q is the
composition of 7 with the quotient map from K to Q). To prove that the sets actually
coincide, we shall use the overshoot relation

(L6) H(A) + u(B) < mo(L) +mo (o) — mo (L, Nn(g)~"Jo).

for all g € n=1(J, 1, 1) \ Za . This inequality is proved in Proposition 2.7. It turns
out that in the settings of the theorems above, the sets I, and J, have the property
that the mg-measure of the intersection I, N1 (g)~1J,, for g in n= (JoI; 1)\ Za 5, is
large enough to contradict (1.6), whence we can conclude that Z4 5 =~ (J, 1, 1).

1.5. ErGopIC ACTIONS OF SEMI-GROUPS. Our definition of transfer times between
two sets makes sense also for actions by non-invertible maps. Suppose that S is a
countable abelian semigroup, sitting inside a countable abelian group G. If S acts
ergodically by measure-preserving maps on a standard probability measure space
(X, 1), then, under some technical assumptions (see e.g. [6] for more details in the
general setting), one can construct a so called natural extension ()? , 1) of the S-action,
which is a measure-preserving G-action, together with a measurable S-equivariant
map p : X - X, mapping i to p. It is not hard to see that if we set

A=p7"(A) and B=p"'(B),

JE.P. — M., 2021, tome 8
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then
'%Z,E ns = {S eS| ,u(AﬂSilB) > 0},
where the transfer times %3 5 are measured with respect to . We can now apply

our results above to the G-action on the natural extension (X, 7i) (which is ergodic if
and only if the semi-group action S ~ (X, u) is), and conclude the same results for
the S-action. We leave the details to the interested reader.

Acknowledgements. The authors thank the anonymous referees for their comments.
L.S. is grateful to SMRI and the School of Mathematics and Statistics at Sydney
University for funding his visit and for their hospitality. M.B. and A.F. wish to thank
the organizers of the MFO workshop “Groups, dynamics and approximation”, during
which parts of this paper were written, for the invitation.

2. PRELIMINARIES

2.1. TRANSFER TIMES AND ACTION sETS. — Given a subset D of X and x € X, we define
the set of return time of x to D by

D,={g€G|gzeD}CQG,
and we note that (¢D), = gD, and D, g~! = D, for all g € G. If F is a subset of G,
then we define the action set FD C X by

FD= J fD,
fer

and we note that (F'D), = FD,. If E is another subset of X, then
(DNE),=D,NE, and (DUE),=D,UE,.
In particular,

(2.1) D,Ng *E, = (DNg 'E), and D,Ug 'E, = (DUg 'E),, forallgeg.

2.2, TRANSFER TIMES AS DIFFERENCE SETS. — Let D be a measurable subset of X, and
define

Df={zeX|D,=02} and D" ={zeX|D,+#0a}.
We note that D¢ = ﬂgGG gD¢ and D" = GD. In particular, D¢ and D™ are both
measurable and G-invariant. Since p is assumed to be ergodic, we conclude that

(2.2) w(D) =1 if w(D)=0

and

(2.3) w(D™) =1 if u(D) > 0.

Lemva 2.1, — Let A and B be two measurable subsets of X with positive p-measures,
and define

X = ( N {xeXIAxﬁg_le#fa})m< N {xEX‘Awﬁg_lBg;:@}).

gER A, B 9¢R A, B

JIEP. — M., 2021, tome 8
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Then X5 is a G-invariant measurable p-conull subset of X and
Hap = By AL forallz € X;.

x

Proof. Measurability and G-invariance of X is clear, and p-conullity of X; readily
follows from applying (2.2) and (2.3) to the sets

D(g):=Ang'B, forgecd.
Indeed, u(D(g)) > 0 if and only if g € Z4 g, and by (2.1), we have
D(g)f={reX|A,Ng 'B, =0} and D(9)"*={zeX|A,Ng 'B, #0}.
Note that for every z € X,
B, A" ={9€G|A,Ng 'B, # 2}
={9€Zap| ANy 'Be £0}U{g¢ Fap|AcNg 'B, # 2}
If x € X, then
{9€Zap | AunNg 'By #2} =%ap and {g¢ Zap|A;Ng 'B, #0} =0,
which finishes the proof. O

2.3. Generic points. — We recall our assumptions on the sequence (Fj,) of finite
subsets of G: For every bounded measurable function ¢ on X, there exists a u-conull
subset X, C X such that

hm Z o(gx) / pdp, forall z e X,.
7 2 .

The points in X, are said to be generic with respect to u, ¢ and the sequence (F,).

Lemva 2.2, — Let A and B be two measurable subsets of X with positive p-measures.
Then there exists a measurable p-conull subset Xo C X such that

WA B) < d(Rap), forallxz € X,
Furthermore, for every finite subset L of G,
d(L7A) = p(L7'A) and d(L'B,) = u(L7'B),
and for every g ¢ #a,B,
d(As U g™ By) = p(A) + u(B),
for all x € Xs.
Proof. — Given a subset L C G, we define
oL =xXr-1a and ¢Yp=xp-1p and Xp =X, NXy,.

We note X, is a measurable u—conull subset of X and for every x € X,

(2.4) d(L™A,) = hmﬁ Z Xr-14(97) = p(L™tA)
geF,

J.E.P.— M., 2021, tome 8
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and
.1 _
(2.5) d(L7'B,) = lim 17 > Xxr-1slgr) = p(L7'B).
" geF,

We now set X5 = (|, X, where the intersection is taken over the countable set of
all finite subsets of G. Then X} is a measurable u-conull subset of X, and for every
x € X4 and for every finite subset L of A,, we have

d(A7'By) > d(L7'By) = p(L7'B).
Since p is o-additive and L C A, is an arbitrary finite set, we can now conclude that
d(A;'B,) > uw(A;'B) for all z € X5,

By Lemma 2.1, there exists a measurable p-conull subset X; C X such that Z4 5 =
B,A;! for all z € X3, and thus, since G is abelian,

d(Zap) =d(A;'B,) > n(A,;'B), forall x € X; N X}.

Let Xo = X; N X} and pick © € X5. We note that if g ¢ Zap = B,A;', then
A, Ng 'B, = @, whence

(|AxﬁFn|+|(gilB)xﬂFn‘)
ERN | Pl

= u(A) + p(B) = (AU g™ B),
by (2.4) and (2.5) (applied to the sets L = {e} and L = {g} respectively), since the

limits of each term exist (the last identity follows from the fact that u(ANg=tB) =0
if g¢ #4 p). Since x € X3 is arbitrary, this finishes the proof. O

d(A, Ug™'B,) =1

Corovrrary 2.3. — For all measurable subsets A and B of X, we have
d(Z4.p) = max(u(A), u(B))-
Proof. — By Lemma 2.2, there is a measurable p-conull subset X5 of X such that
d(RaB) > (A, 'B) = u(B), forall z € X,.
Since the roles of A and B are completely symmetric, this proves the corollary. [

2.4. A CORRESPONDENCE PRINCIPLE FOR ACTION sETs. — The key ingredient in the
proofs of Theorem 1.3, Theorem 1.5 and Theorem 1.8 is the following merger of a
series of observations made by the first two authors in [1]. We outline the anatomy
of this merger in the proof below. The rough idea is that action sets in an arbitrary
ergodic G-action can be controlled by sets in an isometric factor (that is to say, a
compact group, on which G acts by translations via a homomorphism from G into
the compact group with dense image).

Lemva 2.4. — Let A and B be measurable subsets of X with positive p-measures.
Then there exist

— a G-invariant measurable p-conull subset X3 C X,

JIEP. — M., 2021, tome 8
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— a compact and metrizable abelian group K with Haar probability measure mg,
a homomorphism 7 : G — K with dense image, and two measurable subsets I and J
of K,

— a G-equivariant measurable map 7 : X3 — K such that m.(u|x,) = mx, where G
acts on K wvia T,
such that

ANX3Cro Y(I) and BNnX3Cr '(J)
and
WA PB) = mg(I7'J) and AN (BN X3) Ca H(w(x)[~1T),

for all x € X3. In the case when A = B, we can take I = J. Finally, if G ~ (X, )
is totally ergodic, then K must be connected.

Remark 2.5. — If I and J are Borel measurable subsets of K, then their difference
set I~1.J might fail to be Borel measurable. However, since 1~'.J is the image of the
Borel measurable subset I x J in K x K under the continuous map (k1, k2) — ki 1k2,
we see that I=1J is an analytic set, so in particular measurable with respect to the
completion of the Borel o-algebra of K with respect to mg, and thus the expression
mp (I71J) is well-defined.

Proof. — By [1, Lem.5.3], there exists a G-invariant measurable p-conull subset
X% C X such that
WA B) = p® u(G(A x B)), forall 2 € Xj.
By [1, Th. 5.1], there exist
— a measurable G-invariant p-conull subset X4 C X,

— a compact and metrizable abelian group K with Haar probability measure m g
and a homomorphism 7 : G — K with dense image,

— a G-equivariant measurable map 7 : X3’ — K such that 7. (u|xy)=mx, where G
acts on K via T,

— two measurable subsets I and J of K,
such that
1@ u(G(A x B) = mi (I1])
and
ANnXy cn '(I) and BNXY{ cna(J).
It follows from the proof of [1, Th.5.1] that if A = B, then we can take I = J. Since
the set X4 is G-invariant, we see that
Ay Cn i (D) =7 In(z)™t), forallz e XY,
whence
ANBNXY) c AN () = (1(A) M) € o H(w(2) T ).

Let X5 := X} N X4 and note that X3 is G-invariant and p-conull. Thus the proof is
finished modulo our assertion about total ergodicity. Suppose that K is not connected.
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Then there is an open subgroup U of K, and G, = 771 (U) is a finite-index subgroup
of G. We note that C := 7=}(U) is a G,-invariant measurable subset of X, with
positive p-measure, but which cannot be p-conull, since it does not map onto K
under 7 (modulo p-null sets). We conclude that G ~ (X, ) is not totally ergodic. O

2.5. PUTTING IT ALL TOGETHER. Let K and @ be compact groups with Haar prob-
ability measures myx and mg respectively and suppose that there is a continuous
homomorphism p from K onto Q.

Derinirion 2.6 (Pair reduction). — Let (I, J) and (1,, J,) be two pairs of measurable
subsets of K and Q respectively. We say that (I,.J) reduces to (I,,J,) with respect
to p if

Icp(I,) and JcCp (J,) and mg(JI ") =mg(J,I").

This notion is quite useful when we now summarize our discussion above.
Prorosirion 2.7 (A correspondence principle for transfer times). Let A and B be
measurable subsets of X with positive p-measures. Then there exist

— a compact and metrizable abelian group K with Haar probability measure mg,

— a homomorphism 7 : G — K with dense image,

— a pair (I,J) of measurable subsets of K,

which satisfy

w(A) <Kmp(I) and p(B) <mg(J) and mg(JI™') < d(%Zap).

Furthermore, suppose that Q is a compact group and p : K — @ is a continuous
surjective homomorphism. If (I,,J,) is a pair of measurable subsets of Q such that
(I,J) reduces to (I,,J,) with respect to p, then

Hap C 1, (1),
where T, = po T, and for all g € 7, (JoI; ") \ Za B, we have
1(A) + pu(B) < mq(lo) +mq(Jo) —mq(loN Tp(g)_1J0)>

Moreover, there exists a G-factor map o : (X,pu) — (Q,mg), where G acts on Q
via Tp, such that

ACoY(1,) and B Co J,), modulo p-null sets.
In the case when A = B, we can take I = J.
Proof. — By Lemma 2.4, we can find a G-invariant measurable p-conull subset
X3 C X, a compact and metrizable abelian group K with Haar probability mea-
sure my, a homomorphism 7 : G — K with dense image, and two measurable

subsets I and J of K, a G-equivariant measurable map n : X3 — K such that
T« (| x,) = mx, where G acts on K via 7, such that

(2.6) ANX3Ca Y(I) and BNX3Cn *(J)
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and
my(JI7Y) < pu(A;'B) and A N (BN X3) Cat(w(z) 1),

for all z € X3. Furthermore, by Lemma 2.1 and Lemma 2.2, there exist measurable
p-conull subsets X7 and X5 of X such that

Rap=DB,A;' and p(A;'B) < d(Za.B)
and, for every g ¢ #a B,
(2.7) d(Az Vg™ By) = p(A) + u(B) = w(AUg ' B),

for all x € X; N X5. In particular, since X7 N X5 N X3 is a p-conull subset of X, and
thus non-empty, we have

w(A) <mic(D) and p(B) <mx(J) and mu(JI0) < d(%ap).

Let us now assume that Q) is a compact group, p : K — @ is a continuous surjective
homomorphism and I, and J, are measurable subsets of @ such that (I, J) reduces
to (I, J,). We recall that this means that

Icp ™I,) and JCp '(J,) and mg(JI ") =mqo(JI;").
Hence, JI~! C p~1(J,1; 1), and
mo(Jol, ') S p(A;'B) and AN (BN X3) Cl(m(@)p™ (LI, 1)),
for all z € X3. We note that we can write
mH w (@)™ (L5 h)) = 07 o () JI5),
for all x € X3, where 0 = p o, and thus
(2.8) AN (BN X3) Co Yo(x)J,I;Y), forall z e Xs.

The map o is a G-factor map from (X, p1) to (Q, mq), where G acts on Q) via 7, = por,
and it follows from (2.6) that

(2.9) ANnXs;Cco Y(I,) and BNnXs3Co '(J,).

It remains to prove that
Rap Sy (Lol ),
and that for every g € 7,1 (JoI, ') \ Za,p, We have
(2.10) u(A) + p(B) < mo(lo) +mo(Jo) — mo(lo N7,(9) ™" o).
To prove the inclusion, we first note that since X3 is G-invariant, we have
(A;Y(BNX3))e = A;'By Co M o(2) Lol s
=7, (o(@) ol o (2) ) = 7 (ST ),

for all z € X3. To prove (2.10), we recall from (2.7) that if g ¢ %24 g, then
d(A U gilBa:) = p(A) + p(B) = p(AU 9713)’
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whence, by (2.9),
d(A, Ug™'By)

#(A) +pu(B) = (AU g™ B)

(o™ (L) Ug™to (o)) = mq (Lo Uny(9) ™" o)

mo(Lo) +mq(Jo) — mo(Lo N 7,(9) " Jo),

which finishes the proof. O

N

2.6. CLASSICAL PRODUCT SET THEOREMS IN COMPACT GRoUPs. — We shall use the fol-
lowing two results about product sets in compact groups due to Kneser in his very
influential paper [5].

Turorem 2.8 ([5, Satz1]). — Let K be a compact and metrizable abelian group with
Haar probability measure my and suppose that I and J are measurable subsets of K
with positive my -measures such that

mK(Jffl) < mK(I) + mK(J)
Then JI~' is a clopen subset of K, and there exist
— a finite group @ and a homomorphism p from K onto Q.
— a pair (I,,J,) of subsets of Q with
mQ(Jol; ) = mq(Js) +mq (L) —mo({eq}),
such that (I,J) reduces to (I,,J,) with respect to p. If I = J, we can take I, = J,.
Corovrrary 2.9. — Let K be a compact and metrizable abelian group with Haar prob-

ability measure my and assume that I is a measurable subset of K with positive
my-measure such that

mi(IT7Y) < ng(I).

Then there exist a finite group @, a surjective homomorphism p : K — @ and a point
q € Q such that (I, 1) reduces to ({q},{q}) with respect to p. In particular, II~* is
an open subgroup of K.

Proof. — By Theorem 2.8, there exist a finite group @), a homomorphism p from K
onto Q and a subset I, of @), such that

IcpY(I,) and IT7'=p NI,I;') and mq(l,I;"') = 2mq(l,) — mg({eq}).

Since mg (I171) < 3mg(I), we conclude that

_ 3
(2.11) mo(L 1, ") = 2mq(l) = mo({eq}) < 5 ma(l),
whence mq(I,I;1) < 3mg({eq}). Since I, is non-empty, we conclude that I,
must be a point. Hence I, = {q} for some ¢ € Q. O

If K is connected and non-trivial, then there are no proper clopen subsets of K,
whence the assumed upper bound in Theorem 2.8 can never occur.
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Cororrary 2.10. Let K be a compact, metrizable and connected abelian group with
Haar probability measure my . Then, for all measurable subsets I and J of K,

my(JI7h) > min(LmK(I) + mK(J)).

In the connected case, Kneser further characterized the pairs of measurable subsets
of the group for which the lower bound in Corollary (2.10) is attained. We denote
by T the group R/Z endowed with the quotient topology.

Tueorem 2.11 ([5, Satz2]). — Let K be a compact, metrizable and connected abelian
group with Haar probability measure my . If I and J are measurable subsets of K such
that

mp(JI™Y) =mg(I) +mg(J) <1,
then there exist
— a continuous homomorphism p from K onto T,

— closed intervals I, and J, in T with
mr(l,) =mg(I) and myp(J,) = mg(J),

such that (I,J) reduces to (I,,J,) with respect to p.

3. Proor or Turorem 1.3 anp Tueorem 1.5

Let A and B be measurable subsets of X with positive p-measures. The first
assertion of Theorem 1.3 is contained in Corollary 2.3. Let us assume that either

(3.1) A=B and d(Za)< gu(A)
(3.2) d(Za,B) < p(A) + u(B).

By the first part of Proposition 2.7, there exist
— a compact and metrizable abelian group K with Haar probability measure mg,
— a homomorphism 7 : G — K with dense image,
— a pair (I, J) of measurable subsets of K,

which satisfy
w(A) <mg(I) and w(B) <mg(B) and mg(JI™') < d(%ap).
In the case (3.1), which corresponds to Theorem 1.3, we can take I = J, and thus
mi(IT7") < d(Za) < ng(I).
and in the case (3.2), which corresponds to Theorem 1.5, we have

mg(JI7Y) <d(Zap) < W(A) + w(B) < mg(I) +mx(J).
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In both cases, Theorem 2.8 tells us that there exist a finite group @, a continuous
surjective homomorphism p : K — @ and a pair (I,,J,) of subsets of @ such that
(I,J) reduces to (I,, J,) with respect to p. By Proposition 2.7, this implies that

Hap C 1, (LI ),
and that for all g € Tp_l(Jolo_l) N #a,B,
pu(A) + w(B) < mo(Lo) + mqo(Jo) — mo(lo N 7y(9) ™" o).

In the case (3.1), Corollary 2.9 further asserts that I, = J, = {¢} for some point ¢ € Q,
whence L,I(j1 = eg and thus we can conclude from above that Z4 C G, := ker 7,
and

(33) ma({ea)) = mi(LI; ) < d(#a5) < 5 p(A).
Since @ is finite, G, has finite index in G and for every g € G, \ Z 4, we have
mq (L, N7p(9) ') = mo({eq})-
Hence,
21(A) < 2mq(Lo) — mq(I, N7y(9) ' ) < mo({eq})-
The last inequality clearly contradicts (3.3), so we conclude that G, = Z4, which

finishes the proof of Theorem 1.3.
In the case of (3.2), Theorem 2.8 asserts that the pair (I, J,) in @ satisfies

mq(Joly ") = mq(Lo) + mq(Jo) — mq({eq}),
whence
(34) mq(lo) + mq(Jo) — mqo({eq}) < d(Za,p) < u(A) + n(B).
By Proposition 2.7, we have

%AB C le_l(Jofo_l)
and for all g € 7,7 (JoI; ') \ Za, B, we have
#(A) + u(B) < mo(L,) +mq(Jo) — mo(Lo N 1p(9) " o).
Since g € 7, ' (Jol, ') and Q is finite, we have
mq (Lo N 7p(9) " Jo) = mao({eq}),

whence

1(A) + u(B) < mq(lo) +mq(Jo) —mo({eq}),

which clearly contradicts (3.4). We conclude that 7,7 ! (J,I;') \ Za,p is empty, and
thus

Fap =1, (JI, ") = MG,,

where G, = ker 7, and M is a finite subset of G whose image under 7, equals J,I, .
Since @ is finite, G, has finite index in G. This proves Theorem 1.5 (with n = 7,).
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4. Proor or THEOREM 1.8

Suppose that G ~ (X, u) is totally ergodic. Let A and B be measurable subsets
of X with positive y-measures, and assume that

d(#a,8) = w(A) + p(B) < 1.

By the first part of Proposition 2.7, we can find

— a compact and metrizable abelian group K with Haar probability measure mg,

— a homomorphism 7 : G — K with dense image,

— a pair (I,J) of measurable subsets of K,
which satisfy

w(A) <Kmg(l) and p(B) < mg(B) and mg(JI™') < d(ZaB).
Furthermore, since G ~ (X, ) is totally ergodic, K must be connected. In particular,
by Corollary 2.10,
min(1, mx (1) +mg(J)) < mr(JI™) < d(Rap) < w(A)+pu(B) < mg(I)+mp(J).
If mg(I)+ mg(J) > 1, then my(JI~) = 1, whence u(A) + u(B) > 1, which
we have assumed away. Hence, my (1) + mg(J) < 1, and thus pu(A4) = mg(I) and
w(B) =mg(J), and
mi(JIY) =mg(I) +mg(J) < 1.
Theorem 2.11 now asserts that there is a continuous surjective homomorphism
p: K — T and closed intervals I, and .J, of T such that
1(A) =mg(I) =mr(lo) and p(B)=mg(J) =mr(J),

and (I, J) reduces to the pair (I,, J,) with respect to p. Hence, by the second part of
Proposition 2.7,
Rap 1y (L)

and for all g € Tp_l(Jolo_l) \ %48, we have
w(A) + u(B) < mr(1,) +mr(Jy) —mr(I, N 7y(g) 1 o).
We conclude that
mr(l, N1y(9) "' J,) =0, forallge T;l(Jofgl) N ZAB-

Note that J,I; ! is a closed interval in T. Hence mr(I, N 7,(g)~*J,) = 0 for some
g € 7, (JoI; ') if and only if 7,(g) is one of the endpoints of this interval. In other
words, Z 4,5 can only differ from the Sturmian set 7,71 (J, I 1) by at most two cosets
of the subgroup ker 7,.

Furthermore, since p(A) = mg(I,) and u(B) = mg(J,), the last part of Proposi-
tion 2.7 asserts that there is a G-factor map o : (X, u) — (T, mr), where G acts on T
via 7, such that

A=0c"YI,) and B=o0c"1(J,),

modulo p-null sets. This finishes the proof of Theorem 1.8 (with n =7,).
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5. Proor or THEOREM 1.12

Let us first assume that G ~ (X, ) is C-doubling for some C' > 1. Then, for every
n > 1, there is a measurable subset A,, C X such that

1 C
0< u(A,) < - and d(Za,) < Cu(Ay) < g

To avoid trivialities, we shall from now on assume that n > C. By Lemma 2.4, we can
find a (non-trivial) compact metrizable group K,,, a homomorphism 7, : G — K,
with dense image, a G-factor map 7, : (X, u) — (K,, mg, ) and a measurable subset
I, C K, such that

C
A, c m;%(I,) modulo null sets and mg, (I, 'I,) < —, foralln >1.
n

In particular, mg, (I,) < mg, (I;'1,) < % Let K denote the closure in ], K,
of the diagonally embedded subgroup {(n.(g9)) | ¢ € G}. We note that 7 = (m,) :
(X, 1) = (K,mg) is a G-factor map, where G acts on K via n = (n,). Since the
pull-backs to K of the sets I,, provide measurable subsets of K with arbitrarily small
mg-measures, we see that K must be infinite.

Let us now assume that there exist

(i) an infinite compact metrizable group K and a homomorphism 7 : G — K with
dense image.

(ii) a G-factor o : (X,u) — (K,mg), where mg denotes the normalized Haar
measure on K and G acts on K via 7.

We wish to prove that (X, u) is C-doubling for some C' > 1. Since G ~ (K, mg) is
a G-factor of (X, ), it is clearly enough to prove that G ~ (K, mg) is C-doubling.
If K° has infinite index in K, then K/K*° is an infinite totally disconnected group, and
thus we can find a decreasing sequence (U,,) of open subgroups of K with mg(U,,) =
1/[K : U,] < 1/n for all n. Since Zy, = n~1(U,), we have

1
d(.@Uﬂ): m :mK(Un), for alln> 1,
which shows that G ~ (X, u) is 1-doubling (we are using here that the sequence (F},)
also satisfy (1.1) for all bounded measurable functions on K). If K° has finite index
in K, then K° is an open subgroup, and thus has positive mg-measure. Fix a non-
trivial continuous character x : K° — T, and note that by connectedness, x is onto.

Set

1 1
1, :X_l([— —,—D CK°CK, forn>1.
2n’ 2n
Then, mg(I,) = mg (K°)/n for all n, and it is not hard to show that
d(Z#;,) =dn" (I, — I,,)) < 2mg(I,), foralln,

whence G ~ (X, u) is 2-doubling.
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