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Abstract

We study the auto-correlation measures of invariant random point processes in the hyperbolic
plane which arise from various classes of aperiodic Delone sets. More generally, we study
auto-correlation measures for large classes of Delone sets in (and even translation bounded
measures on) arbitrary locally compact homogeneous metric spaces. We then specialize to
the case of weighted model sets, in which we are able to derive more concrete formulas for
the auto-correlation. In the case of Riemannian symmetric spaces we also explain how the
auto-correlation of a weighted model set in a Riemannian symmetric space can be identified
with a (typically non-tempered) positive-definite distribution on R”. This paves the way for
a diffraction theory for such model sets, which will be discussed in the sequel to the present
article.

1 Introduction
1.1 General themes of this article

The study of aperiodic Delone sets in R” and more general locally compact abelian groups
is a classical topic in harmonic analysis (see [3] for an extensive reference list). A particular
interesting class of such Delone sets are model sets as introduced by Meyer in his pioneering
work [25]. In the first part of this series of articles [8] we have studied model sets in the
wider setting of - typically non-abelian - locally compact second-countable (Icsc) groups and
developed a theory of auto-correlation for such model sets (and more generally, for so-called
Delone sets of finite local complexity in locally compact groups).
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In this second part we study Delone sets, i.e. uniformly discrete and relatively dense
subsets, in arbitrary lcsc homogeneous metric spaces. Here a locally compact metric space
is called homogeneous if its isometry group G acts transitively on X. Examples of such
spaces exist in abundance; we will consider in particular Euclidean spaces, hyperbolic spaces,
Riemannian symmetric spaces, vertex sets of regular trees and Bruhat-Tits buildings and
locally compact second countable (Icsc) groups themselves with an invariant metric.

Any locally compact homogeneous metric space is of the form X = K\G for a compact
subgroup K < G and we will show that every Delone set in X is the orbit of a Delone set in
G as defined in [7]. In particular, we can define a model set in X as the orbit of a model set
in G, and these are the main protagonists of the current article. While the case of Euclidean
space (seen as homogeneous space under the group of Euclidean motions, [2]) and abelian
locally compact groups [3] have been studied before, this seems to be the first systematic
investigation of auto-correlation of Delone sets in general Icsc homogeneous metric spaces.

The bulk of this article is devoted to transferring the theory of auto-correlation developed
in [8] from model sets in lcsc groups to model sets (and more general translation bounded
measures) in arbitrary lcsc homogeneous metric spaces.

While our results apply in large generality, this introduction will focus on the simple
special case of Delone sets in the hyperbolic plane, for which we can state some of our
results in a particularly nice form. In particular we are going to explain how a model set
in the hyperbolic plane gives rise to an evenly positive-definite (generally non-tempered)
distribution on the real line. The complex Fourier transform of this distribution will be the
subject of the third paper in this series [9], where it will be established that it is a pure point
Radon measure if the model set is uniform. The natural context of this result is the theory of
spherical diffraction alluded to in the title of this series of articles.

1.2 Tilings of the hyperbolic plane

The Poincaré disc model of the hyperbolic plane is given by the unit disc D C C with the
metric

d(z1, z2) := 2artanh (M)
[1—z122]

A subset A C D is called a Delone set if it is uniformly discrete and relatively dense, i.e. if
there exist constants R > r > 0 such that d(A, Ap) > r forall A;, Ay € A with A1 # Ay
and if for every z € D there exists A € A with d(X, z) < R. Itis called periodic if the group
I' ={g €Is(D,d) | g.A = A} acts cocompactly on D.

If A is a Delone set in the hyperbolic plane, then the Voronoi cell of A € A is the convex
compact set with piecewise-geodesic boundary given by

Vi={zeH? | VA € A\[A}: d(z,») <d(z,\)).

The Voronoi cells (V)),ea form a tiling of the hyperbolic plane called the Voronoi tiling of
A. Figure 1, due to Stefan Witzel, shows a piece of a Voronoi tiling associated with a Delone
set in the Poincaré disc. The underlying Delone set is not periodic, but nevertheless enjoys
a great deal of structure, analogous to “quasi-crystals” in the Euclidean plane. In fact, in the
terminology introduced below, it is a uniform model set in the Poincaré disc.

We remark that the study of such non-periodic tilings in the hyperbolic plane has a long
history (see e.g. [5,11,24,26]), but we will see that hyperbolic model sets and their associated
tilings have a number of features which are not known to hold in previous examples.
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Aperiodic order and spherical diffraction...

Fig. 1 Voronoi tiling of a hyperbolic model set (Picture courtesy of Stefan Witzel)

1.3 Weighted model sets and unique ergodicity

In the sequel it will be convenient for us to work with the upper half-plane model of the
hyperbolic plane as given by
H? = {(x,y) eR? |y > 0} = {z € C | Im(z) > 0}

with metric

X1 — 1) + )2
d((x1, y1), (x2, y2)) = arcosh (1 +( ! 2)2 (1= %) )
yiy2

The group SL,(R) acts on H? by isometries via

ab az+b ab
<c d) 7= otd <<c d) € SLr(R), z € C, Im(z) > 0>,

and every orientation-preserving isometry of H? arises from a matrix in SL,(R) in this way.
Moreover, the action SL; (R) ~ H? is transitive.
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Lemma 1.1 (Lifting lemma) For every Delone set A C H? there exists a Delone set A in
SL,(R) whose orbit coincides with A, i.e.

A={ri|xeARr}. (1.1)

Not every orbit of a Delone set in SL,(IR) is a Delone set in the hyperbolic plane, but if
I' < SLy(R) is a uniform lattice, then the orbit I".i of I" in H? defines a periodic Delone set
in H.

We now explain how to construct non-periodic examples of highly structured Delone set
in the hyperbolic plane: We start from a uniform lattice I" in SL; (R) x SL> (R), for example

I'={(Zi(x,y), Zo(x, y)) | x0,...,X3,Y0,-..,¥3 € Z,det(Z(x, y)) = det(Z>(x, y)) =1},
where

P (vo+ 155 o) + (i + 55 3) V34 V5 (x+ 5 )+ (x
= g (0 145 1) (w4 155 1) V31 5)

+155 )3+ 5
x0+71+2‘/§‘y0)—(x1+”2‘/§-y1 3+45)°
225 3) Xo+%'}’u)+(ﬁf1+%§~yl) 3-5 Xz+#'y2 +(n+158 5)V3-45
2(x,y) = .
#((*2+¢‘)’2)*(x3+¥-ys)«/3f«/5) 13 3-v5

X0+ == Yo
Moreover, let W be a compact identity neightbourhood in SL>(R) and denote by p1, p2 :
SLy(R) x SLy(R) — SL»(R) the two coordinate projections. We then define a subset of
SLa(R) by

— xl+7T'yl

A = pi(I' N (SLa(R) x W)).

This is an example of a uniform model set in SL> (R), and such model sets have been system-
atically studied in [7,8]. The following proposition holds for model sets and more generally
for Delone set in SLy (R) of finite local complexity as defined in [7,8].

Proposition 1.2 [f A is a Delone set of finite local complexity in SLy(R), for example a
uniform model set, then its orbit A as defined by (1.1) is a Delone set in H2, and for every
A € A we have

w) = (ke A | hi=2n} < oo.

We refer to the pair (A, w) arising from this construction as a weighted uniform model set
in H? and to the function w : A — N as its weight function. The associated weighted Dirac
comb is the Radon measure §(A ) on H? given by

S (f) =Y wf() (f € C(HY)).

reA

The weighted Dirac comb of a weighted model set is an example of a translation bounded
measure on H2. Such measures have been studied extensively in the setting of abelian groups
[1,4,19], and generalizing results from the abelian case we will show:

Proposition 1.3 The weak-*-closure QA w) 1= SL2(R).§(A w) in the space of Radon mea-
sures on H? compact.

One can show that Q4 ) consists of those weighted Dirac combs of weighted Delone
sets in H? which locally coincide with (A, w) up to an element of SL, (R). We refer to QA,w)
as the hull of (A, w). By construction the group SL; (R) acts on the hull, and we can extend
the results from [8] to show:
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Theorem 1.4 (Unique ergodicity of regular weighted model sets) If A is a regular uniform
model set, then the hull QA ) is minimal and admits a unique SLo (R)-invariant probability
measure.

Remark 1.5 The topological structure of hulls of Delone sets in homogeneous metric spaces
has also been studied by Benedetti and Gambaudo in [6]. Their focus is however quite
different from ours.

We refer the reader to [8] for the precise definition of a regular uniform model set. Besides
some technical conditions on the window it requires the window to be in general position
with respect to the lattice I.

1.4 Auto-correlation measures and auto-correlation distributions

From now on we fix a weighted uniform model set (A, w) in the hyperbolic plane arising
from a regular uniform model set in SL, (R).

By Theorem 1.4 there exists a unique SL,(R)-invariant probability measure on the hull
(A, w)- If we denote this measure by v, then the pair (€2(A ), V) is an example of a (weighted)
point process in the hyperbolic plane, and for such point processes one can define correlation
measures in the usual way. For example, the two-point correlation 7 is the Radon measure
on H? x H? given by

(2) _
12 ® f) = f%w (/H fi du) (fH fzdu) dv(w).

Since v is SL; (R)-invariant, the two-point correlation descends to a Radon measure 1 on the
quotient SL (R)\(H x H) called the auto-correlation measure of (A, w) (or of v).

There are several ways to think of this measure. Firstly, if we abbreviate G := SL,(R) and
K := SO;,(R), then we can identify SL,(R)\ (H x H) with the double coset space K\G/K,
and hence 7 can be seen as a Radon measure on this space. Secondly, one can show that there
is a well-defined homeomorphism

1 K\G/K — [1,00), KgK > %tr(g—rg), (1.2)

and hence 71 corresponds to a Radon measure on [1, co). We now offer several descriptions
of this measure.

Firstly, we can identify C.(K\G/K) with the convolution algebra C.(G, K) of bi-K-
invariant functions on G via pullback along the canonical projection G — K\G/K. From
this identification C.(K\G/K) inherits the structure of a x-algebra. Secondly, we can also
identify every f € C.(K\G/K) with aradial function fp on the hyperbolic plane. We then
obtain the following description of 7.

Proposition 1.6 (General formula for the auto-correlation measure) The auto-correlation
measure 1 is the unique Radon measure on K\G /K such that for all f € C.(K\G/K),

|, fie
]HI2

Using results from [8] we obtain the following alternative description. Here, we denote by
# C G x G a fundamental domain for the I'-action on G x G and by m¢ a suitably
normalized choice of left-Haar measure on G. Moreover, given f € C.(G, K) we denote by
k fx € C.(K\G/K) the function given by g fx (KgK) = f(g).

2
dv(p).

n(f*f*)z/

Q(A,w)
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Theorem 1.7 (Auto-correlation formula for weighted model sets) The auto-correlation mea-
sure 1) is the unique Radon measure on K\G /K such that for all f € C.(G, K),

2
i) = [ [ 1r@m| X foetvoan| dnedna
(y1.72)el

where F is a fundamental domain for I in G x G. Equivalently, n is the unique Radon
measure on K\G/K such that for all f € C.(G, K),

Nk fi * (k fO)D) = Y (F* fHDAw * Ly-1) (1)

(y1,72)€l’

Finally, denote by (B;) the ball of radius 7 around i in the hyperbolic plane, and define
F,:={geG|gieB)}CQG.

Theorem 1.8 (Sampling formula for the auto-correlation) The auto-correlation measure 1 is
the unique Radon measure on K\G /K such that for all f € C.(G, K)

n(k fx) = :l—l>nolomG(F) D) feyh.

xeANF; yeA

From Proposition 1.6 one sees that the auto-correlation measure is positive-definite on
K\G/K in the sense that

n(f* f*) >0 forall f € C.(K\G/K).

However, if we consider n as a Radon measure on [1, o0) C R via the identification (1.2),
then 7 is not a positive definite Radon measure on R in these coordinates. We can remedy this
by applying the so-called Harish transform and obtain an evenly positive-definite distribution
on R. To state the result, we denote by C2°(R)ey C C2°(R) the subspace of even functions,
i.e. functions satisfying f (1) = f(—t). The dual space Z(R)e, := C°(R)Z, canbe identified
with the subspace of Z(R) = C2°(R)* consisting of those distributions which are invariant
under the reflection at 0, and hence we refer to elements of 2(R)ey as even distributions.
A distribution is positive-definite if £(¢ * ¢*) > 0 for all ¢ € C°(R), and we call an
even distribution & evenly positive-definite if &(¢ % ¢*) > 0 for all ¢ € C°(R)ey. Given
£ € I(R)ey and ¢ € CP(R)ey we write [~ (1) d&(1) := &(¢).

Theorem 1.9 (Auto-correlation as a positive-definite distribution) If 1 denotes the auto-
correlation measure considered as a Radon measure on [1, 00), then the formula

¢’ (arcosh(r + v2/2)) .
= — dvd CP(R)ey
cori=or [ f T dvdn() (o € CE @)

defines an evenly positive-definite distribution & € Z(R)ey, and for all f € C°([1, 00)) we
have

oo o
n(y) = / / ¥ (cosh(t) 4 u?/2) du d&(r).
0 —00
In particular, n is uniquely determined by &.

In view of the theorem we refer to & € Z(R) as the auto-correlation distribution of
(A, w). In general, £ is not a tempered distribution, i.e. it does not extend to a continuous
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linear functional on the Schwartz space . (R). The reason for this is that, unlike for model
sets in the Euclidean plane, the number of elements of a model set contained in a ball of
radius R in the hyperbolic plane grows exponentially (rather than polynomially) in R. While
tempered distributions can be studied by their real Fourier transform, to study non-tempered
distributions one needs to employ a certain complex Fourier transform. We will see in the
sequel article [9], that & is uniquely determined by its complex Fourier transform, which we
will show to be a pure-point positive Radon measure supported on a certain 1-dimensional
subset of C. This should be seen as the analog of pure point diffraction of Euclidean quasi-
crystals in the hyperbolic setting.

1.5 The general picture

All of the results mentioned this introduction work in much larger generality: The basic theory
of auto-correlation measures up to Proposition 1.6 can be developed for translation bounded
measures with uniformly locally bounded orbit (in particular, weighted Delone sets of finite
local complexity) in an arbitrary locally compact homogeneous metric space. The formula
in Theorem 1.7 still works for arbitrary weighted model sets in this very general setting.
The approximation formula in Theorem 1.8 is more restrictive. It works for example if G is
amenable and (F}) is a weakly admissible Fglner sequence as defined in [8]. It also works in
many non-amenable situations, for example if G satisfies the conclusion of the Howe—Moore
theorem, (G, K) is a Gelfand pair and (F;) is an arbitrary bi- K -invariant weakly admissible
sequence. Notably this covers the case of balls in Riemannian symmetric space, in particular
balls in the hyperbolic plane. Theorem 1.9 makes use of an identification between the -
algebra C°(K\G/K) and the subalgebra of C°(IR) consisting of even functions. This can
be extended to semisimple Lie groups: If G is a semisimple Lie group of real rank n with
maximal compact subgroup K, then by work of Harish-Chandra the x-algebra C2°(K\G/K)
is isomorphic to the subalgebra of C2° (R") consisting of functions which are invariant under a
certain finite reflection group, the so-called Weyl group of G. In this case, the auto-correlation
measure can be identified with a Weyl group invariant positive-definite distribution on R”",
and we will investigate complex Fourier transforms of these distributions in the sequel article

[9].

1.6 Organization of the article

In Sect. 2 we discuss Delone sets in and translation bounded measures on a general proper
lcsc metric space X. We explain how Delone sets in X give rise to translation bounded
measures (Proposition 2.6) and how they can be lifted to Delone sets in the isometry group
provided X is homogeneous (Corollary 2.13). As special cases we obtain Lemma 1.1 and
Proposition 1.2 from the introduction. We conclude by discussing weighted model sets as
important examples.

In Sect. 3 we define the hull dynamical system of a translation bounded measure. Corollary
3.6 yields a compactness result generalizing Proposition 1.3 from the introduction (as well
as [4, Thm. 4] in the abelian case). Proposition 3.9 relates hulls of Delone sets (as studied in
[8]) to the hull dynamical systems of their Dirac combs and Lemma 3.11 yields naturality
of these systems under proper equivariant maps. Together with results from [8] these imply
(the general form of) Theorem 1.4 (cf. Corollary 3.12).

Section 4 introduces the auto-correlation measure of a sufficiently nice translation bounded
measure (including Dirac combs of weighted model sets). The most general form of Propo-
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sition 1.6 is given in Proposition 4.14. We then specialize to the case of weighted model sets
and derive the auto-correlation formulas from Theorem 1.7 in Corollary 4.18 and Proposition
4.19.

The final two sections are logically independent. Section 5 discusses the notion of auto-
correlation distribution (for SL, (R) and more general semisimple Lie groups) and establishes
Theorem 1.9. Section 6 establishes a sampling formula like the one in Theorem 1.8 in large
generality (Theorem 6.6).

The appendix collects various useful facts concerning convolution structures on double
coset spaces, in particular concerning the existence of certain approximate identities.

1.7 Notational conventions

Throughout this article G will always denote a unimodular Icsc group G and the letter K
is reserved to denote a compact subgroup of G. We denote by m¢ a fixed choice of Haar
measure on G and by mg the Haar probability measure on K. Moreover, we will use the
following notations.

Remark 1.10 (Notations concerning point sets in groups) Given subsets A, B C G we denote
by AB := {ab | a € A, b € B} the product set of A and B. Similarly, we define A~ :=
{a=! | a € A} and write A"T! := AA" for iterated product sets. To avoid confusion with
Cartesian products of sets we will usually write X*2 := X x X and X**+D .= X x x>»
for iterated Cartesian products of a set X with itself, except in standard notations like R” or
cn.

Remark 1.11 (Notations concerning G-spaces) By a G-space we shall mean a Icsc space X
together with an action of G on X which is jointly continuous in the sense that the map
G x X — X, (g,x) — g.x is continuous. If there exists a metric d on X which defines
the topology and is invariant under G in the sense that d(g.x, g.y) =d(x,y) forallg € G
and x, y € €, then (X, d) is called an isometric G-space. If Q is a compact G-space (in
particular metrizable), then we sometimes call 2 a topological dynamical system (TDS) over
G.

Remark 1.12 (Notations concerning function spaces) If X is a lcsc space, then we denote
by C.(X), Co(X) and Cp(X) the function spaces of complex-valued compactly supported
continuous functions, continuous functions vanishing at infinity and continuous bounded
functions respectively.

If (X, v) is a measure space and f, g € LZ(X, v), then we denote by

gk = (2 )it = /X fgdv

the L2-inner product. Contrary to the convention in [8] we will choose all our inner products
to be anti-linear in the second variable. L
Given a function f : G — C we denote by f, f and f* respectively the functions on G
given by
f©=7®©. f(g:=r(") and f*(g):=f(gh.
Given f € C.(G) and x, y € G we define L, f(y) := f(x_ly) and R, f(y) := f(yx).

Remark 1.13 (Notations concerning measures) If X is a lcsc space, then we denote by
M(X) = C.(X)* the Banach space of complex Radon measure on X. We write Mp(X)
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for the subspace of finite complex measures (i.e. © € M(X) with |11](X) < co) and M T (X)
for the subset of (positive) Radon measures. Finally, we denote by M, b+ (X) the space of
bounded Radon measures on X and by Prob(X) C M b+ (X) the space of probability mea-
sures on X. We identify u € M (X) with the corresponding linear functional on C.(X) and
write u(f) := [y fdu for f € Co(X).

2 Point sets and measures in proper homogeneous spaces
2.1 Metrics on proper homogeneous spaces

Recall that G denotes a unimodular lcsc group with Haar measure m¢ and that K < G
denotes a compact subgroup with Haar probability measure m g . We denote by K\G, G/K
and K\G/K respectively the quotients of G by the left-action of K, right-action of K and
action of K x K respectively and denote by

kp:G— K\G, pg:G— G/K and gpg:G — K\G/K

the canonical projections. We will always topologize K\G, G/K and K\G/K with the
quotient topology with respect to these projections, so that ¢ p and pg are open, closed and
proper. While K\ G and G/ K are homeomorphic, we will prefer to work with the left-quotient
K\G. In the sequel we will refer to K\ G as a proper homogeneous space of G.

Example Recall from the introduction that a metric space (X, dx) is called homogeneous if
its isometry group G := Is(X, d) acts transitively on X. If X is a Icsc space (hence a proper
metric space), then G is a Icsc group with respect to the topology of pointwise convergence
and forevery xo € X the stabilizer K := Stabg (x,) is compact [12, Lemma 5.B.4]. Moreover,
by the open mapping theorem, the map K\G — X, Kg > g~ !(x,) is a homeomorphism,
hence every proper homogeneous metric space is a proper homogeneous space in our sense.

Our standing assumptions on G imply that there exists a proper, continuous and right-
invariant metric on G which automatically defines the given topology on G (Struble’s
theorem, see [12, 2.B.4]). We call any such metric right-admissible. By averaging over K
we can produce a right-admissible metric on G which is moreover left-K -invariant; we call
such a metric (K, G)-admissible.

Given a (K, G)-admissible metric dg, we can define a metric on K\ G by setting

d(Kg, Kh) :=mindg(kg, h).
keK

We refer to this metric as the induced metric on K\G. It is proper, continuous, G-invariant
and induces the quotient topology on K\G.

The group G acts on K\G by g.Kx = Kxg~!, and if d is a metric on K\G which is
induced by a (K, G)-admissible metric, then the action of G on (K\G) is by isometries.

Example Let (X, dx) be a proper homogeneous metric space with isometry group G with
the topology of pointwise convergence. By [27, Prop. 4.4.6] a right-admissible metric on G
is given by

dg (g, h) = sup dx (g~ (x), h™" (x))e” X0

xeX

for any basepoint xo € X. If we set K := Stabg(xp), then this metric is even (K, G)-
admissible [27, Prop. 4.4.4], and hence induces a metric d on K\G. Under the canonical
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identification K\G = X this metric is given by

d(g™" (x0), h™" (x0)) = min sup dx (g~ o k™' (x), h™! ()™ (g, h € G).
€

xeX

By definition we have for all g, h € G,

d(g™" (x0), h™' (x0)) = mindx (g™" o k™" (x0), h™ (x0))e ™00 = dx (g™ (x0), ™ (x0))-
€

Note that if f € G, then since f is an isometry we have

dy (f (x), x)e %0 < (dy (f (x0), x0) + d(x, x0) + d(f(x), f(x0))e 40
< dx (f(x0), x0)e 1®X0) 424 (x, xg)e =40,

1

Applying this to f := hog ' ok~! and using k~! (xp) = xo and max{2re~" | r > 0} = 2¢~!

we obtain

d(g " (x0), ™ (x0)) = min sup dy (f(x), x)e 400 = dy (g7 (x0), k! (x0)) +2¢7".

xeX

We may thus record:

Proposition 2.1 (Lifting metrics up to quasi-isometry) If (X, dx) is a proper homogeneous
metric space with isometry group G and point stablizer K, then there exists a metric d on X
induced by a (K, G)-admissible metric dg on G such that

dx(x,y) <d(x,y) <dx(x,y)+2" (x,y € X). 2.1

m}

2.2 Weighted Delone sets and translation bounded measures

Definition 2.2 (Terminology concerning weighted point sets) Let (X, d) be a lcsc metric
space and let A C X be a subset.

1. Aiscalled discrete if every subset of A is openin A with respect to the subspace topology,
and locally finite if it is closed and discrete, or equivalently the intersection with every
pre-compact subset of X is finite.

2. A is called r-uniformly discrete for some r > 0 if for all x,y € X with x # y we
have d(x, y) > r.Itis called R-relatively dense for some R > 0 if its R-neighbourhood
Ng(A)in X coincides with X. Itis called a (r, R)-Delone set if it is r-uniformly discrete
and R-relatively dense for some R > r > (. These notions depend on the choice of
metric d. Any uniformly discrete set is locally finite.

3. We denote by LF(X) the collection of all locally finite subsets of X, by U,(X) the
collection of all r-uniformly-discrete subsets of X, and by Del, z(X) the collection of
all (r, R)-Delone subsets.

4. A subset o C LF(X) is called uniformly locally finite if for every pre-compact subset
K C X there exists a constant C (K ) such that |A N K| < C(K) forall A € «/.

5. If A C X is a locally finite set, then we refer to a bounded function w : A — Cas a
weight function and to (A, w) as a weighted point set. It is called uniformly discrete or
Delone if the underlying set A is.
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Remark 2.3 (Weighted point sets as measures) If (X, d) is a lcsc metric space, then every
A € LF(X) defines a Radon measure 65 on X, called the associated Dirac comb, by the
formula

Sac= Y e iea(f) =) f(x) forall f € Co(X).
xeA XEA

Since A N supp(f) is finite for every f € C.(X), this is well-defined. For A = {J we have
8y = 0 by convention. Similarly, if (A, w) is a weighted point set, then we may define

Saw = Y w(x) -8, € M(X).

xeA

In the sequel we will thus often think of locally finite sets as Radon measures via the embed-
ding
LF(X) = MT(X), A da, (2.2)

and similarly for weighted point sets.

Dirac combs of (weighted) uniformly discrete point sets in isometric G-spaces have addi-
tional properties such as the following (cf. [4]):

Definition 2.4 (Translation bounded measures) Let X be a lcsc G-space. A complex Radon
measure u € M (X) is called translation bounded with respect to G (or G-bounded for short)
if for every compact L C X we have

sup |u(gL)| < oo.
geG

We denote the space of G-bounded measures on X by 7,(G ~ X).

Remark 2.5 (Translation bounded measures and uniformly locally finite orbits) If X is a G-
space and A C X is a locally finite subset, then 65 is G-bounded if and only if for every
compact subset K C X we have sup, |[A NgK| < oo. This means precisely that the orbit
G.A of A is uniformly locally finite.

Proposition 2.6 (Uniformly discrete subsets and translation bounded measures) Let (A, w)
be a uniformly discrete weighted point set in an isometric lcsc G-space (X, d). Then §(a w) is
G-bounded. In particular; if A is uniformly discrete, then its orbit is uniformly locally finite.

Proof We fix a basepoint o € X. Given an r-uniformly discrete set A and R > 0 we choose
X1, ..., X, € X such that Bg (o) is covered by the balls B, > (x;). Then for every g € G we
have

n n
8.Br(0) C | JgBrpa(xi) =) Bra(gxi).
i=1 i=1
and since every ball of radius r/2 contains at most one element of A we have
8A,w)(g.Br(0)) < n - ||w|leo, Whence 84 ) is translation bounded. ]

The converse implication is not true, even for X = G and the constant weight 1. A
counterexample is given by the subset A := Z U {n + % | n € Z{0}} of R, which is not
uniformly discrete, but whose R-orbit is uniformly locally finite and whose Dirac comb is
therefore R-bounded.
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2.3 Weighted Delone sets in groups and proper homogeneous spaces

Remark 2.7 (Delone sets in groups) As explained in [7], all right-admissible metrics on G
define the same notion of uniformly discrete, respectively relatively dense subsets, and we
refer to such subsets simply as uniformly discrete, respectively relatively dense subsets of
G. Explicitly, A C G is uniformly discrete if e is not an accumulation point of AA~! and
relatively dense if LA = G for some compact subset L C G. In particular, A C G is
uniformly discrete if AA~! is locally finite, in which case A is said to have (right-)finite
local complexity (FLC).

The following analogous result holds in the case of proper homogeneous spaces:

Lemma 2.8 (Metricindependence of Delonesets) Let A C K\G, denotebygp : G — K\G
the canonical projection, set & = Kp_1 (A) and let dg be (K, G)-admissible with induced
metric d.

(1) A is relatively dense with respect to d iff B is relatively dense in G.
(i1) A is uniformly discrete with respect to d iff there exists an identity neighbourhood U in
G suchthat E28~'NUK C K.

In particular, these notions are independent of the choice of d.

Proof (i) Assume that for every Kg € K\G there exists . = K& € A withd(Kg, 1) < R.
Thendg (g, &) < R+diam(K), hence E is relatively dense in G. The converse is immediate.
(ii) A is r-uniformly discrete if and only if for all &, &’ € E we have either K& = K&’ or
d(K&,K&') > r. Equivalently, for all g = ££’~! € EE~! we have either g € K or
dg(k, g) = dg(k&,&") > r for all k € K. By right-invariance of the metric this means that
B, (e)(EETN\K)NK =0,ie. EET' N B, (e)K C K. O

In view of the lemma we will refer to a uniformly discrete, relative dense or Delone set in
K\G with respect to some (hence any) metric d induced from a (K, G)-admissible metric
simply as a uniformly discrete, relative dense or Delone set in K\ G. The lemma motivates
the following definition:

Definition 2.9 A subset & C G is called K -uniformly discrete if EE~'NUK C K for some
identity neighbourhood U in G.

In this terminology a subset & C G is uniformly discrete iff it is {e}-uniformly discrete.
Note that in general a K -uniformly discrete set need not be uniformly discrete.

Proposition 2.10 (Lifting Delone sets) For a subset A C K\G the following are equivalent:

(1) A is a Delone set.
(ii) There exists a K -uniformly discrete relatively dense set 8 C G such that g p(E) = A
(iii) There exists a K -uniformly discrete Delone set A C G such that g p(A) = A.

Proof (i) = (ii) By Lemma 2.8 we may choose E := kp (M)

(ii) = (iii) Let A C E be a subset, which intersects each g p-fiber of E in a single point
and fix a right-admissible metric dg on G. If B is R-relatively dense for some R > 0 with
respect to dg, then A is (R + diam(K))-relatively dense, and A is K-uniformly discrete
as a subset of E. Finally, if §;, §2 € A are distinct, then 8182_1 ¢ K, and hence d (6, 2) =
a’((Sl(SEI, e) > dist(E E_I\K, K) > 0, which shows that A is uniformly discrete.
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(iii) = (i) Since E := g p~ ' (A) contains A, it is relatively dense, and hence A is relatively
dense by Lemma 2.8. If 1 and A, are two distinct points in A with respective pre-images &1
and 8 in A, then

d(r1, A2) = mindg k81, 82) = mindg (828, ', k) > dist(EE™"\K, K) > 0,
keK keK

hence A is uniformly discrete. O

Remark 2.11 From Proposition 2.10 one deduces the following:

1. Every projection of a K -uniformly discrete Delone set is again Delone.

2. Every Delone set in K\G is a projection of a Delone set in G. By analogy, we will say
that a subset of K\ G has FLC if it is the projection of an FLC setin G.

3. The proof of Lemma 2.8 shows that E C G is K-uniformly discrete if and only if for
every right-admissible metric dist(EE~'\K, K) > 0. This implies that every FLC set
in G is K-uniformly discrete, and hence every FLC set in K\ G is uniformly discrete.

We conclude in particular, that if A C G is an FLC Delone set, then g p(A) is a Delone
set

Remark 2.12 (Application to proper homogeneous metric spaces) Let (X, dx) be a proper
homogeneous lcsc metric space with isometry group G and point stabilizer K and let d be
a metric as in Proposition 2.1. We claim that a subset A C X is Delone with respect to dy
if and only if it is Delone with respect to d. Indeed, that relative denseness carries over is
immediate from (2.1), and this inequality also implies that any dx-uniformly discrete subset
is d-uniformly discrete with the same constant. Now assume that A is r-uniformly discrete
with respect to d, but not with respect to dx. Then there exist elements x;,, # y, in A with
dx (xn, yn) < L. Choose g, € G such that g,x, = xo; then dx (x0, g (ya)) < L and thus

n
gn(yn) = xo. Since d is continuous this implies

d(xp, yn) = d(gn(xXn), & (yn)) = d(x0, gn(yn)) — d(xo, x0) = 0,

hence for sufficiently large n we have d(x,, y,) < r, which is a contradiction.
Together with Proposition 2.10 we deduce:

Corollary 2.13 (Lifting Delone sets, IT) Let (X, dx) be a lcsc proper metric space. Assume
that G < Is(X) acts transitively on X with point-stabilizer K. Then a subset A C X is
Delone if and only if it is the orbit of a K -uniformly discrete Delone set in G. O

Remark 2.14 (Push-forwards of point sets and measures) Let xp : G — K\G denote the
canonical projection.

1. We have seen that if A C G is uniformly discrete, then the naive push-forward g p(A)
need not be uniformly discrete.

2. On the other hand, since g p is proper, it induces a push-forward map g px : M(G) —
M (K\G), and the push-forward of a translation bounded measure will always be trans-
lation bounded, i.e. g pi restricts to a map g p« : M(G) — M(K\G). In this sense
translation bounded measures behave better under push-forward than uniformly discrete
sets.

3. Let A C G be uniformly discrete. Then the weighted push forward g p«A of A is the
weighted point set (x p(A), w) with weight function given by w(x) = |[A N kp ().
The definition is made in such a way that

Sk puh = K D+OA-
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This implies in paticular that & ,,, A is translation bounded, and hence A has a a uniformly
locally finite G-orbit.

4. If w is a weight function on A, then we can similarly define g p4(A, W) as the unique
weighted point set such that

Sk pe(A,B) = K PxO(A,)-

Explicitly, the weight function w of g p(A, W) is given by
wE) =Y D).

yexp(x)

Note that if A C G is an FLC Delone set, then g p(A) is a Delone set, and hence g p« A is a
weighted Delone set.

2.4 Weighted model sets in proper homogeneous spaces

We now discuss the class of examples which motivated the current series of papers. In [8] we
introduced the notion of a model set in a Icsc group G. To state the definition, we recall that
a discrete subgroup I" of a Icsc group G is a lattice if I'\G admits a G-invariant probability
measure, and a uniform lattice if I'\G is moreover compact.

Definition 2.15 1. A cut-and-project-scheme is a triple (G, H, I') where G and H are lcsc
groups and I' < G x H is a lattice which projects injectively to G and densely to H. A
cut-and-project scheme is called uniform if I' is moreover a uniform lattice.

2. If (G, H,T) is a cut-and-project scheme and pg : G x H — G denotes the projection
onto the first coordinate, then for every pre-compact set W C G the subset

AG,H, T, W) =pcNGxW)CG

is called a weak model set in G with window W. A weak model set is called uniform if
I" is a uniform lattice.

3. A weak (uniform) model set is called a (uniform) model set if its window W has non-
empty interior. It is called a regular model set if W is Jordan-measurable with dense
interior, Staby (W) = {e} and W N py(I') = @, where py : G x H — H is the
projection onto the second factor.

Now let A C G be a model set, let K < G be a compact subgroup and ¢ p : G — K\G
denote the canonical projection. Then the weighted push-forward g p« A is a weighted Delone
set of the form (x p(A), wp).

Definition 2.16 The weighted Delone set g p. A = (x p(A), wp) is called a weighted model
set in K\G, and wy, is called its canonical weight function. (w(A), wy) is called a regular
(respectively uniform) weighted model set, if A has the corresponding property.

We emphasize that in our terminology, a weighted model set is not just a weighted Delone
set with underlying Delone set x p(A). Rather, when we speak of weighted model sets, we
always assume that the weight function is the canonical one.

Remark 2.17 Let A be amodel setin G and g p. A = (g p(A), w). If the weight function w
is trivial (i.e. w(x) = 1 forall x € g p(A)), then we may identify g p, A with the underlying
set g p(A). We then call x p(A) simply a model set in K\ G. By definition, g p(A) is a model
set if and only if AATI'NK = {e).
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Convention 2.18 Throughout this article, all weighted model sets (uniform or not) are
assumed to be regular.

3 Hulls of Delone sets and translation bounded measures
3.1 Topologies on point sets and measures

Remark 3.1 Let (X, d) be a lcsc metric space. We define the following topologies on the
various sets of point sets and measures defined above.

1. We equip M(X) with the weak-*-topology with respect to C.(X). This topology is
second-countable, since X is, and the action of G on M (X) is jointly continuous with
respect to the weak-*-topology. Indeed, if (g,, n,) — (g, ®) in G x M(X), then for
every ¢ € C.(X) there exists a compact set K containing the supports of all of the
functions g,.¢. If we set C := supu, (K), then C < oo and

|n(gn-0) — n(g.9) < |n(gn-©) — tn(g.0)| + |1t (g.9) — 1n(g.9)|
<C ligno —g¢lloc + ltu(g-9) — n(g.0)|.

Since both terms converge to 0 as n — o0, this shows g,.u, — g.u.

2. The set ¢’(X) of all closed subsets of X carries a natural compact metrizable topology
called the Chabauty—Fell topology. A sequence (P,) in ' (X) converges to P with respect
to this topology if and only if the following two properties hold:

(CF1) If (ny) is an unbounded sequence of natural numbers and p,, € P, converge to
p € X,then p € P.
(CF2) For every p € P there exist elements p, € P, such that p, — p.

From this characterization one sees immediately that the G action on € (X) is jointly
continuous with respect to the Chabauty—Fell topology.

3. For every R > r > 0 we have inclusions Del, z(X) C U,(X) C LF(X) C ¢(X) and
we denote by t¢ r the restrictions of the Chabauty-Fell topology to either of these spaces.

4. We obtain another topology on LF(X) and its subspaces by pulling back the weak-x-
topology on M (X) via the embedding LF(X) — M(X) from (2.2). We refer to this
topology as the measure topology on LF(X). The measure topology on weighted point
sets is defined accordingly.

Proposition 3.2 (Chabauty—Fell topology vs. measure topology) Let (X, d) be a lcsc metric
space. Then for every r > 0 the Chabauty—Fell topology and the measure topology coincide
on the subset U, (X) C LF(X) and define a compact metrizable topology on U, (X).

Explicitly this means that a sequence of r-uniformly discrete sets A, converges to A in
the Chabauty—Fell topology if and only if for every f € C.(X) we have

Y fa) = ) .
xn€N, XEA

For the proof we follow roughly the same strategy as in the abelian case, cf. [4, Thm. 4]. We
need the following lemma:
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Lemma 3.3 (Convergence of uniformly discrete sets) Suppose that A, — A in U.(X) with
respect to the Chabauty—Fell topology. Then for every p € A and O < ¢ < r/2 there exists
no(p, €) € N such that for all n > no(p, ¢),

[Be(p) N Ap| =1

Proof If p € A, then by (CF2) there exist p, € A, with p, — p, hence for every ¢ > 0
there exists ng(p) such that for all n > ny we have p,, € B.(p) N A,.If ¢ < r/2,then p, is
necessarily unique by the triangle inequality. O

Proof of Proposition 3.2 The space (U, (X), tcr) is compact and second countable (see e.g.
[7]). It thus suffices to show that the embedding (U,(X), tcr) — M(X), A +— 84 is
(sequentially) continuous.

Thus assume that A,, — A in (U,(X), 7cr) and let f € C.(X). Let K¢ := supp(f), and
let K1 be a compact set containing a 10r-neighbourhood of K. Note that K; N A is finite,
say KiNA = {pWD, ..., p™}. Now fix & € (0, r/2] and with the notation of Lemma 3.3
set

no := max{no(p’, &) | j € {1,..., N}}.
Then for all n > ng we have B.(p/) N A, = { p,(,j )}. We claim that for all but finitely many
n > ng we have

AN Ko Cipy1jell,... N}

Indeed, otherwise we would find an unbounded sequence 7y and elements p,, € A,, N Ko
such that d(p,,, A N K1) > e. Passing to a further subsequence we may assume that p,,
converges to some p € X, and then p € A by (CF1). Since p is not contained in K1, it has
distance at least 10r from Ky. But then at most finitely many of the p,, can be contained in
Ko, which is a contradiction. We deduce that for sufficiently large n we have

N N
188,01 =8a(H| = D £ =D fp)
Jj=1 j=1

IA

N ) )
Y 1) = £
j=1

< N-sup{|f(x) = fODI [ x,y € N (Ky), d(x,y) < &}

Since f is uniformly continuous on compacta, we deduce that §5,(f) — &a(f), which
finishes the proof. O

3.2 The hull of a translation bounded measure

From now on let G be a lcsc group and let (X, d) be an isometric G-space. We fix a basepoint
oeX.

Remark 3.4 (C-translation bounded measures) Since every compact subset of X is contained
in some ball around o, a complex measure @ € M (X) is translation bounded if and only if
for every R > 0 there exists C(R) > 0 such that for all g € G,

n(gBr(0)) < C(R).
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If this holds for a fixed function C : (0, oo) — (0, 00), then we say that u is C-translation
bounded (with respect to d and o). Given a function C : (0, co) — (0, co) we then denote
by 7c(G ~ X) C 95(G ~ X) the collection of all complex Radon measures on X which
are C-translation bounded with respect to d and o. By definition, the set 9-(G ~ X) is
invariant under the natural action of G on complex Radon measures.

Lemma 3.5 (Compactness properties of translation bounded measures) For every function
C : (0,00) — (0, 00) the subspace Tc(G ~ X) C M(X) is a compact metrizable space,
and the G-action on I¢c(G ~ X) is continuous.

Proof By Remark 3.1, M (X) is second countable (hence metrizable) and the action of G on
M (X) is jointly continuous. It thus remains to show that 7¢(G ~ X) C M(X) is compact.
Since M (X) carries the subspace topology with respect to the embedding

MX) = [] R we (ulo), 3.1
peCe(X)

where the right-hand side is given the product topology, this amounts to showing that 7¢ (G ~
X) has compact image under this embedding. If ¢ € C.(X) and u € Jc(G ~ X), then

(@) < ll@lloo - n(supp(e)),

and hence the image of Jc(G ~ X) under the embedding is bounded in each coordinate.
Moreover, for every u € M(X) we have

n(gBRr(0)) = sup{lu(p)| | ¢ € Cc(X), supp(p) C gBRr(0), [¢lloo < 1}.

hence the conditions (g Bg (0)) < C(R) are closed conditions. This shows that 70 (G ~ X)
is compact and finishes the proof. O

Corollary 3.6 If u € 7,(G ~ X), then the orbit closure 2, := G . is a compact metrizable
space and the action of G on 2, is continuous. O

Definition 3.7 (Hull of a translation-bounded measure) Given u € 7,(G ~ X), the orbit
closure

Qu:=G.nCc M(@G)
is called the hull of 1, and the TDS G ~ €2, is called the associated hull system.

Remark 3.8 (Hulls systems of locally finite sets) In [8] we defined the notion of a hull of a
locally finite subset of G. More generally, let X be a lcsc G-space and let A € LF(X). Then
one defines the hull of A as the orbit closure 2 := G.A, where the orbit closure is taken
with respect to the Chabauty—Fell topology. The associated TDS G ~ Q24 is then called the
hull system of A.

Proposition 3.9 (Hulls of uniformly discrete sets vs. hulls of their Dirac combs) Let (X, d) be
an lcsc isometric G-space and let A C X be uniformly discrete. Then there is a well-defined
G-equivariant homeomorphism

QA — QSA, A/ g SA/‘

@ Springer



M. Bjorklund et al.

Proof Assume that A is r-uniformly discrete. Since X is isometric, every translate g A of
A is also r-uniformly discrete, and since % (X) is closed with respect to the Chabauty—Fell
topology, we have Q5 C % (X). By Proposition 3.2 the map Q2 — % (X) - M(X)
given by A’ > 8,/ is continuous, and it is evidently G-equivariant. It thus maps the orbit
closure of A onto the orbit closure of its image. By compactness, the resulting bijection is a
homeomorphism. O

In this sense, the hull system of a uniformly discrete set can be seen as a special case of
the hull system of a translation bounded measure. If (A, w) is a weighted point set we define
QA,w) = Qs ,, and refer to () as the hull system of (A, w).

Remark 3.10 (Punctured hull) Given a translation bounded measure i € 7,(G ~ X) we
observe that it may happen that 0 € €, even if u # 0. For example, if u = §, is the
Dirac comb of a uniformly discrete set A C G, then this happens if and only if A is not
relatively dense (see [8]). It is then convenient to remove the G-fixpoint and to consider also
the punctured hull Q; := Q,\{0}. By construction, QZ is alcsc space, and if 0 € €, then
2, is its one-point-compactification.

Lemma 3.11 (Naturality of the hull under push-forward) Let X, Y be lcsc G-spaces, let
we TG~ X)andlet p: X — Y be a proper continuous G-equivariant map. Then p
induces continuous G-factor maps

Pe: Qu = Qpous 1 pap and pi Q- Q) W e pad
Proof As in Remark 2.14 one observes that p induces a continuous G-equivariant push-
forward map py : (G ~ X) - (G ~ Y), since it is proper. It thus maps the orbit
closure of p surjectively onto the orbit closure of p. . This proves the first statement, and
the second statement then follows from the fact that O is the only pre-image of O under p,. O

As an application we can extend properties of hulls of model sets in lcsc groups from [8]
to hulls of weighted model sets in proper homogeneous spaces. We remind the reader that by
a weighted model set we always mean a projection of a model set together with its canonical
weight function (cf. Definition 2.16). We also recall from Convention 2.18 that all weighted
model sets are implicitly assumed to be regular.

Corollary 3.12 (Hulls of weighted model sets) The punctured hull of a weighted model set
in a proper homogeneous G-space K\G is uniquely ergodic with respect to the G-action. If
the weighted model set is uniform, then its hull is moreover minimal.

Proof Let A C G beamodel setand consider g px A = (g p(A), w)in K\G.ByLemma3.11
we have a continuous G-factor map g ps : Q5 — Q: pon-Letie be a probability measure on
G which is absolutely continuous with respect to Haar measure and whose support generates
G as a semigroup. It was established in [8, Thm. 3.4] that there exists a unique p-stationary
probability measure v on 24, which is moreover G-invariant. In particular, g p,v defines a
G-invariant probability measure on Q: PeA Now if v’ is any G-invariant probability measure

« .
on QK pA then its fiber

{v/ € Prob(Q24) | k psv’ = v’}
is a compact convex G-invariant set, hence contains a fixpoint under the convolution action

by 1. By uniqueness, this fixpoint must coincide with v, and hence v/ = g p,v, showing that
Q; DA is uniquely ergodic. If A is uniform, then Q7 is minimal by [8, Prop. 3.3], and this

property descends to the continuous factor Q: e O
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Remark 3.13 (Invariant measure on the hull of a weighted model set) We record for later
reference that the unique G-invariant probability measure on Q: P is the push-forward of
the unique G-invariant probability measure on €2, under the map g ps.

3.3 Uniform local boundedness of the hull

In the next section we are going to define a periodization map for the hull of a translation-
bounded measure. Continuity of this map will depend on a property of the hull called uniform
local boundedness, which we investigate in the present section.

Recall from Remark 2.2 that, given a Icsc space X, a subset 2 C LF(X) is called d
uniformly locally finite, if for every pre-compact subset K C X there exists a constant
Ck > O such that |[A N K| < Cg for all A € Q. Similarly, a subset &/ C M(X) will
be called uniformly locally bounded if for every pre-compact subset K C G there exists a
constant Cx > 0 such that u(K) < Cg for all © € «/. Here we are interested in conditions
on translation bounded measures which guarantee uniform local boundedness of the hull.

We first consider the situation for point sets A in an isometric lesc G-space (X, d). By
Proposition 2.6, uniform discreteness of A is enough to ensure uniform local finiteness of
the orbit G.A, but it is not enough to ensure uniform local finiteness of the orbit closure Q24 .
In the case where X = G, the latter is implied by finite local complexity:

Proposition 3.14 (Uniform local finiteness of FLC hulls) Let G be a lcsc group and A C G
be an FLC set. Then the hull Q2 is uniformly locally finite, and more generally the hull
QA w) Is uniformly locally bounded for every weight function w : A — [0, 00).

The proof of the proposition makes use of the following lemma from [7]. Since we worked
with left-FLC rather than right-FLC sets there, we repeat the short proof:

Lemma3.15 Let G be a lcsc group and let A C G be a locally finite subset. Then for all
A € Qp we have A'(A)" c AAL.

Proof If A’ € Q, then there exist g, € G such that Ag; ' — A’. By (CF2) we thus find
for every p,q € A’ sequences (p,) (gn) in A such that p,g;' — p and ¢,8,' — q.
By continuity of multiplication and inversion in G we obtain p,q, ' — pg~! and thus

AN(A)Y T cAn. o

We will apply this in the following form: .

Corollary 3.16 Let A C G be an FLC set. Then there exists an open identity neighbourhood
U C Gsuchthat |NNUg™'| < 1forall A € Qpand g € G.

Proof Since A A~ is locally finite, there exists an open identity neighbourhood V such that
AA™'NV = {e}. Since AA~! is closed, Lemma 3.15 then shows that A’(A")~' NV = {e}
for all A’ € Q4. Now let U C G be an open identity neighbourhood with UU~! ¢ V.
Given g € G and A’ € Q5 we either have A’ N Ug ™' = @ or there exist p € A’ andu € U
such that p = ug ™', i.e. g = p~'u. In the latter case we have

ANNUg '=ANUu ' 'p=@'p ' nUuuHp c A (A 'nV)p = {p],

hence |A’ N Ug™"| < 1 in either case. ]
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Proof of Proposition 3.14 Let K C G be pre-compact. Choose U as in Lemma 3.16 and cover
K by finitely many translates of U, say K C U gfl u.---uu g{,l. Then by the lemma we
have for every (A’, w') € Qa .,

N
Sarw (K) < llw'lloe Y I N UL < N - lwlloo,
j=1
and this bound is independent of (A, w’). m}

In particular, Proposition 3.14 implies that the hull of every model set is uniformly locally
finite. To extend this result to weighted model sets we are going to use:

Proposition 3.17 Let X, Y be lcsc G-spaces, let u € T,(G ~ X) andlet p: X — Y be a
proper continuous G-equivariant map. If u has a uniformly locally bounded hull, then also
P« has a uniformly locally bounded hull.

Proof Let L C Y be compact. Since M := p~'(L) is compact, there exists Cj; > 0 such
that for all i’ € Q,, we have u(M) < Cy. It follows that if ' € @, then

ps (L) = 1/ (p~ (L)) = (M) < Cy.
Since by Lemma 3.11 the map p, : Q, — ,,, is onto, the proposition follows. O

Applying this to the canonical projection ¢ p : G — K\G and using Proposition 3.14
we have arrived at the following result:

Corollary 3.18 (Hulls of weighted model sets are uniformly locally bounded) If A C G is
an FLC set and w is an arbitrary weight function on A, then the hull Q. p, (A w) is uniformly
locally bounded. In particular, the hull of every weighted model set is uniformly locally
bounded. O

4 Auto-correlation measures for translation-bounded measures
4.1 The periodization map

Let X be a lcsc G-space. The following construction generalizes the periodization map of a
locally finite set in G as introduced in [7] to the case of a translation bounded measure in X.
Proposition 4.1 (Periodization over the hull) Let © € 9,(G ~ X).

(i) Forevery f € C.(X) the function

PufQu—C, Puf):= /X fdw

is well-defined and continuous on €.

(ii) If0 € Q, then 2, f(0) = Oforall f € C.(G), hence we obtainamap 7, : Co(X) —
Co(82))).

(iii) The map &, is G-equivariant.

Proof The map 2, f is just the restriction of the evaluation map M (X) — C, i’ — p/(f),
which is well-defined and continuous by definition of the weak-x-topology. This shows (i),
and (ii) and (iii) are immediate from the definitions. ]
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Definition 4.2 For i € 9,(G ~ X) the G-equivariant map

P C0) > Q@) Pufyi= [ raw
X
is called the periodization map associated with .

Continuity of the periodization map depends on uniform local boundedness of the hull:
We equip C.(X) with the direct limit topology

Ce(X) = Hm(C(L), Il - lloo),

where L runs through all compact subsets of X. Then continuity of the periodization map
&, with respect to this topology means that for every compact subset L C X there exists
Cr > Osuch thatif f € C.(G) with supp(f) C L, then

[Zufllc = CL-llfllco- 4.1)

Proposition 4.3 (Continuity of the periodization map) Let u € 9,(G ~ X). If Q,, is uni-
formly locally bounded, then the periodization map &, : C.(X) — C(2,) is continuous
with respect to the Frechét topology on C.(X).

Proof Let L C X be compact. Since €2, is uniformly locally bounded there exists C; > 0
suchthatforall 4’ € @, wehave u/(L) < Cr.Butthenforall f € C.(G) withsupp(f) C L

we have
120 flloo = sup |2, f(u))] = sup / fdw
we2, wey, VX
< sup ' (supp(f)) - 1 fllce = CL+ 1 fllco-
ey,
This shows that &, is continuous and finishes the proof. O

Remark 4.4 (Conditions ensuring continuity of the periodization map) The periodization map
is continuous in each of the following cases:

(i) X = G (with the action given by g.x := xg_l) and u = ér, where I' < G is a discrete
subgroup. For this case it was established in [10] that Q = I'\ G, and the periodization
map Zr : C.(G) — Co(I"\G) is given by the classical formula

PrfTg) =) fre).

yel

(i) X = G (with the action given by g.x := xg~!) and i = 8, where A is a (right-)FLC
setin G. In this case, under the canonical identification of Q; with €, the periodization
map is given by the formula

Pa: Ce(X) = Co(Q}), Paf(N) =D f(x).
xeN

Up to the issue of left- vs. right-action, this is precisely our definition of the periodization
map from [7,8], hence the current definition is compatible with our previous one in this
case.

(iii) X = G and . = §(A,w), Wwhere (A, w) is a weighted FLC setin G (cf. Proposition 3.14).
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(iv) X = K\G is a proper G-space and A is an FLC set in X and w an arbitrary (bounded)
weight function (cf. Corollary 3.18).

In particular, we have a continuous periodization map both for model sets in a lcsc group G
(as already defined in [8]) and weighted model sets in proper homgeoneous G-space. These
are the two classes of examples in which we are most interested in the current article.

If I' is a discrete subgroup of G, then by [28, Sec. 1] the image of the periodization map
Pr : Co(G) — Co(I'\G) is given by C.(I'\G), hence a dense subalgebra of Co(I'\G). In
the setting at hand we have the following weaker statement.

Proposition 4.5 (Almost surjectivity of the periodization map) Let u € (G ~ X) be a
translation bounded measure with uniformly locally bounded hull.

1 Ifve Q;, then there exists f € Cc(X) such that 2, f (v) # 0.
(it) If vy, v2 € Qy and vy # vy, then there exists f € Co(X) with 2, f(v1) # Py f(v2).
(iii) The algebra generated by the constant function 1 and the image of the periodization map
is dense in C(£2;,).
(iv) The algebra generated by the image of the periodization map is dense in CO(Q; ).

Proof (i) and (ii) follow from the fact that a complex Radon measure is uniquely determined
by the associated integral. From (ii) we deduce that if vy, v2 € €, are distinct, then there
exists f € Co(X) such that &, f(v1) # £, f(v2), and hence

(Zuf —vi(f)- D) =0, (Puf—vi(fNW2) =Puf2) —Pufv) #0.

Thus the algebra generated by 1 and the image of the periodization map separates points in
€2, hence is dense in C(£2;,) by the Stone—Weierstrass theorem. This shows (iii), and (iv)
follows from (iii). O

4.2 Functoriality of periodization

Remark 4.6 (Functoriality for measures) Let X, Y be lcsc G-spaces, let p : X — Y be a
proper continuous G-equivariant map and let © € 75,(G ~ X). Then forall f € C.(Y) and
g € G we have

(P o p") fgei) = /Xp*f dgep = /Y Fdps(gstt) = Ppu f(P1(8x1))
= (p* o Pp ) f(gs1),

and hence the following diagram commutes:

'@
Ce(X) ———— Co(Q))

P*1 T(P*)*

P pun
Ce(Y) — 28— Co(% )

Ps b

Most notably, this applies to the case, where X = G and Y = K\ G is a proper homogeneous
G-space, and we will apply this in the case of (weighted) model sets below.
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Caveat 4.7 (Failure of functoriality for point sets) If, in the situation of the previous remark,
A is a uniformly discrete subset of X and p(A) is the naive push-forward of A to Y, then the
following diagram need not commute:

y
Co(X) —————= Cp(2)

p* T(P*)*

4 (A)
Ce(Y) ————— Co(Q )

In this sense, the only “natural” push-forward of an FLC set A C G to K\ G via the canonical
projection x p : G — K\G is the weighted push-forward g p. A, whereas the naive push-
forward g p(A) is not natural. This lack of functoriality for the naive push-forward is what
led us to consider translation bounded measures on, rather than point sets in, K\G.

4.3 Correlation measures and the auto-correlation

Throughout this section let X be a lcsc G-space and u € 9,(G ~ X) be a translation
bounded measure with uniformly locally bounded punctured hull €2;.

Note that if v € M (Qﬁ), then for every n € N the linear functional on C.(X) ® - -- ®
Ce(X) C Ce(X™") given by

198 fim [ ZAROZLE Zufi©dE)

is continuous by Proposition 4.3. It is thus given by integration against a Radon measure on
X" and we define:

Definition 4.8 Given n € N the measure n{” € M(X*") given by

/Xxn SiGe) - fuC)dn( (. xn) =/Qx Puf1tE) P fo(8) ... Py fa(E) dv(E).

4.2)
is called the nth correlation measure of v.

From Proposition 4.5.(iv) we deduce:

Corollary 4.9 (Correlation measures determine the measure) Every probability measure v on

Q; is uniquely determined by the sequence nl(,l), 1),(,2), ... of its correlation measures. O

It is an interesting question whether finifely many correlation measures are enough to
determine an arbitrary (i.e. not necessarily G-invariant) probability measure on Q; , but we
will not pursue this here. Rather we focus on the case of a G-invariant Radon measure v on
Q. The following observation is immediate from G-equivariance of the periodization map:

Proposition 4.10 (Correlations of invariant measures are invariant) If v is a G-invariant
Radon measure on Q; then for every n € N the correlation measure 771(,") € M(X*") is
G-invariant. ]

As explained in Lemma A.7 in the appendix, under suitable assumptions on X and G a
G-invariant measure on X *" corresponds to a measure on the quotient G\ X *". Specifically
for the second correlation measure we obtain:
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Corollary 4.11 (Auto-correlation measure) Let G be a unimodular Icsc group, X be a G-space
such that X x X is strongly proper as a G-space, and let u € T,(G ~ X) be a translation
bounded measure with uniformly locally bounded hull. Then for every G-invariant Radon
measure v on 2 there exists a unique Radon measure n € M(G\(X x X)) such that for all
feCaX x X),

X x

fGrx)dn? (xp, x2) = / ( / f(gxl,gm)dmc(g)) dn(G(x1, x2)).
X G\(XxX) \JG
O

Definition 4.12 1In the situation of Corollary 4.11 the measure n € M (G\(X x X)) is called
the auto-correlation measure of the measure v.

Higher auto-correlation measures can be defined similarly, but we will not consider them
in the current article.

4.4 Auto-correlation measures in the case of proper homogeneous G-spaces

In this section we specialize to the case of a proper homogeneous G-space X = K\G. We
denote by g p : G — K\G and g px : G — K\G/K the canonical projections. Moreover,
1 denotes a translation bounded measure on X := K\G with uniformly locally bounded
punctured hull Q; and v denotes a G-invariant probability measure on Q; . We are interested
in describing the auto-correlation measure 1 of v more explicitly.

We first consider the group case, where K = {e} and X = G with the G-action given by
g.x := xg~!. In this case, the quotient space G\(G x G) can be identified with G via the
map (g1, g2) — glgz_1 and hence we obtain an isomorphism M+ (G\(G x G)) — M™*(G).
In particular, we can consider the auto-correlation measure as a Radon measure on G itself.
In the case where « was a Dirac comb of an FLC set, this measure was described in [8], and
the result carries over to our setting at hand as follows:

Proposition 4.13 (Autocorrelation formula, group case) Let u € 7,(G ~ G) be a trans-
lation bounded measure with uniformly locally bounded hull under the right-action of G
on itself and let v be a G-invariant probability measure on Q; Then the auto-correlation
measure 1 € M+ (G) is the unique Radon measure such that

n(f 1) =N Puf W2y, forall f € Ce(G). (4.3)
Proof Let f € C.(G). On the one hand we observe that

n2(fef) = /Q Puf - Pufdv= /Q Puf - Pufdv= ||@Mf||222(957v).
i "

On the other hand, in view of the identification G\(G x G) = G above the measure 1 €
M™(G) satisfies

12 (f & f) = n(F),

where for g1, g2 € G we have

Flgigy!) = /G (f ® P)(g18. g28) dm(g) = / F(&)F(g287"9) dma ()
= f*f* (g .
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We conclude that n(f * f*) = n(F) = n®(f ® f), which yields (4.3).
Finally, n is uniquely determined by Formula (4.3) in view of Corollary A.13. O

If f, g € C.(G), then it follows from (4.3) and polarization that
n(f*g") = (Zuf, W;Lth(Q;,v)'

Thus if (p, ) denotes a convenient approximate identity in C.(G) as in Remark A.12 consisting
of real-valued symmetric functions with supports contained in a fixed compact set, then

n(f) = (Zuf, W/LPHLZ(QTL’V)'

lim
n—oo
We now want to given a similar characterization of the autocorrelation measure for a general

proper homogeneous space K\G. Observe first that if X = K\G, then we have a natural
identification

G\(X x X) > K\G/K, [(Kgi,Kg)l— Kgig; K.

We may thus consider the auto-correlation measure 1 as a Radon measure on the double coset
space K\G/K, and hence as a linear functional on C.(K\G/K). We recall from Section
A.4 in the appendix that C.(K\G/K) carries a natural convolution structure and involution
such that x pk : C.(K\G/K) — C.(G, K) becomes an isomorphism of *-algebras.

The canonical projection (x)px : K\G — K\G/K induces an embedding (x)p% :
C.(K\G/K) — C.(K\G) and by abuse of notation we denote the composition

CoK\G/K) 2% c.k\G) 25 Co(Q)).

also by #,,. Explicitly, this means that
Puf) =W (xypx ) (f € Ca(K\G/K), 1" € Q})).
With this abuse of notation understood we have:

Proposition 4.14 (Autocorrelation formula, general case) Let u € J,(G ~ K\G) be a
translation bounded measure with uniformly locally bounded hull and let v be a G-invariant
probability measure on Q; Then the auto-correlation measure n € MY (K\G/K) is the
unique Radon measure such that

N * =12 f gy, Jorall € Co(K\G/K). (4.4)

As in the group case, we can use a polarization argument to give a formula for the measure
n € MT(K\G/K):If p, is a convenient approximate identity in C.(K\G/K) (cf. Remark
A.12), then

n(f) = nli)n;o<=@ufa g,upﬁy(gﬁ,v) forall f € C.(K\G/K).

Proof of Proposition 4.14 Let f € C.(K\G/K) and denote by (x)px : K\G — K\G/K
the canonical projection. We set f; := (k) pk f so that, by definition, &, f = &, f;. Then

2) -\ S 2 _ 2
n (ff®ff)—/9; Pufe- Pufedv =12 il = 12uf agr

On the other hand, in view of the identification G\ (X x X) = K\G/K above the measure
n € MY (K\G/K) satisfies

N (fr ® fr) = n(F),
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where for g1, g2 € G we have
F(Kgi18,'K) =/(}(ft@ﬁ)(Kglg,ngg)de(g) = /f(Kgng)f(nggK)de(g)
- fG kP S (818)k Pl f(828) dm ()

The same computation as in the proof of Proposition 4.13 (but applied to x p} f instead of
f) now yields

F(Kgi185 ' K) = kP f* (k Pl ) (2185 )
kP (f % fg1gy ") = f* f* (KglgilK) ~

This shows that F = f % f* and thus n(f % f*) = n(F) = n®(f+ ® fr), which yields
(4.4).

As in the group case, 7 is uniquely determined by Formula (4.4) in view of Corollary
A.13. O

In Section A.4 in the appendix we also define a function f * f* € C.(K\G/K) for a given
function f € C.(K\G). With this definition understood, the above proof actually shows that
(4.4) holds for all f € C.(K\G).

Remark 4.15 (Positive-definiteness of the auto-correlation measure) In the group case, the
auto-correlation measure 7 € M1 (G) is “positive-definite” or of “positive type” in the usual
sense, i.e. n(f * f*) > 0 for all f € C.(G). In the case of a proper homogeneous space,
the auto-correlation measure n € M (K\G/K) has the analogous positivity property that
n(f * f*) = 0forall f e C.(K\G/K) for the given x-algebra structure on C.(K\G/K).
In this sense, the auto-correlation measure is positive-definite also in the case of proper
homogeneous spaces.

4.5 Naturality of correlation and auto-correlation measures

In this section we consider a translation bounded measure 1 on G (with respect to the right-
action); we will assume that the punctured hull Q; is uniformly locally bounded and that
there exists a G-invariant probability measure v on €2;. We also consider the push-forward
k P« of p under the canonical projection g p : G — K\G.

By Proposition 3.17, the punctured hull Q; pop 18 also uniformly locally bounded, and
by Lemma 3.11 the map g p induces a continuous G-factor map g p« : Q2 — Qpp, . It
follows from G-equivariance that the push-forward g p,v of v with respect to this map is a
G-invariant probability measure on . p, ;..

We are going to compare the correlation measures 77 of v to the correlation measures 1"
of g psv and the auto-correlation measure 77 of v. to the correlation measure 1 of g p,v and
by 7 the auto-correlation measure of g p.v. For this we denote by g p*" : G*"* — (K\G)*"
and g px : G — K\G/K the canonical projections.

Proposition 4.16 (Naturality of the auto-correlation) The correlation measures and the auto-
correlation measure of v and g p.v are related by the formulas

™ =k p" @) e MT(K\G)") and n = (xpx)+() € MT(K\G/K).
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Proof The second statement follows from the first one (for n = 2) since the diagram

M(G x G)Y ——= M(G\(G x G)) —— M(G)

KPIZ\L \LKP}}

M(X x X)¢ —— M(G\(X x X)) —= M(K\G/K)

commutes. The first statement follows in turn from Remark 4.6, since for all f1, ..., f; €
C.(X) we have

kX (1@ ® fu) = /G kP f1(g1) - kP fulgn)dn™ (g1, - -, &n)

= [ Pk RO Pk 16 Pk O 1)

— [ K P OKD P p o) k0 P &) O

:Am fl(XI)...f"(x”)dnggnl)a*v(xl,~..,x,,)

=" ® @ fu)

The proposition follows. O

4.6 Auto-correlation measures of weighted model sets

We have seen in [8] that we can obtain an explicit formula for the auto-correlation measure
of a model set A in G. Using functoriality, we now extend this result to weighted model sets
in proper homogeneous spaces.

Since the results in [8] were stated for the left-action of G on itself, and since we prefer
to work with the right-action here, we briefly restate the relevant results in the group case in
our current notation. We fix a cut-and-project scheme (G, H, I') and consider a model set of
the form A = A(G, H,T", W) with window W C H. We recall our convention that model
sets are assumed to be regular in this article. We also recall that the punctured hull Q3 of
A is uniformly locally finite and uniquely ergodic and denote by ¥ the unique G-invariant
probability measure on Q25 .

By our standing assumptions on W, the characteristic function 1y is a compactly-
supported bounded measurable function on H. Since I" is a uniformly discrete subset of
G x H we can define the periodization of an arbitrary compactly-supported measurable
functions F : G x H — C by the same formula as in the continuous case, i.e.

PrEC@E.h) = Y. fng nh.
(y1,72)€l’
With this notation, [8, Thm. 1.4] (translated from left- into right-action) can be stated as

follows:

Theorem 4.17 (Auto-correlation formula for model sets in groups) If A = A(G, H, T, W)
is a model set in G andV denotes the unique G-invariant probability measure on QY then
the associated auto-correlation measure 7] is the unique Radon measure on G which satisfies

A 1 = 120 (f @ W2 gy forall f € Ce(G).
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[m}

Now let x p.A denote the associated weighted model set in K\G. By Remark 3.13
the unique G-invariant measure v on Q; P is given by the push-forward of ¥ under the
continuous factor map g ps : a — Q4 p,a. Its auto-correlation measure 7 can thus be
obtained from the auto-correlation measure 77 of U by the formula in Proposition 4.16. Using
the explicit formula from Theorem 4.17 for 77 and denoting by g px : G — K\G/K the
canonical projection we obtain the following formula for n:

Corollary 4.18 (Auto-correlation formula for weighted model sets) If v denotes the unique
G-invariant probability measure on the weighted model set k p.A(G, H,T', W) and g ps A
denotes the associated weighted model set in K\G, , then the associated auto-correlation
measure 1 is the unique Radon measure on K\G /K which satisfies

0(F 5 = 12r (kP f @ W22 Gy Jorall f € Ce(K\G/K).
O

For actual computations of the auto-correlation measure, the following formula is often
the most useful one:

Proposition 4.19 (Summation formula for the auto-correlation) The auto-correlation mea-
sure 1 from Corollary 4.18 is the unique Radon measure on K\G /K with

N f= D kpk(f*f0) - Aw xLy-1) () forall f € C.(K\G/K).
(r1,y2)€l’
Proof Setg := g px f andr := ly. Since g pg is a s-homomorphism we have to show that
2@ @ sy ey = D @*eD) - 5 (22). 4.5)
(y1.72)€l’

Set F' := ¢ ® r and denote by ﬁr F(g,h) := ZrF(I'(g, h)) the lift of 2 F to a function
on G x H. We compute

S @re e = Y /G (@9 @ ydma (g) /H FF (2 dm i (h)

1,2)€el (r1,72)€l

=/ e®rg,h) Y e@r(y gy M) dmg @mu(g,h)
GxH 1.yl

= / F(X)PrF(x)dmg @ my (x).
GxH

Now denote by .# a fundamental domain for the left-action of I' on G x H. We then have

Y @) ) = Z/ F(0)Pr F(x)dmg ® mi (x)
yF

y1.72)€l yel
= E / F(yx)ﬁrF(yx) dmg @ my(x)
yell Z

_ / FrF(yx) Fr Fraydme @ my (x)
F

= ||<@I‘((,0 ® r))'IiZ(KmY)'

The proposition follows. O
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5 Auto-correlation distributions for translation bounded measures in
the hyperbolic plane

5.1 The hyperbolic plane and the group SL; (R)

Throughout this section let G := SL;(R) and define elements of G by the formulas

o cos2mf sin2m6 (0 nd _(lu
¢ =\ —sin2n0 cos2n6 ) T\ 0 e12) M M=)
Then the maps R — G given by 6 +— kg, t — a; and u + n,, are group homomorphisms,
and we denote their images by K = SO»(R), A and N respectively. Note that K = S!

whereas A = N = R.
Recall that the groups G acts by fractional linear transformation on the upper half-plane,

ie.
ab az+b ab
(cd)’z': o d <<cd>eG,ze(C, Im(z)>0>,

preserving the hyperbolic metric. This action is transitive and the stabilizer of i is given by
K. We thus have G-equivariant homeomorphisms

K\G - G/K - H?, Kgw> g 'K+ g7 i

We may thus think of the hyperbolic plane as the proper homogeneous space K\G of G.

Throughout this section, u € 9,(G ~ K\G) denotes a translation bounded measure on
the hyperbolic plane. We assume that Q;‘ is uniformly locally bounded and that there exists
a G-invariant probability measure v on 2. Under these assumptions the auto-correlation
measure 1 of v can be defined and is a Radon measure on K\G/K. In particular, ; could
be a weighted model set in the hyperbolic plane and v would then be the unique G-invariant
probabiliy measure on its hull.

We will need the following basic facts concerning SL;(R) (see [22]). Multiplication
induces a diffeomorphism A x N x K — G and thus every g € G can be written uniquely
as

g = ainyky. 5.1

If f € L'Y(G)and F(t, u,0) := f(an.ke), then we will normalize Haar measure on G such
that

/f(g)dmc(g)=/ //F(z,u,@)dta’ude.
G [0,1) JR JR

We thus obtain a G-invariant measure dm 4\g on A\G by setting
| rewanset = [ [ rankoauas o ec.ano.
A\G 0.1 Jr
This measure is uniquely determined by the fact that for f € C.(G) we have
/ fdmg = / / flax)dtdmag(Ax) (f € Cc(G)). (5.2)
G A\G JR

The group A normalizes N, and we have

arnya_; = ner,, forallt,u e R. (5.3)
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This implies in particular that for f € C.(N) and ¢ # 0 we have

o0 o0 1 o0
/ fla_n_yan,)du = / F(na—e—ru) du= / fu)du.  (54)

—00

The Weyl group W = Nk (A)/Zk (A) acts on A by conjugation. If we define

_ (01
v =\-10)

then Nx (A) = (w), Zx(A) = (w?) and wa,w™' = a_,. Thus W = Z/27 and a function
f A — Cis W-invariant if and only if it is even, i.e. f(a;) = f(a—;). The diffeomorphism
cw: G — G given by x — wxw™! descends to a diffeomorphism

Cw: A\G —> A\G, Ax > Awxw™! (5.5)

and since Lebesgue measure on R is invariant under sign change it follows from (5.2) that
Cy, preserves the measure mp\G.

The inclusion A < G induces a homeomorphism W\A — K\G/K, and if we define
T:G — [1,00) by g — % tr(g” g), then Tis bi-K -invariant and induces homeomorphisms

t: K\G/K — [1,00) and (4 : W\A — [1, 00). (5.6)

Explicitly, we have ¢4 ({a+,}) = cosh(¢) and thus LXI (r) = {a+ arcosh(r) }-

5.2 The Harish transform and its inverse

We recall the definition and basic properties of the Harish transform on SL;(R). Our expo-
sition follows [22], but we decided to spell out some formulas more explicitly.

Definition 5.1 Let f € C.(G). Then the Harish transform H f : A — C is given by
5 oo
(Hf)(at) =/ / Slany) du.
—00

Lemma 5.2 (Properties of the Harish transform) The Harish transform has the following
properties:

(1) Forall f € C:(G) we have H(f*) = (Hf)*.
(ii) H(C.(G, K)) C Cc(A)Y and H(CX(G, K)) C C(A)W.
(iii) Forall f1, fo € C.(G, K) we have H(f1 * fo) = H f « Hf>.

In particular, H yields *-algebra homomorphisms

H:Ce(G,K) = C.(AY and H:CX(G, K) — CX(AY.

Proof (i) Forall f € C.(G) and ¢ € R we have by (5.3),
(Hf*) ) = /2 / Fonwa ) du = o2 / Flas G —aan) du
R R

=/ /R fla—m_g)du = e'/? /R fla_mydu = (Hf) (a).

(i) It is clear from the formula that H preserves smoothness. Now let f € C.(G, K);
given 7 € R the function @; on G given by ¢;(x) = f(x~'a,x) is left- A-invariant and hence
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descends to a function ¢; on A\G. Using bi-K -invariance of f and (5.4) we obtain for every
t # 0 the formula

o0 1
H(f)(a,) = '/? / / flk_garn ko) d6 du
—o0 JO
1 [e9)
— Pl = e /0 / Fkopan(asn_uami)ko) du 6
—00

1 00
= |/ — 7/ /0 / o1 (An, k) du do
—00

=" — e maG(er),

and this formula extends to ¢+ = 0 by continuity. Since a_; = way w~! and mA\G is invariant
under the diffeomorphism ¢,, from (5.5) we have ma\G(¢;) = ma\G(¢—;). Since also
le!/2 — ¢~'/2| is an even function, we deduce that 7 H(f)(a;) is even.

(iii) For all f1, f» € C.(G, K) and t € R we have

H(f1 * f)(ar) = '/? /R (f1 * f)(any) du

:et/2/ </ //fl(arnvkg)fg(kglnljla_,_,_,nu)d‘rdvd%‘)du
R \J[0,1) JR JR
:et/2/ <//fl(arnv)fZ(nv_lafr+t”u)dfdv) du

R R JR

=e’/Z/R</R/Rf1(afnu)fz(afm(a_(—r+x>n51a7f+z)nu)dtdv) du

Since by (5.3) for all 7, ¢, v € R we have a,(,pr,)n;la,”t = N_,~(-t+n,, we deduce that

H(f1 % f2)(ar) = 6[/2/ </ / J1@@cny) f2(@—zyiny,_o—-v4n,) dT dv) du
R \JRJR

=e’/2/ (//fl(arnv).fZ(a—r—&-lnu—e’(’T*')U)dudv) de
R \JR JR
=et/2/ </ f fl(arnv)ﬁ(a_”,nu)dudv) dt

R \JR JR

/R H fi(az) B fala_ssr) d
= (Hfy « Hf2)(ar).

This finishes the proof. O

To see that the morphism H : C°(G, K) — CS"(A)W is actually an isomorphism and
describe its inverse explicitly, it is convenient to relate the Harish transform to the more
classical Abel transform. The homeomorphisms ¢ and ¢4 from (5.6) induce isomorphisms

1 Ce([1,00)) = Ce(G, K) and ¢y : Ce([1, 00)) — Co(AW.

Under these isomorphisms, both C°(G, K) and CSO(A)W are mapped onto the subspace
CX([1,00)) C C([1, 00)) consisting of fuctions in C2°(R) with support contained in
[1, 00).
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Remark 5.3 (Harish transform vs. Abel transform) The Abel transform

oo

A:CR(1,00) = CX([1,00), Ap(r) :=/ o(r +u?/2) du

—00
is related to the Harish transform by the commutative diagram

CX(G,K) — 2 s ¢V

C([1,00)) —— = C2([1, 00)).

Indeed, since t(a;n,) = cosh(¢t) + %(ue’/z)2 we have for all ¢ € C°([1, 00)) and r € R

[e¢]

H( ¢)(a;) = e’/Z/ @(cosh(r) + (we'’*)?/2) du =/ @(cosh(r) + u?/2) du = ', A(g)(a,).

Lemma 5.4 (Inversion of the Abel transform) The Abel transform is a linear isomorphism
with inverse given by

ANy (r) = ;—nl/ U (r+0*/2)dv (Y € C°[1, 00)).

o u = Rcosf ) .
Proof For all r € [1, 00) the substitutions { v — Rsind } and £ = R°/2 yield
_ oo o) _ 2 o)
AA'Y)) = —1/ / W +u?/2+v2/2)dudv = -t / ¥ (r+ R2/2)RdR dO
21 oo J-c0 2 Jo  Jo

—— [ W roas = — v+ OIF = v0) = lim po 46 = v,
where the last equality holds since v has compact support. O
Corollary 5.5 (Invertibility of the smooth Harish transform) The Harish transform yields an
isomorphism of x-algebras H : C°(G, K) — CSO(A)W with inverse given by H™' =

1 -1
o A7 o (1 )" O

Note that we can write out the formula for the inverse Harish transform explicitly as follows:
If Y = (131" (9), then ¥ (r) = ¢({darcosh(r) ), and hence

%‘p(a:l: a.rcosh(r))
21

Y'(r) =

We conclude that

—1 [ iw (aarcosh( +u? 2))
Hfl - dr sh(r+u=/
(¥)(8) o /

u :
—oo A (r+u?/2)2 -1 LireTe)

r=s3
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5.3 The inverse Harish transform on distributions

Given a smooth manifold M we equip CS°(M) with the topology of uniform convergence
of all derivatives on compacta. We then denote by 2 (M) the space of distributions on M,
i.e. the space of continuous linear functionals on CS°(M). We claim that the inverse Harish
transform induces a map

HH*: 26K — 947,
H Y e(f) =M f) e 26K feca)).

This amounts to showing that the inverse Harish transform is continuous. In view of Corollary
5.5 this is equivalent to continuity of the inverse Abel transform A~! : C®[1, 00) —
C°[1, 00). We will establish the following more precise estimate:

Lemma 5.6 (Continuity of the inverse Abel transform) For every n > 0,
_ 272
1A Moo = == - max{llp® lloo. 9" *Vlloc} (¢ € CZI1, 00)).
Proof For ¥ € C2°[1, 00) the substitution v := u?/2 yields

Ay = / w<r+u/2)du—— 2f W+ )

=2 w<r+v>d
o2 Jo Vv

Now, on the one hand,

1 / 1
Y (r +v) , dvv
/OTdv‘snwnw/O =2 Wk,

\/—»

and on the other hand by partial integration

f 1/f(r+u) dv=y(r+v)-

hence
Y (r 4+ v) 1 * dv
[T ] < Wi+ 50 [ =200
We deduce that
f 2V2
1A ¥ lloo =5 - CIY Moo + 201¥lloo) < 7max{llwlloo, 19 lloo},
and applying this to ¥ := go(”) yields the lemma. O

5.4 The auto-correlation as a positive-definite distribution
Recall thatn € MT(K\G/K) denotes the auto-correlation measure of v. Given f € C°(A),
we define f € C°(A)Y by

flar) + fla- t)

Sfwiay) == )
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Then H*I(fw) € C(G, K) and thus xH Y (fw)k € C.(K\G/K). We may thus
apply the measure 7 to this function and define

E(f) = n(x H (fw)k).

Proposition 5.7 The map & : C2°(A) — C has the following properties:

(1) & is W-invariant and continuous, hence defines a distribution & € 24",
(ii) & is evenly positive-definite in the sense that £(f * f*) > 0 forall f € C(A)Y.
(iii) & determines the auto-correlation measure 1 uniquely.

Proof (i) W-invariance holds by construction, and continuity follows from Lemma 5.6. (ii)
follows from Remark 4.15 and the fact that H ™ isa s-homomorphism, since for f € c.(AY
we have

ECf# f*) =n(xH(f x f)%) = n(x H ' g = x H' fHg)*) = 0.
(iii) follows from the fact that H~! is onto C2(G, K) and the latter is dense in C.(G, K). O

Definition 5.8 The evenly positive-definite distribution & € 2(A)Y is called the auto-
correlation distribution of v.

To summarize, we can consider the auto-correlation associated with a translation bounded
measure in the hyperbolic plane either as a positive-definite Radon measure on K\G/K or
equivalently as a evenly positive-definite distribution on A = R.

Remark 5.9 (Non-temperedness of the auto-correlation distribution) Recall that a distribution
& € 2(R) is called tempered if it can be extended to a continuous linear functional on the
Schwartz space .’ (R). In general there is no reason why the auto-correlation distribution
would be tempered. The problem is that uniform model sets in the hyperbolic plane grow
exponentially, and hence to define the periodization of a function over the hull of a weighted
model set, one needs some form of exponential decay. While the inverse Harish transform
does map the Schwartz space to the Schwartz space, the Harish transform of a Schwartz
function will only be super-polynomially (rather than exponentially) decaying, and thus
cannot be periodized.

An important tool in the study of positive-definite distributions on R is given by the Fourier
transform. For tempered distributions there is Fourier inversion theorem which implies that a
tempered distribution is uniquely determined by its real Fourier transform. There is no such
inversion theorem for non-tempered distributions, and we will see in the sequel to the present
article that in order to fully determine the auto-correlation distribution we need to work with
a suitable complex Fourier transform, which in the present case turns out to be related to the
spherical Fourier transform associated with the Gelfand pair (G, K).

5.5 Beyond SL; (R)

We have used the Harish transform to transform the auto-correlation measure into an evenly
positive-definite distribution on R. The underlying argument is not specific to the case of
SL>(R) but applies in a much wider context:

If G is any semisimple Lie group with finite center, then G admits an Iwasawa decom-
position G = NAK with K < G maximal compact and A = R”, and there is a Harish
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transform, which defines an isomorphism of x-algebras H : C°(K\G/K) — CSO(A)W,
where the Weyl group W = Zk (A)/Nk (A) is afinite reflection group. One can verify that the
inverse Harish transform is continuous, and hence descends to (non-tempered) distributions.

Consequently, if u is a translation bounded measure in the Riemannian symmetric space
K\G whose hull Q7 is uniformly locally bounded and admits a G-invariant probability
measure v with auto-correlation measure n € M (K\G/K), then one obtains an evenly
positive-definite distribution & € 2(A)W by the formula

ECf) = n(x Efw)k)s

where
1

fw(a) == m

> fwa)).

weW

As in the SL, (R)-case, the auto-correlation measure is uniquely determined by this distribu-
tion, which justifies calling & the auto-correlation distribution of v. Since A = R" we can
view this distribution as an evenly positive-definite distribution on R” with respect to a finite
reflection group.

Actually, the story does not end here. There is a version of the Harish transform for
semisimple algebraic groups over non-Archimedean local fields, called the Satake transform,
and thus auto-correlation distributions can also be defined in the non-Archimedean setting.

We plan to return to both classes of examples in future work.

6 Approximation of the auto-correlation for weighted regular model
sets

Throughout this section let A = A(G, H, K, T") be a regular model set (not necessarily
uniform) in G and let g p. A be the corresponding weighted model set in K\ G. We denote
by v the unique G-invariant probability measure on Q: PeA and by n € MY (K\G/K) its
auto-correlation measure.

6.1 Reminder of the amenable case

Assume first that the group G is amenable. We recall from Proposition 4.16 that the auto-
correlation measure 7 satisfies

n(x fx) =0(f) (f € Cc(G, K)),

where 7] is the auto-correlation measure of the unique G-invariant probability measure on
Q[X\ In view of this formula, [8, Cor. 5.4] yields the following formula for »:

Corollary 6.1 (Approximation formula in the amenable case) Assume that G is amenable.
Then for every weakly admissible left-Fglner sequence (Fy) in G the auto-correlation measure
n is given by the sampling limit

n(g fx) = tlirgo o (F)

o D fyTh (f €Ce(G, K)).

xeANF; yeA

Let us recall the relevant definition of a weakly admissible sequence:
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Definition 6.2 We say that a sequence (F;);~o of compact subsets of G is weakly admissible
if each (F;) has positive Haar measure and there are continuous functions «, 8 : [0, 1) — R4
with ¢ (0) = 0 and 8(0) = 0 such that

mg(Fyys)

F, F, d — =1 5),
(Ft)s C Frya@s) an Slslp me(Fy) + B(3)

forallz,$ > 0. (F;).

This is a weakening of the notion of an admissible sequence from [14].

6.2 An approximation theorem for non-amenable groups

We would like to establish a version of Corollary 6.1 also for certain non-amenable groups.
Since these groups do by definition not admit any Fglner sequences, we need to find a
different set of assumptions concerning G and (F;). We are going to work in the context of
Howe—Moore groups in the sense of the following definition:

Definition 6.3 The lcsc group G is called a Howe—Moore group if it is non-compact and for
every unitary G-representation (V, ) with VG = {0} and all u, v in V we have

(m(g)(u),v) > 0 as g — oo.
Many non-amenable groups of interest have this property:

Example 1. SL,(R) and SL,(Q,) are Howe-Moore groups.

2. More generally, if G is a semisimple algebraic group over a local field &, then G (k) is a
Howe—Moore group [20]. In particular, every semisimple Lie group with finite center is
a Howe—Moore group.

3. Finite (and also restricted infinite) products of Howe—Moore groups are Howe—Moore
groups. In particular, products of real and p-adic semisimple algebraic groups and adelic
semisimple algebraic groups are Howe—Moore groups.

4. If G is the automorphism group of a regular tree, then G is not a Howe—Moore group.
However, G contains a unique topologically simple subgroup G of index 2, which can
be defined as the subgroup preserving any bi-partite coloring of the vertices (see [29]),
and this group is a Howe—-Moore group [23].

5. Similarly, automorphism groups of Bruhat-Tits buildings have a finite-index Howe—
Moore subgroup.

We will be interested in the following property of Howe—Moore groups:

Remark 6.4 (Relative Howe—Moore property) Let Y := I'\(G x H) and denote by L(z)(Y )
the orthogonal complement of the constants in L>(Y) so that the unitary representation
7:G—> U (L%(Y)) has no invariant vectors. Moreover, let (F;) be a weakly-admissible
sequence in G and define §; := 15 € LY(G). We say that G has the Howe—Moore
property relative (Y, K, (Fy)) if

(m(Br)u,v) - 0 forallu,v e L(z)(Y)K. 6.1)

1
mg (Ft)

Note thatif G is a Howe—Moore group, then it has this property for any choice of (Y, K, (Fy)).

In order to obtain an approximation theorem, we will impose an additional condition on
the pair (G, K). This condition is not strictly necessary to obtain an approximation theorem,
but it is satisfied in all our examples of interest and simplifies the proof considerably.
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Definition 6.5 The pair (G, K) is called a Gelfand pair and K\G is called a commutative
space if the Hecke algebra C.(G, K) is commutative under convolution.

Example In developing the current theory we had the following examples of Gelfand pairs
(G, K) and commutative spaces X = K\G in mind (cf. [30]):

1. G is abelian and K = {e} so that X = G. This is the classical setting of quasi-crystals.

2. G=R"x 0(n), K = O(n)sothat X = R" and C.(G, K) can be identified with radial
functions on Euclidean space. This setting is implicitly studied in [2].

3. G = SLy(R) and K = SO, (R). In this case, X can be identified with the hyperbolic
plane and C.(G, K) can be identified with radial functions on the hyperbolic plane.

4. G = S1,(Q,) and K = SL;(Z,). In this case, X can be identified with the vertex set
of a (p + 1)-regular tree, and C.(G, K) can be identified with radial functions on the
vertices of the tree.

5. Generalizing (3), choose G to be any semisimple Lie group with finite center and K < G
a maximal compact subgroup. In this case, X is a Riemannian symmetric space.

6. Generalizing (4), choose G = G(k) and K = G(or) where G is a semisimple algebraic
group over a non-Archimedian local field k and o; C k is its valuation ring. In this case
X can be identified with an orbit of special vertices in the Bruhat-Tits building of G.

7. Another generalization of (4) is given as follows: Let G be the automorphism group of
aregular tree T and let K be the stabilizer of a vertex; in this case, X is the vertex set of
T.

8. Let H be the (2n 4 1)-dimensional Heisenberg group. The group U(n) acts on H by
automorphisms fixing the center, and we can choose K to be any subgroup of U (n)
containing a maximal torus and set G := K x H. Then X can be identified with the
Heisenberg group. If K = U(n), then C.(G, K) corresponds to radial functions on the
Heisenberg group, and if K is a maximal torus, then C.(G, K) corresponds to polyradial
functions on the Heisenberg group.

9. One can consider finite products (and even restricted infinite products) of all of the pairs
above. This includes in particular S-adic and adelic semisimple groups.

Note that in all of these examples, either G is amenable or G has a finite index subgroup
which is a Howe—Moore group.

We can now formulate a version of the approximation theorem for non-amenable groups:

Theorem 6.6 (Approximation formula for Howe—Moore Gelfand pairs) Assume that G is a
Howe—Moore group and that (G, K) is a Gelfand pair. Then for every weakly admissible
sequence (Fy) of bi-K -invariant subsets in G the auto-correlation measure n is given by the
sampling limit

n(g fx) = t1_1>Holo o (F)

Y fayh (f € CGL K.

XeANF; yeA

As we will see, the theorem still holds if G is not necessarily a Howe—Moore group, but has
the Howe—Moore property relative to (Y, K, (Fy)).

6.3 Proof of the approximation theorem

Throughout this section we assume that G, K, (F;) satisfy the assumptions of the approxima-

tion theorem (Theorem 6.6). We denote Y := I'\(G x H) and 3; := mdﬂ e LY(G, K).

@ Springer



M. Bjorklund et al.

By a standard argument, the (relative) Howe—Moore property implies the mean ergodic the-
orem, which we can formulate as follows:

Lemma 6.7 (Mean ergodic theorem) Let o be a K -invariant probability measure on Y which
is absolutely continuous with respect to my with square-integrable density. Then for every
¢ € Cp(Y),

B * o (9) — my ().

Proof By assumption, o0 = udmy withu € LZ(Y)K. For every ¢ € Cp(Y),
(B % 0)(p) = fG B (8)(8.0) (@) dmg (g) = fG Bi(8)o (g.9) dmg (g)

= [ 8@ [ ot Ddom)dnae = [ @i @0 dnato
G Y G
= (x(Bg. u)

Since 8, is K -invariant, we have ( (8,)¢, u) = ((8,)¢X, u), where ¢X denotes the projec-
tion of ¢ onto L2(Y)X  If we write (pK =my(¢)+ ¢, andu = 14 u, with ¢,, u, € L(2,(Y),
then

(B % 0) (@) = (T(Be", u) = my (@) + (T(B) o, o),

and since G has the Howe-Moore property with respect to (Y, K, (F;)), the last term tends
to zero as t — Q. ]

The work of Gorodnik and Nevo [14-18] investigates in great generality under which
conditions one can sharpen mean ergodic theorems for (possibly non-amenable) groups into
pointwise statements. In many cases a pointwise statement can be derived without assuming
commutativity of C.(G, K). However, since commutativity of C.(G, K) holds in essentially
all examples of interest to us, we confine ourselves to this case, in which there is a particularly
simple proof. Recall that the vague topology on bounded measures on Y is the weak-x-
topology with respect to Co(Y), and that the subset of sub-probability measures is compact
in this topology.

Proposition 6.8 (Pointwise ergodic theorem) In the situation of Theorem 6.6 we have vague
convergence

B,*(Sy — my foreveryy €Y.

Proof Since the space of sub-probability measures on Y is vaguely compact, it suffices to
show that every limit point v = lim,_, Bt,, * 8y of (,é, * §y) coincides with my. To show
this, let p = p1 ® p2 € C.(G x H) be a probability density such that p; € C.(G, K) is
bi-K -invariant. Since ﬁ, and p; commute, we then have

prv=lim px(B, x8) = lim ((p1 %) ® p2) 8y
n—0o0 n—oo
= lim ((B,, * p1) ® p2) %8, = lim By, * (p 8).
n—oo n— 00

Now let o := p * 8. We claim that 0 = v - my is absolutely continuous with respect to my
with uniformly bounded density . For the proof we may assume without loss of generality
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that y = I'. If F € C.(Y), then there exists f € C.(G x H) such that F = 2 f, and thus

o) = [ [ 3 el f ey dmo i)

v1,72)€l

= [ [ X oo e s n dng@dnh

v1,72)€l

_ /G /H Prp(T(g, W) f (. ) dme (g)dm p (h)

= /Ylﬂ(y)F(y)dmy(y),

where ¥ := Zrp. This proves that 0 = i - my, and to see that this density is bounded, we
observe that

[V (T(g, m)| =< lpllo - | supp(p) NT'(g, )]

Since the orbit of I' is uniformly locally finite and supp(p) is compact, the claim follows.
We may thus apply Lemma 6.7 to obtain

pxv= lim ,étn*(,o*év): lim ,étn*a:my.
n—00 - n—00

Now we can choose pf") to be a convenient approximate identity in C.(G, K) and pé") tobea

convenient approximate identity in C.(H) and set p™ := ,01(") ® pé"). Since v is K -invariant

by construction we then obtain

v= lim p®

xV = lim my = my.
n—oo n—>oo

This finishes the proof. O

We observe that by a standard approximation argument the convergence

Br # 8y (f) — my(f)

holds not only for f € Cp(Y), but also for any compactly supported bounded function f
on Y, which is Riemann integrable with respect to my. Theorem 6.6 now follows from this
pointwise statement and our previous work in [8]:

Proof of Theorem 6.6 In [8, Thm. 3.1] we introduced a parametrization map for the hull of a
regular model set. Taking into account our change in convention from left- to right-actions,
this map yields a G-equivariant surjection of the form g : Q% — Y, where Y = I'\(G x H)
as before, which induces an isomorphism

B*: L*(Y) — L*(Q),

where both L2-spaces are with respect to the respective unique G-invariant measures. By [8,
Thm. 4.11 and Lemma 4.12] we have for all f € C.(G) and for mg-almost every g € G,

Paf(D) = Zr(f @1w)(B(g.A)). (6.2)

In particular, if we abbreviate yo := B(A), then for all f € C.(G) and for mg-almost every
s € G we have

PAfTIA) = Zr(f @1w) (BT A) = Zr(f @ 1w) (s yo).
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Now let f1, f>» € C.(G, K). We observe that the bounded measurable function
h(y) :== 2r(f1 @ lw)(MZr (2 @ 1w)(y),

has compact support. Indeed, if .%# denotes a fundamental domain of I' in G x H, then the
supports of the functions f; ® 1w intersect only finitely many translates of .7, each of them in
a compact set. Moreover, since W is Jordan measurable, the function 4 is Riemann integrable
with respect to my. Then (6.2) yields

n(f1 % f5) = {Pa f1, P f2) = (2 (fi @ 1w), Pr(f> ® 1w)) = my (h).

Now if we set §; := 1F, the pointwise ergodic theorem (Proposition 6.8) yields

1 .
mg (Fy)

n(fix f3) = my(h) = lim By % 8y, (h)

lim ———— 2r(fi @ Iw) (s~ .y0) Zr(f> @ 1w) (s~ Lyo)dme (s)
1—oomg(Fy) JF,

lim ——— [ Z2fi(s"'AN)Zfo(s71A) dmg (s).
t—oomg(Ft) JF,
In view of [8, Theorem 5.3] this implies the theorem. ]
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Appendix A: Convolution structures on double coset spaces
A.1: Convolution algebras and representations

Recall that M, (G) denotes the Banach space of bounded complex Radon measures on the
Icsc group G.

Remark A.1 (M} (G) as a Banach-*-algebra) M, (G) is a Banach-x-algebra with convolution
product and involution respectively given by

wevih = [ [ anducosy wa [ g = [ pahdae e o,
For general i, v in M(G) the convolution u * v is not well-defined, but if one of them has

compact support, then p * v can be defined by the same formula. Similarly, the involution *
can be extended by the same formula to all of M (G).
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Remark A.2 (L'(G) as a Banach-x-al gebra) Our choice of Haar measure yields an embedding
LY(G) — My(G), f = f -mg. Under this embedding LY(G)isa Banach-x-subalgebra,
and for f, g € L'(G) we have

f g = /G FOG 0dme(y) and f*0) = FGD (x.y € G).

By the same formula we obtain a convolution action of L'(G)on LP(G) foralll < p < o0
sothat | f*xgll, < I flliligllp-If f € L'(G) and g € L*®(G), then f * g is continuous.

Remark A.3 (Extending representations) If 7 : G — % (V) is a unitary representation of G
on a Hilbert space V, then we obtain a s-representation of the algebra L' (G) by the formula

7 11G) > 20, 7P = [ f@r@udne),
G
where the integral can be interpreted in the weak sense.

Example 1If 7; : G — % (L*(G)) denotes the left-regular representation, then for f €
L'(G) and u € L*(G) we have

L () () = /G F@mL(@u) dma () = /G F@ulg™ ) dma(e) = f #u(x).
i.e. g, is the action by left-convolution.

Example If iy : G — % (L*(G)) denotes the right-regular representation, then for f
L'(G) and u € L*(G) we have

7R (f)()(x) = /G F@mr(@u(x) dmg(g) = /G F(9ulxg) dmg(g)
=/Gu(g)f(x_1g)dmc(g) _ /Gu(g)f(g_]x)dmg(g) — uw o).

i.e. Tr(f) acts by right-convolution by f.

A.2: Convolution algebras of bi-K-invariant functions

Remark A.4 (Subalgebras of bi-K -invariant functions and measures) The group G acts on
functions on G by Lg f(x) := f(g~'x) and Ry f(x) := f(xg), and dually on measures.
We denote by M (G, K) C My(G) and L' (G, K) C L'(G) the Banach-s-subalgebras
consisting of measures and function classes which are bi- K -invariant. The spaces M (G, K),
C(G, K), LP(G, K) etc. are defined similarly,

Definition A.5 The dense *-subalgebra C.(G, K) := LY(G, K)NC.(G) is called the Hecke
algebra of the pair (G, K).

Note that if x px : G — K\G/K denotes the canonical projection, then pullback induces
a bijection g p% : C.(K\G/K) — C.(G, K). By transport of structure, C.(K\G/K)
thus inherits the structure of a x-algebra from the Hecke algebra. We are going to describe
this structure explicitly in Sect. A.4, using a canonical measure on K\G/K. To define this
measure we need a variant of Weil’s formula concerning integration on homogeneous spaces,
which we will recall in the next section.
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A.3: A Weil formula for strongly proper actions

Let H be a unimodular Icsc group. We fix a Haar measure mpy on Y.

Definition A.6 A lcsc H-space Y is called a strongly proper H-space if the action of H on
Y is proper and the quotient H\Y is Hausdorff and paracompact with respect to the quotient

topology.
The following version of Weil’s formula can be found e.g. in [21, Thm. 2.2].

Lemma A.7 (Weil formula for strongly proper actions) Let Y be a strongly proper H-space
and let n be an H -invariant Radon measure on Y. Then there exists a unique Radon measure
n on H\Y such that for all f € C.(Y),

/ FOYN(y) = / ( / f(hy)de(h)> dn(Hy).
Y my \Ju

m}

The formula stated in [21, Thm. 2.2] is actually more involved, but under our standing
assumption that H be unimodular it simplifies to the form above. We emphasize that n
depends on our choice of Haar measure mpy on H.

A.4: Measures and convolutions on double coset spaces

Recall that K denotes a compact subgroup of our Icsc group G with Haar probability measure
m g . Since the left-action of K on G is strongly proper and preserves m g, we can apply Lemma
A7TwithY := G and H := K. We deduce that there exists a unique Radon measure m g\ g
on K\G such that for all f € C.(G),

f F(g)dma(g) = f ( / f(kg)dmk(k)> dmi\(Kg).
G K\G \Jk

Similarly, there exists a unique Radon measure m,x on G/K such that for all f € C.(G),

/ Flg)dma(g) = f ( / f(gk)dmk(m) dme x (K).
G G/k \Jk

Now observe that also the (K x K)-action on G given by (k1, k2).g := klgkz_1 is strongly
proper and preserves mg. Applying Lemma A.7 with Y := G and H := K x K thus yields
a unique Radon measure mg\g,x on K\G/K such that for all f € C.(G),

/f(g)dmc(g)=/ (/ / f(klgkz)de(kl)de(k2)> dmg\c/k (KgK).
G K\G/k \Jk Jk

Definition A.8 Let fi, f» € C.(K\G/K). Then the convolution of f; with f, is defined as
the function f1 * f>» € C.(K\G/K) given by

(f1* f2)(KgK) = /

S1(KhK) (/ fz(Kh_lkgK)de(k)> dmg\c/k (KhK).
K\G/K K

There is no natural convolution structure on C.(K\G) or C.(G/K), but we can define a
convolution operation C.(K\G) x C.(G/K) — C.(K\G/K):

@ Springer



Aperiodic order and spherical diffraction...

Definition A.9 Let f; € C.(K\G) and f> € C.(G/K). Then the convolution of f with f>
is defined as the function f; * f, € C.(K\G/K) given by

(fi % f)(KgK) = fk A ( fK fz(h_lk_ng)de(k)) dmi(Kh),

Also note that on C.(K\G/K) we have a natural involution given by

[*(KgK) = f(Kg~'K) (f € Cc(K\G/K)).

Similarly, we have mutually inverse isomorphisms C.(K\G) — C.(G/K)and C.(G/K) —
C.(K\G) given by

[ @gK) = fi(Kg™") and f3(Kg):= f2(g7'K) (fi € Cc(K\G), f2 € Cc(G/K)).

Remark A.10 (Relation to convolution in C.(G)) Let us denote by xp : G — K\G, pg :
G — G/K and g px : K\G/K the canonical projections. We also denote by C.(G)LK)
and C.(G)RX) the spaces of left-, respectively right-K -invariant functions in C.(G) so that
C.(G, K) = Cc(G)LE) N C.(G)RXK) Since K is compact we have bijections

kD" Co(K\G) = C(G)EE) | pr: C(G/K) — Co(G)RE)
and gpk : C.(K\G/K) — C.(G, K).

We recall that C.(G, K) is a *-subalgebra of the convolution algebra C.(G). Moreover, con-
volution induces amap C, (GHLE) % C . (G)RE) 5 C.(G, K),and the involution  on C.(G)
exchanges C, (G)EXE) and C.(G)REK), Under the bijections above, these structures corre-
spond to the convolution structures and involutions justdefined: For f1, f2, f € C.(K\G/K)
we have

kPx(f1* f2) = kpgfi* kpk f2 and (k pk (f)* = kpx (f),
and for f1 € C.(K\G) and f> € C.(G/K) we have
k Pk (fi* f2) = kp* fix pk fo and pi(f) = (kp*fD)" and kp*(f3) = (Pk )"
In particular, the *-algebras C.(K\G/K) and C.(G, K) are isomorphic under g p.

A.5: Approximate identities for the Hecke algebra
Remark A.11 (Canonical retractions) Define a map M(G) — M (G, K), u — ut by

/ f@)dpf(x) = / / / fkixky HYdmg (kyydmg (ka)dp(x) (f € Ce(G)),

G GJKk JK

Forall u € M(G) and f € C.(G, K) we then have u(f) = u*(f), i.e. u and u? restrict to
the same linear functional on C.(G, K). The map p > uF restricts to a retraction of Banach-
x-algebras Mp(G) — Mp(G, K) of norm 1, and further to algebra retractions LY(G) -
LY(G, K) and C.(G) — C.(G, K). Explicitly, for f € LY(G) we have

fn(X)=/;(/Kf(klxkz)dMK(kl)de(kz)- (A1)

The same formula also yields retractions L”(G) — L?(G,K) for 1 < p < oo, and we
obtain continuous convolution actions of L' (G, K) on L”(G, K) suchthat (fxg)? = f¥xg".

@ Springer



M. Bjorklund et al.

Remark A.12 (Convenient approximate identities) Let U, be a nested sequence of pre-
compact identity neighbourhoods in G with (U, = {e} (which exists since G is second
countable). We choose p,, € C.(G) with the following properties:

5}1 >0, :5:: = Sn = ﬁn» Supp(ﬁn) Cc U, and / ﬁn dmg = 1.
G

Then o, * f and f * 5, converge to f in the following sense [13, Prop. 2.44]:

e If 1 < p < oo, then convergence holds in L”.
e If f € C.(G), then convergence holds uniformly, and hence if f € C(G), then conver-
gence holds uniformly on compacta, and in particular pointwise.

Now set p, := pn. Then we have convergence p, * f — f%and f % p, — f% in the
same sense. In particular, (7,) is a two-sided approximate identity in C.(G) and L'(G), and
(pn) is a two-sided approximate identity in C.(G, K) and LY(G, K). We refer to these as
convenient approximate identities. Via the isomorphism C.(K\G/K) = C.(G, K) we also
obtain a convenient approximate identity on C.(K\G/K) with analogous properties.

LemmaA.13 (i) The subset {f x f* | f € C.(G)} C C.(G) spans a dense subspace.
(ii) The subset {f * f* | f € Cc(G, K)} C C.(G, K) spans a dense subspace.
(iii) The subset {f = f* | f € C.(K\G/K)} C C.(K\G/K) spans a dense subspace.

Proof The spanof {f x f* | f € C.(G, K)} contains all elements of the form f *x g* with
f.,g € C.(G, K) by polarization. Choosing a convenient approximate identity for g then
yields (ii) and hence (iii), and (i) follows from (ii) by choosing K := {e}. ]
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