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A B S T R A C T   

Understanding driver behavior is the basis for the development of many advanced driver assistance systems, and 
experimental studies are indispensable tools for constructing appropriate driver models. However, the high cost 
associated with testing is a serious obstacle in collecting large amounts of experimental data. This paper presents 
a methodology that can improve the reliability of results from experimental studies with a limited number of 
participants by creating a virtual population. Specifically, a methodology based on Bayesian inference has been 
developed, that generates synthetic cases that adhere to various real-world constraints and represent possible 
variations of the observed experimental data. The application of the framework is illustrated using data collected 
during a test-track experiment where truck drivers performed a right turn maneuver, with and without a cyclist 
crossing the intersection. The results show that, based on the speed profiles of the dataset and physical con-
straints, the methodology can produce synthetic speed profiles during braking that mimic the original curves but 
extend to other realistic braking patterns that were not directly observed. The models obtained from the pro-
posed methodology have applications for the design of active safety systems and automated driving, demon-
strating thereby that the developed framework has great promise for the automotive industry.   

1. Introduction 

Modern science is data driven and researchers need detailed data to 
understand phenomena related to human behavior. However, large 
scale data collections are often expensive and time consuming, which 
limits the size of available data sets and makes it challenging to develop 
reliable models. 

One methodology to address this issue is the creation of synthetic 
populations, that is already commonly used in urban planning and travel 
demand modelling. The detailed data needed for the modelling process 
is obtained through the population synthesis, where the information can 
be constructed based on a small collected sample (Choupani and 
Mamdoohi, 2016). For example, very detailed household information (e. 
g., age, work place, income, employment status, shopping habits) that 
can only be collected in specific areas can be extrapolated to larger re-
gions where the collection with the same amount of detail is not feasible 
(e.g., due to time and budget constraints), but some very general data 
points are available (e.g. population, household size, infrastructure). 
The strength of this approach is that combining an initial dataset set 

(which defines detailed correlations between different dimensions) and 
information about margins can preserve the internal correlations of the 
initial dataset as well as the external restrictions provided by the mar-
gins (Rich and Mulalic, 2012). 

Commonly used population synthesizers include sample based 
methods, where the synthetic reconstruction can keep the valid corre-
lation structure from the samples during the synthesis process (Ye and 
Wang, 2018), and those based on iterative proportional fitting (IPF), 
allowing several target constraints to be represented (Rich and Mulalic, 
2012). IPF has also been used in Zhu and Ferreira (2014) to estimate the 
joint distribution of household and individual characteristics for trans-
portation microsimulations and in Niebuhr et al. (2013) and Kreiss et al. 
(2015) for approximating the EU level crash population based on crash 
data collected in Germany. However, the constraints in IPF can be cross- 
linked when sharing target variables, resulting in non-trivial consistency 
issues when many target constraints and dimensions are addressed (Rich 
and Mulalic, 2012). A more detailed overview of IPF-based population 
synthesis and related issues is provided in Choupani and Mamdoohi 
(2016). 
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Other approaches have also been used to generate synthetic pop-
ulations. Wu et al. (2018) have used the maximum entropy principle to 
generate models for multi-dimensional categorical data. Saadi et al. 
(2016) have proposed a Hidden Markov Model which uses a marginal 
distribution as boundary condition to guide population synthesis. 
Additionally, the detailed information needed for agent-based simula-
tions can be provided by a Bayesian network approach (Sun and Erath, 
2015). 

In fact, Bayesian approaches have been used for the generation of 
synthetic populations, mainly for their power in creating probability 
distributions based on prior beliefs. As described in Gelman et al. 
(2013), Bayesian approaches represent the state of knowledge about 
unknown quantities as a probability distribution. A distribution repre-
senting prior beliefs can then be updated once new data are available 
and it can be shown that under reasonable assumptions, Bayesian 
inference provides a mathematically optimal way of performing such an 
update in a quantitative way (Hoff, 2009). Bayesian methods have been 
successfully used to complement theoretical results and empirical ana-
lyses based on frequentist methods in image analysis, artificial intelli-
gence research and political science, along with many other research 
fields; see Kruschke (2015) for some examples. Previous publications in 
traffic safety research (e.g. Hauer, 1983a) show the value of Bayesian 
methods and have implemented them for different applications: to 
model the visual behavior of drivers in different driving situations (e.g. 
Lee and Lee, 2019; Morando et al., 2020), to assess the benefits associ-
ated to the changes in road infrastructure (e.g. Gårder et al., 1998) and 
to the introduction of safety systems (e.g. Kovaceva et al., 2020a), to 
quantify the effect of treatment strategies for convicted drivers (Hauer, 
1983b), to improve crash prediction models (e.g. Miaou and Lord, 2003; 
Mitra and Washington, 2007; Huang and Abdel-Aty, 2010), and to 
determine the factors contributing to crashes (Xie et al., 2018). 

Overall, Bayesian approaches have shown the potential to advance 
research on traffic safety in different applications. However, the work to 
generate synthetic population data in the traffic safety field has not 
included Bayesian methods so far. While Leledakis et al. (2021) predict 
relevant crash configurations of future passenger cars through the syn-
thesis of virtual cases, these synthetic cases result from uniform varia-
tions of relevant crash parameters such as impact speeds, position in the 
lane and braking level and duration. The technical report from Waymo 
(2020) describes the role of generating synthetic conflict situations in 
their product development. In this case, synthetic cases represent vari-
ations of existing scenarios observed in crash databases and own data 
collected by Waymo through a “fuzzing” process, as well as the creation 
of entirely synthetic scenarios. 

Beyond crash data analysis, a further important use case for synthetic 
populations is the possibility to generate additional data from samples 
which are limited in size, due to several constraints intrinsic to the 
planning of empirical studies with human subjects (e.g. costs, ethical 
considerations), for the creation of driver behavior models. Detailed 
models of driver behavior have wide applications for the design of 
autonomous vehicles and the evaluation of active safety systems 
(Markkula, 2015) and rely on data collected in naturalistic driving 
studies (e.g. Kovaceva et al., 2020b), driving simulators (Bianchi Pic-
cinini et al., 2020), and test track experiments (Boda et al., 2018). Since 
these methods are time consuming and expensive, having a methodol-
ogy available that can reduce the needed sample size will benefit both 
quality and availability of data sets. 

In this paper, we demonstrate the use of Bayesian Functional Data 
Analysis to create braking profiles of a virtual population, based on 
physical constraints and data from a limited initial sample of partici-
pants. We will demonstrate the application of the methodology using a      

data set that was collected during a test-track experiment, where truck 
drivers were performing right turn maneuvers with and without the 
presence of a cyclist, showing the possibilities that the methodology 
provides based on real data. The generated dataset provides a model of 
drivers’ kinematic behavior in specific scenarios, which can be used for 
the assessment of active safety systems and the design of autonomous 
vehicles. Therefore, this type of utilization of Bayesian methods may 
have potential applications for both academia and industry. 

2. Material and methods 

This paper proposes a methodology, based on Bayesian Functional 
Data Analysis (BFDA), that synthesizes small data samples to estimate 
the behavior of a population of drivers in a specific scenario. To illus-
trate our methodology, we use traffic safety related data that were 
collected in a real-world experiment, as described below. 

2.1. Data source 

The data used to illustrate the application of the methodology were 
collected from 11 participants driving a tractor-semitrailer combination 
during an experiment conducted at the AstaZero test track in Sweden. 
The participants drove six laps in the city environment of the test track. 
After one training lap and two baseline laps, where no vulnerable road 
user (VRU) was present, the drivers would encounter a cyclist dummy, 
crossing their path during a right turn maneuver (see Fig. 1), followed by 
two more baseline laps for this scenario. 

The purpose of the experimental study was to identify and model the 
differences in driver behavior between the baseline scenario (no cyclist 
dummy present before and during the right turn maneuver) and cyclist 
scenario (cyclist dummy present before and during the right turn ma-
neuver), motivated by the high share of crashes and large number of 
fatalities associated with this specific cyclist scenario in the European 
Union (Schindler et al., 2020). During the whole experiment, the drivers 
were instructed to obey the speed limit of 30 km/h and followed a 
predefined route during every lap. The drivers were informed that there 
were other traffic elements such as cars and vulnerable road users with 
them on the test track, but not further primed to any specific in-
teractions. More details on the experiment are provided in Schindler and 
Bianchi Piccinini (2021). 

Fig. 1. Schematic representation of the interaction during the right-turn ma-
neuver at the test-track (adapted from Schindler and Bianchi Piccinini, 2021). 
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2.2. Methodology 

In this paper, we modeled the driver behavior by using the speed 
collected in the original experiment during the braking sequence. In the 
remainder of this paper, the expression “braking sequence” is used to 
describe the drivers’ braking behavior during the approach to the 
intersection, from the start of braking until the lowest speed of the right 
turn maneuver is reached. 

To model the data, we used BFDA. Functional Data Analysis (Ram-
say, 2004) treats functions of data, as opposed to individual data values, 
as the dependent measure. In our work, entire braking sequences over 
time are represented by a function, and the coefficients of the function 
are modeled in a Bayesian framework. Bayesian models (Gelman et al., 
2013) have the advantage of allowing for very complex parametric and 
distributional structures. Our dependent measure, the speed profile 
during braking, is described by a cubic curve that has six coefficients 
(see Section 3.1), and thus we are modeling the six-dimensional joint 
distribution of these coefficients as the dependent outcome using a hi-
erarchical Bayesian model of those parameters. 

As described in more detail in the next section, we first modeled each 
subject’s speed profile during braking to obtain the six coefficients of 
each speed profile as a function of distance traveled. Next, we modeled 
the joint distribution of these coefficients and included hierarchical 
components to model driver-specific patterns. The use of hierarchical 
models enables separate representations of the distribution of driver- 
specific patterns across different drivers and the variation in braking 
produced by an individual driver across events. 

3. Theory and calculations 

3.1. Raw data modelling 

Fig. 2 shows the raw speed profiles as a function of distance traveled 
from a fixed starting point at which the cyclist dummy movement was 
triggered (corresponding to 0 m) before the right-turn maneuver from 
the original experiment. Laps when the cyclist was present are indicated 
with solid red curves, and the gray box labeled “Cyclist appears” in-

dicates the range of distances at which the cyclist was first visible to the 
driver (which varied slightly between drivers due to experimental lim-
itations). The location of the center of the intersection, which is also the 
theoretical conflict point, at 66 m from the trigger point is also labeled. 

The speed profiles were truncated at the start and end of braking, and 
the speeds in between were modeled by a cubic function (Eq. (1)), 

y = d0 + d1x+ d2x2 + d3x3 (1)  

with y as the speed, x as the travelled distance from the trigger point and 
d0 to d3 as the coefficients. Functions with higher polynomial order did 
not provide improvements to the fit of the data, so the model with the 
fewest coefficients was chosen. For all laps, the start of the braking 
maneuver was defined as when the truck decelerated with more than 
0.5 m/s2, as this deceleration threshold was able to capture the start of 
the braking while excluding noise (e.g. coasting). The end of the braking 
maneuver for all laps was defined as when the truck had reached the 
lowest speed during the turning maneuver (or stopped completely). In 
the functional representation, speeds prior to the start of braking were 
assigned the start value (since the approach happened at an approxi-
mately constant speed) and speeds after the end of braking were 
assigned the end value (for cosmetic purposes). For the cubic function 
modeling, the speed profile between the start and end of braking was 
constrained to be monotonic non-increasing. Although the uncon-
strained best-fit cubic was briefly increasing at the start or end in a few 
cases, the raw data were never increasing, so the constraint was imposed 
to better match the main characteristics of the observed braking 
maneuver. 

Table 1 shows the six coefficients that were used to describe each 
braking event. The first four coefficients describe the start and endpoints 
of the braking maneuver, and d2 and d3 are the quadratic and cubic 
terms from Eq. (1). The coefficients d0 and d1 in Eq. (1) are determined 
by the distance and speed values at the start point S and the end point E 
of the braking maneuver, and thus do not need to be separately modeled. 
The equations used for modelling speed based on the coefficients listed 
in Table 1 can be found in Appendix A. 

Fig. 3 illustrates the raw data collected in four different laps and the 
modeled cubic curve that was fitted to this data. The coefficients 
describing the fitted curve can be found in the upper right corner of each 
plot. The plots also emphasize the fact that the fitted curve is only valid 
inside the interval between start and end of braking (delimited by red 
circles). Thus, as noted earlier, for graphical display, we assign the 
starting speed, Sy, to all distances prior to Sx and we assign the end 
speed, Ey, to all distances after the end of the maneuver Ex. For the 
analysis, we do not include modeled speeds before the start or after the 
end of the braking maneuver. Fig. 4 shows the fitted curves for all laps in 
a similar fashion to Fig. 2. 

Fig. 2. Plot of speed over travelled distance from the trigger point (for cyclist 
(solid red) and baseline (dashed blue) laps) in the right-turn maneuver. The 
grey area marked as “Cyclist appears” represents the area when the cyclist 
dummy became visible to the truck drivers. (For interpretation of the references 
to colour in this figure legend, the reader is referred to the web version of 
this article.) 

Table 1 
Functional data coefficients (raw data).  

Coefficient Description of Coefficient 

Sx Travelled distance from trigger point at start of braking [m] 
Sy Speed at start of braking [km/h] 
Ex Travelled distance from trigger point at end of braking [m] 
Ey Speed at end of braking [km/h] 
d2 quadratic term [− ] 
d3 cubic term [− ]  
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3.2. Parameterization for modeling 

The six coefficients of the function describing the braking profiles in 
the previous section 3.1 were reparameterized for the Bayesian model to 
simplify the implementation, especially of constraints on the co-
efficients. The constraints on the coefficients are easier to implement if 
the end distance Ex and end speed Ey are replaced by the change in 
distance Ex-Sx and change of speed Ey-Sy during the braking maneuver. 

Therefore, the four coefficients describing the start and end of the 
driver’s braking profile were reparameterized as:  

1) starting distance: Sx,  
2) starting speed: Sy,  
3) total distance traveled during braking maneuver: Tx, and  
4) total speed reduction during braking maneuver: Ty.    

Fig. 3. Raw data and fitted curves for four different laps from four different participants. The plots show baseline laps and one cyclist lap (bottom right). These plots 
are directly comparable to the raw data shown in Fig. 2. Note that although speeds prior to the start point are generally constant in the raw data, speeds after the 
endpoint are not. 

Fig. 4. Plot of modeled speed over travelled distance (for cyclist (solid red) and baseline (dashed blue) laps) in the right-turn maneuver. (For interpretation of the 
references to colour in this figure legend, the reader is referred to the web version of this article.) 
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This reparameterization allowed a straightforward implementation of 
boundary constraints. For example, total speed reduction was con-
strained to be non-negative, but no greater than start speed. Total dis-
tance was also constrained to be non-negative but was not constrained at 
the upper end in our implementation (because the braking maneuver 
could continue as the truck passed through the intersection). However, 
with this parameterization, it would be straightforward to impose an 
upper limit on total distance for the maneuver in future studies. 

In order to implement the constraint of monotonically decreasing 
speed during the braking maneuver, the two coefficients of the cubic 
function between endpoints, i.e., d2 and d3 in Table 1, were reparame-
terized following Fenimore et al. (2000). We transformed the distance 
and speed dimensions to lie in a unit space, such that the start and 
endpoints were located at (0,1) and (1,0), respectively. The quadratic 
and cubic coefficients for approximating the unit-space speed curve as a 
cubic function of the unit-space distance (analogously to Eq. (1)) were 

labeled d2
⏞⏟⏟⏞

and d3
⏞⏟⏟⏞

. Fenimore et al. (2000) derive the bounds on unit- 

space quadratic and cubic terms ( d2
⏞⏟⏟⏞

and d3
⏞⏟⏟⏞

) that produce mono-
tonically decreasing functions as follows:  

1) − 3⩽ d2
⏞⏟⏟⏞

⩽6.465, and  

2) d3
⏞⏟⏟⏞

is constrained by the most restrictive (on either end) of the 
following:  

a. 
(

1 − d2
⏞⏟⏟⏞)/

2  

b. 
(

1 − d2
⏞⏟⏟⏞)

c. 1
6

(

− 3 − 3 d2
⏞⏟⏟⏞

−
̅̅̅
3

√
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

3 + 6 d2
⏞⏟⏟⏞

− d2
⏞⏟⏟⏞ 2

√
)

d. 1
6

(

− 3 − 3 d2
⏞⏟⏟⏞

+
̅̅̅
3

√
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

3 + 6 d2
⏞⏟⏟⏞

− d2
⏞⏟⏟⏞ 2

√
)

In practice, this means that for d2
⏞⏟⏟⏞

≤ 0, d3
⏞⏟⏟⏞

must be between 

− 1 − d2
⏞⏟⏟⏞

and 
(

1 − d2
⏞⏟⏟⏞)/

2. For 0≤ d2
⏞⏟⏟⏞

≤ 3, d3
⏞⏟⏟⏞

must lie between 

1
6

(

− 3 − 3 d2
⏞⏟⏟⏞

−
̅̅̅
3

√
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

3 + 6 d2
⏞⏟⏟⏞

− d2
⏞⏟⏟⏞ 2

√
)

and 
(

1 − d2
⏞⏟⏟⏞)/

2, and for 

d2
⏞⏟⏟⏞

greater than 3, d3
⏞⏟⏟⏞

must lie between 1
6

(

− 3− 3 d2
⏞⏟⏟⏞

−

̅̅̅
3

√
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

3+6 d2
⏞⏟⏟⏞

− d2
⏞⏟⏟⏞2

√
)

and 1
6

(

− 3− 3 d2
⏞⏟⏟⏞

+
̅̅̅
3

√
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

3+6 d2
⏞⏟⏟⏞

− d2
⏞⏟⏟⏞2

√
)

. 

Fig. 5 shows the allowable coefficient combinations. 
Because of the complex shape (and discontinuities in the edge) of this 

region, we further transformed the coefficients to another (0,1)-(0,1) 
space. In this space, which we call “beta space” because the transformed 
parameters will be modeled by a pair of draws from beta distributions in 

the BFDA setting described below, d2
⏞⏟⏟⏞

is transformed to d̃2 and d3
⏞⏟⏟⏞

is 
transformed to d̃3 as follows: 

d̃2 =

(
d2

⏞⏟⏟⏞
+ 3

)

(6.465 + 3)

d̃3 =

(
d3

⏞⏟⏟⏞
− lld3

)

(uld3 − lld3)

where lld3 and uld3 are the lower and upper limits of d3
⏞⏟⏟⏞

, given the 

choice of d2
⏞⏟⏟⏞

. In other words, the beta space codifies each parameter as 
its proportion of the available range from lowest to highest value. 

Areas of the beta space can be thought of as representing “styles” of 
deceleration. This is illustrated in Fig. 6, which shows the general 
deceleration patterns from different parts of the beta space. The figure is 
organized to map to beta space with axes from 0 to 1 left to right and 
bottom to top. The curves were selected from deciles of each of the 
parameters. Thus, curves near the upper left corner of this figure 
correspond to values in the upper left corner of a graph of beta space, 
i.e., low values of d̃2 and high values of d̃3 . We observe that as d̃2 in-
creases, the curves have an inflection point in the middle, which would 
reflect initial braking, followed by less braking and then a second 
episode of braking. In contrast, curves with d̃2 in the range from ~ 

Fig. 5. Region of allowable combinations of d2
⏞⏟⏟⏞

and d3
⏞⏟⏟⏞

coefficients that 
permit monotonically decreasing approximation of standardized speed by a 
cubic polynomial of standardized distance. 

Fig. 6. Illustration of curve shapes for different coefficient pairs in beta space.  

Table 2 
Functional data parameters (modeled data).  

Parameter Description of Parameter 

Sx Travelled distance from trigger point at start of braking [m] 
Sy Speed at start of braking [km/h] 
Tx Total distance travelled during braking maneuver [m] 
Ty Total speed reduction during braking maneuver [km/h] 
d̃2  quadratic term (as proportion of the available range) [− ] 

d̃3  cubic term (as proportion of the available range) [− ]  
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0.2–0.5 and d̃3 below 0.5 tend to involve later braking, while curves with 
higher values of d̃3 and middle values of d̃2 involve early braking. 

Table 2 shows the final six parameters that were used in the Bayesian 
model. Each set of six parameters describes a specific deceleration curve, 
and thus the joint distribution of these parameters describes the 
probability of each curve being observed in the context from which the 
data arose. 

3.3. Bayesian model 

Fig. 7 shows the model for the first four parameters: Sx, Sy, Tx, Ty. 
Each parameter was modeled as a truncated normal at the lowest level, 
with truncation at 0 on the left (since all parameters must be non- 
negative). Truncation is denoted by “Trunc[lower,upper]” in the 
figure. Speed reduction (Ty) was also truncated on the right at start 
speed (Sy) for each draw. The parameters of the four normal distribu-
tions are represented by a linear model for the mean and a single 
parameter for the variance. The linear model included an intercept plus 
a slope for the cyclist-present dummy variable, resulting in three pa-
rameters per truncated normal at the base level. The priors on the eight 
mean parameters (including intercept and cyclist slope for each 
parameter) were hierarchical normal distributions with mean and 
variance parameters for each. Each subject’s priors were drawn from 
this distribution. Hyperpriors on the hierarchical parameters were 
normal for means with values indicated in Fig. 7. The prior on Sx was 
selected to be centered on the location where the cyclist could appear, 
and the prior on Sy was selected to be slightly lower than the speed limit 

set for the experiment. The prior on Tx was selected such that when 
paired with the mean prior on Sx, the maneuver would end shortly after 
the center of the intersection. This was partially based on observing this 
to occur in some of the braking events. Finally, the prior on Ty was set 
such that when paired with the mean of Sy, the mean end speed would be 
5 km/h. The prior on the cycle parameter was a regularizing prior, 
centered at 0. All variance parameters had half-normal (hN) priors with 
values indicated in Fig. 7 as recommended by Gelman et al. (2013). We 
initially tested half-Cauchy priors on variances, but these produced 
unreasonable values in our prior predictive checks because the Cauchy 
tails are too fat for this application. As described later, priors were 
evaluated using prior predictive checks, and we also conducted a 
sensitivity analysis on the variances of the priors to determine whether 
the results were being overly influenced by the choice of prior. 

Fig. 8 shows the model structure for the two shape parameters after 
transformations, d̃2 and d̃3. The two parameters are modeled as inde-
pendent Beta mixtures with three components. The mixture components 
are different for the cycle and no-cycle conditions, and individual 
drivers have their own mixing proportions (kij), indicating their style 
preferences for each of the shape parameters. The Dirichlet distribution 
represents the driver-level distribution of mixing proportions. Priors on 
the Beta distribution parameters and the Dirichlet are indicated in Fig. 8. 
Parameterization of the Beta as lambda and phi (rather than alpha and 
beta), as well as the Gamma and Pareto priors are recommended by 
Gelman et al. (2013). Because each point in the two-dimensional beta 
space represents a different braking style, we wanted the priors to be as 
flat as possible across this space. The specific values of these prior dis-
tributions were selected using prior predictive checks (described in the 

Fig. 8. Visualization of the Bayesian hierarchical model structure for the two shape parameters of the deceleration curve.  

Fig. 7. Visualization of Bayesian hierarchical model structure for the four endpoint-related parameters of the deceleration curve.  
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results). From this, we selected the combination of priors that produced 
the most even spread of draws in beta space. 

The model was run in Stan using R Version 4. To obtain prior pre-
dictive draws and to generate the full posterior, we ran four chains to 
200,000 draws after a warmup of 100,000 draws. The draws were 
thinned by selecting every other draw because of computing limits. 
Graphics in the results were based on a random subsample of 2,500 
draws, though numerical results were based on the full set of posterior 
draws (after thinning). For the sensitivity analyses, we obtained 100,000 
posterior draws and thinned to 50,000. 

Diagnostics indicated that the chains had converged after the 
warmup draws and throughout the posterior draws. The largest R-hat 
was 1.021, well under the common cutoff of 1.1 to indicate lack of 
convergence (Gelman and Rubin, 1992). 

4. Results 

4.1. Prior predictive draws 

The first task in setting up the model was to select and test the priors 
for each parameter. This was done through prior predictive checks, in 
which values (i.e., 6-tuples, each representing a braking curve) are 

generated using only the prior distributions. The goal is to ensure that 
the selected values are reasonable, which for some parameters is 
straightforward (i.e., checking that total speed reduction is not more 
than starting speed and checking that total distance is not unreasonably 
large relative to the location of the intersection). For others (e.g., se-
lection of deceleration style from beta space), there is no source of prior 
information, so relatively uninformative priors are preferred. 

Fig. 9 shows the distribution of each of the four endpoint-related 
coefficients from the prior predictive check. Cycle and no-cycle condi-
tions are separated. Values are in reasonable ranges, especially total 
distance, which without constraint on the upper end could have pro-
duced unreasonably large values. Since the priors for the cycle param-
eters are centered at zero, the cycle prior draws have greater variability 
(because of the extra slope parameter) but are centered in the same 
location. 

Fig. 10 shows the shape parameters in beta space. The distribution 
across the space is generally (but not perfectly) flat and represents an 
uninformative prior. 

Fig. 11 shows the distribution of maximum deceleration from the 
prior predictive draws. One of the challenges of working with complex 
multi-parameter functions is that it is not always clear what parameter 
values are reasonable. Particularly for the purpose of prior and posterior 

Fig. 9. Prior predictive draws for values of the four endpoint-related coefficients. Note that the speed reduction is constrained to be less than the starting speed. (Sx: 
travelled distance from trigger point, at start of braking; Sy: speed at start of braking; Tx: total distance travelled during braking maneuver; Ty: total speed reduction 
during braking maneuver). 

Fig. 10. Distribution of observations of d̃2 and d̃3 parameters in beta space from prior predictive draws.  
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predictive checks, it is useful to have a means of “sense checking” the 
resulting models. To provide a sense-check on the models, we focused on 
maximum deceleration in the resulting curves because the braking 
constraints of heavy trucks are known (see e.g. Economic Commission 
for Europe, 2016). Thus, it is possible to identify curves that are 
implausible based on maximum deceleration. While decelerations of 8 
m/s2 are unlikely, the distribution covers a range of very plausible 
values and, at the high end, possible values of deceleration, suggesting 
that the priors are appropriate. 

4.2. Posterior predictive draws 

For each observation, posterior predictive draws were obtained for 
each model in the posterior. To evaluate model fit, we visualized each 
original speed curve against a random sample of the curves generated by 

the posterior predictive draws for that observation (i.e., using the values 
of the subject ID and cycle condition for that observation). Fig. 12 shows 
selected examples of this comparison; for a figure including all curves, 
see Appendix B. The bold black lines show the observed speed curves for 
the particular subject and either baseline or cyclist-present condition. 
For the baseline condition, each participant had multiple observations 
that are graphed together, and the blue lines represent posterior pre-
dictive draws of the baseline condition for that participant. For the cycle 
condition, each participant had one observation and the red lines are a 
sample of posterior predictive draws for the cycle condition for that 
participant. The posterior draws mimic the original curves in both the 
endpoints and curve shapes, giving confidence in the parameterization 
of the model. 

Table 3 shows descriptive statistics for the four cycle parameters 
associated with the hierarchical distributions. That is, these four pa-
rameters, labeled μβj 

in Fig. 7, control the mean of the hierarchical 
distribution from which subject-specific mean cycle parameters are 
drawn. There is one for each of the first four parameters, as noted in the 
table. For the initial speed and distance, the cycle parameter posterior 
distribution contains 0. However, the 95% credible interval (crI) for the 
posterior distribution of total distance traveled during the maneuver is 
entirely negative, and for the speed reduction, the crI is entirely positive. 
This means that when the cyclist is present, maneuvers cover less dis-
tance and the total speed reduction is greater than when the cyclist is not 
present, in line with the expectations from what is seen in Fig. 2. 

Fig. 13 shows the distribution of the four endpoint-related co-
efficients from the posterior predictive draws with observations when 
the cyclist was present and absent separated. Consistent with the results 
of the hierarchical mean cyclist parameters, the posterior predictive 
draws for distance and speed at the start of the maneuver are nearly 
identical, but the total distance is less, and speed reduction is greater 
when the cyclist is present. 

The shift of the Tx-curves to the left (i.e. reduction of total distance 
travelled during braking maneuver) and Ty-curves to the right (i.e. 
higher speed reduction during the braking maneuver) in the cyclist 
condition, results in a higher likelihood of larger decelerations of the 

Fig. 12. Posterior predictive checks against the original curves (solid black lines) for 3 participants. Each plot shows a sample of 20 randomly selected blue/red 
curves produced by posterior draws associated with the specific observation (based on the subject and cycle condition). (For interpretation of the references to colour 
in this figure legend, the reader is referred to the web version of this article.) 

Fig. 11. Distribution of maximum deceleration from curves generated from 
prior predictive draws. 
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truck compared to the baseline condition (see Fig. 14). 
Fig. 15 shows the bivariate plot of the two transformed curve-shape 

parameters, d̃2 and d̃3 with cyclist conditions separated. When the 
cyclist is not present, the posterior values of d̃2 most commonly fall in 
narrow ranges from 0.08 to 0.11. Reviewing Fig. 6, curves with this d̃2 
parameter range tend to have fairly constant deceleration throughout 
the braking maneuver. When the cyclist is present, the curves cluster 
loosely around a value of d̃2 of 0.5 and d̃3 of 0.32. Shapes in this area of 
the space tend to have greater deceleration in the middle of the curve 
and in some cases, two periods of increased deceleration. 

Fig. 16 shows the distribution of maximum deceleration for the 
posterior predictive draws, with the prior curve from Fig. 11 shown for 
reference. The posterior is less variable than the prior and tail values are 
lower. 

When the resulting parameters are fed back into Eq. (1), the curves 
represented in Fig. 17 can be modeled. The dashed blue line represents 
the average speed profile of a truck driver when there is no cyclist 
present, and the red solid line when there is a cyclist present, for the 
given scenario. The area around the curves represents the values be-
tween the 1st and 3rd quartile for each situation. 

Table 3 
Descriptive statistics for four μβj

parameters.  

Parameter Mean 95% Credible interval (2.5th, 97.5th) 

μβ1
(related to Sx [m])  − 0.818 (− 4.283, 2.648) 

μβ2
, (related to Sy [km/h])  0.046 (− 1.249, 1.351) 

μβ3
(related to Tx [m])  − 5.926 (− 9.708, − 2.071) 

μβ4
(related to Ty [km/h])  4.752 (2.658, 6.933)  

Fig. 13. Density of endpoint-related coefficient values in posterior predictive draws with cyclist and baseline conditions overlaid. (Sx: travelled distance from trigger 
point, at start of braking; Sy: speed at start of braking; Tx: total distance travelled during braking maneuver; Ty: total speed reduction during braking maneuver). 

Fig. 14. Distribution of maximum deceleration for baseline and cyclist laps.  
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4.3. Sensitivity to priors 

While the prior predictive checks give confidence that the selected 
priors are reasonable, we also conducted a sensitivity analysis to un-
derstand how stable the results are with respect to the choice of priors. 

Because we used a very flat prior on the style-related parameters (that 
result in draws of d̃2 and d̃3) and have no particular justification for any 
specific more informative prior, we did not further investigate the 
sensitivity of the model to those priors. However, the priors on the 
components of the endpoint-related coefficients (i.e., those shown in 
Fig. 8) can influence draws of those parameters. In particular, the var-
iances at both hierarchical levels can influence the variance in the dis-
tributions of posterior predictive draws. Thus, the sensitivity analysis 
focused on the variance components of the endpoint-related priors. 

Rather than run all possible combinations of 12 variance parameters, 
we constructed two groups of such parameters: 1) “high-variance” priors 
in which all 12 variance priors were increased by 2 standard deviation 
units relative to the baseline model, and 2) “low-variance” priors in 
which all 12 variance priors were decreased by 2 standard deviation 
units relative to the baseline model. This enables observation of the 
extent to which the data are driving model results, even in the context of 
fairly strong differences in the priors. The results, provided in Figs. 18 
and 19, show relatively small differences between the cases with 
different variance values and imply that the main conclusions of smaller 
total distance, larger speed reduction and larger maximum deceleration 
for the cyclist condition do not change for either considered prior. 

5. Discussion 

In this paper, we have shown how Bayesian methods can be used to 

Fig. 15. Posterior predictive draws of d̃2 and d̃3 curve-shape parameters.  

Fig. 16. Distribution of maximum deceleration for posterior and prior predictive distributions.  

Fig. 17. Modeled speed curve with 25th and 75th percentile for baseline and 
cyclist maneuvers. 
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estimate driver behavior for a larger population of drivers, based on an 
initial small data sample. Our research focused on the modelling of 
speed during a right-turn maneuver, but the same methodology can be 
applied to other driving behavior measurements and different driving 
scenarios. What has been common procedure in urban planning and 
travel demand modelling – the creation of synthetic populations – has 
been combined with recent steps taken in the traffic safety research by 
implementing these procedures based on Bayesian methods. 

When it comes to validating the results, Ma and Srinivasan (2015) 
addressed the inherent issue of validation of a synthetic population (i.e., 
if we knew the true population against which to validate, we would not 
need a synthetic population) in the context of transportation (in their 

case, sociodemographics of households for travel data synthesis). They 
used two methods: 1) comparing to population statistics with fewer 
control variables, and 2) comparing to artificial true data based on a 
small sample of census data. Analogous to the first approach, we 
generated a distribution of maximum deceleration that could be 
compared to other sources of maximum deceleration for heavy trucks. 
This is the strongest indication that our method produces reasonable 
braking curves. We do not have an external source of sample data 
analogous to the second method, but the posterior predictive checks 
against the original sample values at least assures us that the model is 
fitting reasonably well (granting that showing fit is not the same as 
validation). 

Beyond these tests of model validity, the sensitivity analysis indi-
cated that the data themselves were the strongest driver of results, 
although the tails of the posterior predictive distributions show a 
slightly higher influence by the priors. In general, while the Bayesian 
approach enables draws of a wide range of credible braking patterns 
based on a small-sample experiment, draws from the extremes of the 
posterior should be viewed with caution. Like all forms of extrapolation 
from small samples, extremes are much more dependent on model as-
sumptions than are values closer to the center of the distribution. Thus, if 
this approach were used to generate unusual braking patterns (e.g. for 
crash simulations), sensitivity analysis, some external source of crash- 
related braking maneuvers for validation and general caution in reli-
ance on extreme draws would be crucial. 

A benefit of the implemented hierarchical models is that they can be 
used to generate synthetic braking profiles that, if demographic vari-
ables are included, could be tuned to different populations of drivers. In 
our case, we did not include demographics, but the hierarchical com-
ponents allow us to draw examples of drivers who exhibit different (but 
plausible) braking behavior than the ones tested. If a larger data set is 
available, there is also the possibility to include more parameters in the 
modelling, extending the capabilities of the methodology. 

Fig. 18. Density of endpoint-related coefficient values in posterior predictive draws with high-variance and low-variance prior conditions overlaid. (Sx: travelled 
distance from trigger point, at start of braking; Sy: speed at start of braking; Tx: total distance travelled during braking maneuver; Ty: total speed reduction during 
braking maneuver). 

Fig. 19. Distribution of maximum deceleration for posterior predictive distri-
butions with high and low variance prior conditions overlaid. 
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The applications of the methodology for research on traffic safety are 
multiple. For the scenario described in this paper, the model of decel-
eration can be used in the design of future active systems that aim to 
prevent a collision with a cyclist, during the right-turn maneuver (e.g. 
Right turn assist with emergency braking or Blind Spot Information 
System combined with Automatic Emergency Braking). The results of 
our analysis (e.g., Fig. 17) can be fed into active safety systems as an 
input and be used by the systems to assess whether a driver has adapted 
their speed to the presence of a cyclist who is approaching the same 
intersection. The modeled speed profiles generated by the Bayesian 
methods allow to distinguish between two different strategies when 
approaching an intersection: the speed profile of the first “prototypical” 
driver type (blue curves in Fig. 17) is purely imposed by vehicle dy-
namics constraints, while the speed profile of the second “prototypical” 
driver type (red curves in Fig. 17) is also dictated by the possible risk to 
enter into a conflict with the crossing cyclist. Future generations of 
active safety systems for trucks could use the speed signal and perform a 
real-time comparison with the speed profiles of the “prototypical” 
drivers, to determine the type of deceleration initiated by the driver (e. 
g., deceleration that appears to be driven only by vehicle dynamics 
constraints or deceleration that is likely to be driven by both vehicle 
dynamics constraints and possible risk of collision with cyclist). 
Together with other information acquired from sensors (e.g. presence of 
cyclist), the real-time comparison of speed profiles can be included in 
the algorithm of the active safety systems, to determine the most 
appropriate timing for a warning or an intervention. 

The models of speed profiles resulting from this paper also have an 
application for automated vehicles, by describing the comfortable 
deceleration patterns of the two “prototypical” drivers for the specific 
right-turn scenario. Previous research showed that the speed during 
automated driving is considered appropriate by drivers when it mimics 
the speed maintained by humans in the same maneuver (Abe et al., 
2018). Future automated vehicles will have access to detailed infor-
mation from the driving environment, including the presence of a cyclist 
and the distance to the intersection. They could therefore choose the 
driving speed using this information and the models of speed profiles 
presented in this paper and in future research for additional scenarios. 

A methodological benefit of the approach presented in this paper is 
that additional data collected from other sources (e.g. other experiments 
on test tracks or Naturalistic Driving Studies) can be used to update the 
model (see also Kovaceva et al., 2020a) as long as the driving scenario is 
comparable to the one modeled. 

In conclusion, this paper proposes a new methodology based on a 
Bayesian approach to make use of small data samples. Following the 
approach of synthetic populations, the sample data is used to estimate 
population behavior through Bayesian Functional Data Analysis, mak-
ing better data available at less cost. The methodology and its specific 
results presented in this paper have wide applications, both in the design 
of active safety systems as well as the design of autonomous vehicles. 
Future research will focus on linking up behavior in different contexts 
such as naturalistic driving data or simulator studies and extending 

application of the methodology to other scenarios and contexts, e.g. to 
EuroNCAP use cases. With EuroNCAPs strategy to include virtual as-
sessments (EuroNCAP, 2017), the methodology itself as well as the re-
sults can provide valuable input to the driver behavior models and 
assessment tools used. 
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Appendix A 
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Function used for modelling speed (y), based on start of braking (Sx,Sy), end of braking (Ex,Ey) and shape of the braking curve (d2,d3) 
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