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1 Introduction

The purpose of this paper is to continue the work in [1] and derive the eigenvalue spectrum of
some of the operators that determine the masses and supermultiplet structure of the entire
Kaluza-Klein spectrum of the squashed seven-sphere compactification of eleven-dimensional
supergravity. The list of previously known eigenvalue spectra, containing Ao, 0, /2 and Aq,
is in this paper extended by those of Ay, A3 and Ay, while )5 /2 remains to be done. Note
that parts of the spectrum of the Lichnerowicz operator Ay are derived below but they
were quoted already in [2].!

With the intention to keep this paper as brief as possible we refer the reader to the
review [2] for a Kaluza-Klein background on the problem and for some of the necessary
details and conventions needed in the derivations below. For the full structure of irreducible
isometry representations on AdS, stemming from the squashed seven-sphere compactification
we refer to [1]. The latter paper summarises in a few pages the most relevant information
from [2] in particular several tables that are spread out in various chapters of [2]. In this

See ref. [198], unpublished work by Nilsson and Pope.



spirit we present below just the most crucial formulas that are needed to define the problem

and derive the spectra. In the appendix we collect a number of useful octonionic identities

and other formulas, as well as some for our purposes crucial Weyl tensor calculations.
The coset description of the squashed seven-sphere is

G/H = Sp, x Sp§ /Spi* x SpP’*, (1.1)

where, in order to define the denominator, Sp, is split into Spfl4 X Spf and Sp? +C s the

diagonal subgroup of Sp{3 and Sp?. The G irreps specifying the mode functions Y of a general
Fourier expansion on G/H are denoted (p, ¢; ) [2] and the entire Kaluza-Klein irrep spectrum
is derived and tabulated in terms of cross diagrams in [1]. The present paper will fill in some
gaps in our knowledge of the eigenvalue spectrum of the relevant operators on the squashed
seven-sphere but some are still missing. The remaining issues that we need to address to
complete the eigenvalue spectra will be elaborated upon in a forthcoming publication [3].

The interest in deriving complete spectra in various Kaluza-Klein compactifications
has recently been revived due to the discovery of new powerful versions of the embedding
tensor technique. However, these methods can be applied directly only when the vacuum is
an extremum of a maximal gauged supergravity theory in AdS, which can be lifted to ten
or eleven dimensions, see for instance [4, 5] and references therein.? The point we want to
emphasise here is that, due to the space invaders scenario [2, 6], the squashed seven-sphere
solution is not of this kind and it therefore seems clear that other methods are required to
obtain the AdSy spectrum in this case.

There are also potential applications of this work in the context of the swampland
program,® see for instance [7-9] and references therein. This particular connection will be
addressed elsewhere.

In the next section we very briefly review the background of the problem and the
method that is used in this paper to derive the eigenvalue spectrum of operators on coset
manifolds. The method is explained in many places, e.g. [2, 10], and in section 3 we first
apply it to obtain the spectra of the spin 0 and 1 operators giving straightforwardly the
well known results cited in [2]. Already when applied to the spin 1/2 Dirac operator
complications arise which get further pronounced when we subsequently turn to more and
more complicated operators. A summary of the obtained eigenvalues is provided in the
Conclusions, together with comments on some of the remaining issues. Some technical
aspects needed in the derivations below are explained in the appendix.

2 Compactification on the seven-sphere

The Fourier expansion technique that we will apply is, following the general strategy
explained in [10] and summarised in [2], based on the coset master equation for the Spin(n)
covariant derivative on a n-dimensional coset space G/H:

1
V.Y + ifbca Y = —T,Y. (2.1)

2We are grateful to Oscar Varela for a clarification on this issue.
3We are grateful to M.J. Duff for raising some interesting aspects of this question that eventually led to
this work.



The mode functions Y have two suppressed indices: one corresponding to the Spin(n)
tangent space irrep of the field that is being Fourier expanded® and one that specifies the
mode, that is a G irrep. This equation is derived in [2] from group elements of the isometry
group G. In the conventions used there the Lie algebra of the group G has generators Ty,
satisfying [T4, Ts] = fap®Tc, which are divided into Ty of the subgroup H and T, in the
complement of H in G. Thus, if the Lie algebra of G is reductive it splits as follows:

[Ta, T3) = fo3°Te, [Ta,Ty] = favTe,  [Ta, Ty] = far“Te + fap T (2.2)

a

The indices a,b,... are vector indices in the tangent space of G/H and V, in (2.1) is
an Spin(n) covariant derivative with a torsion free spin connection while the X, are the
generators of Spin(n) in the representation relevant for the operator equation we are solving.
Note that it is only the structure constants f,;°¢ that appear in the coset master equation (2.1).
For symmetric spaces like the round seven-sphere f,,¢ = 0. Furthermore, the second algebraic
relation in (2.2) defines the imbedding of H in the tangent space group Spin(n).

For symmetric coset spaces the coset master equations thus reads V,Y = —T,Y and the
eigenvalue spectrum for the operators on G/H are rather easily derived. The complications
arising in the squashed seven-sphere case therefore stem entirely from the structure constant
dependent term in (2.1). As first shown in [11] for the squashed seven-sphere they are given
by the structure constants of the octonions agp.. In the normalisation used in [2] they read

1 2

—Qgbe = — =M Qgpe- 2.3
/5 ab 3 b (2.3)

Since octonions will play a key role in the rest of this paper we have listed some useful

fabc = -

octonionic identities in the appendix. Furthermore, in the last expression for these structure
constants we have introduced the scale parameter m arising from the ansatz F},, .0 = 3meé i po
in the compactification of eleven-dimensional supergravity. This is useful since we are dealing
with dimensionful quantities, like the covariant derivatives and Hodge-de Rham operators.
The conventions used in [2] correspond to setting

2
= —. 2.4
m 50 (2.4)
We will assume m > 0 and also use m = % as for fupe above. The squashed seven-sphere

discussed in this work has the orientation that gives rise to N’ = 1 supersymmetry in AdSy
after compactification. This fact will be used below when we discuss the corresponding
supermultiplets and the SO(3,2) irreps entering these multiplets.

With this preparation we can readily attack the eigenvalue problems A,Y, = ﬂ;Yp
where the Hodge-de Rham® operator on p-forms is defined as A, = d§ + dd. Here d is the
exterior derivative and § = (—1)P xdx its adjoint. These operators act on forms according to

(dy)al...ap = pv[aly(lQ---ap]’ (6Y)a1...ap = _vby;)al...apa (25)

4Note, however, that the whole matrix of the G group element is involved in this equation.
5This operator generalises the Laplace-Beltrami operator to p-forms with p > 0.



where brackets here and in the following are weighted antisymmetrisations, Yjq, q,] =
I%(Yal---ap + permutations with sign). The explicit form of A, can for all operators consid-
ered in this paper be expressed using the Riemann tensor, Ryp.q, and the d’Alembertian
0 = V*V,. On the squashed seven-sphere, which is an Einstein space with R = 42m?,

Ry = Wap™ + 2m26<4, (2.6)

where Wpeq is the Weyl tensor given in the appendix.

The main use of the coset master equation (2.1) will be to replace derivatives by
group-theoretical algebraic data. In particular, for the squashed sphere, by squaring (2.1)
we obtain an expression for [J which can then be used to replace [ by algebraic data plus
terms linear in V,. This will be clear below.

3 Eigenvalue spectra on the squashed seven-sphere

In this section we start by briefly reviewing some of the results previously obtained with
the coset space techniques mentioned above. These results are then generalised to the more
complicated operators for which we present a number of new eigenvalues.

3.1 Review of the method applied to forms of rank 0 and 1

The method outlined above becomes rather trivial when applied to O-forms. In this case we
want to solve the eigenvalue equation

AgY = K3Y, (3.1)

where the positive semi-definite Hodge-de Rham operator on 0-forms is Ag = —[J. Thus,
following [2], the spectrum is obtained directly by squaring the coset master equation (2.1):

AgY = -0Y = —T,T,Y = (Cg — Cg)Y = k3, (3.2)

where the two second order Casimir operators for G = Sp, X Splc and H = Sp‘l4 X Spf +C

have eigenvalues

1 3
Ca =C(p,q) +3C°(r) = §(p2 +2¢* + 4q + 69 + 2pq) + ZT(T +2), (3.3)
and 6 1 3
Cy = 2C4(s) + chW(t) =5 s(s+2)+ {5t +2). (3.4)

Here (p, q) are Dynkin labels for Sp, irreps and r, s, t those for the irreps of the various Sp;
groups that occur in the squashed seven-sphere coset description.

The whole problem of deriving the eigenvalue spectrum of harmonics is reduced to
determining first which H irreps are contained in the Spin(7) irrep of Y (trivial for 0-forms)
and then finding all G irreps that when split into H irreps contain any of the H irreps found
in the Spin(7) irrep of Y. Some partial results on the spectrum of G irreps are obtained
in [2, 12] by breaking up the spectrum on the round sphere according to Spin(8) — Spy X Sp;



while the entire spectrum of all operators is derived directly from the squashed sphere coset
in [1] using the coset method just described.

For O-forms Cy = 0 and the spectrum therefore becomes /<c(2) = (Cg. However, as
explained above, we should introduce the scale parameter m. In view of this we can use

m? = 20 to write the eigenvalues as follows:5

Ay = 2—7”—2200 : 3.5
0=ho ="y a(p,q;r). (3.5)

As an example how this result is used let us consider the spectrum in the graviton sector:’
In units of m the SO(3,2) irrep defining energy Ey(spin) is [14-16]

1 M2 3 1 /200
Eo( s\ s t9=5+3 ¢4 V20Ce +81,  (3.6)

where we have used the fact that the mass-square operator for spin 2 fields in AdSy is

M2 = Ay. We will occasionally refer to results like this as being of square-root form, here a
V/81-form. The reason for this is that all the fields in a supermultiplet must be of the same
square-root form.

We now turn to the 1-form case and review the result and the derivation in [2].% In this
case the structure constant term in the coset master equation comes in and complicates the
calculation somewhat. As for the O-form modes we write out the A; eigenvalue equation
explicitly:

Ar: ALY, = —0Y, + RSY, = —0Y, + 6m?Y, = k2Y,. (3.7)

We want to use the square of the coset master equation to eliminate the [J term: inserting
fabe = 3maabc into (2.1) gives V.Y — aach = —T,Y, which when squared yields

2m m?
G/H : 0OY, + 3 —Aabe Vo Ye + — 3 (vbaabc)y ?%bcabchd =TpT,Y,. (3.8)

Using the octonionic identities Vqapeq = MCapeq a0d agpea@e = = 204 +cade (see the appendix)
together with 7,7, = —(Cq — Cq), the G/H equation above simplifies to

2
—ay, - ?maabcvbyc +6m2Y, = CY,. (3.9)

Here we have also used the fact that the irrep 7 of SO(7) splits into (1,1) @ (0,2) of
H = Spl X SpB+C and that Cy = % for both of these H irreps. So eliminating the [J term
from the A; and G/H equations above gives

2m
(ﬁ% - CG)YG = ?aabcvbyvc- (310)

In order to extract the eigenvalues x? from this equation we will have to square it. Let
us define the operator
DY, = agp.VpYe. (3.11)

SWe will in the rest of this paper display eigenvalues either as 512, or, equivalently, as A,.
"As in [1] we will use the notation of [13] which includes the parity of the field, as in, e.g., 27.
8For a different derivation see [17].



Taking the square of D then goes as follows:
DYy = aabeVitcdeVaYe = tabe(Votede) VaYe + Gabctcde Vo VaYe- (3.12)
Using identities from the appendix this equation becomes
D?Y, = MaapeChede VaYe + (20% + cp %)V ViYe = 4mDY, 4+ (6m? —0)Y,.  (3.13)

Here we have also used the Ricci identity on 1-forms [V, V]Y, = RupcYy and the fact
that the Riemann tensor term in the computation of D? above drops due to its contraction
with ceqpe. Then since the last term in the equation for D?Y, above is just Ay, the equation
can be written

D?*Y, — 4mDY, — k1Y, = 0. (3.14)

If we now use DY, = 52 (k3 — C)Y, and D?Y, = (5 (k? — C¢))?Y, we get the final result
for the 1-form eigenvalues

2 2 2
A = % (2006 + 14 +2/20C + 49) = % (V200G +49£1) —4m?  (3.15)
The last form of the answer will be useful later.

3.2 Spin 1/2 by squaring

Before turning our attention to forms of rank two and three, and after that second rank
symmetric tensors, we will check that our methods are able to produce the known result
for the Dirac operator acting on spin 1/2 modes. The spectrum of E1/2 = —iV was
derived in [12] by a different method based on the fibre bundle description of the squashed
seven-sphere. The virtue of the method in [12] is that one can follow the eigenvalues as one
turns the squashing parameter from the round sphere value to the squashed Einstein space
value. This nice feature is unfortunately lacking for the methods used in this paper.

To apply our present techniques we start by squaring the Dirac operator in order to
obtain a situation that is similar to the one for the Hodge-de Rham operators on p-forms.
Using [V, I’V = (O + 3TV, Vi))¢ we find

— iV = \p = (—D + f) )= A%, (3.16)

It is now possible to use the G structure to split the tangent space spinor irrep into Go
irreps as 8 — 7@ 1, or in terms of indices A = (a,8). Then by defining two spinors 7 and
1, we can expand a general Dirac spinor as follows

Y=V + fn, (3.17)

where V¢ is a vector field and f a scalar field on the seven-sphere. While 7 is the standard
Killing spinor with components np = 6%, 7 is defined by n, = —il'yn which implies the its
explicit form is (1,)p = dqp. These spinors are linearly independent and satisfy

m

m m
Vaﬁ = Enay Va77b = _Eéabn + Eaabcnc- (3~18)



These equations imply

m? Tm?
Un=——n e =——""a, (3.19)
from which we obtain the equations
Tm? “
OCn) = \Of = == f | n+m(V* ), (3.20)
a a 7m2 a aysb
D(V 77a) = |0V* - TV Na +m(v V )aabcno (321)

Consider now the coset master equation for Dirac spinor modes. Squaring it gives

2

m
Ot — - abelap V) — —w + T Cabeal abeat) = T Tut). (3.22)

So eliminating the O term and inserting R = 42m? we find that the equation we need to
solve reads

119m?2 m2

12 w+@

- >\21/1 - aabc LapVep + Cabedl' abed®V = TaTa . (323)

In order to get the last term on the Lh.s. in a nice form we introduce the projection operators
for the Go split ¢ = 11 + 97 corresponding to 8 — 1 @ 7. They are (see appendix for more
details)

1

1 1 1
Pf = é (1 — Mcabcdl“abcd) , P; =1—-P = (7 + 4Cabcdrabcd> (3'24)

In terms of these projectors the sum of the last two terms on the 1.h.s. above becomes

119 1 35 121
71;& + Cabcdrabcd"vb = Plsdj + EP7S¢ (325)

Then using the octonionic version of the seven-dimensional gamma matrices given in the
appendix, some algebra gives

b Lap Vet = (—6V,V = 21mf)n + (2a™°V Vi — 9mVE + 6(VEf))ne. (3.26)

Inserting these results into (3.23) we get an equation that can be hit by the projectors
P} and P7 leading to the two equations

)\Qf—— 2Caf + 5m f—i—m(V V“—|—7mf> (3.27)
and

20 12 121 3 1
AV, = jm (C’G — 5> Vo + ( B + 2) m2V, — gmaabcvac —mV,f. (3.28)

To solve these equations we either have f = 0 or f # 0. In the former case the first equation
gives V*V, = 0 which implies that the second equation for V, can be analysed in exactly



the same way as for the 1-forms discussed previously. Not surprisingly the result is also of
v/49-form and reads )
11
A2 =m? (6 + g\/QOCG + 49) :
Turning to the latter case, that is f # 0, we start by taking the divergence of the
second equation and use the fact that Of = —%C’G f to find

(3.29)

<290mQCG + %mQ - )\2> (V, V) = —?mSCG f. (3.30)

Now the system of two equations for the functions f and V*V, has the solutions

1 1
A2 =m? (2 + g\/200(; + 81)

These two sets of eigenvalues are consistent with the known result from [12]. However,

2
. (3.31)

in that paper there is no sign ambiguity since there one obtains A instead of A2. This
problem is easily eliminated by applying our present result to the spin 2% supermultiplet.
This completes the review. We now turn to 2-forms where the results are new.

3.3 2-forms

In terms of the Hodge-de Rham operator on 2-forms, the equation to be solved is
AsYyy = —OVyp — 2Racha “ — 2R, Yy = K3 Yap- (3.32)
Using (2.6) for the Riemann tensor gives the following equation for the box operator
Ay : OY = —k3Yah — 2WawaY 4 + 10m2Yy,. (3.33)

As for the previous cases the next step is to express the box operator in terms of
algebraic objects on the coset manifold. The master coset formula (2.1) for 2-forms reads

VoYoe = =T, Ype — fad[vac}da (3'34)
which can be written
@aifbc = —T1uY%e, (335)
by indroducing the “Ga-derivative” V, defined on 2-forms by
~ 2
VaYoe = VaYoe + ?maa[bd}/c}d' (336)

This derivative is “Gs” in the sense that it satisfies Vgapeg = 0 and Vgcpege = 0. This step is
not crucial here but we will find more implications later of the presence of the G5 holonomy
so we will have reason to return to this derivative then. (For more details about G5 in
this context, see for instance [18].) To get an algebraic expression for the box operator we
can now square the master coset equation, @aY},c = —T, Y%, to get OY,, = T.T.Y,. This
equation can also be written as

~ 10 4 2
G/H: OYy = (D - 9m2) Yap + gmacd[avlchw] - §m20abchcd =T TeYap.  (3.37)



Finally, to get the equation that needs to be solved to find the eigenvalues we just
eliminate the box operator from (3.33) and (3.37). Using the projectors defined in the
appendix gives the following useful form of the resulting equation

4 4 -
(53 = 12m? + TT.) Yap = ~WoapeaV ™ 3 (PaY)ap + zm (GeaaVicYap) - (3.38)

which, again, is not entirely algebraic due to the appearance of the operator V, in the
last term. This also happened in the case of the 1-form where it was easy to handle by a
squaring procedure. This trick is a bit harder to apply in the case of 2-forms (as well as for
the other operators to be discussed later) as will become clear shortly. Compared to the
1-form case there is also a new feature here namely the presence of the Weyl tensor in one
of the terms which will cause additional complications. The approach used in this paper to
deal with the Weyl tensor terms, in this and the other cases discussed below, is explained
in the appendix.

Thus there are two new issues when trying to solve the 2-form equation (3.38): the
Weyl tensor term and the V term which now tends to lead to symmetrised derivatives when
squared. To deal with the former issue we recall how 7,7, can be expressed in terms of
the Casimir operators for the groups involved: 17,7, = —(Cg — Cp). This, however, has
implications for the how the spectrum is organised in terms of towers. To see this we use
the tangent space decomposition SO(7) — Gy — Spf1 X SpjlB +C which makes it possible to
read off the relevant decompositions directly from the McKay and Patera tables [19]. In
the case of the 2-form the composition reads, see [2] or the summary in [1],

21 5> 7@ 14— ((1,1) @ (0,2)) @ ((0,2) @ (1,3) & (2,0)). (3.39)

This means that the towers will be tabulated according to their H irrep which will thus
obscure the Ga structure of the spectrum. As is explained in the appendix this problem is
automatically eliminated once the Weyl tensor term is analysed and the result combined
with the result from the Cy term. In fact, adding these two terms gives %Yab = %mQYab
for all the H irreps in the G9 irrep 14. Recall that the corresponding answer for the irrep 7
is % = %m?

Using this insight from the appendix, namely that the sum Cpg + Weyl has a common
value on all H irreps in the decomposition of each G irrep arising from the SO(7) repre-
sentation 21, it becomes possible to split the 2-form equation into two by acting on it with
the projectors P; and P4 and insert the respective values of Cg + Weyl. We find, using
the definitions Ya(g ) = (P7Y)ap and Y, = aachb(c7),

4 16 4
7. K, =CgY, + (12 +3- 3) m2Y, — ?m(aabcvbyc), (3.40)
4

32 2
14 w27y = cev Y 4 (12 o 3) m2y (4 ¢ ?m(PM);‘é(VCYd). (3.41)

Note that the last term in the second equation contains Y, and thus seems to mix with the
first equation. However, the structure of the derivative terms as a 2 by 2 matrix shows that



this term will have no role in determining the eigenvalues for the 2-form as will be clear
below. To proceed we write these two equations as

2
4
7. K2, = %(20(}@ +72)Ya — gm(aacVaYo), (3.42)
2
2
14: w2YHY = % 20CY (Y + 5m(PLaVY ). (3.43)

Consider first the possibility to take the square of the first equation above, the one for
Y,. However, although this will give rise to a calculation quite similar to the one for the
1-form, there is one important difference. While the 1-form is transverse (i.e., divergence
free) this is not the case for Y, coming from the 2-form. Therefore one needs to analyse the
two equations for the 2-form in stages:

1) Either Y, =0 or Y, # 0,
2) when Y, # 0 then either V,Y, =0 or V,Y, # 0.

So, when Y, = 0 the equation left to solve is the 14-equation with the derivative term
set to zero. This equation therefore gives the eigenvalues

2

Ay = % 20 C. (3.44)

According to the characterisation mention above, this result leads to an energy FEg of the
v/9-form. This fits nicely with a supermultiplet containing spins (1*,1/2,1/2,0%) with
masses related to the operators (Az, D39, D39, Ar) since we know from ref. [198] in [2]
that Ay also has an eigenvalue leading to a v/9-form. One can check that the corresponding
values of Ey work out as they should in relation to supersymmetry. This eigenvalue of Aj,
leading to the v/9-form will be derived in detail later in this section.

We now turn to the cases with Y, # 0, namely V,Y, = 0 and V,Y, # 0. Clearly, when
V.Y, = 0 the calculation will follow the one for 1-forms very closely. Indeed, the result is
also of v/49-form and reads

2 2
Ay = % (V20Cq +49+2)" —m? (3.45)

Although being of v/49-form, this 2-form eigenvalue formula differs from the one for 1-forms
given in [2], and also derived above,

2 2 2
A = % (20C¢ + 14 4 21/20C¢ + 49) = % (V200G +49£1) —4m?  (3.46)

The differences are partly compensated for by the different relations between the Hodge-de
Rham operators and the respective M? operators [2]:

M?*(17) = Ay, (3.47)

2
M2(17) = Ay +12m? + 6mv/Aq +4m? = (VAT + 4m? + 3m) " —m?, (3.48)

~10 -



If the A; eigenvalues are inserted into this formula for M?2(17) we see that the last term,
that is —4m? in Ay, is really required to have a chance for supersymmetry to work in a
supermultiplet containing both 11 and 1~ fields. In fact, the field content of the spin 3/2
supermultiplets has this property and requires Eg(17) = Eg(17) 4 1. To verify this relation
we need the energy formula for spin 1 unitary SO(3,2) irreps

3 1 [M?

This expression gives the energy values
3.3 1 1
Eo(1~M2)y = 5+ 5 F g+ 5V2006+49, (3.50)

where the first + sign refers to the two towers of spin 1~(1):(2) fields in AdS, supergravity
theory. Comparing these to

3

1 1
Eq(1h) = 2 + 3 + 6‘/2OCG + 49, (3.51)

one finds (using also the spectrum of the spin 3/2 fields in these supermultiplets) that it is pos-
sible to eliminate the sign ambiguities in the spectra of A; and Ag. For more details see [3].

Finally, when V,Y, # 0 we take the divergence of the 7 projected part of the equation
and use a5V, VpYe = 0 to obtain a simple equation giving the eigenvalue

m2
o ?(20(7@ +72) (3.52)

This completes the analysis of the 2-form eigenvalue spectrum. A list of the obtained
eigenvalues can be found in the Conclusions.

3.4 3-forms

We now turn to 3-forms leaving the discussion of the Lichnerowicz modes to the next
subsection. The reason for doing the analysis in this order is that we will obtain some
equations in the 3-form case that can be applied also for Lichnerowicz.

The equation for 3-forms that we wish to solve reads

A3zYape = —0Ygpe + 6Rd[abe}/c]de + 3R[ad}/bc]d = Hgyabc' (353)
Inserting the Riemann and Ricci tensors of the squashed seven-sphere this equation becomes
Azt OYpe = —£3Yane + 6W 0 Yoae + 12m*Vope. (3.54)

Squaring the coset master equation for 3-forms gives

2
~ m
G/H : _(OG - CH)Yabc = UYabe — 2mad[aev|d|yi)c}e + ?(4Yabc + 2C[abde}/;:]de)a (3'55)
where for later convenience we have used the G5 derivative

@dYabc = VaYabe — mad[aeifbc}e' (3.56)
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Note that this implies that the divergence

~ m 2m
VYpe = V*¥ape — g(aaaence + 2aa[be}/c]ae) = ?a[bdeyvc]de' (357)

Eliminating the box-operator term from the above equations gives
2
m -

H;%,Yabc =CaYupe — (CHYabc — 6Wd[abeyc}de) + ?(40Yabc + 2C[abdeYc}de) - 2mad[aevdy}yc]e'

(3.58)

To proceed we decompose the 3-form into Gg irreps as 35 = 1 ¢ 7 @ 27. By defining
Y = agpeYape and Yy = CapedYoeq We can split the 3-form as follows

1

Yabe = Y(l) + Y(7) + Ya(b207) =

abc abc

1
Eaach — ﬁcabchd + (PorY ) abe, (3.59)

where we have utilised the 3-form projectors defined in the appendix. The term CgYgp. —
6Wd[abeYc]d€ can be written (see appendix)

CrYape — 6W 0 Yoo = —% (;Zlcabcdyd) + 25§(P27Y)abc- (3.60)
Apart from this there are two more problematic terms, the cgpeq-term and the derivative
term that will force us to square also this equation.
However, before doing that we will follow the strategy in the 2-form case and start
by splitting the equation into GG pieces. The singlet term 1 is obtained by contracting all
three indices by agp. which gives

2
m ~
kY = CqY + 5 (40Y + 200bcCiap ™ Yeae) — 2MaabeapV Yo (3.61)

Cleaning up the structure constant factors this equation becomes
1: kY = (Cg+ 16m?)Y +2mV,Y,. (3.62)

Turning to the 7 part, we find after some algebra

12
7. K2, = (Cg + 6m2)Y, — vaay + %aabcvbyc +omapeg VYD (3.63)

When we now come to the last part, the 27, it will require some new steps that will
relate it to the metric and the Lichnerowicz equation. This connection is in fact already
(2

7 . .
), This expression

indicated by the last term in the 7 equation just discussed: apcqVpY,y,

suggests that the 2-index tensor aaCdYb(fd?) will be useful as we now elaborate upon (see [18]
for a closely related discussion). Let us define a 2-index tensor from the 27 part of the
3-form by

> 27

Yar = aachb(cd )7 (3.64)

where we use a tilde to avoid confusing it with the antisymmetric 2-form discussed previously.
Clearly, the symmetric and traceless part of Yy is also in the irrep 27. However, a nice and
indeed very useful fact about this definition of Yy, is that it is automatically symmetric
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and traceless. The tracelessness follows immediately from the identity agpcCaped = 0, or,
using the 3-form projectors in the appendix, from P;Py7 = 0, while the vanishing of its
antisymmetric part follows from AabeYoe = 0 and cgpeaYeq = 0.2 These two results can be
checked as follows:

> 7
aabc}/bc = aabcabdeY(27) - (25(16 + Cacde)y(27) = _Cacdey(2 ) = 07 (365)

cde cde cde
where we have used P; Py = 0 in the last step, and

Cabcd?vcd = Cabcdacefyd(sz) = [ [e(sf]]Yd(jj’c?) = 4a[adeyg)§3? =0. (366)

Here the very last equality is a consequence of the identity
aabe(Par)bed™? = a(q [ef5g% - §5ada (3.67)

Clearly, also agpe(Po7)abc” efg = again showing that the trace of Yab vanishes.
An alternative, and perhaps more direct, way to see that Yy, is symmetric and traceless
is to just insert the expression for the Pa7 projector which gives

27y 1 1
aabc}/b(cd) = Q(aabcncd + adch;)ca) - ?5ady (368)
Finally, for the definition Y, = aaCdYb(fdﬂ to be useful we need to give also the inverse
relation:!°

3
Ya(bQZ) 4ad[ab cld- (3.69)

The decomposition of the 3-form therefore takes the following simple form in terms of
Y,Y,, Y., respectively in irreps 1,7, 27,
Yabc = iaachv - iCabchVd + §ad }N/ . (370)
42 24 4 dlab™cld

With these preliminary results at hand it is now a rather straightforward matter to
project the equation (3.58) onto its 27 component. One finds

- m2 4
K3 Yah = (CG iy (40 - 3> Yoy — (CH5(ab) + 2Wacbd) cd
(3.71)
2 ey d m [« 1 =C
- 7macd(av YE}) Y v(aYb) — 20 VY, .
3 3 7
Again we can replace the second bracket by its common eigenvalue on all H irreps in the
G irrep 27 as explained in the appendix, that is with % = %.
We now insert this into the 27 equation and sum up what we have found so far:
1: kY = (Cg+16m?)Y + 2m? oYa, (3.72)
7. KIY, = (Cq + 6m?)Y, — 7 Ll vl Y . D abe VYo + 2mapeg VY 27 (3.73)
2% 4m 2 = d m [~ 1 =
27 . K3Yab =|Cq+ T Yab — gmacd(av }/b) — 3 V(QYL) — ?5abV Y. ). (3.74)
9Note that these two conditions can be comblned to the identity since 6ab = 7(aabea ede _ cade).

0Here one may use the fact that Y(27) (P2 7Y )abc implies the identity Y(27) = —§cde abY
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Note that the term 2madeVbYCg; ) appearing in the 7 equation can be replaced by terms
containing only Y and Y,. This relation is derived from the gauge condition V%Y. = 0 as

follows:
V(Yo + Yo+ Y2T) = 0. (3.75)

a abc a

Contracting this equation with ag,. and using Vg apcq = mcgpeq We get

vaadbc(ydbc + Y7bc + YaQbTZ) - mcadbc(Ylbc + Ya7bc + Ya2b70) = 0. (376)

a a a

However, since cqpeq projects onto Y, we can use the relations

1 1 1 1 -
adbeY ghe = Eadbcaabcy = ?6daYa adpeY ppe = —ﬂadbccabceYe = —gadab%, agseY g = Yda,
(3.77)
to rewrite the above 3-form gauge condition as
- 1 1
VY + ?VbY — éabchCYd +mY, = 0. (3.78)

This equation will be used when we summarise the system of equations to be solved below.
Finally, we show that the last bracket in the 27 equation will not play a role in the
analysis of the spectrum. This can be seen by writing the three equations above in matrix

form as
y! ABO y!
lY" | =|cDo||YT (3.79)
Y27 0 EF) \Y%

The eigenvalues must be the roots of the equation det(X — x31) = 0, where X is the matrix
appearing above. Since the element FE does not enter this equation we can proceed and
solve the three equations in two steps, first the two coupled equations for Y and Y,

1: w3Y = (Cg+16m?)Y +2mV,Y,, (3.80)

2
7. K2Y, = (Cg + 4m?)Y, — 2mV,Y + ?maabcvbyc, (3.81)

and then the single equation involving only Yy

~ 4m2\ -~ 2m -~
27 : K%Yab = (CG + 9> Yoo — ?acd(aVCYb)d. (3.82)

We start by solving the first two coupled equations. There are two distinct cases: either
1)Y=0o0r2)Y #0.

Case 1). Setting Y = 0 in the 1 equation gives V,Y, = 0 which implies that the 7
equation is of exactly of the same type as the equation solved previously for 1-forms,
but with different coefficients. However, one has to pay attention to the fact that the
eigenvalues dealt with here are for 3-forms, not 1-forms, so solving the present equation for
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Y, involves some new steps. This fact will become clear directly when squaring the operator
(DY)a = aabcvngi

(DDY)(L L= aabcvbacdevdy; = aabcacdevbvdn + maabccbcdevdy;
= (2055 + Cabde) VoVaYe + 4maggeVaYe. (3.83)

Since the c-term vanishes this equation simplifies to
(DDY), = 4m(DY), — OY, + 6m?Y,. (3.84)

At this point the (Y, term must be related to the 3-form eigenvalue x%. Using Y = 0 and
VY e = 0, we find that
0Y, = OcapedYocd = CabedlYoed — 2m?Y, =
= Cabed (—ﬁgyz,cd + 6WC e Yo + 12m2chd) —2mY, = — (k2 — 10m?)Y,, (3.85)

where we have also used cabche[bcf Yager = WadefYaer =0 (where the first equality follows
from P7(2)W =0). The (DDY), equation above then reads

(DDY), = 4m(DY), + (k3 — 4m?)Y,. (3.86)
Inserting the expression for (DY), from the eigenvalue equation 7 above we find

8m? 4m?
(k3 — Cg — 4m?*)? — %(m% — Cg — 4m?) — %(ﬁg —4m?) =0, (3.87)

which has the following two solutions (inserting 1 = %mQ in front of C¢)

2 2
Ay = % (V20Ce +49+1)". (3.88)

These eigenvalues are obtained for Az = Q2 so it is gratifying to find its eigenvalues come

out as a square.

Case 2). Now we turn to the second case where Y # 0. Then either V,Y, = 0 or
VoY # 0. The former case gives a simple equation for the eigenvalue directly from the 1
equation. However, taking the divergence of the 7 equation tells us that (JY = 0 so the 1

equation reduces to
K3 = 16m?, (3.89)

which is the eigenvalue of the singlet constant mode Y ;. = aqpc as is easily verified. So let
us turn to the latter case with V,Y, # 0. Taking the divergence of the 7 equation gives

1
Oy = %(—Hg + Cg +4m*)V,Y,. (3.90)

Inserting this equation back into the 1 equation, recalling that (Y = —CgY, gives

(k3 — Cgq — 16m?)(k3 — Cg — 4m?) = %Cg. (3.91)
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This equation has the following solutions (inserting again 1 = %DmQ in front of Cq):

2 2
Ay = % (V20Cq +81+3) . (3.92)

Note that the single eigenvalue found above, k3 = 16m?, belongs to the plus branch.
We now turn to the 27 part of the 3-form equation

~ 4m2\ - 2m -~
27 K3Yap = <CG + 9> Yo, + ?ac(advcyldlb). (3.93)
The derivative term requires as usual a squaring of the whole equation. The G2 derivative
on Yy, is given by

(DY )ap = 20,q( VY = V° (acadf’db + acbdf/ad) ; (3.94)
and computing its square, using the fact that V, is zero on both Gape AN Caped, gives
(DD?)ab =vev/ (aeacafcdf/db + aebcafcdffad + aeacafbdi}cd + aebcafadf/cd> . (395)

Clearly, the last two terms in this expression contain a symmetric combination of the two Ga
covariant derivatives. Such terms can be a real obstacle to carrying through the calculation
but we will see below that there is a trick that can be used to eliminate this issue. Before
applying this trick we simplify the other terms to get

(DDY)ab = —QIjYab + Q@C@(affb)c — QCCde(a@C@dﬁ,)e + 2ae(aca|f|b)d@eﬁfﬁd. (3.96)

We now address the four terms on the r.h.s. of this equation starting with last one.
The trick used to deal with the symmetric combination of derivatives in this term is to
)

reintroduce the 3-form via Y(27

e = %ad[abf/c]d temporarily giving

(a0l 10"V Vea = 4oV )y Vea = a0V (Y0, = i)' Vga = 1o Vipa) -

(3.97)
The first term in the last expression is just the G5 covariant divergence of the 3-form which
can be seen to satisfy

(27) _

vey 3D = VY. = 0, (3.98)

abc

= VY,

abc
where in the first equality we have used the fact that Yy, is symmetric and in the second
that VoYY = vey™ — 0. Thus VY. = 0 is implies V@Y, = 0 which gives the following

abc abc
much simpler form of the expression above

e )" VVI Yea = —ac VoV a1 Vg = =0 + VOV (V) + ¢ “VVIY)°.
(3.99)

Inserting this result into the above expression for (DD?)ab we get
(DDY/)ab =4 (—ljffab + @C@(affb)c — ccde(a@c@df/b)e) . (3.100)

Thus we have managed to eliminate the symmetric combination of covariant derivatives
that has caused a bit of headache until now. The terms in the last formula for (DDY )
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can be dealt with rather easily as we now show. The first term is simply the coset master
equation squared, i.e.,
OV = —(Cg — Cg) Y. (3.101)

The other two terms both involve the commutator of two covariant derivatives (since
@af/ab = 0). So we need to compute

Ve, ValYap = Ve (deab - %adaeffeb — T;Ladbef/ae> — (c = d). (3.102)

Expanding out the terms we find

- m - m - m -
VeVaYap — gacdeveyab - gacaevdi/eb - ?acbevdyae

L o (3.103)
- %adaevc}/@b - %adbevcyae - (C A d)7
and finally
~ 2m ~ 2m? - -
Ve, ValYab — —0ea®V Yoy — —— (ajeiq)aqe’ Y, clal€aqp’ Y
[ alYab — - aca"VeYay — =5 (a[\ ‘“age’ Yo+ ajeja)“aap’ Yoy (3.104)

e @aa’ Ve + agep“age’ Yar).

Thus, all single derivative terms cancel except one. Noting also that the two non-derivative
terms in the middle of the bracket cancel the commutator becomes

o~ - ~ 2m ~ 4m? =
[VC, Vd]Yab = [Vc, Vd]Yab — ?acdeveYab — T a[c(a‘elad]emeb). (3.105)
Simplifying the non-derivative terms finally gives
~ ~ ~ ~ 2m e ~ 4m2 [C ~ d] e
[vca Vd]Y;zIJ = [vm Vd]Yvab - ?acd VYo + T (6((1}/;7) — Ced(a Y;))e) : (3106)

Since we are interested in expressing the right hand side in terms of the D operator defined
above using V, we rewrite the last equation as

o 0m e o Am? e e
[vca vd]YVab = [Vc, vd]YVab - ?acdeveYab - T (6£a}ﬁ))d} + 2ccd(a Yi))e) : (3107)

To get the final expression that will be useful here we replace the commutator on the right
hand side by the Riemann tensor. This gives

sle

32m?
(a

. - 2m ~ o~ - 1 ~
[Vc, Vd]Yab = 2ch(a€YE))e - ?acdeVeYab + T Y},)d] - Ccd(aeY;))e> . (3.108)

4

The first term we need to compute in the DDY equation contains the contracted
expression [V?, Vg]Yy,. Setting b = c in the last equation above we get

2 ~
m” g (3.109)

~ o~ o~ - 2m ~ o~
[vc’ Va]ch =W Yee — ?acaevey}m +
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The second term in the DDY we need is the one with a contraction of the commutator
with the ¢ symbol:

112m? -
oy (3.110)

~ o~ o~ ~ 8m ~ .
Cedta’ Ve Val Yoy p = —2W () Yoy + ?a(aefveyb)f +
Inserting the two results in (3.109) and (3.110) into (3.100) we find

112m?2 -

1 5
- 5 Yab — 2W(, ) Ve (3.111)

4

~ ~ ~ m ~
(DDY)ab = —0Ye + E(Dy)ab +
Replacing the G5 covariant box with Casimirs gives

112m? - -
TV — (CuVap +2W Sy Vep) . (3.112)

1 ~ m -
Z(DDY)ab = CGYab + ?(Dy)ab +

Then from the appendix we know that the last bracket gives % which implies the
amazingly simple equation

. 4 . .
DDY )y — (DY) — 4C Yy = 0. 3.113
3

In view of the eigenvalue equation (3.93), we may express the “solution” to the last equation

) 22
DY_;ni2m—;n<1i 200G +1). (3.114)

Then by replacing (DY )4, with the expression coming from the 3-form (3.93), we find

as

2
27: K2= % (200 +2+2v20CG+1). (3.115)

Since k3 is the eigenvalue of Az = Q2 this must be a square. Indeed, it can be written

2 2
27 Ay = % (V20Cq +1+1)". (3.116)

3.5 Lichnerowicz

When we now turn to the transverse and traceless metric modes hy, on the squashed
seven-sphere we can take advantage of the results obtained in the previous case of the
3-form. To see how to do this let us write out the Lichnerowicz equation explicitly

Ar: Aphg = —0hgp — 2Wacbdh6d + 14m2hab = fi%hab. (3.117)

The coset master equation reads in this case

2
Vohpe + ?maad(bhc)d = —Tyhpe, (3.118)

which when squared gives

14m?2

4
G/H: Ohap+ —a0q(aVhy® —

3 hap = ToTohap. (3.119)
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Eliminating the box operator from the above Ay, and G/H equations and using 7.7, =
—(CH — CH) gives

14 4m ~
K hab = Crhap— (Crihap+2Waepah®) + <14+ 9> mghab+?acd(avchb)da (3.120)
where we have used the GGo covariant derivative

m
?aa(bdhc)d. (3.121)

As in the previous cases we now use the result for the Weyl tensor term from the
appendix, i.e., that Cy + 2W acting on the different H irreps in 27 gives the universal

value % = %mz. This gives us the rather simple equation
2 m2 4m =c d
HLhab - ?(QOCG + 28)hab + ?acd(av hb) . (3122)

There is one crucial difference between the Lichnerowicz modes and the 3-form modes
analysed in the last subsection: transversality of the metric modes does not imply that
the associated 3-form Y ;. = %ad[abhc]d is transverse (recall the result Ve, = 0 derived
in the previous subsection). Thus when squaring (Dh)q, = 2acd(aﬁchb)d we cannot simply
use (3.113) since this equation was derived with the assumption of a transverse Ya(lfg). The

change is however relatively small; we only need to add the term in (3.97) proportional to
vey 27 to proceed. We find

abc

4m

(DDh)ay = - (D) ~ 4Chay - 80104(a Vo VY ) = 0. (3.123)

To deal with the last term we apply the D operator yet another time. To simplify the
computation we introduce the notation Y, = V€Y, = V¢Yeu where VY, = 0 and define
(DY )ap = 2acd(a@CY‘d‘b) = 2a,4(aVY|qp)- It is then immediately found that

~ 14m
(DDY)ap = 2ac4(a V(DY )jap) = =3 (DY )ab + 2ca(a V(DY) app) (3.124)

Expanding out the nontrivial last term on the right side gives
204V (DY )jap) = 2cd(aV @erdV Yyp) + 2aca@V @esip) VY fa - (3.125)

We start by analysing the first term in (3.125). When the first covariant derivative
passes aefq We need to compute

cd eV VY = 2000V VY3 — eV VY
=V VY = emy (@) 4 gflablay, (3.126)
—0

In the second equality we have used the antisymmetry of Y,; and the fact that the 2-form
projector P; vanishes when acting on the Weyl tensor (which implies that ¢, oc 6¢¢). The
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last equality is true due to the antisymmetry of Y, together with the symmetrisation (ab).
When the covariant derivative acts on a.ry we find

Maeq “CoeraVoY? = dmacs VYY) = 2m(DY ) oy, (3.127)

We conclude that
2ac4(aVa)eraVYpp) = 4m(DY ) ap- (3.128)

We then turn to the second term in (3.125). Here the covariant derivative can act in
two different ways. First, moving the derivative past a. s, gives the expression

1
ed Cac VY = §acd(“aefb) [VE, Ve Yq . (3.129)

The action of the antisymmetrized covariant derivatives will give two terms which are
essentially identical and we only show how to deal with the first one. Using the squashed
sphere Riemann tensor it follows that

acd(aaefb)Rcenggd = 2m25§f; acd(aaefb)Ygd + acd(aaefb)chnggd
= m2asq%a, MY, (3.130)
=0,

where we have used that a.;, W, = —%ae W9 = 0 (see the appendix). The other
term vanishes in exactly the same way. Finally, we have a term coming from the covariant
derivative hitting a.s,. After some algebra, this term becomes

2macd et VoY1 = 2macd VoY = 2m(DY ), (3.131)

and so acd%efb)vcveyfd = 2m(DY ). Putting these results together we find that

4dm

(DDY ) = (6m - M;)m) (DY)a = =5~ (DY (3.132)

Having calculated the action of D on (DY), we can apply D on (3.123) and then
subtracting the previous equation to eliminate the (DY), terms. From this procedure we
find the third order equation

(D - 4;”) (D2h - %mDh - 4CGh> = 0. (3.133)

“Solving” for (Dh)4, and plugging the result back into (3.122) gives the following three
different eigenvalues:

2 2
Ap = %(200(; +36), A= % (20C¢ +32 442006 +1) . (3.134)
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4 Conclusions

Let us summarise what we know so far about the spectrum of operators on the squashed
seven-sphere including the new results for Ay and Az obtained in this paper. The previously
known eigenvalues for Ag, 15 [12], A1 [17], and Ap [2] are

2
Ag = % 200, (4.1)
Drjp=—2 i \/200(; 181, (4.2)

Prp ="+ xﬁzocg 49, (4.3)
2

2 2
AL =" (200(; +3244/2006 +1) = o (VICo +1£2) +3m%  (46)

while the new ones obtained in this paper are

[\

Aoy = % (20Cq + 72), (4.7)
Ay = % (200 + 44+ 41/20C¢ + 49) = % (V20Cq +49 + 2) —m2, (4.8)
2
Ay = % 20C¢, (4.9)
m? 2
As= o (\/200(; 149+ 1) , (4.10)
m? 2
As = o (V20Ce +81+3), (4.11)
2 2
As = % (\/200(; T14+ 1) . (4.12)

Here it is appropriate to make some comments on the limitations of the obtained results.
First, we have so far no results for the eigenvalues of the spin 3/2 operator 5 /2, although
some can easily be extracted from supersymmetry. Secondly, for As and Ay, we seem to
lack some eigenvalues. This is indicated by the degeneracies in the cross diagrams for these
two operators derived in [1], as well as by supersymmetry. For A3 there may already be too
many available eigenvalues but if one is supposed to pick only one sign when removing the
square (as done for I§, /2) one is instead lacking two eigenvalues. These problematic features
are partly due to the fact that although we have extensive knowledge of the eigenvalue
spectra from the list above, the method applied here does not provide direct information
how to associate these eigenvalues!! with the cross diagrams of [1]. These and other issues
will be elaborated upon in a forthcoming publication [3].

1By assuming that the eigenvalues obtained at this point fill out entire supermultiplets the spin 3/2
eigenvalues can be derived although it is, as explained here, not clear which supermultiplets these are.
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The results of this paper clearly demonstrate the important role of weak G5 holonomy
when solving the eigenvalue equations. There are, however, deeper issues in the context
of holonomy and string/M theory that might be interesting to study in relation to the
squashed seven-sphere, for instance the notion of generalised holonomy discussed in [20)].
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A Octonions: conventions and some identities

The octonions satisfy a non-associative algebra defined by the totally antisymmetric structure

constants agpe (a,b,¢,...=0,1,...,6):
agpe = 1 for abe = 456,041, 052,063, 162, 135, 243. (A.1)

By splitting a = (O,i,%) (with i = 1,2,3,72=4,5,6 = 1,2,3) they can be written more
compactly as

ag;; = —0ij, @i = ~€ijks Q355 = Eij- (A.2)
We define its dual, denoted cupeq, by

1
Cabcd = 7 €abedefg Qefgs (Ag)

6
where the epsilon tensor is totally antisymmetric with €g123456 = 1.
Sometimes it is convenient to write the gamma matrices I'; in seven dimensions in

terms of the structure constants defined above and a Killing spinor 7 satisfying

i _
Van=—gmblan, i =1. (A4)
The conventions used here are
Qabe = iﬁrabcna Cabed = _ﬁrabchh <A5)
and
{Faa Fb} = 26aba _Z'Fabcdefg = 6abcdefg]-- (AG)
These gamma matrices are 8 x 8 matrices with spinor indices A, B, ... taking the eight
values A = (a,8) etc. The consistency of these conventions can then be verified by explicitly
writing out the gamma matrices in terms of the structure constants as follows:'?
Ta)BY:  (Ta)s® = iaabe, (Ta)p® = i0ab, (Ta)s® = —idap. (A7)
(Fab)BC : (Fab)Cd = 265(5 - Cade) (Fab)c8 = Qgbc- (A8)
12Note that the indices for both vectors, a, b, c, ..., and spinors, A, B, C, ..., are raised and lowered by a

unit matrix which means that equations may appear with indices in the wrong up or down position.

- 29 —



Note that all seven gamma matrices are antisymmetric and imaginary. With these definitions
one can check that 7451 = —iaqp. as stipulated above. However, this calculation requires
some octonionic structure constant identities that are seldom given in the literature. For
the convenience of the reader we list the identities used in this paper below:

Qape 0°%€ = 25;% + e, (A.9)
Cabe? 19 + agpea®! = 65557 + 95 cpg 1), (A.10)
cabcfadef = Ga[ab[ddz]}. (A.11)

These identities may be verified directly by inserting the actual values of the constants, or
by using the above expressions in terms of the Killing spinor 1 and the gamma matrices.
The latter approach requires the Fierz formula

Taniila = 1 — ni. (A.12)

Various contractions of indices in these identities lead directly to a number of additional
identities that are used frequently in the main text. A quite extensive list of identities is
presented in [18].

Using the Killing spinor equation we furthermore find the derivative identities

m _ _
Valped = _EU(Farbcd — Dheal’a)n = —mn(Laped)n = McCabeds (A.13)

vm _ . _
VaCoede = _?n(rarbcde - Fbcdera)n = _4Zm5a[bn(rcde])n = _4m6a[bacde]' (A14)

B Projection operators

B.1 2-forms
1 1
(ﬂmwzﬁm%m:6@%+%ﬂ% (B.1)
1
(Pra)ap™ = 6(452?5 — ca™), (B.2)
which implies the useful relation
cap® = 2(2P7 — Pra) ™. (B.3)
B.2 3-forms
1
(Pl)abcdef = @aabcadef7 (B4)
1 1 d
(P7)abcdef = ﬁcabcgcdefg = ﬂ (6(532({ + gd{ach]Ef] - aabcadEf) ) (B5)
1 d
(Por)ape™ = (1 = P1 — Pr) g™ = 6 (425;i§f - 215[[acbc]8f] + agpea™ ) : (B.6)
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B.3 Spin 1/2

The purpose of the projection operators in this case is to split the SO(7) spinor representation
into two G irreps as follows 8 - 1® T7:

1 1
Pf =2 (1 — Mcabcdrabcd) : (B.7)
Pi=1-P = (7 1+ 4cabcdrabcd> . (B.8)

While they trivially sum to the unit matrix, the fact that they both square to themselves
and are orthogonal to each other require some algebra to show. In fact, all these properties
follow directly if we show that (P§)? = P§. This is done as follows

1 1
(Pl) 64 <1 12Cabcdrab0d + (24) CabcdcefghFadeFefgh) Pf (B.g)
The key calculation in the last step is to expand T'%<dTef9h in the gamma basis '™,
n=20,...,7, in seven dimensions:
TbD, gy, = —168(0T gy — 72011700 gy + 965714y + 2454 (B.10)

However, when contracted with cupeqcefgn the first and third terms vanish since they are
antisymmetric under interchange of the two index sets abcd and efgh. The remaining two
terms are easily computed using the two identities for cgpeq: cabede, fed = 8(5?53 + 2¢b, ¢ and
c®depeq = 168. (Pf)? = P then follows directly.

C The role of the Weyl tensor

The Weyl tensor of the squashed seven-sphere is given in [2]. The explicit expression given
there can be written in a more compact form in terms of 't Hooft symbols. By setting
a=(0,1,2,3) = (0,7) and introducing the 't Hooft symbols by

k k k k
Nag * Mij = €ijk, Toj = —Tjo = =0k, (C.1)
Nog : ﬁfj = €ijks ﬁlgj = —77?0 = Ok, (C.2)
the Weyl tensor can be explicitly expressed as follows
) 2 _ 7 1 _
Waﬂ 53/57 W kl 5Zl7 aﬁkl 577275 mkl7 W(X]’Yl: 5772’14767”][_75 6]l (03)

The demonstration that the squashed seven-sphere has holonomy (o relies on the fact that
defining W, = 1 9T .y we find

Woi = é <F0i + ;fijkrj;;> ; (C4)
Wi = é (1 + F) : (C5)
Wi; = é (Fij N Qrﬂ + 513Fk1% - ;‘fijkrofc> ’ (C.6)
Wy =~ (roz + ;eijkrj,g , ()
Wi = é (2r +Ty + eZJkFOk) (C.8)

— 24 —



while the remaining components are not independent but instead given by

W; =0, W= Eijij/;a W = Wij + €1 Wor. (C.9)

1,

Thus only 14 components are linearly independent which was shown in [2] to result in Go
holonomy. An immediate consequence, as can be easily verified using the explicit expressions,
is that

aachbcde =0. (ClO)

To obtain identities of this kind it is convenient to express the octonionic structure constants
in terms of t Hooft symbols. The non-zero components are then (recall that a = («, ) and
i=(1,2,3) = (4,5,6)):

Gabe:  Gyg), = —7725, az3p, = Eijk (C.11)

Cabed ©  CaBys = €apfyé = ﬁfaﬁﬁ]yvd}a Caﬁij = _ﬁgﬁeijkv (C12)

where €,4+s5 is antisymmetric with egio3 = 1.
In our present context we will for instance use these results to express the 2-form modes
Ya(bl Yin a way that makes its projections onto the H irreps clear, i.e., the decomposition

Go — Spit x SpPTC . 14— (1,3) @ (2,0) 4 (0,2). (C.13)

To this end we will parametrise the Spin(4) x SU(2) subgroup of G' = Sp, x Sp{ using

~ O o - H % s g
r*=@Tr): TI*= ((W)AB (o 3AB> ®0ph, T'=1lpa® (0,  (C14)
where
0% = (—il,0%), %= (i1,0"). (C.15)

Note the dot notation on the indices in the second tensor factor. This reflects the fact that
we are using the diagonal subgroup of Sp{g and Sp%v where the former is a subgroup of Spy
when split into Sp‘l4 X Sp{% according to the first tensor factor.
The ’t Hooft symbols (77;”5, ﬁgfg) introduced above can also be defined from the Pauli
matrices by
o = Nago g = N0 (C.16)

C.1 2-form modes

From the above expressions we immediately obtain the projectors onto irreps (s,t) of
H = Spi' x SpP+e

(Pf4b_>(2,o)Yab)AB = (0"Yap)a”, (C.17)
A A% A
(P 0nYm) 5= (6°Yas +20775) " 3, (C.18)
ab _« 3 R
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H-irrep | H Casimir | Weyl eigenvalue | Sum
(2,0) 4 : 5
12 12 24
(0,2) 5 5 5
6 24
(1,3) 6 -3 5

Table 1. Weyl tensor eigenvalues for the H irreps of the Go 14-part of the 2-form.

As two examples of how to use these projectors we compute the Weyl tensor eigenvalue of
the (2,0) and (0, 2) irreps. For (2,0)

4
5

2_ 4
{i o Wate¥oa = 0" WasaVos = 0% (S0 Vo0 S5 Y3 ) = 50" Vo, (€20

showing that the sought for eigenvalue is %. Note that in the last equality we used the fact
that 0?77 = 0. For (0,2) we find

% a4 8 2 A4 8 %
QUZJ‘%jchCd = 20'7“7 (5 25 + 5773?3677”]}/065) = 5 (20’”%3 + 60‘6Ya5> (021)
G WV ™ = 5 (2¥,5 + 2TemiY ) = 2 (5% Yap +207Y3;) (C.22)
afBab 5 af 57704/8 1 5 af i) :

Then adding together (C.21) and (C.22) implies Py4,02)WY = %PMH(O’Q)Y. Repeating
this for the last case one finds the values given in table 1 together with the corresponding
values of the H Casimir operator Cp.

Note that the two eigenvalues do not individually respect the Go holonomy but that
their sums do. Similarly, we know from before that the Weyl tensor does not enter the
equations for the G2 7-part of the 2-form but that the H irreps both give % which thus
automatically respects Gs.

C.2 3-form and metric modes: the 27 irrep

Here we need two more projectors, namely'3

ab _ re% . _6 )
(P57 0.0 Yar) ey = 0)as@)en Yy (C.24)

As an example how to get the Weyl eigenvalues we consider the second projector. The
calculation works as follows:

s (8. 1 2
ed __ 1 g 2sikpkl | ~ > I af _“ ”
h*=c'o <5(5th +-7 h 5(5”h,m>. (C.25)

(Pél'?—)(OA)Wadeth) :O'lO'JWA A 5 aﬁemi]

icjd

The term containing the 't Hooft symbol vanishes since Nap 1s antisymmetric in the two
lower indices. The remaining terms simplify immediately to

4
(P57 0.0 Waasah™) = =2 ("0 0.0 b5, (C.26)

131n the first formula below the use of the symmetrisation brackets is not optimal: the two pairs of dotted
and undotted indices are symmetrised independently of each other.
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H-irrep | H Casimir | 2 x Weyl eigenvalue | Sum
(0,0) 0 2 2
(2,2) 5 -3 5
(0,4) 5 -3 5
Ly | 8 2
(1,3) 6 -2 B

Table 2. Weyl tensor eigenvalues for the H irreps of the Go 27-part of the 3-form.

where we also used that tracing over the hatted indices on ool gives zero since this
expression is in the irrep 5 of SU(2) given by the indices (ABCD).

Again we find the striking result that all H irrep pieces a G5 irrep produce the same
value for C'y 4+ 2 x Weyl, this time for the 27.

In the main text we found the expression C'yYyp. — 6Wd[abeYC]de. Using the explicit
form of the projection operators we can verify that Wd[abeyc}de = Wd[abeYcﬁ?. Applying

(P27)abfgh = aacd(P27)cdbfgh gives

(BT)a W VD = — Wi T (c.2)
Using the eigenvalues listed in table 2 it follows that
(P?7) g 9" (CHYabc - GWd[abeYc]de) = (CH?ab + QW(acb)eY/ce) = %ffab- (C.28)
Going back to the 3-form notation and using that C'i; has eigenvalue 15—2 on 7 we find
CriYabe — 6W (0 Yiqe = _%Ocabcdyd + ?Yabc- (C.29)
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