CHAL

UNIVERSITY OF TECHNOLOGY

Error estimates of the backward Euler—-Maruyama method for multi-valued
stochastic differential equations

Downloaded from: https://research.chalmers.se, 2025-12-04 08:50 UTC

Citation for the original published paper (version of record):

Eisenmann, M., Kovacs, M., Kruse, R. et al (2022). Error estimates of the backward
Euler—Maruyama method for multi-valued stochastic differential
equations. BIT (Copenhagen), 62(3): 803-848. http://dx.doi.org/10.1007/s10543-021-00893-w

N.B. When citing this work, cite the original published paper.

research.chalmers.se offers the possibility of retrieving research publications produced at Chalmers University of Technology. It
covers all kind of research output: articles, dissertations, conference papers, reports etc. since 2004. research.chalmers.se is
administrated and maintained by Chalmers Library

(article starts on next page)



BIT Numerical Mathematics (2022) 62:803-848
https://doi.org/10.1007/s10543-021-00893-w BIT

®

Check for
updates

Error estimates of the backward Euler-Maruyama method
for multi-valued stochastic differential equations

1 2 3 4

Monika Eisenmann'@® - Mihaly Kovacs*@® - Raphael Kruse®( - Stig Larsson

Received: 1 April 2020 / Accepted: 20 August 2021 / Published online: 14 September 2021
© The Author(s) 2021

Abstract

In this paper we derive error estimates of the backward Euler—Maruyama method
applied to multi-valued stochastic differential equations. An important example of such
an equation is a stochastic gradient flow whose associated potential is not continuously
differentiable but assumed to be convex. We show that the backward Euler—-Maruyama
method is well-defined and convergent of order at least 1/4 with respect to the root-
mean-square norm. Our error analysis relies on techniques for deterministic problems
developed in Nochetto et al. (Commun Pure Appl Math 53(5):525-589, 2000). We
verify that our setting applies to an overdamped Langevin equation with a discontinu-
ous gradient and to a spatially semi-discrete approximation of the stochastic p-Laplace
equation.

Communicated by David Cohen.

B Monika Eisenmann
monika.eisenmann @math.lth.se

Mihaly Kovécs
kovacs.mihaly @itk.ppke.hu

Raphael Kruse
raphael kruse @ mathematik.uni-halle.de

Stig Larsson
stig@chalmers.se
Centre for Mathematical Sciences, Lund University, 221 00 Lund, Sweden

Faculty of Information Technology and Bionics, Pdzméany Péter Catholic University,
P.O. Box 278, Budapest, Hungary

3 Institut fiir Mathematik, Martin-Luther-Universitit Halle-Wittenberg, 06099 Halle (Saale),
Germany

Department of Mathematical Sciences, Chalmers University of Technology and University
of Gothenburg, 412 96 Gothenburg, Sweden

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10543-021-00893-w&domain=pdf
https://orcid.org/0000-0001-7428-9546
https://orcid.org/0000-0001-7977-9114
https://orcid.org/0000-0002-8341-5097
https://orcid.org/0000-0003-3291-3456

804 M. Eisenmann et al.

Keywords Multi-valued stochastic differential equation - Backward
Euler—-Maruyama method - Strong convergence - Discontinuous drift - Stochastic
gradient flow - Holder continuous drift - Stochastic inclusion equation

1 Introduction

In this paper, we investigate the numerical approximation of multi-valued stochastic
differential equations (MSDE). An important example of such equations is provided by
stochastic gradient flows with a convex potential. More precisely, let 7 € (0, co) and
(82, F, (Fi)ieqo,7]. P) be a filtered probability space satisfying the usual conditions.
By W: [0, T] x 2 — R™, m € N, we denote a standard (F;)¢[0,7]-adapted Wiener
process whose increments are independent of the filtration. As a motivating exam-
ple, let us consider the numerical treatment of nonlinear, overdamped Langevin-type
equations of the form

dX(t) = —-Vo(X(t))dt +godW (), te(0,T],

X(0) = Xo. (1.1)

where Xo € LP(£2, Fo, P; R?Y), p € [2,00), go € R®™ and ®: R? — R are given.
The space R%"™ consists of the real matrices of type d x m. These equations have many
important applications, for example, in Bayesian statistics and molecular dynamics.
We refer to [10,22,23,45,50], and the references therein.

We recall that if the gradient V@ is of superlinear growth, then the classical forward
Euler—-Maruyama method is known to be divergent in the strong and weak sense, see
[18]. This problem can be circumvented by using modified versions of the explicit
Euler—-Maruyama method based on techniques such as taming, truncating, stopping,
projecting, or adaptive strategies, cf. [4,6,17,19,29,49].

In this paper we take an alternative approach by considering the backward Euler—
Maruyama method. Our main motivation for considering this method lies in its good
stability properties, which allow its application to stiff problems arising, for instance,
from the spatial semi-discretization of stochastic partial differential equations. Implicit
methods have also been studied extensively in the context of stochastic differential
equations with superlinearly growing coefficients. For example, see [1,15,16,30,31].

The error analysis in the above mentioned papers on explicit and implicit meth-
ods typically requires a certain degree of smoothness of V@ such as local Lipschitz
continuity. The purpose of this paper is to derive error estimates of the backward
Euler—-Maruyama method for equations of the form (1.1), where the associated poten-
tial @: RY — R is not necessarily continuously differentiable, but assumed to be
convex.

For the formulation of the numerical scheme, let N € N be the number of temporal
steps, let k = I be the step size, and let

r=0=t<---<ty<---<ty=T} (1.2)
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be an equidistant partition of the interval [0, T'], where t,, = nk forn € {0, ..., N}.
The backward Euler—Maruyama method for the Langevin equation (1.1) is then given
by the recursion

X" = X" —kVD(X") + goAW", nefl,...,N}, (L3)
X = Xo, '
where AW" = W(t,) — W(t,—1).

An example of a non-smooth potential is found by settingd = m = 1 and @ (x) =
|x]?, x € R, for p € [1,2). Evidently, the gradient of @ is not locally Lipschitz
continuous at 0 € R for p € (1, 2). Moreover, if p = 1, then the gradient V@ has a
jump discontinuity of the form

-1, ifx <O,
Vo(x)=1c, if x =0, (1.4)
1, ifx > 0.

Here, the value ¢ € R at x = 0 is not canonically determined. We have to solve a
nonlinear equation of the form x 4+ kV® (x) = y in each step of the backward Euler
method (1.3). However, if y € (—k, k), then the sole candidate for a solution is x = 0,
since otherwise |x +kV® (x)| > k. But x = 0 is only a solution if k¢ = y. Therefore,
the mapping R > x — x+kV®(x) € Ris not surjective for any single-valued choice
of c.

This problem can be bypassed by considering the multi-valued subdifferential
90 : R? — 2R’ of a convex potential @ : R? — R, which is given by

0D (x) = {v eR? : D(x)+ (v,y —x) <P(y)forally Rd}.
Recall that 3@ (x) = {V® (x)} if the gradient exists at x € R¥ in the classical sense.

See [46, Section 23] for further details.
In the above example, one easily verifies that

{—1}, ifx <0,
0®(x)=14[—1,1], ifx=0,
{1}, if x > 0.

This allows us to solve the nonlinear inclusion where we want to find x € R with
X+ kd®(x) > yforany y € R.

For this reason we study the more general problem of the numerical approximation
of multi-valued stochastic differential equations (MSDE) of the form

dX () + f(X(t))dt > b(X(t))dt + g(X(¢))dW(t), te(0,T],

X(0) = Xop. (15
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806 M. Eisenmann et al.

Here, we assume that the mappings : R? — R and g: R — R®"™ are globally
Lipschitz continuous. Moreover, the multi-valued drift coefficient function f: R? —
2Rd is assumed to be a maximal monotone operator, cf. Definition 2.1 below. We refer
to Sect. 4 for a complete list of all imposed assumptions on the MSDE (1.5). Let
us emphasize that the subdifferential of a proper, lower semi-continuous, and convex
potential is an important example of a possibly multi-valued and maximal monotone
mapping f, cf. [46, Corollary 31.5.2].

We use the backward Euler—Maruyama method for the approximation of the MSDE
(1.5) on the partition 7, which is given by the recursion

{x" e X" 1 — kf(X™) + kb(X") + g(X""DAW", nell,..., N}, 06

X0 = X,.

We discuss the well-posedness of this method (1.6) under our assumptions on f, b,
and g in Sect. 5. In particular, it will turn out that both problems, (1.5) and (1.6), admit
single-valued solutions (X (¢))s¢[0,7] and (X ”)Q’:O, respectively.

The main result of this paper, Theorem 6.4, then states that the backward Euler—
Maruyama method is convergent of order at least 1/4 with respect to the norm in
L%(52; R¥). For the error analysis we rely on techniques for deterministic problems
developed in [38]. An important ingredient is the additional condition on f that there
exists y € (0, oo) with

(fo—Sfoz—w) Zy(fo— fw.v—w)

forallv, w,z € D(f) C R%and f, € f(v), fu € f(w), f. € f(2). This assumption
is easily verified for a subdifferential of a convex potential, cf. Lemma 3.2. As already
noted in [38] for deterministic problems, this inequality allows us to avoid Gronwall-
type arguments in the error analysis for terms involving the multi-valued mapping
f.

Before we give a more detailed outline of the content of this paper let us mention
that multi-valued stochastic differential equations have been studied in the literature
before. The existence of a uniquely determined solution to the MSDE (1.5) has been
investigated, e.g., in [7,21,42]. We also refer to the more recent monograph [41]
and the references therein. In [14,52] related results have been derived for multi-
valued stochastic evolution equations in infinite dimensions. The numerical analysis
for MSDE:s has also been considered in [3,26,43,54,56]. However, these papers differ
from the present paper in terms of the considered numerical methods, the imposed
conditions, or the obtained order of convergence.

Further, we also mention that several authors have developed explicit numerical
methods for SDEs with discontinuous drifts in recent years. For instance, we refer to
[9,24,25,33,35-37]. While these results often apply to more irregular drift coefficients,
which are beyond the framework of maximal monotone operators, the authors have
to employ more restrictive conditions such as the global boundedness or piecewise
Lipschitz continuity of the drift, which is not required in our framework. This allows
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for more general growth conditions. Moreover, none of these papers allows for a
multi-valued drift coefficient.

The main motivation for this paper is to present a novel approach to analyze MSDEs.
As the numerical method as such is not new, we do not provide any numerical tests
in this paper. Numerical experiments for implicit methods can be found, e.g., in [1,3],
and [30].

This paper is organized as follows: in Sect. 2 we fix some notation and recall the
relevant terminology for multi-valued mappings. In Sect. 3 we demonstrate how to
apply the techniques from [38] to the simplified setting of the Langevin equation
(1.1). In addition, we also show that if the gradient V@ is more regular, say Holder
continuous with exponent « € (0, 1], then the order of convergence increases to ITT“.
Moreover, it turns out that the error constant does not grow exponentially with the
final time T . This is an important insight if the backward Euler method is used within
an unadjusted Langevin algorithm [45], which typically requires large time intervals.
See Theorem 3.7 and Remark 3.8 below.

In Sect. 4 we turn to the more general multi-valued stochastic differential equation
(1.5) where we introduce all the assumptions imposed on the appearing drift and
diffusion coefficients and collect some properties of the exact solution. In Sect. 5
we show that the backward Euler—-Maruyama method (1.6) is well-posed under the
assumptions of Sect. 4. In Sect. 6 we prove the already mentioned convergence result
with respect to the root-mean-square norm. Finally, in Sect. 7 we verify that the setting
of Sect. 4 applies to a Langevin equation with the discontinuous gradient (1.4). Further,
we also show how to apply our results to the spatial discretization of the stochastic p-
Laplace equation which indicates their usability for the numerical analysis of stochastic
partial differential equations. However, a complete analysis of the latter problem will
be deferred to a future work.

2 Preliminaries

In this section we collect some notation and introduce some background material.
First we recall some terminology for set valued mappings and (maximal) monotone
operators. For a more detailed introduction we refer, for instance, to [48, Abschn. 3.3]
or [40, Chapter 6].

By R?,d e N, we denote the Euclidean space with the standard norm | - | and inner
product (-, -). Let M C R¥ be a set. A set-valued mapping f: M — 2R maps each
x € M to an element of the power set ZRd, that is, f(x) C RY. The domain D(f) of
f is given by

D(f)y={xeM: f(x)#0}

Definition 2.1 Let M C R be a non-empty set. A set-valued map f: M — 2R g
called monotone if
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808 M. Eisenmann et al.

(fu—fo,u—v) >0

for all u,v € D(f), fu € f(u), and f, € f(v). Moreover, a set-valued mapping
fiM— 2R s called maximal monotone if f is monotone and for all x € M and
y € R satisfying

(y— fo.x—v) >0 forallve D(f), fu € f(v),

it follows that x € D(f) and y € f(x).

Next, we recall a Burkholder—Davis—Gundy-type inequality. For a proof we refer
to [28, Chapter 1, Theorem 7.1]. For its formulation we note that the Frobenius or
Hilbert—Schmidt norm of a matrix g € R%" is also denoted by |g]|.

Lemma2.2 Let p € [2,00) and g € LP(§2; LP(0, T; R™)) be stochastically inte-
grable. Then, for every s, t € [0, T] with s < t, the inequality

p _ P y—
gl J< (5 o [ worar]

Let us also recall a stochastic variant of the Gronwall inequality. A proof that can
be modified to this setting can be found in [55]. Compare also with [51].

t
f g(t) dW(r)

holds.

Lemma23 LetZ, M, &: [0, T]1x 2 — Rbe (F;)iej0,11-adapted and P-almost surely
continuous stochastic processes. Moreover, M is a local (F;)e[0, T1-martingale with
M(0) = 0. Suppose that Z and § are nonnegative. In addition, let ¢ : [0, T] — R be
integrable and nonnegative. If, for all t € [0, T], we have

t
Z(t) <&@+ / @(s)Z(s)ds + M(t), P-almost surely,
0

then, for every t € [0, T), the inequality

t

E[Z()] 5exp(/0 go(s)ds)E[ sup £(s)]

s€[0,7]
holds.
Moreover, we often make use of generic constants. More precisely, by C we denote
afinite and positive quantity that may vary from occurrence to occurrence but is always

independent of numerical parameters such as the step size k = % and the number of
steps N € N.
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3 Application to the Langevin equation with a convex potential
In order to illustrate our approach, we first consider a more regular stochastic differ-

ential equation with single-valued (Holder) continuous drift term. More precisely, we
consider the overdamped Langevin equation [23, Section 2.2]

dX(t) = —Vo(X())dt + godW(t), te€][0,T],

X(0) = Xo. 3.1

where Xo € L2(£2, Fo, P; RY), go € R4 and W: [0, T] x 2 — R” is a standard
R -valued Wiener process.

In this section we impose the following additional assumption on the potential
@: R? — R. It allows us to illustrate our approach in a simplified analytical setting
which avoids the full technical details required for dealing with multi-valued mappings.
The assumption will be dropped in later parts of the paper.

Assumption 3.1 Let @: R? — R be a convex, nonnegative, and continuously differ-
entiable function.

In the following, we denote by f: RY — R the gradient of &, that is f(x) =
V@ (x). It is well-known that the convexity of @ implies the variational inequality

(f(,w—v) <@w) — D), v,weR, (3.2)
see, for example, [46, § 23].
In the following lemma we collect some properties of f which are direct conse-

quences of Assumption 3.1. Both inequalities are well-known. The proof of (3.4) is
taken from [38].

Lemma 3.2 Under Assumption 3.1 and with [ = V®, the inequalities
(f() = fw),v—-—w) =0 (3-3)
and
(f) = f@),z—w) =(f(v) = f(w),v—w) 34
are fulfilled for all v, w, z € RY.

Proof The first inequality follows directly from (3.2) since

(f) = fw),v—w) = —(fv), w—v) = (f(w),v—w)
> —(2(w) — P()) — (@(v) — P(w)) =0
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810 M. Eisenmann et al.

for all v, w € RY. For the proof of the second inequality we start by rewriting its
left-hand side. For arbitrary v, w, z € RY we rearrange the terms to obtain

(f) = f@),z—w)
= (f(),z2) = {(f(), w) + (f(2), w—=2) + (f(),v) = (f(v),v)
=(f),z=v) + (f),v—w) +(f(2), w—2z)
+ (fw), v —w) = (f(w),v —w)
= ([, z=v) +(f) = f(w),v—w) + (f@), w—2z) + (f(w), v —w).

Setting o (v, w) = @(w) — P(v) — (f(v), w —v) forall v, w € R, we see that

(f) = f@,z—w) ={(f(v) = f(w),v—w) +P(2) —P(v) —0(v,2)
+Q(w)—D(i)—0oiz,w)+PW) —P(w) —o(w,v)
=(f(w) = f(w),v—w) —0o(v,2) —0o(z,w) —o(w,v).

But (3.2) says that o (v, w) > Oforall v, w € RY, which completes the proof. O

It follows from Assumption 3.1 and Lemma 3.2 that the drift f = V@ of the
stochastic differential equation (3.1) is continuous and monotone. Therefore, the
stochastic differential equation (3.1) has a solution in the strong (probabilistic) sense,
satisfying P-a.s. for all ¢ € [0, c0)

t
X(t) = Xo — /0 f(X(s))ds + goW (). (3.5)

See, [44, Thm. 3.1.1] for a proof and more details on this concept of solution. Moreover,
the solution is unique up to P-indistinguishability and it is square-integrable with

sup B[|X(0)*] = (1 +E[|X0/]).
tel0,T]

Next, we turn to the numerical approximation of the solution of (3.1). Recall that for
a single-valued drift the backward Euler—Maruyama method is given by the recursion

X" = X"V —kf(X") 4+ goAW", ne{l,...,N}, (3.6)
XY = X, '

where AW" = W(t,) — W(t,—1), t, = nk, and k = %
The next lemma contains some a priori estimates for the backward Euler—Maruyama
method (3.6).

Lemma3.3 Ler gg € R%™ be given and let Assumption 3.1 be satisfied. For an

.....

adapted random variables satisfying (3.6). If the initial value X € L2(2, Fo, P;: RY),
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then
neglaxN}EnX"P] < E[|Xo?] + 2T (®(0) + 150/ 3.7)
and
N N
D E[IX" = X" ] 4+ 4k Y E[@(X™)] < 2E[|Xo]*] + 4T (2(0) + Ig0l?).
n=1 n=1
(3.8)

Proof First, we recall the identity

1
(Xﬂ _ )()’l*l7 Xﬂ) — 5(l)(l’l|2 _ |X”71|2 + |X}’l _ X}’l71|2)'

Using also (3.6), we then get

|Xn|2 _ |Xl’l—l|2 + |X}’l _ Xl’l—l|2 — 2<Xn _ }(n—l7 Xn>
= =2k(f(X™), X") +2(goAW", X"),

forevery n € {1, ..., N}. Hence, an application of (3.2) yields
X2 = (X" X = XTI < 2k(@(0) — @(X™)) + 2{go AW, X",

for every n € {1, ..., N}. From applications of the Cauchy—Schwarz inequality and
the weighted Young inequality we then obtain

|Xn|2 _ |Xn—1|2 + |Xn _ Xn—1|2 +2k¢(xn)
< 2k®(0) + 2(goAW", X" — X" 1y 4+ 2(goAW", X" 1)

1
< 2k®(0) + 2| g0 AW"|* + SIX" - X2 4 2(g0 AW, X,

foreveryn € {1,..., N}.
The third term on the right-hand side is absorbed in the third term on the left-hand
side. Summation then yields

1 n ] ] n )
X" % + 5 SOIXT =X 42k Yy " o(XY)
J=1 j=1

n n
< IXOP 426,000 +2 ) [g0aW/ P +2 )" (goaW/, X771,
j=1 j=1

An inductive argument over n € {1, ..., N} then implies that X" is square-integrable
due to the assumption Xy € L%(2, Fo, P: R?). Therefore, after taking expectation
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the last sum vanishes. Moreover, an application of the Itd isometry then gives

E[IX"] ZE [1X7 — X712+ 2k Y "E[o(X))]
j=1

< E[|X°?] +26,2(0) +2 ) E[|goAW/ |’]
j=1
= E[1X0/*] + 21, (®(0) + g0/%).

Since this is true for any n € {1, ..., N} the assertion follows. O

As the next theorem shows, Assumption 3.1 is also sufficient to ensure the well-
posedness of the backward Euler—Maruyama method. The result follows directly from
the fact that f is continuous and monotone due to (3.3). For a proof we refer, for
instance, to [4, Sect. 4], [39, Chap. 6.4], and [53, Theorem C.2]. The assertion also
follows from the more general result in Theorem 5.3 below.

Theorem 3.4 Let Xy € Lz(.Q, Fo, P; Rd) and gy € RY™ pe given and let Assump-
tion 3.1 be satisfied. Then, for every equidistant step size k = %, N €N, there exists
a unique family of square-integrable and (F;,)neqo,... Ny-adapted random variables
(X"Mneqo,..., Ny satisfying (3.6).

,,,,,

We now turn to an error estimate with respect to the L%(£2;: RY)-norm. Since we do
not impose any (local) Lipschitz condition on the drift f, classical approaches based
on discrete Gronwall-type inequalities are not applicable. Instead we rely on an error
representation formula, which was introduced for deterministic problems in [38].

For its formulation, we introduce some additional notation: For a given equidistant
partition r = {0 =1 < ) < --- < ty = T} C [0, T] with step size k = N,
we denote by X': [0, T'] x £2 — R the piecewise linear interpolant of the sequence
(X")nefo,..., Ny generated by the backward Euler method (3.6). It is defined by X (0) =
X% and forallt € (t,_1,t,],n € {1,..., N}, by

r—1t,— t, —1
X(1) = k” Lxm 4 "TX”’]. (3.9)

In addition, we introduce the processes X, X: [0, T]x £2 — R, which are piecewise
constant interpolants of (X"),c(o,..., n} and defined by X' (0) = X(0) = X 0 and for all
te(ty-1,ty],ne{l,..., N},by

X@t)=X" and X(1)=X""". (3.10)
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Analogously, we define the piecewise linear interpolated process W: [0, T]x 2 —
R" by W(0) = 0 and

t—th_1 ty —1t

1,
W (1) + nl

t_
W(tn—l) = W(tn—l) + T

W) = AW, (3.11)

forallt € (t,—1,t,],n €{l,..., N}

We are now prepared to state our first preparatory result. The underlying idea
was introduced in [38], where it is used to derive a posteriori error estimates for the
backward Euler method. In fact, in the absence of noise, only the first term on the
right-hand side of (3.12) is non-zero. In [38] this term is used as an a posteriori error
estimator, since it is explicitly computable by quantities generated by the numerical
method.

Lemma3.5 Let Xo € L2(82, Fo, P; RY) as well as go € R4™ pe given and let
Assumption 3.1 be satisfied. Let k = % N € N, be an arbitrary equidistant step size
and lett, =nk,n € {0, ..., N}. Then, for everyn € {1, ..., N} the estimate

E[1X(t) — X"IP] = k Y E[(f(xXD) — f(X7H, X" = X7h)]
i=1

tn o
+ 2/0 E[(f(X(@®) — f(X(®)), go(W (1) — W(1)))] dt
(3.12)

holds, where (X (t))tef0,71 and (X" )neqo,..,n} are the solutions of (3.1) and (3.6),
respectively.

Proof From (3.6) we directly deduce that for every n € {1, ..., N}

X" =Xo—k Y f(X)+gW().
i=1

Then, one easily verifies for all r € (¢t,_1, t,], n € {1, ..., N}, that
t —
X0 = Xo - fo FE(5)) ds + goW(0).
Hence, due to (3.5), the error process E := X — X’ can be written as
t
E(1) = /0 (f(X(9) = f(X()))ds + go(W(r) —W(Q)) = E1 (1) + Ex(1)
(3.13)

for all ¢ € [0, T]. Here, we have E»(,) = 0, since WV is an interpolant of W. Hence,
foralln € {0,..., N},

|E(t)* = |E1 (). (3.14)
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To estimate the norm of E(#,), we first note that £ has absolutely continuous sample
paths with E£1(0) = 0. Hence,

LS B0 = (B, Eio)
2dr ! IR
holds for almost all ¢ € [0, T']. Therefore, by integration with respect to ¢, we get
l 2 In .
§|El(tn)| :/ (E1(r), Eq(2)) dt
0
til . tn .
=/ (E1(t), E(1)) dt—/ (E1(1), Ex()) dr. (3.15)
0 0

Next, we write

r—1t—1— t, —t
X(@0) = "W + T KW, 1€ (e,
and use (3.3) and (3.4) to obtain, for almost every ¢ € (¢,—1, ], that

(E1(0), E@) = (fFR©) — FX@). X(1) — X(0)
- ’” l(f(X(t))—f(X(t)) X(t) — ®(0))

(f(X(t)) — f(X (), X(1) = X(®)

< k_ d (f(X(0) = f(X@D), X(1) = X(1))

- ”k_t<f(X")—f(X"‘1),X” _xnh,

Furthermore, the expectation of the second integral on the right-hand side of (3.15)
equals
tn

In . J—
E[/O (E1(1), Ex(1)) dt] :/0 E[(f(X(1) — f(X(®)), go(W (1) = W(1)))] dr

Therefore,

th . In .
E[|Ei(t)*] = 2f0 E[(Ei (1), E(1))]dr — 2/0 E[(E (1), E2(1))]dt
n fi . ) .
522/ t’szE[(f(X) FXTh, Xt - xh)]
ti—1

i=1

n .
+ 2/0 E[(f(X(1)) — f(X(1)), goONV(t) — W(1)))] dt
Since ftfi . (ti —t)dr = %kz the assertion follows. m]
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The next lemma concerns the difference between the Wiener process W and its
piecewise linear interpolant V.

Lemma 3.6 For every go € R™ and every step size k = % N €N, the equality

T 3 | |
E[lgo(W (1) = W())|*1dr) " = —=T2|go|k2 3.16
(fo lgo(W (@) = WanF1dr)" = —=T" gl (3.16)

holds.

Proof From the definition (3.11) of WV it follows that

T
/0 Ellgo(W (1) — W) 1dt

= Yé/tj”l E[‘go(W(t) —W(ty—1) — %AW") 2] dr
= i\/t‘ln E[ ty — th(W(t) W)
n= n—1
1 I —1Ip—1 2
— % so(Wit) — W(t))‘ ]dt

ty — 1t

I
M=

2
oW (1) = W(t,1))|

In
J.
th—1

+|

I
-

n
t—ty
k

N
1 in
=2 > ([ g0l (ty — (1 — ty—1) dt
n=1 th—1

tﬂ
+/ lgol*(t — ta—1)*(t —l)dt>,
tn

-1

e W)~ Wy Jar

where we used that the two increments of the Wiener process are independent for
everyt € (ty—1,t,],n € {1,..., N}, and we also applied Itd’s isometry. By symmetry
of the two terms it then follows that

r 1
/0 Ello(W () — W) P1di = ¢ Tlgol%,

and the proof is complete. O

The error estimates in Lemmas 3.5 and 3.6 allow us to determine the order of
convergence of the backward Euler—Maruyama method without relying on discrete
Gronwall-type inequalities. The following theorem imposes the additional assumption
that the drift f is Holder continuous. We include the parameter value « = 0, which
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816 M. Eisenmann et al.

simply means that f is continuous and globally bounded. The case of less regular f
is treated in Sect. 6.

Observe that we recover the standard rate % ifa = 1, thatis, if the drift f is assumed
to be globally Lipschitz continuous. Compare also with the standard literature, for
example, [20, Chap. 12] or [32, Sect. 1.3].

For processes X : [0, T] x 2 — RY and exponents @ € [0, 1], we define the family
of Holder semi-norms by

X (@) — Xl 2(2:rY)
[ Xlcaqo.ryr2@irty = Sup @
1,5€[0,T] |t —s]
t#£s

and the corresponding Holder spaces

CU([0, TT; L*(2; R))={X € C([0, T]; L*(£2: RY)) : |X| e 0. 77:12(2:Rey) <O}

Theorem 3.7 Let Xg € L%(2, Fo, P; R?) as well as g0 € R be given, let Assump-
tion 3.1 be fulfilled and let f = V® be Hélder continuous with exponent o € [0, 1],
i.e., there exists Ly € (0, 00) such that

|f(x) = fOI < Lylx —y|%, forallx,y € R%.

Then there exists C € (0, 00) such that for every step size k = % N €N, the estimate

max

n Lta
nel0,...N} X () — X ||L2(Q;Rd) <Ck 7

holds, where (X ()0, and (X")ne(o,...N} are the solutions to (3.1) and (3.6),
respectively.

Proof Since f is assumed to be a-Holder continuous it follows that
| f ()| <max(Lyg, [fO)D+|x]%), forallx e RY.

In particular, f grows at most linearly. Therefore, as stated in [28, Chap. 2, Thm 4.3],
the solution (X (1))ejo.7) of (3.1) fulfills X € C2([0, T; L2(£2; RY)).
We will use Lemma 3.5 to prove the error bound. To this end, we first show that

N
kY E[(F(XD — fxXTh, xT =X
i=1
I+o

) I+a

< LT (B[ X0P] +47(20) +1g0)) * K5

(3.17)

@ Springer



Error estimates of the backward Euler-Maruyama method for... 817

Indeed, we make use of the Holder continuity of f directly and obtain

N
kY E[(f(XD) — fxTh, X1 = x"T1)]
i=1
N

Z [lF(xD) = FXHIXT = x1]

<szqupE[|Xl Xi—l|1+0[]

£ e -xo)’

where we also used Holder’s inequality with p = = + 5 €11,2] and ~ = laswell

as Jensen’s inequality. Due to the a priori estimate (3.8) the sum Z ie1 E[|X S Gl ]
is bounded independently of the step size k. Hence, we arrive at (3.17).
Therefore, it remains to estimate the second error term in Lemma 3.5:

In _
f E[(f(X (1) — f(X(1)), goOV(t) — W(1)))] dr

= Z / [(f(XT) = FX@D). g0V (@) = WD))]dr.  (3.18)
tj—1

where we inserted the definition of X from (3.10). Moreover, from (3.11) we get

0OV () = WD) = =L go AW — go(W (1) = W(t,-1))

fort € (tj—1, t;]. Hence, the random variable in the second slot of the inner product on
the right-hand side of (3.18) is centered and is independent of any F;; ,-measurable
random variable. Thus, we may write

Z / [(£(X7) = F(X(0)). oWV () — W(2)))] dt
rj—1
- Z / [(F(XT) = £, goOV() — W] de
tj—1

+ Z/ [(f(X(tj-1) — F(X@)), goOV(t) — W(t)))]dt =: Ty + T».
tji_1
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To estimate T; we first recall the definitions of X and X’ from (3.10). Then we apply
the Cauchy—Schwarz inequality and obtain

tn j—
T = /0 E[(f(R(1) — f(X(0)). goW(1) — W(1)))] dr

=( /0 E[|f (X)) — f(X@)I] dt>£(/o

From the Holder continuity of f we then deduce that

n %

E[lgoV (1) — W) Pdr)*.

n _ N . .
/0 E[|f (X)) — f(X@)*]dt < L3k Y E[|X" — x'71]

i=1

N
< (277 (k S E[IX - XH|2])“,

i=1

where the last inequality is in fact an equality if « = 1, % =0orifa =0, % = 1.
Otherwise the inequality follows from Holder’s inequality with p = é € (1, 00) and
L1 — 1, followed by an application of Jensen’s inequality. Furthermore, Lemma 3.6
states that

1

T
( /0 E[lgoV (1) = W)Pdr) = —T>|golk>. (3.19)

1
—T
V6
Therefore, together with (3.8) we arrive at the estimate

1 2-a Y]
T\ < —L,T5 <2EX2+4T<1>0+ 2)) k'
L= LT ol (ZE[IX0P]+47(20) + lgoP))

foralln e {I,..., N}.
The estimate of 7> follows similarly by additionally making use of the Holder
continuity of the exact solution. To be more precise, we have that

1
> [ Bl - fexanPar
fi—1

N

t
<13Y [ ElXGo) - X0
; ti—1

14
<13 Z/ (E[IX (o) — X)) di

i=1

< LETIX)* k.
C2([0,T]:L2(£22;R9))
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Together with the Cauchy—Schwarz inequality and (3.19), we therefore obtain

14+a
T2<—L Tlgolll X ||¢ k2.
N sollXl C([0,T112(@:RY))

Inserting the estimates for 77, T», and (3.17) into Lemma 3.5 completes the proof. O

Remark 3.8 The precise form of the constant C appearing in Theorem 3.7 is, after
taking squares,

1
CP= LT, + LT C+T2Xa
f o e “lsol(C X0 o, ryarcan R">>)

with Co = 2E[| Xo|*] + 4T (@ (0) + |go[*).

Observe that, since we avoid the use of Gronwall-type inequalities, the error constant
does not grow exponentially with time 7. This indicates that the backward Euler—
Maruyama method is particularly suited for long-time simulations as is often required
in Markov-chain Monte Carlo methods, for example, in the unadjusted Langevin
algorithm [45].

4 Properties of the exact solution in the multi-valued case

In this section, we turn our attention to the multi-valued stochastic differential equa-
tion (MSDE) in (1.5). We give a complete account of the assumptions imposed on
the coefficient functions. In addition, we collect some results on the existence and
uniqueness of a strong solution to the MSDE. We also include useful results on higher
moment bounds of the exact solution.

Assumption 4.1 The set valued mapping f: R? — 2R is maximal monotone with

int D(f) # (). Moreover, there exist constants 8, A € [0,00), u € (0, 00), and
p € [1, oo) such that

(fosv) = pll” =% and |f| < (1 + o7

forevery v € D(f) and f, € f(v).

Assumption 4.2 The function b: RY — R9is Lipschitz continuous; i.e., there exists
a constant L € [0, 00) such that

1b(v) —b(w)| = Lplv —w

for all v, w € RY.
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Assumption 4.3 The function g: RY — R4 g Lipschitz continuous; i.e., there exists
a constant L, € [0, 00) such that

lg(w) —gw)| = Lglv—w

for all v, w € RY.

Assumption 4.4 The initial value X is an Fp-measurable and D( f)-valued random
variable. Furthermore,

E[|X0|max(2p—2,2)] < 00,

where the value of p is the same as in Assumption 4.1.

Observe that Assumptions 4.2 and 4.3 directly imply that b and g grow at most
linearly. More precisely, after possibly increasing the values of Lj, and Lg, we obtain
the bounds

[b)| < Lp(1 4+ [v]), g = Lg(1+ |v]), 4.1

forall v € RY,

Remark 4.5 Without loss of generality we will assume that 0 € D(f). Otherwise,
since the graph of f is not empty, we take vo € D(f) and f,, € f(vp) and replace
f. b, and g by suitably shifted mappings, for instance, f(v) := f(v + vo). Then
0 € D(f) holds. Compare further with [48, Abschn. 3.3.3].

Next, we introduce the notion of a solution of (1.5), which we use for the remainder
of this paper.

Definition 4.6 A tuple (X, n) is called a solution of the multi-valued stochastic dif-
ferential equation (1.5), if the following conditions hold.

(i) The mapping X: [0,T] x £2 — RY is an (Ft)rejo0,71-adapted, P-almost surely
continuous stochastic process such that X(t) € D(f) for all t € (0, T] with
probability one.

(i) The mapping n: [0, T] x 2 — R is an (F1)tefo,71-adapted stochastic process
such that

T
/ [n(¢)|dt < oo, P-almost surely.
0

(iii) The equality

t

t t
X (1) +/ n(s)ds = Xop ~|—/ b(X(s))ds +/ g(X(s))dW(s) “4.2)
0 0 0
holds for all # € [0, T] and P-almost surely.
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(iv) For P-almost all w € £2 and ¢ € [0, T, it follows that (¢, w) € f(X(¢, w)); in
other words, for every y € D(f) and f, € f(y) the inequality

(n@) — fy, X@® —y) =0
is satisfied for almost every ¢ € [0, T'] and P-almost surely, cf. Definition 2.1.

This notion of a solution has been considered in, for example, [7,21,42,52], where
also the existence of a unique solution is shown. Note that in [7] the condition on n
is slightly milder than in [21,42,52]. Our concept of solution corresponds to the latter
sources. For the multi-valued equation it becomes necessary to consider a tuple (X, 1)
as a solution. The function X plays the usual role of the solution of the equation. As
f(X) is now a set in R?, we select one unique element 7 in this set such that the
inclusion (1.5) becomes an equality when exchanging f(X) by 7.

Due to their importance for the error analysis we next prove certain moment esti-
mates.

Theorem 4.7 Let Assumptions 4.1 and 4.4 be satisfied with p € [1, 00). Then there
exists aunique solution (X, n) of (1.5) inthe sense of Definition 4.6. There is a constant
C € (0, 00) such that

T
sup E[|X(1)]?] +E[/ 1X(s)|? ds] <cC.
t€l0,T] 0

Furthermore, if p € (1, 00) and % + é =1, then

E[fOT nl?ds] <.

Proof Existence and uniqueness is shown, for instance, in [21]. For

X (@) = Xo+ /0 X)) — i) ds + /0 e (X () W s)
the equality
X0 = |Xol* + /0 t (2(6(X(5)), X(8)) —2(n(s), X(5)) + |g(X()[*) ds
+ fo 12X (), g(X(5) AW (),

holds by an application of 1t6’s formula (see [12, Chap. 4.7, Theorem 7.1]). From the
coercivity assumption on f we obtain that

(fx(s), X(8)) = p|X ()P — A
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for every fx(s) € f(X(s)) and almost every s € [0, T']. The fact that n(s) € f(X(s))
for almost every s € [0, T'] then implies that

t t
/ (n(s), X(s)) ds = M[ |X ()| ds — At.
0 0

Since b and g satisfie the linear growth bound (4.1), we have

t

t
[ (b(X(s5)), X(s)) ds gsz/ (1+1X()|?)ds
0 0

as well as

t
0

t
/ lg(X(s)>ds < 2L§/ (1+1X(s)|?) ds.
0

Thus, we get

X0 + 24 /0 X ()17 ds < [Xol* + (4Lp +2L7) /0 (1+1X()I*)ds
+ 201 + /Ot 2(X(s), g(X () dW(s)).
We introduce
Z(@) = 1X(OP +2p /0 X@IPds, M@ = /0 2X(5), §(X(5)) AW (s)).
E() = X0l +20.+ 2Ly + L1, (1) := 4Ly +2L3.

Then Z, M, and & are (F;)¢(0,7]-adapted and P-almost surely continuous stochastic
processes. Furthermore, M is a local (F;);c[0,7)-martingale satisfying M (0) = 0.
Thus, an application of Lemma 2.3 yields, for every ¢ € [0, T], that

t
E[Z(1)] gexp(fo <p(s)ds)E[ sup ()]

s€[0,1]
= exp ((4Lp + 2L)1) (E[|Xo[*] 4+ 20- + 2Ly + L))t).

Inserting the definition of Z then proves the first estimate.
Furthermore, if Assumption 4.1 holds with p € (1, co), then we have, for every
fre fx),xe R4, that

Ifel < BA + x|,
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with g = % Therefore, it follows that

</0TE[|H(S)|q]dS); <Tif +ﬂ</0TE[IX(s)|P]ds); <cC

since 17(s) € f(X(s)) for almost every s € [0, T]. O

Remark 4.8 Let us mention that, for instance, in [41, Chapter 4] and the references
therein, a weaker notion of a solution to (1.5) is found. More precisely, if (X, n) is a
solution in the sense of Definition 4.6, then (X, H) is a solution in the sense of [41,
Chapter 4] with the definition

1
H(t) :=/ n(s)ds, tel[0,T].
0

In particular, the process H is a continuous, progressively measurable process with
bounded total variation and H (0) = 0 almost surely. The stronger condition of absolute
continuity of the process H, which is required in Definition 4.6, is essential in the
proof of Theorem 6.4 below. This explains why we work with the stronger notion of
a solution in Definition 4.6.

5 Well-posedness of the backward Euler method in the multi-valued
case

In this section, we show that the backward Euler-Maruyama method (1.6) for the
MSDE (1.5) is well-posed under the same assumptions as in the previous section.

Lemma 5.1 Let Assumptions 4.1 and 4.2 be satisfied. Furthermore, let w € R? and
k € (0, T be givenwith Lpk € [0, 1). Then there exist uniquely determined xo € D(f)
and ny, € f(xo), which satisfy the nonlinear equation
x0 + knyx, — kb(xo) = w. 5.1

Proof We first show that there exists a unique xg € D(f) such that

xo + kf (x0) — kb(xo) = (id + kf — kb)(x9) > w. 5.2)
To this end, notice that for all x, y € R?, the inequalities

((id — kb)x — (id — kb)y, x — y) > |x — y|> —kLplx — y|> > 0

hold due to the step size bound. In addition, it follows from (4.1) that

L 2_
((d —kb)x, x) _ |x|” = k(b(x), x) > (1 — kLp)|x| — kLy
|x| |-x|
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forall x € RY. Hence, the mapping (id +kf —kb) is the sum of the maximal monotone
operator kf and the mapping (id — kb), which is single-valued, Lipschitz continuous,
monotone, and coercive.

Thus, we can apply [2, Theorem 2.1] and obtain the existence of xo € D(f) such
that (5.2) holds. Furthermore, there necessarily exists a corresponding unique element
Ny € f(x0) with

1
Nxy = ];(w — x0) + b(x0).

It remains to prove the uniqueness of xp, which directly implies the uniqueness of
Nxo- Assume that there exist x; € D(f) and ny, € f(x1) as well as x, € D(f) and
Nx, € f(x2) such that

X1+ ke, —kb(x1) =w, x2+kny, — kb(x2) = w.

By considering the difference of these equations tested with x; — x2, we obtain

0= (x1 —x2,x1 —x2) +k(Nx; — Nxy, X1 — Xx2) — k(b(x1) — b(x2), x1 — x2)

> |x1 — x2|> — kLp|x; — x2|* > 0.

Since 1 — kLj > 0 we must have x; = x> and the proof is complete. O
For later use, we note that the solution operator of (5.1) is Lipschitz continuous.

Lemma 5.2 Let Assumptions 4.1 and 4.2 be satisfied. For k € (0, T]with Lpyk € [0, 1)
let Sy : R — D(f) be the solution operator that maps w € R to the unique solution
x0 € D(f) of (5.1). Then Sk is globally Lipschitz continuous with

1
1Sk (w1) — Sg(wa)| < ————|wy — wa| forall wy, ws € RY.
1 —kLyp

Proof Letw;, w, € R andk € (0, Tl with Lpk € [0, 1) be given. Let x; = Sx(w;) €
D(f) and ny, € f(x;),i € {1, 2}, denote the unique solutions of the equations

x1+kng, —kb(x1) = wi, X2+ kny, —kb(x2) = wa.
By considering the difference of these equations, tested with x| — x,, we obtain

Ix1 — %212 4 k{1x, = Mxy> X1 — X2) — k(b(x1) — b(x2), X1 — x2)
= (w; — wy, X1 — Xx2).

By using the Cauchy—Schwarz inequality for the right-hand side as well as the mono-
tonicity and the Lipschitz continuity for the left-hand side, we get

2
(I —kLp)|x) — x2|” < |wy — wallx) — x2].
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Reinserting x; = Si(w;) then shows that

[Sk(w1) — Sk (w2)] = [x1 — x2] <

< 1_kLwal — wa|

as claimed. O

Theorem 5.3 Let Assumptions 4.1 to 4.4 be satisfied. Then for every step size k =
%, N € N, with Lyk € [0, 1) there exist uniquely determined families of square-
integrable, RY-valued and (Fi)ne(l,...,ny-adapted random variables (X" )ne(1,... N}
and (N )neq1,...Ny such that X" € D(f), n* € f(X") foreveryn € {1,..., N} and

X" k" = X" 4 kb(X™M) 4+ g(X"HAW" (5.3)

foreveryn € {1, ..., N}, P-almost surely with X° = Xo and n° € f(Xy).

Proof We prove the existence of (X"),cqo,...n) and (n")ueqo,..., N} by induction over
n € {0,..., N}. From the assumptions on Xg and f it is clear that X9 = Xo and
n’ € f(Xo) are Fi,-adapted and square-integrable. In particular, it follows from
Assumptions 4.1 and 4.4 that

E[1n°%] < B2E[(1 + [ Xo|P~)?] < 26%(1 + E[|Xo[*72)).

Next, we assume that (X/)jeo,..n—1y and (n/)jefo,..n—1) are adapted to
(F1;) jefo,....n—1}, square-integrable and satisfy (5.3) for all j € {1,...,n — 1}. By
Lemma 5.1 there exist uniquely determined X" (w) € D(f) and n"(w) € f(X"(w))
for every w € §2 such that

X" () + kn" (@) = X" N ) + kb(X" (0)) + g(X" (@) AW" ().

By Lemma 5.2, the solution operator S;: R? — D(f) that maps X"~ '(w) +
g(X" ) AW" (w) to X" (w) € D(f) is Lipschitz continuous. As Sy is Lipschitz
continuous and, hence, of linear growth it follows that X" is an F; -measurable and
square-integrable random variable. To be more precise, we have the bound

1 X" 2 @irey = [SeX" ™ + g(X""H AWMl 2 @ire)

< |Sk(0)] + HX”*] +g(X"Haw” “LZ(Q;Rd)'

This implies, in particular, that

AW?"

a.s.in £2
k

1
77” — _z(Xn _ Xn—l) +b(Xn) +g(Xn—l)

is also a F; -measurable and square-integrable random variable as X", X n=1 "and
g(X""1YAW™ have these properties. This finishes the proof of the induction and
hence that of the theorem. O

@ Springer



826 M. Eisenmann et al.

Next we state an a priori estimate for the sequence of random variables satisfying
recursion (1.6).

Lemma 5.4 Let Assumptions 4.1 to 4.4 be satisfied. For a step size k = % N € N, with
S5Lyk € [0, 1), let (X")neqo,...,Ny and (") neqo,..., N} be two families of (Fi,)nefo,...,N}-
adapted random variables as stated in Theorem 5.3. Then there exists Kx € (0, 00)
independent of the step size k = % such that

N N
1 —— :
maxN}E[|X”|2] +3 > E[IX/ — XT7P] +2uk Y E[|X7|7] < Kx.

e{1,...,
el j=1 j=1

54

If, in addition, p € (1, 00), then there exists K, € (0, 00) independent of the step size
k= % such that

kY E[ln1] < Ky, (5.5)

where q € (1, 00) is given by  + & = 1.

Remark 5.5 If p = 1in Assumption4.1, then f and, hence, (7"),¢(1,..., 5} are bounded.
In particular, (5.5) holds for any ¢ € (1, 0c0) and for any step size k = % with
Lpk € [0, 1).

Proof of Lemma 5.4 First, we recall the identity
1
(Xﬂ _ )()’l*l7 Xﬂ) — 5(l)(l’l|2 _ |X”71|2 + |X}’l _ X}’l71|2)'
As n" € f(X™), using Assumptions 4.1 and 4.2, it follows that

1
§(|Xn|2 _ |Xn—l|2 + |Xn _ Xn—1|2) +k,l,L|Xn|p
< (X" = X" X" + k(" X") + ko

= k(b(X"™), X") + (g(X""HAW", X"y + ki

< KLp(1+ [X"DIX" + (g(X"HAW", X") + kA,
where we also applied (4.1). Hence,
1
§(|Xn|2 _ |Xn71|2 + |Xn _ Xl’l71|2) +kM|Xn|p

5
<k(h+Lp) + ZkLb|X"|2 + (g(X" Haw", x" — x"h

+ (g(Xn_l)AWn, Xl’l—l>

@ Springer



Error estimates of the backward Euler-Maruyama method for... 827

5 1
<k +Lp) + ZkLb|X”|2 +ex"Haw' [P + X" - X112

+{g(x"hHaw”, X",

for every n € {1, ..., N}, where we also applied the Cauchy—Schwarz and weighted
Young inequalities. After a kick-back argument, we sum from 1 ton € {1,..., N} to
obtain

1< . . n )
|X"? + 3 S IXT = XN 2k Y x|
j=1 j=1

5 n ) n ) i
< IXOP 204 Lp)T + JkLy )0 IXIP 423 [sx/~haw/ [
j=l j=I

n
+2) (exITHawd, xI7H),
j=1

After taking expectations, the last term on the right-hand side vanishes. Then, appli-
cations of Itd’s isometry and (4.1) give

n
E[1X"*] ZE [IX/ — x/=12 ]+2kuZE[|Xj|p]

j=1

5 n ) n . 9
< E[IX°P]+ 200+ Lp)T + SkLy ;E[MZ] + 2;E[|g(Xf haw!|]

5 n ) n .
E[IX°P] + 200+ Ly)T + SkLy ];EUXJ ?] + 2k ;Engm HI%]

n—1
< (1 +4kLDE[|X°P] + 200 + Ly + 2LD)T + k(sLb 4L ) > E[Ix7]
j=1
5 n2
+ EkL;,E[|X I°].

Since the step size bound 5Lk € [0, 1) ensures that

5 1
1—=kLp > —,
2 2

the discrete Gronwall inequality (see, for example, [8]) is applicable and completes
the proof of (5.4). Finally, it follows from the polynomial growth bound on f that
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N

(kX Elw I‘f])é (> E[BQ + I/ 17=17])

j=1 j=1

IA
Q=

< BT +ﬁ(k§:E[|xf|P]) ,

j=1

Q=

and an application of (5.4) then yields (5.5). O

6 Error estimates in the multi-valued case

In this section we derive an error estimate for the backward Euler method given by
(1.6) for the MSDE (1.5).

To prove the convergence of the scheme (1.6) let us fix some notation. Throughout
this section we assume that the equidistant step size k = % is small enough so that the
a priori estimates in Lemma 5.4 hold. Furthermore, as in (3.9) and (3.10), we denote
the piecewise linear interpolants of the discrete values by X'(0) = X 0 H(0) = n° for
n° e £(X° and
ty —

—th_1 ty —1t

t t _ r—1,-1 _
X(t) = X" X H@) = " n-l
(1) k t ) AR
forallz € (t,—1,t,] and n € {1, ..., N}. Similarly, we define the piecewise constant
interpolants by X'(0) = X(0) = X%, H(0) = H(0) = 1°, and
X)) =X" and X(t) = X""', as well as
H@) =n" and H@) =n"",
forallt € (t,-1,1,] and n € {1,..., N}. Moreover, we introduce the stochastic
processes G: [0, T] x 2 — RYand G: [0, T] x £2 — R defined by
t
G(t) = / g(X(s))dW(s), forallte[0,T], 6.1)
0
aswell asby G(0) =0 and, foralln € {1,..., N}and t € (t,—1, tn],
Gy = L g(x" AW + nig(X"*‘)AWf
k i=1
I =1t n—1 n =t
= gX"T ) AWT + | g(X(s))dW(s).
(6.2)
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In view of (1.6) and the definition of G for ¢t € (¢,_1,t,],n € {1, ..., N}, we obtain
the representation

t—1—
X = x4 Lixm — xm=1y

n—1 n—1
= (X° 4K (XD o) + Y g X Haw)
i=1 i=l1
I — -] n n n—1 n
+T<kb(X ) — ki + g(X"HAw )
t
— Xo+ /0 (b (s)) — F(s)) ds + G(1).
(6.3)

We begin the derivation of our error estimate by considering the difference between
the stochastic integral G and its approximation G.

Lemma 6.1 Let Assumptions 4.1 to 4.4 be satisfied. Then there exists Kg € (0, 00)
such that, for every equidistant step size k = % N € Nwith5Lpk € [0, 1) and every
t € [0, T], we have

t
|G@) = G0 |}20.pey < Kk +2L2 /0 E[IX(s) - ¥()P]ds. (64

In addition, for every p € [2,00), there exists K, € (0,00) such that, for every
nef{l,...,N}Yandt € (t,—1, t,,], the following estimates hold:

=

t 1
(/ E[GO) - Go)I"]ds)" = Kk
In

(/tt (1+E[|X(s)|'°])ds)% (6.5)

—1

and

P _
sup [1G(1) =GOy gpay < Kok 2 (LHIX"N7, upa)- (6:6)

s€ltn—1,1]

Proof Recall the definitions of G and G from (6.1) and (6.2). First, we add and subtract
a term and then apply the triangle inequality. Then, for every n € {1,..., N} and
t € (t,—1, t,] we arrive at
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t
|6 =90 2 oume, = | /0 (8(X(5)) — g(X(s))) AW (s)

L2(2;R9)

+|

t —_
/ 2(X(5)) dW(s) — %g(X"”)AW"
th—1

L2(2;R9)
1

t
= (/0 E[lg(X(s) — g(&(s))ﬁ]ds)z
oo

Z‘_

—L (W) — Wta_))

In—1
S (W) — W)

L2(2;R%)

by an application of It0’s isometry. Furthermore, due to the Lipschitz continuity of g
we obtain

1

t i
( /O E[ls(X(9) — g@(s)]ds)’

1 1

! 2 2 ! 2 2
Lg(/o E[|X(s) — X(s5)] ]ds) +Lg(/0 E[|X(s) — X(5)] ]ds)

1

< Lg</:E[|X(s) —X(s)lz]dS)% ( kZE [ = %P,

IA

where the last step follows from the identity

—ti 1. t— . . —t_ . .
X(s)— X(s) = lyi p T Sximt xiot S I Iy yi)
k k k
which holds for every s € (t;_1, t;],i € {1, ..., N}. Finally, it follows from the same

arguments as in the proof of Lemma 3.6 and by (4.1) for every ¢ € (#,—1, t,,] that

s (= W - W)~ S wa - wa)) |

L2(2;RY)

= k—z((rn — 02t = ty-)) + (¢ = 10Dt — D) [ 8 X" 72000

1 112
L =0 =t g(X" D172 0re)

1 2 n—1 2
< ZLgk(l—i— 1X" M 202:re)) -

Together with the a priori bounds from Lemma 5.4 this shows (6.4).
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It remains to prove the estimates (6.5) and (6.6). For (6.5) we first apply the
Burkholder-Davis—Gundy-type inequality from Lemma 2.2 with constant C, and
obtain foreveryn € {1,..., N}and ¢t € (#,—1, t,] that

t t ot
/ E[IG(1) — G(s)["]ds < c;;/ (t —s)pTZ/ E[|g(X(r))[*] dr ds
-1 th—1 N

IA

2° o (!
;C{,’Lgk?/ (1 +E[IX(®)?]) dx,
1

n—1

where we also made use of the linear growth bound (4.1) in the last step. This proves
(6.5). The bound in (6.6) can be shown by analogous arguments. O

The next lemma generalizes an important estimate from the proof of Theorem 3.7
to the multi-valued setting. In particular, we refer to Lemma 3.5 and (3.17).

Lemma 6.2 Let Assumptions 4.1 to 4.4 be satisfied. For every step size k = %, N eN,
with 5Lyk € [0, 1), the families of random variables (X" )nc(o,.... N}y and (0" )neo,..., N}
are as stated in Theorem 5.3. Then there exists Ks; € (0, 00) independent of the step
size k such that

N
0<k S E[( —n' ™ X' = X'7)] < Kyyk?.

i=1

Proof The nonnegativity follows immediately from the monotonicity of f. To prove
the second inequality, we insert the scheme (5.3) and obtain

N
kZE[(ﬂi _ ni—l’ Xi_ Xi—1>]
i=1
N
=kY E[(n =0~ k(X)) —n) +ex"Hawh)]

i=1

N
— _k2 ZE[<nl _ni—l’ni)] (67)
i=1
N . . . . .
+kY_E[( — ' kb(X) 4+ g(XTTHAWY]. (6.8)
i=1

For (6.7) we obtain

2 N

N
=D E[o' =] = =5 D [ = =]
i=1 i=1

< —kz—z(E[mNﬁ] —E[In°1?]) < "2—2E[|n°|2]
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because of the telescopic structure. Furthermore, it follows from Assumptions 4.1
and 4.4 that

E[°P]) < B(1 + (E[1X02P2])?) < oo.

For the term in (6.8) we apply Holder’s inequality with p = max(2, p) and ll—) + % =1
to obtain

N
k> El(n' — 0~ kb(X) + g(X'THaW)]
i=1
N ) ]
<k Y (Bln' =017 1) (BIkb(X') + g(XT™H aW!|P) 7
i=1

< (kZN:E[Ini —n 7 )
i=1

1
(kZEnkb(X’) +g(xXHaw )"
i=1

Then, from applications of the triangle inequality and Lemma 5.4, we get

(kiE[lni i)
i=l1
f(kgl«:wa) (kZE K

L/ L */ ;oL
<Ky +(Ky, +E[n°1P1)7 <2k + (E[n°1”1)7

1
r

We apply the polynomial growth bound satisfied by f and see that, for p € [2, 00),

1 1
B[P 1) = (Eln°191)« < B(1 + ||Xo||L,,(Q R%))

is fulfilled, while for p € [1, 2) we have

1 1
/

= (ElIn°1?1)?
1
< B(1+ (B0Xo7*1)?) = B(1+ IX0l}2, 2 . ga)-

(EL17°1°' )
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In both cases the appearing terms are finite because of Assumption 4.4. Moreover, a
further application of the triangle inequality yields

N Iz
(k > "Ellkb(X") + g(X"“)AW"m)
i=1

N % N »
< (kZEnkb(xf)m) +<kZE[|g(X"—1>AWf|P]> :

i=1 i=1

Due to the linear growth bound (4.1) on b and the a priori bound (5.4), it then follows
that

(kil«:nkb(xi)m)}) < Lpk (kiE[(l + |Xf|)”])/g

i=1 i=1

< Lpk (T; + (max (2i, T)KX)flJ) .
nw

By application of Lemma 2.2 with constant C,, we obtain
. . fi . o .
Bl Haw 1 =[] [ e hawe|] < cprtEfee i)
i

Together with the linear growth bound (4.1) on g this shows that

N P N »
(kZEng(X”)AW‘m) < Cok? <kZE[|g(X“)|p]>

i=1 i=1

1 1 1 1
< CpLgk2 (Tﬂ + (max(ﬂ, T)Kx)ﬂ).

Putting the estimates together proves the desired bound. O

We are now prepared to state and prove the main result of this section. While the
main ingredients of the proof still consist of techniques introduced in [38, Sect. 4]
for deterministic problems the proof is somewhat more technical than the proof of
Theorem 3.7. In particular, due to the presence of Lipschitz perturbations in the general
problem (1.5) it is no longer possible to avoid an application of a Gronwall lemma.
Moreover, as in [38, Sect. 4], we impose the following additional assumption on the
multi-valued mapping f.

Assumption 6.3 There exists y € (0, co) such that, for every v, w,z € D(f), fy €

f), fw € f(w),and f; € f(2),
(fo—Jfoz—w) Sy {fo — fw,v—w).
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In Lemma 3.2, we already proved that, if f is the subdifferential of a convex
potential, then Assumption 6.3 is satisfied with y = 1. For a further example, we refer
to Sect. 7.

Theorem 6.4 Let Assumptions 4.1-4.4 and Assumption 6.3 be satisfied. Let the step
size k = %, N € N, be such that 8Lk € [0, 1). Then there exists a constant
C € (0, 00) independent of k such that

1
max || X(t) — X (¢ . < Cks.
max X0 = YOl 2z <

Remark 6.5 The strong rate of convergence of 1/4 might not be optimal in the case of
a piecewise Lipschitz drift coefficient. Under this additional assumption it is proved
in [35] that the forward Euler-Maruyama scheme has a strong convergence rate of
1/2. In [34] a further scheme is introduced with the strong convergence order of 3 /4.
As proved in [33], the rate of 3/4 is a sharp lower error bound. In contrast to that our
setting allows for a superlinearly growing and multi-valued drift coefficient at the cost
of a lower convergence rate.

Proof Theorem 6.4 Let us first introduce some additional notation. We will denote the
error between the exact solution X to (1.5) and the numerical approximation X defined
in (6.3) by E(t) := X(¢t) — X(t), t € [0, T]. Furthermore, it will be convenient to
split the error into two parts
E@t) = Ei(t) + Ex(t), t€][0,T],
where
[ t _
Ei(t) := / ('H(s) — n(s)) ds + / (b(X(s)) - b(.)c'(s))) ds, (6.9)
0 0

Ex(t) :=G@) —G(1) (6.10)

P-almost surely for every ¢ € (0, T]. We expand the square of the norm of E as

|E@)> = |E1(t)* + 2(E1 (1), E2(1)) + |E2()]?, 1 €0, T]. (6.11)

In order to estimate the terms on the right-hand side of (6.11) we first observe in
(6.9) that E; has absolutely continuous sample paths with E1(0) = 0. Hence we have
%%lEl (t)l2 = (El(t), E1(t)) foralmostevery ¢ € [0, T']. Therefore, after integrating
fromOtot € (0, T'], we get

1 o,
§|E1(r)|2 =/ (E\(s), E1(s)) ds
0

t t
= /0 (E\(s), E(s)) ds — /0 (E1(5), E2(s)) ds. (6.12)
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Furthermore, we also have that

t

t
(E1(0), E2(0) = { /O E1(s)ds, Ex(1)) = /0 (E1(s), Ex(1)) ds. (6.13)

Thus, after combining (6.12) and (6.13) we obtain

1
5|E1<r)|2 +(E1 (1), E2(1))

t t
=/0 (E\(s), E(s)) ds+fO (E1(5), Ex(t) — Ea(s)) ds.
(6.14)

For the first integral on the right-hand side of (6.14) we insert the derivative of £ and
the definition of the error process E. This yields, for almost every s € (0, T,

(E1(s), E(s)) = (H(s) = n(s), X(5) = X(5)) + (b(X(s)) = b(X(s)), X(s) — X(s)).

After recalling the definition of X we use Assumptions 4.1 and 6.3. Then, for almost
every s € (t,—1,t;]and alln € {1, ..., N}, we get

(H(s) — n(s), X(s) — X(s))

th — S _ S — th—1
= ”k " —n(s), X(s) — X" + k” " —n(s), X(s) — X"
1, — — 1,—
< "kS(n"—n”_l,X”—X”_l>—ST"](n(S)—n",X(S)—X">
< In k_ s (nn _ r]n—l’ X" Xn—l>7

where the second term in the last step is non-positive due to the monotonicity of f
(cf. Definition 2.1). Moreover, due to the Lipschitz continuity of b, it follows for almost
every s € (0, T] that

(b(X(s)) — b(X(s)), X(s) — X(s))
= (b(X(5)) — b(X (), X(s) — X(5)) + (DX (5)) — b(X(s)), X(s) — X(s))
_ 3 L _
< LylE()[* + Lp|X(5) — X ()| E(s)| < ELb|E(S)|2 + Tth(S) - X)),

where we also made use of Young’s inequality. In addition, for every n € {1, ..., N}
and s € (t,_1, t,], we have that

— —Iy— th — I, —
X(s)— X(s) = S—"lxn + "_an—l X" = =S

n _ yn—1
2 . k (X" —=Xx"7).
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Therefore,
— 3 Ly(ty — 5)?
(b(X(5)) = b(X (), X(5) = X()) = TLpEG)I* + %IX” — X"
Altogether, for every t € (¢,_1,1,] and n € {1, ..., N}, we have shown that

t
/ (E1(s), E(s))ds < gk(n" —g L xT— x"h
In—1
3 ! L
+ —Lb/ |E(s)|2ds + —2k|x" — x"~12,
2 th—1 6

where we also inserted that fti_1 (t, —s)ds < fti"_l (t, — s)ds = %kz as well as

ft:,_. (ty — $)%ds < %k?’. It follows that, foreveryn € {1,..., N}and t € (t,—1, t,],

t n— i, t .
/0 (E1(s), E(s)) ds =Z/ (El(S),E(S)>dS+/ (E1(s), E(s)) ds
i=1 Y11

th—1
J/ n
i i—1 i i— 1 i i— 1
szk;‘m—n XX —kZ|X - X
1=
+ =Ly |E(s)|“ds.
2 " Jo
Hence, together with Lemmas 5.4 and 6.2 this shows that

t

t
/ E[(Ei(s), E(s))]ds < %K(gnk% + %KXkJr ng/ E[|E(s)|*]ds. (6.15)
0 0

Next, we give an estimate for the second integral on the right-hand side of (6.14). For
everyn € {1,..., N}and t € (¢,—1, t,] we decompose the integral as follows

¢ n—1 i .
/O (E1(5). Ex(1) — Ex(s)) ds = Z/ (E1(5). Ex(1) — Ex(s)) ds
i=1 Vli-1

t
+ f (E\(5), Ex(t) — Ea(s)) ds. (6.16)
In—1

Foreveryi € {1,...,n — 1} we then add and subtract E>(%;) in the second slot of the
inner product in the first term on the right-hand side of (6.16). This gives

t; . ti .
/ (E1(s), E2(t) — Ea(s)) ds = / (E1(s), Ex(t) — Eo(1;)) ds
ti— ti—1

t .
+/ (E1(s), E2(t;) — Ea(s)) ds
ti—1
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After inserting the definition of E; from (6.10) the first integral is then equal to

1

1 .
/ (EI(S)7E2(I)—Ez(ti))ds=<f
L1

L1

= (E1(t;) — E1(ti—1), E2(t) — Ex(t))
=(E1(t;) — E1(ti-1), G(t) — G(t) — (G(t;) — G(;)))

t
= (Ev) ~ B, [ o awe)
14

E1(s)ds, Ex(t) = Ea(t)

In—1 —
(B - B, [ s awe) + = e aw)
t

forall i,n € {1,...,N},i < n,and t € (t,_1,t,]. Since E((t;) — E{(ti_1) =
E(t;)) — E(ti—1) — (E2(t;) — Ex(t;—1)) is square-integrable and F;,-measurable it
therefore follows that

1 .
E[/ (E1(s), E2(t) — Ex(1;)) ds] =0
1,

i—1

foralln € {1,..., N}, t € (t,—1, t,], and t; < t. Hence, after taking expectations in
(6.16), we arrive at

13
B [ (5160, B0~ B2 5]

n—

1
ZEU (E1(9). Eat) — Ex(s)) ds |
ti—1

i=1

B[ [ (B0, 220~ Bato) 0]
Tn—1

<> [ 1EoIEw - Fods)
i=1 fi-1

Inserting the definitions (6.9) and (6.10) of E| and E; and applying Holder’s inequality
with p = max(2, p) and % + % =1, we get

1
B [ (5160, B0 - Ex(0) 5]

<Z/,1 (1" = ()] + 1B(X(5) — X))
% (1G @) — G| +19() — Gis)1)] ds

n ti . , £ 1 1
sZ(f E[In’—n(S)Ip]dS)”(f E[IG(t) — Gs)I"]ds )’
i=1 ti—1 li—1

@ Springer



838 M. Eisenmann et al.

n

2

i—1

i, i 1
Bl (o) Jes)” ([ BIGG) - g1 es)”
ti—1

7 li 1
+Z(/t E[|b(X(s)) — b(X' )Ip]ds)ﬁ (/,._. E[|G(#) — G(s)|P]ds>"

i—1

n €L

Ly - li %
+3 / BIbx() — bx ) Tas) ([ E[0G) — 905y ds)
li— li-1
= F1+F2+F3+F4.

In the following, we will estimate I'1, I, I3, and I separately. For I'7 we obtain
after an application of Holder’s inequality for sums that

L 1
E[lr’ — ()] ds) 2/ E[1G() - Go)l]ds)’

Flf(Z/tti

i=1 /i1

< ((kZE[mWP’])”I/ + (/0 Bl ]ds)” )
x (Z/tt E[IG(1) — G(s)|p]ds)%.

If p € [2,00) then p = p and p’ = ¢. In this case all integrals appearing are finite
due to the bounds in Theorem 4.7 and Lemma 5.4. Moreover, if p € (1,2) then
o = p' =2 < q. Then it follows from further applications of Holder’s inequality and
Jensen’s inequality that

n 2
kZE|n| =77 (KX E[I14])
i=1
as well as

t)l q—2 tll 2
/ E[In(s)|*]ds < TT(/ E[m(s)W]ds)".
0 0

Hence, we arrive at the same conclusion. If p = 1 then the processes (1(¢));c[0,7] and
("M)neq,...,ny are globally bounded due to the bound on f in Assumption 4.1. Using
Lemma 6.1 we see that

1

(Z/ [IG) — G(s)I°]d )‘1’ < K k? (/0’ ( +E[|X(s)|p])ds>p

@ Springer



Error estimates of the backward Euler-Maruyama method for... 839

Altogether, this yields
n<c F]k %

for a suitable constant Cj € (0, co), which is independent of k. To estimate 5, we
argue analogously as in the case for I to obtain that

I s (kZEm |p) +(/0 E[In(s)/]ds)”

(Zf E[IG() - G(s)]d )

The first factor is bounded as we saw in the case for 7. Furthermore, using Lemma 6.1,
we have that

(Zf E[|G(5) — G(s)|°]d )5§kaé (klZ:I:(1+E[|X"—1|p])ds)rl’.

Due to the a priori bound (5.4), it follows that there exists a constant Cp, € (0, 00),
which does not depend on & such that

I < Crk?.

The estimates I3 and I'4 follow analogously with the only new term that appears is of
the form

L
o’

Z / (16X () = bX)| ] ds )
1
Z/ [1X(s) — X"|f”]ds)”/

L
7

sLb(/O E[1X()* Tds)" + Ly(k ; [|X’|"]ds)i’,

which is bounded due to Theorem 4.7 and the a priori bound (5.4). Therefore, there
exist constants Cr;, Cr, € (0, 0o) such that

s <Crk? and Iy < Crk?.
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Hence, we obtain

t
E[/ (E(s), Ex(t) — Ea(s)) ds] < (Cry +Cry + Cry + Cryk? = Crk?.
0
6.17)

After taking expectations in (6.11) and inserting (6.14), (6.15), (6.17) as well as (6.4)
from Lemma 6.1, we obtain for every ¢t € (0, T] that

E[|E®)]

1 2Lb 1 2 ! 2
< yKspk? + T1<Xk+2cpkz + Kgk+ (3Lp +2L3) | |E(s)|* ds.

The assertion then follows from an application of Gronwall’s lemma, see for example,
[11, Appendix B]. O

Remark 6.6 Up to this point, we only proved convergence for X but not for . However,
from the existence of X" we also obtain that

kn" = —(X" — X" 4 kb(X™) + g(X""HAW" as.in 2.

Analogously, we can write for the exact solution 7 that

t

t t
f n(s)ds = —X(@) + Xo + / b(X(s))ds + / g(X(s))dW(s).
0 0 0

Therefore, from the convergence of X to X and the Lipschitz continuity of b and g
we also obtain the estimate

tn n '
ns)ds =k Y|
1 >

Cki

IA

L2($2;R9)
foreveryn € {1,..., N}.

7 Examples
7.1 Discontinuous drift coefficient
In this example we show that Assumption 4.1 includes overdamped Langevin-type

equations with a possibly discontinuous drift f. We consider the convex, nonnegative,
yet not continuously differentiable function @ (x) := |x|, x € R, which has a multi-

@ Springer



Error estimates of the backward Euler-Maruyama method for... 841

valued subdifferential f: R — 2R defined by

{1}, ifx >0,
fx)y:=3[-1,1], ifx=0,
{—1}, if x <O.

This mapping fulfills Assumption 4.1 for p = 1. To be more precise, f is a monotone
function and there exists no proper monotone extension of its graph. In fact, the
subdifferential of any proper, lower semi-continuous, and convex function is a maximal
monotone mapping by a well-known theorem of Rockafellar, cf. [46, Cor. 31.5.2] or
[48, Satz 3.23].

Furthermore, we notice that f,x = sgn(x)x = |x| as well as | fx| < 1 for every
x € Rand f, € f(x). This shows that f fulfills all the conditions of Assumption 4.1.
It remains to verify Assumption 6.3. Since f is the subdifferential of @ the variational
inequality (3.2) is still satisfied in the sense that

frly—x) <P(y) — P(x)

forallx, y € Rand f, € f(x).Following the same steps as in the proof of Lemma 3.2
but replacing f(v), f(w), and f(z) by arbitrary elements f, € f(v), fuw € f(w),
and f; € f(z), respectively, shows that Assumption 6.3 is fulfilled. Therefore, the
backward Euler—Maruyama method (1.6) is well-defined and yields an approximation
of the exact solution X of

dX(@) + f(X(@)dt 2 b(X(t))dt + g(X(@))dW(t), te(0,T],
X(0) = Xo,

where b: R — R and g: R — R are Lipschitz continuous and Xo € L%(£2).
To be more precise, the piecewise linear interpolant X’ of the values (X"),¢(o,..., N}
defined in (6.3) fulfills

1
X(t)— X(t < Ck#
max X (1) DIz =

for C € (0, oo) that does not depend on the step size k = % However, let us mention
that the strong order of convergence of 1/4 is not necessarily optimal in this particular
example. We refer the reader to [9] for a corresponding result on the forward Euler—
Maruyama method.

7.2 Stochastic p-Laplace equation
As a second example, we consider the discretization of the stochastic p-Laplace equa-

tion. A similar setting is studied in [5]. For a more detailed introduction to this class
of problems, we refer the reader to this work and the references therein.
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For p € [2,00) and T € (0, 0o) the stochastic p-Laplace equation is given by

du(t, &) — V- (IVu(t, &)|P2Vu(t, ) dt

=W(u(,§)dw@), forall (r,&) € (0,T) x D,
u(t, &) =0, forall (s, &) € (0, T) x 3D,
u(0, &) = ug(&), forall £ € D,

(7.1)

where D C R”, n € N, is a bounded Lipschitz domain. By W: [0, T] x 2 — R",
m € N, we denote a standard (F;),>0-adapted Wiener process. We also assume that
the initial value ug: D x 2 — R fulfills

E[||uo||iz(D)] =E[fp luo|? dg] < oo. (7.2)

Furthermore, let ¥: R — L>(R™; R) be a Lipschitz continuous mapping, where
L>(R™; R) denotes the space of Hilbert—Schmidt operators from R” to R. Note that the
Nemytskii operator U LX(D) — Lo(R™: L2(D)), given by (¥ ()](x) = ¥(u(x))
for u € L?(D), is also Lipschitz continuous and will be of importance in the weak
formulation below.

Let Wé’p (D) be the Sobolev space of weakly differentiable and p-fold integrable
functions on D with vanishing trace on the boundary 0D, see [47, Section 1.2.3] or
[40, Section 4.5] for a precise definition. The dual space of Wé’p (D) is denoted by
W17 (D) in the following. Then, the stochastic p-Laplace equation (7.1) has a unique
variational solution (u(#));¢[0, 7] Which is progressively measurable and an element of
L2(£2; C([0, T1; LA(D))) N LP(82; LP(0, T; WOI’P (D))). For further details we refer
to [27, Example 4.1.9, Theorem 4.2.4].

For a spatial discretization of (7.1), we use a family of finite element spaces (V},) 50
suchthat V), C Wé’p (D) forevery h > 0. Hereby, we interpret 4 as a spatial refinement
parameter. In the following, we consider a fixed parameter value 4 > 0. By d € N we
then denote the dimension of the space Vj,.

The spatially semi-discrete problem consists of finding a progressively mea-
surable L2(£2; C([0, T1; L3(D))) N LP(£2; LP(0, T; V;))-valued stochastic process
(un (t))tefo,71 such that

1
/ up(t)vy, d§ +/ / [Vun($)|P "2 Vun(s) - Voy ds d&
D D Jo

t
- / Pauoun dé + / / Pt (up (s)) AW (s) vy d&
D D JO
(7.3)

for every v, € V, and t € [0, T]. Here, P,: L?>(D) — V), denotes the L?(D)-
orthogonal projection onto Vj.
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In order to apply our results from the previous sections, we rewrite (7.3) as a problem
in R. To this end, we consider a one-to-one relation between Vj, and R? given by

d
vy =Y xig € Vy forx=[x1.....xq]" € R (7.4)
i=1
for abasis {¢y, ..., ¢4} of V;,. Through (7.4) we induce additional norms on R which
are given by
¥l = Mvxllyre p)e lxllo == llvellz2y. Ixl-1 = lvxllw-10(D).
for every x € R?. Observe that the norm || - ||o is also induced by the inner product

(x, ¥)o := (vx, vy) 2(py = (Mpx, y),  with My = (@i, ¢j) 12(D))i.je(l, ...}

where the mass matrix M, is symmetric and positive definite. Since all norms on R?
are equivalent, for each i € {—1, 0, 1} there exist ¢;, C; € (0, 00) such that

cillxlli =[xl = Cillxll;

forall x € RY.
The p-Laplace operator in the spatially semi-discrete problem (7.3) can be written
as Ap: V, — Vj which is implicitly defined by

(An(vn), wh)LZ(D) = /; IVthI’_QVvh - Vwy, dé

for all vy, wy;, € Vj,. By the same arguments as in [27, Example 4.1.9] one can easily
verify that Aj, fulfills

(An(vn) — Ap(wp), vy — wp) r2py = 0,

AR i) lw=1.0 (D) < llvnll

A = P
(Ap(on), va)r2(p) ||Uh||W$,p(D),

p—1
WP (D)
for all v,, w, € V. Then, forx,y € R and associated Uy, Uy € Vp, we introduce
mappings f: RY — R? and g: RY — R implicitly by

d d d
D LFOligi = Apy), Y [8W)2ligi = Pa¥ vz, Y [Xoligi = Puto
i=1

i=1 i=1

for z € R™ and use these functions to define f(x) := M f(x) as well as g(x) :=
1

M hf g(x) forevery x € RY. As we assumed that vy, > 17 (vy) is Lipschitz continuous,
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there exists Ly € (0, 0o) such that

m 1 1
18() —gIP =Y IMg(0)e; — MPg(ye; I
j=1

m
Z IR (v)ej — Pu (vy)e 7o)
j=

= 1P (v) = Po W7, o 12y

L2
2 2 8 2
=< Lg”vx - Uy”LZ(’D) =< C2 |x - y|
0

for x,y € RY and v, vy € Vj fulfilling (7.4) as well as an orthonormal basis
{ej}jeqt,...,m) of R™. Thus, g fulfills Assumption 4.3. Due the integrability condition
to (7.2) for ug, it follows that X fulfills Assumption 4.4.

Moreover, we see that f is monotone, coercive, and bounded as we can write

(f) = f)x—y) = (f) = F(),x = o

(LfF L = LF D) (xj — vi) @i 0 120Dy

M&

i=1 j=
=(A (Ux) — Ap(vy), vy — U))LZ(D) >0

as well as

(f(x), x) ZZ[f(x) iXj{ei, (pj>L2(D)

i=1j=1
= (Ap(v2), ve) 2 (py = XN = € P Ix?

and

£ O < Myl cmy | M5, Q] < Coyl| Ml 2y 1L F ()11
-1
= Co1lIMpllcmy 1AL (V) llw-1.0(p)y = C—1 IIMhllﬁ(Rm)llvxllsvl,p(D)
I

C_ _
= CotlIMpll e IX11{ ™ = == | Mall ey %17
C

1

for all x, y € R% and v, vy € Vj, fulfilling (7.4). Here, || - || £(rm) denotes the matrix
norm in R” which is induced by | - |. Therefore, Assumption 4.1 is satisfied. To prove
that f fulfills Assumption 6.3 we note that the mapping @ : V;, — [0, o0) given by

1
® (vp) = —/ Vuul? dg, v € Vi,
P JD
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is a potential of Aj, compare [47, Example 4.23]. Since @ is convex it follows that
@ (vp) = P(wp) 4 (Ap(wp), vy — wi) 2y, forall vy, wy, € Vi,

where we use [13, Kapitel III, Lemma 4.10]. In the same way as in Lemma 3.2 we
obtain that

(An(vy) — Ap(vy), vy — Uz)LZ(D) < (An(vx) — Ap(v7), vx — Uz)LZ(D)

for all v, vy, vy € Vj. Applying the definition of f, we then get

(f) = f(),y —2) = (An(vx) — An(vy), vy — v2)12(p)
= (An(vx) = Ap(vz), v = v2) 2Dy = (f(¥) = f(2), x = 2)

forx,y,z € R? and v,, vy, v; € Vj, fulfilling (7.4). This shows that f also fulfills
Assumption 6.3.

Consequently, the results of the previous sections are applicable. More precisely,
the backward Euler scheme (1.6) has a unique solution (X")¢(o,...,n} (cf. Theo-
rem 5.3). Theorem 6.4 then states that the piecewise linear interpolant X of the values
(X")neqt,..., Ny defined in (6.3) fulfills

1
max || X () — X(¢ . < Ck#*
1€l0.T] 1 X (2) ( )”LZ(_Q,Rd) =

for C € (0, oo) that does not depend on the step size k where X is the solution to the
single-valued stochastic differential equation

dX (1) + f(X(@)dt = g(X(1)dW (), 1€ (0,T],
X(0) = Xo.

Observe that our proof does not yet rule out that the constant C above depends on
the dimension d of the finite element space V},. Hence, this is not a complete analysis
of a full discretization of the stochastic partial differential equation (7.1) and a more
detailed analysis is subject to future work. We refer to [5] for a related result in this
direction.

Let us emphasize that, unlike the results in [5], we do not have to impose any
temporal regularity assumption on the exact solution of (7.1) or on the solution of
the semi-discrete problem (7.3). Since such regularity conditions are often not easily
verified for quasi-linear stochastic partial differential equations we are confident that
our approach could lead to interesting new insights in the numerical analysis of such
infinite dimensional problems.
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