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Sharp endpoint estimates for some
operators associated with the Laplacian
with drift in Euclidean space

Hong-Quan Li and Peter Sjogren

Abstract. Let v # 0 be a vector in R”. Consider the Laplacian on R” with drift A, = A +2v - V and
the measure du(x) = ¢2*)dx, with respect to which A, is self-adjoint. This measure has expo-
nential growth with respect to the Euclidean distance. We study weak type (1,1) and other sharp
endpoint estimates for the Riesz transforms of any order, and also for the vertical and horizontal
Littlewood-Paley-Stein functions associated with the heat and the Poisson semigroups.

Introduction

Consider the weighted manifold R(""), defined as R" with the Euclidean distance
and the measure du(x) = e("*)dx. Here,v = (v,...,v,) € R"\{0} is fixed and (-, -)
denotes the inner product on R”. Notice that large balls in this space have exponential
volume growth. With R("*), we associate the Laplacian with drift

We denote by V the usual gradient operator in R”. Notice that the Green formulas
hold with respect to the measure y; that is,

fR"fAvwd,u:—fR"(Vf,Vw)dy:fRnwAvfdy,

provided f and w are smooth and f or w has compact support. Thus, A, has a
selfadjoint extension in L?(R", dyu), also denoted A,

We will consider Riesz transforms and Littlewood-Paley-Stein functions of any
order in R(""), These operators are defined and studied in many general settings,
such as Lie groups, symmetric spaces, and other Riemannian manifolds. Their L?
boundedness properties for1 < p < oo have been well studied and are known in several
cases. In particular, the classical results are not always valid on manifolds. We refer the
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2 H.-Q. Li and P. Sjogren

reader to [1, 5-12, 18, 21-26] and references therein. Interesting counterexamples can
be found in [7-9, 18] for Riesz transforms of order one, and in [1, 12, 14] for those of
order two. The setting of the Ornstein-Uhlenbeck semigroup in Euclidean space is
considered in [13, 27]; see also [2]. There the measure is Gaussian, thus finite, but not
doubling.

The weak type (1,1) property of these operators is more difficult and less known in
spaces of exponential volume growth. The main reason is that the existing methods
to treat singular integrals are insufficient. Theorem 1.2 of [9] is a weaker estimate. But
some results have been established; see [14, 28] for the affine group, which is a typical
case without spectral gap. Some other groups and spaces with no gap are treated in [17].
In [3], Anker proved the weak type (1,1) of first- and second-order Riesz transforms in
a symmetric space of the non-compact type. This case is subtler because of the spectral
gap. See also [4] for other examples. Further, [19, 20] deal with the Laplacian with drift.

Returning to our setting R(">*), we mention that Lohoué and Mustapha [26] proved
that the Riesz transforms V¥(~A,)™%/2 of any order k are bounded on L?, 1< p <
oco. Their setting and results are actually more general. In [20], the authors and Y.-R.
Wau showed that the first-order Riesz transform V(-A, )™/2 is of weak type (1,1) in
R{"")_ Here and in the sequel, L? and weak L? estimates in R("*) always refer to the
measure y.

For R("), we observe that 9/dx; commutes with A, and thus with any negative
power of —A,, so that the factors V¥ and (-A,)™*/? can be written in any order. We
will study the weak type (1,1) property of V¥(~A,) /2. But instead of V¥, we will
use a general homogeneous differential operator of order k > 1,

(L1 D= ) a,0"
|oe|=k

with constant coefficients, not all 0. Our Riesz operator will thus be
_k
Rp =D(-A,) 2.
Letting d,, denote differentiation along the vector v, we can write D as a sum
k .
!
D=3%09,D;_;,
i=0

where Dj_; is a constant coefficient operator of order k — i involving only differen-
tiation in directions orthogonal to v. The maximal order of differentiation along v
is then

g=max{i:D;_; #0} €{0,...,k},

and this quantity turns out to be significant.
Our result about Rp is the following theorem.

Theorem 1.1  With D and q as just described, the Riesz transform Rp = D(=A,)~/? is
of weak type (1,1) if and only if g < 2. When q > 3, there exists a constant C = C(v, D)
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Sharp endpoint estimates for some operators 3

such that for all f € L(1+1In" L)™' (u) and all A > 0, we have

wors B

This inequality is sharp in the sense that q cannot be replaced by any smaller number.

(1.2) y{x;

Let (e2*) 5o denote the heat semigroup on R("*), which is a symmetric diffusion
semigroup in the sense of [29] (the conservation property can be justified by [16,
Theorem 11.8], and the other properties are obvious). Further, let (e‘t‘/I) t>0 denote
the Poisson semigroup. For f € C3°, we define the vertical Littlewood-Paley-Stein
functions associated with the operator D from (1.1) as

Ho(NG) = ([ |pe ()]
So(N@ = ([ e f(x)

The L? (1< p < +00) boundedness of §p and Hp is easy to verify.

2dt>%

dt\i
Py’

Theorem 1.2

(i) The operator Hp is of weak type (1,1) if and only if g < 1. When q > 1, there exists
a constant C = C(v, D) such that for all f € L(1+1n* L)2~% () and all A > 0,

(13) u{x fJ-CDf(x)>/1}<Cf 1 (1+m* |f|)de.

(i) The operator Gp is of weak type (1,1) if and only if g < 2. When q > 2, there exists
a constant C = C(v, D) such that for all f ¢ L(1+1n* L)27 () and all A > 0,

(1.4) u{x; 9Df(x)>)t}<Cf Al 1+1n+ |f|)

In (1.3) and (1.4), q cannot be replaced by any smaller number.

Now consider the horizontal Littlewood-Paley-Stein functions and related maxi-
mal operators, defined for f € Cj° by

e = ([ |2 e s L),
Hy(f)(x) = sup \t"ﬂ e f(x)],
aN@=( [t L e o L)

t
Gh (1)) = sup i 2 eV )

Here, k > 1 for hy and g, but k > 0 for Hy and Gy.

These operators are bounded on L? for 1< p < +oo in the setting of a general
symmetric semigroup with the contraction property; see [29]. The weak type (1,1)
property of Gi, k >0, in a general setting was obtained in [19]. For the other three
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4 H.-Q. Li and P. Sjogren

operators, we have the following endpoint estimates. We remark that the weak type
(1,1) of Hy was obtained in [20, Theorem 2].

Theorem 1.3  The operators hy, Hy, and gy with k > 1 are of weak type (1,1). For k > 2,
hy and Hy are not of weak type (1,1); however, there exists a constant C = C(v, k) such
that for all f € L(1+1n" L)273 (y),

k_3
274

(15) u{xshef(x) > A} < c/ ‘{—‘(th %) du Y1>0,

and for all f € L1 +1n* L)57% (u),

k_1
272

(1.6) u{x;Hef(x) > A} <C f %(1 +In* |§_|) du VA>0.
In these two estimates, the exponents cannot be replaced by any smaller numbers.

Our estimates, in particular those involving Orlicz spaces, are optimal and go
beyond earlier known results.

The structure of this paper is as follows. Section 2 contains estimates for the
kernels of the Riesz transforms, which are used in Section 3 to prove Theorem 1.1. A
fundamental tool here is Proposition 3.1 that is also needed in the later sections. The
two parts of Theorem 1.2 are proved in Sections 4 and 5. Section 6 gives estimates for
the time derivatives of the heat kernel, which are applied in the proof of Theorem 1.3
in Section 7.

In this paper, C denotes various constants that depend only on # and D in
Sections 2-5, and only on 7 and k in Sections 6 and 7. By A < B, we mean A < CB
with such a C (we say that A is controlled by B), and A ~ B stands for A < CB and
B < CA.

1.1 Notation and Simple Facts

We assume that v = e; = (1,0,...,0), which is no restriction; see [20]. Then dy =
e**'dx, and it will be convenient to write points in R” as x = (x1,x’) e R x R",
Further, we denote N = {0,1,2,... } and N* = {1,2,... }.

We have for any x e R” and r <1,

(1.7) u(B(x,71)) ~r"e*.

It follows that our space has the local doubling property,
The heat kernel p;(x, y) in our setting is defined through

et f(x) = [ px () du(y) 10, xeR"
for suitable functions f. It is explicitly given by (cf. [16, p. 258])

E

(1.8) pi(x,y) = (4mt)"2 e 1M e e ar

x—y|

(1.9) = (4mt)”2 el et (-1

forallt>0and x = (x1,x"), y=(y1,y') e Rx R" ™.
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Our results include the simpler case n =1, but the proofs are written for n > 2.
Except for Proposition 3.1, we leave it to the reader to see how the arguments simplify
forn=1

2 Estimates of the Riesz Kernels

With D, k, and q as in Theorem 1.1, we write Rp(x, y) for the kernel of the Riesz
transform Rp = D(-A,,) /2. The multi-index « will be split as & = (a3, &’).

We state and prove local and global estimates for Rp (x, y).
Proposition 2.1 The kernel Rp(x, y) satisfies the local standard estimates
_r
u(B(x,|x - y1))’

1
2.2 V., R , < >
@D VRIS B D)

Proposition 2.2 The kernel Rp(x, y) satisfies

(2.1) |Rp(x, ¥)| S 0<|x-y<1,

0<|x-y| <L

S

. r2
(2.3) IRp(x, ¥)| § M1 n—lx-yl |x _y|‘1 : [1 + (|x Yl )
| =yl

This estimate is sharp in the sense that there exists a ball B c R"™", depending only on n
and D, such that

], |x —y| > L

—n—1 ! _ !
(2.4) (-1)*Rp(x, ) ~ e (5, - }’1)‘1T for X7V ¢p,
(21— y1)?

if x1 — y1 > 0 is large enough.
We will need the following simple integral estimate.

Lemma 2.3 WithveRanda >0, let

B,(a) = /+°° fete ﬂ
0 t
(i) Then for a <2,
a* ifv <0,
B,(a) ~<log(1+a™) ifv=0,
1 ifv>0.

(ii) Moreover,
B,(a) =212 a2 e (1+0(ah)), a— oo,

and this estimate remains true if B, (a) is replaced by
/-a/2+€ tv e*t e*% é
(a/2-£)v0 t

for any £ > a*/*,

In this lemma, the implicit constants depend on v but not on a.
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6 H.-Q. Liand P. Sjégren

Lemma 2.3 can be proved either with elementary estimates or by evaluating the
integral in terms of Bessel functions according to the 12-th equality of [15, §3.471]. The
latter option also requires an easy estimate of those parts of the integral left out in the
last statement.

We will also use a trivial extension of this lemma. Let Q(¢) = ¥, q, t* be any finite
linear combination of real powers of the variable ¢ > 0. Then Lemma 2.3(ii) implies
that

a2

(2.5) /Om Q(t)e'e @ ? =21 Q(aj2)a e (1+0(a™h)), a— co.

To prepare for the proofs of Propositions 2.1 and 2.2, we deduce an expression for
Rp(x, y). From (1.8), it follows that the kernel of (—A,, )7*/? is

K 1 too i d
@6 At o [t pen S

I'(k/2)

n 1 +O0 pn -y dt
=(47) 2 —xl—ylf tz e te T 2,
“m) S © 0 € t

Thus,
k 1 too g dt
2.7 Rp(%,y) = Dy(=Ae) 2 (x,y) = t2 Dypi(x, y) —.
07 Ro(ey)=De-8a) H (50 =t ) pi(x,y)

Recall that the Hermite polynomial of degree j € N is defined by
.

)

—e,
dsi
and H, = ®; H,, for any multi-index «. The H, are orthogonal with respect to the

Hi(s) = (-1)) e*

Gaussian measure e* dx in R”, and the leading term of H;(s) is 2/s/.
The definition of H,, implies that

b |l - eyl
(2.8) 9% o :(—%ﬁ) HQ(%)e =l

The kernel Rp(x, y) is a linear combination of terms 9% (—A,, )~*/?(x, y), with
a = (a1, ") a multi-index of length |a| = k and with a; < g. When we take the 9%
derivative of the expression in (1.8), some differentiations with respect to x; will fall

on the factor e™

, and some on the factor e”*7I"/4 Those differentiations falling on
e lx=P /4t il be given by a multi-index @ = (&, a”), with 0 <& < a;. We then see
from (2.6) and (2.8), with « replaced by &, that 0% (-A,,)*/?(x, y) will be a sum of

terms proportional to

% Ml 1@l -y o dt
-] eTn f tzef(-—=) Hz(—=)e * —
D 0 (-57) H57) :

(2.9) = (—1)lel Ml g
!

+0 4T xX1— ) x'=y'\ L, _bo? dt
t 2 Hy H,, it —
X/o‘ al(Z\/f)“(Z\/f)e ‘ t
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Sharp endpoint estimates for some operators 7

where @; runs from 0 to «;. These terms have positive coefficients coming from
Leibniz’ formula and from the factors (477) "/ and 1/T"(k/2).

Expanding the Hermite polynomials here, we obtain a sum of terms proportional
to

(2.10) e (x - ) (2 - ) fo

and the sum is now taken also over a multi-index (y;,y") with0 < y; < @ and 0 < ' <
o’ (componentwise ordering).

R o e o 4 _t _xy? dt
t 2 e ‘e 4t —

t >

Proof of Proposition 2.1 Here, |x — y| < 1. If the exponent of ¢ in the integral in (2.10)
is negative, we see from Lemma 2.3(i) that the modulus of the expression (2.10) is
controlled by

e—2x1|x _ y|y1+|y \|x _y|a1—'&1—y1—\y |—n < 2x1|x }/| n
For other values of the exponent, the bound e ¥ |x — y|~" also follows. This is the first

standard estimate (2.1). To obtain (2.2), it is enough to trace the argument given with
a differentiation also in y. [ ]

Proof of Proposition 2.2  For |x — y| > 1, Lemma 2.3(ii) implies that expression (2.10)
equals constant times

Q1) e R (g — ) (' - ) - )

whose modulus is controlled by

- 7
o=@ -y —ly’|-n-1
2

(1+0(x = »[™),

4
Il

) R
lx =yl

Now (2.3) follows, since a; < g and y; < @ and also 0 < |y’| < |&| = k — a1y.

To verify (2.4), assume that x; — y; > 0 is large and that |x’ - y'|*/(x; — y1) stays
bounded. In this argument, we will neglect all terms that are much smaller than the
right-hand side of (2.4). From (2.11) and (2.12), we then see that in (2.9) we need only
take a; = g, which implies |a’| = k — g, and y; = @;. The latter equality means that in
the Hermite polynomial Hg, in (2.9), we only consider the leading term, which is

o

@ [X1— 0N _q @

S =t 2 (x1— .
( 2/t ) (=)

Instead of (2.9), we will now have

Zul n i =y dt
Dk g=x=y gy, [ q Hy Xy e te o 2.

Applying (2.5) to the integral here, we see that (2.9) amounts to a positive constant
times

q-2@-n

G (e sy (222

l

<x-yHH (ﬂ‘ |1,2)<1+O(x ).
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8 H.-Q. Liand P. Sjégren

Here, we can replace the powers of |x — y| by the same powers of x; — y, since |x — y| =
x1 — y1+ O(1), so (2.13) equals

n g-n-1

(_l)k 2—%+7x'17|?ﬂ+5 efxryr\X*}'l (xl _ yl) 2

!

x'-y e
XH“’(W)(”O("“ J).

Summing over 0 < &; < g, we conclude that

92 (~A0) 2 (x, ) = (F1)* b eI (g )

/ !

Xy -1
e )0

for some b, > 0. Here, a = (g, a’) and |« = k, and if we sum over such « with the
coefficients from (1.1), the result will be

I p— X' =y
Ro(x,3) = (-D* e (3 = ) 3 ZbH(\/j(—);,)/)
1= )1

+ negligible terms.

Since the a, do not all vanish, the orthogonality property of the Hermite polynomials
implies that the polynomial given by the sum here is not identically 0. To finish the
proof of (2.4), we need only take a closed ball B where this polynomial does not
vanish. |

3 Proof of Theorem 1.1

We split Rp into a part at infinity
RES()= [ Ro(e)f () du(y)

and a local part RIS = Rp — Ry.

The local part is easy to treat. Because of the local doubling property, we can use
the method of localization. In view of Proposition 2.1, standard Calderén-Zygmund
singular integral theory gives the weak type (1,1) of RIS¢.

To estimate R}, we start with that part defined by the restriction x; — y; < 1. Then
we have integrability, since we get, using (2.3) and replacing du(x) by e**'dx,

iy IR0 e )l i)

x=y<l

k
_— I 2\ 2
s e (B2 o
lx—y|>1 |x = |

SL

uniformly in y. It follows that this part of the operator is of strong type (1,1).
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To treat the opposite case x; — y; > 1, we write the first exponent in (2.3) as
—2x1 = (|x = y| = (x1 = 3))
and observe that in this case,
' -y
(3.1) x-y-(-y)=—"——
lx =yl o —
and
r_ 2 r_ 2 r_ 2
KoyP L WeyP WP
20x =yl " lx-ylrx-y o x|
Thus, Proposition 2.2 implies that for x; — y; > 1,

k
ok gon1 |x/_y/|2 |x’—y’\2 2
Rp(x,y)| 5 e |x - y| "= P( T :
20x -y |x — yl

It follows that this part of [Rp(x, y)| is controlled by the kernel

_ ront 1]x" -y
3.2 v s = e 2% |y — 2 — e ,
(3.2) w(x,y)=e lx =yl exp( 4 |x—)/| X{xi-y1>1}

with K = q.
For x € R and suitable functions f, let

(33) Vof(x) = [ Va(xn) () du(y).
To prove Theorem 1.1 in the case g < 2, it is enough to show the following result.
Proposition 3.1 The operator V), defined by (3.3) is of weak type (1,1).
The case n = 11is trivial, since then
V2f ()l < e [ fluap
which implies the weak type (1,1) of V,.

In what follows, we suppose that n > 2, so that

Vaf(e)=e [

Y1<x1—

1l = 2
where we can assume 0 < f € L'(dy). It will be convenient to use g(y) = f(y) e €
L'(dy) instead of f. When |x’ - y'|<\ /1 = y1, the exponential in the integrand is
essentially 1. This indicates the most important part of the operator, dealt with in the
following proposition.

IIx—y\%" exp(

Proposition 3.2 The operator

54) To(x) = f e (=) T g(y)dy
[x' =y |</F=7

maps L' (dy) boundedly into L>*°(du).
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We first verify that this proposition implies Proposition 3.1. For j=1,2,..., let
- Ln
Tig(x)=e le f y<m-1 (x1-y1)2
27 Eyislx -y 1<

1|Xl_yl‘2
S A dy;
XeXP( i oy g(y)dy

then V,f < Tg + Y7 T;g. In this integral, the exponential is less than exp(-c2/) for
some ¢ > 0, so that

Tig(x) <exp(-c)e™ [ (xi-m)'¥ g()dy.
[x" =y’ |<2) /2=

Scaling the variables x" and y’ by a factor 2/, we can control this expression in terms
of the operator T, still with a rapidly decreasing coeflicient. One can then apply
Proposition 3.2 and use [30, Lemma 2.3] to sum in weak L'. The result will be the
weak type (1,1) of V5, which is Proposition 3.1.

Proof of Proposition 3.2 We cover R”™! and R" with lattices of unit cubes
Qum = {x': (X2, .. x,) R oy, —1< x, <y, v:2,...,n},
where m = (m,,...,my,) € Z"!, and
Qim =(i—11i] x Qp, (i,m) e Zx 7",

In this proof, the word “cube” will always refer to cubes of these lattices.

Given 0 < g € L'(dy) and A > 0, we must estimate the y measure of the level set
Ly ={x:Tg(x)>A}. Since Tg(x) < e [ g(y) dy, the coordinate x; is bounded
above on L,. Since a translation of g in the x; direction does not change the quasinorm
of Tgin L"*(du), we can, without restriction, assume that L, is contained in the left
half-plane {x : x; < 0}.

The aim of the following lemma is to discretize the variable x;.

Lemma 3.3 Leti<O0 and assume that the cube Q; », intersects the level set L. Then
Tg(i,x") > e 22" D2} forall x' € Q,,, where

(3.5) Tg(i,x')=e? f n<icl (i-3)'7 g(y)dy.
|y =x"|<\/i-yp1+v/n-1
Proof Take apointz € Q;,,, N L, so that
(3.6) A< Tg(z) =€ f meamt (2= ) T g(y) dy.
\}"—Z'|<\/ll—}'1

Here, i<1+2z and z;—y; >1, so that i—y; <1+2z -y <2(z1 - y1), and thus
(21— y1) 712 < 2(n=D/2(j — ) (=M)/2  Burther, the region of integration in (3.6)
is contained in that of (3.5), because z; <i and |y — x| < |y - 2|+ |2/ - /| < |y -
Z|++v/n—1 for any x’ € Q. Since also e <e?e %, it follows that Tg(z) <
220D/ Tg(i, x"), which proves the lemma. [
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The region of integration in (3.5) is contained in the set
Dim= U {(yl,y') iy<i-1, |y -x'|< \/i—y1+\/n—l}.
x'€Qm

For each cube Q;,,,, we define a family of “forbidden” cubes
Fim = { Qo+ ' < i m = m'| < 4V/i =7 + 4/n =1}
and their union

Fi,m: U Q

QeFi,m

The exponential behavior of y implies that

3.7) u(Fim) S u(Qim)-

For each i < 0, we will select some of the cubes Q;,,,,, namely those for which m is
inaset A; c Z"'. These A; will be defined by recursion. We will have the inclusion

(3.8) LicU U QimUuFim).

i<0 meA;

Because of (3.7), this implies that

(39) L)Y > wQim)~ 2 > e

i<0 meA; i<0 meA;

When we make the selection, i.e., define the A;, we will consider the E,m as
forbidden regions, where no selection is allowed. Indeed, we will select for each
i=0,-1,-2,..., those cubes Q; ,, that intersect the level set and are not in F; , for
any already selected cube Q; 4. In this way, cubes selected at different steps will be far
from each other.

More precisely, we first let

Ag={meZ"":QomnLy+0}
Assuming for some i < 0, the sets A4, ..., A are already defined, we then let
A; = {m €Z" ' QimnLy#0 and Qi ¢Fj, forall j>i, EEAJ-}.

The inclusion (3.8) is immediate from this construction.
For each i < 0, we define the set

D;= |J Dim

meA;

which is contained in {y : y; < i —1}. In order to replace the D; by pairwise disjoint
sets, we let Ey = Dy and

0
E;=D)\ U Dj, i=-1-2,....
j=i+l
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12 H.-Q. Li and P. Sjogren

Then we let g; = g xg, and observe that g= Z?zi g;j in D;. This together with
Lemma 3.3 implies that, for i < 0 and x’ € Q,,, with m € A;,

0
(3.10) A5 Tg(i,x')=e? Zf (i)
j=i y1<i-1

E (y)dy'dy,.
fw = gi(y)dy'dy

The integral in y’ in this expression can be seen as a convolution in R”*. That leads
to an estimate that is insufficient for our purpose, essentially because several values of
i are used for the same g;. To do better, we will replace i by j in the iterated integral in
(3.10). Thus, we first claim that

(3.11) (- g sG-m7 g

if y, x', m, i, and j are as in (3.10). Then we observe that an immediate consequence
of (3.10) and (3.11) is that if x" € Q,, for some m € A;, then

0
312 A<Se f ji— *f (y)dy'dy,
(3.12) e ]Z:; y1<j—1(J ») = gi(y)dy'dy

where we also made the regions of integration larger.
Before we use (3.12) to finish the proof of Proposition 3.2, we verify claim (3.11).
Then we can obviously assume that i < jand g;(y) # 0, whichimplies y € E; c D;. The

definition of D; says that y; < j—1and |y’ - 2'| <\/j— y1 + Vn —1for some z' € Q,
and some £ € A ;. Clearly, |z’ — ¢| < /n -1, so the triangle inequality leads to

(3.13) ly =l <\/j-n+2v/n-1
The inner integral in (3.10) is taken over those y’ satisfying
(3.14) y — x| <\[i-p+Vn-1.
Since also |x’ — m| < /n -1, (3.13) and (3.14) imply
(3.15) m—t<\j-pn+Vi-n+4/n-1<2\/j-yp+4v/n-1

On the other hand, the cube Q; ,, was selected and thus not forbidden by the
selected cube Qj ¢, i.e, Qjm ¢ Fj. This means that |m —¢|>4\/j—i+4Vn-1.
Combining this inequality with (3.15), we get 4\/j—i <2\/j— y1, so that j—i<
(j = y1)/4. Then we can write

. L 1 . ,
J—)’lz]—1+1—)’1<Z(J—)’l)ﬂ—)’b
and thus
, 4
J—)’1<§(1—J’1)-

This implies (3.11), and (3.12) also follows.
We now integrate inequality (3.12) in x” over the unit cube Q,,, to conclude that

1 2i [ s f ) I )
(316) e Z et Jon U™ e s GO0 Ay dxdy,
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The inner part of this expression,

Gi(yx")=(j-n)* f
)= G | S
is the value at x’ of the convolution in R" ™" of g;(y1, ) and the characteristic function

of the ball {y’ e R"™:|y’| <\/j— y1 + /n — 1}, essentially normalized in L'(R"™")
by the first factor. Thus,

(317) [ Gonadx's [ gy,

uniformly in j— y; > 1.
Combining (3.16) with (3.9), we have

(L,\)<— Z./1<;1f Gj(y,x")dx"dy

1<O meA; j=i

f f Gj(n,x")dx'dy;.
N<j= 11——00 meA; Qm

In the last expression here, we have a double sum of integrals over Q,,, taken over all
meA;andi = j, j—1,.... The corresponding family of cubes Q,, is pairwise disjoint,
since m € A; implies Q. € F; ,, for i’ < i by the definition of F; ,,. Thus, the double
sum of integrals over Q,, is no larger than the left-hand side of (3.17). As a result,

u(Ly) s 5 Z f fR gi(yny") dy'dy

gilyuy")dy',

s

1<0 »n<j-1
1
< —angj(y)dyﬁ ng(y)dy-
j<0 /R
This ends the proof of Proposition 3.2. [ ]

Now consider the case g > 2 in Theorem 1.1. The main part of the kernel Rp(x, y)
is controlled by the kernel V, defined in (3.2). Therefore, the estimate (1.2) is a
consequence of the following proposition.

Proposition 3.4  For any k > 2, there exists a constant C = C(k, n) > 0 such that for
all f e L(1+1In" L)*/>7Y(u) and A > 0, we have

veray<c [ L L),

where the operator V. is defined by (3.3).

(3.18) ufx;

Proof For h e L'(u), we have

5 " =y
Veh(x) = [ e ey exp (- L2 N n() dy.
y1<x1-1 4 | |
Here, we assume h > 0 and apply the elementary inequality
ab>' < Cola(l+In* a)%‘1+e§], a,b>0,
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14 H.-Q. Li and P. Sjogren

easily proved by separating the cases b <10(1+1In*a) and b>10(1+1In" a). The
constant Cy depends only on «. Letting a = h(y) and b = |x — y|, we get

V.h(x) < Co@:(h(l +In* 1)) (x)

n 1 I 2 .
+C0 f e_z(xl_yl) |x_y|T exp — _u e%d
y1<x1-1 4 |x _y|

The integral here equals

- 127\
/ e |7) 7 exp | - — id es dz,
a5l 4 |z

and to see that it is finite, we split it in two:

fz1>1 +le>1 =L +1,.

|z’ |<2z1 |2’ |>221

In I;, we can estimate the second and third exponential factors by 1 and e3a/ 8

respectively, and integrate first in z’. In I, we have |z| < 3|z/|/2 and thus |2'|*/|z] >
2|2'|/3, so that the second exponential in I, is less than exp(—|z’|/6). It is then enough
to estimate the third exponential by exp(z;/8 + |2’|/8).

It now follows that

(3.19) Vieh(x) < CoVy(h(1+1In" h)27)(x) + G

for some constant C;. ~
Given f € L(1+1n" L)""2/2() and A > 0, welet h = 2C;A7|f|. Then [V, f (x)| >
)\ implies V. (h) (x) >2C; and V, (h(1+In" h)(,@_z)/z) (x) > C;/Cy because of

(3.19). Since V, is of weak type (1,1) by Proposition 3.1, we conclude that

51
(>0 5 e g, = f S (e B

Proposition 3.4 is proved. ]

To show that (1.2) is sharp, we will use (2.4).
Let f = xp(o,1)- With 77 > 0 large, we consider Rp f(x) in the region

x'1
(3.20) Qp=4x:y<x1<n+1, € —B;.
-1 Vi 2 )
Here, %B denotes the concentric scaling of the ball B from (2.4), by a factor 1/2. Let
x € Q,and y € B(0,1). Then

X — yl X!

1
——="——4+0|l— ], # - .
(a-y)2 (\/ﬁ)
This implies that (x” — y')/(x1 — y1)/? € B for large 7, and (2.4) applies. Further, (3.1)

shows that e 7171 L ¢=291 and so

q—n—1

(-D*Rpf(x) ~ ey =)
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for x € Q,), where the equality defines A. Then 77 ~ In1™", and

g-n-1

u(Qy) ~ eyt =17 T LA (Ind )R

For g > 2 this shows that (1.2) is sharp, and in particular that Rp is not of weak type

(1,1).

Theorem 1.1 is completely proved. [ ]

4 Proof of Theorem 1.2(i)

Before proving this theorem, we find local and global estimates for t*/2D, p;(x, y) in
the space L(dt/t). They will be analogous to Propositions 2.1 and 2.2, with similar
proofs.

Proposition 4.1 For 0 < |x — y| < 1, one has

(41 182 Ds peCs D) liangy § —
W(B o= )

1
- ylu(B(x,x = y])’

k
(4.2) Ht2 Vy D, pt(x,y)HLz(dt/t) < |x

Proposition 4.2 For |x — y| > 1, one has
o 2
(43) [t Dx piC 1) liaaryy s e Ix—y|q2_i[ (x v ) ]

lx =y
Proof of Propositions 4.1 and 4.2 Clearly,

k 2
2D pi(xy)[ = Y. aadp th35pi(x,y) dpi(x. y).
Jal<TBl=k

We write a = (a1, ') as before, and similarly, § = (1, '), assuming always || = || =
k. Using expression (1.8) for p;(x, y) and (2.8), we see that t0% p,(x, y) ok pe(x,y)
is the sum of positive factors times

—2x-2yy k- TR, - X=y) 2 o
e t Hz (22 Hy e,
2\/_ P\ 2/t

takenover@; = 0,...,a;and §; =0, ..., B;. Here as in Section 2, we have &@ = (ay, a’),

and similarly E = (E, B).
Integrating this expression with respect to dt/¢t, we obtain a positive constant times

o too 4 (@l _ xX-y iy dt
4.4 e BN / o (22 Hy fem 2 =
(44) 0 2\/_ A\ 2/t t

Here, the product of the two Hermite polynomials is a linear combination of terms

(o) () () ()
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16 H.-Q. Liand P. Sjégren

where y = (y1,9") and 8 = (81, 8") satisfy 0 < y; <@; and 0 <y’ < o', and similarly,
0<8; < B and 0< 4" <pB'. Each such term leads to a corresponding term in the

expression (4.4), proportional to
’ ’ +oo @+|B] x— 2
(45) e (xy - ) (x - y )T f phe SR o 2 S %.
0

After replacing ¢ by 7 = 2¢ in this integral, one can apply Lemma 2.3 with a = 2|x — y|.
For |x — y| < 1, we see from Lemma 2.3(i) that the modulus of (4.5) is controlled by

~2x1-21 yrdu s |y 2k (@Bl lyl+ 0] -2

lx1 =y
5 ef4x1 |x _y

e
|72n
bl

if the exponent of ¢ in the integral is negative. But in the opposite case, this is also true.
Thus, (4.1) is proved. To complete the proof of Proposition 4.1, one verifies (4.2) in a
similar way.

Aiming at Proposition 4.2, we assume that |x — y|>1 and conclude from
Lemma 2.3(ii) that (4.5) is in modulus bounded by constant times

=2y | ’ ’ _ [@+Bl+lyl+ol 1
e 2x1-2y1-2|x—y| |x1 _y1|y1+61|x/ _y/||y |+]& \|x —}/|k > n-y

In this expression, we estimate |x; — y;| by |x — y| and write k as k = (a7 + || + B1 +
IB')/2, getting

(4.6) ~2a-2p1-2xy] | |“IT+/31_L;“_E+61_H_% Ix' - /| Iy’ |+16']
. e X — .
g =172
Here, we have
(4.7) 0<q Pi<q @T@-pn20, Bi-820
and also |y’|, |8'| < k. Thus, for |x — y| > 1, the last expression is at most
o2\ k
|x =yl

We have shown that this is a bound for [;"* t¥| D p(x, y)|? dt/t, and (4.3) follows.
The two propositions are proved. ]

Remark The estimate at the end of the proof just given can be sharp only when all
inequalities (4.7) are equalities. Indeed, if any of the four inequalities is strict, one can
estimate (4.6) by a modified quantity (4.8) in which |x — y| has a smaller exponent.

Proof of Theorem 1.2(i) Clearly,

Ho()(x) = ( [

We now introduce a local part 3¢ and a global part 33 of this operator, defined by
restricting the integration in y here to the region |y — x| < 1and |y — x| > 1, respectively.

1
2

[ Depien)f () du()| #)
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Thus,
Hpf <HYf+Hyf.

To see that the local part is of weak type (1,1), we apply the method of localization
as done for the Riesz transforms, but now using vector-valued singular integral theory
and Proposition 4.1.

For {7, we start by applying Minkowski’s integral inequality, getting

fHB"(f)(x)Sf " If(y)l(fomlszxpt(x,y)f%)zd#(y)-

lx—y

We can now follow the argument for RY in the proof of Theorem 1.1, replacing
(2.3) by (4.3). In particular, that part of H{} given by x; — y; < 1is seen to be of strong
type (1,1). Moreover, the kernel of the remaining part is controlled by V. (x, y) with
k = q +1/2. This leads to the weak type (1,1) estimate of Theorem 1.2(i) and also to
(1.3), in view of Propositions 3.1 and 3.4.

For the sharpness parts of Theorem 1.2(i), we let f = xp(o,1). Let |a| = k and take

points y and x with |y| < 1 and x; > 0 large but x’/+/|x| bounded, which implies x; =

x| + O(1). We will then estimate t¥/20% p,(x, y), and we need to be more precise than
in the preceding argument. Because of (1.8) and (2.8), this quantity is the sum of

[+%1 —[@ —x— k=[@—n X=Y\ _lx—y?
(4.9 —lk(~)2 e N He| 2 |eTte ar
) ( ) o “ 2\/?
taken over @; = 0,..., ;. Here, @ = (&}, a’) as before. The remark after the end of

the proof of Propositions 4.1 and 4.2 shows that we need only consider the case
a1 = g, which implies |a’| = k — g. For the same reason, we can replace the polynomial

Hz, ((x1 = y1)/2/t) by its leading term 2% ((x; — y1)/2V/1)®.
Then we can write

@ / /
x-) @ (X1~ )1 Xy
Hg|—= | =2" H | =—Z )+
“(Zﬁ) (N?) “(N?)
T L alxXi—n “ x'—y'
=% 2 | 2 H(x’ —_— |+
( 2t ) (N?)
where the dots indicate negligible terms. Restricting ¢ by |t — %| <|x
x-y = @ fx @ x'
He2=2 ) =28 2 (2 4 o(|x[5) | Haoo|l —— + O(|x| %) | + -
(t) 2 (ol e g 0t
P 4
=2% tlear(x—)-F
V2]

We now insert this last expression for the Hermite polynomial in (4.9), and observe
that [&] = @) + |a’| = & + k — g. Then the only factor in (4.9) that depends on &; will

/4, we see that
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18 H.-Q. Liand P. Sjégren

be the binomial coefficient. Since
o
> (2)=2m-2,
@-0 \M

by summing (4.9) in ;, we get

5 a-n x' Je=yl2
t2 a;‘ Pt(x’)’) = (_1)k 22q_k eI tT Hlxl( )e_te_ I 4.

V2]

The next step is to sum these expressions in «, with the coefficients from (1.1). The
result is that for y, x, and t as described above,

t: D, pi(x, )

_ 1 k22q—k —-X1—1 t? —t _|X;{‘2 H x/
=(-1) e et Y a(gey He
|a/|=k—q 2|x|

+ harmless terms.

The sum here is P(x’/\/2|x|) for some nonzero polynomial P in n —1 variables.
Thus, we can find a ball B ¢ R”! in which P does not vanish. Further,

2 2
_ lx=l x|

e 4t ~ e 4t 5
since |y| <1and ¢ ~ |x|. With f = xp(,1), by integrating in y, we then get

2
x|

|t§D em“lf(x)|2 ~e P e e

where, as before, x; > 0 is large, x’/\/2|x| € B, and ‘t - |’2‘—| < |xP/*. Hence,

(4.10) fo o

After the change of variable 7 = 2t, we can apply the last part of Lemma 2.3(ii) to
conclude that the right-hand side of (4.10) equals a positive constant times

x|

& dt _ _ _ AT k2 dt
tZDetAflf(x)‘z— > e " f Mo~ =,
t bl _|xpra t

|3/4

_p_1
(4.11) e xf_” e 2l |x|7% 1+0(x|™)) = e 22 xlq "2 1+ 0o(x|™)).

We define Q2 by (3.20), though B is not the same as in Section 3. If 17 is large, x € Q,,
implies x’/\/2|x| € B. It now follows from (4.10) and (4.11) that for large #,

Hyfze?y's
in Q. This implies the “only if” part of Theorem 1.2(i) and the sharpness of g; cf. the
very last part of Section 3. We leave it to the reader to check that all the neglected terms
above can be disregarded.
Theorem 1.2(i) is proved. |
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Proof of Theorem 1.2(ii)

To prove the claimed boundedness properties of G,, we copy the reasoning used
for Theorems 1.1 and 1.2(i). We must estimate the kernel t* D, P;(x, y) in the space
L*(dt/t).

The subordination formula says that the Poisson kernel P; is given by

t + 00 3 _ﬁ
P,(x,y):mfo u2e wp,(x,y)du.

This equation will also hold with P;(x, y) and p,(x, y) replaced by their derivatives
D, Pi(x,y) and Dyp,(x, y), respectively. Using Minkowski’s integral inequality, we
conclude that

(/+cx>|t"Dth(x,y)|2ﬁ)E
0 t
voo oy 2 2 dt\:
(LT [T e S Doty D)
voo +00 22dty:
gfo u 3|Dxpu(x,y)l(f0 ("t ew) T)Zd”‘

The last inner integral here is seen to equal 2% I"(k + 1)u**!, and so

+oo dty\: ooy du
Gy ([ IFDReP ) s [ ud D) .
0 t 0 u

The right-hand side in (5.1) is like the expression for Rp(x, ) in (2.7), except for the
modulus signs. In Section 2, equality (2.7) was used to prove Propositions 2.1 and 2.2.
Tracing those arguments, one sees that inequality (5.1) is sufficient to imply estimates
similar to (2.1) and (2.3) for (f;"™ |t* D Pi(x, y)P? dt/t)"/?. Taking a derivative in y,
one also obtains the analog of (2.2). This leads to the weak type of G, for g <2 and
also to (1.4), as seen from the proof of Theorem 1.1 in Section 3.

It remains to verify the sharpness parts of Theorem 1.2(ii). Recall that D =
Ylaj=k 320" We will find an f € L'(u) and a ball B c R"! such that if x; > 0 is large
and x'//x; € B, one has

q—n—1

(5.2) Spf(x)ze™x .
From this estimate, the sharpness parts of Theorem 1.2(ii) will follow; cf. the last few
lines of Section 3.

To estimate D, P;(x, y), we consider

t too 53 2
0% P, (x, :—f u 2e m 9%,(x,y)du,
x f( y) 2\/E 0 xP ( y)
with |a| = k and a5 < q.
From (1.8), we see that 9% P;(x, y) is a sum of terms
_ko? du

_F _n+1 [ o T w2 &
DM (4r) 2 | et u 'z e me g% —,
X
0

[24] u
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where @ = (0}, «’) as before, and the sum is taken over &; = 0,. .., a;. Using (2.8), we
see that this expression equals

(_1)k n‘"T“ 5~ [@l-n-1 (‘11) eI

a1
+oo +[@]+n — 2t|x—y?
(5.3) X[ u Ea Hz(x y)e_" e e d_u
0 2Vu u

We now apply (2.5) to the integral here. It follows that for large |x — y|, quantity
(5.3) equals

(D@0 E 2 F (D) (2 o) F e VERSR

1
a

(e oL
(5.4) H“(ﬁ(t2+|x—y|2)l/4)(l O(m))‘

Again, we consider points x for which x; > 0 is large and x"/,/x; stays bounded.
Further, we assume |y| < 1 and restrict ¢ by /%1 < t < 2,/x;. Some Taylor expansions
thenlead to |x — y| = x;(1+ O(x;7")) and

xX-y t? 1
2alx—y? =|x[1- =L+ — + 0(—
VET Y| |x|( e Ol ))

(5.5) :|x|—y1+%+O(L)

as x; — oo,
Using (5.5), we conclude that expression (5.4) now equals

o _[@n2 o
)tx1 s gk

-0k (2m) 3275 (,0Z

(5.6) me( ﬂ)H,x,(x—l)(Ho(i)),

2 )\ N
as x; > oo. We can replace the Hermite polynomial Hz, (1/x1/2) here by its leading
term, which is 2%/ lem/ ?_ Since |@] = &, + |o|, this will make the exponents of 2 and
x; in (5.6) independent of @;. When we then sum in &; =0, ..., «;, the binomial
coefficients in (5.6) will sum up to 2%, and as a result,

_la|+n+2

n Jo’] = _x= ,i
P (x,y) = (FDF ) E 2T py 7 e

x' 1
xHy |l —= |1+ ol—11.
=)o)
Next, we integrate against f(y)du(y) with f = xp(o,1)/#(B(0,1)). Summing also
over a, we get

P - N
DyPf(x) = (-1 (2n)7% a7 M
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lo’] _la| x’ 1
29T * Hyl—— |1+ 0[—]|.

For large x;, the largest terms in the sum here are those where || takes its minimal
value k — g, so that a; = q. We introduce the nonzero polynomial

_n _3da-k
P(Z)=(-D*2n) 7277 Y ageyHa(2).
la’|=k-q
Since x'/+/2x; stays bounded, it follows that

tk Dthf(X) _ e—xl—\x\—% tk+1 e qu;rwrz p x' Lo L '
! \/2X1

We can now integrate in t and conclude that

V@ g dt  _(x- X\ 1
2y -4x f G k2 AL gy pf X ) 5[ 1))
(Spf(x)) 2e v ! N J

The integral here is of order of magnitude xf*!, and so

—2x; q%n_l x, 1
e ) o)

To obtain (5.2), it is now enough to let B be a closed ball in R"™! in which the
polynomial P does not vanish.
This ends the proof of Theorem 1.2(ii).

6 Sharp Estimates for aa_; pi

This section is a preparation for the proof of Theorem 1.3.
We take k derivatives with respect to ¢ of

n M Ix— ‘2

(6.1) pi(x,y) = (4n) te 0 14 oot
2

ose derivatives that fall on the last exponential here will produce factors % -1

The derivative

ﬁ[\x—ylz _l]:_lx—yl2

otl 4t 2t3
will also appear. We see that
ak
(6.2) wl’t(x#) =qk pe(%, ),

where the factor gy is given by

x -y 1 |x -y
qk:Qk(| w1 yl)

412 t 28

for a polynomial Qy in three variables, whose coefficients depend only on # and k.
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To estimate gy, we examine the terms of this polynomial. Consider a term obtained

by letting exactly m of the k differentiations fall on the exponential e~*~1¥~ Frae 1f,
=y

moreover, the number of differentiations falling on a power of =7~ -1 is p, the
2 2
resulting term of Qj will contain p factors — Ixz— t{' and m - p factors "‘4‘;' —1. The

remaining k — m — p differentiations will produce factors —t~*. We conclude that gy
is a sum of expressions of the form

I G

with C,,,, > 0. Here, p + m < k and p < m; thus, 2p < k so that p < [%] This implies
the upper estimate

ok x—yF mp ke
60 o pion)| s DEIE A eyt gy,

the sum taken over 0 < p < [£]and 0 <m <k - p.
We also need a lower estimate. Let 7 > 0 be large and define

Sy={xs n-1<xi<y and /q<xi<27, i=2,...,n}.

Lemma 6.1 Forx € Z,,

y| <1, and

2(1—2i)<t<ﬂ(1—%)

with ¢ = ¢1(n, k) small enough and n large enough, one has

k-n
2,

6, OF _
(6.5) (—1)[15] tkﬁ pi(x,y) 2 e n f

Proof Assuming x, y, and ¢ as in the lemma, we can write

(
t:g(l—ﬁ),

where ¢; < { < 2¢;.
Some simple computations will lead to |x - [ = # (1+ O(™")) and

|x_y|2 ( _1 |x_y|2 4 -3
- _1:2ﬁ(1+o(y/ 2)) and :E(1+O(’7 2))’

213
as n — oo. Expression (6.3) thus equals

_ ( m=p 4\ P i —k+m+p 1
-1k Cpp(2—= =) (2 1+0(y2
(1) Cp ﬁ) (;) (3) (ot

m+p

(6.6) = ()" K Cpp 2 TR P14 0(7E)).
If we fixa small ¢; > 0 and take #7 > ¢, the product 2F anﬂ’_k ¢"™~P will be maximal

when m + p takes its largest possible value k and also m — p is as small as possible.
This means that p = [5] and m = k — [£]. Moreover, if ; is small enough and 7 large
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enough, these values of m and p will make expression (6.6) much larger than any other
admissible values of m and p, in modulus. We conclude that then

_k
2

k even
6.7 -1 [%] ~ _g k—2[§] ~ i’[ > ?
(67) (1" g~ ¢ clq‘g, k odd.

We also need an estimate of the value of p;(x, y) for these x, y, t, and write the sum
of the exponents of e in (6.1) as

x -y
at
n, &I P(1+0(™)
22 290-¢/ym)
:_q+o(1)—ﬂ+m—g(1+i+0('1_1))

2 2 NG
=-2n+0(1).

_xl_yl_t_

=-n+0(1) -

Thus, (6.1) implies that

pe(x,y) ~ e Mt

We now combine this with (6.2) and (6.7), and take # large after fixing a small ¢;. Then
(6.5) follows. ]

7 Proof of Theorem 1.3

For the local parts of the operators in Theorem 1.3, one can use the method of
localization, since R("") has the local doubling property. Standard vector-valued
singular integral theory then gives the weak type (1,1) of the local parts of g, hy
and H.

The parts at infinity of these operators can all be estimated by the method used for
Theorem 1.1, in the following way.

Consider first the part at infinity of hy, given by

oo Tk ok 2dtys
eNE =1 sEe e s ao] )
Using Minkowski’s integral inequality, we get
- too ok 2 diNs
eNE < [ O [t gee e T) o).
We estimate the inner integral here.

Lemma 71 We have

+oo ak Zdt% k=n_1
kO at N P e o I
([ |F s pien| ) sle-p e L ey
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Since this lemma implies a kernel estimate like (2.3) with g replaced by k +1/2, it
will allow us to argue as in Section 3 using the operator V,,/,. In this way, the weak
type (1,1) of hy and also (1.5) follow from Lemma 7.1.

Proof of Lemma 7.1 Combining (6.4) and (1.9), we conclude
(7.1)

+oo ) ok 2dt a2l
Jy 1 smpten] T

=] _ 2(m— — 2(m— x—
Syt [ AR g e

>

where the sum is taken over m and p such that 0 < p < [%] and 0 < m < k — p. In the
last integral, we estimate

(72) ||x | l‘z(m_p)e—Zt(%—l) h-m —t( ‘x 1)

Changing variables by ¢ = |x — y|/(2s), we see that the integral in the right-hand
side of (71) is controlled by

+ 00 _ _ 1 2
[ (s+ 12" P (|x - y|/s)" 3P Llxy|(s-1)s S
0

N

If restricted to the interval 1/2 < s < 2, this integral will be of order of magnitude |x —
y|m=3P=1=1/2 The other parts of the integral are smaller because of the exponential
decay. From this, Lemma 7.1 follows. ]

Let us now consider the part at infinity of g, k > 1. It is enough to verify the
following estimate:

+o0 ok 24t 3 e
03 ([ |Fsppon)| T) she oy e L eoyis,

since we can then argue as in Section 3. For this, we write the subordination formula as

P(ey)= [ +°°¢(ﬁ)pu(x,y)% with g(s) = e
and use Minkowski’s integral inequality, getting
(L+w‘t aatth (x, )’)|2 dt)
= [ [ 2t}
L (R ey

s [ puen) .
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In view of (1.8), the last expression is majorized by constant times
e_xl—}’I [Jroo u_% e_u_% %
0 u

By Lemma 2.3(ii), we see that for |x — y| > 1, this quantity is no larger than constant
times e~ | — y|7("*1/2 "and (7.3) follows.
The next lemma will imply the weak type (1,1) of H; and also (1.6).

Lemma 7.2 For|x—y|>1t>0,andk >1,

|tk§—;< pt(x,y)‘ Se

Proof From (6.4) and (1.9), we obtain

L e

% |x —)/‘ZP Fm- 2p-% —t(%—l)z’
the sum taken over 0 < p < [£],0 <m <k - p. We now use (7.2), where we first take
square roots, and write again f = s|x — y|/2. The result will be

p+m n m—3p

‘t pt(x )’)‘<e x1=y1=|x=yl Z( +1) |x 5l neyls(11)?

Here we simply delete the factor |x — y| in the last exponent. Since p + m < k, we will
get at most the quantity in the right-hand side of the lemma, multiplied by a bounded
function of s.

Lemma 7.2 is proved. [ ]

To verify the sharpness parts of Theorem 1.3, we use Lemma 6.1. For hj we get with
xeX
1

WD dt
(e (xa0) () 2 /u 2ei/ 2 T

where the equality defines the positive number A. Since for k > 2,

— —p-1
264’77[](”2:/\2,

l

k—n- n-1
Mu(Eg)z ey 7 e¥y's =g

SIS

_3
i — +00 as 1 —> +00,

we conclude that ki, is not of weak type (1,1) and that (1.5) is sharp.
The case of Hy is even simpler, and this ends the proof of Theorem 1.3. [ ]
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