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EXTREMAL KÄHLER METRICS ON BLOWUPS

RUADHAÍ DERVAN AND LARS MARTIN SEKTNAN

Abstract. Consider a compact Kähler manifold which either admits an ex-
tremal Kähler metric, or is a small deformation of such a manifold. We show
that the blowup of the manifold at a point admits an extremal Kähler metric
in Kähler classes making the exceptional divisor sufficiently small if and only if
it is relatively K-stable, thus proving a special case of the Yau-Tian-Donaldson
conjecture. We also give a geometric interpretation of what relative K-stability
means in this case in terms of finite dimensional geometric invariant theory.
This gives a complete solution to a problem addressed in special cases by
Arezzo, Pacard, Singer and Székelyhidi. In addition, the case of a deformation
of an extremal manifold proves the first non-trivial case of a general conjecture
of Donaldson.

1. Introduction

A central goal of Kähler geometry is to understand the existence of canonical
representatives of Kähler classes. The natural representatives are constant scalar
curvature Kähler (cscK) metrics and more generally extremal Kähler metrics (or
simply extremal metrics). Such metrics do not always exist, and the Yau-Tian-
Donaldson conjecture states that the existence of cscK metrics should be equivalent
to the algebro-geometric notion of K-stability [41, 39, 15]. Similarly the existence of
extremal metrics should be equivalent to relative K-stability [32]. Despite significant
progress, this conjecture is open in general, and even when the conjecture is known
to hold, the geometric meaning of K-stability is typically not clear.

Rather than explore the general setting, we focus on a particular geometric
case. One of the first constructions of cscK metrics is due to Arezzo-Pacard [2, 3],
who examined the existence of cscK metrics on blowups of manifolds known to
admit cscK metrics. In the absence of automorphisms of the starting manifold,
they construct cscK metrics on the blowup using a gluing method. Perhaps the
most interesting aspect of their work is that when the starting manifold admits
automorphisms, there are obstructions to obtaining cscK metrics on the blowup
related to stability of the blown-up point in the sense of geometric invariant theory.
The problem was then generalised to the extremal setting by Arezzo-Pacard-Singer
[4]. An important problem in the field has since been to characterise the existence
of extremal metrics on the blowup through relative K-stability, in line with the
Yau-Tian-Donaldson conjecture, and we refer to Pacard [25] and Székelyhidi [35] for
surveys on this problem and for further context. As we discuss in more detail below,
Székelyhidi has made significant progress on this problem, including a complete
solution in the cscK case and in complex dimension at least three [34, 37]. We
take a new approach to the problem, with which we provide a complete solution in
general.
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To state the main results we require some further notation. Consider a compact
Kähler manifold X with complex structure J , together with a Kähler class α which
admits an extremal metric ω. For a point p ∈ X , consider the blowup π : BlpX →
X endowed with the Kähler class αε = π∗α− ε[E] with E the exceptional divisor;
ε > 0 will be taken small. We fix a maximal compact torus T ⊂ Aut0(X,α) of the
reduced automorphism group of X fixing ω, with complexification TC. We then
consider a family of moment maps

Aεµ+Bε∆µ : X → tε

for the T -action on X with respect to Aεω + Bε Ricω, where Aε, Bε are functions
of ε defined explicitly in Corollary 6.9 with Aε > 0 and with Bε of strictly higher
order in ε. Here we use a family of inner products 〈·, ·〉ε to identify t∗ with its dual,
leading to the dependence on ε. Letting t⊥p,ε denote the orthogonal complement of
the stabiliser of tp with respect to 〈·, ·〉ε, our main result is the following:

Theorem 1.1 (Stable case). The following are equivalent:

(i) (BlpX,αε) admits an extremal metric for all 0 < ε≪ 1;
(ii) (BlpX,αε) is relatively K-stable for all 0 < ε≪ 1;
(iii) for all 0 < ε ≪ 1 and for all u ∈ t⊥p,ε with Hamiltonian Hu with respect to ω

we have

AεH(qu) +Bε∆H(qu) > 0,

with qu the specialisation of p under the flow of Ju;
(iv) for all 0 < ε≪ 1 there is a point pε ∈ TC.p with

Aεµ(pε) +Bε∆µ(pε) ∈ tpε
.

An analogous statement holds characterising the existence of cscK metrics in
terms of K-stability. Thus we have solved a special case of the Yau-Tian-Donaldson
conjecture, and have also obtained a complete geometric understanding of what
relative K-stability means in this setting in terms of geometric invariant theory
and finite dimensional moment maps. In addition the inner products 〈·, ·〉ε differ
from the L2-inner product on Hamiltonian vector fields on (X,ω) in a way that
only depends on the properties of the function H at a fixed point of the TC-action,
so the change in the inner product is finite dimensional. In the algebraic case,
namely with X projective, α = c1(L) and ε taken to be rational, (iii) of the above
can be interpreted in terms of stability in the sense of geometric invariant theory
for a Lie group (T⊥

p,ε)
C associated with (t⊥p,ε)

C and with respect to the line bundle
AεL−BεKX , where again the change in inner product has an interpretation purely
in terms of invariants often considered in geometric invariant theory. So (iii) can
be seen as completely algebro-geometric in this case.

As mentioned above, Theorem 1.1 is due to Székelyhidi in the case (X,α) ad-
mits a cscK metric and has complex dimension at least three [37]. Székelyhidi’s
approach is to directly attack the problem analytically, by constructing very good
“approximate solutions” to the cscK equation on the blowup, and most of the work
goes into understanding these approximate solutions geometrically in terms of mo-
ment maps on X . He then shows that K-stability implies the required stability of
the point p, which by general theory is equivalent to the appropriate moment map
condition. The analysis and computations involved seem very difficult to extend to
the extremal case, and although progress has been made by Datar [9], even the case
of complex dimension two seems to be out of reach using Székelyhidi’s strategy. On
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a technical level we also note that Theorem 1.1 “(iv) implies (i)” is stronger than
[37, Theorem 1] as we allow the inner product to vary, and this is important in
obtaining complete results in the extremal setting.

We use a new strategy in which we solve the problem in a different order. The
main idea is to glue at the level of almost complex structures rather than Kähler
metrics. This allows us to perform the argument in families of complex manifolds,
and the key point is that we can then directly use the moment map interpretation
of the scalar curvature [14, 17]. A finite dimensional argument then allows us to see
relative K-stability directly as the obstruction, so our approach seems more natural
in terms of the geometry of the scalar curvature operator. We then directly show
that relative K-stability can be interpreted directly in terms of relative stability of
the point p, and hence also in terms of the moment map criterion given in 1.1 (iv).
Analytically the novelty in our approach is to understand the relevant estimates in
weighted Hölder spaces in families of complex manifolds. Our approach relies on the
analysis involved in the simplest, well-understood case of blowing up a fixed point
of the automorphism group [4, 36, 34], but also involves considerable additional
difficulties. Another technical advantage in comparison with Székelyhidi’s work is
that by gluing at the level of complex structures, all the relevant Hamiltonians on
X have a natural lift to the blowup; Székelyhidi instead must choose a lift which is
somewhat geometrically artificial.

The techniques we develop are strong enough to also prove the “semistable case”,
which has not been considered before. Work of Stoppa and Stoppa-Székelyhidi
implies that if (X,α) is relatively K-unstable, then its blowup is also relatively
K-unstable in the classes we consider and hence cannot admit an extremal metric
[29, 30]. Thus with the “stable case” settled in Theorem 1.1, the only remain-
ing case is that of a relatively K-semistable manifold. We now consider a Kähler
manifold (X,α) which is analytically relatively K-semistable; this means that there
is a Aut0(X,α)-equivariant degeneration of (X,α) to an extremal Kähler mani-
fold (X0, α0). As the name suggests, the condition implies relative K-semistability
[16, 30, 11], and can also be seen as asking that (X,α) is a small equivariant de-
formation of an extremal manifold. We call (X0, α0) an extremal degeneration of
(X,α). The condition can be seen as the natural analytic analogue of relative
K-semistability.

The difference in the statement below in comparison with the stable case is the
setup of the problem: instead of the action of the automorphism group (X,α) itself,
we consider the action of a maximal torus TC ⊂ Aut0(X0, α0) on a space X built
from the Kuranishi space of (X0, α0). Thus the specialisation of p under a vector
field Ju ∈ t⊥ε will no longer actually be a point on (X,α) itself. We also endow X
with a relatively Kähler metric which is T -invariant. In this “semistable” setting
we prove the following:

Theorem 1.2 (Semistable case). The following are equivalent:

(i) (BlpX,αε) admits an extremal metric for all 0 < ε≪ 1;
(ii) (BlpX,αε) is relatively K-stable for all 0 < ε≪ 1;
(iii) for all 0 < ε ≪ 1 and for all u ∈ t⊥p,ε with Hamiltonian Hu with respect to ω

we have

AεH(qu) +Bε∆H(qu) > 0,

with qu the specialisation of p under the flow of Ju;



4 RUADHAÍ DERVAN AND LARS MARTIN SEKTNAN

Here the Hamiltonian and Laplacian are computed on the complex deformation of
(X,α) on which qu lies and J is the complex structure of X .

We also obtain a characterisation of (iii), and hence the other conditions, in
terms of finite dimensional moment maps on X , analogously to (iv) of the “stable
case”. The statement is more technical and is given as Theorem 6.15. In the
algebraic case (iii) can similarly be interpreted purely algebro-geometrically, and
there is a corresponding version in the cscK case. An important consequence is a
proof of the following conjecture of Donaldson in the first-nontrivial case:

Conjecture 1.3 (Donaldson). Let (X,α) be a compact Kähler manifold. Then
there is a collection of points p1, . . . , pr ∈ X such that the blowup Blp1,...,pr

X admits
an extremal Kähler metric in some Kähler class.

The conjecture is made by analogy with Taubes’ work on anti-self dual metrics
[38]. We prove the following special case.

Theorem 1.4. Suppose (X,α) is an analytically relatively K-semistable manifold.
Then there is a point p ∈ X such that the blowup (BlpX,αε) admits an extremal
Kähler metric in some Kähler class.

Without assuming relative K-semistability, one must consider more general Kähler
classes than we consider and one needs a different technique. In our case we show
that Donaldson’s conjecture follows from Theorem 1.2 by showing that one can
find a point satisfying condition (iii) of Theorem 1.2. The conjecture also predicts
that one can blow up a suitably general collection of points to obtain an extremal
metric, and we obtain version of this statement in our situation in the algebraic
case.

An interesting aspect of our work is that we need to use more general degen-
erations than test configurations to prove Theorems 1.1 and 1.2; these are essen-
tially the Kähler analogue of what were called R-degenerations in [13]; that is
finitely generated R-indexed filtrations of the coordinate ring. Morally, test config-
urations correspond to “rational” degenerations, whereas in the general extremal,
non-projective setting we must also include “irrational” degenerations. As we need
only consider degenerations with smooth central fibre in our work, it is straight-
forward to generalise the theory of relative K-stability to this setting, but it is an
interesting problem to understand the role played by these degenerations in the
general theory. In two important special cases, namely when X is projective with
α the first Chern class of an ample bundle, or when we consider cscK metrics rather
than extremal metrics, we only need to consider test configurations.

We finally remark that while we have settled the problem when a single point is
blown up, the question is also interesting when blowing up multiple points [2, 3],
or when blowing up higher dimensional submanifolds [27], and precise results along
the lines of Theorem 1.1 remain open in these settings. The reason our techniques
do not apply in these cases is that the test configurations and R-test configurations
that one must consider may have singular central fibre. In the case when one blows
up collections of points, the singularities are rather mild and it would be interesting,
but likely very challenging, to generalise our approach to that setting.

Outline. We begin in Section 2 with preliminary material on extremal metrics
and relative K-stability. Section 3 then describes the aspects of the space of almost
complex structures that we require. We prove the main technical gluing result



EXTREMAL KÄHLER METRICS ON BLOWUPS 5

in Section 4, which we use in Section 5 to show that relative K-stability is the
obstruction to the existence of extremal metrics on blowups. In particular, the
equivalence between (i) and (ii) in Theorems 1.1 and 1.2 is proven in Section 5.
Section 6 explains the geometric meaning of relative K-stability in this setting,
showing that (ii) is equivalent to (iii) and (iv) in these results.

Acknowledgements. We thank Gábor Székelyhidi for a very helpful suggestion
at the outset of this project. RD was funded by a Royal Society University Research
Fellowship. LMS was funded by a Marie Sk lodowska-Curie Individual Fellowship,
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under grant agreement No 101028041, and also by Villum Fonden Grant 0019098,
while he was a member of Aarhus University. This work was completed while RD
visited Newcastle University, and he thanks the department and Stuart Hall for
their hospitality.

2. Extremal Kähler metrics and relative K-stability

2.1. Extremal Kähler metrics. We wish to understand the existence of extremal
Kähler metrics. A reference for the material of this section is Székelyhidi [36]. Thus
let X be a compact Kähler manifold of dimension n and let α be a Kähler class on
X . For any Kähler metric ω ∈ α, its Ricci curvature is defined by

Ricω = −
i

2π
i∂∂̄ logωn,

while its scalar curvature is defined by

S(ω) = Λω Ricω.

The extremal condition also involves a class of functions on X called holomorphy
potentials. These are functions H such that

Dh = ∂̄∇1,0H = 0,

where ∇1,0H denotes the (1, 0)-component of the gradient of H , taken with respect
to the Riemannian metric induced by ω. Throughout we will denote

h = {H ∈ C∞(X) | DH = 0}.

Importantly, associated to each holomorphy potential H is a holomorphic vector
field ∇1,0h. These vector fields can be characterised as the holomorphic vector
fields on X that vanish somewhere, and we denote the space of such vector fields
by h. Given a Kähler metric, there is an isomorphism between h and the functions
in h of average zero, and we will sometimes use h to denote these functions instead.

Denoting by Aut0(X) the connected component of the identity in the biholo-
morphism group of X , we further denote through the Lie algebra-Lie group corre-
spondence

Aut0(X,α) ⊂ Aut0(X)

the Lie subgroup associated with vector fields that vanish somewhere. This is
sometimes called the reduced automorphism group of X , and in the case that
α = c1(L) for some ample line bundle L on X , corresponds to automorphisms
which lift to L. Note that the group itself is actually independent of α.

Definition 2.1. We say that ω is an extremal Kähler metric if S(ω) ∈ h. If S(ω) is
furthermore constant, we say that ω is a constant scalar curvature Kähler (cscK)
metric.
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Thus the extremal condition asks that ∇1,0S(ω) is a holomorphic vector field,
called the extremal vector field.

2.2. Relative K-stability. Extremal Kähler metrics do no not always exist, and
conjecturally their existence is characterised by the notion of relative K-stability of
(X,α). As we are working in the transcendental setting, we in fact need a slightly
stronger variant of relative K-stability. In the projective setting, with α = c1(L) for
some ample line bundle L, we only need the usual notion. But to avoid additional
notational complexity, we simply refer to the notion used in our work as relative
K-stability.

Relatively K-stability involves both a class of degenerations of (X,α), and asso-
ciated numerical invariants. The standard class of degenerations are test configu-
rations, but we will require a slightly more general notion.

Definition 2.2. An R-test configuration for (X,α) a collection π : (X ,A) → Cr

with

(i) X a complex manifold endowed with a (C∗)r-action;
(ii) A a (1, 1)-class which is relatively Kähler and (C∗)r-invariant;
(iii) π a proper surjective (C∗)r-equivariant holomorphic submersion;
(iv) all fibres (Xb,Ab) over b ∈ (C∗)r ⊂ Cr isomorphic to (X,α);
(v) a vector field u ∈ Lie(C∗)r whose flow takes each point to the origin.

When r = 1, we call π : (X ,A) → C a test configuration.

Here Cr is given the standard action of (C∗)r. The point of the extension is
to allow irrational vector fields u ∈ Lie(C∗)r, which as we will see is necessary
when considering the existence of extremal Kähler metrics on Kähler manifolds.
When the vector field is rational and hence generates a C∗-action, one obtains an
induced family over C and hence a test configuration. In the projective case, R-test
configuration can be encoded using R-filtrations of the coordinate ring of (X,L);
the reason we use the above geometric interpretation is the lack of a good analogue
of such filtrations in the Kähler setting. We also note that R-test configuration
are essentially the same as what Inoue calls polyhedral test configurations [22]
and what were originally called R-degenerations in [13]; we use the language of
Boucksom-Jonsson [5]. These degenerations seem to have first appeared in the
work of Chen-Sun-Wang [8].

Remark 2.3. We have made a significant simplification in comparison with the
usual theory of test configurations, in that we have assumed that π : X → Cr is
a holomorphic submersion, which means that all of the fibres are smooth; this will
be sufficient in our setting.

For a subgroup G ⊂ Aut0(X,α), we can ask for an R-test configuration to be G-
equivariant; this means that there is a G-action on (X ,A) which fixes each fibre over
Cr, and induces the standard action on the general fibres (Xb,Ab) ∼= (X,α) over
b ∈ (C∗)r ⊂ Cr. We will typically fix a maximal complex torus TC ⊂ Aut0(X,α)
and consider test configurations which are TC-equivariant.

As π : X → Cr is a holomorphic submersion, we will be able to associate nu-
merical invariants to the R-test configuration using differential geometry. Consider
the central fibre (X0,A0) over 0 ∈ Cr, on which we have a holomorphic vector field
u induced by the definition of an R-test configuration. The flow of u induces a
compact torus T of automorphisms of (X0,A0), and we fix a Kähler metric ω0 on
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X0 which is invariant under this torus. In the case of a rational vector field the
torus will simply be S1, while in general we must take a higher rank torus defined
by taking the closure of the flow of u. Denote by Hu an associated holomorphy
potential for u, which exists since the class A0 is invariant under the action.

Definition 2.4. The Futaki invariant of u is given by

Fut(u) =

∫

X0

Hu(Ŝ − S(ω0))ωn
0 ,

while the Donaldson-Futaki invariant of (X ,A) is given by

DF(X ,A) = Fut(u).

Here Ŝ is the average scalar curvature. A classical result of Futaki states that
this integral is actually independent of the choice of T -invariant Kähler metric
ω0 ∈ A0. When u is rational, in the projective case the invariant can be computed
purely algebro-geometrically [16], while in the Kähler case it can be computed as
an intersection number over a compactification of (X ,A) (which then also makes
sense when X → C has singular central fibre) [12, 28].

We will also require an inner product on the space of vector fields, which has
been provided by Futaki-Mabuchi [18]. Let u, v be two holomorphic vector fields
on X0 which vanish somewhere, and with associated holomorphy potentials hu, hv.
These holomorphy potentials are unique up to the addition of a constant, and we
normalise so that Hu and Hv have integral zero over X0. Then we can define

〈u, v〉 =

∫

X0

HuHvω
n
0 .

As the notation suggests, the integral is independent of choice of ω0, and in the
projective case it can also be computed purely algebro-geometrically.

Let us now fix a maximal complex torus TC of automorphisms of (X,α) of rank
m and consider a TC-equivariant R-test configuration (X ,A). Let v1, . . . , vm be
a basis for tC = LieTC, so that on (X0,A0) we have holomorphic vector fields
u, v1, . . . , vm, where u is the vector field induced on the R-test configuration as
above.

Definition 2.5. The relative Donaldson-Futaki invariant of (X ,A) is defined to
be

DFT (X ,A) = DF(X ,A) −
m∑

j=1

〈u, vj〉

〈vj , vj〉
Fut(vj).

Here Fut(vj) can be computed on either (X,α) or (X0,A0) as the integrals agree
on each [11, Propositions 3.3, 3.4]. If u is orthogonal to vj for each j, then this is
simply the Donaldson-Futaki invariant of (X ,A) and one can view the invariant in
general as the Donaldson-Futaki invariant of the projection of u orthogonal to tC.
The definition is due to Székelyhidi in the projective setting [32].

Let us call an R-test configuration a product R-test configuration if (X0,A0) ∼=
(X,α), so that u is actually a holomorphic vector field on (X,α). Note that for a
product R-test configuration we have DFT (X ,A) = 0.

Definition 2.6. We say that (X,α) is relatively K-stable if for all TC-equivariant
R-test configurations we have DFT (X ,A) ≥ 0, with equality if and only if (X ,A)
is a product.
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If instead we ask for DF(X ,A) ≥ 0, with equality precisely when (X ,A) is
a product, we say that (X,α) is K-polystable; this is the notion relevant to the
existence of cscK metrics in the class α.

Remark 2.7. We emphasise that this is a different notion to what is usually called
relative K-stability. The reason is twofold. In one sense, the condition is signifi-
cantly weaker since, as explained in Remark 2.3, we only allow R-test configurations
with smooth central fibre, and in general one certainly must consider R-test con-
figurations with singular central fibre. The special geometry of our situation allows
us to only require R-test configurations with smooth central fibre.

In another sense, our definition is stronger than the usual one. The reason is that
we include R-test configurations, which do not appear in the prior definitions which
only involve test configurations. It will be crucial to our arguments to include these
more general degenerations, and this gives strong evidence that they are needed to
understand the existence of extremal metrics on Kähler manifolds in full generality.
As we discuss below, these seem unnecessary in the projective setting and it seems
likely one can restrict to test configurations in that situation.

The notion of relative K-stability is motivated by concepts in finite dimensional
geometric invariant theory, and Székelyhidi discusses the relevant parts of the theory
in his work [37]. We note that he claims that one need only consider one-parameter
subgroups (the analogue of test configurations, as opposed to R-test configurations)
in the analogous finite dimensional setting, but his discussion contains an error in
his setup of the problem. The issue is in his claim that what he writes as KT⊥

is a closed subgroup of K [37, p. 929]; the reference he gives proves this only for
rational inner products and the claim is false in general.

Theorem 2.8. Suppose (X,α) admits an extremal metric. Then (X,α) is relatively
K-stable.

Proof. The required inequality for the relative Donaldson-Futaki invariant is proven
to hold in [11, 37] for test configurations. The main point of the proof is to compute
expansions of Futaki invariants and inner products for test configurations induced
for appropriate blowups of (X,α). We will see in Section 5 that the necessary
expansions hold in the more general setting of R-test configurations (as we have
assumed the central fibre is smooth), essentially by continuity of the quantities
involved as one varies u, proving the result in general. �

In the projective setting, considering only test configurations, this result is due
to Stoppa-Székelyhidi [30]. In the Kähler setting, the appropriate inequality for
test configurations with possibly singular central fibre is proven in [11].

As well as manifolds that actually admit extremal metrics, we will also be inter-
ested in “strictly semistable” manifolds, in the following analytic sense.

Definition 2.9. We say that (X,α) is analytically relatively K-semistable if there
is a TC-equivariant R-test configuration for (X,α) such that the central fibre admits
an extremal metric with extremal vector field induced by an element of Lie(TC).
We similarly say that (X,α) is analytically K-semistable if there is a TC-equivariant
R-test configuration such that the central fibre admits a cscK metric.

The equivariance hypotheses, with respect to a maximal torus TC ⊂ Aut(X,α),
will be important for our arguments, and in practice one expects the equivariance
assumption to always be satisfied. Note that from [16, 11, 30], analytic relative
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K-semistability implies relative K-semistability and the analogue is true also for K-
semistability. In general a version of the Yau-Tian-Donaldson conjecture states that
a K-semistable manifold admits a test configuration with K-polystable central fibre,
which if smooth should then admit a cscK metric. In particular one should view
analytic (relative) K-semistability as a smoothness hypothesis on the (relatively)
K-polystable degeneration. By results of Brönnle [6] and Székelyhidi [33], small
deformations of cscK manifolds are analytically K-semistable, and the same is true
for deformations of extremal manifolds provided the extremal vector field extends
to the deformation.

3. The space of almost complex structures

3.1. Scalar curvature as a moment map. We now describe some of the mo-
ment map theory of the scalar curvature operator, as initiated by Fujiki [17] and
Donaldson [14]; a good reference is Gauduchon [19, Section 8]. Fix a compact
2n-dimensional symplectic manifold (M,ω) and denote by J (M,ω) the space of
almost complex structures compatible with ω. The space J (M,ω) is naturally an
infinite dimensional manifold, with tangent space at a point J ∈ J (M,ω) given by

TJJ (M,ω) = {A : TM → TM |AJ+JA = 0 and ω(u,Av) = ω(v,Au) for all u, v}.

There is a natural almost complex structure on the space J (M,ω) obtained by
sending A → JA, and this almost complex structure is even formally integrable.
We next use the natural Riemannian metric on J (M,ω) defined by setting

〈A,B〉J =

∫

M

(A,B)gJω
n,

with gJ the Riemannian metric on M associated with ω and J , to define a Kähler
metric Ω by

ΩJ(u, v) = 〈Ju, v〉J .

We will primarily be interested in the subspace of integrable almost complex
structures, which we denote J int(M,ω) and which is a complex submanifold of
J (M,ω) [19, Proposition 8.1.1 (iii)].

Denote by H = H(M,ω) the space of Hamiltonian symplectomorphisms of
(M,ω). By definition a Hamiltonian symplectomorphism is the time-one flow of
a Hamiltonian vector field, and so there is a natural identification

LieH = C∞
0 (M,ω),

where C∞
0 (M,ω) denotes functions of integral zero. The action of H on J (M,ω)

leaves Ω invariant, and so we can ask for a moment map for the action.
For any J ∈ J (M,ω), we denote by S(J) the Hermitian scalar curvature of ω

with respect to J ; this is simply the usual scalar curvature when J is integrable,
which will be the important case for us. Denote also Ŝ the average scalar curvature.
We can consider the scalar curvature as a map

J (M,ω) → LieH∗

by identifying LieH with its dual using the L2-inner product on functions. The
key result we make use of is the following.

Theorem 3.1. [14, 17] The scalar curvature operator

J → S(J) − Ŝ
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is a moment map for the action of H on J (M,ω).

An important point of our work is to use this perspective to actually construct
cscK and extremal metrics. If HJ denotes the stabiliser of a given complex structure
J , then HJ is simply the isometry group of gJ . Denoting by hJ its Lie algebra, the
extremal condition reduces to asking that

S(J) − Ŝ ∈ hJ .

As the problem we are interested in is a perturbation problem, we will need to
understand how best to perturb complex structures using functions on M . The
analogous linear question for Kähler metrics is standard: if ω is Kähler, then ωt =
ω + it∂∂̄ϕ is Kähler for all t ∈ [0, 1] provided ϕ ∈ C∞(X) has sufficiently small
C2-norm. Given such a ϕ, we can define a new path of complex structures by using
Moser’s trick, as in [33, Section 2]. Write

ωt = ω − tdJdϕ = ω − tdβ

for a fixed one-form β, and let vt be the vector field dual to −β via ωt. Integrating
these vector fields produces a one-parameter path of diffeomorphisms ft for t ∈
[0, 1], and setting Fϕ = f1 we have F ∗

ϕω1 = ω. Thus F ∗
ϕJ is a new complex

structure compatible with ω, and this is how we perturb complex structures using
functions.

As is always the case for perturbation problems, we will be later require the
linearisation of the non-linear operator

ϕ 7→ S(F ∗
ϕJ)

of interest. Denoting by D∗ the L2-adjoint of the operator D = ∂̄∇1,0 used in
Section 2.1, the Lichnerowicz operator is defined to be D∗D. The following can, for
example, be found in [33, Proof of Proposition 7].

Proposition 3.2. The linearisation of the operator ϕ 7→ S(F ∗
ϕJ) is the negative of

the Lichnerowicz operator, i.e. the operator

ϕ 7→ −D∗Dϕ.

Remark 3.3. Although we have for simplicity explained this theory for smooth
complex structures, the theory works equally well assuming less regularity, and we
will later apply these results for Ck-complex structures for some large k.

3.2. Kuranishi theory. To understand relatively analytically K-semistable man-
ifolds, we will require some results from deformation theory. Denote by (X,α)
an analytically relatively K-semistable manifold, and let X0 = (M,J0) denote its
extremal equivariant degeneration with Kähler class α0. Denote by T ′ a maximal
compact subgroup of Aut0(X,α), so that there is an induced T ′-action on (X0, α0)
by the equivariance assumption on the degeneration of (X,α) to (X,α) (the no-
tation T ′ will be helpful in Section 5). Denote also T a maximal compact torus
of Aut0(X0, α0), so that T ′ ⊂ T is a subtorus. We use the following version of
Kuranishi theory, as used by Székelyhidi [33] and Inoue [21].

Theorem 3.4. There exists a complex space B′ and a holomorphic embedding

Ψ : B′ → J int(M,ω)

such that:

(i) there is a holomorphic T -action on B′ making Ψ a T -equivariant morphism;
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(ii) there is a universal family π : X ′ → B′ with a T -action making π a T -
equivariant holomorphic map;

(iii) the induced T -action on X ′ fixes each fibre of π;
(iv) the form ω induces a T -invariant relatively Kähler metric on X ′;
(v) the family X ′ → B′ is a T -equivariant versal deformation space.

A T -equivariant versal deformation space means the following. Consider an
arbitrary family πY : (Y, αY ) → BY with fixed fibre (Yb, αb) ∼= (X0, α0), and
suppose there is a holomorphic T -action on (Y, αY ) which restricts to an action on
each fibre. Then perhaps after shrinking to a smaller neighbourhood of b, there is
a holomorphic map p : BY → B′ such that Y ∼= p∗(X , α). Thus B′ parametrises
small T -equivariant deformations of (X0, α0).

An important aspect of the construction is that B′ is naturally a complex sub-
space of a vector space (denoted H̃1 by Székelyhidi) such that the T0-action on B′

is actually induced by a linear action of T on the vector space, with Ψ(0) equaling
J0. We complexify T to TC, which then acts locally on π′ : X ′ → B′, in the sense
that we have an action for each element of TC induced by sufficiently small elements
of LieTC.

As by assumption (X,α) is analytically relatively K-semistable, we obtain a
sequence of points pt ∈ B′ → 0 such that the fibre of the Kuranishi family over
pt is isomorphic to (X,α). For any such pt, with t sufficiently close to zero, there

is point qt in the closure of the orbit TC
0 .pt such that the fibre (X ′

qt , α
′
qt) over qt

admits an extremal metric.
By construction, the universal family X ′ → B′ consists of the fixed smooth

manifold M , with almost complex structure on each fibre compatible with the
symplectic form ω. Thus we have a natural action on (M,ω) induced by the action
on (X0, ω), and the induced T -action on X ′ = M×B′ is simply the product action.
In particular, if b ∈ B′ denotes a point with fibre isomorphic to (X,α), then the
stabiliser of p is isomorphic to T ′. We now replace B′ with the closure of the TC-
orbit of p, which is a complex manifold as the action is induced by a linear action
on a vector space. This produces a new family π′′ : X ′′ → B′′ , with B′′ now
a complex manifold of dimension r given by the difference between the ranks of
TC and T ′C. There is a T ′C-action on X ′′ fixing the fibres of π′′ and modify our
family again by considering the product family X ′′×Cr → B′′×Cr. Note that the
dimension of B′′×Cr is equal to the rank of TC by construction. We finally denote
X = X ′′ × C

r and B = B′′ × C
r, which is our starting holomorphic submersion of

interest. The general fibre of the induced family π : (X , αX ) → B is isomorphic
to (X,α), while there is a unique fixed point q of the TC-action with (Xq, αq) an
extremal Kähler manifold.

4. The gluing argument

This section contains the main gluing argument of the paper. Our results
will construct metrics whose scalar curvature lies in certain finite dimensional
space of functions corresponding to the holomorphy potentials on the central fi-
bre (Blq X0, ωε). More precisely, we will construct a sequence of maps

Ψε : B → J (BlqM,ωε)

such that

S(Jε,b) − Ŝε ∈ hε,
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where hε denotes holomorphy potentials on the central fibre. These will not in
general be holomorphic maps, but the image of B will nevertheless be symplectic,
which will be enough to reduce to a finite dimensional moment map problem.

4.1. The initial setup. Before considering blowups, we begin by constructing the
appropriate map

Ψ : B → J (M,ω).

Kuranishi theory, as discussed in Section 3.2, will be used to produce the desired
map on the B′′-component. Our goal is to extend this to a map from B, retaining
the crucial properties of the map from B′′.

The extension will be performed in the following manner. We work first on
the central fibre X0 (which also completely covers the “stable case”, namely when
X0 = X). From the construction of the family X0×Cr → Cr, for each point s ∈ Cr,

there is a corresponding point qs ∈ TC.p ⊂ X0 which maps to s. The point q0, which
we denote q, on the central fibre X0 is the point with maximal stabiliser which we
blow up. We will construct a diffeomorphism Φ of M ×Cr, which is the identity in
the C

r component, and such that ϕs = Φ|M×{s} : M →M is a symplectomorphism
such that the blowup in ϕs(q) is biholomorphic to the blowup in qs. This will then
produce a new complex structure Js = ϕ∗

sJ0; a further small perturbation of this
will then be the desired complex structure.

Note that for s near the origin Js is not equal to J0. This follows from the
fact that the point qs is not fixed by the action of the full torus, in contrast to
q0. An extension of this observation will be used in showing that the map Ψ is an
embedding.

To actually construct the diffeomorphism Φ, we use Moser’s trick. We first
we choose holomorphic normal coordinates (z1, . . . , zn) around p with respect to
the complex structure J0, taken in such a way that the TC-action is given by the
standard linear torus action on the first r coordinates. These coordinates can be
assumed to be defined on the disk of radius 2. We also fix a cutoff function χ(t)
which equals 1 when t ≤ 1

2 and 0 when t ≥ 1.
We now define a family of symplectomorphisms of M , parametrised by a neigh-

bourhood of the origin in Cr. Let w1, . . . , wr be the coordinates on Cr. Write
zj = xj + iyj and wj = uj + ivj and define a one-form βw on M by

βw = d


χ(|z|)

r∑

j=1

(ujxj + vjyj)


 . (4.1)

Note that the zi are only defined locally near q, but since we are using a cutoff
function, the form vanishes outside the disk of radius 1 and so extends trivally to
the whole of M.

Moser’s trick thus produces a family of exact symplectomorphisms ϕs : M →M ,
parametrised by a neighbourhood of the origin Cr. Since these are symplectomor-
phisms, the pullback complex structure ϕ∗

sJ0 is compatible with ω, hence inducing
a Kähler metric. In addition since β0 = 0, over s = 0 the map is just the identity.
The key point of the following lemma is that, even if qs 6= ϕs(0), the associated
blowups of X0 are biholomorphic.

Lemma 4.1. We have

ϕs(0) = (s, 0) +O(|s|2)
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for all sufficiently small s. Moreover, the blowup of X at ϕs(0) is biholomorphic to
the blowup in qs.

Proof. If ω were the Euclidean symplectic form, the dual vector field to the 1-form

d
(
χ(|z|)

∑r
j=1(ujxj + vjyj)

)
would, in this region, be the vector field

uj
∂

∂xj
+ vj

∂

∂yj
, (4.2)

whose time-one flow sends the origin to (s, 0). In reality, the symplectic form is an
O(|z|2) perturbation of this, and this causes the perturbation in ϕs(0). The blowups
at the points qs and ϕs(0) are biholomorphic because they lie in the same TC-orbit.
This follows from the fact the action is T -linear and that the vector field producing
ϕs and the vector field given by Equation (4.2) are dual to the same 1-form, with
respect to two T -invariant symplectic forms. �

We next make this compatible with the B′′ direction by performing exactly the
same procedure for the family over {b} × Cr, just as for {0} × Cr. In order to
do so, we need to introduce appropriate coordinates with respect to the complex
structures Jb for b ∈ B′′, so that we can define the corresponding one-form β to use
in Moser’s trick.

The base B′′ is a ball in a vector space, which we equip with a norm ‖ · ‖. That
the complex structures Jb tend to the complex structure J0 of the central fibre as
b tends to 0 implies the bound

‖J0 − Jb‖ = O(‖b‖). (4.3)

Recall that we have picked T -invariant holomorphic normal coordinates

zj = xj + iyj

around q on X0, where yj = J(xj). We define holomorphic coordinates around
ϕs(0) by setting

zbj = xj + iybj ,

where

ybj = Jb(xj).

After shrinking B′′, we can assume this gives a holomorphic coordinate system with
respect to Jb for all b ∈ B′′ lying on the disk of radius 2

Using these coordinates near q, we can define the 1-forms using the Equation
(4.1). The construction then goes through in exactly the same manner, and the
bound given by Equation (4.3) holds for the full family over B.

Using this family of diffeomorphisms, we obtain a smooth map

Ψ : B → J (M,ω),

extending the map B′′ → J (M,ω) of Section 3.2.

Lemma 4.2. The image Ψ(B) ⊂ J (M,ω) is a symplectic submanifold of J (M,ω).

Proof. The only property which is not automatic is to show that the pullback of
the form Ω on J (M,ω) is actually nondegenerate. We are allowed to shrink B in
our construction, so we will show that this holds at the linearised level at s = 0.
This will then imply that there is a ball about the origin in B′′ × Cr on which the
statement holds. The map is already known to be a holomorphic embedding in
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the B′′ direction from Kuranishi theory, so it suffices to check the injectivity of the
derivative in the Cr direction.

For tangent vectors w1, w2 in Cr, we have

ΩJ0
(Ψ∗w1,Ψ∗w2) =

∫

M

〈J0(Ψ∗w1),Ψ∗w2〉gω
n.

Since the symplectic form on the space of almost complex structures comes from a
Riemannian metric, it suffices to show the positivity when w1 = w and w2 = iw.
In other words, it suffices to show that

ΩJ0
(Ψ∗w,Ψ∗iw) > 0

for all w 6= 0.
Now,

Ψ∗w =
d

dt

∣∣∣∣
t=0

(Jtw)

=
d

dt

∣∣∣∣
t=0

(ϕ∗
twJ0) ,

where ϕtw is the diffeomorphism generating Ψ(tw) as in Lemma 4.1. Thus we need
to compare the flows of w and iw, infinitesimally. At the origin in Cr, the vector

field generating ϕw is the ω dual of βw = d
(
χ(|z|)

∑r
j=1(ujxj + vjyj)

)
and ϕiw is

dual to

βiw =d


χ(|z|)

r∑

j=1

(−vjxj + ujyj)




=J0(βw).

Thus
d

dt

∣∣∣∣
t=0

(ϕ∗
tiwJ0) = J0

d

dt

∣∣∣∣
t=0

(ϕ∗
twJ0) .

This implies that for w 6= 0

ΩJ0
(ϕ∗w,ϕ∗iw) =

∫

M

∣∣∣∣
d

dt

∣∣∣∣
t=0

(ϕ∗
twJ0)

∣∣∣∣
2

g

ωn > 0,

which is what we wanted to show. �

Lemma 4.3. The map Ψ is equivariant with respect to the T -actions on B and
J (M,ω).

Proof. This is a direct consequence of the fact that for λ ∈ T we have βλw = λ∗βw
and torus-invariance of ω. �

It will be important to choose a good Kuranishi slice in our construction. The
existence of this over B′′ is given by a result of Székelyhidi and Brönnle.

Lemma 4.4 ([33, Proposition 7], [6, Section 3.2]). One can assume that the map

B′′ → J (M,ω) given by b 7→ Jb is such that S(Jb) − Ŝ = Hb ∈ h.
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Unfortunately, by applying the symplectomorphism to push qs to q, we have
ruined this property in the Cr direction, as the scalar curvature is pulled back
under the symplectomorphism, and the symplectomorphism may not preserve the
condition of lying in h. Thus, the above only holds over B′′ × {0} ⊂ B. We now
wish to apply a further perturbation, in order to obtain the above property on the
full family over B. The proof is a consequence of the implicit function theorem, in
much the same way as the work of Székelyhidi and Brönnle [33, 6].

Proposition 4.5. We may assume that the map Ψ : B → J (M,ω), which we
denote

b 7→ Jb,

satisfies

S(Jb) − Ŝ = Hb ∈ h.

This map retains the properties of Lemma 4.2 and Lemma 4.3.

Proof. Thus far we have associated a complex structure to each point b ∈ B in
such a way that B is a symplectic submanifold of J (M,ω). For the duration of
the proof we denote these complex structures by Ib, for notational clarity. We will
perturb Ib using functions, as in Section 3.1. That is, we consider the map

f 7→ S(F ∗
f Ib) − Ŝ.

The linearisation is the mapf 7→ −D∗Df , whose kernel consists of the holomorphy
potentials with respect to the Kähler structure (ω, I0). In particular, the lineari-
sation is surjective modulo the holomorphy potentials h on the central fibre b = 0,
uniformly around the origin.

The implicit function theorem then implies that the map taking a f that is L2-
orthogonal to h to the L2-orthogonal projection away from h of S(F ∗

f Ib)− Ŝ can be
inverted on appropriate Sobolev spaces. This can be achieved with uniform bounds
on the inverse, in a sufficiently small neighbourhood of the origin in B. Moreover,
from the construction of the complex structures Ib, it follows that there is a C > 0
such that for all b = (b′′, s),

‖S(I(b′′,s)) − S(I(b′′,0))‖ ≤ C‖s‖.

Since S(I(b′′,0)) − Ŝ ∈ h by Lemma 4.4, it follows that for all sufficiently small
b = (b′′, s) ∈ B, there exists a function fb such that

S(F ∗
fbIb) − Ŝ ∈ h.

Thus we can take Jb = F ∗
fb
Ib.

The equivariance property with respect to the torus action follows because we
are always restricting to torus-invariant functions. The fact that the map is an
embedding with symplectic image close to 0 ∈ B follows because these are open
properties, and the map b 7→ Jb is a small perturbation of the map b 7→ Ib, for
which these properties hold. Thus b 7→ Jb has all the required properties. This
completes the proof. �

4.2. Weighted Hölder spaces. We now define the weighted Hölder spaces rel-
evant to our problem. This will be done by defining the spaces on the extremal
central fibre X0, and then using the same definition on all fibres, by thinking of all
the fibres as the same smooth manifold. The spaces on the central fibre are the
same as used in previous works [2, 34].
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4.2.1. Weighted spaces on punctured manifolds. Let q ∈ X0 be fixed under the ac-
tion of a maximal torus TC in its automorphism group, arising as the specialisation
over 0 ∈ Cr of moving a point p with trivial stabiliser around X0 through the action
of TC. As above, we fix T -invariant holomorphic coordinates z1, . . . , zn around q
which are normal with respect to the Kähler metric induced by ω, and assume that
they exist at least in the disk D2 of radius 2 about q. This can be assumed after
scaling ω.

For r > 0, define f δ
r : D2 \D1 → R by

f δ
r (z) = r−δf(rz).

Definition 4.6. The Ck,α
δ -norm on M \ {q} is defined to be

‖f‖Ck,α

δ
(M\{q}) = supr∈(0,1)‖f

δ
r ‖Ck,α(D2 \D1) + ‖f‖M\D1(q).

Remark 4.7. Note that we have used holomorphic normal coordinates with respect
to the complex structure X0 to define this norm. We will use the same norm on the
other holomorphic structures in the Kuranishi family near X0. Thus the norm for
these holomorphic structures are not defined using holomorphic normal coordinates.

4.2.2. Weighted spaces on the blowup. We now consider the above issues, concerning
symplectic embeddings into the space of almost complex structures, on the blowup.
We first describe how we define the complex structure on Blq Xb, for which we
will glue annuli with respect to the coordinates zj to corresponding regions on the
blowup. This means that we are gluing regions on the non-central fibres that are
not actually annuli. We will however be able to uniformly compare them to annuli,
which is the key to establish the basic properties of the weighted norms on the
blowup.

We begin by discussing the central fibre. Here we have coordinates z around q
which we will identify with coordinates w = ε−1z on the blowup. We are identifying
the annulus D1 \Dε around q in X0 with the (preimage via the blowdown map of
the) annulus Dε−1 \D1 in Bl0 C

n. In other words,

Blq X0 = X0 \Dε(q)
⋃

D1\Dε∼π−1(D
ε−1\D1)

π−1(Dε−1).

This induces the almost complex structure on the underlying smooth manifold
BlqM of the blowup from the almost complex structure on M corresponding to the
central fibre.

We also define a weighted norm on the blowup. Given a function f : BlqM → R,
we can define a function f δ

ε : Bl0D1 → R by

f δ
ε (w) = ε−δf(εw).

Up to a rescaling depending on ε, this is the restriction of f to the preimage via
the blowdown map of the ball of radius ε about q, pulled back to the preimage of
a ball of fixed size.

Definition 4.8. The Ck,α
δ -norm on BlqM is defined to be

‖f‖Ck,α

δ
(Blq M) = ‖f δ

ε ‖Ck,α(Bl0 D1) + supr∈(ε,1)‖f
δ
r ‖Ck,α(D2 \D1) + ‖f‖M\D1(q).

We also obtain almost complex structures on the blowup for all other b ∈ B. At
the level of coordinates, this works in the same way: we identify the coordinates
zbj with new coordinates wb

j = ε−1zbj on the blowup of C
n in the origin. These
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new coordinates (and hence the almost complex structures) on Bl0 C
n are therefore

obtained from the coordinates w in just as zbj was obtained from zj. The difference
is that we are still gluing over the annulus with respect to the original coordinates
zj and wj . This means that we are no longer working on an annulus in the zbj and

wb
j coordinates.

Remark 4.9. We could have defined norms ‖ · ‖Ck,α(Blq Xb) for Blq Xb using the

same definition as for b = 0, but with annuli with respect to the coordinates zbj ,
defined in Section 4.1. It is possible to show that there is a C > 0 such that for all
b ∈ B,

C−1‖ · ‖Ck,α

δ
(Blq M) ≤ ‖ · ‖Ck,α

δ
(Blq Xb)

≤ C‖ · ‖Ck,α

δ
(Blq M);

that is, these norms are uniformly equivalent to the norms we have defined. Such
inequalities hold also for the setting of punctured manifolds.

The proof boils down to establishing a comparison property for annuli with
respect to the different coordinate systems. More precisely, the above estimate
follows from the fact that there is a λ > 1 such that

D 1
λ
r ⊆ Db

r ⊂ Dλr (4.4)

for all r ≤ 1, where the notation Db
r means the disk of radius r with respect to the

coordinate system zb. We will not use this, so omit the proof.

4.3. The approximate solution. We now construct an approximate solution to
the extremal equation on the blowup. In the usual case, the approximate solution
on the blowup is constructed by first matching the metric near the blown up point
q with the Burns–Simanca metric on Bl0 C

n in the annular gluing region, the key
being to work in holomorphic normal coordinates around q. We will follow the
same procedure, where on the central fibre X0, we do precisely this, while on the
other fibres we end up taking an appoximation.

It is important for our argument to work with a fixed symplectic form on every
fibre of the family. A novel feature in our approach is therefore that we will be
applying Moser’s trick to pull back our approximate solutions to a fixed form –
the form constructed on the central fibre. We remark that working on the level of
almost complex structures has been considered by Vernier [40], but her method is
rather different, in that it does not involve the use of Moser’s trick. Ultimately,
she is interested in applying the methods in a non-Kähler setting, but even if the
starting manifold is Kähler, her gluing method would break the integrability of the
almost complex structure. The application of Moser’s trick allows us to glue the
almost complex structures in a way that retains integrability.

We begin by recalling the description of the Burns–Simanca metric. This is a
scalar-flat metric η on Bl0 C

n which is asymptotically flat. More precisely, we can
write

η = i∂∂̄
(
|w|2 + ψ(w)

)

in coordinates w1, . . . , wn on the complement of the exceptional divisor in Bl0 C
n,

where ψ = O(|w|4−2n) if n 6= 2 and ψ = log(|w|) if n = 2.
We first describe the gluing of metrics on the central fibre X0. In the holomorphic

normal coordinates z1, . . . , zn used in the definition of the weighted spaces above,
the metric ω can be written

ω = i∂∂̄
(
|z|2 + ϕ(z|)

)
,
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for a function ϕ which is O(|z|4). Note also that

ε2η = i∂∂̄
(
|z|2 + ε2ψ(ε−1z)

)

under the coordinate change z = εw. We then interpolate between the two metrics
on the level of potentials over an annular region

D2rε \Drε = {z : rε < |z| ≤ 2rε},

where rε = ε
2n−1

2n+1 . This is done by first picking a smooth cut-off function χ which
vanishes on (−∞, 1] and is equal to 1 on [2,∞). Let χ1(z) = χ( z

rε
) and χ2 = 1−χ1.

Then define ωε to be

• ω on X0 \D2rε ;
• ε2η on Drε ;
• i∂∂̄

(
|z|2 + χ1(z)ϕ(z) + ε2χ2(z)ψ(ε−1z)

)
on D2rε \Drε .

We note the uniform bound

‖χi‖C4,α
0

≤ c (4.5)

for the cutoff functions, which follows directly from the definition [34, Equation 13].
We will now define a metric ωb

ε on the fibre Xb, which we in turn will pull back to
ωε, altering the complex structure Jb

ε on BlqM . This induced form will in general
only be relatively Kähler – positivity will not be preserved in the B direction.

To glue the metrics, we first note that the functions zb and ϕb(z
b) glue together

to a smooth functions ζ and Φ(ζ) on B ×D2(z), where D2(z) denotes the disk of
radius 2 in M , with respect to the coordinates z. We can then define ωε,X on the
full family by

• ω on B × (M \D2rε);
• ε2η(ζ) on B ×Drε ;
• i∂∂̄

(
|ζ|2 + χ1(z)Φ(ζ) + ε2χ2(z)ψ(ε−1ζ)

)
on (B ×D2rε) \ (B ×Drε),

where i∂∂̄ now denotes this operator on BlZ X , the family of blowups. Note that
in the cut-off part, we still use the z-coordinate, so the interpolation happens in a
fixed annulus on every fibre.

Fibrewise, one can view the above in the following way, with respect to the
zb-coordinates. We use the operator

i∂∂̄b = idJbd

to define a symplectic form ωε,b by

• ω on X0 \D2rε ;
• ε2η(zb) on Drε ;
• i∂∂̄b

(
|zb|2 + χ1(z)ϕb(z

b) + ε2χ2(z)ψ(ε−1zb)
)

on D2rε \Drε .

Here ϕb is the potential for ω in the coordinates zb, and Dr
b denotes the ball of

radius r with respect to these coordinates. Note that ωε,b makes sense only on the
fibre, and if we glued these for all b, then we would only obtain a relatively closed
form in general. However, this glued form would agree with ωε,X on every fibre.
The upshot is that there exists a globally closed form on BlZ X , whose restriction
to every fibre takes the above form.

We start by comparing the two potentials ϕ and ϕb.
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Lemma 4.10. Let ϕb be the potential for ω in the coordinates zb. Then, for any
k and α, there exists a constant C > 0 such that

‖ϕ− ϕb‖Ck,α
2

≤ C · |b|.

Proof. There are two types of contributions: from moving in the Kuranishi direction
B′′ and the Cr direction. We begin with the former, for which we have

ω =d
(
Jd
(
|z|2 + ϕ(z)

))

=d
(
Jbd

(
|zb|2 + ϕ(zb)

))
.

Recall that
zbj = xj + iybj

where
ybj = Jb(xj) = (Jb − J)(xj) + yj ,

and that Jb − J = O(‖b‖). Then

|zbj |
2 = |zj |

2 + 2(Jb − J0)(xj)yj + |(Jb − J0)(xj)|
2,

so that
|‖zb‖2 − ‖z‖2| ≤ C · ‖b‖ · ‖z‖2.

We therefore have that

d(Jbd(ϕb)) =d
(
Jd
(
|z|2 + ϕ(z)

)
− Jbd(|zb|2)

)

=d
(
(J − Jb)d

(
|z|2 + ϕ(z)

)
+ Jbd(|z|2 − |zb|2 + ϕ(z))

)

so that

d(Jbd(ϕb − ϕ)) =d
(
(J − Jb)d

(
|z|2 + ϕ(z)

)
+ Jbd(|z|2 − |zb|2)

)
.

The term (J − Jb)d
(
|z|2 + ϕ(z)

)
is O(|z| · |b|), as is the term Jbd(|z|2 − |zb|2), by

the above. Integrating and using that ϕb(0) = 0 for all b, and the same for the
derivative, gives the result. Here we used that when integrating an O(|z|l · |b|) term,
we get an O(|z|l+1 · |b|) term.

For moving in the Cr-direction, note that the we have pulled back normal co-
ordinates around points qs to give coordinates around q0 through diffeomorphisms
ψs. The almost complex structure in a fibre of the family is the pullback almost
complex structure, and so the upshot is that we need to compare ψ∗

sϕs to ϕ.
Now, we are only comparing these for s sufficiently close to 0 (independently of

ε). If s is small enough, we can view the coordinates at s = 0 as some (non-normal)
coordinates around s, say in the ball of radius 1, for all s sufficiently close to 0.
From this one can produce normal coordinates at qs, using the standard proof that
Kähler manifolds admit holomorphic normal coordinates at any given point (see for
example [36, Proposition 1.16]). These are then O(|z|2) times a matrix of constants
that are O(|s|). The upshot is that the change in holomorphic normal coordinates
is also O(|z|2 · |s|). Following the same argument as above, we obtain the required
bound on the potential.

The result for moving in a general direction in B then follows by first moving
in the B′′ direction, which gives the required comparison to the complex structure
of J0, but with a different blowup point, and then we move in the C

r direction, to
compare to the central fibre. �

The following will be useful.
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Lemma 4.11. We can choose coordinates such that

ϕb = O(|z|4),

keeping the properties of Lemma 4.10.

Proof. The point is to alter the given coordinate systems to holomorphic normal
coordinate systems, which we can do by virtue of ω being Kähler. From the standard
proof of the fact that we can choose normal coordinates [36, Proposition 1.16], one
sees that the perturbation of zb required to achieve this is O(|zb|2). Thus we can
achieve this preserving the bound |zb|2 = |z|2 + O(|z|2|b|), which was the key to
establishing Lemma 4.10. �

We now pull the above back to the fixed symplectic form ωε constructed on the
central fibre.

Proposition 4.12. There exists diffeomorphisms fε,b : BlqM → BlqM such that
f∗
b,εωε,b = ωε and the complex structures Jε,b = f∗

ε,bJb satisfy

‖Jε,b − Jb‖Ck,α
0

= O(ε2|b|). (4.6)

Proof. The proof is based on Moser’s trick, which guarantees the existence of such
diffeomorphisms as the time-one flow of the vector field νε,b satisfying

ωε(νε,b, ·) = −d(ϕε,b),

where ϕε,b is the Kähler potential for ωε,b with respect to (ωε, Jb). Thus we reduce
to establishing similar estimates as in Lemma 4.10 for the more complicated ε-
dependent forms on the blowup.

There are two parts, both of which are ε-dependent: the annular region, and the
neighbourhood about the exceptional divisor. On the final region in the blowup,
the region identified with the complement of a ball about the blown up point, the
two Kähler forms are equal and consequently the complex structures produced from
Moser’s trick will be identical on this region too.

In comparison with ω, the form ωε,b satisfies

ωε,b = ω + dJbd
(
χ2(z)

(
ϕb(z

b) + ε2ψ(ε−1zb)
))

on the annular region, so

ωε,b − ωε =dJbd
(
χ2(z)

(
ϕb(z

b) + ε2ψ(ε−1zb)
))

− dJd
(
χ2(z)

(
ϕ(z) + ε2ψ(ε−1z)

))

=dJbd
(
χ2(z)ϕb(z

b)
)
− dJd (χ2(z)ϕ(z))

+ dJbd
(
χ2(z)ε2ψ(ε−1zb)

)
− dJd

(
χ2(z)ε2ψ(ε−1z)

)

and we deal with the two lines of the last expression separately. As can be seen
above, this term is exact, and we estimate the corresponding 1-form.

The first line is given by

Jbd
(
χ2(z)ϕb(z

b)
)
− Jd (χ2(z)ϕ(z))

=Jbd
(
χ2(z)

(
ϕb(z

b) − ϕ(z)
))

+ (Jb − J)d (χ2(z)ϕ(z)) .

By the uniform bound in Equation (4.5) for the cutoff functions and the multiplica-
tive property of the weighted norms, it follows that we have to establish the bounds
for ϕb(z

b) − ϕ(z) and (Jb − J)d (ϕ(z)).
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The first of these is covered by Lemma 4.10, which says that

‖ϕ− ϕb‖Ck,α
2

≤ C · |b|.

Similarly, the function ϕ ∈ Ck,α
4 is fixed and independent of b. Since Jb−J = O(|b|),

we therefore have the better bound

‖(Jb − J)d (ϕ(z)) ‖Ck,α
4

≤ C · |b|.

Thus
‖Jbd

(
χ2(z)ϕb(z

b)
)
− Jd (χ2(z)ϕ(z)) ‖Ck,α

1

≤ C|b|,

where the drop in the weight comes from taking the derivative.
On the annular region, we have the comparison property

‖ · ‖Ck,α
0

≤ ε‖ · ‖Ck,α
1

of the weighted norms. Thus, on the annulus, we have

‖Jbd
(
χ2(z)ϕb(z

b)
)
− Jd (χ2(z)ϕ(z)) ‖Ck,α

0

≤ Cε|b|,

which is the bound we wanted for d(ϕε,b) (and hence for ϕε,b), on the annular
region.

For the part coming from the Burns–Simanca metric, we must estimate

Jbdχ2(z)
(
ψ(ε−1zb)

)
− Jdχ2(z)

(
ψ(ε−1z)

)

=Jbd
(
χ2(z)

(
ψ(ε−1zb) − ψ(ε−1z)

))
+ (Jb − J)d

(
χ2(z)ψ(ε−1z)

)
.

Again, we can ignore the contribution from the cutoff function.
Now, ψ(w) = O(|w|4−2n), so that

ψ(ε−1zb) − ψ(ε−1z) = O(ε2n−4 · |b| · |z|4−2n),

which is O(|b|) on the annular region, since ε2n−4 · |z|4−2n is bounded independently

of ε there. The above bound follows, since by the proof of Lemma 4.10, |zb|2

|z|2 =

1 + f(b, z), where f(b, z) = O(|b|), so that
(
|zb|2

|z|2

)2−n

=
1

(1 + f(b, z))n−2
= 1 +O(|b|).

When n = 2, ψ(w) = log(w), and we use the Taylor expansion of log(1 +x) instead
to obtain that

ψ(ε−1zb) − ψ(ε−1z) = log

(
|zb|2

|z|2

)

=O(|b|)

The upshot is therefore that the norm of

Jbd
(
χ2(z)ε2ψ(ε−1zb)

)
− Jd

(
χ2(z)ε2ψ(ε−1z)

)

is uniformly bounded by ε2|b| on the region near the exceptional divisor. This is
precisely the bound

‖Jbd
(
χ2(z)ε2ψ(ε−1zb)

)
− Jd

(
χ2(z)ε2ψ(ε−1z)

)
‖Ck,α

0

≤ Cε2|b|

that we wanted to establish.
Finally, we need to estimate the difference of the forms on the region on the

exceptional divisor (the above gives the estimate away from the exceptional divisor
itself). The forms are given by the Kähler form of the Burns–Simanca metric, but
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with respect to distinct complex structures. However, since Jb = J + O(|b|), it
follows that that ηb = η +O(|b|), too. As these are multiplied with ε2, we have an
O(ε2|b|) bound on the exceptional divisor, and this is precisely what is required on
the exceptional divisor.

The potential ϕε,b is thus O(ε2|b|) in the Ck,α
0 -norm. It follows that we have a

similar bound for νε,b, and so

fε,b − Id = O(ε2|b|),

again in the Ck,α
0 -norm. The result follows. �

Remark 4.13. From the above, we in particular obtain the estimate

‖Jε,b − Jb‖Ck,α
2

= O(|b|),

due to the general inequality

‖f‖Ck,α

δ+2

≤ ε−2‖f‖Ck,α

δ

(4.7)

for the weighted norm. Our result is stronger, however. Reversing the weights, one
only has the inequality ‖f‖Ck,α

δ

≤ ‖f‖Ck,α

δ+2

in general, due to functions supported

away from a small neighbourhood of the exceptional divisor. In other words, the
bound ‖ · ‖Ck,α

0

≤ ε2‖ · ‖Ck,α
2

we used in the proof only holds on the annular region,

not globally. It is because our forms ωε and ωε,b only differ near the exceptional
divisor that we are able to obtain the improved bound (4.6). The fact that we have
the bound (4.6) will be important for proving Proposition 4.16.

Next, we show that (Blqb Xb, ωε,b) – equivalently, (BlqM,Jε,b, ωε) – is approx-
imately extremal. It is here that we use that we have chosen a good Kuranishi
family before blowing up. It is important to lift the Hamiltonians in h to the
blowup (BlqM,ωε). This can be done uniquely by letting the lift Hε of H ∈ h be
the holomorphy potential with respect to the complex structure of the central fibre
Blq X0, of average zero with respect to ωε. That we can lift holomorphically uses q
is a fixed point of the maximal torus acting on X0.

Proposition 4.14. Let gε,b be the Kähler metric associated to (Blqb Xb, ωε) arising
from the metric gb on Xb, where the scalar curvature of gb equals Hb ∈ h. Let Hε,b

be the corresponding Hamiltonian on (BlqM,ωε). Then for any δ ≤ 0, there exists
C > 0 such that

‖S(gε,b) −Hε,b − Ŝ‖Ck,α

δ

≤ C · r−δ
ε

for all b ∈ B.

Proof. We follow the proof of [36, Lemma 8.19] closely. Thus we assume n > 2,
with the adaptations needed in the case explained in Remark 4.15. There are three
regions to consider: the complement of D2rε , the annulus D2rε \Drε and the region
near the exceptional divisor, which can be identified with the blowup of Drε in the
origin.

On the complement of D2rε , the complex structures Jb and Jb,ε are the same,
and consequently ωε,b and ωε are also the same. The Hamiltonian Hε,b is therefore
equal to Hb in this region, and so S(gε,b) −Hε,b = 0 in this region.

Next, we consider the annulus, where the metric is an O(|z|4) perturbation of
the Euclidean metric. This follows by the bound of Lemma 4.11 for the potentials
ϕb, using the argument of [36, Lemma 8.19]. This step requires the choice n−1

n
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of exponent for rε = ε
n−1

n . Note that on the fibres, the expression of ωε,b is not
exactly the same as doing fibrewise what is done on the central fibre: the difference
is that we use the cut-off functions with respect to |z|, rather than |zb|. However,
by Equation (4.4), the two choices are mutually bounded, and so we obtain the
required bound.

That the metric is an O(|z|4) perturbation of the Euclidean metric means that
we can compare the curvature of S(Jε,b) to that of the Euclidean metric, which
vanishes, using the mean value theorem. This gives, as in [36, Lemma 8.19], the
bound

‖S(Jε,b)‖Ck,α

δ

≤ C · r−δ
ε .

We thus reduce to estimating ‖Hε,b‖Ck,α

δ

and ‖Ŝ‖Ck,α

δ

in the annular region. The

latter is a constant, and so satisfies the required O(r−δ
ε ) bound. But the situation

is even better for this potential: since we have used torus invariant holomorphic
coordinates at the blowup point on the central fibre, and the lift is defined using
that coordinate system, the Hamiltonian is O(|z|2). Thus the bound on the annular
region is better for this function on the annular region, than it would be for a
constant. The upshot is that

‖Hε,b + Ŝ‖Ck,α

δ

≤ C · r−δ
ε .

Finally, on Drε , the metric is simply the Burns-Simanca metric, which is flat, so

we again reduce to an estimate in Brε of Hε,b + Ŝ, which works exactly as on the
annulus. �

Remark 4.15. The above works when the dimension n is greater than 2. For the
case n = 2, one needs to further match the metrics with the Burns-Simanca metric.
In order to do this, one changes the Kähler form ω at the outset at higher order
in ε, so that the difference between this metric and the Burns–Simanca metric has
decay at higher order than the initial glued solution. This can be achieved, up to
adding a holomorphy potential.

The matching at higher order with the Burns–Simanca metric allows one to
obtain better approximate solutions, essentially because the subleading order term
in the expression of the Burns-Simanca metric is harmonic with respect to the
Euclidean metric. An improved approximate solution is needed to perform the
perturbation, as the linearised operator has worse mapping properties and bounds
when the dimension is 2, than in the higher dimensional case. The upshot is that
after performing the matching of the metrics, we get the bound, for each δ ∈ (−1, 0),
the bound

‖S(gε,b) −Hε,b − Ŝ − ε2(c+ H̃ε,b)‖Ck,α

δ

≤ C · r−δ
ε .

We refer to [36, Section 8.4 and Lemma 8.22] for the exact details in the change in
the argument, in this case.

We end the section by proving that we obtain embeddings into the space of
compatible almost complex structures on the blowup, analogously to Proposition
4.5 before blowing up. Recall that the basic setup is that we have consider a point
p ∈ X whose T -stabiliser is trivial, and identified p with the associated point in any

general fibre. This produces a submanifold Z = TC.p, which we blow up to obtain
a new family BlZ X → B which admits a TC action. As a smooth manifold, this is
nothing but BlqM × B, where q is the specialisation of p at 0. We have endowed
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this family with the structure of a fixed symplectic manifold with varying almost
complex structure, which we write as Jb for b ∈ B, and we wish to show that this
map is a T -equivariant symplectic embedding.

Proposition 4.16. The induced map

Ψ′
ε : B → J (BlqM,ωε),

b→ Jε,b

is a T -equivariant embedding for all ε > 0 sufficiently small, whose image is a
symplectic submanifold of J (BlqM,ωε).

Proof. First note that the maps Ψ′
ε are certainly T -equivariant, since all pertur-

bations were defined through torus-invariant functions, and the original maps are
equivariant, using Proposition 4.5. To see that the image of the map is a symplectic
submanifold, we detail how the map is constructed. First, we start with the initial
map of Proposition 4.5, and the image of this map is symplectic. To show this then
holds on the blowup, we need an estimate as in Lemma 4.2 for the derivative of the
map at the origin in B. This involves integrating over BlqM with respect to ωε.
But this can be estimated uniformly by the contribution on M , as ωε approaches
ω away from the exceptional divisor. Thus the image has the property of being
symplectic in J (BlqM,ωε).

It remains to show the embedding property. Note that as the map on the Ku-
ranishi part B′′ of B was already an embedding before blowing up, we only need to
consider the Cr part of B. As we are allowed to shrink B (though independently
of ε only), it suffices to establish the uniform estimate

|d(Ψ′
ε)|b=0| ≥ C

for all ε. So, we want to compute the pushforward of a tangent vector v ∈ T0B ∼= Cr.
This is the derivative of the map

t 7→ Jε,tv,

where we map to endomorphisms of T BlqM .
Recall that Jε,b = f∗

ε,bJb, where Jb was the lift at b of the complex structure to
the blowup, and that we have an expansion

Jε,b = (Jε,b − Jb) + (Jb − J0) + J0.

Now, Jb − J0 = O(|b|), while Jε,b − Jb = O(ε2|b|), by Proposition 4.12. Thus, it
suffices to show the claim for the lifted complex structure Jb. Since Jb−J0 = O(|b|),
we have an expansion Jtv = J0 + tIv + O(t2) for some endomorphism Iv of TM ,
and this is the derivative term we seek. But this term precisely comes from the
base and is independent of ε, and so, by Proposition 4.5, the derivative is injective.
This completes the proof. �

That the maps Ψ′
ε are symplectic embeddings produces the following:

Corollary 4.17. A moment map for the T -action on B, with respect to the sym-
plectic form induced from the embedding Ψ′

ε : B → J (BlqM,ωε), is given by

µ(b) = Πε ◦ (S(Jε,b) − Ŝ)),

with Πε the L2-projection onto hε, and with hε identified with LieT .
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4.4. Perturbing the metrics. We will need to perturb the Kähler metrics to
produce actual extremal metrics on the blowup. We use the contraction mapping
theorem for this, for which we need to understand the mapping properties of the
linearised operator. The key is to relate these to the mapping properties of the
linearised operator on the central fibre.

Proposition 4.18. Let Lb,ε = D∗
gε,b

Dgε,b . Then there exists a C > 0 such that

‖Lε,b − Lε,0‖Ck+4,α

δ
→Ck,α

δ−4

≤ C|b|.

Proof. Recall that the Lichnerowicz operator is given by

Lε,b(ϕ) = ∆2
ε,b(ϕ) + 〈Ric(gε,b), i∂∂̄b(ϕ)〉,

where ∆ε,b is the Laplacian associated to the metric gε,b. We deal with the Laplacian
and Ricci terms separately.

We begin with the Laplacian term, which satisfies

∆ε,b(ϕ)ωn
ε = ni∂∂̄ε,b(ϕ) ∧ ωn−1

ε .

By Proposition 4.12, Jε,b−Jb is bounded in operator norm between weighted spaces
by a constant multiple of ε2|b|. Similarly, Jb−J0 is bounded by a constant multiple
of |b|. The triangle inequality gives the bound

‖∆ε,b − ∆ε,0‖Ck+2,α

δ
→Ck,α

δ−2

≤ C|b|.

We can then estimate ∆2
ε,b − ∆2

ε,0. We have

‖∆2
ε,b − ∆2

ε,0‖Ck+4,α

δ
→Ck,α

δ−4

=‖∆ε,b ◦ (∆ε,b − ∆ε,0) + (∆ε,b − ∆ε,0) ◦ ∆ε,0‖Ck+4,α

δ
→Ck,α

δ−4

≤‖∆ε,b ◦ (∆ε,b − ∆ε,0)‖Ck+4,α

δ
→Ck,α

δ−4

+ ‖(∆ε,b − ∆ε,0) ◦ ∆ε,0‖Ck+4,α

δ
→Ck,α

δ−4

≤C|b|,

since the operators ∆ε,b are uniformly bounded independently of ε and b.
Next, we consider the Ricci term. We use that

Ric(gε,b) = −
i

2π
∂∂̄b logωn

ε ,

using the usual way of thinking of ωn
ε as a metric on ΛnT Blp Xb. Now,

i∂∂̄ε,b(ϕ) = i∂∂̄0(ϕ) + d(Jb − J0)d(ϕ) + d(Jε,b − Jb)d(ϕ).

Again, we can use properties of the difference of i∂∂̄ε,bb and i∂∂̄0 exactly as with
the Laplace operator above.

We therefore reduce the Ricci estimate to an estimate of the weighted norm of
the volume form ωn

ε . As the volume form and the norm do not depend on b, we can
work the central fibre to prove the estimate. Away from the exceptional divisor,
we have a fixed form, and so here we have a global bound independent of ε. In
the annular region, we have a global bound in the 0-weighted norm, as the actual
volume is a perturbation of the Euclidean one. Thus ωn

ε is bounded in the annular
region in δ-weighted norm by a constant times ε−δ, as the the smallest annular
region in the estimate is D2ε \ Dε. In particular, we obtain a universal bound,
since δ < 0. Finally, over the exceptional divisor, we have a perturbation of the
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Burns–Simanca volume form, and so also here we get a constant times the scaling
factor. In summary, we obtain the bound

‖ωn
ε ‖Ck,α

δ

≤ C.

Combining this with the remarks about the change in i∂∂̄-operators gives the
bound

‖Ric(gε,b) − Ric(gε,0)‖Ck+4,α

δ

≤ C|b|.

Together with the multiplicative properties of the weighted norms, we therefore
obtain that

‖〈Ric(gε,b), i∂∂̄ε,b(ϕ)〉 − Ric(gε,0), i∂∂̄0(ϕ)〉‖Ck+4,α

δ
→Ck+2,α

δ−2

≤‖〈Ric(gε,b) − Ric(gε,0), i∂∂̄ε,b(ϕ)〉‖Ck+4,α

δ
→Ck+2,α

δ−2

+ ‖〈Ric(gε,0), (i∂∂̄ε,b − i∂∂̄0)(ϕ)〉‖Ck+4,α

δ
→Ck+2,α

δ−2

≤C|b|.

Here we are again using the expansion of i∂∂̄ε,b − i∂∂̄0 as above.
Combining the Laplacian and Ricci bounds, we obtain the required bound on

the Lichnerowicz operator. �

We now want to estimate the linearised operator to our equation. Recall that
h denotes the holomorphy potentials of average 0 on X0 with respect to ω. For
H ∈ h, let Hε denote the holomorphy potential of average 0 with respect to ωε of
the lift of the vector field determined by H on the central fibre X0, to its blowup.

Proposition 4.19. Let Pε,b : Ck+4,α
δ × h× R → Ck,α

δ be the operator

(ϕ,H, c) 7→ Lε,b(ϕ) −Hε − c.

Then for δ ∈ (4 − 2n, 0), Pε,b is surjective with right inverse Qε,b satisfying

‖Qε,b‖Ck+4,α

δ
→Ck,α

δ−4

≤ C,

for some constant C, independent of ε and b, when n > 2. When n = 2, we instead
have, for δ ∈ (−1, 0), the bound

‖Qε,b‖Ck+4,α

δ
→Ck,α

δ−4

≤ Cεδ,

provided b satisfies an estimate |b| ≤ Cεδ, for a suitable constant C.

Proof. For the case b = 0, this is known by [34, Proposition 22]. The proof therefore
reduces to an estimate on Pε,b − Pε,0. But since the the dependence of the map
on H ∈ h component is independent of b, this simply requires us to estimate the
difference of the Lichnerowicz operators. Thus the above is a direct consequence of
Proposition 4.18.

Note that in dimension 2, the additional requirement that b lying in a shrinking
ball with respect to ε comes from the analogous bound from [34, Proposition 22]
for Pε,0. We then need b to be small with respect to ε for Proposition 4.18 to be
applied to see Pε,b as a perturbation of Pε,0. �

We now follow exactly the same steps as in [34]. First, we estimate the change
in the linearised operator, upon perturbing the complex structure slightly. For a
complex structure J , we will let LJ denote the Lichnerowicz operator of (J, ωε).
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Proposition 4.20. [34, Proposition 20] For any δ < 0, there exists constants
c, C > 0 such that if ‖f‖Ck+4,α

2

< c, then

‖LF∗

f
Jε,b

− LJε,b
‖Ck+4,α

δ
→Ck,α

δ−4

< C‖f‖Ck+4,α
2

.

The proof only uses estimates on the Riemannian metrics produced from (Jε,b, ωε)
and (F ∗

f Jε,b, ωε). It therefore remains the same as in [34], even though we are tak-
ing the point of view of fixing the symplectic form, whereas Székelyhidi fixes the
complex structure.

A direct consequence of the above is that we now can estimate the non-linear
part of the scalar curvature operator. More precisely, we have an expansion

S(F ∗
f Jε,b) = S(Jε,b) + LJε,b

(f) + Nε,b(f), (4.8)

for some non-linear operator Nε,b : Ck+4,α
δ → Ck,α

δ−4, and we want an estimate for
Nε,b. As in [34, Lemma 21], the lemma below follows from Proposition 4.20 and
the mean value theorem.

Lemma 4.21. For every δ < 0, there exists constants c, C > 0 such that if f1, f2
are functions satisfying ‖fi‖Ck+4,α

2

≤ c, then

‖Nε,b(f1) −Nε,b(f2)‖Ck+4,α

δ−4

≤ C ·
(
‖f1‖Ck+4,α

2

+ ‖f2‖Ck+4,α
2

)
‖f1 − f2‖Ck+4,α

δ

.

We now rephrase the equation we wish to solve as a fixed point problem. The
equation we want to solve is

S(F ∗
f Jε,b) = Hε + c

for some f ∈ Ck+4,α
δ , H ∈ h and constant c. Using the expansion (4.8), we can

then rewrite this as

LJε,b
(f) −Hε − c = S(Jε,b) −Nε,b(f) −Hε,b − Ŝ.

The term hε,b + Ŝ, corresponding to the scalar curvature of the complex structure
Jb before blowing up, is only subtracted to make (0, 0, 0) an approximate solution.
Note that the left hand side is simply the operator Pε,b of Proposition 4.19. Using
the right-inverse Qε,b of Pε,b, we can then rephrase the equation as the fixed point
problem

(f,H, c) = Qε,b

(
S(Jε,b) −Nε,b(f) −Hε,b − Ŝ

)
.

Remark 4.22. Here term Hε,b is the following. The initial scalar curvature equals
Hb ∈ H by Proposition 4.5, and Hε,b is the lift of Hb to the blowup. Thus it
does not depend on the H component of (f,H, c). The right hand side is therefore
independent of H and c, unlike in the similar step in [34]. The reason is that we
are taking the point of view of fixing the symplectic form, and so the Hamiltonians
do not depend on f .

Returning to our fixed point problem, let

Φε,b : Ck+4,α
δ × h× R → Ck,α

δ−4

denote the map

(f,H, c) 7→ Qε,b

(
S(Jε,b) −Nε,b(f) −Hε,b − Ŝ

)
.

We now want to show that Φε,b is a contraction on a suitable set, as in [34, Lemma
23].
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Lemma 4.23. Suppose n > 2 and that δ ∈ (4− 2n, 0). There exists constants ε0, λ
such that for all b ∈ B and for all ε ∈ (0, ε0) the operator Φε,b is a contraction with

constant 1
2 on the set U ⊂ Ck+4,α

δ × h× R defined by

U = {(f,H, c) : ‖f‖Ck+4,α

δ

, |H |, |c| < λε2−δ}.

When n = 2, the same statement holds, for δ ∈ (−1, 0), on

U = {(f,H, c) : ‖f‖Ck+4,α

δ

, |H |, |c| < λεσ},

where σ > 0 can be made arbitrarily small, provided we take δ < 0 sufficiently close
to 0. The estimate then holds for all b ∈ B satisfying |b| ≤ Cεδ, for some constant
C.

Proof. Suppose first n > 2. Since Qε,b is an operator that is bounded independently
of ε, we have to estimate

‖Nε,b(f1) −Nε,b(f2)‖Ck,α

δ−4

,

for two functions fi ∈ Ck+4,α
δ . Now, if ‖fi‖Ck+4,α

δ

< λε2−δ, then ‖fi‖Ck+4,α
2

< λ.

This uses the weight comparison inequality for the weighted norms on the blowup,
as in Equation (4.7). Choosing λ > 0 sufficiently small, we can then apply Lemma
4.21, giving the bound

‖Nε,b(f1) −Nε,b(f2)‖Ck,α

δ−4

≤ 2λC · ‖f1 − f2‖Ck+4,α

δ

Reducing λ further if necessary, we make 2λC <
‖Qε,b‖

2 for all b and sufficiently
small ε. Consequently,

‖Φε,b(f1, H1, c1) − Φε,b(f2, H2, c2)‖Ck+4,α

δ

<
1

2
‖f1 − f2‖Ck+4,α

δ

which gives the result when n > 2. For n = 2, the term of interest ‖Qε,b‖ is
bounded by a constant multiple of εδ, and this gives the dependence on ε in the U ,
when going through the same steps in this case. �

We are finally ready to show that we can solve the extremal equation, up to
holomorphy potentials on the central fibre. Let hε denote the space of holomorphy
potentials with respect to ωε on the central fibre X0.

Theorem 4.24. If n > 2, then there exists an ε0 > 0 and a κ > 0 such that for
ε ∈ (0, ε0) and for all b ∈ B such that |b| < κ, there exists an f = fε,b such that

S(F ∗
f Jε,b) ∈ hε.

When n = 2, then for any δ > 0 sufficiently small the same holds for all b ∈ B
satisfying |b| < κεδ.

Proof. Assume first that n > 2. We follow the exact argument of [36, Proposition
8.20]. It follows from Proposition 4.14 that

‖Φε,b(0, 0, 0)‖Ck+4,α

δ

≤ C′ · ‖S(gε,b) − hε,b − Ŝ‖Ck,α

δ−4

≤ C · r4−δ
ε ,

for some constant C′ and C that are independent of ε and b. As r4−δ
ε = ε(4−δ)·(1− 1

n
),

we can, by picking δ sufficiently close to 0, pick ε0 > 0 and κ > 0 such that if
ε ∈ (0, ε0) and |b| < κ, then ‖Φε,b(0, 0, 0)‖Ck+4,α

δ

∈ U and Φε,b(U) ⊆ U . For the

latter we use also that Φε,b is a contraction on U of a particular constant, namely
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1
2 . Since Φε,b is a contraction on U which sends U to itself, the contraction mapping
theorem guarantees the existence of a fixed point in U . This completes the proof
of the case n > 2. Note also that the family version of the contraction mapping
theorem implies regularity properties of fε,b in b.

When n = 2, the argument is similar, but changes slightly due to the worse
bound in Lemma 4.23, and because we have to use the altered almost complex
structure on the blowup, see Remark 4.15. We refer to [36, Section 8.4] for the
exact changes in the argument for this case. �

In Proposition 4.16, we saw that the map b 7→ Jε,b is an embedding for all ε > 0.
It is important the map sending b ∈ B to the complex structure appearing as the
solution in Theorem 4.24 still retains this property, which we now show.

Proposition 4.25. The induced map

Ψε : B → J (BlqM,ωε),

b→ F ∗
fε,b

Jε,b

is a T -equivariant embedding.

Proof. The new solutions are obtained from using torus-invariant functions, and
the family over B is still a holomorphic submersion. The embedding property is
preserved because the new solutions are produced from functions lying in the open
set U defined above, which in particular implies that the solutions are an O(ε2)
perturbation of the approximate solutions, in the weight 0 norms. The openness
of the embedding property then implies that the new perturbed map Ψε is an
embedding, too. �

5. K-stability as the sufficient condition

5.1. Setting up the problem. We next characterise the existence of extremal
metrics in terms of relative K-stability. We assume that dimX > 2, with the case
dimX = 2 covered in Section 5.3. We recall what we have proven thus far. We
have a complex manifold B which is an open ball around the origin in a complex
vector space. There is a local holomorphic action of a complex torus TC on B, with
TC of rank r = dimB. The action is linear and effective, so there is a unique dense
orbit. We are interested in the orbit of a point b ∈ B which has stabiliser T ′′. In the
notation of Section 3.2, T ′′ ⊆ T ′ ⊆ T is the subtorus fixing the point p ∈ X we want
to blow up. Denoting t and t′′ the Lie algebras of T and T ′′ respectively, we also
set w = dim t−dim t′′. In general we cannot obtain a splitting of tori T = T ′′′×T ′′

for some T ′′′, though this is possible at the level of Lie algebras.
The Lie algebra t is endowed with a sequence of inner products 〈·, ·〉ε depending

on ε, and using these inner products to identify t with its dual, we have a sequence
of moment maps, which we write as

µε : B → tε,

for the T -action on B with respect to a family of symplectic forms Ωε on B. We
stress this point: normally one considers

µε : B → t∗,

but we use the ε-dependent inner products to identify t with its dual t∗. The
inclusion of ε in the notation is to emphasise that we use the inner product 〈·, ·〉ε
on tε.
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Concretely, the inner products 〈·, ·〉ε are defined as follows. The Lie algebra t can
be identified with Hamiltonian functions on both (M,ω) for ε = 0 and (BlqM,ωε),
continuing the notation of the previous section, since we have Hamiltonian actions
of T on both spaces. For vector fields u, v ∈ t the natural sequence of L2-inner
products is given for ε > 0 by

〈u, v〉ε =

∫

Blq M

Hu,εHv,εω
n
ε ,

where Hu,ε, Hv,ε are the associated Hamiltonians normalised to integrate to zero
with respect to ωn

ε . In the limiting case we obtain the analogous integral over M :

〈u, v〉0 =

∫

M

Hu,0Hv,0ω
n.

We consider a family of orthonormal bases uε,j of tε with respect to the inner
product 〈·, ·〉ε, so that u0,j is orthonormal with respect to the limiting inner product
〈u, v〉0. We often abuse notation slightly and write hε,u ∈ tε to mean that hε,u is
a Hamiltonian function on B with respect to Ωε associated to some u ∈ tε. This
defines hε,u only up to a constant, but the normalisation will be given in Equation
(5.1) below. Denote by t′′ε the Lie subalgebra of tε associated with T ′′, and (t′′ε )⊥

its orthogonal complement. We can ensure that hε,1, . . . , hε,w is a basis for (t′′ε )⊥

while hε,w+1, . . . , hε,r is a basis for t′′ε .

Remark 5.1. In general uε,j cannot be chosen to be rational elements of t in
general, even for rational ε. Ultimately this is the reason why we must consider
R-test configurations rather than merely test configurations.

As we have pulled back the symplectic forms from J (BlqM,ωε), the Hamiltoni-
ans hε,j are concretely given for ε > 0 by

hε,j(b) =

∫

Blq M

Hε,j(S(Jε,b) − Ŝε)ω
n
ε , (5.1)

where Hε,j is the Hamiltonian for the T -action on (BlqM,ωε) and Jε,b denotes the
almost complex structure associated to b through the map

Ψε : B → J (BlqM,ωε).

For ε = 0 they are given by the corresponding integral over (M,ω).
We next choose holomorphic coordinates on B such that the action is diagonal

with respect to the u0,j . Denoting by ρ(u0,j) ∈ T0B the induced tangent through
the action, we have an expansion

Ωε(ρ(u0,j), Jρ(u0,j)) = cj +O(ε)

for some cj > 0, with J the endomorphism of T0B arising from the complex struc-
ture. In particular in these coordinates the symplectic form Ωε admits an expansion

Ωε =

r∑

j=1

(cj +O(|z|) +O(ε)) idzj ∧ dz̄j .

By rescaling the zj linearly, in these coordinates we can then assume that cj = 1
and so the Hamiltonian for uε,j satisfies

hε,j = hε,j(0) + |zj |
2 +O(ε) +O(|z|3).
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Indeed, and as we shall discuss in more detail in Lemma 5.3, the linear terms
vanishes by the Hamiltonian condition since uε,j vanishes at the origin, while our
choice of coordinates ensures the quadratic term is of the claimed form.

Since the action on B is linear, perhaps shrinking B we can assume B takes the
form

B = B′ ×B′′,

where T ′′ acts effectively on B′′ and trivially on B′. Note that B′′ may be different
than the notation of Section 3.2. Recall that we are interested in a point b ∈ B
whose stabiliser is given by T ′′, so that b = (b′, 0) ∈ B′ × B′′, and none of the

B′-coordinates of b vanish. Thus the points b̃ ∈ B such that (BlqM,Ψε(Jb̃,ε), αε)

is isomorphic to (BlpX,αε) are characterised as those b̃ that have stabiliser T ′′,

or equivalently such that the B′′-coordinates of b̃ vanish, while none of the B′-
coordinates vanish.

Lemma 5.2. The almost complex structure Jb,ε corresponds to an extremal metric
on (BlqM,ωε) provided

hε(b) = 0

for all hε ∈ (t′′ε )⊥. In particular it is enough to show this for a basis of (t′′ε )⊥.

Proof. The moment map µε is given by

µε = S(Jε,b) − Ŝε ∈ tε,

from our construction of the almost complex structures Jε,b. For a vector field
u ∈ tε, let us write Hu,ε for the associated Hamiltonian with respect to ωε on
BlpM . By definition the condition that

S(Jε,b) − Ŝε) ∈ tε

means that ∫

Blq M

H(S(Jε,b) − Ŝε)ω
n
ε = 0

for all H which are L2-orthogonal to the space of Hamiltonians of vector fields
lying in t with respect to ωε. To obtain an extremal metric, we need to show that
S(Jε,b) − Ŝε actually lies in t′′ε , which requires us to show in addition that

∫

Blq M

Hu,ε(S(Jε,b) − Ŝε)ω
n
ε = 0

when u ∈ (t′′ε )⊥, since the decomposition tε = (t′′ε )⊥ ⊕ t′′ε is an L2-orthogonal
decomposition. But by definition of the Hamiltonians hε this asks that hε(b) = 0
for all hε ∈ (t′′ε )⊥, proving the result. �

Thus we need to find a point b ∈ B′×{0} such that hε,j(b) = 0 for all j = 1, . . . , w,
inside the open dense orbit within B′ ×{0}. General moment map theory provides
the following.

Lemma 5.3. For all j, the functions hε,j satisfy the following properties:

(i) for any ε ≥ 0, the value hε,j(z) is in independent of z provided the jth-
coordinate of z is zero;

(ii) at any point z with jth-coordinate zero, the differential dhε,j evaluated at z
vanishes.
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Proof. (i) There is a dense orbit inside the locus of such z which correspond to
biholomorphic complex manifolds. For each z lying in this locus, the value hε,j(z) is
the simply the Futaki invariant of the holomorphic vector field uε,j on the associated
Kähler manifold. Thus the statement follows from the classical fact that the Futaki
invariant is independent of choice of Kähler metric. But then by continuity of the
function, hε,j(z) must take the same value for all such z.

(ii) Since any such z is a fixed point of the vector field uε,j, by the Hamiltonian
condition

dhε,j = −ιuε,j
Ωε

the differential must be zero as the vector field uε,j vanishes at z. �

The way in which our stability hypothesis enters is as follows.

Lemma 5.4. Suppose (BlpX,αε) is relatively K-stable for all 0 < ε ≪ 1. Then
for all j = 1, . . . , w and for all 0 < ε≪ 1 we have

hε,j(z) < 0

provided the jth-coordinate of z is zero and z ∈ B′ × {0}.

Proof. This again follows by definition of the hε,j , which is given as

hε,j(b) =

∫

Blq M

Hε,j(S(Jε,b) − Ŝε)ω
m
ε . (5.2)

Since by Lemma 5.3 (i), the value of hε,j(z) for whose jth-coordinate is zero is
actually independent of such z, we may assume that the z1, . . . , zw-coordinates are
non-zero, except for the zj-coordinate. Thus z is a limit under the flow of uj,ε of
a point b ∈ B′ × {0}. As explained by Székelyhidi, any element u ∈ t generates
a test configuration if it is rational [33, p. 1088], and in general one obtains an
R-test configuration. To see this one restricts the universal family over B to the
closure of the complexified orbit; that is, one takes the closure of the torus, and
then takes the closure of the orbit of the complexification. The central fibre is
then simply the complex manifold associated to z, on which uε,j corresponds to a
holomorphic vector field. Again then by definition of hε,j(z) and the definition of
relative K-stability, we have hε,j(z) < 0. �

5.2. Solving the problem. Here we construct extremal metrics under our hypoth-
esis of relative K-stability, by solving a general problem in symplectic geometry. We
summarise the setup and properties proven in the previous section to clarify what
is needed to solve the problem.

We have an open ball B in a vector space containing the origin, which admits
a linear, diagonal, effective and holomorphic action of a torus TC, such that the
only fixed point is the origin. We are interested in the orbit of a point b ∈ B with
stabiliser T ′′ ⊂ T , and we denote by t′′, t the Lie algebras of T ′′, T respectively. We
can write B = B′ × B′′ such that T ′′ acts trivially on B′ and effectively on B′′.
Thus to ask that b has stabiliser T ′′ asks that the B′′-coordinates of b vanish, while
none of the B′-coordinates vanish.

The Lie algebra t admits a sequence of inner products 〈·, ·〉ε, along with a family
of T -invariant symplectic forms Ωε, with moment maps

µε : B → tε.
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We again stress that we use the inner products 〈·, ·〉ε to identify t∗ with its dual,
which we denote tε via this identification. We then have an orthogonal complement
(t′′ε )⊥ to t′′ε , which may not generate a closed subtorus of T .

We choose a collection hε,1, . . . , hε,w of Hamiltonians associated to a basis of
(t′′ε )⊥, and normalise in such a way that

hε,j = hε,j(0) + |zj |
2 +O(ε) +O(|z|3),

where the linear term vanishes by the Hamiltonian condition as in Lemma 5.3.

Theorem 5.5. Suppose that:

(i) for all j = 1, . . . , w and for all ε≪ 0 we have

hε,j(z) < 0

provided the jth-coordinate of z is zero and z ∈ B′ × {0};
(ii) for any ε ≥ 0, the value hε,j(z) is in independent of z provided the jth-

coordinate of z is zero;

Then for all 0 < ε≪ 1 there is a sequence of points bε → 0 such that

µε(bε) ∈ t′′ε ,

and in addition none of the B′-coordinates of bε vanish.

Remark 5.6. A special case of Theorem 5.5 is proved in [10, Section 3.5] and our
proof is a generalisation of the one given there. There are two new difficulties we
encounter. Primarily, we are interested in the case that the stabiliser of b is non-
trivial, and especially in the extremal case, whereas only the case of trivial stabiliser
is considered there. Secondly, we will later be interested in the case dimX = 2,
which is dealt with in Section 5.3, and in which the radius in B on which we actually
have a symplectic form is shrinking with ε. Both of these lead us to be more direct
in our arguments, in comparison to [10, Section 3.5] where an equivariant version
of the Darboux theorem was applied to simplify the problem.

We begin by examining more carefully the Taylor series expansions of the Hamil-
tonians.

Corollary 5.7. The Hamiltonian hε,j admits an expansion of the form

hε,j(z) = hε,j(0) + |zj |
2 +O(|zj |

3) + O(ε|zj |
2).

Here the Hamiltonian can depend on other variables zi, for example the term
|z3j zi| is O(|zj |3). But a term such as ε|zi|2 cannot appear for i 6= j.

Proof. Part (i) of Lemma 5.3 implies that any term not involving zj must be con-
stant. Thus there can only be terms which are constant, linear in zj or quadratic in
zj (of course, there can be additonal dependence on other variables). The constant
term is simply hε,j(0), while the linear term in zj must vanish by the second part
of Lemma 5.3. The quadratic term is of the claimed form due to our choice of
coordinates, proving the result. �

We next produce approximate solutions to the problem, which is the key step of
the argument.

Proposition 5.8. For any l, there is a point bl such that

hε,j(bl) = O(εl+1) for j = 1, . . . , r.
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Proof. We choose the sequence explicitly by solving a sequence of linear problems,
using an inductive strategy. The first step is to remove the lowest order error. First
expand for each j

hε,j(0) = cjε
pj +O(εpj+1).

We choose

b1,j = λ1,jt1,j with λ21,j = −cj and t21,j = εpj ,

with λ1,j > 0, which is possible since cj < 0. Thus we choose

λ1,j = (−cj)
1
2 t1,j = εpj/2.

This forms the first step in the approximate solution. The approximate solution
stays within B as ε→ 0 as pj > 0.

In the higher order solutions, iterate this process. We consider the smallest of
the values

e = min
j

{pj
2

}
,

and note that

hε,j(b1) = O(εpj+e).

We fix the smallest order at which we have an error, namely the smallest value of
pj + e, and correct at this order first. The key point is that if we consider that j
and expand

hε,j(b1) = ψ2,jε
pj+e + O(εpj+2e),

we see that if we consider replacing

b1,j → b1,j + λ2,jε
(pj+e)/2

then choosing

λ2,j = −
ψ2,j

λ1,j

removes the O(εpj+e)-error. Proceeding inductively produces the result. �

From here, the proof of Theorem 5.5 is the same as [10, Section 3.5]. Having
constructed approximate solutions to all orders, one uses the quantitive inverse
function theorem to obtain genuine solutions. The main step is achieve a good
understanding of the linearised operator, which can be understood directly in this
finite dimensional setting, and so we refer to [10, Section 3.5] for further details.

More explicitly, the quantitive inverse function theorem produces points bε such
that hε,j(bε) = 0 for all j = 1, . . . , w, as perturbations of the approximate solutions.
Note that the bε constructed is a priori may have some vanishing B′-coordinate.
But in that case, supposing that the jth-coordinate of bε vanishes, we must have
hε,j(bε) < 0 by hypothesis (i) of Theorem 5.5, contradicting the fact that hε,j(bε) =
0 by construction.

Summing up, applying Theorem 5.5 to the setting of blowups, we have proven
part of our main result:

Corollary 5.9. If the blowup (BlpX,αε) is relatively K-stable for all 0 < ε ≪ 1,
then αε admits extremal metrics for all 0 < ε≪ 1.
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Proof. Lemma 5.2 implies that the existence of a point bε with µε(bε) ∈ t′′ε implies
the existence of an extremal metric in αε, while Lemmas 5.4 and 5.3 show that the
hypotheses of Theorem 5.5 hold under the assumption of relatively K-stable for all
0 < ε ≪ 1. Thus the existence of a extremal metrics is a consequence of Theorem
5.5. �

5.3. Complex surfaces. We next turn to case of complex surfaces, which requires
only a little adaptation. In this situation the gluing argument shows that there is
a c > 0 such that for any κ > 0, if we denote by Bε ⊂ B the ball of radius cεκ with
c > 0, the map

Ψε : Bε →֒ J (BlqM,ωε)

is an equivariant embedding, and produces a family of symplectic forms Ωε on Bε.
So Bε is actually shrinking as ε → 0. But it is easy to see that our results apply
to this situation, provided one chooses κ correctly. Indeed, the first approximate
solutions satisfy

(bε,1)j = λ
1/2
1,j ε

pj/2,

where pj > 0. Thus for 0 < ε ≪ 1 we have bε,1 ∈ Bε provided κ < pj/2 for all j.
But similarly, having chosen such a κ, the approximate solutions satisfy bε,l ∈ Bε

for all l when 0 < ε≪ 1, and a standard part of the inverse function theorem states
that the genuine solutions are small perturbations of the approximate solutions, so
we obtain bε,∞ ∈ Bε for all 0 < ε≪ 1 as well.

Corollary 5.10. Suppose (BlpX,αε) is a relatively K-stable complex surface for
all 0 < ε≪ 1. Then αε admits extremal metrics for all 0 < ε≪ 1.

5.4. Test configurations. The reason we need to use R-test configurations in our
argument is that we have chosen an L2-orthonormal basis of Hamiltonians. In the
algebraic case, provided ε is rational the L2-inner product is rational (we see this
explicitly in Proposition 6.2 below), meaning we can choose a rational orthogonal
basis. Thus we can pick a rational basis for the one-parameter subgroups, and
hence only need to consider test configurations. Similarly in the cscK case, it is not
actually necessary to use any particular basis, and so one can again use a rational
basis. Thus we obtain the following two corollaries:

Corollary 5.11. Suppose α = c1(L) for some ample line bundle L on X, and
(BlpX,L − εE) is relatively K-stable for all 0 < ε ≪ 1 rational, with relative K-
stability meant only with respect to test configurations. Then c1(L − εE) admits
extremal metrics for all 0 < ε≪ 1.

Note that our result only gives the existence of extremal metrics for rational
values of ε in the above, but the fact that the set of Kähler classes admitting an
extremal metric is open [23, Theorem A] also gives the result for irrational values
of ε.

Corollary 5.12. Suppose (BlpX,αε) is K-polystable for all 0 < ε ≪ 1, with K-
polystability meant only with respect to test configurations. Then αε admits cscK
metrics for all 0 < ε≪ 1.

6. A geometric interpretation of K-stability

6.1. Expanding the Donaldson-Futaki invariants. We next turn to the algebro-
geometric aspect of our arguments. In Section 5 the objects of interest were R-test
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configurations induced on blowups. Recalling the construction, let π : (X ,A) → B
be an R-test configuration for (X,α) which is also a holomorphic submersion. Fix-

ing a point p ∈ X we obtain a submanifold Z = TC.p, where TC is the torus
involved in the definition of an R-test configuration. We then blow Z up to obtain
(BlZ X ,Aε), where Aε = A − ε2[E ] and E denotes the exceptional divisor of the
blowup. The following construction is due to Stoppa for test configurations [29];
we note that it applies in our more general situation.

Lemma 6.1. (BlZ X ,Aε) → B admits the structure of an R-test configuration for
(BlpX,αε). In addition the map BlZ X → B is a holomorphic submersion.

Proof. Since Z is fixed by the TC-action by construction, there is an induced TC-
action on the blowup (BlZ X ,Aε). We can thus take the same element u ∈ LieTC

involved in the definition of the R-test configuration (X ,A) as the vector field
inducing (BlZ X ,Aε).

The fibre of the induced map BlZ X → B over a point b is simply the blowup
Blpb

Xb, where pb denotes the point associated to p on the fibre over b ∈ B, meaning
we have a holomorphic submersion. This also demonstrates that the fibres over
TC ⊂ B are all isomorphic to (BlpX,αε), proving everything required. �

Our next goal will be to calculate the relative Donaldson-Futaki invariant of
these R-test configurations. This only involves the vector field u on the central
fibre Blq X0, and so to ease notation we simply replace X0 with X , α0 with α and
p0 with p, so that the vector field u vanishes at p. We will first consider the case of
test configurations, as an approximation argument will then produce the result in
general.

To understand the relative Donaldson-Futaki invariant of the blow up, we must
understand how both the Donaldson-Futaki invariant and the inner product vary
with ε. For the Donaldson-Futaki invariant, this has already been fully understood
by Székelyhidi [34, 37] using the strategy of Stoppa [29]. As we will need to extend
these arguments to also allow understanding of the inner product, and since one
needs a new idea in considering the inner product, we go through the arguments.

We first consider the projective case, with L an ample line bundle such that
c1(L) = α, and such that ε is rational, as we will be able to reduce to this case.
While we are interested in the blowup (BlpX,L−ε2E), we begin by recalling how to
express the various invariants algebraically on (X,L); we will use the corresponding
formulas for the blowup to obtain the required results.

The C∗-action on (X,L) induces a C∗-action on the vector spaces Vk = H0(X, kL)
for all k > 0. Standard results of Donaldson imply that the Donaldson-Futaki in-
variant and the inner product can be understood from these C∗-actions in the fol-
lowing manner. Suppose the C∗-action on Vk diagonalises as (tλ1 , . . . , tλNk ), with
Nk = dimVk. Consider the three functions a(k), b(k) and c(k) defined by

a(k) = dimVk, b(k) =

Nk∑

j=1

λj , c(k) =

Nk∑

j=1

λ2j .
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Then these are polynomials with rational coefficients of degree n, n + 1, n + 2 re-
spectively for k ≫ 0, which we write

a(k) = a0k
n + a1k

n−1 +O(kn−2),

b(k) = b0k
n+1 + b1k

n +O(kn−1),

c(k) = c0k
n+2 +O(kn−1).

For a general vector space V of dimension N with a C∗-action, we also use the

notation wtV =
∑N

j=1 λj for the total weight, and wt2 V =
∑N

j=1 λ
2
j for the squared

weight, so that a(k) = dimVk, b(k) = wtVk and c(k) = wt2 Vk.

Proposition 6.2. [15, 16] The Futaki invariant and norm are given by

F (u) = 4
b0a1 − b1a0

a0
, ‖u‖22 =

c0a0 − b20
a20

.

The polarisation identity

2〈u, v〉 = ‖u+ v‖2 − ‖u‖2 − ‖v‖2

will ultimately allow us to understand the inner products by understanding the
norms, so we only consider the norms for the moment.

Let us now write a0(ε), b0(ε) and c0(ε) for the corresponding numerical in-
variants calculated with respect to the induced C∗-action on the vector spaces
H0(BlpX, k(L − εE)), where we only consider k, ε such that kε is an integer. In
order to understand their dependence on ε, we also consider the C∗-action on the
one-dimensional vector space Lp and on the n-dimensional vector space T ∗

pX .

Lemma 6.3. Let h be a Hamiltonian on X for the vector field u. Then

wtLp = −H(p),

wtT ∗
pX = −∆H(p),

wt2 T ∗
pX = 〈Hess(H),Hess(H)〉(p),

where Hess(H) denotes the Hessian.

Proof. The fact that wtLp = −H(p) is standard, while the additional observation
that wtT ∗

pX = −∆H(p) is due to Székelyhidi [34, Lemma 28], and follows from
the fact that the action on TpX is induced by the Hessian of H at p. The same
reasoning shows that wt2 T ∗

pX = 〈Hess(H),Hess(H)〉(p). �

Proposition 6.4. We have expansions

a0(ε) = a0 −
ε2n

n!
,

a1(ε) = a1 −
ε2n−2

2(n− 1)!
,

b0(ε) = b0 +
ε2n

n!
H(p) +

ε2n+2

(n+ 1)!
∆H(p),

b1(ε) = b1 +
εn−1

2(n− 2)!
H(p) +

(n− 2)ε2n+2

2n!
∆H(p),

c0(ε) = c0 − ε2n
H(p)2

n!
− ε2n+2 2H(p)∆H(p)

(n+ 1)!
− ε2n+4 〈Hess(H),Hess(H)〉(p) +H(p)2

(n+ 2)!
.
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Note that H(p)2 = wt2 Lp, since Lp is one-dimensional.

Proof. The expansions of a0(ε), a1(ε), b0(ε) and b1(ε) are due to Székelyhidi [34,
Lemma 28], refining work of Stoppa [29], and the starting point of our approach is
the same as in their work.

Denoting by Ip the ideal sheaf of the point p, the isomorphism

H0(BlpX, k(L− ε2E)) ∼= H0(X, kL⊗ Ikε2p)

allows us to reduce to understanding the action on H0(X, kL ⊗ Ikε2p). Here, as
above, we only consider k, ε2 such that kε2 is an integer. The short exact sequence

0 → kL⊗ Ikε2p → kL→ Okε2p ⊗ kLp → 0

induces for k ≫ 0 a short exact sequence

0 → H0(X, kL⊗ Ikε2p) → H0(X, kL) → Okε2p ⊗ kLp → 0,

where we think of the latter as a vector space and where, slightly abusively, kLp

denotes the fibre of L⊗k over p. By equivariance of the short exact sequence, it is
enough to understand the action on the vector space Okε2p ⊗ kL|p.

Since the vector space kLp is one-dimensional, the weight on Okε2p⊗kLp is given
by

wt(Okε2p ⊗ kLp) = wt(Okε2p) + kwt(Lp) dimOkε2p,

while similarly the square weight is given by

wt2(Okε2p ⊗ kLp) = wt2(Okε2p) + k2 wtL2
p dimOkε2p + 2kwtLp wt(Okε2p).

We next turn to the action on Okε2p. Setting kε2 = l, similarly to Székelyhidi we
think of Olp as the space of (l − 1)-jets of functions at p, so that

Olp = C⊕ T ∗
pX ⊕ . . .⊕ Sl−1T ∗

pX.

Denoting V = T ∗
pX , the dimension and total weight satisfy

dimSjV =

(
n+ j − 1

j

)
, wtSjV =

(
n+ j − 1

j − 1

)
wtV,

which gives

dimOlp =

l−1∑

j=0

dimSjV =

(
n+ l − 1

n

)
=

1

n!

(
ln +

n(n− 1)

2
ln−1

)
+O(ln−2),

wtOlp =

(
n+ l − 1

n+ 1

)
wtV =

wtV

(n+ 1)!

(
ln+1 +

(n+ 1)(n− 2)

2
ln
)

+O(ln−1).

Summing these formulae reproduces the formulae for a0(ε), a1(ε), b0(ε), b1(ε).
There seems to be no analogous formula for wt2(Olp) in terms of wt2 V , so we

use a more geometric argument to calculate its leading order term in l. Consider
the (n− 1)-dimensional variety P(V ) with its induced C

∗-action. If we denote

e(j) = wt2(H0(P(V ),O(j)) = e0j
n+1 +O(j),

then we know that e(j) is a polynomial for all j ≫ 0 with leading order term

e0 =

∫

P(V )

H2
uω

n−1
FS
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where if we diagonalise so that the action is given by (tγ1 , . . . , tγn) the function Hu

is given by

Hu =

∑n
j=1 γj |zj|

2

|z|2
.

We can explicitly calculate this integral (see for example [26, Proposition 3.1.1]),
giving for i 6= j

∫

P(V )

|zi|2|zj|2

|z|4
ωn−1
FS =

1

(n+ 1)!
,

∫

P(V )

|zi|4

|z|4
ωn−1
FS =

2

(n+ 1)!
,

and so

e0 =
1

(n+ 1)!
(wt2 V + (wt V )2).

As we are interested in the asymptotics of wt2(Olp), we may assume that e(j) is
actually a polynomial for all j. Then we see that

l−1∑

j=0

e(j) = e0

l−1∑

j=0

jn+1 +O(ln+1) =
e0

n+ 2
ln+2 +O(ln+1),

so

wt2(Okε2p) = kn+2ε2n+4 (wt2 V + (wt V )2)

(n+ 2)!
+O(kn+1).

It follows that

wt2(Okε2p ⊗ kLp) = wt2(Okε2p) + k2 wtL2
p dimOkε2p + 2kwtLp wt(Okε2p),

= kn+2

(
ε2n+4 (wt2 V + (wt V )2)

(n+ 2)!
+

wtL2
p

n!
ε2n +

2 wtLp wtV

(n+ 1)!
ε2n+2

)
+O(kn+1).

Finally this means that

c0(ε) = c0 − ε2n
wtL2

p

n!
− ε2n+2 2 wtLp wt V

(n+ 1)!
− ε2n+4 (wt2 V + (wtV )2)

(n+ 2)!
,

which using Lemma 6.3 proves the result. �

Remark 6.5. The value ∆H(p) is simply the weight of the C
∗-action on the fibre

of the line bundle KX over p, and hence has a natural interpretation in terms of
geometric invariant theory. The reason is that ifH is a Hamiltonian for a vector field
with respect to ω, then ∆H is a Hamiltonian with respect to the Ricci curvature
Ricω ∈ c1(−KX) (in the sense that the Hamiltonian condition is formally satisfied;
Ricω may not be Kähler), so that Lemma 6.3 applies, see for example [34, Lemma
28].

In order to understand the inner product, suppose we have two commuting C∗-
actions on (X,L) fixing p and hence inducing actions λ and γ on (BlpX,L− εE),
and let their Hamiltonians be Hλ and Hγ with respect to ω. The key invariant in
defining the inner product is defined as follows. Diagonalise the two one-parameter

subgroups as (tλ1 , . . . , tλNk,ε ) and (tγ1 , . . . , tγNk,ε ) respectively, then define d0 by

Nk,ε∑

j=1

λjγj = d0(ε)kn+2 +O(kn+1).
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The inner product is then defined to be

〈λ, γ〉 =
d0a0 − b0,λb0,γ

a20
;

this agrees with the inner product of Hamiltonians normalised to integrate to zero.
The following is an immediate consequence.

Corollary 6.6. We have

d0(ε) = d0 − ε2n
Hλ(p)Hγ(p)

n!
− ε2n+2Hλ(p)∆Hγ(p) +Hγ(p)∆hλ(p)

(n+ 1)!

−ε2n+4 〈Hess(Hλ),Hess(Hγ)〉(p) +Hλ(p)Hγ(p)

(n+ 2)!
,

where d0 denotes the corresponding term computed on (X,L).

We next show that one can reduce to the projective, rational case.

Proposition 6.7. The formulae of Corollaries 6.8 and 6.6 hold for arbitrary holo-
morphic vector fields on compact Kähler manifolds.

Proof. The idea of the reduction to the projective case is due to Székelyhidi [37,
Proposition 35]. Indeed, when viewing these invariants as integrals rather than
algebro-geometric invariants through Proposition 6.2, all calculations are local around
the exceptional divisor, and our definition of the metric ωε is that it is a glued-in
copy of the Burns-Simanca metric on Bl0 C

n. Since we use the same metric around
in the exceptional divisor in both the projective and non-projective settings, the
formulae in the projective case imply those in the general case.

By continuity all of these formulae also extend to the case that u is irrational.
For example, in calculating the expansion of the norms a term of interest is

∫

Blp X

H2
u,εω

n
ε ,

which is clearly continuous in u. �

This allows the calculation of the Futaki invariant on blowups, which is straight-
forward from Proposition 6.4.

Corollary 6.8. [34, Corollary 29] The Futaki invariant is a quotient of polynomials
in ε which has the following expansion.

(i) In general, we have

Fε(u) = F (u) −
ε2n−2

2(n− 2)!
H(p) −

εn

n!

(
2n− 4

2
∆H(p) −

a1
a0
H(p)

)
+O(εn+1).

(ii) Suppose in addition n = 2 and a1 6= 0. Then

Fε(u) = F (u) −
ε2

2
H(p) +

ε4a1
2a0

H(p) +
ε6

2a0

(
a1
3

∆H(p) −
H(p)

2

)
+O(ε8).

(iii) Suppose n = 2 and a1 = 0. Then

Fε(u) = F (u) −
ε2

2
H(p) −

ε6

4a0
H(p) +

ε8

12a0
∆H(p) +O(ε10).

Moreover, if H(p) = ∆H(p) = 0, then Fε(u) vanishes identically.
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Note that while the expansion in ε is not actually finite, this is only caused by
the fact that the Futaki invariant is given by a quotient of polynomials in ε.

One can similarly expand the inner product 〈·, ·〉ε through Corollary 6.6 and
Proposition 6.4, though it does not seem illuminating to explicitly write the re-
sulting inner product. What is important is that, returning to our notation that
(X0, α0) is the central fibre on which p degenerates to a fixed point p0 of the TC-
action on X0, we have a sequence of inner products 〈·, ·〉ε on the Lie algebra t. We
emphasise that while the 〈·, ·〉ε are not defined purely in terms of invariants of the
vector field and Hamiltonian at the fixed point p0, the manner in which 〈·, ·〉ε differs
from 〈·, ·〉0 is purely through invariants of the vector field and Hamiltonian at the
fixed point p0. The expansion of 〈·, ·〉ε in ε is again not finite, but this is simply
because it is also a quotient of polynomials in ε.

Denote by t⊥ε the orthogonal complement of the stabiliser t′ ⊂ t with respect to
the inner product 〈u, v〉ε. Summarising, what we have proven is the following:

Corollary 6.9. Suppose the blowup (BlpX,αε) is relatively K-stable for all ε > 0
with respect to all R-test configurations induced by TC. Then for all u ∈ t⊥ε we have

AεH(qu) +Bε∆H(qu) > 0

for ε sufficiently small, where Aε > 0 and Bε depend only on ε and topological
invariants of (X,α), and these quantities are all calculated on X0. Here qu is the
specialisation of p under the flow of u.

Here Aε, Bε can be computed explicitly from Corollary 6.8, with Bε of strictly
higher order in ε. Note that in the case that (X,α) itself is extremal, the specialisa-
tion qu is also a point on X itself, while in the cscK case, the condition simply asks
that for all ε sufficiently small the function H(qu) + ε∆H(qu) is strictly positive,
since Bε is of higher order in ε. The reason these quantities are calculated on the
central fibre is that the algebro-geometric quantities are themselves computed on
the central fibre.

Remark 6.10. That the expansions of Corollaries 6.8 and 6.6 hold for irrational
vector fields also shows that the existence of an extremal metric implies relative
K-stability, following the same argument as [37, 11], which itself was the Kähler
analogue of arguments of Stoppa-Székelyhidi [30].

6.2. Applying the Kempf-Ness Theorem. We next use the calculation of the
Futaki invariants and inner products to relate relative K-stability to finite dimen-
sional geometric invariant theory, which will complete the proof of our main result.
We will continue with the notation of the previous section, especially Corollary
6.9. We first consider the case that (X,α) itself admits an extremal metric; the
semistable case will be dealt with in Section 6.2.1.

Let µ : X → tε be the moment map with respect to the T -action with respect to
ω, where we identify t with t∗ using the inner product 〈·, ·〉ε. Denote also ∆µ the
Laplacian of the moment map, where we recall from Remark 6.5 that this means
taking the Laplacian of the associated Hamiltonians and can be interpreted as the
moment map with respect to Ricω.

Theorem 6.11. There is a point pε ∈ TC.p with

Aεµ(pε) +Bε∆µ(pε) ∈ tpε
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if and only if for all u ∈ t⊥ε we have

AεH(qu) +Bε∆H(qu) > 0,

with qu the specialisation of p under the flow of Ju and tpε
the Lie algebra of the

stabiliser of pε.

Proof. This is proven in exactly the same way as the usual Kempf-Ness theorem.
That is, one fixes a basis of t⊥ε and shows that the hypothesis Aεh(qu)+Bε∆h(qu) >
0 implies the existence of a zero of AεH +Bε∆H in TC.p; iterating over each basis
element and using commutativity of the vector fields implies that there is a point
pε ∈ TC.p such that the projection of Aεµ+Bε∆µ orthogonal to tpε

vanishes. But
this simply means that Aεµ+Bε∆µ ∈ tpε

, giving the result. �

Remark 6.12. In the usual Kempf-Ness theorem, one only needs to consider ra-
tional one-parameter subgroups, due to the Hilbert-Mumford criterion. In our case
we do not actually have a closed Lie group corresponding to t⊥ε , so we cannot apply
the Hilbert-Mumford criterion. We note that Székelyhidi claims that one need only
consider rational one-parameter subgroups in a general setting of which Theorem
6.11 is a special case. However there is an error in his assertion that the Lie group
associated with t⊥ε is closed, which is important in his proofs [37, p. 929]; the result
he uses requires the inner product to be rational. In the algebraic case, or the
case in which one seeks a zero of the moment map, only rational one-parameter
subgroups are needed, however, due to rationality of the inner products and Luna’s
slice theorem respectively.

In the algebraic case, for a rational u generating a C∗-action, the value Aεh(qu)+
Bε∆h(qu) is simply the weight of the C∗-action at qu associated to the line bundle
AεL − BεKX , giving an interpretation in terms of classical geometric invariant
theory. By rationality of the inner products, the subgroup t⊥ε corresponds to a
closed Lie subgroup K⊥

ε ⊂ K, with complexification G⊥
ε ⊂ G = Aut0(X0, α0) [31,

Lemma 1.3.2]. The following is then immediate from the Hilbert-Mumford criterion
[24, Theorem 2.1].

Corollary 6.13. Suppose X is projective with α = c1(L) the first Chern class of
an ample line bundle. Then there is a point pε ∈ TC.p with

Aεµ+Bε∆µ ∈ tpε

if and only if for all 0 < ε ≪ 1 the point p is stable in the sense of geometric
invariant theory with respect to the action of G⊥

ε and with respect to the polarisation
AεL−BεKX.

We can now complete the proof of Theorem 1.1, which we restate:

Theorem 6.14. The following are equivalent:

(i) (BlpX,αε) admits an extremal metric for all 0 < ε≪ 1;
(ii) (BlpX,αε) is relatively K-stable for all 0 < ε≪ 1;
(iii) for all u ∈ t⊥ε we have

AεH(qu) +Bε∆H(qu) > 0,

with qu the specialisation of p under the flow of u and for all 0 < ε≪ 1;
(iv) for all 0 < ε≪ 1 there is a point pε ∈ TC.p with

Aεµ+Bε∆µ ∈ tpε
.
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Proof. We have already established the equivalence of (i) and (ii) for the class of R-
test configurations used in our work, so in particular (ii) implies relative K-stability
for all R-test configurations. Corollary 6.9 shows the equivalence between (ii) and
(iii), while Theorem 6.11 shows the equivalence of (iii) and (iv). �

In addition Corollary 6.13 allows one to view (iii) and (iv) purely in terms of
stability in the sense of classical geometric invariant theory in the case that X is
projective with α = c1(L). Similarly Corollary 5.12 implies that in the cscK case,
in (ii) only test configurations are needed, and in (iii) only rational vector fields
generating one-parameter subgroups are needed.

6.2.1. The semistable case. We finally turn to the semistable case of our main
results. We recall the setup, which is the same as throughout. The space X
built from the Kuranishi space admits a holomorphic T -action, and admits the
structure of a holomorphic submersion X → B. Here B is an open neighbourhood
of the origin in a vector space, which itself admits a T -action making X → B a
T -equivariant morphism.

The key difference in comparison with the stable case is that X is only endowed
with a relatively Kähler metric η. This form is induced by the symplectic form ω on
M from the map B → J (M,ω); this map itself induces the family X → B. Denote
by ρ the curvature of the metric induced by η on the relative anti-canonical class
−KX/B, so that ρ restricts on each fibre to the Ricci curvature of the restriction of
η.

Any vector field u ∈ t induces a Hamiltonian function Hu with respect to η. The
Hamiltonian is meant in a formal sense, as η may not be positive. We normalise
such that Hu has integral zero over X0. The relevant function for ρ is the vertical
Laplacian of hu, which is formally a Hamiltonian with respect to ρ much as the
Laplacian of a Hamiltonian is the Hamiltonian with respect to the Ricci curvature.
Here we recall that the vertical Laplacian is given for x ∈ Xb by

(∆V f)(x) = ∆η|Xb
f |Xb

,

i.e. it is the Laplacian computed on the relevant fibre. Then our input from
Corollary 6.9 is that for all u ∈ t⊥p,ε we have

AεH(qu) +Bε∆VH(qu) > 0,

with qu the specialisation of p under the flow of Ju and for all 0 < ε≪ 1.
To apply the Kempf-Ness theorem we must make η a Kähler metric. Since B

is an open subset of a vector space, we take the flat metric ωEuc on B, so that
perhaps after shrinking B there is a k ≫ 0 such that η + kωEuc is Kähler (where
we pull back ωEuc to X ). We note that a choice of flat metric depends on a choice
of coordinates, and we will shortly exploit this ambiguity. This changes nothing
on the central fibre X0 as ωEuc is trivial on any fibre. What changes instead is the
moment map. It is most transparent to work in coordinates, so we pick coordinates
on B such that the torus action is diagonal. Then a Hamiltonian for the action on
the jth-coordinate on B is given by b→ |bj|2, and this defines a moment map µEuc.

A Kempf-Ness argument as in Theorem 6.11 applied to the metric Aεη+Bερ+
kωEuc implies that there is a pε ∈ TC.p with

Aεµ(pε) +Bε∆V µ(pε) + kµEuc(bε) ∈ tpε
(6.1)



44 RUADHAÍ DERVAN AND LARS MARTIN SEKTNAN

if and only if for all 0 < ε ≪ 1 and for all u ∈ t⊥p,ε with Hamiltonian Hu with
respect to ω we have

AεH(qu) +Bε∆VH(qu) > 0,

with qu the specialisation of p under the flow of Ju as before. The condition of
Equation 6.1 can be rephrased due to to the explicit nature of the moment maps;
supposing pε ∈ Xbε , we have

µEuc(pε) = diag(|bε,j |
2) ∈ tε.

Thus the condition is equivalent to

Aεµ(pε) +Bε∆V µ(pε) + k diag(|bε,j |
2) ∈ tpε

.

In fact one can take any inner product on B, since we could in have considered the
form

∑
kjdzj ∧ dz̄j instead of kωEuc, provided the kj are sufficiently large. So for

any such choice, the following follows in the same way as Theorem 6.14:

Theorem 6.15. The following are equivalent:

(i) (BlpX,αε) admits an extremal metric for all 0 < ε≪ 1;
(ii) (BlpX,αε) is relatively K-stable for all 0 < ε≪ 1;
(iii) for all 0 < ε ≪ 1 and for all u ∈ t⊥p,ε with Hamiltonian Hu with respect to ω

we have
AεH(qu) +Bε∆VH(qu) > 0,

with qu the specialisation of p under the flow of Ju and for all 0 < ε≪ 1;
(iv) for all 0 < ε≪ 1 there is a point pε ∈ TC.p with

Aεµ(pε) +Bε∆V µ(pε) + kµEuc(pε) ∈ tpε
.

7. Applications

We end the paper with an application of our results to an analytically relatively
K-semistable manifold. While Theorem 6.15 abstractly characterises the points
which can be blown up in such a way that the blowup admit an extremal metric,
it is also interesting to ask if a point p satisfying the criteria of that result actually
exists. We give a positive answer to this question:

Theorem 7.1. Let (X,α) be an analytically relatively K-semistable manifold. Then
there is a point p ∈ X such that there exists an extremal metric on BlpX in αε for
all sufficiently small ε > 0.

Proof. We fix a maximal torus TC ⊂ Aut(X,α). It suffices to find a point p ∈ X
such that, if q ∈ X0 denotes the limit of p under the TC-action, then H(q) < 0 for
all Hamiltonians H associated to t = LieT . Here our Hamiltonians are normalised
to have integral zero over X0 as before.

We first construct the appropriate point q ∈ X0. We begin with a single C∗-
action on (X0, α0), where the problem is to find a fixed point q ∈ X0 such that
H(q) < 0 with H the associated Hamiltonian. The existence of such a point can
be seen as follows. Take a point q′ ∈ X0 such that H(q′) < 0; the existence of
such a point follows from the fact that H is non-trivial. Next, consider the gradient
flow of the norm squared of the moment map beginning at q′. This flow decreases
H and converges to a fixed point q′′ of the C∗-action with H(q′′) < 0. Standard
properties of this flow can be found, for example, in Georgoulas-Robbin-Salamon
[20, Chapter 3]. Iterating the construction over a basis of the torus produces a
point q with H(q) < 0 for all Hamiltonians.
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We now consider the problem on X itself. We follow the constructions of Section
3, so that we consider X and X0 as the same smooth manifold M but with varying
complex structure. The space X = M ×B is the space constructed there from the
Kuranishi space, and the T -action on X is induced by the actions on B and M .
Since q ∈ M × {0} is a fixed point of the T -action on M × B, taking any point
(q, b) ∈M ×B with b 6= 0 produces a point p ∈ X whose limit is q. �

It follows from the proof that q can be taken to be fixed under the T ′′C-action
of X .

Remark 7.2. A related result is proven in [29, 12]; the proofs given there apply also
when X0 is singular. The problem considered there is in a sense opposite, however,
in that there one instead wishes to find a point on which the Hamiltonians take
positive values at the associated specialisations; this requires different techniques.

Theorem 7.1 can be improved in the projective setting.

Corollary 7.3. Suppose X is projective with α = c1(L). Then the locus of points
U ⊂ X such that (BlpX,Lε) admits an extremal metric for all ε > 0 sufficiently
small is Zariski open inside the fixed locus of T ′C.

Proof. This is a consequence of Zariski openness of the stable locus in geometric
invariant theory. More precisely, as in Corollary 6.13, denote by G⊥

ε ⊂ G the Lie
subgroup associated to t⊥ε . By the algebraic interpretation of Theorem 6.15, the
condition needed for the blowup (BlpX,Lε) to admit an extremal metric for ε
sufficiently small is that the GIT weight for each one-parameter subgroup of G⊥

ε

is strictly negative. Denoting by W ⊂ X the fixed locus of TC, by the Hilbert-
Mumford criterion this asks that the point is GIT stable as a point of W , and the
result now follows from Zariski openness of the stable locus inside W . �

Note that Theorem 7.1 can be applied to give many new examples of manifolds
admitting extremal metrics. Indeed, there are now known many explicit examples of
strictly K-semistable Fano threefolds, that admit a degeneration to a K-polystable
Fano (see [1] and the references therein). In order to apply our construction, the
central fibre of such a degeneration needs to be smooth. This holds for certain
members of the family 1.10 of the Mori–Mukai list of smooth Fano threefolds,
which is the family that includes the Mukai–Umemura manifold. One can find
other examples for instance in the families 2.24, 3.10, 3.13 and 4.13 of the Mori–
Mukai list. Some of these are infinite families to which the construction applies.
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