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1. Introduction

This article is a culmination of a series of articles begun in [7] and continued in [8] in
which we extend the diffraction theory of uniform regular model sets in abelian groups
to the wide setting of proper homogeneous metric spaces. In [7] we introduced regular
model sets in a general locally compact second countable (lesc) group G, and with every
such model set A we associated a dynamical system (25 over G, the hull of A. We then
established unique ergodicity of this system and deduced that certain sampling limits
over A~'A converge to a positive-definite Radon measure s on G, the auto-correlation
measure of A. In [8] we generalized these results to (weighted) regular model sets in
proper homogeneous metric spaces X. If G denotes the isometry group of X and K is
one of its point stabilizers, then the auto-correlation measure of such a weighted regular
model set can be seen as a positive-definite Radon measure on K\G/K. The current
article is concerned with certain Fourier transforms of these measures, which we call
spherical diffraction measures in analogy with the abelian case.

In the classical case, where G is abelian and K = {e} is the trivial subgroup, the auto-
correlation measure 17, admits a Fourier transform 7, which is a Radon measure on the
Pontryagin dual G of G. Due to its physical interpretation [14,18], this measure is called
the diffraction measure of A. A particular focus is on situations where this measure
is pure point, see e.g. [27,26,3,2]. It is one of the cornerstones of the theory of quasi-
crystallographic diffraction theory that if A is a uniform regular model set in a locally
compact abelian group, then the diffraction measure 7, is pure point. More precisely, if
A arises from an abelian cut-and-project scheme (G, H,T') with window W C H, then it
follows from work of Meyer [22,23] that

=Y, [Mw(&) -,

(£1,62)el+

where T+ CAT' x H denotes the dual lattice of T. This amounts to an exotic Poisson
summation formula of the form

im ——— S S fy-a = S [Aw@P fl@), (fecx@)),

n—oo M, B
G( n) z€EANB,, yeA (&1,62)el+

where mg denotes Haar measure of G and (B,,) is a suitable Falner sequence of balls in
G. Our ultimate goal here is to derive similar exotic summation formulas in more general
situations. While we can establish pure point diffraction in large generality, computing
the diffraction coefficients explicitly will only be possible in special situations, most
notably for Heisenberg groups.

One problem in generalizing Meyer’s theorem beyond the abelian case is that one needs
a suitable notion of Fourier transform for functions on K\G/K. In [8] we considered in
some details the case of the hyperbolic plane H2. In particular, we explained how the
auto-correlation measure of a weighted regular model set A in H? can be identified with
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an evenly positive-definite distribution £y on the real line. Due to exponential volume
growth of the hyperbolic plane, the distribution £, is non-tempered, and hence instead
of its Fourier transform one should consider its complex Fourier transform or Mellin
transform. Recall that the Mellin transform of a function ¢ € C°(R) is given by

Me(z) := /go(t)etz/2 dt (z€C).
R

By a theorem of Gelfand—Vilenkin and Krein [16, Thm. I1.6.5], for every evenly positive-
definite distribution & there exists a measure pe € M+ (C) with supp(ue) C R UR such
that

§(p) = peMp) (¢ € CF(R)ey),

and we call such a measure a Mellin transform of £&. We are going to establish the following
hyperbolic analogue of pure point diffraction in Theorem 6.5 below:

Theorem 1.1 (Pure point diffraction, hyperbolic case). Assume that A is a weighted uni-
form regular model set in H?. Then its auto-correlation distribution Ex has a pure point
Mellin transform supported on [—1,1]UiR. O

The general context in which such theorems can be established is that of spherical
harmonic analysis. We will briefly explain the general formalism and then focus on the
case of the Heisenberg group, in which much more precise results (in particular concerning
the diffraction coefficients) can be established.

From now on let G be a lcsc group, let K < G be a compact subgroup and X =
K\G. Then (G,K) is called a Gelfand pair and X is called a commutative space if
the convolution subalgebra C.(G, K) C C.(G) of bi-K-invariant functions, the so-called
Hecke algebra, is commutative. For example, the hyperbolic plane is a commutative space
with G = SLa(R) and K = SO2(R). Further examples of commutative spaces include
Riemannian symmetric spaces, regular trees (and more generally, Bruhat-Tits buildings)
and (generalized) Heisenberg groups.

With any Gelfand pair (G, K) one associates a spherical Fourier transform as follows.
Denote by .1 (G, K) the set of positive-definite spherical functions, i.e. matrix coeffi-
cients of irreducible unitary G-representations with respect to a K-invariant vector. Such
functions are bounded, and with the restriction of the weak-*-topology from L*°(G) the
space .1 (G, K) is a locally compact space. (In the case of the hyperbolic plane it is
homeomorphic ([—1,1] UiR)/{£1}.) We then define the spherical Fourier transform of
(G,K) by

F 1 LNG,K) — Co(F (G, K)), frs fo where f(w) i / F@)a(@) dme(x).
G
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We say that a Radon measure 1 on .+ (G, K) is a spherical Fourier transform of a
Radon measure n on K\G/K if for every h € span{f x ¢* | f,g € C.(G,K)} we have
h e LY (T (G, K),7n) and

Using a classical theorem of Godement [17] concerning the existence and uniqueness of
such spherical Fourier transforms we establish (for the definition of a weighted (regular)
model set, we refer the reader to Section 2.4 in [8]):

Proposition 1.2 (Ezistence of spherical diffraction). If A is a weighted reqular model set
in a commutative space X, then the corresponding autocorrelation measure Ny admits a
unique spherical Fourier transform ny.

We refer to the Radon measure 7jy on (G, K) as the spherical diffraction of A. In
the case of the hyperbolic plane this spherical diffraction is precisely the Mellin transform
of the auto-correlation distribution.

Remark 1.3. As we will see below, the notion of spherical diffraction can actually be
defined in a much wider context. If A is an arbitrary (weighted) locally finite subset of a
commutative space X, then the hull dynamical system Q4 can still be defined, cf. [8]. If A
has finite local complezity (FLC) (which as of the definition provided in [8, Remark 2.11]
means that A is the projection of an FLC set A’ in G, i.e. A’(A")~! is locally finite
in G), then with every G-invariant probability measure v on Q5 := Qu \ {0} one can
associate an autocorrelation measure 7,, which is a Radon measure on X. This measure
then admits a unique spherical Fourier transform 7, called the spherical diffraction of
A with respect to v. If A is a regular model set, then there is a unique such measure v
and we have N5 = 7),. Even more generally, one can replace the weighted FLC set A by
an arbitrary translation bounded measure on X. This is the general setting in which we
will work in the present article, and we refer the reader to [8] for details concerning this
setting.

Unlike the situation of abelian groups, it is not true that the spherical diffraction of
a regular model set in a commutative space is pure point. In fact, this property depends
on the model set being uniform, a property which holds automatically for model sets in
abelian groups (and, more generally, for approximate lattices in nilpotent groups [6]).

Theorem 1.4 (Pure point spherical diffraction). Let A be a regular model set in a com-
mutative space X. If A is uniform (i.e. the underlying lattice is cocompact), then A has
pure point spherical diffraction. O

If A is a uniform regular model set in X = K\G, associated with a cut-and-project
scheme (G, H,T), then we can find a countable subset C C .7 (G, K) such that
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A = Z c(x) - Og.

zeC

In fact, the set C' is simply the spherical automorphic spectrum of T', i.e. the set of
matrix coefficients associated with those irreducible subrepresentations of the G-action
on L?((G x H)/T) which contain a K-invariant vector. In the classical case, where G is
abelian and K is trivial, this set will always be a dense subset of .1 (G, K) = @, but in
our more general setting, new phenomena arise. For example, if A is a uniform weighted
regular model set in the hyperbolic plane whose underlying lattice has a strong spectral
gap, then 7, has an isolated atom at the constant function 1.

While it is easy to describe the support of the spherical diffraction measure abstractly,
it is often impossible to compute it explicitly. Similarly, while we have an abstract de-
scription of the diffraction coefficients in terms of the so-called shadow transform of the
characteristic function of the window, for general commutative spaces there is no hope
to compute these coefficients explicitly. A notable exception is given by Gelfand pairs
(G, K), for which the group G is virtually nilpotent, hence we will focus on this case for
the remainder of this introduction.

The easiest case beyond the abelian case considered by Meyer is that of the Euclidean
motion group G = R™ x O(n) and its maximal compact subgroup K = O(n). In this
case, X = K\G is Euclidean n-space, and the corresponding spherical diffraction is the
“powder diffraction” considered already more than a decade ago in [1]. In this case we
have . (G, K) = {wy | K > 0} = R>(, where w, is a certain Bessel function, and if A
is a weighted regular model set in X which arises from an irreducible A C R™ x R™ and
window W C R™, then its diffraction is given by the formula

M = Yo Rw(oa)l? b,

(o1,02)€AL

The easiest non-virtually abelian case is that of Heisenberg motion groups, and here
the diffraction formula and in particular the diffraction coefficients take already a much
more involved form. To describe our results, we introduce the following notation:

o For d € N we abbreviate V; := C¢ and define
1
Ba:VaxVy—=R, Balu,v)= —§Im<u,v>.

Then the (2d + 1)-dimensional Heisenberg group is Ny := R &g, Vg

e The group Ky := U(1)% acts on Vj preserving (4, and hence acts on Ny by au-
tomorphisms. The group G4 := Ky x Ny is called a minimal Heisenberg motion
group. Bi-Ky-invariant functions on Gy correspond to polyradial functions on the
Heisenberg group Ny.

e The space of positive-definite spherical functions decomposes into two disjoint parts
as
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I Gq, Kq) = {wro | T€R\ {0}, € Nd} Udwos | K € R‘éo},

where we use the symbol U for disjoint unions. The horizontal part {wo . | © € R%,}

consists of products of Bessel functions in complete analogy to the virtually abelian
case.

o The vertical part {w,, | 7 € R\ {0},a € N?} of .#*(Gy, K4) has no counter-
part in the virtually abelian theory and is given by matrix coefficients of (infinite-
dimensional) Schrédinger representations, which can be expressed in terms of the
Laguerre polynomials L of degree k and type 0 as given by

d\Fk
Li(t) = e*t(ﬁ) (e'th), for k € N.

Explicitly,
, d
Wralk, t,v) = eiTt. gr.a(v), where g¢;q(v)= e~ ITIvIE/4 H Laj(|7'||vj|2/2).
j=1

We now fix di,dy € N. We are going to construct a model set in Ny, = K4, \Gg, as
follows:

e Let G :=Gq, and H := Ng, so that
Gx H= Kd1 X (RQ DPs Vd1+d2)~

o We choose lattices A < V,; and = < R? such that A projects densely and injectively
onto Vy, and Vy,, = projects densely and injectively onto both coordinates and such
that B4(A, A) C Z. We then obtain a lattice

Ii={((e, (§1,61), (§2,02)) € G x H | (§1,&2) € B, (01,02) € A} <G x H.
For example, for d; = dy = 1 we could choose
A= {(a+bV2+ic+idv2,a —bV2 +ic—idV2) | a,bc,d € Z} < C?
and
Z:={(a+bv2,a—bV2) |a,be Z} < R2

For larger d, we could take products of such lattices or arithmetic lattices associated
with higher degree number fields.
e Given a;,b; € R, 0 < j < d, we define

I:=[ap,bp] and W,:={z¢€ cd | 125 € [aj,b;]}
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Since I is countable we may choose these parameters in such a way that W := I x W,
does not intersect the projection of I' to H. We then obtain a uniform regular model
set

A = projg (DN (G x W)) < G,
and an associated uniform regular model set A in the Heisenberg group K4, \G = Ny, .

With this notation understood we derive in Theorem 5.17 below the following explicit
formula for the spherical diffraction of A:

Theorem 1.5 (Polyradial diffraction in Heisenberg groups). The diffraction measure m
of the regular model set A is given by the formula

7/7\A = Z Chor(o-2) : 5w0‘|,,1‘

(01,02)€AL

+ Z Z Cvert (@, B, T1, T2, A) = 0w, s

(T1,72)€E+ (a,B)EN41Td2
T17#07#T2

where the horizontal and vertical diffraction coefficients are respectively given by

chor(02) = [mr(D)? - [Tw, (02)]?
and
Cvert(Q, 3,71, T2, A)
_ % AT ()2 - (L, G )2 (61%€Aqﬁ,awl)qw((sz). .

Note that the horizontal part is in complete analogy with the virtual abelian case,
whereas the vertical part (corresponding to infinite-dimensional representations) has no
counterpart in the classical theory. The diffraction formula can be interpreted as an
exotic Poisson summation formula for polyradial functions on the Heisenberg group in
the following way: If f € C.(Ny, )% is a polyradial continuous function with compact
support on Ny, and B, are balls in N4, with respect to the Cygan-Kordnyi norm (see
[10,19]), then

lim ————— Z Yoray) = > ime(D)P A, (02) F(wo o)

n—oo m
Na, reAmB yeA (01,00)€AL

71| 7o | %2 =~ -~
3 D '(er)%q (617, (02) 11 (72) P1 (11w, 4o 8} 2 Fleors )-

(11,72) EEL (o, B) €N T2 (61,62) €A
T1#0F#T2
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This article is organized as follows. In Section 2 we recall basic facts concerning spher-
ical harmonic analysis. In particular, we describe in Theorem 2.21(a relative version) of
the classical Godement-Plancherel theorem. An elementary proof (modulo the spherical
Bochner theorem) is included in Appendix A. In Section 3 this theorem is used to de-
fine spherical diffraction measures in a rather general context. Section 4 establishes pure
point spherical diffraction for uniform regular (weighted) model sets as stated in The-
orem 1.4. We also give a general formula for the diffraction coefficients in terms of the
so-called shadow transform in Theorem 4.8. The remainder of the article is devoted to
examples. In Section 5 we explicitly compute the spherical diffraction for regular model
sets in Heisenberg groups as of Theorem 1.5, using certain estimates concerning Laguerre
polynomials from Appendix B. In Section 6 we explain why the spherical diffraction of
regular model sets in the hyperbolic plane can be identified with the Mellin transform
of the underlying auto-correlation distribution and deduce Theorem 1.1.

Acknowledgments
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Karlsruhe for providing financial support as well as excellent working conditions during
out mutual visits. M.B. was partially supported by Langmanska kulturfonden BA19-1702
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2. Preliminaries on Gelfand pairs

In this section we set up our notation and recall some basic results concerning Gelfand
pairs. Most of the material of this subsection is fairly standard and can be found in
[29,12,13,15].

2.1. Notational conventions

Throughout this article, G will always denote a unimodular lcsc group and K < G
will always denote a compact subgroup. We fix a choice of Haar measure mg on G and
denote by myg the Haar probability measure on K. We also denote by

kp:G— K\G, px:G—G/K and gpk:G— K\G/K

the canonical projections. Starting from Subsection 2.4 we will always assume that (G, K)
is moreover a Gelfand pair (cf. Definition 2.11). Our notation follows [8], in particular
we make the following conventions:

Remark 2.1 (Notations concerning function spaces). If X is a lesc space, then we denote
by C.(X), Co(X) and Cp(X) the function spaces of complex-valued compactly supported
continuous functions, continuous functions vanishing at infinity and continuous bounded
functions respectively.
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If (X,v) is a measure space and f,g € L?(X,v), then we denote by
(o) = Frg)oxa = [ £
X

the L2-inner product. Following [8], but contrary to the convention in [7], we will choose
all our inner products to be anti-linear in the second variable.

Given a function f : G — C we denote by f, f and f* respectively the functions on
G given by

fl9) = flg9), flg):=Fflg™") and f*(g):=f(g7 D).

Remark 2.2 (Notations concerning measures). We denote by M (X) the Banach space
of complex Radon measure on X. We write M(X) for the subspace of finite complex
measures (i.e. p with |p|(X) < 0o), M (X) for the subset of (positive) Radon measures
and Mb+ (X) for the space of bounded Radon measures on X. Finally we denote by
Prob(X) C M,"(X) the space of probability measures on X. We identify p € M(X) with
the corresponding linear functional on C.(X) and write u(f) := [y fdp for f € Co(X).

The group G acts on functions on G by L, f(x) := f(¢~ ') and R, f(z) := f(zg), and
dually on measures.

Remark 2.3 (Notations concerning convolution algebras). M,(G) and L*(G) are Banach-
x-algebras under convolution. We denote by My (G, K) C My(G) and L'(G, K) C L*(G)
the Banach-x-subalgebras consisting of measures and function classes which are bi-K-
invariant. The spaces M (G, K), C(G,K), LP(G,K) etc. are defined similarly. The -
subalgebra C.(G, K) is called the Hecke algebra and plays a central role in the current
article. Averaging over K x K defines canonical retractions My(G) — M(G, K), L*(G) —
LY G, K), C.(G) — C.(G, K) etc. We denote these by u + puf (in case of measures) or
f > f* (in case of functions).

Remark 2.4 (Actions of convolution algebras). If w# : G — (V) is a unitary rep-

resentation of G, then we denote by the same latter the associated *-representation
7 LYG) — B(V) as given by

7(f)(u) = / Fg)m(g)udmel(g).
G

For the left- and right-regular representations 7, 7g : G — % (L*(G)), we then have [8,
Remark A.3]

mo(f)(w) = fxu and 7r(f)u=uxf. (2.1)
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Remark 2.5 (Canonical identifications). Pullback induces bijections gp* : C.(K\G) —
Co(GYF ) and gpi : Co(K\G/K) — C.(G, K), and we denote their inverses by f +  f
and f — g fx respectively. Thus for all g € G, h € C.(G)*¥) and f € C.(G,K) we
have

kh(Kg) =h(g) and gfx(KgK)= f(g).

We use the same notation also for other classes of left-, respectively bi-K-invariant
functions. The isomorphism gp}; : C.(K\G/K) — C.(G,K) can be used to induce
a convolution structure on C.(K\G/K). For a more explicit description of this convolu-
tion structure see Definition A.9 in [8].

Remark 2.6 (Convenient approzimate identities). As pointed out in [8, Remark A.12],
there exist functions p,, € C.(G) with the following properties:

e pn >0, P8 = pn, fG pndmg = 1 and all of the functions are supported inside a
common pre-compact identity neighbourhood.

e For every 1 <p < oo and f € LP(G) we have p, * f — f and f *p, — f in LP. For
f € C.(G) these convergences hold uniformly, and for f € C(G) they hold uniformly
on compacta, in particular pointwise.

« If we set p, := pf, then we have convergence p, * f — f* and f * p, — f* in the
same sense.

We fix such functions once and for all and refer to (p,,) and (p,) as convenient approxi-
mate identities in C.(G), respectively C.(G, K).

2.2. Functions and measures of positive type

The terminology concerning positive-definite functions varies in the literature. We will
use the following:

Definition 2.7. Let G be a lcsc group.

(1) A function ¢ : G — C is called positive-definite if for all A,..., A, € C and
T1,...,Tn € G,

(2) A function class ¢ € L°°(G) is called of positive type if for all f € L'(G),

/ (f * ) (9)e(g)dme(g) = / / F(9) T p(gh™)dma(g)dme () = 0.
G G

G
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With this terminology the following hold ([15, Sec. 3.3]): Firstly, every function class
of positive type has a (unique) continuous representative, which we refer to as a function
of positive type. Thus, by our convention, functions of positive type are continuous.
Secondly, for continuous functions being positive-definite and being of positive type is
equivalent. More precisely:

Lemma 2.8 (Characterizations of functions of positive type). Let ¢ € C(G). Then the
following are equivalent:

(i) ¢
(11) @ is of posz’tive type.
i) Jo(f = £)(9)e(g)dme(g) = 0 for all f € Ce(G).
)
u

is positive-definite.

(iii
There exists a unitary representation © of G with cyclic vector u such that ¢(g) =

(

(iv
,m(g)u).

In this case, the pair (m,u) is unique up to isomorphism, and ¢ satisfies
lelloo = llull®* = ¢(e) 20 and ¢*=¢. O

In the sequel we denote by P(G) C C(G) the set of continuous positive-definite
functions (equivalently, functions of positive type) on G. We also denote by P(G, K) :=
P(G)NC(G, K) the subset of bi- K-invariant continuous positive-definite functions. From
the existence of convenient approximate identities in C.(G, K) one deduces:

Lemma 2.9.
(i) For every f € C.(G, K) we have [ * f* € P(G,K)NC.(G,K).
(ii) The span of {fxf*| f € C.(G, K)} is dense in C.(G, K) with respect to the topology
of uniform convergence on compacta.

In particular, P(G,K) N C.(G, K) span a dense subspace of C.(G, K).

Proof. (i) For all z1,...,z, € G and A1,..., A\, € C we have

Z)‘Z)‘_J(f* f*)(xlx;l) = Z)\ Aj /f (xjx; y)dmg(y)

2%

/ D Aif i) D Nif(@jy)dma(y) = 0.
G J

(ii) The span contains all elements of the form fxg* with f,g € C.(G, K) by polarization.
Choosing a convenient approximate identity for g then yields the claim. 0O
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The third characterization of Lemma 2.8 motivates the following definition:

Definition 2.10. A complex measure u € M(G) is of positive type if p(f * f*) > 0 for all

feC(a).
A complex measure p € M (G, K) is of positive type relative K if p(f * f*) > 0 for all

feC.(G,K).

Note that if 4 € M(G) is of positive type in the sense of Definition 2.10, then uf €
M (G, K) is of positive type relative to K (for any choice of K).

2.8. Gelfand pairs and commutative spaces

Under our standing assumptions that G is a unimodular lesc group and K < G is a
compact subgroup, the following properties of the pair (G, K) are equivalent (see e.g.
[29, Thm. 9.8.1]); here for a unitary G-representation (V, ) we denote by VX < V the
subspace of K-invariant vectors.

( ) The Hecke algebra C.(G, K) is commutative.

(Gel2) The algebra L!(G, K) is commutative.

(Gel3) The algebra M,(G, K) is commutative.

(Gel4) The G-representation L?(K\G) is multiplicity free.

(Gel5) dim VE <1 for every irreducible unitary G-representation (V, ).

Definition 2.11. The pair (G, K) is called a Gelfand pair if it satisfies the equivalent

properties (Gell)—(Gel5) above. In this case, the corresponding proper homogeneous
space K\G is called a commutative space.

2.4. Positive-definite spherical functions and the spherical Fourier transform

From now on (G, K) denotes a Gelfand pair.
Proposition 2.12. Let w € C(G, K). Then the following are equivalent:

(S1) The associated Radon measure my, defined by
ma(f) = [ f@) dma() = (Fxw)(e) (f € C(G)
G

restricts to a character of C.(G,K), i.e. my,(fg) = my,(f)mw(g) for all f,g €
C.(G,K).
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(S2) w is not the constant 0 function and satisfies the functional equation

/w(mky)de(k) =w(@)w(y) (z,y€ G, keK). (2.2)

(S3) w(e) =1 and w is a joint eigenfunction for the Hecke algebra, i.e. for every f €
C.(G, K) there exists A\, (f) € C such that f+w = A\, (f)w.

(S4) w(e) = 1 and for every f € C.(G,K) we have f xw = ]?(w) - w, where f(w) =
(f xw)(e).

Proof. See [12, Prop. 6.1.5 and 6.1.6] and [29, Thm. 8.2.6]. O

Definition 2.13. A function w € C(G, K) satisfying the equivalent conditions (S1)-(S4)
above is called a (G, K)-spherical function. We denote by #(G, K) the set of spherical
functions.

If f € C.(G, K), then we define the spherical transform of f as the function
S1:(G.K) > €, S@)i= [ fgkolg™dmelg) = (7 +w)(e)
G

We will consider the restrictions of this transform to the subsets #*(G,K) C
(G, K) C (G, K) of positive-definite, respective bounded spherical functions.

Remark 2.14 (Topologies on % (G, K) and .7 (G, K)). The space % (G, K) carries a
natural locally compact Hausdorff topology which can be described in several ways:

(i) For every w € #,(G, K) the functional m,, extends to a continuous linear functional
on L}(G, K), and this defines a bijection between .7, (G, K) and the Gelfand spec-
trum of L'(G, K). Via this identification we obtain a locally compact topology on
(G K).

(ii) The same topology can be described more explicitly as the restriction of the weak-#-
topology on L*(G) to the subset .7, (G, K), see [12, Sec. 6.4]. Since C.(G) C LY(G)
is dense we thus have w,, — w in %} (G, K) if and only if

/ £ (@) () dme(z) / f(@)w(@) dma(z) (f € Ca(C)).
G G

In the sequel we will always equip .4(G, K) with this locally compact topology. The
subspace .77 (G, K) C .%(G, K) turns out to be closed, hence inherits a locally compact
topology by [29, Prop. 9.2.9].
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Under the above identification of .%,(G, K) with the Gelfand spectrum of L'(G, K),
the Gelfand transform Tpiq ry @ LYG,K) = Co(#(G, K)) of the Banach algebra
LY(G, K) is given as follows: For f € C.(G, K) we have

L) (f) = Sflac K,
and this extends to L' (G, K). Restricting further to . (G, K) we obtain the following:

Definition 2.15. The spherical Fourier transform of the Gelfand pair (G, K) is the trans-

form
F . Ll(G,K> — Co(y+(G,K)), f — f:: FLl(G,K)<f)|Y+(G,K)~

Since by Lemma 2.8 any w € .7 (G, K) satisfies w = w*, we have the explicit formula

/f o(@) dma(z) = (f *w)(e) = (f,w) (f € LX(G, K),w € 7+ (G, K))).

We record for later use the formula

=

/ F(@)2@) dma(z) = F(@) (2.4)

\I)

If G is abelian and K = {e}, then the positive-definite spherical functions are precisely
the characters of G and hence the spherical Fourier transform of (G, {e}) coincides with
the classical Fourier transform of G. In this case we have for all w € .7 (G, {e}) the
formula L/m\f (w) = fA(w) -w(z) and @ (w) = f(w) -w(x). This generalizes as follows:

Lemma 2.16 (Spherical Fourier transform and translations). Let f € C.(G,K) and de-
note LA f := L,(f)* € Co(G, K) and RLf := R,(f)* € C(G, K). Then

—
o~ ~

LEf(w) = flw)-w(z) and Rif(w) = flw)-wle). (2.5)

Proof. By the functional equation (S2), cf. equality (2.2), we have

L) = [ [ 56 gty dmac(h) dmo(y)

= [ [ Hety a0 dmac () dime)
G K
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/f wly~1z) dma(y /fk ) [ @y ke) dmuc(k) dma(y)

K

- / f@wy e@dnely) = Fw) - w).
G

The computation for the right-translation action is similar. 0O
2.5. Spherical representations and matriz coefficients

Definition 2.17. A unitary representation my : G — % (W) of G is called K -spherical if
the subspace WX of K-invariants is non-trivial.

If (V,7y) an irreducible unitary G-representation, then by characterization (Gel5) of
a Gelfand pair (V,my) is K-spherical if and only if dim V& = 1. In this case the matrix
coefficient

wy :G—=C, wy(g):=(v,mv(g).v) (2.6)

is independent of the unit vector v € VE used to define it, and we refer to wy simply
as the spherical matriz coefficient of V. According to [29, Thm. 8.4.8] the assignment
(V,my) — wy induces a bijection between the set of unitary equivalence classes of irre-
ducible spherical representations and the set .1 (G, K) of all positive-definite spherical
functions.

If (W, 7y ) is a spherical representation and w € . (G, K), then we denote by W,,
the (V, my)-isotypical component of W, where (V, 7y ) is an irreducible spherical repre-
sentation with wy = w. By definition, W, is the unique maximal subspace of W which
is isomorphic to a direct sum of copies of (V, 7wy ).

Recall that if (W, 7w ) is any unitary representation of G, then it induces a *-
representation (denoted by the same letter)

rw : LNG) = BOW),  mw(f)(w) = / F(g)mw (9)w dm (g),

and 7w (L*(G)) preserves irreducible subspaces of W. Moreover, the subalgebra
mw (LY(G, K)) maps W onto the subspace WX, and hence preserves the latter. The
action of the subalgebra my (C.(G, K)) on this subspace is given by the spherical Fourier
transform in the following sense; here given w € . (G, K) we denote WX := W, nWX.

Lemma 2.18 (Action of the Hecke algebra on spherical representations). Let w €
SHG,K), f € C(G,K) andu € WE. Then

~

mw (flu = f(w)u.
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Proof. We start with some easy reductions: Firstly, we may assume that u is a unit
vector. Secondly, it suffices to prove the claim in the case where W = W, = @, (V, 7y ).
Finally, by considering the various components of u in this decomposition separately, one
may assume that W = V is irreducible. We then have dim¢c WX = 1, and since mw (f)u
is K-invariant there exists A € C such that 7wy (f)u = A - u. To determine A we compute

A=XMu,u) = (rw(flu,u) = </f(g)7rw(g)udmc(9),u>

f

G
/ (@) mw (g)u, uydme(g) = / £(9) s mw (g™ Yuhdma(g)
G G
/ (@elg dmale) = Flw).

G
This finishes the proof. O

2.6. The Godement-Plancherel theorem

The goal of this subsection is to explain how to extend the spherical Fourier transform
to certain classes of Radon measures.

Proposition 2.19. Let p € M(G) be a complex measure. Then for a complex measure i
on ST (G, K) the following three conditions are equivalent:

(God1) For every h € span{fg* | f,g € C.(G, K)} we have h € L'(ST(G, K), i) and

(God2) For every f € C.(G, K) we have fe L*(S (G, K), i) and
p(f * f*) = Hﬂ|2L2(y+(G,K),ﬁ) = (| f*).

(God3) For all f,g € Co(G, K) we have f,§ € L2(S (G, K),[i) and

W 0%) = (F 8 e .0 = / 77 dp.
(G, K)

Proof. (Godl) applied to f*f* yields (God2), (God2) implies (God3) by the polarization
identity, and (God3) implies (Godl) by plugging in a convenient approximate identity
as in Remark 2.6 for g. O
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Definition 2.20. A measure i satisfying the equivalent conditions of Proposition 2.19 is
called a spherical Fourier transform of pu.

Note that, by definition, the spherical Fourier transform (if it exists) only depends on
the restriction u|c, (k) of p to bi-K-invariant functions. We now discuss the existence
and uniqueness of spherical Fourier transforms. The following is the most general state-
ment that we will need in the current article; for this we recall from Definition 2.10 the
notion of a measure of positive type relative K.

Theorem 2.21 (Godement-Plancherel, relative version). If p € M(G, K) is of positive
type relative K, then p has a unique spherical Fourier transform fi, which is a positive
Radon measure. Moreover, u is uniquely determined by [i.

This is a slight generalization of a theorem from [17]. The original version is as follows:

Corollary 2.22 (Godement-Plancherel, absolute version). If n € M(Q) is of positive type,
then p has a unique spherical Fourier transform [i, which is a positive Radon measure.

Proof. If y is of positive type, then u* € M (G, K) is of positive type relative K, and we
have

.U‘CC(GJ() = /Lﬁ|C¢(G,K)-

Since the spherical Fourier transform of a measure only depends on its restriction to
C.(G, K), we have thus reduced to the relative case. O

Example. The measure p = §, € M(QG) is of positive type, and its Fourier transform
V(@ K) = O is called the Plancherel measure of the Gelfand pair (G, K). By (God2) we
have f € L?*(/ (G, K),v) for all f € C.(G), and

IF13 = 0e(f * ) = 1F 22+ () wierer)- (2.7)

We explain how Theorem 2.21 can be deduced from the classical spherical Bochner the-
orem in Appendix A. For a detailed account of Godement’s original proof see [11, Chapter
XV, Sec. 9]. As the name indicates, Corollary 2.22 implies the classical Plancherel theo-
rem for the Gelfand pair (G, K):

Corollary 2.23 (Spherical Plancherel theorem). If v denotes the Plancherel measure of the

Gelfand pair (G,K), then the map .Z : L*(G,K) N L*(G,K) — LQ(,S”‘(G,K),V(G’K)),
f— f extends continuously to an isometry

F12: L(G,K) = L*(S (G, K),v,K))-



18 M. Bjorklund et al. / Journal of Functional Analysis 281 (2021) 109265

Proof. It is immediate from (2.7) that .# extends to an isometric embedding .%#2. Since
F(C.(Q)) is dense in Co(L (G, K)), it is in particular dense in C.(#*(G, K)) and
LT (G, K), V(G,k)), hence the corollary follows. O

Note that if H < G is a closed subgroup, then Corollary 2.22 can also be applied to the
Haar measure my of H. This yields a spherical Plancherel theorem for the homogeneous
space G/H.

3. Spherical diffraction
3.1. General setting

Throughout this section, (G, K) denotes a Gelfand pair. From now on we reserve the
letter X to denote the associated commutative space X = K\G, on which G acts by
g.(Kh) :== Khg~!. There is a canonical measure my on X such that

fdme = f(kg)dmg (k) | dmx(Kg) (f € Cc(G)),
Jre{\]

and we denote by gmp : G — % (L*(X, mx)) the corresponding unitary representation.

In [8] we have introduced the notion of a translation-bounded measure g on X and
gave plenty of examples of such measures. Throughout this section we will assume that
1 is a translation bounded measure on X satisfying the following assumptions:

(H1) The punctured hull  := €, \ {0} is uniformly locally bounded.
(H2) There exists a G-invariant probability measure on €2}.

For the notion of uniform local boundedness used in the definition of (H1), see Section 3.3
in [8].

Example. It was established in [8] that Condition (H1) is satisfied if A is a subset of G
of so-called “finite local complexity” and p = gp.da is the push-forward of the corre-
sponding Dirac comb to X.

On the contrary, the validity of the Condition (H2) depends on finer properties of
the set A. For example, if A is relatively dense and G is amenable, then Q7 admits
a G-invariant probability measure by general principles. In the non-amenable case, es-
tablishing the existence of an invariant measure is much more difficult. However, as
explained in [8], it follows from the results of [7] that if A is a regular model set in
G and p = gp.da, then there always exists a G-invariant probability measure on €2}
(irrespective of whether G is amenable or not), and this measure is even unique.
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From now on we fix a translation bounded measure p satisfying (H1) and (H2); we
also fix a G-invariant probability measure v on Q; Everything in the sequel will depend
on this choice of measure. Note however that in the case of weighted model sets the
invariant measure is unique.

Remark 3.1 (Notation concerning the Koopman representation). We will denote by ,
the unitary representation

™t G = UL, v)), m(ghu() = ulg; 1),
as well as the associated x-representation given by

™ s LYG) = BLA (1, v)), m(Fw)) = /f(g)U(gllu')dmc(g)-
G

If (V,my) is an irreducible spherical representation with spherical matrix coefficient w =
wy € S1(G, K), then we denote by

proj, : L*(05,v) — L*(0,v).,
the projection onto the corresponding isotypical component and set
L2(Q:,V)5 = L2(Q:,1/)K N L2(Q:,1/)w.
3.2. The periodization map

In [8] we defined a periodization map &, : C.(K\G/K) — Co(£);), and our standing
assumption (H1) implies that this map is actually continuous. With our current notation
we have

Pu(k )W) = 1 (i f) = / wf(@)dp'(z) (f € Co(G K), 1" € Q).

K\G

It is immediate from this explicit formula that &7, takes values in the subspace
CO(Q;)K of K-invariant functions. The goal of this subsection is to establish the follow-
ing projection formula:

Theorem 3.2 (Projection formula). For every w € (G, K) there exists a constant
¢y (w) > 0 such that for all f € C.(G, K),

Iproj, (Zu(ac f)) 32 g ) = (@) - [F(@)I?

Definition 3.3. The constants ¢, (w) are called the diffraction coefficients of v.
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The reason for this terminology will become apparent in Theorem 3.10 below.
The proof of the projection formula is based on the following lemma:

Lemma 3.4. For p, f € Co(G, K) we have 2, (k(p* f)i) = 7 (F)(Pu(rpi)).

Proof. For g € G and p' € Q) we have

70(9) P i) i) = Plicprc) (g7 1) = / xp(zg) i (x).
K\G

We thus obtain

T (P Puliepr) (W) =

Q\

F(9) / plag) dp (z) dma )
G

kTr(f (x)d (= )

Since 7r(f)(p) = p * f, the lemma follows. O
We will apply this as follows:

Corollary 3.5. For p, f € Ce(G, K) and u € L*(0,v)E we have

~

(Pulk(p* i) u) = [(@) {Pu(kpK),w).

Proof. Since 7, is a x-representation, Lemma 3.4 yields

(Purc(p* Hrcsw) = (m(H)(Pulicpr) ) = (Pulipr)smo () (w))
= (Zu(kpi); m (F)(w))-

By Lemma 2.18 and (2.4) we have

o (Fu=Tw)-u=F@) .

The corollary follows. 0O

We also need to use the properties of our convenient approximate identity (p,) as

discussed in Remark 2.6 in the following form:
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Lemma 3.6. For every f € C.(G,K), the sequence (p, * f) converges uniformly to f
in Ce(G,K) and the sequence (2, (k(pn * [)K) converges uniformly to Z,(k fr) in
Co(Q2);)-

Proof. Let U C G be a pre-compact set such that f and all of the functions f * p,, are
supported inside U. We then have the estimate

| Pk (f % pn) i) — Pu( fi)| = / x(f % pn — f)(x)di (z)

\G
< W (&kp(0)) - I * pn = flloo-

Now the first factor is bounded, since €, is uniformly locally bounded. Since f * p,, — f
uniformly on U, the lemma follows. O

Proof of Theorem 3.2. Let (uq)acs, be an orthonormal basis of L*(€%,v)5. Since

P,(k fx) is K-invariant, so is its projection onto L*(Q), ), and thus
191030 (P 5102z 1y = 3 Pl i) )
a€cl,

By Lemma 3.6 we have uniform convergence 2, (x (pn*f)x) = Pu(k fr), which implies
convergence in L2. We deduce that

: 2
Iproju (2, (s fi)I7 2 01 ) ; Jim (2 (x(pn * e ua)l.

By Corollary 3.5 we have for every a € I,

~

<'@H(K(pn * f>K7Ua> = (‘D) : <'@,u<KpK)aua>7

hence

Iproju (Pu(ic i)l g,y = F@)17 - D Tim [(Pu(xpx),ua)l.
a€l,

Since the second factor is independent of f, the theorem follows. 0O

The proof of Theorem 3.2 yields the formula
_ : 2
cv(w) = ; T}EI;OK@upmuaH )

for the diffraction coefficients, but this formula is hard to evaluate in praxis. We will
later find more explicit formulas in special cases.
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3.8. Auto-correlation measure and spherical diffraction

In [8] we defined the notion of an auto-correlation measure n € MT(K\G/K) as-
sociated with the invariant measure v on Q. Our standing assumption (H1) ensures
that this measure is well-defined, and it is uniquely determined by the fact that for all

f € C.(K\G/K) we have

In fact, to obtain a formula for n(f) we can polarize (3.1): Let p € C.(G,K) be our

convenient identity an define p! = g (pn)x € C.(K\G/K). Then f * (pi)* = f * pl

converges uniformly to f, and hence

n(f) = lim o(f = (p})*) = lim (2u(f), 2u(ph)) 1205 0

n—oo n—oo

Remark 3.7 (Construction of the diffraction measure). The auto-correlation measure 7
corresponds via the isomorphism M1 (G, K) = M+ (K\G/K) to a bi-K-invariant Radon
measure 77 on G. Explicitly, if f € C.(G), then

() = n(x ).

Note that for every f € C.(G, K) we have

T+ 1) = 12w frlla 1) = 05

i.e. 1€ MT(G, K) is of positive type relative K. By the Godement-Plancherel theorem
(Theorem 2.21) it thus admits a Fourier transform, which is a positive Radon measure on
S1(G, K). We denote this Fourier transform by 7, and observe that by Theorem 2.21,
77 and consequently 7 are uniquely determined by 7).

Definition 3.8. The measure 7 € M (1 (G, K)) is called the spherical diffraction mea-
sure of v.

In view of characterization (God2) of the Fourier transform of a measure, we have:

Proposition 3.9. The spherical diffraction measure 1 € M* (ST (G, K)) is uniquely de-
termined by the fact that for all f € C.(G, K) we have

2

AT = ) = 12 i) = [ | [ sf@ @] avta).

Q) K\G
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From the projection formula (Proposition 3.2) we obtain immediately the following
criterion for pure point spherical diffraction:

Theorem 3.10 (Complete reducibility implies pure point spherical diffraction). Assume
that (LQ(Q;, v),m,) is spherically completely reducible in the sense that

= ek
wes+(G,K)

Then the spherical diffraction measure 1) is given in terms of the diffraction coefficients
cy(w) as

n= Z ey (W) - 0.

weS+(G,K)

In particular, 0 is a pure point measure.

Remark 3.11. In the setting of abelian G (and trivial K), this theorem is well-known,
and can be significantly strengthened in different directions. For instance, Lenz and
Moody [21, Subsection 3.2] construct (for a general translation-bounded measure g,
as well as for arbitrary locally square-integrable point processes) a canonical map 6 :
L?(S (G, K),1) = L*(Q, v) such that for every ¢ € L*(#1(G, K),7),

/ F(9) (70 (9)0(2), 6(9)) 12 v 0y A 9) = / F(w) ()P difw),
G )

S+(G.K

for every f € C.(G, K). It is not difficult to prove that this provides a converse to Theo-
rem 3.10 (for abelian G and trivial K'), namely that purely atomic diffraction measures
must necessarily come from spherically completely reducible Koopman representations.
We do not know whether the map 6 can be constructed in our general setting, but we
plan to return to this question in future works.

Proof. Let f € C.(G,K) and recall that this implies that 2, (k fx) € L*(Q%,v)5. It

7

thus follows from Proposition 3.2 that

(I f1%)

1S gy = 5 Ir0iu(Pulic i) aar
weSt(G,K)

= Y aW-If@P
weS+(G,K)
This shows that the measures jand ¢ o+ (g, i) cv(w) -0 coincide on all functions of the

form |ﬂ2 with f € C.(G, K), and since these span a dense subspace of C.(.*(G, K)),
the theorem follows. 0O
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In particular, the theorem applies if LQ(QE ,v) is completely reducible as a unitary G-
represen-tation. We will see in the next subsection that this is the case if p is (the Dirac
comb) of a weighted uniform regular model set and v is the unique invariant measure on
its hull. For non-uniform model sets, the representation L2(Qlf ,v) will not be completely
reducible. In this case irreducible subrepresentations of Lz(Q;f ,v) will provide some pure
point spectrum, but there will also be continuous spectrum in the diffraction measure.

3.4. Pure point spherical diffraction for weighted uniform regular model sets

The goal of this subsection is to establish that weighted uniform model sets have pure
point spherical diffraction. Thus let A = A(G, H,I', W) be a uniform regular model set in
G and let 7, A be the associated weighted model set in K'\G. Recall from [8, Lemma 3.11]
that gp induces a continuous G-factor map

Ty © QA — Qﬂ'*A,

and that the unique G-invariant probability measure v on €2, is the push-forward under
m, of the unique G-invariant probability measure 7 on Q4. In particular, 7 induces an
embedding

T LQ(QW*A,U) — LQ(QA,/V\).

In order to show that the spherical diffraction measure n of v is pure point, it suffices to
show by Theorem 3.10 that L?(Q,, A, v) is completely reducible. This is established in
the following proposition.

Proposition 3.12 (Complete reducibility for weighted uniform regular model sets). The
representation L?(Qp, V) is completely reducible with countable multiplicities, and hence
the same holds for the subrepresentation L?(Qy, a,v).

Proof. We established in [7] that L?(2,,?) is isomorphic to the space L?(Y, my ), where
Y := T'\(G x H) and my denotes the unique (G x H)-invariant probability measure
on Y. Since T is cocompact in G x H, the (G x H)-representation L?(Y) is completely
reducible with finite multiplicities (see e.g. [29, Thm. 7.2.5]). Since (G, K) is a Gelfand
pair, the group G is of type I (see e.g. [9, Thm. 2.2]). Consequently, every irreducible
unitary representation (G x H)-representation is of the form V ® W where V is an
irreducible unitary G-representation, W is an irreducible unitary H-representation and
V B W is isomorphic to the completed tensor product of V and W with (G x H)-action
given by (g,h).(v @ w) = gv ® hw (see e.g. [15, Thm. 7.25]). In this situation, if (w;)ics
is a Hilbert space basis of W then, as G-representations,

i€l icl



M. Bjorklund et al. / Journal of Functional Analysis 281 (2021) 109265 25

Note that I is countable, since L?(Y) and hence W are separable. We deduce that,
as G-representations, each V X W and thus also L?(Y) are completely reducible with
countable multiplicities. O

At this point we have established Theorem 1.4. The remainder of this article is devoted
to a computation of the diffraction coefficients in various cases of interests.

4. Diffraction coefficients of weighted uniform regular model sets

Throughout this section A = A(G, H,T', W) denotes a uniform regular model set in
G (see (see [7, Def. 2.6])) constructed from a cut-and-project scheme (G, H,T') (see [7,
Def. 2.3]) with window W. We denote by v the unique G-invariant probability measure
on Q,p.s, and by n € MT(K\G/K) its auto-correlation measure. We have seen in the
previous section that the diffraction measure 7 € M (% (G, K)) is pure point. In this
section we consider the problem of determining its coefficients in terms of the underlying
lattice I' < G x H and window W C H.

4.1. The shadow transform

We denote by Y the homogeneous (G x H)-space Y := I'\(G x H) and by my the
unique (G x H)-invariant probability measure on Y. We denote by pmr the unitary
G-representation

rir G = U(L(Y,my)), (rmr(2)f)(T(g,h)) = f(F(gz, h))
as well as the corresponding *-representation rrg : L'(G) — B(L*(Y,my)). If (V,7v)
is an irreducible spherical representation with spherical matrix coefficient w = wy €
ST(G, K), then we denote by
proj,, : L2<Q:,V) — LQ(QZE,V%)
the projection onto the corresponding isotypical component and set
L2(Q;,V)f = LQ(Q§7I/)K NL* (V).
The countable subset
spec(ci) (1) = {w € 7 (C.K) | (@ v)o # {0))
of (G, K) is called the (G, K)-spherical automorphic spectrum of the lattice T

Remark 4.1 (Extending the periodization map to measurable functions). For M €
{G,H,G x H} denote by £>°(M) the space of bounded measurable functions on M
which vanish outside a compact set. We then have a periodization map
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P L2(Gx H) = L(Yomy), 2r(F)((z,y) =) Fly(z,y))
yel’

which extends the periodization map 1 : C.(G x H) — Cy(Y") considered earlier.
We are going to show:

Proposition 4.2 (Ezistence of the shadow transform). For every w € spec g k)(I') and
r € L>X(H) there exists an element S (r)(w) € L2(Y,my)E such that for all f €
Ce(G, K),

~

proj,(Zr(f ®@r)) = f(@) - Z1(r)(w).

Collecting the constants .71 (r)(w) from Proposition 4.2 we can define a linear map

yp : gCOO(H) — H Lz(Ya mY)UIJ(’ yF(T) = (yr(r)(w))wEspec(G’K)(F)-

wespec(g, k) (T)

Definition 4.3. The map ./t is called the shadow transform of the lattice T.

Corollary 4.4 (L?-norm of a periodization). For every f € C.(G,K) and r € £>(H)
we have

IZe(fonlz=" >  lproj,(Zr(f @r)l3

wespec (g, k) (T)

= Y F@PIAEWIE o

wespec (g, i) (T)

Corollary 4.5 (Kernel of the shadow transform). A function r € £>°(H) is contained in
the kernel of the shadow transform if and only if Pr(f ® r) = 0 almost everywhere for
all f € C.(G,K). O

The proof of Proposition 4.2 is in close analogy with the proof of the projection
formula. Lemma 3.4 and Corollary 3.5 translate into the current setting as follows:

Lemma 4.6. For p, f € C.(G,K) and r € £>°(H) we have

Zr((p* f)®@r) =rar(f)(Pr(p@r)).

Proof. By (2.1) we have p* f = mr(f)(p), and hence for all g € G and h € H we have

Zr((px f)or)(Tig.h) = Y 7D (ng)r(r:h)

(71,72)€T
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p(v197)r(y2h) dma(x)
(v1,72) EF

2)Zr(p @ r)(I(g2, h)) dme(z)

Q\ Q\

= rmr(F)(Zr(p© 1) (T (9, k),

where we can exchange sum and integral since the sum is actually finite. O

Corollary 4.7. For p,f € C.(G,K), r € £>*°(H) and u € LQ(Q;,V)UIJ( we have

o~

(Zr((px f)@r),u) = f(@) - (Pr(per),u)

Proof. Since 7, is a *-representation, Lemma 4.6 yields

(Zr((p* f)@r),u) = (cmr(H)(Pr(p@r),u) = (Pr(p@ 1), rrr(f)* (u)
= (Zr(p@r),rrr(f)(w).

By Lemma 2.18 and (2.4) we have

=)

rra(Fu = F(w) - u=

The corollary follows. O

Proof of Proposition 4.2. Let (uq)aecr, be an orthonormal basis of LQ(Qﬁ,V)UIf. Since
Pr(f ®r) is K-invariant, so is its projection onto L? (), V)w, and thus

proj,(Zr(f @r)) = Y (Pr(f @ 1), ua)a.

acl,

Now recall that our convenient approximate identify (p,,) has been chosen so that p,*f —
f converges uniformly. This in turn implies that Zr((p, * f)®7r) = Pr(f®r) uniformly,
and hence in L?. We deduce with Corollary 4.7 that

proj, (Zr(f @) = 3 lm (ZPr((pn* ) ©7), e

acl,

Z nlggo A @I‘(pn ) ua>ua

acl,

—f Z hm ({Pr(pn ®T), Un)Uq.

acl,

Since the second factor is independent of f, the proposition follows. O
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4.2. The diffraction formula

Recall from Theorem 3.10 that the diffraction measure 7j of the unique G-invariant
measure v on {1, is of the form

= > cw) b

weF+(G,K)

We can now express the diffraction coefficients ¢(w) in terms of the shadow transform of
the underlying lattice I' and the characteristic function 1y of the underlying window:

Theorem 4.8 (Diffraction formula for weighted model sets). The diffraction measure is
given by the formula

i= Y I Qw)) - s

wespec g, i) (T)
Thus c(w) = ||.7r (1w ) (w)|]? if w € spec(q i) (I') and c(w) = 0 otherwise.

Proof. By [8, Corollary 4.18] we have for every f € C.(G, K)

—

N(£12) = nlx fx * (e fx)*) = [ 20(F © W)z 0\ (a2 -

Combining this with Corollary 4.4 we obtain

A= Y F@PISAAw) W)

wespec(g, k) (')

SN 1AW b | (7).

wespec g, k) (T)
The theorem follows. O

In practice, the diffraction coefficients c(w) = || (1w )(w)]|? are usually much easier
to determine than the shadow transform itself. For example they admit the following

characterization:

Proposition 4.9. The diffraction coefficients c¢(w) are uniquely determined by the fact that
for all f € C.(G, K),

S PR Aw sl (e) = Y. el (@)

(y1,72)€L weS+(G,K)
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Proof. By Corollary 4.18 and Proposition 4.19 in [8] we have for all f € C.(G, K),

APy =n(f =) =12e(f o1’ = > (F* N Aw * L) (32)-

(71,72)€T

Since {f* f* | f € C.(G, K)} spans a dense subspace in C,.(G, K), this determines 7. O
4.8. The shadow transform as a generalized Hecke correspondence

In addition to the standing assumptions of this section assume now that G is a totally
disconnected lcsc group and K < G is a compact open subgroup. In this case the shadow
transform is closely related to a more classical transform in harmonic analysis, the so-
called Hecke correspondence, which we recall briefly.

Denote by pg : G x H — G and py : G x H — H the canonical projections. We
consider a lattice I' < G x H such that

o the projections I'¢ := 7g(I") and I'yy := 7y (T") are dense in G and H respectively;
e pglr: T — I'g is bijective.

We then denote by 7 : I'¢ — H the homomorphism 7(g) = pu((pe|r)~*(g)). For the
moment we do not assume that I' is uniform. Since I'g is dense in G and K is open,
the multiplication map I'¢ X K — G is onto. We denote by g — (74, ky) a fixed Borel
section of this map. For simplicity let us normalize the Haar measure on G such that

Proposition 4.10 (Hecke correspondence). Let Tk :=TgNK and Ty :=7(T'x) < H.
(i) Ty < H is a lattice, which is uniform if and only if T is uniform.
(ii) The map j : T\(G x H)/K — To\H given by j(I'(g,h)K) := Tor(y,")h is a
homeomorphism with inverse given by i : To\H — T\(Gx H)/K, Toh +— T'(e,h)K.
(iii) ¢ and j induce mutually inverse isomorphisms of H-representations

i*: LA(T\(G x H))® — L*(To\H) and j*:L*(To\H) — L*(T\(G x H))¥.

(iv) The Hecke algebra C.(G,K) acts on L*(To\H) via

T(p)(F)(Toh) = [ ) Tor(r) "W dmals) (o € C(G.K), f & L*(H/To)).
G

Proof. We first prove (ii). Observe first that for all (g,h) € G x H,

(g, h)K = F('ngga h)K = F('ng h)K =T(e, T('Yg)_lh)K~
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This shows that the map ¢ : H — I'\(G x H)/K given by ¢q(h) := T'(e, h) K is onto. Now
assume that g(h1) = q(h2). Then

FkeK,yeTa: (e,h) = (v,7(7))(e, ha)k = (vk,7(7)h2) (4.1)

This implies that kv = e, hence k = v~! € I', and thus hy = 7(y)hg € Tohy. Conversely,
if hy € Tghg, then g(h1) = q(hz2). Thus g factors through a continuous bijection i as in
the proposition with inverse j. Now note that H acts on I'\(G x H)/K from the right,
since it commutes with K, and that i is H-equivariant. It follows that 4 is open, whence
i and j are mutually inverse homeomorphisms. This proves (ii) and shows in particular
that Ty is of finite covolume, respectively cocompact in H if and only if I' < G x H has
the corresponding property. To show (i) it thus remains to show only that Ty is discrete.
However, for every compact subset W C H we have

LonNnW =7(Tg)NW =71(pe((K x W)NT)),
which is finite by discreteness of I'. This finishes the proof of (i) and provides us
with a unique H-invariant probability measure mp,\ g on I'o\H. Now (ii) yields an H-
equivariant isomorphism i* : C,.(T'\(G'x H))X — C.(To\ H), and under this identification
the unique H-invariant measures on I'\(G x H) and I'g\ H must correspond, hence (iii)

holds. In particular, if 7 denote the unitary representation 7 : G — % (L*(I'\(G x H))),
then C.(G, K) acts on L?(T'o\H) via

T(p)(f) = (7(p)-G* ) (b€ Ce(G, K), f € L*(To\H)).
Writing out the definitions of i*, 7* and 7 explicitly we end up with (iv). O

If we assume now that I' is cocompact, then L?(I'g\H) decomposes under the action
of the Hecke algebra as

L3(To\H) = P L*To\H).,

w€spcc<G,K)(F)
and we note by proj,, : L2(To\H) — L?(I'o\ H),, the canonical projection.

Proposition 4.11 (Shadow transform vs. Hecke correspondence). Let r € £ (To\H) and
denote by j* : L*(To\H) — L*(T\(G x H))¥ the Hecke correspondence. Then for all

w € specg i) (1),

Frr(w) = proj,(Pr,r) and || Srr(w)|* = [[proj, (Zr, ).
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Proof. The key observation is that since K is compact-open, 1k is a two-sided identity
in C.(G, K). Consequently, for all h € C.(G, K) and w € (G, K),

~ — ~

k(W) - h(w) = 1g * h(w) = h(w),

and hence 1x (w) = 1. By definition of the shadow transform we have

-~

f(@) - Fr(r)(w) = proj,(Zr(f ®@r))

for every f € C.(G, K). If we choose f := 1k, then we obtain
Fr(r)(w) = 1 (@) - 1 (r)(w) = proj,(Zr(1x @ 7).

Now for (g,h) € G x H we have

Zr(1x @1)( Z Lk (vYgkg)r (T (7))

v€l'a

= Y k()T R

Y'=v19€la

> ety ) = Pror(Tor(v,)h)

Yo€lo

= j*(gror)(r(.% h))7

hence .71 (r)(w) = proj,, (j*(Pr,r)), and since j* is equivariant under the action of the
Hecke algebra, the proposition follows. 0O

If we denote by 7 the diffraction measure of the unique G-invariant measure on Q. r,
then we obtain:

Corollary 4.12 (Spherical diffraction formula for a compact-open K ). The diffraction
measure 1 is given by the formula

= Yo Iprojy(Zrw)l? e O

wespec(g, k) (T)

4.4. Classical examples

In the case where G and H are abelian and K = {e}, the diffraction formula in
Theorem 4.8 reduces to [2, Thm. 9.4], which in its essence goes back to the pioneering
work of Meyer [22,23]. Let us briefly explain this reduction:

Let A = A(G, H,T', W) be a uniform regular model set and assume that G and H are
abelian. Denote by G and H the dual groups of G and H respectively, and identify the
dual group of G x H with G x H. We define the dual lattice of T by
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~

M= {(€,6) € Gx H [Y(n,m) €T &i(n)éa(re) =1} <G x H
By assumption I' projects injectively to G and densely to H. As in [24, p. 19] one deduces:
Lemma 4.13. The dual lattice T projects injectively to G and densely to H.

Proof. If y € I'" is contained in the kernel of the projection to @, i.e. x = x1 ® X2, then
X2 is trivial on the projection of I' to H, hence on all of H by continuity, and thus y = 1.
Moreover, since T' projects injectively to G, the map H — (G x H)/T is injective, and
hence the dual map I't — H* has dense image. 0O

We denote by Fg and F%‘I\ the images of 't under the canonical projections P& -

G x H — G and j GxH-—H respectively. Using the lemma we may define

¢:=pgolpglr) ' : T —H,

so that (£,¢(¢)) € T+ for all € € I’é.
Given f € LY(G) N L*(G) we denote by

Flx) /f )x1(g~H)dme(g)

the Fourier transform of f with respect to m¢g. We normalize the Haar measure my on
H so that I' has covolume 1 in G x H and use the same symbol to denote the Fourier
transform with respect to mpy. We denote by my the corresponding Haar probability
measure on Y :=T'\(G x H).

Every ¢ € T'! defines a I'-invariant function on G x H, hence descends to a function
ré on Y, and the functions {r¢ | € € T4} form an orthonormal basis of L2(Y,my ). We
deduce that for f € C.(G),

[2e(f@1w)ll = > UPr(f @ 1w), 1) r2(vumy) |

gert

Now if .Z denotes a fundamental domain for T' in G x H, then for £ = (£1,&) € Tt we
have

(Zr(f® 1W)3F§>L2(Y,my) = Z F(19)1w (v2h)E(g, h) dmg(g)dmg (h)
Zz (m,72€D)
=Y [ Ho)w WETIET dmc(g)dma(h)
vel) g

~

= f(&)1w(&).
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We thus obtain

Yo ) rw) () = [ Ze(felw)l = Y F@)PAw ()

(v1,72)€l (€1,62)eT+

Note that this is not just a formal consequence of the Poisson summation formula, since
1y is not smooth, but it is similar in spirit. In any case, we obtain from Proposition 4.9
the formula

T= > [Lw(CE)P- &,

L
¢ers

which is Meyer’s formula.

We now discuss an extension of this formula which appears (with different notation
and under the name of “powder diffraction”) in [1]. For this let N = R%, H = R™ and
K = 0(d), so that G = K x N is the isometry group of the Euclidean plane, and (G, K)
is a Gelfand pair with K\G = R™. Given a character £ € N we denote by g¢ the Bessel
function

ge:N—=>C, ge(n /{kndm;( k),

and extend it to a positive-definite spherical function we : G — C on G by we(ko, n) =
ge(n). We then obtain an identification

K\N = (G, K), K¢&— we.

The spherical Fourier transform of (G, K) relates to the usual Fourier transform of N
as follows. We have an isomorphism

L2 Ce(N)X = Co(GLK),  u(f)((k,n)) = f(n),

and if f € C.(N)X with Fourier transform f € L2(N), then

f©) = [ soidmy (o //j n)dim i (k)E(n)dimx (n)

::/fmk@anK@MmNm> = (fge) = dD)we).

N

Now let I', < IV x H be a lattice which projects injectively to N and densely to H; then
the image

L= {((e,7),72) € (K x N) x H : (71,72) € To},
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of T, in G x H is a lattice, and (G, H,T') is a cut-and-project scheme. We now pick
a regular window W in H so that A = K(G H,T,W) is a regular model set and A =
pK\G(A) is a regular model set in K\G = R%.

Denote by I't C N x H the dual lattice of T', and by (I')+ the projection to N.
From Lemma 4.13 we obtain a map ¢ : (I'}) 5 — H such that

(&¢(©) el forallg e (Iy)y

For f € C.(G,K) and f, = t71(f) € C.(N)¥ the computation in the abelian case yields

S M) Aw )0 = S (or £ (Lw * Ly 1)(92)

((6771)772)6F (71772)€Fo

= Y. h@PIwE)?

(&1,62)€Tt

~

and since fo(fl) = f(wg,) we deduce from Proposition 4.9 that
i= ¥ S [AwCO | b,
(e(M)z \XEKENT) 5

which can be seen as a version of the “spherical Poisson summation formula” [1] for
regular model sets.

4.5. Non-classical examples

Since the formulas in the previous subsection were already known, the question arises
to which other classes of examples our general diffraction formula can be applied to. In
order to run our machinery we need:

(1) a Gelfand pair (G, K) with K compact;

(2) another lesc group H such that G x H admits a lattice I' which projects injectively
to G and densely to H.

For simplicity let us also assume that

(3) G and H are connected Lie groups and the manifold G/K is simply-connected.

There are two main sources of examples for such quadruples (G, K, H,T'). Let us first
consider the case where G is amenable. In this case we have the following result:
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Proposition 4.14 (Cut-and-project schemes of amenable Lie groups). Assume that
(G, K, H,T) satisfy (1)-(3) above and that G is amenable. If G acts effectively on G/ K,
then the following hold:

(i) G =N x L, where L is compact and contains K, and N is either abelian or 2-step
nilpotent.

(ii) If (1) is contained in N, then H is either abelian or 2-step nilpotent and T is
uniform.

Proof. (i) is an immediate consequence of Vinberg’s decomposition theorem [29, Thm.
13.3.20]. If 7g(T") < N, then wg(T") and thus I" are 2-step nilpotent. But then also H is
2-step nilpotent since it contains the dense 2-step nilpotent subgroup 7y (T"), and thus
T is cocompact by [25, Thm. 2.1]. O

The assumption that G acts effectively is not essential and can always be arranged by
passing to a quotient. The crucial point is that assuming amenability of G, the possible
pairs (G, L) appearing in (i) can actually be classified; these are called nilmanifold pairs
and all arise essentially from the 23 families of “maximal irreducible” nilmanifold pairs
listed in [29, Sec. 13.4].

If we add the additional assumption that

(4) ma(I) <N,

then the quadruples (G, K, H,T) satisfying (1)-(4) with G amenable can actually be
completely classified. Namely, H has to be a 2-step nilpotent Lie group, and these are
well-known. Then I' has to be a lattice in the nilpotent Lie group N x H, and hence
arises from a rational basis of the Lie algebra of N x H by the construction described in
[25, Remark after Thm. 2.12]. In each of these cases, one can try to compute explicitly
the diffraction formula in terms of a given regular window W. We will carry this out for
Heisenberg motion groups in Section 5. While many of the ideas work rather generally for
quadruples satisfying (1)-(4) above, some of our estimates are specific to the Heisenberg
group. (For example, we use square-integrability of irreducible spherical representations
in an essential way.)

If we drop the condition that 7g(I') < N then we can no longer classify the corre-
sponding cut-and-project sets. Note that if we drop the assumption that G and H are
connected, then we can no longer even guarantee that I' is uniform. In fact, there exists
a cut-and-project scheme (G, H,T') and a compact subgroup K < G such that G and H
are compact-by-abelian (in particular amenable), (G, K) is a Gelfand pair and T is non-
uniform, see [7, p. 8] which is based on [4, Example 3.5] due to Bader, Caprace, Gelander
and Monod. This shows that we are very far from classifying the possible cut-and-project
sets in a commutative space G/K with G a general lcsc amenable group.
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Among the examples of quadruples satisfying (1)-(3) with non-amenable G, a central
role is played by semisimple (or more generally, reductive) Gelfand pairs. Note that if
G is any semisimple Lie group with finite centre and K a maximal compact subgroup,
then (G,K) is a Gelfand pair, and K\G is a Riemannian symmetric space. In this
case, there always exist both uniform and non-uniform cut-and-project schemes of the
form (G, H,T') satisfying (1)-(3). For example, one can always take H = G or H =
G, the complexification of G. The assumption that I' projects densely onto H implies
by Margulis’ arithmeticity theorem that I' is an arithmetic group. This implies that
all weighted model sets in Riemannian symmetric spaces are of arithmetic origin. The
simplest examples arise for G = SLy(R), and we will discuss this case in Section 6.

5. Virtually nilpotent examples: Heisenberg motion groups
5.1. Spherical functions for Heisenberg motion groups

Given d > 1 we abbreviate V; := C¢ and denote by (-,-) and by my;, the Lebesgue
measure on Vy. The standard symplectic form 54 on Vy is given in terms of the standard
Hermitian inner product (-,-) by the formula

1
Ba(u,v) = —3 Im(u,v), for u,v € Vj.

Definition 5.1. The (2d + 1)-dimensional Heisenberg group Nq = R @5, Vy is the group
with underlying set R x V; and multiplication is given by the formula

(s,u)(t,v) = (s +t+ Balu,v),u+v), for (s,u),(t,v) € Ny.

Since B(v,v) = 0 for allv € V, we have (t,v)~! = (—t, —v) for all (¢,v) € N. The Haar
measure on Ny is given by my, = mr ® my,, and is clearly both left- and right-invariant.

Remark 5.2 (Heisenberg motion group). The group K3'** := U(d) acts on Ng by auto-
morphisms via k.(t,u) = (¢, ku). If K is any closed subgroup of K7** containing the
diagonal subgroup Ky := T, then (K x Ny, K) is a Gelfand pair [29, Corollary 13.2.3],
and K x Ny is called a Heisenberg motion group. We will focus on the minimal Heisenberg
motion group Ggq := K4 X Ng. Bi-invariant functions for this Gelfand pair correspond to
polyradial functions on the Heisenberg group, whereas bi-invariant functions for K3***
are given by the much smaller space of radial functions. Correspondingly, our polyradial
diffraction formula is stronger than the corresponding radial diffraction formula. To ob-
tain the latter from the former one basically has to expand the spherical functions of the
larger Gelfand pair into those of the smaller Gelfand pair using the formulas from [28].
We omit the details.

Remark 5.3 (Notation concerning function spaces). For every d € N we have an iso-
morphism of *-algebras 14 : C.(Ng)%¢ — C.(Gy, K4) which is given by tq(f)(k, (t,v)) =
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f(t,v)and o' f(t,v) = f(e, (t,v)). It extends continuously to all LP-spaces for 1 < p < oo
and preserves smooth functions.

We now recall the classification of spherical functions for the Gelfand pair (G4, K4) =
(T4 x (R ®g, Va), T?) associated with the minimal Heisenberg motion group for a fixed
d € N. We need the following notion:

Definition 5.4. Let ¢, € L*(V;) and 7 € R. The function

(e 0)0) = [ (o = e 0 dmy, ), 6.1)

Va

is called the T-twisted convolution of ¢ and .

It is not hard to see that ¢ *, 1 € L1(V) and it follows from Kg-invariance of my;,
that

LY (V) K s, LY (Vy)Ke ¢ LY(Vy)Ke  for every T € R.
The following result is significantly harder (see [28, Proposition 1.3.4]).
Proposition 5.5. For every 7 # 0 we have L*(V) x, L2(V) C L?(V) and thus
L2(Vy)Ka s, L2(Vy)Ke ¢ L2(Vy) K¢ for every 7 € R\ {0}. O

Note that for 7 = 0 the convolution *q is just the usual convolution, and hence the
proposition does not extend to the case 7 = 0. The relation between twisted convolution
and the Heisenberg group is as follows. If f € L'(N,), then we define the 7-central
Fourier transform f. € L'(Vy) as

frv) = /f(t,”u)e*”t dmp(t).
R
In other words, if f,(t) := f(¢,v), then fr(v) = fu(7) is the Fourier transform in the
central variable evaluated at 7. We observe:
Lemma 5.6. For every 7 € R and all f,g € L*(Ny) we have (f * g)r = fr *r gr-

Proof. First note that if f,g € L'(Ny), then
(f*9)(t,v) = / F(5,0)g((5, u)"1(t,0)) dim, (5, u)
Ng

= /f(s,u)g(t —s— B(u,v),v —u)dmp,(s,u).

Ng
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Hence, for every T,

(Fr0)e@ = [ ([ Fsimgle =5 = Buv),0 = ) dima,(s,0) )™ drm (1)

R Ng
= F(s. e glt,v —w)e™ ™ dmg(s) dmg (1)) =70 dmy, (u)
‘Z(]R/R/ s,u)e g v u)e MRr(S)ampg )6 my., (U

- / f(@)gr (v — w)e= TP dimy (u) = (£, 7 g7)(0).
Vy

This shows that (f * g); = fr *r g,. O

Applying Young’s inequality we deduce in particular that

I(f * 9)rllzeevay < Nfellzvay lg-ll2qvyy,  for all 7 € R and f,g € L'(Ng) N L*(Ng).
(5.2)

Definition 5.7. A function g € L>° (V)% is called T-spherical for 7 € R if

(p*r0,q) = (o, q) (¥, q), forall p, 9 € L}(Vy)Ke.

Such functions can be used to parametrize the spherical functions for the Gelfand pair

(Gd,Kd):

Proposition 5.8. Given 7 € R and a T-spherical function q € L>(Vy)%e, the function
w:Gg— C given by

w(k, (t,0)) := eq(v), (5.3)
is a bounded K q-spherical function. Moreover, if f € L*(Ny)%¢, then
(ta(f),w) = (fr.q)- (5.4)

Proof. We first prove the second statement: For f € L1(N,;)¥¢ we have

(ta(f), ) = / £t v)e () dima, (t,v) = / / F(t,v)e= T dmp (t) g(0) dimy, (v)
Ng V.

4 R

= <fTaQ>'

This establishes (5.4), and for f1, fa € L*(Ng)%< we obtain
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(a(f1) * ta(f2),w) = (alfr * f2),w0) = ((fi*xfo)rya) = ((fi)r*r (f2)r @)
=((fO)r((f2)r,a) = (ualfr) w)(ta(f2),w).

Since 14 : L' (Ng)%¢ — LY (G4, K,) is surjective, this proves that w is Kg-spherical. O

Remark 5.9 (Classification of (Gg4, Kq)-spherical functions). We state without proof the
classification of positive-definite (G4, Kq)-spherical functions, which can be found e.g. in
[28], see in particular Proposition 3.2.3 and the remarks after Proposition 3.2.5. It turns
out that all bounded spherical functions are positive-definite and that they all arise from
T-spherical functions via the construction in Proposition 5.8.

Recall that the Laguerre polynomial Ly, of degree k and type 0 is defined by

d\Fk
Li(t) = e*t(%) (e't?), for k€ N,

and that the zeroth Bessel function J, is defined as

Jo(r) = ! /e"COSBdH, for r > 0.
T
0

For 7 € R\ {0}, there are countably many 7-spherical functions {¢,.» | @ € N9}, which
can be parametrized by N? and are given by the real-valued functions

ra(v) =€ Irllvl*/a. HL |T||UJ| /2).

For 7 = 0 there are uncountably many 7-spherical function {qo, | x € RZ 0}, which can
be parametrized by Rzo and are given by

d

qo, K H K:] |U.7

If we denote by wr o, respectively wg . the Kg4-spherical functions on G4 corresponding
t0 ¢r,o and qo . respectively, then we have

S (Ga, Ka) = F3(Ga, Ka) = {wra | T € R\ {0}, € NT} U {wo, | K € REGY (5.5)

The functions ¢, are matrix coefficients of Schrédinger representations with central
character €7 and K, acting by ¢/®" and the functions gy, correspond to Kg-orbits
of characters as discussed in the virtually abelian case above. Note that, by the same
computation as in the virtually abelian case, for F' € C.(Gq4, K4), k € Kq and o € V; we
have
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Flojo) = [ Pl (t,0)e™ O dm (t,0). (5.
Ng

5.2. Model sets in minimal Heisenberg motion groups

We now describe the setting that we will consider throughout the rest of this section.
From now on we fix a pair of parameters d = (d;,d2) and set

G =Gy = Ky, x Ny, = Kg, x(Rg, Va,), K:=Kg, and H:= Ng, =Rdg, Vi,.
Later we will also consider the group
H:=Ky x H
We then have
G x H =Ky, x (R*@g, Va) = Kq, x (Ng, x Ng,)

where Vy = Vy, & Vg, and Bq : Vg — R? is the cocycle given by

Buln, ). (o1, 02)) = (G001 ) 01 € Vi € Vi)

Remark 5.10 (Cut-and-project schemes for Heisenberg motion groups). We choose lat-
tices A < V; and = < R? such that A projects densely and injectively onto Vg, and V,,
= projects densely and injectively onto both coordinates and such that S4(A,A) C E.
We then obtain a lattice I'; = Z®s, A in Ny, and hence also a lattice

I:={((e; (§1,01), (€2, 62)) € G x H | (&1,&2) € E, (d1,02) € A},

in G x H, which we can further extend to a lattice

I:={((e;1),(e,72)) € G x H| (71,7) €To} < G x H, (5.7)

in G x H. Then by construction (G, H,T") is a cut-and-project scheme for the minimal
Heisenberg motion group G.

Remark 5.11 (Model sets in the Heisenberg motion group). Let (G, H,T') be the cut-
and-project scheme from Remark 5.10. Since I' is countable, we can choose parameters
aj,b; € R such that the boundary of

W = {(t, (21,...,2(1)) S H | t S [(lo,bo}, ‘Z]| S [aj,bj]}

does not intersect the projection of I' to H. We fix such parameters once and for all.
Note that W splits as a product
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W =1®W,, wherel = lag,bo]and W, ={(21,...,24) € Va, | |2;| € [a;,b;]}.

We then obtain a uniform regular model set

A:=A(G,H,T,W) = proj (L' N (G x W),

and the associated uniform regular model set in the Heisenberg group K\G = Ny, is
then given by

A = gp(A) = projy, (I'o N (Na, x W)).

For the remainder of this section we assume that A and A are defined as above. We
then denote by v the unique G-invariant measure on the hull of A and by 71 the associated
auto-correlation measure. Our goal is to determine the corresponding diffraction measure
7. From Proposition 4.9 we know that

A = Y ) Aw s lw)(e)  (f € Col G, K) = Ce(Gay, Kay))-

(e,71),72)€T

If we denote by I' < G x H the lattice from (5.7), then we can rewrite this as

A1) = 05 (f © Leyw) * (f ® Lieyw)”) - (5.8)

This formula is the starting point of our investigation.
5.3. Regularization

A technical difficulty in manipulating the right-hand side of (5.8) arises from the fact
that f is not smooth, and that 1y, is not even continuous. To circumvent this problem
we argue as follows.

The key observation is that not only (G, Kg,), but also (G x H,Kd1 x Kg,) is a
Gelfand pair, and that 5 is a positive-definite Radon measure on G x H. Tt thus follows
from the absolute case of the Godement-Plancherel theorem (Corollary 2.22) that the
measure O admits a spherical Fourier transform 31: with respect to the Gelfand pair
(G x H, K4, x Kg,). This measure satisfies

6x(|F|?) = 0x(F % F*) (5.9)

for all bounded measurable bi-Kg4, x Kg,-invariant functions F' : G x H — C with
compact support, but it is already uniquely determined by the fact that it satisfies (5.9)
for all smooth functions F € C°(G x H, Ky, x Kg, ). From the former property and (5.8)
we may deduce that
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1712 S 1712 & 1T 2
N(FF) = 0 (1f1° @ [Lgeyw[7),

and using the latter property we deduce:

Lemma 5.12 (Regularity lemma). Let m € M+ (.91(Gx H, K4, x Kq,)) and assume that
for all smooth functions fi € C°(Ng, )Xa and fo € C°(Ng,) ¥ we have

—_—

ST (A6 (fax £5)(€2062) = m(leg (f1) P @ ey (f2)?)-

(01,02)€EA (&1,62)€E
Then m = Sf, and thus for all ¢ € Co.(S*(G, Ky,)) we have
(W) =m(e @ (Liepwl?). D
5.4. The Poisson summation formula and the horizontal contribution

From now on we consider functions f; € C2°(Ng )54 and fo € C°(Ng,)¥e. By
Lemma 5.12, in order to determine the auto-correlation measure we have to express the

sum
Eff) = D Y (fe (& 61 (fa x £3)(62, 62)
((31 52)€A (51 52)6_‘
in terms of the spherical Fourier transforms of the functions Fj := L;ll( f1) and F» =
—1
Ldy (f2)-

If we formally apply the Poisson summation formula in the &-variables and then apply
Lemma 5.6 we obtain

)= ), > (e )& 00) (fa * f3)(62,62)

(51 52)€A (&'1 52)6_

= Z Z (f1 % J1)r (61)(f2 * f3) 7, (02)

(61,02)€EA (11,72)EEL

= > N (()nEn FOEED () % (f2)5)(02).

(‘l’l 7'2)6 (61 52)€A

Here the sum over A is actually finite, hence the final rearrangement is legitimate. To
justify the application of the Poisson summation formula, we need to ensure that the
function

R? > C, 7= ((fixf1)®(faxf3)) (61,82), forTeR?
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has fast enough decay for a fixed (d1,d2) € A. By (5.2), we know that the absolute value
of this function is bounded from above by the function

7= 1) 12 ) 1) 12 (v,

To justify our formal computation we thus need to ensure that this majorant is summable
over Z1. This, however, follows from the smoothness assumptions on f; and fo, which
ensure that their central Fourier transforms decay superpolynomially fast.

Now recall from Lemma 4.13 that =+ ¢ R2 projects injectively onto both coordinates,
hence (0, 0) is the only point in =+ which has a 0 coordinate. We may thus split Z(f1, f2)
into a sum of a horizontal part (corresponding to (11,72) = (0,0))

Ehor(f1sf2) = D ((F1)o %o (F1)5) (1) ((f2)o %o (f2)5)(02), (5.10)

(61,02)€A

and a vertical part

Evarlfi, f2) = ) Yo ((F)n o ()R ED)((f2)rs 4y (f2)7,)(52)-  (5.11)

(71,72)€EEL (81,02)€EA
T1#0F£To

The computation of the horizontal part is exactly as in the virtually abelian case: If for
J € {1,2} we abbreviate g; := (fj)o, then using that %¢ is just the usual (untwisted)
convolution then the Poisson summation formula (which applies in view of the regularity
assumptions of the f;) yields

Ehor(flan) - Z |.é\1(0-1)|2|.é\2(0-2)|2'

(01,02)EAL
Now for o; € V4, we have by definition of g; and F; and (5.6)

9j(0) = /gj(vj)e_i<gj’vj>dmvdj (v5)
Vdj

= | [ty 0)e” " dmy, (t;,0))

Nd]

= /Fj(e7 (t,v))eii(gj’””dmNd(t,v)
Ng

~

= Fj(wo,‘gﬂ).

We have thus established:
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Corollary 5.13 (Computation of the horizontal contribution). For f; € C°(Ny, )%t and
fa € CX(Ng,) %2 we have

Ehor(f17f2) = Z |F1(w0,|0'1\)‘2|F2(w0,\62|)|2‘ O
(Ul,UQ)GAJ'

5.5. Laguerre polynomials and the vertical contribution

The computation of the vertical part requires entirely new arguments based on prop-
erties of Laguerre polynomials. We have

Ever(flan) - Z ST1,T27

(11,m2)€EL

T17#0#T2
where STl,Tz = Z ((fl)‘l'l *r (fl):l)((sl)((fé)Tz *ry (f2)j'2)<62>7

(61,02)EA

and we are going to first consider the sum S, ,, for a fixed pair (11,72) € Z+ with
71 # 0 # 7. We are going to use the following properties of the functions ¢, 4.

Proposition 5.14 (Properties of T-spherical functions). Let T € R\ {0}.

(i) The functions (¢r.a)acne form an orthogonal basis for L*(Vy)%e with

_1\d/2
ldrallz2(vay = 2lr| 7)™

(i) For o, 8 € N with o # 3 we have
qr,o *r 9r,a = Q1,00 and Qr.a ¥ qr.g = 0.

(iii) For all « € N we have
1\d
lgralloe < (27l7|7")
(iv) For all o, € L*(Vy)®en L2(Vy)Ke we have

d
@ *r w = (|27;T|')d Z <907 q‘r,a><w7 q‘r,a>QT,o¢7

aeNd

where the convergence is absolute in L™-norms, and thus uniform in Cy(Vy)%e.

Proof. (i) See e.g. [28, Prop. 1.4.1]. (ii) From 7-sphericity we deduce that for a, 3,y € N¢
with o # 8 we have
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<q'ra *qrp,qr, 7) <qT as 4, 7><QT57QT,7> =0,
since the first factor vanishes if v # «a and the second factor vanishes if v = «. Similarly,
<q‘r,a *r Qr,a q‘r,ﬁ> - <(I‘r,aa q‘r,ﬁ>2 =0.

It thus follows from (i) that ¢r o *r ¢r,a = Agr,q for some A € C, and 7-sphericity yields

A= (27’1’|T|71) </\QT s qr, a (27T|T| 1) QT,CE *r qra QT,a>

_1\—d

= (271’|7'| 1) <qT,a7QT,a> =1.
(iii) follows from (i), (ii) and (5.2), since

S ||q770¢||%2(vd)

(iv) By (i) and (ii) we have

e = Y (71T 0, 4ra)ara | 52 | D (712m) )Y (@, 008058

aeNd BENC

2 Y (0 4ra) (¥, Gra)ran

aeNd

s

~ (2m)

The proof that the convergence is absolute in L*-norm (and hence uniform) can be
seen as follows. By the Cauchy—Schwartz and Bessel inequalities, the function o —
(¢, 0r,a) (¥, 4r,a) Delongs to (*(N9). Since o + ||gr.allr (1) is bounded by (ii), we see
that the sum of the L*>°-norms of the terms in the sum above converge, hence the absolute
convergence follows from the Weierstrafl M-test. O

Applying (iv) to the functions f;, f¥ € C2°(Ng, )™ C Ll(Ndj)KdJ‘ N Lz(Ndj)KdJ‘ we
obtain
d.
* Tj 7 *
(s, ()0 = gz 3 (ot o )i (6

aeN%

Recall that F; = ngl(fj) € OF (K4, X Ng;, Kq;). Using (5.4) we obtain
<(fj)‘rj’qu7a><(fj>'k>Tj7qu,Oé> = <szw7j,a><F;awTj7a> = |Fj(w7'j,oc)|27

and hence we find

|7'1\d1|7'2|d2 ~ -
S = gmyiiey 2 2 Fn 1) Pan.a)in o (02)
(61,62)€A (a,)ENd1+d2
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Using properties of Laguerre polynomials one can show:

Lemma 5.15 (Absolute convergence). For all 71 # 0 # 1o the expression

> S Pi(wr0)PEa(wr,5)2ar 0 (61)gr,.5(52)

(01,02)EA (a,8)eNd1+d2

converges absolutely.

We defer the proof to Appendix B, but emphasize that smoothness of f; and f; enters
crucially. Using absolute convergence we may now freely reorder the sums inside S, .,

for every fixed (71, 72). In particular, if we define a function 07_Al77_2 :N% x N2 — C by
i) |d
A 71| | 3
Ori,ms (a’ﬁ) = (27T)d1+d2 qﬁ’a(dl)qw,ﬁ((h% (5'12)

(61,02)EA

then we obtain:

Corollary 5.16 (Computation of the vertical contribution). For fi € C2°(Ng, )%t and
fa € C°(Ng,) %2 we have

Ever(f1, f2) = Z Z UTAm—Q(O‘:6)|F\1(wﬁ,a)|2|ﬁ2(ww,ﬁ)|2- o

(11,72)EEL (o, B)ENd1Fd2
T1#0#T2

5.6. The polyradial diffraction formula

Combining the vertical and the horizontal contribution we finally obtain with
Lemma 5.12 the following formula:

Theorem 5.17 (Diffraction formula for the minimal Heisenberg motion group). The
diffraction measure 7 of the reqular model set A = A(Gq,, H T, W = I x W,) is given by
the formula

n= Z |mR(I)|2|i\Wo(02)|26w0,\01|

(Cfl,Uz)EAL

+ Z Z Gﬁ,rz(avB)‘]-I(TQ)‘QK:[WMq"’275>|25w71,a7

(11,72)€EL (a,8)eNd1+d2
T1#0#T2

where o® : 24\ {(0,0)} — C is given by (5.12).
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Proof. By Lemma 5.12, Corollary 5.13 and Corollary 5.16 we have

gf = Z O, oy) ® O oy T Z Z UTAmz(O"ﬁ) gy 0 ® 0wy -

(01,02)EAL (11,72)€EL (a,B)€ENd1+d2
T1#0#T2

On the other hand, by Lemma 5.12 we also have
M) =m@ ® ([Tepxwl?), (@ € Co(7 (G, Kay))),

and since W = I x W, we see from (5.6) and Proposition 5.8 that

L gepsw (o o) = [me (D) 1w, (02)]”

and |1{3}><W(w7'2,5)|2 = |1I(7—2)|2|<1W07q7'2ﬁ>|2'

The theorem follows. O
6. Semisimple examples: SLy(R)
6.1. The auto-correlation distribution of a weighted model set in the hyperbolic plane

As explained in [8] the auto-correlation measure of a weighted model set in the hyper-
bolic plane can be re-interpreted as an evenly positive-definite distribution on the real
line. We briefly recall the relevant results and notations. As in [8] we define elements of
G := SLy(R) by

- cos2mf  sin 270 [et? 0 q (1 u
0=\ —sin270 cos2mf | U= 0 e—t/2 and. Ny 2=\ g1 )

and denote by K, A and N the respective subgroups of G consisting of these matrices.
Multiplication induces a diffeomorphism A x N x K — G and thus every g € G can be
written uniquely as

g = aznyke. (6.1)

If f e LYG) and F(t,u,0) := f(ainyuke), then we will normalize Haar measure on G

such that
(,/ fimot) = [ [ [ Fitu.0)dtauas

0,1) R R

We then identify

K\G — H? Kgw g i,
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where the action of G on H? is by fractional linear transformations. The auto-correlation
measure of a weighted regular model set A in the hyperbolic plane H? then gets identified
with a Radon measure n on K\G/K. Now if we denote by C°(R)e, C C°(R) the
subspace of even functions, then by [8, Lemma 5.2] (or [20, Theorems V.2.2 and V.2.3])
the Harish transform defines an isomorphism of x-algebras

H:C®(G,K) = CP®(R)ey, (Hf)(t)=e/? / f(any,) du.
R

By [8, Prop. 5.7] the map
£:0P°R)ey = C, fren )

is an evenly positive-definite distribution, i.e. a continuous linear functional on C2°(R)e,
such that &(p * ¢*) > 0 for all p € C°(R)e,. Since it determines the auto-correlation
measure of A, it is called the auto-correlation distribution of A. In view of exponential
volume growth of the hyperbolic plane, this distribution is not tempered.

While tempered distribution can be studied via their Fourier transforms, for non-
tempered distributions one has to consider a complex version of the Fourier transform
known as the Mellin transform. Define the Paley-Wiener space PW(C) as the space of
entire functions f : C — C such that for every N € N there exist constants C1,Cs > 1
such that

C«|U|

f<0+it) <Cy- W

We denote by PW(C)., C PW(C) the subspace consisting of functions with f(—z) =
f(2). Then the even Mellin transform is the isomorphism [20, Thm. V.3.4]

M : C?(R)ev — PW(C)e\” M(P(Z) = /(p(t)etz/2 dt.
R

We can thus consider an evenly positive-definite distribution as a linear functional on
the even part of a Payley-Wiener space. By a classical result of Gelfand and Vilenkin
(generalizing previous work of Krein) such a linear functional actually extends to a Radon
measure:

Theorem 6.1 (Gelfand-Vilenkin—Krein, [16, Thm. I1.6.5]). If ¢ : C®(R)e, — C is

an evenly positive-definite distribution, then there exists a measure pe € MT(C) with
supp(ue) C RUGR such that

§(p) = neMy) (p € CF(R)ey). O (6.2)
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We refer to any measure pe € M™(C) which satisfies (6.2) and supp(pe) C R UiR
as a Mellin transform of the evenly positive-distribution £. For general evenly positive-
definite distributions such a measure is not unique [16, Sec. I1.4]. Using the well-known
relation between the Mellin transform, the Harish transform and the spherical Fourier
transform of the Gelfand pair (G, K) we are going to show:

Theorem 6.2 (Pure point diffraction). Let A be a uniform regular model set in the hyper-
bolic plane. Then its auto-correlation distribution & admits a Mellin transform pe which
1S a pure point measure.

6.2. Mellin transform vs. spherical Fourier transform

We now explain the proof of Theorem 6.2. Let n € M*(G, K) denote the auto-
correlation measure of A. By Theorem 3.10 and Proposition 3.12 the diffraction measure
ne MT(ST(G, K)) is pure point. We now relate it to the auto-correlation distribution
& of A.

Remark 6.3 (Spherical functions). Denote by p : G — R the function given by

plagnyke) = et/?.

Note that p(a;) = e*/? (corresponding to the half-sum of positive roots) and that p is

right- K-invariant. Integrating complex powers of p against the left-K-action provides
bi- K-invariant functions

1
0 G—=C, w.(g /pkgz+1d9
0

and it turns out that these are precisely the spherical functions of the Gelfand pair
(G, K). Moreover, given z1,z2 € C we have w,, = w,, iff z0 € {£z1}. We may thus
identify the spherical transform of the Gelfand pair (G, K) with the map

S: Cu(G K) = C(Cew, S()(2) ::/f(g)wz Yame (x /f w-(9)dma(g),

where the final equality follows from the fact that K¢gK = K¢ 'K for all ¢ € G.
Finally, the positive definite spherical functions are precisely those of the form w, with
z € [-1,1] UR. For z € iR these correspond to spherical principal series, whereas for
z € [—1, 1] they correspond to spherical complementary series. We now recall the relation

between the Mellin transform, the Harish transform and the spherical transform of the
Gelfand pair (G, K) [20, Thm. V.4.5]:
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Proposition 6.4. For all f € C°(G, K) we have
Sf=M(Hf) € PW(C)ey.

Proof. Let z € C. Using bi-K-invariance of f and right- K-invariance of p we obtain

M) = [

/

et/z/f(atnu)du e12dt = //f(atnu)(etm)zﬂdudt
R R R

R
1
- / / / farnuko)plarnuke) dd dudt = / F(9)p(9)*+ dme(g)
R R O G
- / / F(k—og)plg)™ dBdmal(g) = / £(9) / p(kog) ™+ do | dme(g)
G 0 G 0
=Sf(z).

This proves the proposition. O

If we identify . (G, K) with C/{%1} (via w, — {£z}), then the spherical diffraction
measure 1) € M+ (1 (G, K)) corresponds to a pure point Radon measure p on [—1,1]U
iR C C such that u(A) = u(—A) and for all f € C°(G, K) we have

-~

w(Sf) =n(f) =n(f).
We thus obtain the following refinement of Theorem 6.2.

Theorem 6.5. The measure u is a Mellin transform of the auto-correlation distribution
&. In particular, £ has a pure point Mellin transform, which is supported on [—1,1] UiR.

Proof. Let ¢ € C°(R)ey and f := H™!(p) € C°(G, K). In view of Proposition 6.4 we
have

§(p) = E(Hf) =n(f) = u(Sf) = p(M(HS)) = p(Mep).

This proves that p is a Mellin transform of £&. O
Appendix A. An elementary proof of the Godement—Plancherel theorem

This appendix is devoted to the proof of the Godement-Plancherel theorem in its
most general form (Theorem 2.21). The proof is by reduction to the spherical Bochner
theorem, which is easily accessible from the literature and which we recall in the next
subsection. The remainder of the proof is self-contained and inspired by the proof in the
abelian case as presented in the book of Berg and Forst [5].
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A.1. Reminder of the spherical Bochner theorem

Recall that M, (#*(G, K)) denotes the space of bounded (positive) Radon measures
on the locally compact space .7 T (G, K) of positive-definite spherical functions. Our

starting point is the following spherical version of the classical Bochner theorem [29,
Thm. 9.3.4]:

Theorem A.1 (Spherical Bochner theorem). Let ¢ € P(G, K). Then there exists a unique
py € My (L F(G, K)) such that

o) = [ W@dn). o
Z1H(G,K)

Definition A.2. For ¢ € P(G, K) the measure p, from Theorem A.1 is called the asso-
ciated measure of .

A.2. A convenient reformulation of the Godement-Plancherel theorem

We now turn to the proof of Theorem 2.21. From now on we fix a measure pu €
M (G, K) which is of positive type relative K. We have to show existence and uniqueness
of a measure i € M(7(G, K)) satisfying the equivalent conditions (God1l)-(God3)
from Proposition 2.19 and to show that it is positive. That iz uniquely determines p is
immediate from (God2) and the fact that {f* f* | f € C.(G, K)} spans a dense subspace
of C.(G, K), [8, Lemma A.13]. Using bi-K-invariance of y we can reformulate Conditions
(Godl)-(God3) as follows:

Lemma A.3. For a right-K -invariant measure 1 € M(G) Conditions (God1)-(God3)
from Proposition 2.19 are equivalent to the following condition.

(God4) For every f € Co(G, K) we have f € L*(# (G, K), i) and for every f € Ce(G)
and x € G we have

px fr fo(2) = / F@)Po@daw).

#+(G,K)

Proof. Since w(e) =1, (God2) follows from (God4) by choosing = := e. For the converse,
assume that (God3) holds, let f € C.(G, K), z € G and define g := L% f € C.(G, K) as
in Lemma 2.16. We recall from (2.5) that

-~

§(w) = f(w) - w(z).

Then, using right- K-invariance of p and applying (God3) we obtain
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e fxf 7 /f 1 2y //f (g~ 12) dma (=) du(y)
/ / £ () T Thy12) dma (=) dp(yk~)dmsc (k)
//f LEf(y ) dma(2)duly) = p(f +g")
G

- [ Reiwde) = [ 1fe)reEe.

#+(G,K) #+(G,K)

—~

which establishes (God4) and finishes the proof. 0O

To simplify this condition further, we use the following relation between measures and
functions of positive type, which in the abelian case was pointed out in [5, Prop. 4.4].

Lemma A.4. Let (G, K) be a Gelfand pair. If p € M(G, K) is of positive type relative
K, then for all f € C.(G, K) the function p* f x f* is positive-definite and continuous,
hence of positive type.

The proof relies on the following slight extension of Axiom (Gel3) of a Gelfand pair.

Lemma A.5. Let (G, K) be a Gelfand pair and p,v € M (G, K). If at least one of the two
measures has compact support, then p* v and v * u converge and satisfy p+v = v * .
In particular p* f = f*u for all f € C.(G, K).

Proof. Assume that v € M(G, K) has compact support and let h € C.(G). Choose
a compact set C' C G which contains both supp(h)supp(v)~! and supp(v)~*supp(h).
Then there exists a measure pg € My(G, K) which coincides with g on C, and using
commutativity of M(G, K) we have

(nxv)(h) = (po *x v)(h) = (v * po)(h) = (v * p)(h),
hence pxv=v*xpu. 0O

Proof of Lemma A.4. Note first that by Lemma A.5 we have p* f*x f* = f* u* f*,
hence for all f € C.(G) and x € G we have

e fafr(@) = frpef /f /f L) dp(y)dma (2)

/ / () F @ Tzg)dma(2)du(y).
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Now let f € C.(G), A1,..., A\ €C, g1,...,9n € G. We define h € C.(G, K) by
=> X\ / fxikz)dmg (k).
i=1
Using Lemma A.5 again we deduce that

DA (o fox f) @iy
=" //f flajz; Lzy)dme(2)du(y)

Y / I/ / @ik 2) T (a5 oz dmc (ky e (kz)dm (<) dp(y)

G K K

h(2)h(zy)dme(2)du(y)

Il
—
—

Q

G
=hxuxh*(e) = pxhxh*(e)
=ulhxh*) > 0.

This shows that p* f * f* is positive-definite, and continuity is obvious. O

Combining this with Lemma A.3 and the spherical Bochner theorem (Theorem A.1)
we have reached the following convenient reformulation of Conditions (God1)-(God3):

Corollary A.6. If u € M(G,K) is of positive type relative K, then a measure i €
M(S%(G, K)) is a Fourier transform of u if and only if the following condition holds:

(Godb) For every f € C.(G) we have fe L*(SH(G,K), i) and |f|2ﬁ = oy, where o

denotes the associated measure of p* f % f* in the sense of Definition A.2. O
A.8. Proof of the Godement—Plancherel theorem

We now show that given p € M (G, K) which is of positive type relative K there is a
unique (positive) measure satisfying the condition (God5) from Corollary A.6. For the
proof of uniqueness we need the following auxiliary observation:

Lemma A.7. For every compact subset C C (G, K) there exists a positive-definite
function f € C.(G, K) such that f(w) >0 for allw € C.

Proof. Since .Z(C.(G, K)) is dense in Cy(# (G, K)) we find for every w € Q some
hy, € C.(G) such that hy,(w) # 0. Then f,, := hy, * hY, is continuous, positive-definite
and compactly supported, and
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~

Fol©) = [ho(O)2 =0 for all € € A (G, K) and  fo,(w) = |he(w)]* > 0.

Consequently, fw is non-negative, and strictly positive on some open neighbourhood U,
of w. Since C' is compact there exist wy,...,w, € C such that U,,,...,U,, cover C, and
then f := f,, +---+ f., has the desired properties. O

Now let ¢ € C.(#T(G, K)). By the lemma we can choose f € C.(G, K) such that
f(w) # 0 for all w € supp(¢)). Then w/|]?|2 defines a continuous function on supp(v)),
and we can extend this function continuously to all of .t (G, K) by 0. Now, if i is any
measure satisfying (God5), then

A) = oW/ (A1)

In particular, there is at most one measure ji satisfying (God5) or, equivalently, (Godl)-
(God4). The proof of the existence of a measure satisfying (A.1) is based on the following
convolution formula:

Lemma A.8. Let ¢ € P(G, K) with associated measure p,. Then for every f € C.(G, K)
we have ¢ x f x f* € P(G,K) and its associated measure is given by | f|* ..

Proof. Note first that since ¢ is positive-definite, the measure pmg is of positive type,

and hence px* fx f* = pmg* f*f* € P(G, K) by Lemma A.4. Moreover, by Corollary A.5
we have for all g € G,

oxfx [ (g) = () x@)(g) = / (f * 1) @)p(e " g)dma(z)

G
-/ / (o™ g)dma (@)djp ()
S+(G,K) G
= [ () o) o)dugle)
FS+(G,K)

y (S4) and the subsequent remark we have

~

(fxf)xw)(g) = F(f* [)w) w=[fw)]*w.

We deduce that

ox [ f(g) = / w(@)|F @) Pdpg(w),

S+ (G,K)

which finishes the proof. O
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Now let f,g € C.(G, K). Since C.(G, K) is commutative we have

(xfrf)xgxg = (urgxg™)*fx[f"

and hence the associated measures must coincide. With Lemma A.8 we deduce that

19|%0; = |f|?0,. (A.2)
Using this formula one readily concludes:

Lemma A.9. There exists a (necessarily unique) positive Radon measure on (G, K)
which satisfies (A.1) for all ¢ € Co(ST(G,K)) and all f € C.(G, K) whose Fourier
transform does not vanish on supp(v). Any such measure satisfies the equivalent Condi-
tions (Godl)—(God5).

Proof. Let ¢ € C.(7(G,K)) and let f,g € C.(G) such that f and § are positive on
supp(¢); such functions exist by Lemma A.7. It then follows from (A.2) that A(y) =
ar(y/ |7]2) is equal to o4(¢/|g*), and hence independent of the function f used to
define it. Since o is a positive continuous linear functional on C.(.# (G, K)) for every
f € C.(G, K) one concludes that A is a positive continuous linear functional, hence given
by a measure [i. By construction, i satisfies (G5). O

This completes the proof of Theorem 2.21.
Appendix B. Some estimates concerning Laguerre polynomials

In this appendix we collect the estimates concerning Laguerre polynomials which are
required for the proof of Lemma 5.15.

With the notation of the lemma we set d := dy + da, V := C%, s := (o, ) € N? and
define functions

g:V—=>C, b,:V—=>C and c¢,:V —[0,00)
by the formulas

9= fin ® for, b =dr,a®drp and ¢, = bl

Then Lemma 5.15 amounts to showing that

> (g, bx)|” (Zcﬁ(é)) < oo (B.1)

KENC SEA

To show this, it suffices to establish the following two Properties (P1) and (P2):
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(P1) For every M > 1,
|<gabn>| <M (/ﬁ . ~'I€d)7M, for all k € N
(P2) There exists M, > 1 such that

Z cr(8) < (k1 -+~ kg)™Me  for all k € N9,
JEA

To establish (P1), we recall that
d 2
be(v1,y...,0q) = H (e"”lvil /4La]. (nj|vj|2/2)) and ¢, = |byl,
j=1

for some n = (n1,...,m4) € Rff_. Let us first pretend that g is of the form

g(v) = gl(|v1|2) . 'gd(|vd\2), for v = (v1,...,vq) € ce,

since the general case is not much harder except for notation. After a straightforward

variable substitution, we find a positive number A, and £ = (§1,...,&q) € R such that
d o0
(0.0 = 4 T ( [ as(est) L, (002 ).
j=1 0

Let us write h;(t) = et/zgj (&t;). To prove (P1) it suffices to show that for all M > 1,
(oo}
) /hj(t)Ln(t)e_t dt‘ <un M forall n.
0

Since h; is compactly supported and smooth, [30, Theorem 2.1] tells us that

oo (o}

1/2
| / () L(t)e ™" dt] <y / PR et ar) T <,
0 0

for all M, and thus (P1) is established for g in the above product form. If g is not such a
product, then one applies the same argument inductively, freezing all but one variables
at a time.

We now turn to the proof of (P2). By Proposition 5.14.(ii) we have b,, = b, * b, hence
taking absolute values yields

Cr < Cp xCq, forall k. (B.2)
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Lemma B.1. If ¢ : V — [0,00) is a function satisfying ¢ < ¢ x ¢, then for every sub-
multiplicative function p:V — (0,00) we have

c(v) < p(v)_1/2/c(u)2 p(u)du, for allveV.
1%

Proof. For every v € V we have the estimate

c(v) < /C(u)C(v —u)du = /c(u)p(u)l/Z c(v —w)p(v — u)1/2 (p(u)p(v . u))—1/2 du

\4 \4

<o) [ elwp()! (v~ up(o — )2 du < p(e) [ clw)plu)du
1% 1%

where the last inequality holds by Cauchy-Schwarz. 0O

In view of (B.2) we thus have

> ) < (X 00)17) [ et o) o (B.3)
1%

dEA dEA

for every submultiplicative function p : V' — (0, 00). To establish (P2), it is then enough
to find a sub-multiplicative p such that the following hold:

(P3) Ysen p(8)"/? < oo
(P4) The map

K /c,@(v)2 p(v) dv

\%

grows at most polynomially.
The sub-multiplicative functions that we will use will be of the form
pn(v) = (14 [[v])Y, where v € V and |[v||* = [v1]* + ... + |va|*

If N is large enough, (P3) is clearly satisfied, and to establish (P4) we only need to show
that for every r, the map

P /cm(v)2 o|I” dv (B.4)
1%
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grows at most polynomially (with a degree which is allowed to depend on 7). Upon
expanding the norm || - || and using the product structure of ¢, condition (B.4) amounts
to proving that for every integer r, the map

n /tTLn(t)2e_tdt
0

grows at most polynomially. We recall that
/ Lp(t) Ly (t)e b dt = Spn,
0

and
tL,(t)=(2n+1)L,(t) —nL,—1(t) — (n+ 1)L,—1(¢), for all n.

Hence, if r is an integer, ¢t"L,, is a linear combination of the Laguerre polynomials L, ;
for |j| < r, with coeflicients which are polynomials in n of degrees at most r. If we denote
by 5, the coefficient in front of L,,, we conclude that

/ £ La(t)? et dt = B,
0

which is a polynomial of n of degree at most r. This proves (B.4), whence (P4), and we
are done.
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