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ABSTRACT
Curve squeal is a highly disturbing tonal sound generated by rail vehicles like trains, metros
or trams, when negotiating a sharp curve. The probability that squeal occurs increases with
reduced curve radius of the track. Curve squeal noise is attributed to self-excited vibrations
caused by stick/slip behaviour due to lateral creepage of the wheel tyre on the top of the rail.
With respect to the large number of rolling stock units and the long lifetime of vehicles, there is
an urgent need for a cheap and simple retrofitting measure to reduce curve squeal. Therefore,
main objective of this paper is to investigate the potential to reduce curve squeal by means
of active control in the form of dither in an efficient and robust way. Dither control has been
applied in the field of mechanical engineering for systems including non-linear components.
There it has been shown to suppress self-excited oscillations very efficiently. The control is an
open-loop control. It consists in adding a forced vibration to the vibrational system. A timedomain model has been applied to investigate the mechanisms behind self-excited vibrations
leading to curve squeal at the squealing noise rig at Chalmers University of Technology. The
analysis showed, that in the presence of constant friction, the coupling between lateral and
vertical direction is the driving mechanism for building up self-excited vibrations. Based on
this insight, the potential of dither has been investigated. For the case considered here dither
has the potential to reduce the overall kinetic energy on the wheel by more than 10 dB and on
the rail by more than 20 dB. Further optimisation of dither forces with respect to the radiated
sound power might increase this potential.

1. Background
Curve squeal is highly annoying due to its tonal character and its high amplitudes. It may be generated when rail vehicles
negotiate tight curves. For curves with a radius of 200 m and below, curve squeal is common. At the same time, such tight curves
occur mainly in urban areas where many people live close to the tracks. Therefore, curve squeal can contribute to the negative
health impact of traffic noise. Curve squeal is also a comfort issue for passengers. In [1], it is stated that about 7 percent of railway
customers are highly disturbed by curve squeal noise. Curve squeal noise is attributed to self-excited vibrations caused by stick/slip
behaviour due to lateral creepage of the wheel tyre on the top of the rail [2]. However, the actual mechanism of the instability is
still a controversial topic. It is either explained by a falling friction curve (see e.g. [3–5]) or by mode coupling between normal and
lateral dynamics [6–8]. Recently, it was shown that instability can be observed for a constant friction curve even without mode
coupling (e.g. [9,10]). For the reduction of curve squeal noise mainly three measures are available:
• There have been several attempts made to optimise the design of wheel and rail towards less curve squeal. Most successful
seems to be the asymmetric rail profile [11] moving the contact position on the inner wheel outside the so-called ‘‘squeal
zone’’. There are, however, no implementations of improved design on the market.
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• Lubrication of the rail with grease, water or specially developed friction modifiers has been shown to be efficient in some
cases [12], while it failed in others [13]. By reducing the friction coefficient, curve squeal might be eliminated. Problems could
be insufficient traction forces, soil contamination close to the track, or, when using pure water, the need to avoid freezing.
• Wheel dampers showed in some situations good results. By adding constrained damping layers [14] or so-called ring
dampers [15], substantial reduction could be achieved if the damped modes were involved in the curve squeal. In this context,
the amount of reduction is not proportional to the increase in damping. Already little additional damping can suppress the
self-excitation of stick–slip motions and therefore give high reduction.
To conclude, it seems to be difficult to offer a sustainable and reliable solution to the problem of curve squeal. While new design
does not solve the problems with existing infrastructure, wheel damping and lubrication have shown to work in certain situations,
but to fail in others. With respect to the large number of the rolling stock units and the long lifetime of vehicles there is obviously an
urgent need for a cheap and simple retrofitting measure to reduce curve squeal. An approach that recently has been suggested for the
mitigation of squealing noise is the use of dither [16]. The application of dither means that an additional signal (the dither signal)
is added to the vibrational system to suppress self-excited vibrations. The objective of this work is to increase the understanding of
the mechanisms behind squeal and to further investigate the potential for reducing curve squeal based on the dither approach. Such
an approach could also open for fast and cheap retrofitting both on track and wheel. The idea of dither as presented in literature
is discussed in the next section followed by a brief description of the model used to investigate curve squeal and the functioning of
dither, and a presentation of the test case used in this work in Section 3. Section 4 discusses in detail the mechanism behind the
occurrence of curve squeal for the case considered here. Based on these insights, the functioning of dither to suppress curve squeal
is investigated (see Section 5). The results are finally summarised in the Conclusions.
2. Dither signals to control self-excited vibrations
Typical examples of self-excited vibrations are combustion instabilities or friction oscillators. In a self-excited system nonoscillatory energy is transformed to oscillatory energy due to a feedback process. The vibrations are growing typically at a frequency
close to eigenfrequencies of the involved systems. The rate of growth is often determined by the internal damping in the systems.
The vibrations might reach a certain saturation level which is determined by the underlying physical processes. For instance, the
vibrations of a friction oscillator come into a saturation state when the vibrations levels are high enough to approach the sticking
zone on the friction curve. When discussing dither in this context, one may first think of active control, which has been shown to be
suitable to disturb this feedback process and suppress the build-up process of the self-excited vibrations. Maria Heckl was probably
the first who successfully has used this approach for the control of the noise generation from the Rijke tube [17]. Other examples
concern unstable combustion [18], machine chatter using active bearings [19], or torsional vibrations in a drillstring [20]. Maria
Heckl also used an active control approach for the control of curve squeal noise [21–23]. With a pre-calculated control law she fed
back wheel vibrations to force transducers either on the wheel or the rail. She also demonstrated the functioning of the approach
in a simplified experimental set-up.
In ‘‘standard’’ active control the original field is carefully observed (e.g. the vibration in reference positions) and an additional
field is created by active sources and added to the field to change e.g. radiation or propagation properties. This approach demands
high accuracy in amplitude and phase for the added field. For destroying the feedback process by active means, the required control
laws are shown to be more relaxed. Both amplitude and phase have just to be in a certain range. This is the strength of the application
of active control in the case of self-excited vibrations. In this aspect, dither goes even a step further as it is an open-loop approach that
can work without observing the original field. It has been widely used in different areas such as audio recording techniques, optics,
image processing, and control technology. The expression refers to the application of signals/information to a system in order to
modify its characteristics. A specific example is the use of dither to compensate for the negative consequence of quantisation errors.
By adding shaped noise to the audio signals before the digital/analog converting process the perceived audio quality is improved
substantially (see e.g. [24] and [25]). Dither control also has been applied in the field of mechanical engineering. Especially for
systems including non-linear components dither can be used to suppress self-excited oscillations. Morgül [26] showed that in the
case of friction oscillators, dither control could be used to prevent the build-up of stick/slip motion. He investigated the control of
chaotic systems with dither and showed that there are no restrictions with respect to frequency content or time behaviour of the
dither signals others than that the frequency content has to be higher than the friction-induced response. As dither control is an
open-loop control and is superposed to the existing field without any feedback, its implementation is simple and does not require any
control environment as traditional active control approaches do. Up to now very little has been published on dither control of curve
squeal as far as the authors can conclude from literature. Dither control of self-excited vibrations has mainly been investigated for
generic cases such as simple oscillators with friction elements (see e.g. [27] and [28]). There, it was shown that dither control could
be used to modify the effective friction characteristics. It also has been shown that the underlying friction characteristic is essential
for the functioning of dither [28]. Besides for simple oscillators, dither control has also been used for the control of brake disc squeal
in automotive applications. Cunefare [29] and later Bardetscher et al. [30] showed for disc brake rotor squeal that ‘‘normal dither’’
could be used to reduce and even suppress the generation of squeal. The performance of the brakes was only marginally reduced.
‘‘Normal dither’’ in this context means that the dither control changed the normal force between the brake pad and the brake disc.
An alternative is ‘‘tangential dither’’. There seems no general rule for selecting the signal form and amplitude, although e.g. in [31]
it was shown that periodic square signals are much more effective than sinusoidal signals.
In [29] a harmonic signal was used as dither with a frequency above the eigenfrequencies of the squeal modes under
consideration. Even frequencies outside the audible range (i.e. above about 20 kHz) were shown to work in this application. In
2
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Fig. 1. Design of WERAN for the simulation of rolling and squeal noise generation in the contact between wheel and rail.

this case, the dither signal is not audible. Therefore, the control is not adding a disturbing tonal signal. The first application of
dither to mitigate squeal noise from railway systems is presented in [16] for the case of a falling friction curve. A numerical model
was used to demonstrate the function of dither when using a piezo stack at the wheel or the rail as excitation. The results were
encouraging, although the mechanism behind the functioning of dither was not explained in detail.
3. Modelling curve squeal
To model the intrinsically non-linear and transient phenomenon of curve squeal is numerically challenging, just considering the
complexity of the involved structures, the need to include non-linear transient rolling contact and the wide frequency range. While
frequency domain models can be used to investigate which modes are prone to squeal, amplitudes of squeal can only be predicted by
time domain models. However, modelling in the time domain increases the computational effort substantially. Consequently, many
of the existing time domain models rely on simplifications of wheel, rail, or contact formulation. Typically, the track dynamics are
neglected, and the consequences of this simplification are not clear. The few who include track dynamics (e.g. [32–35]) do not
come to an agreement on this issue. However, we know from practice that changes in the track design can increase or decrease the
problems with curve squeal [36]. Most models describe the relation between creep force and creep in a form, which can only
partly represent the non-linear process in the contact zone. Périard [32], for instance, included a modified version of Kalkers
steady-state contact model FASTSIM [37] in his squeal model. These simplifications, however, might be needed to reach a sufficient
computational efficiency, allowing for e.g. extensive parameter studies.
3.1. The curve squeal model at Chalmers, Applied Acoustics
In this paper a modified version of the WERAN (WhEel/RAil Noise) model is used. The original model has been developed by
Pieringer [38]. She combined pre-calculated impulse response functions for track and wheel with the model by Kalker for transient
rolling contact [39]. Track responses are calculated with Waveguide Finite Elements, while a standard Finite Element Model with
axisymmetric elements is used for the wheel. In this way, the complete dynamics of wheel and track in the required frequency range
is considered in combination with a fully three-dimensional transient and non-linear contact model. The computational costs are
acceptable in contrast to the computational costs of an equivalent full Finite Element Model for curve squeal. However, the costs
might still be too high for many engineering applications. Zenzerovic therefore developed an ‘‘engineering’’ version of the model
by Pieringer [40,41].
The overall structure of the engineering version of WERAN (already with the addition of dither forces) is shown in Fig. 1. The
required input to WERAN is as follows
•
•
•
•
•

The assumed or pre-calculated creepage and contact position, based on vehicle dynamics simulations.
The roughness of wheel and rail in several parallel tracks around the wheel and along the rail.
The pre-calculated dynamic wheel and track response at the contact position given as Green’s functions.
The exact contact geometry and pre-load as input to the vertical contact model based on Kalker’s variational theory [39].
In the engineering version, the regularised friction curve for the fast tangential one point-contact formulation. This regularised
friction curve is pre-calculated using Kalker’s variational theory. The calculations are done for each set of contact parameters
assuming Coulomb friction in each contact element.

In WERAN for each time-step, the wheel and track response are convolved to provide the displacements of both bodies as an
input to the contact model. The normal contact problem is solved first, providing the normal load as an input to the lateral contact.
The lateral problem is solved subsequently, and the vertical and longitudinal contact forces serve as inputs to the next convolution
step of the dynamic wheel and track response.
In a post-processing step, the vibrations of the wheel and the track could be calculated as input to an in-house developed Boundary
Element model to calculate sound radiation. For the work in this paper, however, this model is not utilised.
To include dither is straightforward in this modelling approach as it means just adding additional forces which are varying over
time in a prescribed way as shown in Fig. 1.
3
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Fig. 2. Squealing noise rig at Applied Acoustics. Lower wheel driven by an engine. Upper wheel representing the rail.

Table 1
Radius and modal damping ratio for wheel and rail. 𝑛 indicates the number of wavelengths on
the circumference.

Wheel
Rail

Radius in m

𝜁𝑛 for n = 0

𝜁𝑛 for n = 1

𝜁𝑛 for n > 1

0.261
0.190

0.001
0.1

n = 0.01
1

0.0001
0.01

Fig. 3. (a) Cross-section of wheel and rail, contact position (position 1) and the position where dither is applied (position 2). (b) Mode shape for the mode
(2,0,a) for the wheel (eigenfrequency 2008 Hz). (c) Mode shape for the mode (2,0,a) for the rail (eigenfrequency 2049 Hz).

3.2. Test setup
For investigating the dither approach, the model is adapted to the squeal noise rig (see Fig. 2) recently built at the division of
Applied Acoustics [42].
The use of the squealing noise rig as a test object is motivated by the future plans to implement dither control on this rig. The rig
consists of two wheels pressed against each other with a defined preload. The upper wheel represents the rail, while the lower wheel
represents the wheel. The lower wheel is driven by an electric motor. Different contact positions, angles of attack, normal loads and
lateral creepages can be chosen by altering the setup. For both wheels, FE models were created to obtain the wheel receptances
in vertical and lateral directions as well as for the coupled direction. In the following the text always refers to a rail although it
actually is a rail-disc.
The aim of the design of the rig was to maximise the likelihood of the occurrence of squealing. In simulations it was shown
that the modes (2,0,a) in the wheel and in the rail are capable to build up squeal due to mode coupling. The index 2 indicates
that the are two wavelengths fitting to the circumference, 0 indicates that there are zero nodal lines in radial direction and 𝑎 notes
that the modal pattern has its main component in axial direction. Details to the rig can be found in Ref. [42]. A first experimental
evaluation of the rig showed that squeal occurred as planned under the condition that contact geometry and creepage were chosen
in an appropriate way.
Fig. 3 shows the cross-section of wheel and rail. The nodes where contact was assumed to take place, as well as the position
where later on a dither force is applied, are indicated. In addition, the modes (2,0,a) are presented. Table 1 shows the radius of the
wheel rail and the rail disc together with the modal damping ratio 𝜁𝑛 as function of the circumferential mode order 𝑛.
4
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Fig. 4. Building up process of the lateral displacement 𝜉 of wheel and rail under squeal conditions (a) and the main spectral component of the steady state
part of the vibrations (b). The vertical solid line indicates the eigenfrequency for mode (2,0,a) of the wheel (blue) and the dashed vertical line indicates the
eigenfrequency for mode (2,0,a) of the rail. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this
article.)

The results presented in this paper always refer to this contact geometry. Further relevant input data are rolling speed (50 km∕h),
load (20 kN), and a rigid slip of 0.3 m∕s corresponding to a lateral creepage of 2.16%. Coulomb friction was applied with a friction
coefficient 𝜇0 of 0.55. The surface roughness was set to zero. These parameters were kept for all simulations if not explicitly stated
differently.
For the realisation of the dither an additional lateral and/or vertical force is added at the point indicated by the red circle in
Fig. 3. Dither forces have also been applied to the rail but did not show significantly different results in comparison with those for
the wheel excitation and are therefore not presented in the further text.
4. Self-excitation of curve squeal
Simulations in WERAN are used to demonstrate the generation of friction-induced vibrations for the chosen contact position and
a rigid slip value of 0.3 m/s. Fig. 4(a) shows as a typical result the build-up process of the vibrations for the wheel and the rail at
the contact point.
Under an initial phase (0.07 s), the pre-load of 20 kN is successively applied by pressing the wheel on the rail. At the same time the
creepage is increased from zero to its final value. Inspecting the resulting lateral and vertical displacement, a in the beginning, almost
exponential growth can be observed, which starts to slow down from about 0.8 s. At around 1.2 s, the process goes into a saturation
phase, in which the system converges to a steady-state condition. The process appears to be governed by the coupling of the modes
(2,0,a) in wheel and rail, exchanging energy through the contact, which results in a squeal frequency of about 𝑓𝑠𝑞𝑢𝑒𝑎𝑙 = 2014 Hz. This
lies in between the eigenfrequencies of both (2,0,a) modes as shown in Fig. 4 (right), where the autospectrum of the time signal in
the steady-state phase (i.e., 𝑡 > 1.2 s) is presented together with indicators for the eigenfrequencies of the both participating modes.
When excluding the mode (2,0,a) of the wheel or the rail from the modal summation (see also Section 4.2) describing the dynamic
systems, instability is no longer observed in the simulations.
4.1. Explanation of the process behind the self-excited vibrations
The underlying structure of the simulation in WERAN can be presented as a block diagram, as shown in Fig. 5. The blocks 𝐻1 to
𝐻4 describe the combined receptances of wheel and rail for lateral and vertical excitation. The system consists of two main feedback
loops, one for the lateral contact and one for the vertical contact.
Both loops have as input static quantities in the form of the rigid slip and the static displacement. Both loops are coupled due
to two reasons. Firstly, due to the geometry of the rail and the wheel and the position of the contact, vertical and lateral directions
are coupled. This means that a vertical contact force yields a vertical and lateral displacement in the contact position. In the same
way as a lateral force also creates a vertical and lateral displacement. Secondly, the vertical force 𝐹𝑧 (𝑡) is directly influencing the
lateral force as the friction force 𝐹𝑦 (𝑡) is the product of the momentary friction coefficient 𝜇(𝛥𝑢(𝑡)) and the vertical force 𝐹𝑧 (𝑡). The
quantity 𝛥𝑢(𝑡) is the relative velocity between rail and wheel in the contact point.
To investigate the importance of the different coupling paths 𝐻1 to 𝐻4 for the occurrence of self-excited vibrations, WERAN has
been modified successively by ‘‘switching off’’ combinations of these blocks and re-running the simulations. From these runs one
can conclude that block 𝐻2 and block 𝐻4 were not relevant for the self-excitation process. Even if these blocks were ‘‘switched off’’
the self-excited vibrations did develop as before with minor deviations in the amplitudes of the dynamic quantities. Consequently,
5
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Fig. 5. Block diagram of the complete dynamic system modelled by WERAN.

Fig. 6. Blockdiagram of the dynamic system relevant for the self-excited vibrations.

for the discussion of the mechanisms behind the self-excitation process, it is sufficient to consider the reduced system as shown in
Fig. 6.
When ‘‘switching off’’ 𝐻3 , the system is stable and no self-excitation takes place. When ‘‘switching off’’ 𝐻1 , the system is still
unstable, but the vibration amplitudes and the resulting forces change substantially. Based on this, we find the feedback loop
consisting of the lateral contact, 𝐻3 and the vertical contact. This final loop is shown in Fig. 7, displaying the typical block diagram
of a recursive filter. The frequency response 𝐻𝑡𝑜𝑡 of such a filter can be expressed as
𝐻𝑡𝑜𝑡 =

𝐻3
.
1 − 𝐻3 𝐻𝐶

(1)

In this case, the assumption of a linearised contact has been made. This means that the friction coefficient is assumed to be
independent of the difference 𝛥𝑢 of the lateral velocity of wheel and rail and corresponds to 𝜇0 . In addition the vertical force is
linearised assuming that the vertical force 𝐹𝑧 is the contact stiffness 𝐾𝑐 multiplied with the displacement difference 𝛥𝜉 for wheel
and rail. The linearised contact is represented by the transfer function 𝐻𝐶 = 𝜇0 𝐾𝑐 .
The stability of such a recursive filter can be investigated by means of the Nyquist stability criterion when plotting the open-loop
transfer function 𝐻3 𝐻𝐶 in the complex plane. Instability occurs where the plot encircles the point (1 + 𝑗0). At this frequency, the
amplification by 𝐻3 𝐻𝐶 is larger than unity and the phase shift is zero. As shown in Fig. 8, there are a number of frequencies where
instability can occur (indicated by dots). For better identification of those frequencies, 8(b) shows just the real part of the openloop transfer function over frequency. Among those frequencies there also is a frequency close to 2000 Hz, i.e. the eigenfrequency
6
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Fig. 7. Blockdiagram of the recursive filter built by the cross receptances of wheel and rail and the linearised vertical and lateral contact formulation.

Fig. 8. Nyquist plot of the open-loop transferfunction 𝐻3 𝐻𝐶 with 𝐾 = 8 × 109 N/m and 𝜇0 = 0.55. The dots indicate the frequencies where 𝐼𝑚(𝐻3 𝐻𝐶 = 0) and
𝑅𝑒(𝐻3 𝐻𝐶 = 0) > 1.

of the modes (2,0,a). When removing these modes from the modal sum for the calculations of the receptances, the open-loop
transferfunction 𝐻3 𝐻𝐶 will not any longer encircle the point (1 + 𝑗0) at this frequency.
Instabilities at other eigenfrequencies have not been found in the simulation of self-excited vibrations in the complete system.
However, to fulfil the Nyquist criterion is necessary but not sufficient for the instability of the complete system.
The result also implies that in the case considered here, mode coupling is not necessarily needed to observe instability. As long as
the dynamic properties of the components are such that the open-loop transfer function 𝐻3 𝐻𝐶 delivers zero phase and amplification
larger than unity, the system could be unstable. This has also been reported in [9], where it is shown that even in the case of an
infinite rail with mass or damping-like behaviour, curve squeal can occur, i.e. in the absence of mode coupling. There it is also stated
that the cross-terms of the rail receptances play a minor role for the instability, while here, the mechanism of self-excited vibrations
is solely explained by the cross-terms for rail and wheel receptances. However, both cases might not be directly comparable.
Based on the previously described findings, the feedback loop leading to self-excited vibrations can be described as follows.
• start condition: At the beginning of the simulations, the wheel is pressed on the rail until the prescribed vertical load is
reached. In addition, a rigid slip is applied, which leads to a lateral force. Without a coupling between lateral and vertical
7
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Fig. 9. Description of the dynamic system at the time 𝑡 = 0.7 during build-up. (a) Lateral and vertical force, (b) 𝛥𝑢 and 𝛥𝜉, (c) friction curve. (For interpretation
of the references to colour in this figure legend, the reader is referred to the web version of this article.)

•
•
•
•

direction and/or a falling friction curve, this would be a stable situation. However, in the case considered here, the modes
(2,0,a) in wheel and rail provide this strong coupling.
step1: altering the vertical force: The coupling between lateral and vertical direction leads to a vertical displacement due to
the initially created lateral force. The change in vertical displacement also means a change in the vertical contact force.
step2: altering the lateral force: By changing the vertical force the lateral force is altered (it is the product of the vertical
force and the friction coefficient at the working point determined by rigid slip and lateral relative motion).
building up process: The loop between step1 and step2 leads to a growing process until the system goes into a saturation
condition.
saturation: When the lateral velocity is sufficiently big, the velocity difference between wheel and rail in combination with the
rigid slip will be sufficient to reach sticking. Consequently, the lateral force will be reduced as the global friction coefficient
will be smaller than for sliding. This limits the growing process as the duration of stick would increase with increasing lateral
amplitude 𝛥𝑢.

To illustrate this process, the lateral and vertical forces and the difference (𝛥𝑢) of the lateral velocity of wheel and rail and the
difference of the vertical displacement (𝛥𝜉) of wheel and rail are presented in Figs. 9 and 10 during build-up and when saturation
is reached. In addition, the information about the momentary working point on the friction curve 𝜇 is given.
In the initial state (Fig. 9) only sliding can be observed. The oscillations 𝛥𝑢 and 𝛥𝜉 are in phase but very small in amplitude.
Therefore sticking is not observed yet. (a) shows the lateral force and the vertical force multiplied with the friction coefficient 𝜇0 .
In (b) both 𝛥𝑢 and 𝛥𝜉 are presented. The colours in both plots indicate the position of the momentary working point on the friction
curve (c). The black vertical line in the plot of the friction curve indicates the transition from purely sliding (right side of the curve)
to partial sticking (left side of the curve).
With further development of the self-excited vibrations, the lateral velocity is growing until it is sufficiently big to reach the
friction curve left of the indicator between sliding and partly sticking (see Fig. 10). As a consequence, the lateral force is at those
time instances reduced and the process goes with further increase of the lateral velocity into a state of saturation.
4.2. Power balance for the self-excited vibrations
Besides discussing the feedback loop, it is also essential to observe the net power flow in the system. For this, the power input
and the dissipated power have to be calculated. As wheel and rail are described by a superposition of modes, the calculations are
best done for each mode individually. The different steps to reach such a formulation are shown in the following. The starting point
is the modal summation
∑
𝑣(𝐱, 𝜔) =
𝑣𝑛 (𝜔)𝛷𝑛 (𝐱)
(2)
𝑛

where 𝑣(𝐱) is the velocity at a certain position of the wheel or the rail. 𝛷𝑛 (𝐱) are the mode shapes and 𝑣𝑛 (𝜔) the modal amplitudes.
Assuming a point force 𝐹𝑒 (𝜔) at the position 𝐱𝟎 these are calculated as
(3)

𝑣𝑛 (𝜔) = 𝑎𝑛 (𝜔)𝐹𝑒 (𝜔)𝛷𝑛 (𝐱𝟎 )
with
𝑎𝑛 (𝜔) = 𝑗𝜔

1
.
𝛬𝑛 (𝜔2𝑛 − 𝜔2 + 𝑗2𝜔𝜔𝑛 𝜁𝑛 )

(4)
8
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Fig. 10. Description of the dynamic system at the time 𝑡 = 1.5 s (saturation). (a) Lateral and vertical force, (b) 𝛥𝑢 and 𝛥𝜉, (c) friction curve.

In this 𝜔𝑛 are the eigenfrequencies and 𝜔 the angular frequency. 𝜁𝑛 is the damping ratio for mode 𝑛. The modal forces 𝐹𝑛 are
obtained by expansion of the force distribution in modal components. 𝛬𝑛 is calculated as the integral over the whole volume of the
body in the form
𝑉

𝛬𝑛 =

∫0

𝑚(𝐱)𝛷𝑛2 (𝐱)𝑑𝐱

(5)

where 𝑚(𝐱) is the mass density at position 𝐱. Based on this description it is straightforward to calculate the net power input into a
system at position 𝐱𝟎 . The power input 𝑊𝑖𝑛,𝑛 for each mode is
𝑊𝑖𝑛,𝑛 (𝜔) = 0.5ℜ{𝐹𝑒 (𝐱𝟎 , 𝜔)𝑣∗𝑛 (𝜔)𝛷𝑛 (𝐱𝟎 )}.

(6)

where ∗ is the conjugate complex. For calculating the dissipated power the reversible (potential) energy 𝐸𝑝𝑜𝑡 stored in each mode
is needed, which yields
𝐸𝑝𝑜𝑡,𝑛 = 0.5|𝑣𝑛 |2 (𝜔)

𝜔2𝑛

𝛬𝑛 .
𝜔2
The dissipated power for each mode is proportional to the stored reversible energy in each mode
𝑊𝑙𝑜𝑠𝑠,𝑛 = 𝜁𝑛 𝜔𝑛 |𝑣𝑛 |2 (𝜔)𝛬𝑛 .

(7)

(8)

In the further discussion, we are interested in the input power and dissipated power as a function of time for each mode, but also
for the total system. Due to orthogonality, the total input power and dissipated power is the sum of the power obtained for each
mode. The time-domain formulation can be obtained by starting with the Green’s function 𝑔𝑛 (𝑡) as the inverse Fourier transform of
the driving point mobility. This leads to the expressions
(9)

𝑊𝑖𝑛,𝑛 (𝑡, 𝐱𝟎 ) = 𝐹𝑒 (𝑡)[𝐹𝑒 (𝑡) ∗ 𝑔𝑛 (𝑡)𝛷𝑛 (𝐱𝟎 )]
for the input power and

(10)

𝑊𝑙𝑜𝑠𝑠,𝑛 (𝑡) = 𝑔𝑛 (𝑡)𝑔𝑛 (𝑡)𝛬𝑛 𝜁𝑛 𝜔𝑛

for the dissipated power. The operator ‘‘∗’’ indicates the convolution.
These two expressions give the power variation over time. However, for the power balance, we are interested in having the net
power flow, i.e. the time average over the power. To obtain this netto power flow from (9) and (10) a moving average is taken over
a sufficiently long time period. In the case here, the average is performed over 0.07 s which corresponds to about 140 periods at
the squealing frequency around 2000 Hz. In addition the lateral and vertical forces are high-pass filtered to contain only frequency
components above 500 Hz to increase the readability of the time series. Otherwise it would have been necessary to increase the time
window of the moving average, which also would mean losing time resolution in the results. Fig. 11 shows the results for the case
presented previously.
In this case, the lateral power is mainly fed to the rail and dissipated there. The rail has substantially higher damping than the
wheel. There is also a small lateral power input to the wheel.
After the initial phase, it seems that all power input into the wheel is coming from the rail in the form of vertical power input.
The lateral power input into the wheel ceases out when the self-excitation process goes into the state of saturation, and the rail loses
vertical power through the contact corresponding to the power input into the wheel. In the steady-state cycle, the overall power
input for rail and wheel converges to the dissipated power in the system based on the damping distribution.
The results underline the coupling between lateral and vertical motion. In steady state condition, only the rail receives lateral
power from the contact while the wheel only receives vertical power through the rail. There is no lateral power input into the wheel.
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Fig. 11. (a) Net power flow into wheel and rail and due to dissipative losses in wheel and rail. (b) Same picture as in (a) but with different power scale.

5. The influence of dither signals
The application of dither means to apply an additional force at the wheel or the rail to influence the processes in the contact.
It is done in an open-loop control system, i.e. without synchronising the dither signal with the vibration to be controlled. Such an
approach has been previously investigated in [16] for curve squeal in the case of a falling friction curve. For the falling friction
curve the feedback loop is solely based on the lateral contact as the change in lateral relative velocity leads to a change in lateral
force. This interaction leads to instability. A coupling between lateral and vertical contact forces is not needed this case.
It might not mean that the function of dither will differ in comparison to the case considered here. However, in [16] very little is
said about the physics behind the functioning of the dither. This section, therefore, has the goal to explain the mechanisms behind
the functioning of dither to suppress self-excitation. For this, a working hypothesis is presented (Section 5.1). The results from a
parameter study are used to validate this hypothesis in Section 5.2. Finally, the potential of dither for the mitigation of curve squeal
is discussed.
5.1. Working hypothesis
As the self-excitation process is based on the coupling between frictional forces and vertical displacement, dither has to ‘‘destroy’’
this process. It is assumed that for achieving this, the lateral amplitude due to dither has to be strong enough to reach stick condition
in the contact. As long as the wheel and the rail are only sliding on each other, the dither signal and the self-excited vibrations can
coexist without any problems. Not until the lateral motion due to the dither is sufficient to create partial stick, the dither can start
10
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to dominate the timing of the process in the lateral contact. The stick–slip motion has to follow the dither frequency. Consequently,
the process behind the self-excited vibrations will get weakened or even destroyed.
This description of the functioning of the dither is the working hypothesis in the subsequent text and is investigated in more
detail.
5.2. Summary of the results from a parameter study
An initial parameter study showed that the dither force can be an arbitrary time signal as long as its frequency content is above
the squealing frequency (as also stated in literature for simple friction oscillators). If 𝑓𝑑𝑖𝑡ℎ𝑒𝑟 (i.e. the dither frequency) is lower than
𝑓𝑠𝑞𝑢𝑒𝑎𝑙 (i.e. where squeal occurs without control), the self-excited process could still take place during a stick–slip cycle due to dither.
With respect to the required control effort, it turned out to be the most efficient to use harmonic force signals preferable close to
eigenfrequencies of modes not participating in the generation of squeal. By this, sufficiently high lateral amplitudes in the contact
between wheel and rail can be created by smaller dither forces. The study also showed that there is no general difference in exciting
wheel or rail despite that exciting the wheel is more efficient to excite the wheel due to its higher receptance. Therefore, a more
elaborated parameter study is carried out with a lateral harmonic force close to the eigenfrequency of the mode (3,0,a) of the
wheel (𝑓𝑑𝑖𝑡ℎ𝑒𝑟 = 3705 Hz) applied at the side of the wheel (see Fig. 3). The parameter study showed that two main cases can be
distinguished.
Case 1: Applying the dither force in advance or during the build-up process of friction induced vibrations when the self-excited
vibrations are still small. Fig. 12(a) exemplifies typical results. After switching on the dither force at 0.75 s, squealing continues at
a reduced level depending on the amplitude of the dither force.
Case 2: Applying the dither force when the friction-induced vibrations are fully established. In those cases the control effort
turned out to be higher. Consequently the efficiency of the approach is reduced as the vibration levels at least on the wheel are
due to the dither forces. Fig. 13(a) shows that the squeal frequency is stopped when applying a sufficiently high force. For smaller
dither forces, only minor reductions are observed, if any at all.
Both cases can be explained based on the working hypothesis from the previous section. The dither force is now applied from
the very beginning. Figs. 14 and 15 show the response of the dynamic system to the harmonic dither force with an amplitude of
150 N and 300 N evaluated at 0.8 s.
From Fig. 14, it is visible that a dither force of 150 N is strong enough to impose a lateral velocity reaching the stick region
(indicated by the darker dots for the lateral forces). If the self-excited vibration has not developed strong enough to reach stick,
the dither is ‘‘dictating’’ the timing of the stick–slip motion. Consequently self-excited vibrations cannot develop further but will be
weakened or even die out. With smaller dither forces, this effect cannot be achieved. This also limits the application of dither to
severe cases as independent of the amplitude of the squeal noise, a minimum dither amplitude is always needed, and the noise due
to the dither signal might then be stronger than the eventual squeal noise.
If the self-excited vibrations already have developed to their full state, as in case 2, a dither force is needed, which creates a
lateral amplitude 𝛥𝑢 exceeding the amplitudes due to the self-excited process. Only then, the dither will be able to take over the
stick–slip cycle. In the case here, for the amplitude of 300 N, a velocity 𝛥𝑢 is achieved which is comparable with the amplitudes in
fully developed self-excited vibrations as shown in Fig. 10.
If these amplitudes are achieved, the self-excitation process behind squeal generation collapses. It also means that once the
self-excited vibrations have stopped, a small dither amplitude of about 150 N will be sufficient to prevent the build-up of a new
squealing event as demonstrated later in the text.
5.3. Power balance in the presence of dither
The power balance in Fig. 16 underlines the working hypothesis further. The dither force is switched on at 0.75 s.
For 150 N (b), the power balance can be interpreted as follows. In the first 50 milliseconds after the start of the dither signal,
the vibration at 𝑓𝑑𝑖𝑡ℎ𝑒𝑟 is built up until 𝛥𝑢 is sufficient to reach the stick region on the friction curve. At the same time, the power
input into the wheel and the rail through the contact is changing. The power input into the rail more or less disappears. So does
the lateral power input into the wheel. The power created by the dither force is partly dissipated due to damping in the wheel.
However, one can show that the main part is dissipated by the friction in the contact. The power input into the rail is stopped as a
consequence that the self-excitation process collapses and that the receptance of the rail at 𝑓𝑑𝑖𝑡ℎ𝑒𝑟 is very low.
For a dither force of 110 N (Fig. 16, (a)) a similar behaviour can be observed in the initial phase. However, as the resulting
velocity difference 𝛥𝑢 at 𝑓𝑑𝑖𝑡ℎ𝑒𝑟 is not strong enough, the self-excited vibrations can continue to build up, although delayed. In the
end, the vibrations are fully developed, and the power balance corresponds to the one shown in Fig. 11, besides that additional
energy is added to the system by the dither. This behaviour also confirms the working hypothesis.
Results for a simulation time of 6 seconds are shown for case 2 in Fig. 17 where the dither is switched on at 1.3 s. The power
balance (a) follows the same pattern as in Fig. 16(b). The main difference is that some time is needed to get the self-excited vibrations
to collapse completely. A stronger dither force will shorten the required time. However, it will also limit the overall reduction. The
kinetic energy on the wheel and rail is calculated with and with out dither. Fig. 17(b), shows the kinetic energy on wheel and
rail with dither (solid line) and without dither (dashed line). While for the rail, the difference in kinetic energy reaches more than
20 dB, for the wheel, the difference is more moderate. This is not due to limited success in suppressing the squealing, but due to
the required relatively high dither force. This becomes clear when presenting the energy in each mode as a moving average over
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Fig. 12. (a) Spectrogram of the lateral wheel displacement with a dither force of 150 N starting at 0.75 s. (b) Reduction of the lateral and vertical displacement
levels at the contact position on wheel and rail as function of the dither force. The dither always started at 0.75 s. The reduction is calculated by evaluating
the rms value between 1.8 and 2 seconds for the case with dither and the case with no dither.

a time window of 70 ms. At each time instant, the energy of each mode is normalised by the energy in the squealing mode of the
wheel when no dither is applied. After switching on the dither signal, the squealing mode (mode number 23 in Fig. 17(c)) rapidly
decays. However, the mode excited by the dither signal (mode number 34) now determines the overall energy on the wheel. As the
rail has no resonances close to 𝑓𝑑𝑖𝑡ℎ𝑒𝑟 , the dither signal is not able to add significant energy to the rail.
5.4. Potential of dither to mitigate curve squeal
The overall reduction of the kinetic energy achieved on the wheel is rather moderate in case 2 due to the high dither force
required to control the already established self-excited vibrations. However, if the self-excited vibrations have collapsed, one could
apply a lower force to prevent the build-up of a new self-excited vibration cycle. This is demonstrated in Fig. 18, where after 2.5 s,
the dither force is reduced from 300 N to 150 N. In this case the reduction of the kinetic energy on the wheel clearly exceeds 10
dB. Although the kinetic energy might be a good indicator for the sound radiation from the wheel assuming that all modes have
a radiation efficiency close to unity, in the end, one has to optimise the application of dither with respect to radiated sound. The
main question is if it is possible to create a high lateral velocity at the dither frequency while having low sound radiation at this
frequency.
6. Conclusion
WERAN has been applied to investigate the mechanisms behind self-excited vibrations leading to curve squeal. It also has been
used to study the potential of dither for curve squeal mitigation. The time-domain simulations were applied to a setup of the
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Fig. 13. (a) Spectrogram of the lateral wheel displacement with a 300 N starting at 1.3 s. (b) Reduction of the lateral and vertical displacement levels at the
contact position on wheel and rail as function of amplitude of the dither force. The dither force always starts at 1.3 s. The reduction is calculated by evaluation
the rms value between 1.8 and 2 seconds for the case with dither and the case with no dither.

Fig. 14. Response of the dynamic system due to a dither force of 150 N. (a) Lateral and vertical force, (b) 𝛥𝑢 and 𝛥𝜉, (c) friction curve.
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Fig. 15. Response of the dynamic system due to a dither force of 300 N. (a) Lateral and vertical force, (b) 𝛥𝑢 and 𝛥𝜉, (c) friction curve.

Fig. 16. Net power flow into wheel and rail and due to dissipative losses in wheel and rail for a dither force of 110 N (a) and 150 N (b).
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Fig. 17. Results for a dither force of 250 N starting at 1.3 s. (a) Power balance, (b) kinetic energy in wheel and rail with and without dither, (c) normalised
kinetic energy in the modes of the wheel and (d) normalised kinetic energy in the modes of the rail.

squealing noise rig at Applied Acoustics, Chalmers University of Technology. Wheel and rail were represented by two flexible wheels.
Constant friction was assumed. The analysis of this situation identified the coupling between lateral and vertical direction as the
driving mechanism for building up self-excited vibrations. The lateral force leads to a vertical displacement. The change in vertical
displacement also means a change in the vertical contact force that then modifies the lateral force. This loop has been shown to
be unstable in the sense of the Nyquist stability criterion. The open-loop stability depends on the receptances of wheel and rail as
well as on the contact stiffness and the friction curve. The results indicate that, although the presence of modes in wheel and rail is
needed, instability can also occur without mode coupling. It might be sufficient with one mode only as long as the coupling between
lateral force and vertical displacement is strong enough in the vicinity of the eigenfrequency of this mode.
It is shown that the application of dither is able to hinder the build-up process of self-excited vibrations or to disturb already
built-up vibrations to a degree that they collapse. The main condition for this is that the lateral amplitude due to the dither force
is strong enough to reach partial stick condition in the contact. As long as wheel and rail are only sliding on each other, the dither
signal and the self-excited vibrations can coexist without problems. Not until the lateral motion due to the dither is sufficient to
create partial stick, the dither can start to dominate the timing of the process in the lateral contact. Consequently, the stick–slip
motion has to follow the dither frequency and the process behind the self-excited vibrations will get weakened or even destroyed.
The required dither force is higher if self-excited vibrations are already established than if the vibrations are only in the build-up
phase and have not reached the stick–slip cycle yet. However, after a larger force has managed to get fully developed self-excited
vibrations to collapse, the force can be reduced to a lower level which is sufficient to prevent the build-up of a new self-excited
vibration cycle.
To make the approach suitable for practical implementation demands technical solutions for sufficiently strong excitation of the
wheel or the rail. This also decides whether the approach really would open for fast and cheap retrofitting both on track and wheel.
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Fig. 18. Results for a dither force of 300 N starting at 1.3 s which at 2.5 s is reduced to 150 N. (a) Power balance, (b) kinetic energy in wheel and rail with
and without dither, (c) normalised kinetic energy in the modes of the wheel and (d) normalised kinetic energy in the modes of the rail.
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