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SPLITTING INTEGRATORS FOR STOCHASTIC LIE-POISSON SYSTEMS

CHARLES-EDOUARD BREHIER, DAVID COHEN, AND TOBIAS JAHNKE

ABsTrACT. We study stochastic Poisson integrators for a class of stochastic Poisson systems
driven by Stratonovich noise. Such geometric integrators preserve Casimir functions and the
Poisson map property. For this purpose, we propose explicit stochastic Poisson integrators based
on a splitting strategy, and analyse their qualitative and quantitative properties: preservation of
Casimir functions, existence of almost sure or moment bounds, asymptotic preserving property,
and strong and weak rates of convergence. The construction of the schemes and the theoretical
results are illustrated through extensive numerical experiments for three examples of stochastic
Lie—Poisson systems, namely: stochastically perturbed Maxwell-Bloch, rigid body and sine—
Euler equations.

1. INTRODUCTION

Hamiltonian ordinary differential equations and their generalisation, Poisson systems, are ex-
tensively used as mathematical models to describe the dynamical evolution of various physical
systems in science and engineering. The flow of a Hamiltonian system is known to be a symplectic
map, whereas the flow of a Poisson system is a Poisson map. This is a key property that the flow
of a numerical method should also have. The recent years have thus witnessed a large amount
of research activities in the design and numerical analysis of symplectic numerical schemes, resp.
Poisson integrators, for deterministic (non-canonical) Hamiltonian systems, see for instance the
classical monographs [46], [30, 24, O] and references therein.

This research has naturally come to the realm of stochastic Hamiltonian systems. Without being
too exhaustive, we mention the works |37, 36} [53] 10}, 411, 12| 33], K1}, [5] 20} (47, [54] [26] 251 [31] [15]
on the numerical analysis of symplectic methods for stochastic Hamiltonian systems.

Since symplectic methods for stochastic Hamiltonian systems offer advantages compared to
standard numerical methods, as observed in the above list of references, it is natural to ask if
one can derive numerical integrators respecting the structure of stochastic Poisson systems of the
Stratonovich form

dy(t) = Bly(1))VH(y(t)) dt + Y Bly(t)) VHr(y(t)) o dWi(t)
k=1

y(o) = Yo,
with Hamiltonian functions H, ﬁl, .. .,ﬁm: R? — R, a structure matrix B: R? — R4¥¢ and
independent standard real-valued Wiener processes Wi, ..., W,,, see Section [2] for details on the

notation.

Stochastic Poisson systems are popular models to describe diverse random phenomena, see below
and |8, [39] [40, 32], 28] 29, [6], 50, [, 17, [52] for instance. However, to the best of our knowledge,
there has been no general study of integrators for stochastic Poisson systems which respect their
geometric properties in the literature so far except the recent work [27]. In this manuscript, we
intend to fill this gap and we study the notion of stochastic Poisson integrators (see Definition
and [27, Theorem 3.1]): such integrators need to be Poisson maps (see Definition[2)) and to preserve
the Casimir functions of the system. Imposing these conditions is natural: indeed we prove that
the flow of the stochastic Poisson system is a Poisson map (see Theorem and also preserves
Casimir functions. In addition, the present notion of stochastic Poisson integrators is a natural
generalisation of the notion of Poisson integrators for deterministic Poisson systems.

Key words and phrases. stochastic Poisson systems; splitting schemes; Poisson integrators; strong and weak
rates of convergence; asymptotic preserving schemes; Maxwell-Bloch equations; rigid body equations; sine-Euler
equations.
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The main contribution of this manuscript is the analysis of a class of explicit stochastic Pois-
son integrators, see equation , based on a splitting strategy. The splitting strategy is often
applicable for stochastic Lie—Poisson systems, which have a structure matrix B(y) which depends
linearly on y. The construction of the scheme is illustrated for stochastic perturbations of three
systems which have been studied extensively in the deterministic case: Maxwell-Bloch, rigid body
and sine-Euler equations. Note that these examples give stochastic differential equations (SDEs)
with non-globally Lipschitz drift and diffusion coefficients, thus standard explicit schemes such as
the Euler-Maruyama method are not expected to converge (strongly or weakly) or even to satisfy
moment bounds. Instead, under appropriate assumptions, we prove that the proposed integrators
converge strongly and weakly, with rates 1/2 and 1 respectively, see Theorem Indeed, if one
assumes that the system admits a Casimir function with compact level sets (which is the case for
the rigid body and the sine-Euler equations), both the exact and the numerical solutions of the
stochastic Poisson systems remain bounded almost surely, uniformly with respect to the time step
size. Our main convergence result, Theorem 2] is illustrated with extensive numerical experiments.

On top of that, we study the properties of the stochastic Poisson systems (see Subsection and
stochastic Poisson integrators (see Subsection in a multiscale regime, namely when the Wiener
processes are approximated by a smooth noise. The proposed splitting schemes are asymptotic
preserving in this diffusion approximation regime, in the sense of the notion recently introduced
in [I1]. This property, which is not satisfied by standard integrators, is illustrated with numerical
experiments.

Let us now compare our contributions with existing works. As already mentioned, the notion
of stochastic Poisson integrators is a natural generalisation of the notion of Poisson integrators for
deterministic systems. In the stochastic case, we are only aware of the recent work [27], where
techniques which differ from ours are employed. First, in [27], the proof that the flow is a Poisson
map consists in using the Darboux—Lie theorem to rewrite the stochastic Poisson system into a
canonical form, i.e. as a stochastic Hamiltonian system, for which it is already known that the
flow is a symplectic map. On the contrary, our approach to prove Theorem [I] below is more direct
and extends the approach considered in [24] Chapter VII| for the deterministic case. Second,
the authors of [27] design stochastic Poisson integrators by starting from a stochastic symplectic
scheme for the canonical version, and then by coming back to the original variables. Note that
the transformations between the non canonical and canonical variables are often found by solving
partial differential equations, and that symplectic schemes are usually implicit. Our approach is
more direct and leads to explicit splitting schemes. In particular, for the stochastic rigid body
system, the scheme proposed in [27] is based on the midpoint rule and is thus implicit, whereas
the scheme proposed in our work is explicit, and we are able to prove strong and weak convergence
results.

The paper is organized as follows. Section [2]is devoted to the setting and to the description of
the main properties of stochastic Poisson systems, namely the preservation of Casimir functions
and the Poisson map property (Theorem |1} see Subsection . The three main examples of sto-
chastic Lie-Poisson systems (Maxwell-Bloch, rigid body and sine-Euler equations) are introduced
in Subsection [2.3] The diffusion approximation regime is presented in Subsection Section
presents the main theoretical contributions of this work: we introduce the notion of stochastic
Poisson integrators (Definition [3) and we propose a class of such integrators using a splitting tech-
nique. The main convergence result (Theorem [2]) is stated and proved in Subsection (using
an auxiliary result proved in Appendix : under appropriate assumptions, the proposed explicit
splitting stochastic Poisson integrators converge in strong and weak senses, with orders 1/2 and 1
respectively. The asymptotic preserving property in the diffusion approximation regime is studied
in Section 3.3} Finally, Section [4] presents numerical experiments using the proposed splitting sto-
chastic Poisson integrators and variants for the three examples of stochastic Lie—Poisson systems
(Maxwell-Bloch, rigid body and sine-Euler equations). We illustrate various qualitative and quan-
titative properties, which show the superiority of the proposed schemes compared with existing
methods.

2. STOCHASTIC POISSON AND LIE-POISSON SYSTEMS

In this section, we set notation and introduce the stochastic differential equations studied in this
article, namely stochastic (Lie—)Poisson systems. We then state the main properties of such systems
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and give several examples for which stochastic Poisson integrators are designed and analysed in
Sections [3] and [l We conclude this section with a diffusion approximation result justifying why
considering stochastic Poisson systems with a Stratonovich interpretation of the noise is relevant.

2.1. Setting and stochastic Poisson dynamics. Let d, m be positive integers: d is the dimen-
sion of the considered system and m is the dimension of the stochastic perturbation. We study
stochastic Poisson systems of the type

n dy(t) = B(y(t))VH(y(t)) dt+ > B(y(t))VHi(y(t)) o dWi(t),
k=1

y(0) = yo,
with Hamiltonian functions H, flh ... ,ﬁm: RY — R, with structure matriz B: R — R4 and
with independent standard real-valued Wiener processes W7, ..., W,, defined on a probability space

(Q, F,P). The noise in the SDE is understood in the Stratonovich sense. The initial value yq is
assumed to be non-random for ease of presentation, but the results of this paper can be extended
to the case of random gy (independent of Wy, ..., W, and satisfying appropriate moment bounds).

Henceforth we assume at least that H € C?, ﬁl, e ,fi\'m € C?, and that B € C2. The gradient
is denoted by V, e.g. VH(y) = (Oiny(ly)’ cee c’)g{iy(j)) € R?. The structure matrix B is assumed to
satisfy the following properties.

o Skew-symmetry: for every y € R? and for all 4,5 € {1,...,d}, one has
Bij(y) = —Bji(y);

e Jacobi identity: for every y € R% and for all 4,75,k € {1,...,d}, one has

d

Sometimes the structure matrix B is referred to as the Poisson matrix. In many applications the

structure matrix B depends linearly on y: if there is a family of real numbers (bfj)1 <ijk<d such
that B

d
(2) Bij(y) =Y bhiyw
k=1

for all y € R? and 4,j = 1,...,d, then the system is called a stochastic Lie-Poisson system.
Examples are provided below in Section A stochastic Hamiltonian system is obtained if d is
even and B(y) = J~! for all y € R?, where

0 Id
7=(2a %)
If fIk =0 forall k=1,...,m, then the SDE (1]) reduces to a classical deterministic (Lie—)Poisson
or Hamiltonian system; cf. [24].

Properties and numerical approximations of stochastic Hamiltonian systems and of deterministic
Poisson systems have been extensively studied in the literature, see the references in the introduc-
tion. The results presented in this work are generalisations to the above stochastic Poisson case,
with a special focus on stochastic Lie—Poisson systems.

Under the previous regularity assumptions, the drift coefficient y — B(y)VH (y) is of class C?,
and, for all K = 1,...,m, the diffusion coefficient y — B(y)Vﬁk(y) is of class C2. As a consequence,
the stochastic differential equation is locally well-posed: for any deterministic initial condition
yo € R?, there exists a random time 7, which is almost surely positive, such that admits a
unique solution ¢ € [0, 7) — y(t) with y(0) = yo. Below we will present a criterion to ensure global

well-posedness (7 = co almost surely for any initial condition yg). This criterion is applied to study
the examples presented below.
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2.2. Properties of stochastic Poisson systems. Deterministic and stochastic Poisson systems
have several geometric properties which we discuss in this section. Let H: R¢ — R be a mapping
of class C2. The evolution of H(y) along a solution y(t) of the stochastic Poisson system is
described by

3) dH(y(t) = {H, H}(y(t)) dt + > _{H, Hi}(y(t)) o dWi(t),
k=1
where the Poisson bracket {-,-} associated with the structure matrix B is defined by
d
OF 0G
0 6w = 3 B0 5,002 — vr) BG)VG).
i j

1,j=1

The identity is proved using the chain rule for solutions of SDEs written in the Stratonovich
formulation. The fact that the same structure matrix B appears in both the deterministic and
stochastic parts of the system is important to express using the Poisson bracket defined
by , which depends only on B but not on the Hamiltonian functions H, ﬁ[l, .. .,ﬁm. This
assumption on the system is the key to study the geometric properties of such a system and
its numerical discretisation, such as the preservation of Casimir functions or the Poisson map
property. Most of the properties stated below would not hold if different structure matrices were
considering in the stochastic terms. If {H, H} = 0 and if the system is deterministic (i.e. if Hy, = 0
for all K = 1,...,m), then the equality implies that ¢ — H(y(¢)) is constant, i.e. that H is
preserved by the flow of the deterministic Poisson system. Since every smooth Hamiltonian has
the property that {H, H} = 0 this means, in particular, that the flow of a deterministic Poisson
systems ¢y = B(y)V H (y) preserves the Hamiltonian H (see for instance [24] Sect. IV.1 and VII.2]).
In the stochastic case, however, the Hamiltonian is in general not preserved. Precisely, Equation
yields the following sufficient condition

(M, HY={H,H}=...={H H,} =0

to obtain d#(y(¢)) = 0 and hence preservation of H by the flow of the stochastic Poisson system ().
In addition, deterministic and stochastic Poisson systems may have conserved quantities called
Casimir functions.

Definition 1. A function C: R? — R of class C? is called a Casimir function of the stochastic
Poisson system if for all y € R% one has

VC(y)"B(y) = 0.

Observe that the definition of a Casimir function for stochastic and deterministic Poisson systems
only depends on the structure matrix B, but not on the Hamiltonian functions H, Hy,..., Hp,. A
Casimir function C satisfies

{C,H} ={C,H,} =...={C,H,} =0,

see the definition of the Poisson bracket in equation . As a consequence, owing to , any
Casimir function C is preserved by the flow of the stochastic Poisson system (T)), i.e. C(y(t)) =
C(yo) for all t € [0, 7], independently of the choice of the Hamiltonian functions H, fll, ol a,,
(since the same structure matrix B appears in both the deterministic and stochastic parts of
in order to have preservation of Casimir functions). The preservation of Casimir functions is a
desirable feature for a numerical method when applied to the problem (|1)).

A criterion to ensure global well-posedness of the dynamics can be stated based on the preser-
vation of Casimir functions by solutions of stochastic Poisson systems: it suffices to assume the
existence of a Casimir function with compact level sets.

Proposition 1. Assume that the stochastic Poisson system admits a Casimir function C' such
that for all ¢ € R the level sets {y € R?: C(y) = ¢} are compact. Then for any initial condition
yo € R? the SDE admits a unique global solution (y(t)) with y(0) = yo, such that almost
surely one has, for allt >0, C(y(t)) = C(yo) and

Ol <R = max .
vOll < Blwo) = max ]

t>07
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Proof. The proof of Proposition [I] follows from a straightfozward truncation argument: let R =
R(yo) + 1, and introduce mappings H of class C?> and HF,...,HE : R? — R, of class C?,
with compact support included in the ball {y € R?: |ly|| < R}, and such that Hf(y) = H(y),
f[,f(y) = Efk(y) for all y with |ly|| < R(yo) and k = 1,...,m. Set fF(y) = B(y)VH(y) and
f,f(y) = B(y)ﬁ,f(y) for all y € R and k = 1,...,m. Then f is globally Lipschitz continuous
and, forallk=1,...,m, f,f‘ is of class C2, bounded and with bounded derivatives. By the standard

well-posedness result for SDEs with globally Lipschitz continuous nonlinearities (when written in
It6 form), the SDE

dy®(t) = fRR) dt+ > FEW () o dWi(t)
k=1

admits a unique global solution (yR(t))t>0 with yf*(0) = yo. Due to the discussion above, this

solution preserves the Casimir function C: C(y®(t)) = C(y?(0)) = C(yo) for all ¢t > 0. Since the
level sets of the Casimir function C' are assumed to be compact, by the definition of R(yg), one
has |ly®(t)|| < R(yo) < R for all t > 0. This yields the equalities f(y?(¢)) = B(y®(t))VH (y%(t))
and fE(yE(t)) = B(yR(t))Hy(yB(t)) for all t > 0 and k = 1,...,m. Thus (yR(t))t>0 is in fact a
global solution of the SDE () (without truncation parameter R). This concludes the proof of the
existence of a global solution. Since the uniqueness is a consequence of the local well-posedness
of (by local Lipschitz continuity of the nonlinearities), the sketch of proof of Proposition [1] is
completed. O

To conclude this subsection, we would like to remark that the above analysis of the preserva-
tion properties of stochastic Poisson systems is only valid when considering stochastic differential
equations with multiplicative noise interpreted in the Stratonovich sense. Other behaviours are
observed for I1t6 SDEs, see for instance [14) [I8], where Hamiltonian and Poisson It6 SDEs and
their numerical discretisations are studied. Indeed, if the noise is interpreted in the It6 sense, the
Hamiltonian function H or the Casimir functions C are not preserved. Instead, one observes a
linear drift in the expectation of these quantities, which is due to the second-order contribution ap-
pearing when using It6’s formula instead of the chain rule. In the sequel, we only study stochastic
Poisson systems with noise interpreted in the Stratonovich sense. We refer to Subsection
below, where the relevance of considering the Stratonovich interpretation is justified by a diffusion
approximation result.

2.3. Examples of stochastic Poisson systems. In this subsection, we first give an example of
a stochastic Poisson systems which is not a stochastic Lie-Poisson system. We then provide three
examples of stochastic Lie-Poisson systems for which stochastic Poisson integrators based on a
splitting strategy are designed and studied in Sections [3] and [4

Example 1. Stochastic Lotka—Volterra system. A two-dimensional stochastic Lotka—Volterra
system of the form

5) d (z;) - (_yolyz y10y2> (VH(y) dt + iVﬁk(y) 0 de>

k=1

0 Y1Y2
—ty2 0
y1 —In(y1) + y2 — 21In(y2) gives a stochastic Poisson system (with arbitrary Hamiltonian functions
fIl, ... ,ﬁm). The stochastic prey-predator model studied in [45] is obtained taking m = 1 and
Hi(y) = —In(y1) + In(y2).

Observe that the stochastic Lotka-Volterra system does not admit Casimir functions and that
it is not a stochastic Lie—Poisson system (since the mapping y — B(y) is quadratic).

Random perturbations of higher dimensional Lotka—Volterra systems, see |24] for deterministic
problems and |22] for Ité SDEs, could also fit in the general framework presented above.

with the structure matriz B(yy,y2) = ( > and the Hamiltonian function H(yy,y2) =

Let us now present the three examples of stochastic Lie—Poisson systems for which numerical
integrators are built and studied in this article.
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Example 2. Stochastic Maxwell-Bloch system. Letd = 3. The deterministic Maxwell-Bloch
equations from laser-matter dynamics read

U1 =Y2
Y2 = Y1ys3
Y3 = —Y1y2-

This system is relevant to study phenomena of self-induced transparency in lasers, see for instance
[19,[44]. This system is a deterministic Lie—Poisson system with Poisson matriz, Hamiltonian and
Casimir functions given by

0 _y3 y2 1 2 1 2 2
Bly)=1wys 0 0], H(y= SVt s Cly) = §(y2 +93),
-y 0 0

respectively, for all y = (y1,y2,y3) € R3.
In this article, we consider the following stochastic version of the Mazwell-Bloch system:

(6) dy = B(y) (VH(y) dt + 01 VH,(y) o dWy(t) + o3V H;s(y)o dW3(t)) )

where ﬁl(y) = 3yi and ﬁg(y) = y3, 01,03 > 0, driven by two independent Wiener processes W1
and Ws3. Observe that the Casimir function C does not have compact level sets in this example.
The criterion given in Proposition [1] thus cannot be applied to ensure well-posedness of the sto-
chastic differential equation @ In addition, the theoretical strong and weak convergence results
stated below cannot be applied to this example. However, it is legitimate to introduce a stochastic
Poisson integrator and investigate its behaviour with numerical experiments; this will be presented
in Section[§) below.

Example 3. Stochastic rigid body system. Let d = 3. The equations governing the determin-
istic Tigid body motion read

i = (I =1 ysye

g2 = (I7" = I3 yrys

gs = (I3 = I yayn,
where the unknown y = (y1,v2,y3) € R3 represents the angular momentum in the body frame and
the positive distinct real numbers I, Is, I3 are referred to as the principal moments of inertia, see
for instance [24, Sect. VIL5].

The system above is a deterministic Lie—Poisson system, with d = 3, where the Poisson matrix
s given by

0 -y3
B(y)=| vs 0 -un
—Y2 Y1 0

and the Hamiltonian function is given by
Lyt v, 4
Hy)==(>=+2=+2
(y) 2(I1+12+I3 7
for all y € R3. The system admits the quadratic Casimir function given by
Cly) =yi +y3 + 93,
for all y € R3.
In this article, we consider the following stochastic version of the rigid body system

Y1 . ~
d|y2| =B (VH@) dt+ Vi) o dWi(t) + Vila(y) o dWa(t)
Y3
(™) + VHs(y) o dWa(h))

~ 2 ~ o~ o~
where Hy(y) = Z;A—’“, for k =1,2,3, with I, Iz, I3 positive and pairwise distinct real numbers. The
k

system is a stochastic Lie—Poisson system. Quwing to Proposition |1}, it is globally well-posed,
since the Casimir function C' has compact level sets.
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Observe that the system is a generalisation of the stochastic rigid body motion equations
studied in [I7, 6], 4l [16], where m = 1. It would be straightforward to adapt the results presented
below concerning the discretisation of to the case m = 1, this is left to the interested reader.
In the sequel, we only consider the case m = 3, i. e. the system @

Example 4. Stochastic sine—FEuler system. The sine—FEuler equations consist of a finite-
dimensional truncation of the two-dimensional Euler equations in fluid dynamics. These equations
were first proposed in [55] and yield the deterministic Lie—Poisson system

f: sin(32m x n)

m = nf?

Wm+4nW—n,

ni,ne=—M,n#0
where M is an arbitrary positive integer. In the current example, all indices are understood modulo
N =2M + 1, and one sets m X n = myny — many for n = (ny,ng) and m = (my,ms).

The unknown is w = (wn)ﬁ{mzz_M, where the complex numbers wy satisfy the Hermitian sym-
metry property w_n = w) (where w* denotes the complex conjugate of a complex number w), and
w(o,0) = 0. The dimension of the system is d = N2 —1=(2M +1)2 — 1, but under the Hermitian
symmetry property there are only d/2 independent complez-valued components.

In this article, we consider the case M = 1, thus N = 3 and d = 8. The unknown is written as

w = (W(1,0)5 W(1,1),W(0,1), W(~1,1)5 W(1,0> ¥(1,1)» ¥(0,1) W(-1,1))-
Introduce the fundamental cell
K= {(07 1)a (07 _1)a (17 1)7 (_17 _1)a (17 0)7 (_1’ 0)7 (_1’ 1)7 (1a _1)}~

Then the deterministic sine—FEuler system above can be written as a Lie—Poisson system (see for
instance 211, [34] )

(8) w= B(w)VH(w),

where the Poisson matriz is given by

0 W-11) W W 0 W) "YWLy "W
—W(-1,1) 0 w?—l,l) *‘*’2‘0,1) w(0,1) 0 —W(1,0) ‘*’?1,0)
—Way Wl 0 Wiy o WLy Wi 0 —W(1,0)
Blw) = V3| —won  Woiy o W 0 Wan 9o wg},m 0
2 0 —Wo,1)  TW(-11) W) 0 Wit W) Wo,1)
W?o,l) 0 7wz<1,0) W(1,0) *w?—l,l) 0 W(-1,1)  —W(0,1)
W11 W(1,0) 0 Wi W11 WL 0 w(1,1)
‘*’?1,1) *Wa,o) W(1,0) 0 *w?o,l) w(o,1) —W(@,) 0

and with the Hamiltonian function given by

1 WnW_n . 1 X x 1 *
H(W) = 5 Z ‘n‘Q = w(LO)w(l,O) + 5&)(171)&)(1’1) + w(ovl)w(o,l) + iw(_lwl)w(flfl)
nekK

= H10)(w) + Hepy(w) + Heony(w) + HZ11)(w)-
The prefactor v/3/2 in B(w) originates from the equality sin(+27/3) = sin(F47/3) = +/3/2.
Recall that the deterministic Poisson system preserves the Hamiltonian H. In addition, it admits
two Casimir functions, defined by

1
Ci(w) = 5 D watp = wa,0W{1,0) T W01 + @001 T U109 1)
ncK
and
2
Cr(w) = Z cos (;T(n X m))wnwmwnm.
nmeK
In this article, we consider the following stochastic version of the sine—Fuler equations

dw = B(w) (VH(W) dt +01,0)VH(1,0)(w) 0 dW(1,0y(t) + 01,1 VH 1y (W) o dW(i 1)(2)

) +0(0,) VH 1) (w) o dWioy(t) + 0(—1,1) VH(_11y(w) o dW(—1,1)(t)> ;
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where, for k € {(1,0),(1,1),(0,1),(—1,1)}, the Hamiltonian functions are Hy(w) = Hy(w) =
%, ok > 0 are nonnegative real numbers, and Wy are independent standard Wiener process.

The SDE @ is a stochastic Lie—Poisson system. Quwing to Proposition |1}, it is globally well-
posed, since the Casimir function C7 has compact level sets.

Let us provide a possible physical interpretation of the stochastic sine—FEuler system @D the
Hamiltonian function can be decomposed as H(w) = Hy gy(w)+ H 1 1y(w) + Ho1)(w) + H—11)(w),
where Hy can be interpreted as the kinetic energy of the modes, or periodic waves, which are parallel
to the direction k € {(1,0),(1,1),(0,1),(—=1,1)}. In the stochastic version introduced above, noise
acts independently on each of these modes.

To conclude this subsection on examples of stochastic (Lie—)Poisson systems, let us mention
other systems which may be treated using the techniques developed in this work: appropriate
spatial discretisations of (stochastic) Vlasov—Poisson equations [49], random perturbations of the
full rigid body [1] (with a rotation matrix giving the orientation of the body in a fixed frame),
stochastic models of fluid dynamics [23], or reduced models based on a Gaussian wavepacket of the
time-dependent N-body Schrédinger equation [24] Chap VII.6.1-VIIL.6.4]. These examples are not
considered in this article and may be studied in future works.

2.4. The Poisson map property. We proceed with showing that the flow of stochastic Pois-
son systems satisfies a property which is a generalisation of the symplecticity property for
deterministic, respectively stochastic, Hamiltonian systems, see e.g [24], respectively [38].

Let D, denote the Jacobian operator, i.e. D,f(y) = (0;fi(y))1<i j<a for a smooth function
f: R - R%. The transpose of a matrix M is denoted by M7T.

Definition 2. Let U C R? be an open set. A transformation ¢: U — R? is called a Poisson map
for the problem , if one has, almost surely, for all y € RY,

Dyo(y)B(y)Dye(y)" = Blep(y)).

Observe that a composition of Poisson maps is a Poisson map. This property will be used in
the design of stochastic Poisson splitting integrators in the next sections.
The main result of this section is stated below.

Theorem 1. Introduce the flow (t,y) — ¢i(y) of the stochastic Poisson system with coefficients
of class C3. Assume that the flow is globally well defined and of class C* with respect to the variable
y. Then, for allt >0, @, is a Poisson map: almost surely, for all y € R?, one has

Dyi(y)B(y)Dyor(y)" = Blei(y))-

This result can be compared with the similar statement in [27, Th. 2.1]. To prove their result,
the authors of [27] use the Darboux—Lie theorem to perform a change of coordinates, and replace the
considered stochastic Poisson system by a stochastic canonical Hamiltonian system. Our strategy
to prove Theorem [1|is more direct and mimics the analysis of the deterministic case, as proposed
in [24, Ex. 6.VIL.4].

Proof. For allt > 0 and all y € RY, let ®;(y) = Dy (y). To simplify notation, ¢; stands for ¢ (y)

-~

in the computations below. For convenience, we set Hy = H in this proof.
First, it is well-known that ¢ — ®,(y) is the solution of the variational equation

m

d®, = Dy (B(o)VH (1))@ dt + > Dy (B(pr) VHi (1)) @y 0 dWi(t)
k=1

with ®¢ = Id, see for instance [7, Theorem 2.3.32]. We claim that, in the case of the stochastic
Poisson system , the variational equation above may be rewritten as

(10) APy = So(r)Prdt + Y Sklips) Py 0 dWi(t),
k=1
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where, for all £ =0,...,m, one has
Sk(pt) = Mi(or) + Li(or)
Mi(pr) = {(313(%))Vﬁk(<ﬂt) | (8dB(@t))Vﬁk(<Pt)}

Li(¢r) = Blyd) V2 Hy (1.

The identification of the matrices Si(y:) above is based on the following computation: if [M]; ;
denotes the (i, 7)-th entry of a matrix M, then applying the chain rule (recall that the SDE is
interpreted in the Stratonovich sense) yields

d
[Du(B)VEe)] =3 2 (Bulpoailsn)

i,J =1 y]

=1 n=1

+ Z (Z Bii(1) 010, Hk(‘?t)) [Z%}
d

(0 B(g1)) VH (1) } EDY [ 1)V Hy %)] (@]

,Mn

d

= ( (0nBir(i01)) O Hy (1)

d
0
(0nBit(#1)) 6;0] )51Hk Pt +Zle Pt Z (010, H (1) [azjt}
Jdn

=1

n=1

Let us now define
(11) 5(t) == ®,B(y)®; — B(py).

Since ¢o(y) =y for all y € R and ®y = Id, one has 6(0) = 0. To prove that ¢; is a Poisson map
for all ¢ > 0 almost surely, it suffices to check that §(¢t) = 0 for all ¢ > 0.
We will show that ¢ — §(¢) is a solution of the linear equation

(12) as(t) = (So(%) a3 (o) o de<t>)6<t>

k=1

m T
+6(t) (so(%) dt+ > Silpr) 0 de(t)) .

k=1

Since the initial value is 6(0) = 0, by uniqueness of the solution we obtain §(¢) = 0 for all ¢ > 0,
thus ¢, is a Poisson map for all ¢ > 0.

It remains to prove that ¢ is indeed a solution of . On the one hand, from the variational
equation for ®; above, applying the product rule yields

m

(13) a5(0) = (Soler)dt+ 3 Sul) o AWi(e)) 2,500

k=1
m T
0B (Sa() di+ Y Sulo) o AW — dB).
k=1

On the other hand, one has the identity

(14) aB(g,) = (so«ot) A+ Sulen) o dwk@))B(sot)

k=1
+ Bl (Slp)at + 3 Silp0 e M)
k=1

Combining and provides the claim that ¢ — §(¢) is solution of . The proof of the
identity requires to exploit the assumptions on the structure matrix B as follows. First, note
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that the (4, j)-th entry of the left-hand side of satisfies
[dB(QOt)LJ = VB?;(%)O dey

= VB;;(%) (B(%Ot)VH(SDt) dt + ZB(%)Vﬁk(@t) o de(ﬂ) )
k=1
using the chain rule. Recall that Si(¢:) = My (@r) + Li(pr)-
On the one hand, all the terms involving L (¢:) = B(p;)V2H}(¢;) appearing on the right-hand
side of vanish: this follows from the symmetry of the Hessians V2H), and the skew-symmetry

of B which yields (omitting the argument “(y;)” everywhere)
LB + BL] = BV2H},B + BV*H,B" =0

for k=0,1,...,m.
On the other hand, using the skew-symmetry of B and the Jacobi identity (and omitting “(p;)”
again), one has

)

)

(SiB+ BST| = [MyB+ BM]]

= [Mi], B+ Ba [(Me],

=1 =1
d d d d
- Z Z (01Bin) 0 Hy. By + Z Bi Z (8.Bjn )0, Hy,
I=1n=1 =1  n=1
d d
=33 ((0B) By + (1B;0) Bu ) 0,1
n_1dz=1d )
= — Z Z ((6ani)Blj + (8lBjn)Bli)8nHk
n=1[=
d dl 1 R
= Z Z ((alBij)Bln)anHk
n=1[=1
= VBBV H

forall k=0,...,m.
This concludes the proof of , which as already explained above gives the identity d(¢) = 0
for all ¢ > 0. In the end, this concludes the proof that ¢, is a Poisson map for all ¢ > 0, almost

surely.
|

One of the objectives of this work is to design and study integrators for the stochastic Poisson
system , which preserve its geometric structure, namely the Poisson map property (Definition
and Theorem , and the preservation of the Casimir functions. This leads to define and analyze
so-called stochastic Poisson integrators, see Section

2.5. Stochastic Poisson systems obtained by diffusion approximation. The goal of this
subsection is to describe a class of multiscale stochastic systems, depending on a parameter € €
(0,1), such that the stochastic Poisson system is obtained as a limit when € — 0. In particular,
this approximation result justifies why considering stochastic Poisson systems with a Stratonovich
interpretation of the noise is relevant.

For all € € (0, 1), introduce the multiscale system

Ay (1) = Bly () VHQ 1) dt+ Y Bl () k(1) = ar,
k=1

(15)

€(t 1
dés(t) = —5’2—(2) di+ = dWi(t), k=1,....m,
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with initial values y(0) = 0 and &,(0) = 0, for all &k = 1,...,m. Note that ¢ is an Ornstein-
Uhlenbeck process, for all k = 1,...,m. Compared with the stochastic Poisson system , y€ solves
a random ordinary differential equation, since the noise o dWy(t) is replaced by Le(t) dt. Observe
that if C is a Casimir function of the stochastic Poisson system (T)), then one has dC(y*(t)) = 0
owing to the chain rule, thus C'(y¢(t)) = C(y°(0)) for all ¢ > 0. Assuming that the Casimir function
C has compact level sets, like in Proposition |1} ensures that the system is globally well-posed,
for all e € (0,1), and that

sup sup ||y ()] < R(vo)-
e€(0,1) t>0

When € — 0, one has the following result.

Proposition 2. Assume that the stochastic Poisson system admits a Casimir function C' such
that for all ¢ € R, the level sets {y € R?: C(y) = ¢} are compact.
For allt >0,

€
v () > (),
where the convergence holds in distribution (y¢(t) and y(t) are random variables). In addition, for
all yo € RY, all T € (0,00) and any function ¢ of class C3, there exists a real number c(T, yo, ¢) €
(0,00) such that for all € € (0,1)
sup [E[o(y°(t))] — E[o(y(1)]] < (T, 0, d)e.
0<t<T

Proposition [2] is a diffusion approximation result: roughly, a diffusion process is the solution of
a SDE driven by a Wiener process. Here, the diffusion process y is approximated by the solutions
y© of ODEs.

The proof of Proposition [2] is omitted. Indeed, this is a standard result in the literature: we
refer for instance to the monograph [43, Chapter 11 and 18] for a presentation of homogenization
techniques, and references therein for a historical perspective. Proposition [2] fits in the class of
Wong—Zakai approximation results (where a smooth approximation of a Wiener noise leads to a
SDE driven by Stratonovich noise). We also refer to [11, Proposition 2.6] for a similar statement
(with m = 1), and references therein for ideas of proof. Note that the weak error estimate can be
obtained using a variant of the proof of [II, Proposition 2.4], decomposing the error in terms of
solutions of Kolmogorov and Poisson equations. The details of the proof are left to the interested
readers.

Let us provide an heuristic argument which justifies the diffusion approximation result: for all
k=1,...,m, one has the identity

€
@ dt = dWi(t) — ed&i(t).

Then, the contribution of edg; (¢) vanishes in the limit ¢ — 0, and only the contribution dWj(t)
remains at the limit. There may be different interpretations of the noise at the limit: at least, It
and Stratonovich interpretations are possible candidates. However, recall that Casimir functions
C of the stochastic Poisson system are preserved by the solution y¢ of , for all e > 0.
The It6 interpretation of the noise is not consistent with this preservation property, whereas the
Stratonovich one is, due to the chain rule. As a consequence, the Stratonovich interpretation
is the natural candidate for the diffusion approximation limit. Checking rigorously that indeed
y€(t) — y(t) in distribution requires additional arguments which are omitted in this work.

Remark 1. Let (t,y,&1,....&m) = ©°(t, 4. &1, ..., &n) define the flow map associated with (15).
Then for allt > 1, e € (0,1) and all &1, ...,&n € R, the mapping

Y eRd = @E(t’yaglv"wf’m)

is a Poisson map in the sense of Definition[4 This may be proved by modifications of the proof of
Theorem [}, using the chain rule. The details are left to the reader.

The multiscale system has components evolving at different time scales: the component y¢
evolves at a time scale of order O(1), whereas the Ornstein—Uhlenbeck processes &5, . . ., £, evolve at
a time scale of order O(e~2). The definition of effective integrators for the multiscale system ,
which avoid prohibitive time step size restrictions of the type h = O(e?), and which lead to
consistent discretisation of y(¢) when e — 0, is a crucial and challenging problem. This question
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is briefly studied in Section below: we define so-called asymptotic preserving schemes (in the
spirit of [11]), employing the preservation of the geometric structure satisfied by the stochastic
Poisson integrators introduced in the next section.

3. STOCHASTIC POISSON INTEGRATORS

In Section [2| we have proved that the flow of a stochastic Poisson system of the type (|1)
satisfies two key properties: it is a Poisson map (see Theorem [1) and it preserves Casimir functions
which are associated with the structure matrix B. Having the methodology of geometric numerical
integration in mind, this motivates us to introduce the concept of a stochastic Poisson integrator for
the stochastic Poisson system 7 see Definition We then present and analyse a general strategy
to derive efficient stochastic Poisson integrators, based on a splitting technique, which can be
implemented easily for some stochastic Lie-Poisson systems. We then proceed with a convergence
analysis of the proposed splitting integrators: Theorem [2]states that, under appropriate conditions,
the scheme has in general strong and weak convergence rates equal to 1/2 and 1, respectively.
First, the analysis is performed for an auxiliary problem with globally Lipschitz continuous
nonlinearities, see Lemma [l Second, if the system admits a Casimir function with compact level
sets, the auxiliary convergence result is applied to get strong and weak error estimates for the
SDE . Finally, we show that the proposed stochastic Poisson integrators based on a splitting
technique satisfy an asymptotic preserving property when considering the multiscale SDE in
the diffusion approximation regime.

3.1. Definition and splitting integrators for stochastic (Lie—)Poisson systems. Let us
recall that symplectic, respectively Poisson, integrators preserve the key features of deterministic
and stochastic Hamiltonian systems, respectively deterministic Poisson systems. Such geometric
numerical integrators offer various benefits over classical time integrators in the deterministic
setting, see for instance [24] [30, 9]. We shall now state the definition and study the properties of
stochastic Poisson integrators for stochastic Poisson systems . On the one hand, this extends the
definition and analysis of deterministic Poisson integrators (see [27, Th. 3.1] for another approach).
On the other hand, this extends the definition and analysis of stochastic symplectic integrators for
stochastic Hamiltonian systems.

We first consider general stochastic Poisson integrators, and then focus the discussion on a class
of splitting integrators.

3.1.1. Stochastic Poisson integrators. The following notation is used below. The time step size is
denoted by h > 0. A numerical scheme is defined as follows: for all n > 1,

(16) yll = & (y U AL WL AL W),

with Wiener increments A, Wi, = Wi(nh) — Wi((n — 1)h), k =1,...,m. The Wiener increments
are independent centered real-valued Gaussian random variables with variance h. The mapping
®}, is referred to as the integrator.

Definition 3. A numerical scheme for the stochastic Poisson system is called a stochastic
Poisson integrator if

e for all h >0 and all Aw, ..., Aw, € R, the mapping
y = Oy, Aws, ..., Awy,)

is a Poisson map (in the sense of Definition @),
o if C is a Casimir of the stochastic Poisson system , then ®y, preserves C, precisely

C((I)h(y7 Awla teey Awm)) = C(y)
for ally € R, h >0 and Awy, ..., Aw,, € R.

As in the deterministic case, it is seen that standard integrators like the Euler—-Maruyama
scheme are not (stochastic) Poisson integrators. In addition, it is a difficult task to construct
Poisson integrators for the general Poisson systems, see [24, Chapter VII.4.2] for deterministic
problems. Therefore, the design of stochastic Poisson integrators requires to exploit the special
structure for each considered problem. In this article, we focus on constructing and analyzing
stochastic Poisson integrators for stochastic Lie—Poisson systems. More precisely, we propose
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explicit Poisson integrators for a large class of stochastic Lie—Poisson systems using a splitting
strategy. In Section [} we will exemplify this strategy for three models introduced in Section [2}
the stochastic Maxwell-Bloch equations (Example [2[and Subsection , the stochastic free rigid
body equations @ (Exampland Subsection , as well as the stochastic sine-Euler equations
(Example [ and Subsection [4.3)

3.1.2. Splitting integrators for stochastic Poisson systems. We first propose an abstract splitting
integrator for general stochastic Poisson systems . We then focus on stochastic Lie-Poisson
systems and propose implementable stochastic Poisson integrators for this class of SDEs,
which includes the three examples mentioned above.

The key observation made in [34] p.3044] is that a wide class of deterministic Lie—Poisson systems
can be split into subsystems which are all linear. This was used in [34] for the construction of very
efficient geometric integrators for deterministic Lie—Poisson systems. Inspired by [34], we propose
and analyse efficient explicit Poisson integrators for stochastic Lie—Poisson systems. On an abstract
level, our splitting approach is not restricted to Lie—Poisson systems and could also be applied to
general stochastic Poisson systems (/1f).

Let us consider a stochastic Poisson system of the type , and assume that the Hamiltonian
H can be split as follows:

H:zp:Hk.

k=1

for some p > 1, where the Hamiltonian functions Hy, ..., H, have the same regularity as H.
To define the abstract splitting schemes for , it is convenient to define the flows associated
to the subsystems:

o for each k = 1,...,p, let (t,y) € R* x R? s ox(t,y) be the flow associated with the
ordinary differential equation g = B(yr)VHg(yr);

e for each k = 1,...,m, let (t,y) € R x R — @, (t,y) be the flow associated with the
ordinary differential equation 7, = B(y)V Hy (yx).

~

Note that it is sufficient to consider ¢1(¢,-), ..., ¢p(t, ) for t > 0, however the mappings @1 (¢, ), ..., Pr(t, )
need to be considered for t € R.
Below, we shall also use the notation exp(hYsw,) = ¢i(h,-) and exp(hYg ) = @r(h,-), where

Yu, = BVHy, resp. Y = BVH &, to denote the vector fields of the corresponding differential
equations. For the definition of the splitting integrators below, it is essential to note that the exact
solution of the Stratonovich stochastic differential equation dyy = B(yk)VfI i (yr) o AWy () is given
by yi(t) = Gx(Wi(t), yx(0)).

As explained above, closed-form expressions for the flows oy and @y are unknown in general
but can be obtained for a wide class of stochastic Lie-Poisson systems

dy(t) = B(y(t)) VH(y(t)) dt + B(y(t) > VHi(y(t)) o dWi(t),

(17) ; =t

Bij(y) =Y bhye for ij=1,....d
k=1

where the structure matrix B(y) depends linearly on y. For the examples of stochastic Lie-Poisson
systems introduced in Section [2:3] below we design explicit splitting schemes which can be easily
implemented by a splitting strategy. In the sequel, we analyse the geometric and convergence
properties of splitting integrators in an abstract framework, where it is not assumed that the flows
v and @y can be computed exactly. In particular, the assumption that the structure matrix B
depends linearly on y is not required in the analysis. Note also that expressions of the flows may
also be known for some stochastic Poisson systems which are not Lie-Poisson problems, in which
case the abstract analysis would also be applicable.

We are now in position to define splitting integrators for the stochastic Poisson system ,
which will be exemplified in the case of stochastic Lie—Poisson systems . This general splitting
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integrator is given by
Q) = @u(-, AW, ..., AW,y,) = exp(hYp,) o exp(hYp, ) o...oexp(hYny,)
(18) oexp(AWnYg )oexp(AW,,1Yg — )o...oexp(AW1Yg ).
It is immediate to check the following fundamental result.

Proposition 3. The splitting integrator is a stochastic Poisson integrator, in the sense of
Deﬁnition@ for the stochastic Poisson system .

Proof. Observe that for any h > 0 and any real numbers Awy, . .., Aw,y,, the mapping (-, Awy, ..., Awy,)

is a composition of flow maps @i (h, ), k =1,...,p and Px(Awg,), k =1,...,m. Owing to The-
orem |1} all of these flow maps are Poisson maps (since they are flow maps of either deterministic
or stochastic Poisson systems).

In addition, if C' is a Casimir function of the stochastic Poisson system , then C' is preserved
by each of the flow maps ¢i(h,-), k = 1,...,p and P (Awy,-), k = 1,...,m. Indeed, recall that
the definition of a Casimir only depends on the structure matrix B, and not on the Hamiltonian
functions, and all the associated vectors fields are of the type Yy, = BV H} and Yﬁk = BVﬁk:
the associated flow maps thus preserve C. As a consequence, the general splitting integrator

Oy (-, Awy, . .., Aw,y,) also preserves the Casimir functions C' of the stochastic Poisson system .
This concludes the proof that the splitting scheme is a stochastic Poisson integrator. O

Before proceeding to the convergence analysis for the splitting integrators , it is worth
exploiting the fact that they are stochastic Poisson integrators to state that the numerical solution
remains bounded if the considered stochastic Poisson system admits a Casimir function C' with
compact level sets. We refer to Proposition [I] for the statement of a similar result for the solution
of the stochastic Poisson system , in particular the assumption on compact level sets.

Proposition 4. Assume that the stochastic Poisson system admits a Casimir function C which
has compact level sets. Consider the stochastic Poisson integrator y"t1 = @h(y["]) given by .
Then, for any initial condition y!% = yo € R%, for all t > 0, almost surely one has the following
bound for the numerical solution

] < R(y[O) =
sup su max .
h>1?) n>% Iyl < RG&™) y€R?,C(y)=C(yl) vl

Proof. The splitting scheme is a stochastic Poisson integrator (owing to Proposition , thus
it preserves the Casimir function C: therefore for all n > 1,
c™)y =c@ ) =... = c@).

Note that R(y[o]) < 00, since by assumption the Casimir function C' has compact level sets.
Therefore one obtains

Iy < R(y™)
for all n > 0 by the definition of R(y[?!). This concludes the proof. O

Remark 2. The stochastic Poisson integrator employs a Lie—Trotter splitting strategy. Chang-
ing the orders of integration of the deterministic and stochastic parts yields the following alternative

to
Op(4) = Op(-, AW, ..., AW,,)
=exp(AW,, Yy Joexp(AW,,—1Yg ~ )o...oexp(AW1Yg )
oexp(hYy,) oexp(hYpy, ;) o...oexp(hYq,).
This alternative scheme is also a stochastic Poisson integrator, which satisfies Propositions[3 and[j)

The theoretical analysis of that scheme and associated numerical experiments are not reported in
the present article.

Remark 3. A numerical method of weak order 2 can be designed using the strategy developed
in [2]. The integrator is a combination of three mappings and depends on an additional random
variable 7y, uniformly distributed in {—1,1}:

(19) g =By, () = @G0T 0 B (L AL, AL 0 2057 (5 Y),
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where

(I)det,S

h h h h h
o =exp(7Yh,)o...oexp( Yy, ,)oexp(5Yh,)oexp(L Yy, )o...0 exp(ZYHl)

4 4 2 4
is obtained using a Strang splitting integrator with time step size h/2 for the deterministic part of
the equation, and

exp(AW,, Yy Jo...oexp(AW1Yg ), 7 =1

o5 (LAWY, AW =
(- ' ) {exp(AWlYﬁl) o...oexp(AW,Yg ), v =-1

s obtained using a Lie—Trotter splitting integrator CID,Sf‘; with time step size h applied to the sto-
chastic part of the equation, where the order of the integration depends on y,.

It is straightforward to check that the numerical scheme is a stochastic Poisson integrator,
using the same arguments as in the proof of Proposition[3 Numerical experiments which illustrate
the behaviour of this scheme and weak convergence with order 2 will be reported below in Section[])
However, we do not give details concerning the theoretical analysis of the scheme (19)).

We also refer to |3l [42] for other possible constructions of higher order splitting methods for
SDEs. Finally, another possible strategy to design higher order integrators would be to use modified
equations, like in [I].

3.2. Convergence analysis. The objective of this section is to prove a general strong and weak
convergence result for stochastic Poisson integrators defined by the splitting strategy. Note
that we assume that the stochastic Poisson system admits a Casimir function with compact level
sets: as explained above, this condition ensures global well-posedness for the continuous problem,
and provides almost sure bounds for the exact and numerical solutions (Propositions[ljand[4]). Asa
consequence, the general convergence result can be applied to get strong and weak convergence rates
for the proposed explicit stochastic Poisson integrator , when applied to the stochastic rigid
body system (Example [3) and to the stochastic sine-Euler system (Example , see Theorems |§|
and [7] below respectively. Note that these two SDEs do not have globally Lipschitz continuous
coefficients, so for those examples standard explicit schemes such as the Euler—-Maruyama method
may fail to converge strongly. The fact that the proposed scheme is a stochastic Poisson integrator
is essential to perform the convergence analysis. However, the general convergence result below
cannot be applied to the stochastic Maxwell-Bloch system — the generalisation of the result to that
example is not treated in the present work.

Theorem 2. Assume that the stochastic Poisson system admits a Casimir function with
compact level sets.

Strong convergence Assume that B is of class C%, that the mappings Hy,..., H, are of class C?, and that the
mappings Hl, e Hm are of class C>. Then the stochastzc Poisson integrator ) has
strong order of convergence equal to 1/2: for all T € (0,00) and all yo € R?, there emsts a
real number ¢(T,yo) € (0,00) such that
) uz
|) = emnt,

sup (E [Hy (nh) — y™!
0<n<N
with time step size h = T/N, and y1° = yo = y(0).
If m =1, then the strong order of convergence is equal to 1.

Weak convergence Assume that B is of class C°, that the mappings Hi,...,H, are of class C°, and that
the mappings Hl, e Hm are of class C8. Then the stochastic Poisson integrator
has weak order of convergence equal to 1: for all T € (0,00) and all yo € R?, and any
test function ¢: RY — R of class C* with bounded derivatives, there exists a real number

(T, yo, @) € (0,00) such that

sup ‘E y (nh))] — [(b (y[”])} ’ < (T, yo, @)h.

0<n<N

N\H

The convergence theorem stated above concerning the strong and weak rates of convergence of
the stochastic Poisson integrator applied to the stochastic Poisson system is an immediate
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consequence of the following auxiliary result, which is stated for a general SDE of the type
P
(20) dz(t) = fu(z()) dt + Z Fulz(t) o dWi(D),
k=1

with functions f; and fk which are globally Lipschitz continuous.

Lemma 1. Consider the auxiliary splitting scheme

(21) 2 = ()00 p1(y ) 0 Bl AW, ) o0 Gy AW, (2 1),

with 219 = zy = 2(0), associated with the auziliary SDE , where py, is the flow associated with
the ODE Zi, = fi(zr), k=1,...,p, and Py is the flow associated with the ODE Z, = fi(zk).

Strong convergence Assume that the mappings fi,..., f, are of class C* with bounded derivatives, and that

the mappings fi,..., fm are bounded and of class C? with bounded first and second order
derivatives. Then the auxiliary scheme has strong order of convergence equal to 1/2:
for all T € (0,00) and all zg € RY, there exists a real number c(T, zp) € (0,00) such that

07N 1/2
(22) sup (IE {Hz (nh) — 2" }) < (T, zo)h%.
0<n<N
In the commutative noise case, i.e. if f,;(z)ﬁ(z) = fé(z)fk(z) forallk, 0 =1,...,m
the strong order of convergence is equal to 1.
Weak convergence Assume that the mappmgs fis--, fp are of class C* with bounded derivatives, and that
the mappings fl, .. .,fm are bounded and of class C° with bounded first and second order

derivatives. Then the auziliary scheme . ) has weak order of convergence equal to 1: for
all T € (0,00) and all zyp € R, and any test function ¢ : RY — R of class C*, there erists
a real number c(T, zp, ¢) € (0,00) such that

(23) sup ’E z(nh))]—E [gb (z["])} ’ < (T, 29, P)h.

0<n<N

The proof of Lemma [I] is postponed to Appendix [A] Let us now check how Theorem [2] is a
straightforward corollary of Lemma [I] Note that if m = 1, the commutative noise case condition
is satisfied.

Proof of Theorem[3 Owing to Propositions [I] and [ the exact and numerical solutions of the
SDE , resp. scheme (18]), satisfy the almost sure bounds

(o),

sup [ly(®)]| < Riyo), sup sup [yt
t€[0,T N>1 0<n<N
where R(yo) = max,cpe c(y)=C(yo) ¥, and R(yo) < oo since C' has compact level sets by assump-
tion.

Using the same construction as in the proof of Proposmlon‘ one can define compactly supported
functions fj, and fy, such that fx(y) = By)VH(y) and fk( ) B(y )VHk( ) for all y € R? such
that |ly|| < R(yo). In addition, f is at least of class C! and i is at least of class C2.

Note that with this choice, y(t) = z(t) and y™ = z["] for all t € [0,7] and all n € {0,...,N},
where (z(t)) >0 is the solution of the auxiliary SDE and ( [”]) >0 is obtained by the auxiliary
scheme . It remains to apply Lemma I to conclude Note also that it is not necessary to
assume that the functions ¢, B, Hi,..., Hp, H Tye- H and their derivatives are bounded. This
is due to the boundedness of the exact and numerical solutions provided by the preservation of the
Casimir function C' and the compact level sets assumption. O

Remark 4. If one considers the following variant of the stochastic Poisson system

dy(t) = B(y(t))VH(y(t)) dt + ZB NV He(y(t)) o dW (t)
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driven by a single Wiener process W (that is Wy = ... = W,,, = W), the associated variant of the
proposed stochastic Poisson integrator reads

@), = exp(hYp,) ocexp(hYy, ,)o...oexp(hYy,)
oexp(AWYg )oexp(AWYg — )o...oexp(AWYg ).

This scheme is not consistent when m > 2. In the proof of the convergence result Theorem[d, more
precisely in the proof of Lemmalll, the independence of the Wiener processes Wy, ..., Wy, plays a
crucial role.

3.3. Asymptotic preserving schemes in the diffusion approximation regime. The objec-
tive of this section is to use the proposed splitting stochastic Poisson integrators (18]) in order to
define effective numerical schemes for the discretisation of the multiscale system described in
Section [2.5] The challenge is to obtain a good behaviour of the numerical scheme when € — 0. On
the one hand, one needs to avoid time step size restrictions of the type h = O(e) or h = O(e€?),
which would be prohibitive when € is small. On the other hand, it would be desirable to have a
convergence (in distribution) of the type y©" ejo y!" | for all fixed h > 0 and n > 1, to reproduce

the diffusion approximation result Proposition [2] at the discrete time level. Indeed, if the two
requirements above are satisfied, the integrator can be used to approximate both and ,
without the need to adapt the time step size h when e vanishes.

The class of numerical methods which satisfy the two requirements above is known as asymptotic
preserving schemes. We refer to the recent work [I1] where asymptotic preserving schemes were
introduced for a class of stochastic differential equations of the type . Note that a standard
Euler—-Maruyama scheme does not satisfy the asymptotic preserving property. Recall that for this
notion of asymptotic preserving schemes, the convergence is understood in the sense of convergence
in distribution of random variables. Using the splitting strategy allows us to design other examples
of asymptotic preserving schemes for , such that the corresponding limit scheme (obtained when
€ — 0 with fixed time step size h > 0) is the splitting stochastic Poisson integrator .

We propose the following integrator for the multiscale system : for any € € (0,1) and any
time step size h > 0, for all n > 1, set

yol = exp(hYw,)o...oexp(hYw,)

h fﬁ[”] h &[n]
(24) o exp ( Yﬁm> 0...0€exp (gleYﬁl (yo=1),

€

where, for each & = 1,...,m, the Ornstein-Uhlenbeck process £ is discretised using the linear
implicit Euler scheme

e[n] _ pe[n—1] . ﬁ €,[n] Aan . 1 ( €,[n—1] Aan
=i g AL (o, 2l

Note that C(y=[™) = C(y*%) for all n > 0, if C' is a Casimir function of the stochastic Pois-
son system (). If C' has compact level sets, this yields the following variant of the bound of
Proposition [4]

sup sup sup [y < R(y") =

max lyll,
€€(0,1) h>0 n>0 y€R,C(y)=C(y!°)

which is uniform over e.
Observe that for all n > 1 and h > 0, one has
hg]?[n] €,[n—1] €,[n]
? = AnW}c + €(§k - é-k ) ej() AnVVk
By a recursion argument, it is then straightforward to check that

yoll gl

e—0

for all n > 0 and for all fixed h > 0, where y[™ is given by the splitting scheme . As a
consequence, the scheme is an asymptotic preserving scheme, in the sense of [11]: the following
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diagram commutes
yor Nl Moo, ey

JVGHO JVGHO

At—0
yN o 20 y(T)
when the time step size is given by h = T/N. In other words:

e for each fixed € > 0, the scheme is consistent with when h — 0,
e for each fixed h > 0, the proposed scheme converges to a limiting scheme when € — 0,
which is given here by the abstract splitting scheme ,
e the limiting scheme (|18) is consistent when A — 0 with , which is the limit when € — 0
of .
We refer to the recent work [I1] for a general analysis of asymptotic preserving schemes for stochas-
tic differential equations. As explained in [II], the construction of asymptotic preserving schemes
for SDEs, in particular to obtain equations interpreted in the Stratonovich sense, may be sub-
tle. Here we do not employ a predictor-corrector strategy as in [11] (which is used to get the
Stratonovich interpretation instead of the Itd one), since we directly use exact flows of the appro-
priate subsystems in the splitting procedure: in the present paper, the Stratonovich interpretation
is obtained in a natural way.

The property of being asymptotic preserving is a qualitative property of a numerical scheme.
Let us now briefly discuss the behaviour of weak error estimates of the asymptotic preserving
scheme when € is small. For each fixed € > 0, it is expected that the proposed asymptotic
preserving scheme has a weak order of convergence equal to 1 in general: for test functions
¢: R* = R of class C%, one has

[Ele(y )] - Elp(y"(D)]| < cT, 0)h,

where & = % and the real number ¢ (7, ¢) may depend on € and diverge when e — 0. In order to
have a computational cost independent of the parameter ¢, it would be desirable to establish that
the proposed scheme is uniformly accurate: one would need to prove error estimates of the type
sup  [Elp(yo™)] - Elp(y“(T))]| < (T, 0)h,
e€(0,e0)

which are uniform with respect to € € (0,¢y) (with arbitrary eg > 0), in other words ¢(T, ¢) is
independent of €. Observe that a reduction of the order of convergence, namely o < 1, may
happen. Proving the uniform accuracy property of the scheme is beyond the scope of this
work. However, in the numerical experiments reported below, we investigate whether such uniform
weak error estimates hold for the considered problems.

Remark 5. It is possible to define a variant of the asymptotic preserving scheme , using a
midpoint approximation for the the Ornstein—Ulenbeck components:

A, Wi

aln] _ eefn—1 N (ieln—1] | .celn]
G =g o g (G et ¢ S

in which case the definition of y©!™ needs to be modified as follows:

yolnl = exp(hYn,) oexp(hYy, ,)o...oexp(hYy,)
€,[n—1] €,[n] e,[n—1] e,[n]
O €xp (h(gk & )YAm> o0...0€xp (h(fk + & )Yﬁ )(yﬁ,[n1]> )

2¢ H 2¢ 1
That scheme is also asymptotic preserving.

4. NUMERICAL EXPERIMENTS

In this section, we illustrate the behaviour of the stochastic Poisson integrators which have
been proposed and analysed in Section [3] We choose to present numerical experiments for the
three examples of stochastic Lie-Poisson systems introduced in Section 2] On the one hand,
we illustrate the qualitative properties of the proposed splitting stochastic Poisson integrators,
compared with standard methods, by considering the temporal evolution of Casimir functions.
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On the other hand, we investigate and state strong and weak orders of convergence (which are
consequences of Theorem , and we illustrate the quantitative error estimates obtained above.
In addition, we illustrate the asymptotic preserving property for the multiscale versions of the
considered systems. Note that, in general, the theoretical convergence results cannot be applied to
the stochastic Maxwell-Bloch system (Example , since no Casimir functions with compact level
sets is known for that example. However, the theoretical results can be applied to the stochastic
rigid body system (Example [3)) and to the stochastic sine-Euler system (Example .

4.1. Explicit stochastic Poisson integrators for stochastic Maxwell-Bloch equations.
This subsection presents explicit stochastic Poisson integrators for the stochastic Maxwell-Bloch
system @ (Example . We first give a detailed construction of the splitting scheme, which
gives a stochastic Poisson integrator. We then illustrate its qualitative properties (preservation of
the Casimir function) and strong and weak error estimates of the proposed scheme by numerical
experiments. Finally, we illustrate the asymptotic preserving property (Section for a multiscale
version of the system.

4.1.1. Presentation of the splitting scheme for the stochastic Maxwell-Bloch system. Recall that
the stochastic Maxwell-Bloch system @ introduced in Example |2[is of the type

dy = B(y) (VH(y) dt + o1V Hi(y) o dWy(t) + o35V Hs(y) o dWs (t)) .

To apply the strategy described in Section [3.I] and construct explicit stochastic Poisson integra-
tors, we follow the approach from [44] for the deterministic Maxwell-Bloch system. The Hamil-
tonian function H is split as H = Hy + Hs, with H;(y) = ﬁ]l(y) = 1y? and Hs(y) = f[g(y) = ys.
The two associated deterministic subsystems can be solved exactly as follows. On the one hand,

the deterministic subsystem corresponding with the vector field Yz, = BV H; is given by

71 =0
Y2 = Y3l
Y3 = —Y2y1.

Observe that y; may be considered as a constant and thus (ye,ys) is solution of a linear ordi-
nary differential equation (it is the standard harmonic oscillator): the exact solution of the first
subsystem is thus given by

1 0 0
exp(tYp,)y(0) = {0 cos(y1(0)t)  sin(y1(0)t) | y(0)
0 —sin(y1(0)t) cos(y1(0)¢)
for all t € R and y(0) € R3.

On the other hand, the deterministic subsystem corresponding with the vector field Yy, =
BV Hsj is given by

U1 =Y
Y2 =0
ys = 0.
The exact solution of the second subsystem is thus given by
1t 0
exp(tVi,)y(©0) = [0 1 0] y(0)
0 01

for all t € R and y(0) € R3.
In the case of the stochastic Maxwell-Bloch system @, the splitting integrator then reads

(25) &y, = exp(hYn,) oexp(hYy,) o exp(agAW;;Yﬁg) o exp(alAVVlYﬁl),

where for all y € R? one has

1 0 0
exp(alAwlYﬁl)y: 0 cos(yr1o1AWL)  sin(y101AWY) |y
0 —sin(y101AW,)  cos(y101AWY)
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and
1 0'3AW3 0
exp(ogAW3Yﬁ3)y: 0 1 0] y.
0 0 1

Owing to Proposition [3| the explicit splitting scheme is a stochastic Poisson integrator.

4.1.2. Preservation of the Casimir of the stochastic Mazwell-Bloch system. Let us first illustrate
the qualitative behaviour of the stochastic Poisson integrator introduced above. Figure
illustrates the preservation of the Casimir C(y) = %(y% + y3) by the stochastic Poisson integra-
tor (25). In this numerical experiment, the initial value is y(0) = (1,2,3) and the final time is
T = 1. We consider the two cases where the system @ is driven by a single Wiener process:
(01,03) = (1,0) and (o1,03) = (0,1). Similar results would be obtained if the system was driven
by two independent Wiener processes (01 = o3 = 1 for instance). In Figure |1, we compare the
numerical solutions given by the classical Euler-Maruyama scheme (applied to the It formulation
of the system), the stochastic midpoint scheme from [36], and the explicit splitting scheme (25).
The time step size is equal to h = 0.01. To implement the implicit stochastic midpoint scheme, a
truncation of the noise with threshold A = /4|log(h)| is applied (see [36] for details). To be able
to compare the results for different schemes, we use this truncation in all experiments where the
implicit stochastic midpoint scheme is involved. As shown in Proposition [3] we observe that the
Casimir function C(y) = %(y% +y3) is preserved when using the stochastic Poisson integrator .
The Casimir function is also preserved when using the stochastic midpoint scheme: indeed, this
integrator is known to preserve quadratic invariants, see [17].
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FIGURE 1. Stochastic Maxwell-Bloch system: preservation of the Casimir by the
Euler-Maruyama scheme (%), the midpoint scheme (o), and the explicit stochastic
Poisson integrator (o). Left: (o1,03) = (1,0). Right: (01,03) = (0,1).

4.1.3. Strong and weak convergence of the explicit stochastic Poisson integrator for the stochastic
Mazwell-Bloch system. The preservation of the Casimir C' is not sufficient to ensure almost sure
boundedness of the numerical solution, which is instrumental to deduce Theorem [2] from Lemmal[I]
As a consequence, we are not able to state a convergence result for the stochastic Poisson integra-
tor in general. However, when o3 = 0, it is possible to show the following result.

Proposition 5. Consider a numerical discretisation of the stochastic Mazxwell-Bloch system @ by
the stochastic Poisson integrator . Assume that o3 = 0. Then, the strong order of convergence
and the weak order of convergence of this scheme are equal to 1.

Proof. Let us prove that, when o3 = 0, the following bounds are satisfied almost surely:
o) { I < L+ )"
ly@)l < € lly (o)l

for all n > 0, h € (0, hg) and t > 0.
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The proof of the bounds above is straightforward. On the one hand, for all y € R?, all h > 0
and t € R, one has

tY—
eyl = [l Tyl = [yl
and
" s y)|? = (y1 + hy2)® + v3 + v3 = lylI> + 2hyry2 + B°y3
< (1+h)|lyl*
Therefore

lym]| < e 0 hYin o e AWV (yIn Ay | < (14 h) [yl Y]

thus |y < (14 h)" |y

On the other hand, let H(y) = ||y||2. Then one has {#, H,} = {#, H;} = 0 and {H, H3}(y) =
2y1y2 < H(y) for all y € R? (recall that the Poisson bracket is defined by (). Using (3), one
thus obtains dH(y(t)) < H(y(t)) for all ¢ > 0 and the bound for the exact solution follows from
Gronwall’s lemma.

Let T € (0, 00), one can then repeat the arguments used in the proof of Theorem [2as a corollary
of Lemma [T} using the almost sure bounds

[n]

sup [ly(®)ll < Ryo, T, sup sup ||y!"!|| < R(yo, T)

te[0,T) N>1 0<n<N
with R(yo,T) = €T |lyo||. The details are omitted. Note that the strong order of convergence is
equal to 1 since the system is driven by a single Wiener process (m = 1, the commutative noise
case condition is satisfied). This concludes the proof of Proposition ]

When o3 > 0, one can prove the following moment bound for the numerical solution:

2
n 0‘73 n
[y < et E[|l 7).
This follows from the inequality
E[[|e7sAs Y s y||°] = E[(y1 + 03AWsys2)® + 43 + 43| = |lyll* + o3hlga)?
< (1+o3h)ly)?

and a recursion argument. A similar moment bound holds for the exact solution, however these
moment bounds are not sufficient to prove a strong convergence result.

The objectives of this subsection are first to illustrate Proposition 5] and second to investigate
the behaviour of the strong and weak errors when the condition o3 = 0 is removed. Whether it is
possible to prove strong and weak convergence estimates, or convergence in probability results, for
this problem in the general case is left open for future works.

We first illustrate the convergence of the strong error. In this numerical experiment, the initial
value is y(0) = (1,2, 3) and the final time is T = 1. We consider the two cases where the system (6]
is driven by a single Wiener process: (o1, 03) = (1,0) and (01,03) = (0,1). Similar results would
be obtained if the system was driven by two independent Wiener processes (07 = o3 = 1 for
instance). The reference solution is computed using each scheme with time step size hyef = 2716,
and the schemes are applied with the range of time step sizes h = 27°,...,2713. The expectation
is approximated averaging the error over M, = 500 independent Monte Carlo samples.

Like in Figure |1} we compare the splitting integrator with the standard Euler-Maruyama
scheme, and the stochastic midpoint scheme from [36]. A truncation of the noise is used, see above
for details. To be able to compare the results for different schemes, we use this truncation in all
experiments where the implicit stochastic midpoint scheme is involved.

For the cases where the system is driven by a single Wiener process (o3 = 0 or o1 = 0), the results
of the numerical experiment are presented in Figure 2} we observe a strong order of convergence
equal to 1 for the proposed explicit stochastic Poisson integrator . This confirms the result
of Proposition [5| when o3 = 0. We also conjecture that the stochastic Poisson integrator has
strong order of convergence equal to 1 when o7 = 0.

For the case where the system is driven by two Wiener processes, the results of the numerical
experiment are presented in Figure [3] with oy = 03 = 1. Based on the observed convergence
behaviour, we conjecture that the strong order of the proposed integrator is 1/2. This result is not
covered by the theoretical analysis performed in this article.
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FIGURE 2. Stochastic Maxwell-Bloch system with a single Wiener process: Strong
errors of the Euler-Maruyama scheme (x), the midpoint scheme (o), and the
explicit stochastic Poisson integrator (¢). Left: (o1,03) = (1,0). Right: (01,03) =

(0,1).
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FIGURE 3. Stochastic Maxwell-Bloch system with (o1, 03) = (1,1): Strong errors
of the Euler-Maruyama scheme (x), the midpoint scheme (o), and the explicit
stochastic Poisson integrator ().

We now illustrate the weak convergence of the stochastic Poisson integrator (25)). For this
numerical experiment, we set 01 = g3 = 1, the initial value is y(0) = (1,2, 3) and the final time is
T = 1. The reference solution is computed using each scheme with time step size h.f = 2716, and
the schemes are applied with the range of time step sizes h = 276,...,2712, The expectation is
approximated averaging the error over M, = 10° independent Monte Carlo samples. Finally, the
test function is given by ¢(y) = sin(27y;) + sin(27ys2) + sin(27ys3).

The results are presented in Figure ] According to the observed rate of convergence, we
conjecture that the weak order of the proposed integrator is 1, but this result is not covered by
the theoretical analysis performed in this article.

Numerical experiments illustrating the behaviour of the weak error when the system is driven
by a single noise are not reported: indeed, as seen in Figure [2] the stochastic Poisson integrator
has strong order of convergence equal to 1 if o3 = 0 (rigorous result, Proposition [5|) or if o7 = 0
(conjecture). In those cases, the weak error behaves like the strong error and the rate of convergence
is 1.

To conclude this subsection, let us provide a numerical experiment using the scheme of weak
order 2 presented in Remark [3] For this numerical experiment, all the values of the parameters
are the same as for Figure |4l except 01 = o3 = 1073, The results are presented on Figure |5l We
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FIGURE 4. Stochastic Maxwell-Bloch system: Weak errors of the explicit sto-
chastic Poisson integrator.

observe that the weak convergence seems to be of order 2 for the scheme , but for small values
of h the error saturates due to the Monte Carlo approximation. This is illustrated on the right
figure, which gives results for different values of the Monte Carlo sample size.
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FIGURE 5. Stochastic Maxwell-Bloch system: Weak errors for the weak order 2
scheme . Left: 10° Monte Carlo samples. Right: 10% to 10° Monte Carlo
samples.

4.1.4. Asymptotic preserving splitting scheme for the stochastic Mazwell-Bloch system. In this
subsection, we consider the multiscale version , parametrized by e, of the stochastic Maxwell—
Bloch system. Based on the expression for the stochastic Poisson integrator, applying the
general asymptotic preserving scheme introduced in Section gives the scheme

€,[n] €,[n]
cn osh o1h T
oy YY) oo xS S ¥,) o exp( Ty (el
27
6[n] _ pe[n—1] ﬁ €,[n] Aan _ 1 €,[n—1] Aan o
& =¢ S& 4 =t _1+§2<€’“ + o) k=12

The initial values are y©[0 = y[0 = y(0) and 52’[0] =0,k=1,2

First, let us illustrate the qualitative behaviour of the scheme, for different values of €. For this
numerical experiment, o1 = o3 = 0.1, the initial value is y(0) = (1,2, 3) and the final time is T' = 1.
The time step size is equal to h = 1073, In Figure @, we illustrate the preservation of the Casimir,
up to an error of size O(10~1%), for the asymptotic preserving scheme applied with e = 1,0.1,0.001
(left) and for the stochastic Poisson integrator , formally e = 0 (right). In Figure we plot the
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evolution of the approximation of the trajectory ¢, — y(t,) = (y1(tn), y2(tn), ys(tn)), for different
values of € = 1,0.1,0.001,0. We observe that the trajectories are more regular when € is large and
converge to the solution of the stochastic Poisson integrator as € tends to 0.
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FIGURE 6. Stochastic Maxwell-Bloch with a single noise: evolution of the Casimir
using the asymptotic preserving scheme . Left: ¢ =1,0.1,0.001. Right: ¢ = 0.
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FIGURE 7. Stochastic Maxwell-Bloch system: trajectories of the numerical solu-
tion using the asymptotic preserving scheme . Top: left e = 1, right e = 0.1.
Bottom: left € = 0.001, right € = 0.

Finally, the last experiment of this subsection illustrates the uniform accuracy property of the
splitting scheme with respect to the parameter ¢ in the weak sense. For this numerical
experiment, o1 = o3 = 0.1, the initial value is y(0) = (1,2,3) and the final time is T'= 1. The
reference solution is computed using each scheme with time step size hyef = 2716, and the schemes
are applied with the range of time step sizes h = 276,...,2712. The expectation is approximated
averaging the error over M, = 10° independent Monte Carlo samples. Finally, the test function
is given by ¢(y) = sin(27y1) + sin(27wys) + sin(27ys). The parameter e takes the following values:
€=1072,10"2,10"%,1075. The results are seen in Figure We observe that the weak error seems
to be bounded uniformly with respect to €, with an order of convergence 1. For a standard method
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such as the Euler—-Maruyama scheme, the behaviour would be totally different: for fixed time step
size h, the error is expected to be bounded away from 0 when € goes to 0. Based on this numerical
experiment, we conjecture that the asymptotic preserving scheme is uniformly accurate.
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F1GURE 8. Stochastic Maxwell-Bloch: Weak errors of the asymptotic preserving
scheme for e =1072,1073,10~%,105.

4.2. Explicit stochastic Poisson integrators for the stochastic rigid body system. This
subsection presents explicit stochastic Poisson integrators for the stochastic rigid body system @
(Example . We first give a detailed construction of the splitting scheme, which gives a stochas-
tic Poisson integrator. We then illustrate its qualitative properties (preservation of the Casimir
function) and strong and weak error estimates of the proposed scheme by numerical experiments.
Finally, we illustrate the asymptotic preserving property (see Section for a multiscale version
of the system.

Below we state and prove Proposition [6] which gives strong and weak rates of convergence of
the proposed explicit scheme. This is a non-trivial result since the coefficients of the considered
stochastic differential equation are not globally Lipschitz continuous.

4.2.1. Presentation of the splitting scheme for the stochastic rigid body system. To apply the strat-
egy described in Section and construct explicit stochastic Poisson integrators, we first follow
the approach from [34] [35] for the deterministic rigid body system. The Hamiltonian function H

o2
is split as H = Hy + Hy + Hs, with H; = %% for j = 1,2,3. Recall also that the Hamiltonian

~ 2
functions appearing in the stochastic part of the dynamics are given by H; = %%’, for j =1,2,3.
J
The application of the general splitting integrator for the stochastic rigid body system @
requires to compute the exact solutions of the deterministic subsystems
45 = Bly;) VH;(y;)
and of the stochastic subsystems
dy; = B(y;)VH;(y;) o dW;(t).

As explained for instance in [34} [35] for the deterministic system, it is straightforward to solve such
subsystems. We only provide the details when j = 1. In that case, the deterministic subsystem is
of the type

1 =0
Y2 =wys/h
¥z = —wy2/L.

The first equation yields that y; is constant, i.e. y1(t) = y1(0) for all ¢ > 0. As a consequence,
(y2,y3) is a solution of a linear ordinary differential equation.
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The deterministic subsystem when j = 1 thus admits the exact solution

y1(t) 1 0 0
y2(t) | =10 cos(6t) sin(0t) | y(0),
y3(t) 0 —sin(6t) cos(6t)
where 6 = y11(10). Similarly, the stochastic subsystem when j = 1 is written as
dyl =0
dy2 =wyiys/lio dW;
dys = —y1y2/lio dW
and it admits the exact solution
y1(t) 1 0 0
y2(t) | = 10 cos(8W1(t)) sin(6Wi(t)) | y(0).
y3(t) 0 —sin(0Wi(t)) cos(6W1(t))
where 6 = ylf(o).

The solutions of the deterministic and stochastic subsystems when j = 2,3 have similar expres-
sions, which are not written here for brevity.

Finally, setting ®%* = exp(hYy,) o exp(hYs,) o exp(hYy,) and @5 = exp(AW3Yg ) o
exp(AWQYﬁQ) oexp(AW; Yfll)’ the general splitting integrator applied to the stochastic rigid
body system @ gives

B, = Ot 0 PSIM — exp(hYy,) 0 exp(hYa,) o exp(hYa, )
(28) o exp(AW3Yg ) o exp(AW2Yg ) o exp(AW1 Y ).

Owing to Proposition [3] the explicit splitting scheme is a stochastic Poisson integrator. In
particular, it preserves the Casimir function C(y) = y? + y3 + y3, which has compact level sets.

4.2.2. Preservation of the Casimir of the stochastic rigid body system. Let us first illustrate the
qualitative behaviour of the stochastic Poisson integrator introduced above. In this numerical
experiment, the moments of inertia are I = (2,1,2/3), I = (1,2,3), the initial value is y(0) =
(cos(1.1),0,sin(1.1)) and the final time is T = 20. In Figure [0} we compare the numerical solutions
given by the classical Euler-Maruyama scheme (applied to the Itd formulation of the system), the
stochastic midpoint scheme from [36], and the explicit splitting scheme . The time step size is
equal to h = 0.2 (T/h = 100). A truncation of the noise is used for this experiment, see above for
details. As proved in Proposition [3| we observe that the Casimir function C(y) = 3% + y3 + y3 is
preserved when using the stochastic Poisson integrator . The Casimir function is also preserved
when using the stochastic midpoint scheme: indeed, this integrator is known to preserve quadratic
invariants, see [I7].

In addition, a plot of the evolution of the Hamiltonian for the three schemes (middle figure),
and of the trajectory on the sphere of the proposed splitting scheme (right figure) are presented in
Figure [9]

4.2.3. Strong and weak convergence of the explicit stochastic Poisson integrator for the stochastic
rigid body system. The general Theorem [2]is applicable in the case of stochastic rigid body system
since the Casimir function C has compact level sets.

Proposition 6. Consider a numerical discretisation of the stochastic rigid body system by the
stochastic Poisson integrator . Then, the strong order of convergence of this scheme is 1/2
and the weak order of convergence is 1.

Proof. The stochastic Poisson system admits the Casimir function y — C(y) = y? + y35 + v3,
which has compact level sets. It then suffices to apply the general convergence result, Theorem [2]
which concludes the proof of Proposition [6] O

Let us first illustrate the strong convergence result. We compare the behaviours of the three
integrators introduced above: the Euler—-Maruyama scheme, the stochastic midpoint scheme, and
the explicit stochastic Poisson integrator . Note that Proposition@is valid only for the splitting

scheme . For this numerical experiment, the moments of inertia are I = (2, 1,2/3), 7= (1,2,3),
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FIGURE 9. Stochastic rigid body system: Qualitative behaviour of the Euler—
Maruyama scheme (%), the midpoint scheme (o), and the explicit stochastic Pois-
son integrator (¢). Left: preservation of the Casimir. Middle: evolution of the
Hamiltonian. Right: trajectory on the sphere for the scheme .

the initial value is y(0) = (cos(1.1),0,sin(1.1)) and the final time is 7' = 1. The reference solution
is computed using each scheme with time step size hps = 2716, and the schemes are applied with
the range of time step sizes h = 27°,...,2713. The expectation is approximated averaging the
error over M, = 500 independent Monte Carlo samples.

The results are presented in Figure we observe a strong order of convergence equal to 1/2 for
the proposed explicit stochastic Poisson integrator , which confirms the result of Proposition@

10°
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4 ‘
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1074 1078 1072 107!

FI1GURE 10. Stochastic rigid body system: Strong errors for the Euler-Maruyama
scheme (x ), the midpoint scheme (o), and the explicit stochastic Poisson integrator

().

We now illustrate the weak convergence of the stochastic Poisson integrator . For this
numerical experiment, the moments of inertia are I = I = (2,1,2/3), the initial value is y(0) =
(cos(1.1),0,sin(1.1)) and the final time is T = 1. The reference solution is computed using each
scheme with time step size hef = 2716, and the schemes are applied with the range of time step
sizes h = 276,...,2712, The expectation is approximated averaging the error over M, = 10°
independent Monte Carlo samples. Finally, the test function is given by ¢(y) = sin(27y;) +
sin(2mys) + sin(27ys3). The results are presented in Figure We observe a weak order 1 for the
proposed explicit stochastic Poisson integrator , which confirms the result of Proposition @
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FIGURE 11. Stochastic rigid body system: Weak error for the explicit stochastic
Poisson integrator .

To conclude this subsection, let us provide a numerical experiment using the scheme of weak
order 2 presented in Remark [3] To do so, we consider the following variant of the stochastic rigid

body system @:
Y1 — ~
d|y: | =B (VH(y) dt + oy VH () o dWi(t) + 02V (y) o dWa(t)
Y3

+ 03V?Ig(y) (o] de(t)) 5

with nonnegative real numbers o1, 02,03. For this numerical experiment, all the values of the
parameters are the same as for Figure[I1] except the values of the additional parameters o1, 02, 03:
one has either three Wiener processes with (o1, 02, 03) = (1073,1073,1073) (left figure), or a single
Wiener process, with three possible choices (o1, 02, 03) = (1072,0,0), (01, 02,03) = (0,1073,0) and
(01,02,03) = (0,0,1073) (right figure). The results are presented in Figure We observe that
the weak convergence seems to be of order 2 for the scheme , however for small values of h the
error saturates due to the Monte Carlo approximation.
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FIGURE 12. Stochastic rigid body system: Weak error for the integrator .
Left: (01,02,03) = (1073,1073,1073). Right: (01,02,03) = (1072,0,0),
(01,02,03) = (0,1073,0) and (01, 02,03) = (0,0,1073).

4.2.4. Asymptotic preserving splitting scheme for the stochastic rigid body system. In this sub-
section, we consider the multiscale version 7 parametrized by €, of the stochastic rigid body
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system. Based on the expression for the stochastic Poisson integrator, applying the general
asymptotic preserving scheme introduced in Section gives the scheme

Yo" = exp(hYy,) o exp(hYn,) o exp(hYy,)

hf;[n] h ;7[71/] h iv[”]
(29) o exp( . Yg,) o exp( ; Yg,) o exp( . Yz,)
6[n] _ re[n—1] h €,[n] AWy . 1 €,[n—1] AWy o

The initial values are 5<% = 40 = 4(0) and f;’[o] =0,k=1,23.

First, let us illustrate the qualitative behaviour of the scheme , for different values of
e. For this numerical experiment, the moments of inertia are [ = [ = (2,1,2/3), the initial
value is y(0) = (cos(1.1),0,sin(1.1)) and the final time is T = 1. The time step size is equal
to h = 10~*. In Figure we plot the evolution of the Hamiltonian (top) and the Casimir
(bottom) for the asymptotic preserving scheme applied with e = 1,0.1,0.001 (left) and for
the stochastic Poisson integrator , formally ¢ = 0 (right). We observe the preservation of
the Casimir function. In Figure we plot the evolution of the approximation of the trajectory
tn = y(tn) = (1 (tn), y2(tn), y3(tn)), for different values of e = 1,0.1,0.001,0. We observe that the
trajectories are more regular when e is large and converge to the solution of the stochastic Poisson

integrator as € tends to 0.
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FIGURE 13. Stochastic rigid body system: evolution of the Hamiltonian (top) and
the Casimir (bottom) of the numerical solution using the asymptotic preserving
scheme . Left: e =1,0.1,0.001. Right: ¢ = 0.

Finally, the last experiment of this subsection illustrates the uniform accuracy property of the
splitting scheme with respect to the parameter ¢ in the weak sense. For this numerical
experiment, the moments of inertia are I = (2,1,2/3) and I = (20,10,20/3), the initial value is
y(0) = (cos(1.1),0,sin(1.1)) and the final time is 7' = 1. The reference solution is computed using
each scheme with time step size hef = 2716, and the schemes are applied with the range of time
step sizes h = 276,...,2712, The expectation is approximated averaging the error over M, = 10%
independent Monte Carlo samples. The test function is given by ¢(y) = sin(27y1) + sin(27ys) +
sin(27y3). The parameter e takes the following values: € = 1072,1073,10~%,107°. The results are



30 CHARLES-EDOUARD BREHIER, DAVID COHEN, AND TOBIAS JAHNKE

1 i i i i 1

kil a m o o o o o R -0yl WWW&
—B-y2 —-y2
—*=y3 - ——y3
i S
2 056 1 B 056 1
g % o)
L D 5
3 P >
] =
g 0n 5
© 2
. S
1]
-0.5 L
0 0.2 0.4 06 0.8 1
Time Time
1 ‘ ‘ ; ; 1 : : : :
ey U S *-oyi T
—8-y2 -2
é —¥—y3 —4e—y3
S 054 0.5 4
g 89
s 5
S ) g )
3 T
o g
S
B
(0]
©
'_
0 02 0.4 06 0.8 1 0 02 0.4 06 0.8 1
Time Time

FIGURE 14. Stochastic rigid body system: Trajectory of the numerical solutions
using the asymptotic preserving scheme . Top: € = 1,0.1. Bottom: € =
0.001, 0.

seen in Figure We observe that the weak error seems to be bounded uniformly with respect to
€, with an order of convergence 1. For a standard method such as the Euler-Maruyama scheme,
the behaviour would be totally different: for fixed time step size h, the error is expected to be
bounded away from 0 when € goes to 0. Based on this numerical experiment, we conjecture that
the asymptotic preserving scheme is uniformly accurate.
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FIGURE 15. Stochastic rigid body system: Weak errors of the asymptotic pre-
serving scheme for e = 1072,1073,1074,107°.

4.3. Explicit stochastic Poisson integrators for the stochastic sine—Euler system. The
last example of a stochastic Lie—Poisson system studied in this work is the stochastic version
of the sine—Euler equations @I) introduced in Example Like for the previous examples, an
explicit stochastic Poisson integrator is designed using a splitting strategy. We both illustrate the
qualitative behaviour of the proposed integrator (preservation of Casimir functions) and strong
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error estimates. Note that numerical experiments which would illustrate weak error estimates or
the asymptotic preserving property are not reported for this example: indeed, the results would
be similar to those presented for the two other examples above.

Recall that the stochastic sine-Euler system @D is of the type

dw = B(w) (VH(LU) dt + U(I,O)Vﬁ(l,o)(w) o dW(l,O) (t) + U(l,l)Vﬁ(l,l)(W) e} dW(ljl)(t)

o0 Vo (@) o AW () + o1 VA1) e dW 1),
This is a stochastic Lie—Poisson system. In order to design a splitting integrator, note that the
Hamiltonian function H can be split as H = Hy o) + Hei 1y + Heoy + Hi—1,1), with Hy(w) =
Hy(w) = g
Like for the other examples, the deterministic subsystems

(.;Jk = B(wk)VHk(wk)

and the stochastic subsystems
dwy = B(wi) VHy (wi) o dWi(t)

can be solved exactly: indeed, for each subsystem, the variable wy is preserved and the three other
variables evolve following a linear differential equation. We refer to [21] 34] for the explanation of
this idea for the deterministic subsystems. The treatment of the stochastic subsystems is straight-
forward using the exact solution of the subsystems wi = B(wi)VHy(wi). The splitting scheme

for the stochastic sine—-Euler SDE @D then reads
Dp = 4 0 PAY" = exp(hQn_, ,,) 0 exp(hQp, ) © exp(hp, ) 0 exp(hQu, )

)o exp(a(o,l)AW(O»l)QI?(o,o)

o))’
where we denote by Qp, , resp. by Q Ao the exact flow of the ODE subsystem, resp. SDE
subsystem, with index k € {(1,0), (1,1),(0,1),(—1,1)}.

oexp(o—1 AW 1y Qg |

(30) o exp(a(l,l)AW(l)l)Qﬁ(lyl)) o exp(a(lyo)AW(l)o)Qﬁ(

4.3.1. Preservation of Casimir functions for the stochastic sine—Fuler system. Recall that the sto-
chastic sine-Euler system admits two Casimir functions C; and C5 given in Example [d] Owing to
Proposition the numerical scheme is a stochastic Poisson integrator, in particular it preserves
the two Casimir functions C; and C3. We numerically illustrate this property in Figure [I6] where
one sample of the numerical solution is computed with the time step size h = 0.02. The initial value
is w(0) = (w1,0)(0),w(1,1)(0), w(0,1)(0),w(-1,1)(0)) = (0.1 +0.34,0.2 4 0.3¢,0.3 + 0.24,0.4 + 0.14). In
addition, o, = 1 for all £ in this experiment. Figure confirms that the two Casimir functions
are preserved by the proposed integrator .
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FIGURE 16. Stochastic sine-Euler system: Preservation of the two Casimir func-
tions by the explicit stochastic Poisson integrator (30).
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4.3.2. Strong convergence of the explicit stochastic Poisson integrator for the stochastic sine—FEuler
system. Like for the stochastic rigid body system, we have the following convergence result due to
the preservation of the Casimir function C;.

Proposition 7. Consider a numerical discretisation of the stochastic sine—Fuler system @[) by the
explicit stochastic Poisson integrator . Then, the strong order of convergence of this scheme
is 1/2, and the weak order of convergence is 1. If the system is driven by a single Wiener process,
the strong order of convergence is 1.

As already explained, the convergence result above is not trivial since the scheme is explicit:
since the coeflicients of the equations are not globally Lipschitz continuous, the explicit Euler—
Maruyama scheme does not converge in the strong sense.

Proof. The stochastic Poisson system () admits the Casimir function w +— Ci(w) = |wi|> +
...+ |ws|?, which has compact level sets. It then suffices to apply the general convergence result,
Theorem [2] which concludes the proof of Proposition [7] 0

We now numerically illustrate the strong rate of convergence of the proposed integrator
when applied to the SDE @D The final time is 7" = 1 and the initial value is
The reference solution is computed using the proposed scheme with time step size hps = 2712,

and the scheme is applied with the range of time step sizes h = 275,...,2713. The expectation is
approximated averaging the error over My = 500 independent Monte Carlo samples. The results
are presented in Figure[I7} On the left, o1 = 1 and 0 = 0, for j = 2,...,4: we observe an order

of convergence equal to 1, which confirms the result in Proposition [7] when the system is driven
by a single Wiener process. On the right, o; = 1, for j = 1,...,4, which means that the system
is driven by four independent Wiener processes. We observe an order of convergence equal to 1/2,
which confirms the result in Proposition [7}
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FIGURE 17. Stochastic sine—Euler system: Strong errors of the explicit stochastic
Poisson integrator . Left: single noise. Right: multiple noise.

APPENDIX A. PROOF OF LEMMA [I]

The goal of this section is to present the proof of Lemma[I] The arguments are standard and
not specific to the present stochastic Poisson systems and integrators, and they are provided for
the convenience of the reader.

Recall that the auxiliary SDE is given by

dz(t) = 3 fula(®) dt+ 3 Fulz(0) o dWi(d),
k=1 k=1

and that the associated splitting integrator is given by
(31) A = gp(h,) o0 pi(hy) 0 Gn(AWp, ) oo i (AW, ) (2.
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Proof of Lemmal[dl To establish the strong convergence estimate , we apply the fundamental
theorem on the strong order of convergence, see [38, Theorem 1.1]. Note that the It6 formulation
of the SDE is an equatlon with globally Lipschitz nonlinearities, due to the assumptions on
fisoo i fp and f1, ceey fm Since the coefficients f; and fk do not depend on time, it is sufficient
to prove the following local error estimates:

(=]

(32) | [2() — 211] H < c(1+ |l2o]?) /2R3,

51 1/2 o2
z(h)z[uHD < (1 + |%l?)"*h  and

for some real number ¢ € (0, 00) which does not depend on the time step size h. In the proof, the
value of ¢ may change from line to line.

The proof is based on the comparison of Stratonovich—Taylor expansions of the exact and
numerical solutions. On the one hand, the exact solution of the auxiliary SDE satisfies
the following Stratonovich—Taylor expansion formula: for all £ > 0,

where the random variable R.(¢,z) satisfies

(E [||Rc<t,zo)||2})”2 < e(1+||z0*)!/2e%2.

On the other hand, we claim that the numerical solution satisfies the following local error expansion:

P m
U= ka(z[o])h + ka(z[o]
k= k=1

5

+ 7 () Fr (A W (h)?

HMS

N |

- Z Fe(zON) Fo YW ()W ()

1<t<k<m

+ Rs(h7 ZO)a

where the random variable R (h, zg) satisfies

1/2
(B [1Ra(r20)P]) " < e+ 120l 22.
Finally, recall that for all h >0 and all k =1,...,m,
o o fy AWi(r) o dWi(s) = sWi(h)?,
o E[fy' [ dWe(r) o dWi(s)] = 0if £ # k,

e E U\foh IEAGE de(s)HQ] — 0(n2).

Comparing the Stratonovich—Taylor expansions of the exact and numerical solutions then provides
the local error estimates . As already explained, the local error estimates imply the strong
error estimate . Thus, it remains to prove the claim above for the local error expansion of the
numerical solution.

Note that the arguments below illustrate why the independence of W1, ..., W,, is essential for
the consistency of the scheme (see Remark[4). To simplify the notation, we write O(h®) for random
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1/2
variables r which satisfy (IE {Hrﬂz]) < c(1+|2[%2)1/2he for some real number ¢ € (0, 00) which
does not depend on h.
The local error z[1 — 219 is decomposed as

A0 =z — 2 )4 A (2= Z) + Ty — Zn1) + -+ (21— Zo),

where Zy = 20, Z, = Gp(Wi(h), Zp—1) for all k = 1,...,m, Zo = Zn, and Zy = op(h, Ze_1).
Observe that 2!t = Zy.

For all k € {1,...,m}, the random variables Zj,_1 and Wi (h) are independent (since by con-
struction Ek_l only depends on Wy (h),...,Wi_1(h)). Since P} is the flow associated with the
ODE 2, = fk(zk), a Stratonovich-Taylor expansion for the solution ¢ € [0, h] — @ (Wi(1), Z\k,l)
of the Stratonovich SDE dz = ﬁg(%\k) o dWi(t) yields

T — Zpy = Ok (Wi (h), Zkfl) — Zna

= W) (B 1) + 5 Welh)? FuZ ) (B ) + O,

Using this result successively for kK = 1,...,m, one gets the more precise results
k
Zy = 2 =" Wi(h) fe(Zo—1) + O(h)
=1
= O(h'/?)
k o~
=Y Wi(h) fo() + O(h)
=1

using that Z,_1 = 219 + O(h/2) in the last step. Finally, one has

Zi= Do = Wi () + 5Wi (02T ) )

k—1
+ > Wi ()We(h) Ji () Jo(21%) + O(R3/2).
=1

Similarly, for all k € {1,...,p}, one obtains in a first step
Zi — Z1 = or(hy Zk1) = Zr—1 = hfi(Zr—1) + O(h?),
and in a second step (recall that Zy = Z,,, = 1% + O(h1/2))
Zy — Zi—1 = hfiu(Zo) + O(h?) = hfi(z1%) + O(h3/2).

Summing all the local error terms then concludes the proof of the claim, i.e. of the Taylor—
Stratonovich expansion formula for the numerical solution.
Note that in the commutative noise case (in particular, when m = 1), one has the identity

N N N . h s
S REAE W W) = S F(0)f(2(0)) / / AWWy(r) o dWi(s).
1<t<k<m 1<k#(<m o Jo

Using the two Taylor—Stratonovich expansion formulas written above, one obtains the following
version of the local error estimates in the commutative noise case:

97N 1/2
(E [Hz(h) ~| D <1+ [lz0?)/*h*2  and

HIE {z(h) - zm} H <c(l+ ||zo\|2)1/2h3/2.

Owing to the fundamental theorem on the strong order of convergence, see [38, Theorem 1.1], the
strong order of convergence is thus equal to 1 in the commutative noise case.

This concludes the proof of the strong error estimate , in the general and in the commutative
noise cases.
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Let us now prove the weak error estimate . To simplify the notation, we only prove the
weak error estimate for n = N. Indeed, the extension to the case n = 0,..., N with a uniform
upper bound is straightforward and details are omitted.

The proof is a variant of the Talay—Tubaro argument, see [48|: the weak error is written in
terms of the solution of a backward Kolmogorov equation. First, the infinitesimal generator £ of
the auxiliary SDE is written as

D m
L=> Lot L

k=1 k=1
where, for all k € {1,...,p}, Lr = fr - V is associated with the ODE 2, = fi(z1), and for all
ke{l,...,m}, L = 2 fifr- V + S fufl : V2 is associated with the SDE dz = fr(z) o dWy(t)
rewritten in Ito form as dz, = 3£/ () fu(z) + ﬁc(zk) dWy(t). The formula for £ above employs

the independence of the Wiener processes Wy, ..., W,,.
Introduce the auxiliary function u which is the solution of the backward Kolmogorov equation

Owu(t, z) = Lu(t, z)

for all ¢ € [0,T] and z € R?, with the initial condition u(0,-) = ¢, assumed to be of class C* with
bounded derivatives. Since the mappings fi,..., f, are of class C* and the mappings ]?1, ceey fm
are bounded and of class C°, with bounded derivatives of any order, the function u is of class Cf ’47
with bounded derivatives of any order. This means that t — u(t, z) is of class C? for all z € R%, and
that z +— u(t, 2) is of class C*, with bounded derivatives. The proof is omitted, see for instance [L3]
for such results (after transformation to the Ité formulation).

The weak error at time T = Nh is expressed in terms of the solution u of the Kolmogorov
equation as follows (using a standard telescoping sum argument):

E[¢(2(Nh))] — E[¢p(zV))] = E[u(Nh, 20)] — E[u(0, V)]

N-1
= (E[(T — tn, 2")] = E[u(T — tngq, 2" TH)))
5
= > (B[u(T — to, 2] = B[u(T — tags, 2I)))
i~
+ (E[u(T — tny1, 2" — E[u(T — tpyq, Z[HH])])7
n=0

with ¢, = nh, and recalling that h = T/N and 2(0) = z[% = z,.
The first term in the right-hand side of the weak error decomposition above is treated as follows:

E[u(T — tp, 2] = Blu(T = typr, 2] = hE[Byu(T — typq, 2" + O(h?)

by a straightforward Taylor expansion of u with respect to the time variable. Indeed, the mapping
t — u(T —t,zl") is of class C? with bounded first and second order derivatives. To simplify the
exposition, we use the notation O(h?) for the reminder terms r, which satisfy |r| < ch? for some
real number ¢ € (0, 00), uniformly with respect to n.

To obtain the weak convergence result, it suffices to prove the following claim: for any function
Y: R? = R of class C* with bounded derivatives, one has

B[ (" )] = (1) + nLy () + O(n?).

Indeed, applying that claim with ¢ = u(T — ¢,41,), for each n = 0,..., N — 1, in the above
decomposition of the weak error and taking expectation, one obtains

N-1

E[p(z(Nh))] ~ E[¢(=I")] = 1 Y E[(@u — Lu)(T — a1, 2I")] + O(h) = O(h),

n=0

since u is the solution of the Kolmogorov equation dyu = Lu.
It remains to prove the claim. This is done for n = 0 and the general case is obtained using the

Markov property. We employ the same notation as in the proof of the strong convergence estimate
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above. First, observe that

E[ ()] = E[Y(Z,)] = E[(ep(h, Zp-1))] = E[e"“P¢(Z,-1)],
where, by definition, uy(t,-) = e*“*) is the solution of the partial differential equation d;uy, = Lyuy,
with ug (0, ) = 9, associated with the ODE Z;, = fi(zx).
It is then straightforward to check that

E[p(zI)] = E[e" ... e"oryp(Zy)] = Ele ... e"orp(Z,)).

It remains to treat the stochastic part in the splitting scheme. To simplify notation, let QZ =
elfr  ehfrap. Recall that Z,, = @p(Wi(h), Zm_1). Since W,,(h) and Z,,_; are independent

(Zm—1 depends only on W,,,_1(h),...,Wi(h)), one has

E[J(Zn)] = E [EW(0n (W (1), Zn-1))|Zm-1]] = Ble"Er(Zn-1)],
where, by definition, @ (¢, ) = etz’f@ is the solution of the partial differential equation 9;uy = Zkﬂlw

with (0, ) = 9, associated with the SDE dz;, = fk(zk) o dWj.
It is then straightforward to check that

E[)(Zn)] = E[e"E1 ... e"Emip(Z)] = L1 .. e Emap(20),

using the independence of Wy (h) and Zy,_1 for each k = m — 1,...,1 successively, and the equality
Zo = 219 at the last step.
Finally, it remains to use the fact that, if ¢ is of class C* with bounded derivatives, one has

ehli .ehEva — hlr | hlmhly ceMErq)

m p
=0+hY Ly +hY L+ O(h?)
k=1

k=1 =
=) + hLy + O(h?)
to conclude the proof of the claim.
This concludes the proof of the weak error estimate, and of the auxiliary lemma. O
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