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A B S T R A C T

This article addresses the micromechanically motivated, quasistatic to dynamic, failure response of fibre rein-
forced unidirectional composites at finite deformation. The model draws from computational homogenization,
with a subscale represented by matrix and fibre constituents. Undamaged matrix response assumes isotropic
viscoelasticity–viscoplasticity, whereas the fibre is transversely isotropic hyperelastic. Major novelties involve
damage degradation of the matrix response, due to shear in compression based on a rate dependent damage
evolution model, and the large deformation homogenization approach. The homogenized quasi-brittle damage
induced failure is described by elastically stored isochoric energy and plastic work of the undamaged polymer,
driving the evolution of damage. The developed model is implemented in ABAQUS/Explicit. Finite element
validation is carried out for a set of off-axis experimental compression tests in the literature. Considering the
unidirectional carbon–epoxy (IM7/8552) composite at different strain rates, it appears that the homogenized
damage degraded response can represent the expected ductile failure of the composite at compressive loading
with different off-axes. Favourable comparisons are made for the strain and fibre rotation distribution involving
localized shear and fibre kinking.
1. Introduction

Polymer matrix composites are finding increased use in areas such
as aerospace, automotive, and civil infrastructure because they can
be produced with desirable stiffness and strength-to-weight proper-
ties (Zhu et al., 2018). They also provide higher passenger safety in
automotive owing to better energy dissipation per unit weight in case
of collision (Mamalis et al., 1997). In applications involving crash and
impact events, a very important property is how structural compos-
ites can sustain impact and other dynamic loads, where quasi-brittle
failure due to compressive off-axis loading is very crucial. In this con-
text, carbon fibre epoxy systems are mostly considered but composite
systems involving thermoplastics are upcoming for improved environ-
mental sustainability. At dynamic loading, fibre reinforced polymers
(FRP) demonstrate quite complex strain rate dependent quasi-brittle
behaviour due to viscoelastic–viscoplastic characteristics of the poly-
mer matrix, as reported in reviews by Singh (2018) and Sierakowski
(1997). Here, failure mechanisms such as fibre kinking and matrix
cracking develop gradually in the laminates, leading to a progressive
degradation of the material properties.

A thorough understanding of both the microstructural and conse-
quent macroscopic stress–strain response is thus required to capture

∗ Corresponding author.
E-mail address: ragnar@chalmers.se (R. Larsson).

the high strain rate behaviour occurring at dynamic load. To start with,
experimental evidence of viscoelastic/plastic response of the polymer
composites in general is due to e.g. Dasappa et al. (2009), Pupure et al.
(2018), Marklund et al. (2008) and, in particular, due to Koerber et al.
(2010) for the current investigated IM7/8552 carbon–epoxy material.
As to modelling, there are only a few dynamic constitutive models
for polymeric composites, which with the consequent FE implemen-
tation address the nonlinear strain rate effect coupled to material
degradation combined with anisotropy and heterogeneity induced by
fibre reinforcement. In Kaliske (2000) a kinematically nonlinear model
is presented for unidirectional composites involving rate dependence
through viscoelasticity. We mention Gerbaud et al. (2019), Eskandaria
et al. (2019), and Koerber et al. (2018), who present a phenomeno-
logical invariant based formulations to represent viscoelastic and/or
viscoplastic effects in polymer composites without degradation mod-
elling. Camanho et al. (2013) developed a material degradation model
including the material heterogeneity based on the smeared crack ap-
proach. Melro et al. (2013) developed a constitutive damage model
for an epoxy matrix based on micromechanical analysis of polymer
composite materials. A continuum damage model for prediction of
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the onset and evolution of intralaminar failure mechanisms and the
collapse of structures manufactured in fibre-reinforced plastic laminates
was proposed by Maimí et al. (2007). Tan and Liu (2020) developed a
micromechanically motivated constitutive model to capture the matrix
shearing and fibre rotation of carbon fibre reinforced polymers (CFRPs)
deformation at different strain rates. Here, the carbon fibre composite
was homogenized, based on various inelastic slip systems identified
from the fibre architecture. Recently, Larsson et al. (2020) proposed
a micromechanical model for polymer composites under quasi-static
and high strain rates. In this model, fibres were considered to be a
transversely isotropic, linear elastic material and the matrix a pressure
sensitive isotropic viscoelastic–viscoplastic material. Computational ho-
mogenization was used to connect matrix and fibre constituents in
order to establish a model at the ply scale. The developed constitutive
model computes the nonlinear, strain rate dependent deformation of
polymer composites.

In addition to the strain-rate effects, material degradation due to
shear induced damage is an important failure mechanism in polymer
composites. Accompanied by significant inelastic deformations coupled
to degradation due to damage, this failure mechanism is quasi-brittle,
in particular for compressive off-axis loading. Continuum damage for-
mulations for composite systems have previously been adopted by
e.g. Ladeveze and LeDantec (1992) and Maimí et al. (2007); also
including fibre kinking theory, e.g. Gutkin et al. (2016), Costa et al.
(2017). To predict fibre kinking of UD composites under quasi-static
compressive loading, a model accounting for damage growth was de-
veloped by Larsson et al. (2018). For ductile failure, damage enhanced
formulations of ‘‘Lemaitre’’ type (Lemaitre, 1992) have been developed
based on continuum thermodynamics. The effective (or undamaged)
material response is governed by e.g. viscoplastic behaviour for shear
degradation, as described in Razanica et al. (2019) and Larsson et al.
(2015, 2020). In this context, much attention has been paid to mesh
objective damage models involving regularization mechanisms like rate
dependence and gradient damage, cf. the early work by Peerlings et al.
(1996), contributions to phase field damage modelling e.g. Miehe et al.
(2010b,a), Miehe (2011) including the review by Ambati et al. (2015).

In this contribution, the developments in Larsson et al. (2020) and
Razanica et al. (2019) are combined to formulate and implement a
damage enhanced continuum of Lemaitre type. Our aim is to capture
the quasi-brittle failure process of a UD composite at high strain rate
and under compressive loading. The effective material response is
described by the viscoelastic–viscoplastic constitutive model in Larsson
et al. (2020), where the damage/inelasticity coupling is described
in terms of a damage driving energy involving elastic and inelastic
contributions of the effective material response, cf. Larsson et al. (2015,
2020). In view of the application to crash events of the structural
response, the formulation (Larsson et al., 2020) is extended to nonlinear
kinematics. The model has been implemented as a VUMAT subroutine
in Abaqus/Explicit dynamic events. The proposed model predicts the
onset of intralaminar failure mechanisms such as fibre kinking and
matrix failure at different strain rates applied to off-axis UD composite
specimens under compressive loading.

2. Homogenized response of matrix–fibre composite

2.1. Approach

In this subsection we give the main steps to the homogenized
response of the matrix–fibre composite in context of nonlinear kine-
matics. To this end, consider an RVE 𝐵0

⊡ of the reference (undeformed)
onfiguration for the UD composite in Fig. 1. The matrix material is in
he region 𝐵0,m

⊡ and the fibre material is in the region 𝐵0,f
⊡ . Consider

the RVE subjected to the constant Lagrangian strain 𝑬̄ in 𝐵0
⊡ written

s

̄ = 1 (

𝑭̄ 𝑡 ⋅ 𝑭̄ − 𝟏
)

(1)
2

2 e
where 𝑭̄ is the macroscopic deformation gradient.
To describe the microscopic strain field 𝑬 locally in 𝐵0

⊡, it is
assumed that the strain consists of the constant (average) part 𝑬̄ and
an oscillating sub-scale portion 𝑬̃ = 𝑎𝑬̂ ∈ 𝐵0

⊡, where 𝑬̂ ∶= 𝑬̄ ∶ 𝑰 𝐸̄ .
Here, 𝑰 𝐸̄ is a fourth order operator defining the projection of the
macroscopic strain onto the sub-scale. Moreover, 𝑎 is a scalar field in
𝐵0
⊡ representing the local variation of the projected macroscopic strain

𝑬̂. The total Lagrange strain is thus

𝑬 = 𝑬̄ + 𝑬̃ ∈ 𝐵0
⊡ ⇒ 𝛿𝑬 =

(

𝑰 + 𝑎 𝑰 𝐸̄
)

∶ 𝛿𝑬̄ + (𝑬̄ ∶ 𝑰 𝐸̄ )𝛿𝑎 ∈ 𝐵0
⊡ (2)

The Hill–Mandel condition states that the homogenized virtual work
at the macroscopic level equals the virtual work done by the micro-
scopic strain and stress fields in the RVE domain. In view of (2), this
homogenization principle is formulated as

𝛿𝑬̄ ∶ 𝑺̄ = 𝛿𝑬̄ ∶ ⟨

(

𝑰 + 𝑎 𝑰 𝐸̄
)

∶ 𝑺⟩𝐵0
⊡
+ 𝑬̂ ∶ ⟨𝛿𝑎𝑺⟩𝐵0

⊡
∀𝛿𝑎 (3)

here the volume mean of 𝐵0
⊡ is defined through 𝑉⊡⟨∙⟩𝐵0

⊡
= ∫𝐵0

⊡
∙𝑑𝐵.

The Hill–Mandel relation in (3) yields the homogenized macroscopic
tress

̄ = ⟨

(

𝑰 + 𝑎 𝑰 𝐸̄
)

∶ 𝑺⟩𝐵0
⊡

(4)

orresponding to micromechanical equilibrium represented by the
eak form

̂ ∶ ⟨𝛿𝑎𝑺[𝑎]⟩𝐵0
⊡
= 0 ∀𝛿𝑎 (5)

We also consider the corresponding kinematic compatibility condi-
ion formulated as

𝛿𝑺 ∶
(

𝑎 𝑬̄ ∶ 𝑰 𝐸̄
)

⟩𝐵0
⊡
= 𝛿𝑺̄ ∶ ⟨𝑎 𝑬̄ ∶ 𝑰 𝐸̄⟩𝐵0

⊡
= 0 ⇔ ⟨𝑎⟩𝐵0

⊡
= 0 (6)

whereby (since 𝑬̄ is constant in the RVE) the local scalar field 𝑎 has a
vanishing mean in the RVE domain.

2.2. Matrix–fibre composite

Following Larsson et al. (2020), a simple but representative homog-
enized response of the composite is assumed from a piecewise constant
scalar field 𝑎 in 𝐵0

⊡ so that

𝑬̃ ∶= 𝑎 𝑬̂ (7)

where

𝑎 =

{

𝑎f 𝑿 ∈ 𝐵0,f
⊡

𝑎m 𝑿 ∈ 𝐵0,m
⊡

, 𝑺 =

{

𝑺f 𝑿 ∈ 𝐵0,f
⊡

𝑺m 𝑿 ∈ 𝐵0,m
⊡

(8)

The kinematic compatibility condition (6) yields the consequent
piece-wise constant 𝑎 scalar field as

∫𝐵0
⊡

𝑎 𝑑𝐵 = 𝑣m𝑎m + 𝑣f𝑎f = 0 ⇒ 𝑎f = −𝑣
m

𝑣f 𝑎
m (9)

Here 𝑣f = 𝑉 f
⊡∕𝑉⊡ is the volume fraction fibres and 𝑣m = 𝑉 m

⊡ ∕𝑉⊡ is the
olume fraction of matrix material. They have the relation 𝑣m + 𝑣f = 1.

The projected macroscopic strain 𝑬̂ is chosen to represent straining
olely transverse to the fibre direction. To this end, we make the
ollowing assumptions for the stress/strain state of the RVE in Fig. 1:

1. A constant strain is assumed in the fibre direction, i.e. fibres and
matrix locally experience uniform and equal strains.

2. A piecewise constant strain is assumed in shearing and trans-
verse to fibres, i.e. fibres and matrix locally experience uniform
and equal stresses (‘‘constant stress’’).

he first assumption is justified by virtue of strain compatibility during
xtension in the fibre direction, whereas the second assumption is an
bvious simplification to allow efficient homogenization. By virtue of

quilibrium transverse to fibres, assumption 2 is fully valid for a 2D
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Fig. 1. Representative volume element with volume 𝑉⊡ with a fibre region 𝐵0,f
⊡ ∈ 𝐵0

⊡ (who has the orientation tensor 𝑴 in material configuration) embedded into the polymer
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omposite with ‘fibres’ being slabs of uniform thickness. For compos-
tes with circular fibres micro-stresses are highly nonuniform during
hearing or transverse loading, but stresses in matrix and fibres will
e equal in an average sense. In the plastic range the stresses in shear
nd transverse loading will become increasingly uniform, whereas the
trains remain nonuniform.

The transverse strain 𝑬̂ is thus defined from the projection 𝑰̂ = 𝑰 𝐸̄
efined as

̂ ∶= (𝑬̄ ⋅ 𝟏̂)sym = 𝑰̂ ∶ 𝑬̄ with 𝑰̂ ∶= 1
2

(

𝟏⊗̄𝟏̂ + 𝟏̂⊗̄𝟏
)

(10)

where the dyadic product ⊗̄ is introduced to denote the representation
f a fourth order tensor structure 𝑨 = 𝒂⊗̄𝒃 in terms of the second
rder tensors 𝒂 and 𝒃. This structure is defined by (𝒂⊗̄𝒃) ∶ 𝒄 = 𝒂 ⋅
⋅ 𝒃𝑡. Evidently, 𝑬̂ is now the macroscopic strain projected onto the

ransverse direction of the fibres, governed the second order isotropy
lane identity 𝟏̂. This tensor is defined via 𝟏̂ ∶= 𝟏 − 𝑴 and 𝑴 is the
ibre orientation tensor in 𝐵0

⊡, as shown in Fig. 1.
With the assumption about piecewise constant fields, the microme-

hanical equilibrium problem (5) directly reduces to

𝑎m 𝑣m 𝑬̂ ∶
(

𝑺m − 𝑺f) = 0 (11)

orresponding the desired scalar fibre transverse stress continuity condi-
ion between the different phases of straight and misaligned fibres of
he RVE.

We also find that the homogenized (continuum) stress in (4) is
btained as

̄ = ⟨

(

𝑰 + 𝑎 𝑰̂
)

∶ 𝑺⟩𝐵0
⊡
= 𝑣m 𝑺m + 𝑣f 𝑺f + 𝑎m 𝑣m 𝑰̂ ∶

(

𝑺m − 𝑺f) (12)

epresenting a non-standard homogenization result for 𝑎m ≠ 0 due to
he presence of the macroscopic transverse strain 𝑬̂.

.3. Push-forward to spatial configuration

In order to the express the homogenized response in spatial form let
s consider the microscopic Lagrangian strain rate

̇ =
(

𝑰 + 𝑎 𝑰̂
)

∶ ̇̄𝑬 + 𝑰̂ ∶ 𝑬̄ 𝑎̇ (13)

nd the consequent work rate

∶ 𝑬̇ =
(

𝑺 + 𝑎 𝑺̂
)

∶ ̇̄𝑬 + 𝑺̂ ∶ 𝑬̄𝑎̇ (14)

Push forward is then conveniently obtained with respect to the
acroscopic deformation gradient as ̇̄𝑬 = 𝑭̄ 𝑡 ⋅ 𝒅̄ ⋅ 𝑭̄ , where 𝒅̄ is

he macroscopic rate of deformation tensor. The relation (14) is now
orked out as

∶ 𝑬̇ = (𝝉 + 𝑎 𝝉̂) ∶ 𝒅̄ + 𝝉̂ ∶ 1
2

(

𝟏 − 𝒃̄−1
)

𝑎̇ (15)

where the Kirchhoff stresses are 𝝉 = 𝑭̄ ⋅𝑺 ⋅𝑭̄ 𝑡, 𝝉̂ = 𝑭̄ ⋅𝑺̂ ⋅𝑭̄ 𝑡 and 𝒃̄ = 𝑭̄ ⋅𝑭̄ 𝑡

is the Finger tensor. Here, it may be noted that 𝝉̂ = 𝝉 ∶ 𝒊̂ where 𝒊̂ is the
spatial transverse projection operator

𝒊̂ = 1 (

𝟏⊗̄𝒊 + 𝒊⊗̄𝟏
)

with 𝒊 = 𝑭̄ −𝑡 ⋅ 𝟏̂ ⋅ 𝑭̄ 𝑡 (16)
3

2

In view of the sequel (3)–(6), the homogenization in spatial form
thus follows as

𝝉̄ = ⟨

(

𝑰 + 𝑎 𝒊̂
)

∶ 𝝉⟩𝐵0
⊡
= 𝑣m𝝉m + 𝑣f𝝉 f + 𝑎m𝑣m 𝒊̂ ∶

(

𝝉m − 𝝉 f) (17)

together with
(

𝝉m − 𝝉 f) ∶ 𝒆̂ = 0 with 𝒆̂ = 𝒊̂ ∶ 𝒆̄ and 𝒆̄ = 1
2

(

𝟏 − 𝒃̄−1
)

(18)

Here, 𝒆̂ is the projected Eulerian strain tensor 𝒆̄ onto the transverse fibre
direction.

3. Constitutive response of matrix and fibre constituents

This section summarizes key development steps to the homogenized
response of the composite constituents in Section 2 in the context of
nonlinear kinematics. A recent damage degrading model is applied to
quasi brittle failure of the polymer matrix, whereas the fibre response is
considered elastic. This development represents an extension of Larsson
et al. (2020), where the degraded response draws from a damage
enhanced effective matrix material model of Lemaitre type, (Larsson
et al., 2018; Razanica et al., 2019).

3.1. Viscoelasticity/viscoplasticity coupled to damage of the matrix

Consider the rheological model in Fig. 2 for the
viscoelasticity/viscoplasticity coupling in the polymer matrix. As shown
in Fig. 2, the model involves six parameters for the nonlinear
viscoelastic–viscoplastic response. The parameters are: the quasi-static
and dynamic shear moduli, 𝐺1, 𝐺0 (via 𝐺2), the relaxation times
𝑡2∗ and 𝑡∗ associated with the viscoelastic and viscoplastic response
nd 𝜎𝑡, 𝜎𝑐 defining the quasi-static yield stress of the polymer matrix
n tension and compression. It is assumed that the ‘‘elastic’’ shear
esponse of the polymer matrix material is viscoelastic combined with
viscoplastic deformation mechanism. This is described in terms of

‘static’’ shear modulus 𝐺1 and the dynamic shear stiffness 𝐺0 = 𝐺1+𝐺2,
epresenting the elastic response at very high loading rates (when the
iscoelastic damper has no time to develop viscous deformation). As
o viscoplasticity, the damper starts to develop inelastic deformation
s soon as the slider start to open as defined in terms of a over stress
unction, cf. the developments below. In addition, damage evolution
s described in terms of both elastic and inelastic deformations. The
tresses for initiation of viscoplastic deformation are given by 𝜎𝑐 in
ompression and 𝜎𝑡 in tension.

.1.1. Kinematics
The kinematics of the model is first established. To this end, con-

ider particles with position 𝑿 in the reference configuration 𝐵0,m
⊡ , in

motion with the nonlinear deformation 𝝋[𝑿, 𝑡] from 𝑿 to positions
𝒙 ∈ 𝐵m

⊡ in the current configuration. The deformation gradient is
𝑭 = 𝜕𝝋∕𝜕𝑿 and 𝐽 = det[𝑭 ] is the volumetric deformation measure. Let
us also consider the deformation gradient subdivided into (reversible)
elastic components 𝑭 e1 and 𝑭 e2 related to the first and second elastic
spring in Fig. 2, respectively. The total deformation gradient 𝑭 is thus
ormed differently depending on the elastic deformation in the springs
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Fig. 2. Rheologcial model for viscoelastic–viscoplastic response of the polymer matrix of the composite. The rheology consists of a viscoelastic 3 parameter response combined
with a viscoplastic deformation mechanism.
in terms of the viscous part 𝑭 𝑣 and the viscoplastic part 𝑭 𝑝. The total
deformation gradient thus formed multiplicatively as

𝑭 = 𝑭 e1 ⋅ 𝑭 𝑝 = 𝑭 e2 ⋅ 𝑭 𝑣 ⋅ 𝑭 𝑝 with 𝑭 e1 = 𝑭 e2 ⋅ 𝑭 𝑣 (19)

Due to the multiplicative split, an additive decomposition of the
spatial velocity gradient 𝒍 = 𝑭̇ ⋅ 𝑭 −1 is obtained in elastic and inelastic
portions as

𝒍 = 𝒍e1 + 𝒍𝑝 = 𝒍e2 + 𝒍𝑣 + 𝒍𝑝 with 𝒍e1 = (𝑭̇ e1 ⋅ 𝑭 −1
e1 )

sym , 𝒍e2 = (𝑭̇ e2 ⋅ 𝑭 −1
e2 )

sym

(20)

where

𝒍𝑝 = 𝑭 e1 ⋅𝑳𝑝 ⋅ 𝑭 −1
e1 with 𝑳𝑝 = 𝑭̇ 𝑝 ⋅ 𝑭 −1

𝑝 (21a)

𝒍𝑣 = 𝑭 e2 ⋅𝑳𝑣 ⋅ 𝑭 −1
e2 with 𝑳𝑣 = 𝑭̇ 𝑣 ⋅ 𝑭 −1

𝑣 (21b)

where 𝒍𝑣 is the viscous velocity gradient (used to represent the vis-
coelasticity) and the viscoplastic velocity gradient is 𝒍𝑝. Thereby, the re-
lation for the spatial inelastic evolution to the material time derivative
is given by

𝑭̇ 𝑝 = 𝑭 −1
e1 ⋅ 𝒍𝑝 ⋅ 𝑭 and 𝑭̇ 𝑣 = 𝑭 −1

e2 ⋅ 𝒍𝑣 ⋅ 𝑭 e1 (22)

We also note that 𝒍e2 = 𝒍e1 − 𝒍𝑣.
In order to model the matrix material we consider the stored free

energy 𝜓m related to the volume of matrix material in the RVE. This is
defined in the contributions

𝜓m = 𝑓 [𝛼]
(

𝜓̂m
1,𝑖𝑠𝑜 + 𝜓̂

m
2,𝑖𝑠𝑜

)

+ 𝜓m
𝑣𝑜𝑙 (23)

representing the deviatoric (or shape distortion) energy, the volume
change energy and the micro hardening of the matrix material. The
intrinsic stored free energies for the matrix material are explicitly
defined as

𝜓̂m
1,𝑖𝑠𝑜 =

1
2
𝐺1

(

𝐽
− 2

3
e1 𝟏 ∶ 𝒃e1 − 3

)

,

𝜓̂m
2,𝑖𝑠𝑜 =

1
2
𝐺2

(

𝐽
− 2

3
e2 𝟏 ∶ 𝒃e2 − 3

)

, 𝜓m
𝑣𝑜𝑙 =

1
2
𝐾 log2[𝐽 ]

(24)

where 𝐺1 and 𝐺2 are shear moduli of the viscous shear response,
whereas 𝐾 is the bulk modulus of the matrix material. Moreover, we
have generically the elastic spatial deformation tensor 𝒃e = 𝑭 𝑒 ⋅𝑭 𝑡

𝑒 and
he volumetric deformation is 𝐽 = det 𝑭 . Note that the ‘‘shear’’ response
s taken in terms of the isochoric (volume preserving) deformation. The
amage variable 0 ≤ 𝛼 ≤ 1 is assumed to degrade shear response
f the polymer matrix via the degradation function 𝑓 [𝛼]. Here it is

noted that the damage field 𝛼[𝑿] ∈ 𝐵0, where 𝐵0 is the region of the
solid as discussed in Section 4. Hence, it is assumed that the damage
degradation function degrades only the matrix so that 𝑓 [0] = 1 for the
virgin polymer and 𝑓 [1] = 𝑟 ≈ 0 for the fully damaged polymer with

𝑓 [𝛼] = (1 − 𝛼)2 + 𝑟 (25)
4

whereby 𝑓 ′[𝛼] < 0 for 0 ≤ 𝛼 ≤ 1. Here, we remark that compressive
fibre fracture in the composite typically occurs at a late stage in the
failure scenario, controlled by matrix degradation. Thus, compression
along the fibres causes severe softening due to localized fibre rota-
tion (‘‘kinking’’) enforced by the micro-mechanical equilibrium (11)
combined with yielding and damage in the matrix.

From the basic postulate that the mechanical dissipation rate m ≥
0 we find that
m ∶=𝝉m ∶ 𝒅 − 𝜓̇m =

𝝉m ∶ 𝒅 − 2𝑓 [𝛼]

(

𝒃e1 ⋅
𝜕𝜓̂m

1,𝑖𝑠𝑜

𝜕𝒃e1
+ 𝒃e2 ⋅

𝜕𝜓̂m
2,𝑖𝑠𝑜

𝜕𝒃e2

)

∶ 𝒅e1+

𝑓 [𝛼]2𝒃e2 ⋅
𝜕𝜓̂m

2,𝑖𝑠𝑜

𝜕𝒃e2
∶ 𝒅𝑣 −

𝜕𝜓m
𝑣𝑜𝑙
𝜕𝐽

𝐽̇ − 𝑓 ′[𝛼]
(

𝜓̂m
1,𝑖𝑠𝑜 + 𝜓̂

m
2,𝑖𝑠𝑜

)

𝛼̇ =

𝑓 [𝛼]𝑤̂𝑝 +𝛼̇ ≥ 0

(26)

where e.g. 𝒅 = 𝒍sym is the rate of deformation tensor. Here

𝑤̂𝑝 ∶= 𝝉̂m
𝑖𝑠𝑜 ∶ 𝒅𝑝 + 𝝉̂m

2,𝑖𝑠𝑜 ∶ 𝒅𝑣 and  = −𝑓 ′[𝛼]
(

𝜓̂m
1,𝑖𝑠𝑜 + 𝜓̂

m
2,𝑖𝑠𝑜

)

(27)

where 𝑤̂𝑝 is the plastic work rate and  is the elastic damage driving
energy.

From (26) with zero elastic dissipation rate, we obtain the consti-
tutive state equations for the total Kirchhoff stress of the matrix as

𝝉m = 𝑓 [𝛼]𝝉̂m
𝑖𝑠𝑜 + 𝜏

m
𝑚 𝟏 with 𝝉̂m

𝑖𝑠𝑜 = 𝝉̂m
1,𝑖𝑠𝑜 + 𝝉̂m

2,𝑖𝑠𝑜 (28)

where

𝝉̂m
1,𝑖𝑠𝑜 = 2𝒃e1 ⋅

𝜕𝜓̂m
1,𝑖𝑠𝑜

𝜕𝒃e1
= 𝐺1𝐽

− 2
3

e1
(

𝒃e1
)

𝑑 (29a)

𝝉̂m
2,𝑖𝑠𝑜 = 2𝒃e2 ⋅

𝜕𝜓̂m
2,𝑖𝑠𝑜

𝜕𝒃e2
= 𝐺2𝐽

− 2
3

e2
(

𝒃e2
)

𝑑 (29b)

𝜏m
𝑚 = 𝐽

𝜕𝜓m
𝑣𝑜𝑙
𝜕𝐽

= 𝐾 log[𝐽 ] (29c)

3.1.2. Evolution rules
As the main prototype, we consider with respect to the matrix shear

behaviour viscoplastic/viscoelastic evolution rules defined as

𝒅𝑝 = 𝜆
𝜕𝜙∗

𝜕𝝉̂m
𝑖𝑠𝑜

= 𝜆𝒇 with 𝒇 = 3
2
𝝉̂m
𝑖𝑠𝑜
𝜏m
𝑒

(30a)

𝒅𝑣 =
1

2𝐺2𝑡2∗
𝝉̂m
2,𝑖𝑠𝑜 (30b)

where the yield and plastic functions 𝜙 and 𝜙∗ are defined as

𝜙 = 𝜏m
𝑒 −

(

𝜎𝑦 + 𝛾𝑝
)

, 𝜙∗ = 𝜏m
𝑒 − 𝜎𝑦 with 𝜏m

𝑒 =
√

3
2
|𝝉̂m
𝑖𝑠𝑜| and 𝑝 = −𝜏m

𝑚

(31)

Here, 𝜏m
𝑒 is the effective von Mises stress, 𝛾 is the friction parameter

in the yield function, 𝑡 is the relaxation time parameter of the elastic
2∗
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viscous damper and 𝜆 is the viscoplastic multiplier obeys the Bingham
model

𝜆 = 1
𝑡∗
𝜂[𝜙] ≥ 0 with 𝜂[𝜙] ∶=

⟨𝜏m
𝑒 −

(

𝑐𝑦 + 𝛾𝑝
)

⟩

3𝐺0
(32)

where 𝑡∗ is the viscoplastic relaxation time and 𝜂 is the Bingham
overstress function.

3.1.3. Damage driving energy
For ductile failure processes the damage driving energy is shown

to consist of elastically stored free energy and inelastic contribu-
tions of the effective (undamaged) material (Razanica et al., 2019).
In the present paper we follow the same idea to describe quasi-
brittle failure for the polymer matrix, where both elastic and in-
elastic, in particular viscoplastic, mechanisms are contributing. The
damage/elasticity/inelasticity coupling is obtained by reformulating
the dissipation rate m in (26) in the total dissipation. In view of (26),
this is defined in terms for the total (integrated) effective plastic work
𝑊̂ 𝑝 = ∫ 𝑡0 𝑤̂

𝑝𝑑𝑡 as

m
T ∶= ∫

𝑡

0
m𝑑𝑡 = 𝑓 [𝛼]𝑊̂ 𝑝 + ∫

𝛼

0
T𝑑𝛼 ≥ 0 (33)

where T is the damage driving energy

T =  +  with  = −𝑓 [𝛼](𝜓̂m
1,iso + 𝜓̂m

2,iso) and  = −𝑓 [𝛼]𝑊̂ p (34)

Here, T consists of elastic and inelastic contributions  and ,
respectively. The elastic stored free energy contribution  initiates in-
stantaneously as shown by Eq. (34), whereas the inelastic contribution
 initiates as viscoplasticity commences. It is thus assumed that the
elastic stored energy due the quasi-static and dynamic shear mecha-
nisms and the corresponding inelastic work of the effective material
are to be dissipated during the damage evolution process.

3.2. Transverse hyperelastic fibre response

A transversely isotropic hyperelastic fibre response is assumed as
a direct extension of the geometrically linear elastic material model
in Larsson et al. (2018) to the geometrically nonlinear regime. Hence,
the total elastic response is obtained from the stored free energy 𝜓 f in
the four strain energy portions

𝜓 f = 𝜓 f
𝑑 + 𝜓

f
𝑣𝑜𝑙 + 𝜓

f
𝑠 + 𝜓

f
𝑎 (35)

where the deviatoric (or shape distortion) energy and the volume
change energy are represented by the 𝜓 f

𝑑 and 𝜓 f
𝑣𝑜𝑙, respectively, for

the fibre material. These stored energies are formulated in terms of
invariants of the Lagrange strain 𝑬 and its deviatoric portion 𝑬d
defined as

𝜓 f
𝑑 = 1

2
2𝐺f

𝑑𝑬d ∶ 𝑬d , 𝜓 f
𝑣𝑜𝑙 =

1
2
𝐾 f(𝟏 ∶ 𝑬)2 (36)

where the shear modulus 𝐺f
𝑑 and the bulk modulus 𝐾 f of the fibre.

The anisotropic part of the stored free fibre energy consists of the
longitudinal fibre shear 𝜓 f

𝑠 and the axial fibre action 𝜓 f
𝑎 written as

𝜓 f
𝑠 =

1
2
𝐺f
𝑠𝛾

2 , 𝜓 f
𝑎 =

1
2
𝐸f (1 + 𝜈f)𝐸2 with 𝐸 =

(

1 − 2𝜈f)𝐸𝑎 + 𝜈f𝐸𝑣𝑜𝑙
(

1 − 2𝜈f) (1 + 𝜈f)

(37)

where 𝜸 is the longitudinal fibre shear, and 𝐸 is the uniaxial fibre
strain, related to the (kinematic) axial fibre strain 𝐸𝑎 = 𝑴 ∶ 𝑬 via
the uniaxial fibre response and the volumetric strain 𝐸𝑣𝑜𝑙 = 𝟏 ∶ 𝑬,
cf. Larsson et al. (2018). Here, 𝑴 = 𝑵 ⊗𝑵 is the structural tensor of
the fibre orientation. It appears that the fibre shear 𝛾 is related to the
fibre orientation via 𝛾2 = 2𝑬s ∶ 𝑬s, where 𝑬s is the fibre shear strain
tensor

𝑬 = 1 (𝑬 ⋅𝑴 +𝑴 ⋅ 𝑬) − (𝑴 ∶ 𝑬)𝑴 (38)
5

s 2 d
Moreover, in (37) 𝐺f
𝑠 is the longitudinal fibre shear modulus, 𝐸f is the

longitudinal fibre modulus of elasticity, and 𝜈f is Poisson’s ratio of the
multiaxial response of the fibre in its longitudinal direction, (Larsson
et al., 2018).

Hyperelastic response of fibre material means that the 2nd Piola
Kirchhoff stress is

𝑺 =
𝜕𝜓 f

𝜕𝑬
= 𝑺f

𝑑 + 𝑆
f
𝑚𝟏 + 𝑺f

𝑠 + 𝑆
f
𝑎𝑴 (39)

here the individual stress contributions are

f
𝑑 =

𝜕𝜓 f
𝑑

𝜕𝑬𝑑
= 2𝐺f

𝑑 𝑬𝑑 (40a)

𝑺f
𝑠 =

𝜕𝜓 f
𝑠

𝜕𝝐𝑠
= 2𝐺f

𝑠 𝑬𝑠 (40b)

𝑆f
𝑚 = 𝐾 f𝐸𝑣𝑜𝑙 +

𝜈f

1 − 2𝜈f𝐸
f 𝐸𝑎 (40c)

𝑆f
𝑎 =

1
1 + 𝜈f

𝜕𝜓 f
𝑎

𝜕𝜖
= 𝐸f 𝐸𝑎 (40d)

Push forward to spatial coordinates is known in terms of the trans-
formation involved in (15), which yields the Kirchhoff stress as 𝝉 f =
𝑭̄ ⋅𝑺f ⋅ 𝑭̄ 𝑡. This gives the total Kirchhoff stress as 𝝉 f = 𝝉 f

𝑑 + 𝝉 f
𝑚 + 𝝉 f

𝑠 + 𝝉 f
𝑎

where

𝝉 f
𝑑 = 𝑭̄ ⋅ 𝑺f

𝑑 ⋅ 𝑭̄
𝑡 (41a)

𝝉 f
𝑚 = 𝑆f

𝑚 𝒃̄ (41b)

𝝉 f
𝑠 = 𝑭̄ ⋅ 𝑺f

𝑠 ⋅ 𝑭̄
𝑡 (41c)

𝝉 f
𝑎 = 𝑆f

𝑎 𝑭̄ ⋅𝑴 ⋅ 𝑭̄ 𝑡 = 𝑆f
𝑎𝒎 (41d)

Here, 𝒎 = 𝒏 ⊗ 𝒏 is the spatial fibre structural tensor where the fibre
orientation transforms with the deformation gradient as 𝒏 = 𝑭̄ ⋅𝑵 , cf.
Fig. 3.

4. Rate dependent damage evolution

This section describes damage degradation of the material to predict
the onset and evolution of global failure of the fibre reinforced solid.
Thereby, the damage field 𝛼[𝑿] ∈ 𝐵0 acts on the macroscale and
egrades the polymer locally in 𝐵0,m

⊡ of the microstructure at each
aterial point 𝑿 of the solid, as discussed in Section 3.1. The damage

ield is generally both diffusive and localized in character, where the
ocalization of the damage in a localized band of finite width is high-
ighted in Fig. 4. A diffuse fracture area is obtained by considering the
racture surface smeared out across the internal length 𝑙𝑐 . The smearing
s assumed to depend on the damage variable itself and its rate 𝛼̇
for damage nucleation) through the global fracture area functional l
efined as

l = ∫𝐵0

𝛾𝑑𝐵 with 𝛾 = ∫

𝛼

0

(

𝛼
𝑙𝑐

+ 𝛼̇
𝑣∗

)

𝑑𝛼 (42)

where 𝛾 is the fracture area density per unit internal length of the
fracture surface. Evidently, the fracture area density takes on values
based on damage state 𝛼 and the rate of damage 𝛼̇. The internal length
parameter 𝑙𝑐 describes the diffusive character of the fracture area, and
𝑣∗ is the fracture area progression speed parameter, controlling the
amage evolution rate 𝛼̇. The internal length thus controls the width

of the damage localization zone, interpreted as the width of the matrix
shear failure zone. In the damage zone the rate of change of the fracture
area is

𝛾̇ = 1
𝑙𝑐
𝛼𝛼̇ + 1

𝑣∗
𝛼̇2 ≥ 0 (43)

To complete the damage evolution model, we establish the balance
etween produced dissipation rate due to fracture surface area pro-
uction  𝛾̇ (where  is the fracture energy) and supplied continuum
c c
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Fig. 3. Fibres in material and spatial configurations, with fibre orientation 𝑵 ∈ 𝐵0,f
⊡ and induced spatial orientation 𝒏 ∈ 𝐵f

⊡.
Fig. 4. A damage degrading solid in reference configuration 𝐵0 with a diffusive
ocalized distribution of the damage field in terms of isolevels for 𝛼 in the progression

zone. As indicated, damage progression 𝛼̇ > 0 occurs at the tip of the localization zone.

amage dissipation rate T𝛼̇ due to damage driving energy. This
alance relationship is thus formulated as

c𝛾̇ = T𝛼̇ ⇒
1
𝑙𝑐

c
𝑣∗

(

𝑣∗𝛼 + 𝑙𝑐 𝛼̇
)

𝛼̇ = T𝛼̇ (44)

here T is the total damage driving energy from (34). To ensure
he key condition that 𝛼̇ ≥ 0, a dynamic damage loading function is
ntroduced defined as

𝛼 = T −
c
𝑙𝑐𝑣∗

(

𝑣∗𝛼 + 𝑙𝑐 𝛼̇
)

(45)

subjected to the damage loading conditions

𝜙𝛼 ≤ 0 , 𝛼̇ ≥ 0 , 𝜙𝛼 𝛼̇ = 0 (46)

Respecting these damage loading conditions, we immediately obtain
the damage evolution as the Bingham type damage evolution law

𝑙𝑐 𝛼̇ = 𝑣∗⟨𝛼s[𝛼] − 𝛼⟩ with 𝛼s =
T[𝛼]𝑙𝑐

c
(47)

where 𝛼s represents the static damage (corresponding to 𝑣∗ → ∞) due
to elastic and inelastic deformation. In the modelling of the fracture
surface propagation, the progression speed parameter 𝑣∗ controls the
damage progression 𝛼̇. We choose 𝑣∗ large enough to represent the
proper static fracture area progression and small enough to achieve sta-
ble numerical solution and mesh objectivity for a reasonable time step
size. However, in practice it suffices to choose 𝑣∗ significantly larger
than the applied displacement rate, cf. the discussion in Section 5.2.
6

5. Model validation for a UD composite in compression

The model is validated by comparing the finite element predictions
with published experimentally measured stress–strain responses of a
UD polymer composite subjected to quasi-static and dynamic off-axis
compressive loading.

5.1. Numerical implementation

The proposed rate dependent damage model is implemented in the
finite element code Abaqus/Explicit to simulate off-axis compression
tests performed by Koerber et al. (2010) on the UD composite through
the user defined material subroutine VUMAT. The type of element used
is the 8-node brick, C3D8R, with reduced integration and enhanced
hourglass control. The mesh was based on equally sized hexahedral
solid elements with a uniform edge length of 0.4 mm. Moreover,
for computational efficiency hypo-inelasticity was considered in the
implementation of the polymer matrix, although the viscous model
response is formally phrased in the hyper-inelastic framework in Sec-
tion 3.1. This assumption works well for ‘‘small’’ elastic deformations
as discussed in Ljustina et al. (2012). Hypoelastic–inelastic response is
then postulated in rate form of the effective Kirchhoff stresses as

□
𝝉̂m ∶= 𝑬𝑒 ∶

(

𝒅 − 𝒅𝑝
)

− 2𝐺2𝒅𝑣 with 𝑬𝑒 = 2𝐺0𝑰
sym
𝑑 +𝐾𝟏⊗ 𝟏 (48a)

□
𝝉̂m
2,𝑖𝑠𝑜 ∶= 2𝐺2𝑰

sym
𝑑 ∶

(

𝒅 − 𝒅𝑝 − 𝒅𝑣
)

(48b)

where e.g.
□
𝝉̂m is the Oldroyd rate of the effective stress and 𝑰 sym

𝑑 is
the symmetric fourth order deviatoric projection tensor. The backward
Euler method is then used to integrate the viscoelastic–viscoplastic
response, whereby the Cauchy stress update is conveniently obtained
from the radial return mapping algorithm developed in Larsson et al.
(2020). A Newton–Raphson procedure is used to solve for the local
strain fluctuation variable 𝑎 ∶= 𝑎𝑚 by considering the micromechanical
equilibrium problem (11). The main steps to obtain the homogenized

stress at the integration point level are described in box:
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Start Given the macroscopic displacement and velocity fields 𝒖̄[𝑿]
and 𝒗̄[𝑿], the displacement and velocity gradients are {𝑯̄ =
𝒖̄ ⊗ ∇𝑋 , ̇̄𝑯 = 𝒗̄ ⊗ ∇𝑋}. The corresponding deformation
gradients and Jacobian are {𝑭̄ = 𝟏 + 𝑯̄ , ̇̄𝑭 = ̇̄𝑯} and
𝐽 = det[𝑭̄ ]. From this, the kinematic Lagrange strain and rate
deformation tensor are established as

𝑬̄ = 1
2
(𝑭̄ 𝑡 ⋅ 𝑭̄ − 𝟏) , 𝒅̄ = (𝒗̄⊗ ∇)sym = ( ̇̄𝑭 ⋅ 𝑭̄ −1)sym

The matrix and fibre strain enhancements are

𝑬̂𝑚 ∶= 𝑬̂ =
(

𝑬̄ ⋅ 𝟏̂
)sym

, 𝑬̂𝑓 = −1 − 𝑣𝑓

𝑣𝑓
𝑬̂

For all Newton iterations

Matrix : the local Lagrange strain is 𝑬 = 𝑬̄ + 𝑎 𝑬̂. Its material time
derivative yields the local rate of deformation as

𝑬̇ = 𝑭̄ 𝑡 ⋅ 𝒅 ⋅ 𝑭̄ ⇝ 𝒅 = 𝒅̄ + 𝑎
(

𝒅̄ ⋅ 𝒊
)sym + (𝑭̄ −𝑡 ⋅ 𝑬̂ ⋅ 𝑭̄ −1) 𝑎̇

Given the local rate of deformation 𝒅, time step and internal
variables, compute/integrate the Kirchhoff stress 𝝉𝑚 from the
flow rules in subsection 3.1.2, the damage evolution (47) and
(48). Pullback transformation yields the 2nd Piola–Kirchhoff
stress from 𝑺𝑚 = 𝑭̄ −1 ⋅ 𝝉𝑚 ⋅ 𝑭̄ −𝑡.

Fibre : define the local Lagrange strain and compute the 2nd
Piola–Kirchhoff stress from subsection 3.2 as

𝑬 = 𝑬̄ − 𝑎 1 − 𝑣
𝑓

𝑣𝑓
𝑬̂ ⇝ 𝑺𝑓 = 𝑺𝑓 [𝑬]

Local stress equilibrium : establish 𝑔[𝑎] = (𝑺𝑚 − 𝑺𝑓 ) ∶ 𝑬̂ ≃ 0
and check convergence, 𝑔 < 𝜖tol; if needed, update iterative
improvement

𝑎 = 𝑎 −
𝑔

𝑔′[𝑎]

End

Homogenized stress : Push forward transformation yields

𝝉̄ = 𝑭̄ ⋅ (𝑣m𝑺m + 𝑣f𝑺f + 𝑎 𝑣m𝟏̂ ∶ (𝑺m − 𝑺f)) ⋅ 𝑭̄ 𝑡

.2. Material selection and properties

The developed model is tested on different numerical simulations
or the chosen geometry and material in order to demonstrate capa-
ilities of the proposed damage model. The experimental data used
as obtained by Koerber et al. (2010) to study the influence of strain

ates on the behaviour of the UD carbon/epoxy off-axis specimen for
ompression loading. The material consists of an IM7/8552 carbon
ibre reinforced epoxy system. The off-axis test specimens consist of 32
lies and have the nominal dimension of 20×10×4 mm3. To assess the
odel behaviour, a compression test under quasi-static and dynamic

oading is used. The test specimen with the off-axis angle 𝜃 is shown
n Fig. 5. The fibre orientation vector is thus 𝑵 = {cos 𝜃, sin 𝜃, 0}. The
ompressive tests are carried out by applying the prescribed velocity
on the right boundary, corresponding to the quasi-static and high

train rates in Table 1. The plate is free to move in the horizontal
irection at the left surface except for the fully constrained midpoint
s shown in Fig. 5. Horizontal motion is allowed for all nodes on the
ight surface. Material parameters of the constituents involved in the
icromechanical model are presented in Table 2 and 3. The elastic

ibre properties used in the simulations are shown in Table 2. The
ongitudinal modulus is according to the manufacturer’s data (Hexcel
orporation. Stamford, 2020b), and the rest of the fibre properties are
stimated based on typical values seen for HS and IM carbon fibres. In

f

7

ddition the fibre volume fraction is 𝑣 = 57%, cf. also Table 3. The
Fig. 5. Specimen geometry for IM7-8552 unidirectional composite laminates of differ-
ent off-axis angle subjected to compressive loading through the prescribed horizontal
velocity 𝑣 at the right edge.

adopted properties for elastic isotropy of the epoxy 8552 resin (shown
in Table 3) were stated in Hexcel Corporation. Stamford (2020a).

5.3. Model parameters and calibration

In this section, the main steps of the model parameter calibration
are summarized. The identified model parameters are shown in Table 4.
As to the viscoelastic and viscoplastic model parameters, the systematic
calibration of the simulated and experimental uniaxial compressive
tests has been explained in Larsson et al. (2020). In addition to the six
parameters in Section 3.1, three more parameters are needed to model
damage and damage evolution to describe the intralaminar failure
process of the polymer. These parameters are: the internal length, 𝑙𝑐 ,
the fracture area progression velocity 𝑣∗ and the fracture energy for
the polymer matrix c. Therefore, in total nine parameters are needed
to capture the nonlinear response of the UD composite in compression
under quasi-static and dynamic loading cases.

Some parameters are known from the literature and the estimates
(Larsson et al., 2020) are given in Table 3 and the values of 𝐺1, 𝜎𝑡
and 𝜎𝑐 in Table 4. The estimated value of c for 8552 epoxy is 1
N/mm, close to 0.68 N/mm stated by the manufacturer. The damage
parameter 𝑙𝑐 is estimated based on the order of the distance between
the fibres in UD composites, i.e. ca. 0.005 mm. Furthermore 𝑣∗ should
be higher than the applied loading rate i.e. 𝑣∗ > 𝑣 to properly capture
the damage localization in finite element simulation (Razanica et al.,
2019). From a set trials with different 𝑣∗-values, Table 1 was arrived at
without compromising the overall behaviour of the specimen while at
the same time preserving stable responses. For the calibration, a least
square method is used to find out the best possible fit for the 45◦ off-axis
test specimen of IM7/8552 in quasi-static and dynamic compression.
The loading rates considered are: 4 × 10−4/s in the quasi-static case
and 321/s in the dynamic case. The calibration is carried out for a
uniaxial test at the material point level, as in Larsson et al. (2020) using
a MATLAB/FORTRAN implementation. The calibrated response for the
45◦ off-axis case is shown in Fig. 6, corresponding to the (calibrated)
parameters in Table 4. Experiments and model responses in Fig. 6 are
shown by dashed and solid lines, whereas quasi-static and dynamic
responses are the blue and red coloured solid curves. Damage growth

predicted by the model is shown by ‘‘semi-solid’’ (dash–dotted) lines.
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Table 1
Considered applied loading rates and consequent (homogeneous) compressive strain rates for the fibre off-axis specimens. The
chosen loading is in-line with the experimental strain rates in (Koerber et al., 2018, 2010).
Fibre angle 𝜃 Strain rates in compression [/s] Loading rate 𝑣 [mm/s] Estimated

Quasi-static Dynamic Quasi-static Dynamic 𝑣∗ [mm/s]

15◦ 4 × 10−4 122 8 × 10−3 2440 2500
45◦ 4 × 10−4 321 8 × 10−3 6420 6500
90◦ 4 × 10−4 276 8 × 10−3 5520 5700
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able 2
aterial parameters for the carbon fibre.
𝐸f
𝐿 𝐸f

𝑇 𝐺f
𝐿𝑇 𝐺f

𝑇𝑇 𝐾 f
𝑣𝑜𝑙 𝜈f

𝐿𝑇 𝜈f
𝑇𝑇 𝑣f

GPa GPa GPa GPa GPa – – %

276 27 30 9.0 24.6 0.25 0.5 57

Table 3
Material parameters for the epoxy at quasi-static loading.
𝐸m 𝜈m 𝐺1 = 𝐺m 𝐾m

GPa – GPa GPa

4.67 0.37 1.70 5.98

ig. 6. Uniaxial compressive stress–strain response at the material point level after
alibration of the material parameters based on Koerber et al. (2010). The onset of
iscoplastic response is indicated by star markers in quasi-static and dynamic loading.
For interpretation of the references to colour in this figure legend, the reader is referred
o the web version of this article.)

.4. Validation

This subsection focuses on the validation of the developed
iscoelastic–viscoplastic constitutive model coupled to continuum dam-
ge to simulate intralaminar failure of a UD ply. The model predictions
re compared with the experimental response of a IM7/8552 carbon–
poxy off-axis composite specimen in compression at different strain
ates (Koerber et al., 2010). The model parameters and test setup are
hown in Table 3 and Fig. 5. The simulations apply to compressive
ests of UD plies with the off-axis angles: 15◦, 45◦ and 90◦. For the 90◦

ransverse loading case the total thickness (4 mm) of the specimen was
odelled, i.e. the mid-plane symmetry in Fig. 5 was disregarded as

hown in Fig. 9(g). It should be noted that fibres rotate anticlockwise,
ffine with the macroscopic deformation from (41d) and Fig. 3. The
8

v

ibre rotation angle 𝛽 is computed from cos 𝛽 = 𝑵 ⋅ 𝒏∕|𝒏|. Fig. 7 shows
comparison between the experimental stress–strain response and the

orresponding predicted response for the 15◦ compression test. The
uasi-static and dynamic strain rates are shown in Table 1. In order
o represent the reported strain measure of the experiment, the stress–
train curves are based on the average strain in a central 3 × 3 mm
egion for the quasi-static case and a 6 × 6 mm region for the dynamic
ase. This procedure is also used for the rest of the studied off-axis
oading cases. The onset of softening along the stress–strain curves of
E simulation is indicated by star markers in Fig. 7(a). The experiments
or the 15◦ compression tests initially show a softer response followed
y a higher stress than the model response, which was also observed
t the corresponding validation in Larsson et al. (2020). Also note that
nloading, due to strain localization emanating from the edges of the
pecimen, cf. Fig. 7(e), occurs in the centre for dynamic loading, corre-
ponding to the snap-back behaviour in Fig. 7(a). Localized shear bands
ere observed in the 15◦ off-axis compression tests at quasi-static and
ynamic strain rate. This is a typical longitudinal compressive failure
esponse of unidirectional CFRPs, initiated by the rotation and buckling
f misaligned fibres. The predicted and experimentally observed fibre
otation under quasi-static loading are shown in Figs. 7(b)–7(c). For
he dynamic loading case in Figs. 7(d)–7(e) the longitudinal strains
re considered. There is a good agreement between the experiment
nd the FE-model for both the kink band formation and magnitudes
f the fibre rotations/strains. Fig. 8 shows the experimental behaviour
or the 45◦ off-axis test as compared to the FE simulation using the
alibrated parameters from Section 5.3. It is observed that the back
alculated (quasi-static and dynamic) stress–strain responses of the
pecimen based on the FE-simulation agree well with the experimental
ecording in Fig. 8(a). On the other hand, the material parameters were
alibrated at the material point level for this off-axis loading. As to the
ailure modes, repeated shear bands ca 45◦ from the loading direction
re observed, for both the quasi-static and the dynamic loading cases
n Figs. 8(b)–8(e). Since fibres offer little resistance to the applied
oading in this case, the failure modes are dominated by pure shear
ailure of the matrix. There is good qualitative correlation between
xperimental and simulation results in Fig. 8. For the 90◦ off-axis test
corresponding to transverse compression) in Fig. 9, the FE-based stress
train response agrees well for the dynamic loading, whereas a too
tiff response is obtained for the quasi-static case, cf. Fig. 9(a). In this,
ase no unloading occurs in the dynamic loading. Diffuse transverse
n-plane behaviour is observed for both strain rates, cf. Figs. 9(b)–9(e),
hereas 45◦ out-of-plane shear bands were observed in the x–z plane,

f. Figs. 9(f)–9(g). Under quasi-static loading the fracture is relatively
ocalized, while there are much more cracks in the samples subjected
o dynamic loading as shown in Fig. 9.

. Conclusions

In the present paper we have proposed a rate dependent continuum
amage model coupled to a viscoelastic–viscoplastic matrix model. This
evelopment is an extension of our previous material model (Larsson
t al., 2020) based on micromechanics to include quasi-brittle failure
f the UD-composite through continuum damage at finite deforma-
ion. To capture the failure mechanisms of unidirectional composites
nder finite deformation and at different strain rates, the viscoelastic–
iscoplastic matrix is degraded based on a rate dependent damage
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Table 4
Model parameters for neat epoxy matrix material. The damage progression velocity parameter 𝑣∗ is not fixed
in all simulations as indicated by the ∙ marker.
Calibrated Estimated

𝐺2 𝑡2∗ 𝑡∗ 𝜎𝑡 𝜎𝑐 c 𝑙𝑐 𝑣∗

Pa s s MPa MPa N/mm mm mm/s

5.07 8.9 × 10−7 2.6 × 10−4 121 180 1 0.005 6500∙
Fig. 7. Measured and predicted quasi-static (QS) and dynamic (DYN) failure of 15◦ off-axis specimen in compression. Experiments are from Koerber et al. (2010). The distribution
maps of fibre rotation angle 𝛽 and axial straining 𝜖𝑥 are taken in the vicinity of softening onset, indicated by the markers in 7(a).
evolution law, (Larsson et al., 2018; Razanica et al., 2019). In this paper
the damage driving energy covers elastic and plastic work contributions
to describe the quasi-brittle compressive failure of the UD-composite.
A local damage evolution law is considered to describe the fracture
energy release within the diffuse fracture area. An obvious further de-
velopment is the extension to gradient damage from the developments
9

in Larsson et al. (2018). From the micromechanical coupling between
constituents via the isostatic stress condition transverse to the fibres,
the matrix damage induce degraded fibre and homogenized responses
at the ply level. With respect to the application to crash applications,
the model in Larsson et al. (2020) has been placed on the context of
general kinematics. This relates to the homogenized stress, where the
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Fig. 8. Measured and predicted quasi-static (QS) and dynamic (DYN) failure of 45◦ off-axis specimen in compression. Experiments are from Koerber et al. (2010). The distribution
maps of the axial straining are taken in the vicinity of softening onset, indicated by the markers in 8(a).
microlevel strain field is described in the Lagrange strain, as well as the
inelastic matrix and transverse elastic fibre responses.

An off-axis loaded specimen from the experiment in Koerber et al.
(2010) is considered to validate the model behaviour. The model
was compared to experimental results of a IM7/8552 UD polymer
composite in quasi-static and dynamic compression loading. Relatively
good qualitative and quantitative correlations were achieved between
the numerical models and experimental results under dynamic loading.
The model response clearly reflects the strain rate dependencies and
softening due to the progressive damage response under compressive
loadings focused in this paper. As expected, observed stress–strain
curves under quasi-static and dynamic loading exhibit a nonlinear
10
quasi-brittle behaviour of the composite in compression. Compared
to the more localized strains in the dynamic cases, the strain distri-
butions are generally more diffuse in the quasi-static loading cases.
The different failure mechanisms of composite materials under var-
ious strain rates are also in-line with other relevant studies (Sassi
et al., 2019; Kim et al., 2019; Fan and Wang, 2018). A limiting (and
simplifying) assumption is the piecewise constant strain field for the
constituents. In this way we do not exactly describe the microstructure
of the composite and the consequent microscopic strain field, which
influences the homogenized response. This effect is less visible in
the dynamic case, where the response is dominated by the viscous
effects from calibrated viscous parameters, but becomes apparent in the
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Fig. 9. Measured and predicted quasi-static (QS) and dynamic (DYN) failure of 90◦ off-axis specimen in compression. Experiments are from Koerber et al. (2010). The distribution
maps of the axial straining are taken in the vicinity of softening onset, indicated by the markers in 9(a).
quasi-static case, where viscous effects are absent. On the other hand,
a relatively simple micromechanically motivated prototype model is
achieved, which we intend use for crash analyses of large scale struc-
tural composites. Clearly, the simplicity of the homogenized model
contributes to reduced computational cost.
11
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