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Abstract

Frequency combs revolutionized the world of laser physics by providing
a link between the microwave and optical domains. Such a link allows
for precise knowledge of any comb line’s absolute average location, as
well as the average spacing between any two comb lines.

Here, we exploit this knowledge for a variety of applications, and
study the limits thereof. Combs from a variety of sources are studied,
and in all cases, low noise and/or highly mutually coherent tones can be
readily produced which are useful in a variety of contexts.

More specifically, the phase/frequency noise of comb tones is inves-
tigated, along with the mutual coherence between two comb lines. In
addition, the relative intensity noise of a full comb spectra and of indi-
vidual comb lines is also investigated.

The low phase/frequency noise of individual comb lines as produced
in electro-optic and in normal dispersion photonic molecules is used for
the generation of highly tunable and low noise laser sources, and the high
mutual coherence and precise repetition rate of an anomalous dispersion
microresonator combs is used for optical coherence tomography.

Keywords: optical frequency comb, comb noise, optical injection lock-
ing
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CHAPTER 1

Introduction

1.1 Overview

This thesis focuses primarily on the noise properties of optical frequency
combs, and its individual tones. It will also cover various applications
which take advantage of comb lines with low noise, and of combs which
have a high mutual coherence between comb lines.

Amplitude and phase/frequency noise of comb tones is investigated
and exploited for a variety of applications, including the production of
highly tunable and low-noise lasers, and the high degree of mutual coher-
ence between comb lines is important in, for example, optical coherence
tomography.

1.2 Contents of the Thesis

This thesis consists of a short overview and introduction, followed by
a discussion on frequency combs, and an analysis of the two types of
combs seen in this work, namely electro-optic (EO) and microresonator
frequency combs.

Next there is a brief discussion on optical noise in single frequency
sources, including relative intensity noise (RIN) and phase / frequency
noise (P/FN), as well as a discussion on the mutual coherence between
two arbitrarily chosen comb lines. This is followed by a discussion on the
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Chapter 1. Introduction

noise due to optical amplification and how to minimize this via optical
injection locking (OIL), and a final discussion on optical frequency comb
(OFC)s and their particular noise properties.

Finally, a brief commentary regarding the future outlook for this
research will be presented, followed by a summary of the papers herein.
Lastly, the actual papers relevant to the work are attached.

1.3 History, Relevance & Importance

Lasers are a mature technology which originated in the 1950’s [1], and
which have a plethora of implementations and applications which have
changed the way we live our lives. These range from everyday items we
use ourselves like barcode scanners [2] and Blu-Ray disk readers [3], to
common activities we take for granted such as long haul optical com-
munications [4], and even to highly specialized applications such as the
detection of gravitational waves and the monitoring of nuclear fission
reactors [5–7].

For this thesis, the primary laser source used is an OFC [8], a rela-
tively recent advancement in the field of laser physics which came about
near the turn of the 21st century. In general, a frequency comb can be
thought of as a series of equally spaced non-zero amplitude modes in
the frequency domain. If the comb lines are mutually coherent, the re-
sult in the time domain is a sequence of pulses. However, if the comb
lines are not mutually coherent, the result in the time domain is a noisy
superposition of uncorrelated optical modes.

While frequency combs were originally invented to probe various con-
stants of the hydrogen atom to validate or invalidate fundamental the-
ories of physics [8], they have since found a wide range of applications,
including the generation of optical clocks [9,10], timing and synchroniza-
tion of clock networks [11,12], distance ranging and LIDAR [13,14], dual-
comb spectroscopy [15], production of low noise microwave signals [16],
and more [17].

Since their conception, a variety of comb sources have also been de-
veloped. These include mode locked fiber frequency combs [18], photonic
chip based microcombs [19] and monolithic crystalline combs [20] (both
of which are types of Kerr combs), and EO combs [21], among others.

Each OFC application has its own requirements in terms of spectral
bandwidth, central frequency, noise properties, power, etc. that is best
fulfilled by a particular type of comb.
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1.3. History, Relevance & Importance

Low noise and low repetition rate (on the order of 100 MHz) combs
such as fiber frequency combs are used in timing synchronization and
optical clocks [10], as well as supercontinuum generation (SCG) without
the need for pulse compression [22], but were first used for spectroscopy,
where the low repetition rate and high stability means that many comb
lines might cover a single absorption line of an atom, allowing for pre-
cise measurement of single and multi-species gaseous samples [8]. One
common application of such combs is in dual comb spectroscopy [23],
whereby two combs of different repetition rates act together to produce
a coherent multiheterodyne interferometer.

Other applications such as LIDAR (LIght Detection And Ranging, an
optical analog of RADAR) [24], low noise microwave generation [25], and
optical communications require larger comb mode spacing (correspond-
ing to a higher repetition rate) [26]. To that end, monolithic crystalline
combs, integrated photonic microcombs, and EO combs are often used,
where repetition rates can span anywhere from a few GHz up to the THz
regime.

Combs have a huge range of applications themselves, but the tones
of a frequency comb are also useful in their own right. The individual
lines of the comb may be selected using a fiber Bragg grating (FBG),
bandpass filter, etc., then used for their own purpose. Two tones might
beat against one another to produce a high frequency tone beyond the
FSR of the comb, or the comb line might be used as an optical reference.

This thesis, consisting of 3 appended papers, is focused on two dis-
tinct applications of OFCs. The first of these is the production of low
noise and highly tunable laser sources [27–31] (for their eventual use in-
house regarding phase sensitive amplification (PSA)), and the second is
in optical coherence tomography (OCT), an imaging technique capable
of resolving scattering media in all three dimensions [32,33].

PSAs [34] are an optical amplification scheme based on nonlinear
optical processes in a dielectic medium, and are of importance because
they are able to break the classical noise figure (NF) limit of 3 dB. In
such a device, some combination of 4 waves are present (including the
possibility of degenerate electro magnetic (EM) fields), 2 of which act as
pumps (and a source of power), and two of which act as the so called
signal and idler (which are amplified). To ensure proper operation, the
signal and idler must be properly spaced from the pumps(s), and their
relative phase differences must be optimized for maximum gain accord-
ing to material parameters such as dispersion, and nonlinear refractive
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Chapter 1. Introduction

index. Typically, a so-called "copier" scheme is used before the PSA to
nonlinearly produce the conjugate idler, which makes the amplification
independent of modulation format. Alternatively though, one could use
a precisely placed conjugate of the signal, and (in the case of optical
communication systems) simply encode conjugate data on it. For this,
a highly precise and broadly tunable, low noise source is required.

PSAs have their own applications, but being able to produce a highly
tunable and low noise source is important for a huge range of appli-
cations, including spectroscopy [35], interferometry [36], and metrol-
ogy [37], as well as in general communications [38], for optical tweez-
ers [39], LIDAR [40–42], GPS systems [43], and for driving other lasers
such as Raman [44–46] and Brillouin lasers [47–49]. State of the art and
commercially available technology tends to rely on fiber lasers which are
not particularly tunable, or external cavity diode laser (ECDL)s which
can have low noise and be extremely tunable, but are costly, have a large
footprint, and are difficult to deploy in the field.

Combs also have a use in optical coherence tomography, a reflective
imaging technique in which the output of a spectrally resolved Michelson
interferometer is used to recover backscattered light from a thin sample.
The source beam is split into two arms at the input of the interferometer,
one of which is held static as a reference path, while the other is allowed
to scan over some shallow tissue sample and recover backscattered light.
The resulting interference pattern can be Fourier transformed to produce
a depth map of the sample. By scanning over the sample, a fully three
dimensional scan can be produced which is useful in a wide variety of
contexts, mostly medical. In the case of frequency comb OCT [50–52],
intermediate frequencies between tones can be ignored and thus reduce
system noise, but in the special case when using a coherent comb in the
form of a pulse, noise on each line is shared and thus spectral fluctuations
do not degrade the final image. In other words, the low noise floor
between comb lines reduces speckle in the final image, and the high
degree of correlation between tones reduces systematic errors.
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CHAPTER 2

Optical Frequency Combs

Optical frequency combs are a special case of lasers which come in a
variety of forms [17, 53–60], but in all cases be described by a series
of distinct, non-zero amplitude optical modes in the frequency domain
which have equal frequency spacing, and some shared offset frequency
from zero. We can write the optical amplitude spectrum as follows :

Ã(ω) =

+∞∑
m=0

Ameiωmt (2.1)

where A(ω) is the amplitude spectrum of the wave, and Am is the
amplitude of the mth mode.

If we assume the lines to be mutually coherent, a series of pulses is
formed in the time domain, as seen in figure 2.1. In this case, ωr can
be thought of as the pulse’s repetition rate, and ω0 can be thought of as
the carrier-envelope offset frequency of the pulse, and is related to the
instantaneous carrier envelope offset (CEO) offset, ϕCEO, between any
two subsequent pulses by

ω0 =
1

2π

d

dt
ϕCEO(t) (2.2)

Ignoring the instantaneous phase of individual comb lines in the time
domain, we write this in the time domain as :

5



Chapter 2. Optical Frequency Combs

E(t) =

+∞∑
m=0

Ameiωmt (2.3)

Such a pulse can be seen in both the time and frequency domains
in figure 2.1, which serves to provide an intuitive understanding of the
link between the time and frequency domains via the Fourier transform
(FT). The frequency spacing between comb lines is directly related to the
temporal spacing between pulses, and the shared offset of comb lines from
zero in the frequency domain is directly related to the CEO frequency
of phase offset.

2.1 Electro-Optic Combs

An EO comb is one of many types of frequency combs, and is created
by passing a seed laser through some number of optical modulators in
order to produce a series of equally spaced and cascaded modulation
side-bands. Here, the comb’s frequency spacing is directly determined
by the modulation frequency (and thus the driving radio frequency (RF)
signal), and the width of the comb is given by the strength of phase
modulation.

Because the frequency line spacing (and corresponding repetition
rate) is given by the RF clock which drives the modulation, ultra-high
repetition rate (> 100 GHz) EO combs are impossible given the lack of
ultra-high repetition rate RF driving signals / modulators. Moreover,
expensive and lossy optical modulators, powered by energy-expensive
amplifiers are required. Nevertheless, EO combs are robust, easy to op-
erate, and are well described by linear functions, as shown below. All of
which make them of interest in both scientific and practical applications.

If we write the seed laser in terms of the classic wave equation as
follows [21],

A(t) = A0e
iωct (2.4)

where A0 is the wave amplitude, and ωc is the carrier frequency, then
we can phase modulate the wave with some driving field to find

A(t) = A0e
iωcteiKV0 sin(ωmt)

= A0e
iωctei∆Φ

(2.5)
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2.1. Electro-Optic Combs

Figure 2.1: Top : two chirpless Gaussian pulses in succession, separated in
the time domain by some period. Here, the dashed line indicates
a copy of the first pulse which is superimposed on the second, to
give a better indication of what is meant by the carrier envelop
offset phase difference acquired between successive pulses. Bot-
tom : a Gaussian frequency comb in blue, with spacing between
optical modes equal to the comb’s repetition rate. The offset
frequency shared by all optical tones is equal to the frequency
of carrier envelope offset overlap, as indicated by the lowest fre-
quency orange line which corresponds to the m = 0 tone. Orange
tones are not real, and are only given to highlight the frequency
meaning of the CEO offset frequency.
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Chapter 2. Optical Frequency Combs

where K is the phase modulation index, V0 is the amplitude of the
modulating signal, ωm is the modulation frequency, ∆Φ = KV (t) is the
phase shift due to modulation, and V (t) = V0sin(ωmt).

Next, we if take the FT, we find that

Ã(ω) = A0

∫ +∞

−∞
ei∆Φe−i(ω+ωc)tdt (2.6)

where we keep in mind that ∆Φ = KV (t) is a function of t while
integrating.

Next, we expand the plane wave as a series of cylindrical waves (i.e.
the Jacobi-Anger expansion), and write

Ã(ω) = A0

∫ +∞

−∞

(
+∞∑

n=−∞
Jn(KV0)e

−i(ω+ωc+nωm)t

)
dt

= A0

+∞∑
−∞

Jn(KV0)δ(ω − nωm − ωc)

(2.7)

where Jn are Bessel functions of the 1st kind, and act as the envelope
function which defines a comb of frequencies ω = nωm + ωc.

Importantly, if we introduce a static phase noise, ϕ, which arises
due to the voltage onto and within the RF modulation, we now write
V (t) = V0 sin(ωmt+ ϕ), such that Ã(ω) becomes

Ã(ω) = A0

+∞∑
−∞

Jn(KV0)e
inϕδ(ω − nωm − ωc) (2.8)

and we see that the phase noise due to due the voltage controlled
oscillator (VCO), which drives V (t), grows linearly with mode number
n from the pump. This of course corresponds to a linear growth in
phase noise and therefore linewidth as you move away from the center
frequency.

We also notice that the end result of a single phase modulator is a
superposition of a large number of Bessel functions. The amplitude dif-
ference between various comb lines varies considerably across the comb’s
bandwidth due to the complicated superposition of these Bessel func-
tions. To compensate for this, a phase matched amplitude modulator is
often placed after the phase modulator(s), in order to produce a smooth
envelope (although not necessarily a flat-top envelope).
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2.1. Electro-Optic Combs

Figure 2.2 shows a simulated EO comb made via 2 phase modulators
and 1 amplitude modulator, with a fixed phase relationship to ensure
a maximum spectral bandwidth and a flat-top comb. The specific pa-
rameters of the simulation are such that the central frequency is set
to 200 THz (∼ 1500 nm), the driving RF field is set to 24.8 GHz, both
the laser and modulation frequencies are given white and pink noise, and
the phase modulation index, K, for both phase modulators is 3.375 V −1,
while the amplitude modulation index is set to 0.9, where the amplitude
modulation index is defined as by the strong modulation amplitude di-
vided by the amplitude of the unmodulated signal. Here, the noise on
the pump laser dominates the accumulated noise from modulation, such
that the noise floor of the simulated spectra is largely flat (such that
the side-mode supression ratio (SMSR) of tones as compard to the noise
floor is nearly equal for all modes)

Figure 2.2: An EO comb simulated via the modulation of a noisy seed laser
with an noisy RF tone. Here, two phase modulators and one
amplitude modulator is used. The RF driving field is set to 24.8
Ghz such that it coincides with a multiple of the simulation’s
sampling frequency. K is set to 3.375 V −1 and the amplitude
modulation index is set to 0.9.
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Chapter 2. Optical Frequency Combs

2.2 Microresonator Combs

Photonic chip microresonator combs fall under the broader category of
Kerr combs [53], named for their reliance on 3rd order optical nonlinear-
ities to produce a series of equally spaced optical tones. This is possible
thanks to the build up of light in high quality factor optical cavities.

In general, as seen in figure 2.3, the process can be described by a
high power source traveling through a waveguide which is coupled to
some high quality-factor optical resonator, where the quality factor, Q,
is defined as Q = ωr/∆ω, where ωr is the angular frequency of some
resonant mode in question, and ∆ω is its full-width half-max (FWHM)
bandwidth. In the limit of high Q, this definition is equivalent to 2π times
the energy stored in the resonator, divided by the energy dissipated per
cycle. Thus, a high quality factor cavity may allow for substantial build
up of light inside the cavity.

This build up of light is often strong enough to excite nonlinear pro-
cesses inside of the cavity. Indeed, for certain values of input power
relative the the waveguide’s nonlinear threshold and driving frequency
relative the the cavity’s natural resonance, the resulting output is a set
of nonlinearlly produced and equally spaced lines in the frequency do-
main (i.e. an OFC). In special cases (assuming anomalous dispersion)
when the cavity’s gain and loss is balanced, and the nonlinear and dis-
persive phase shifts are balanced, the output may be a series of solitonic
pulses in the time domain, sitting atop a strong continuous wave (CW)
background.

Mathematically, the process can be thought of as a damped and
driven version of the nonlinear Schrodinger equation (NLSE), which is
written in dimensionless form as follows, in a form known as the dimen-
sionless Lugiato Lefever equation (LLE):

∂Ψ

∂T
= −(1− iξ0)Ψ +

i

2

∂2Ψ

∂Θ2
+ i|Ψ|2Ψ+ f (2.9)

where Ψ =
√

2g0
κ A is the primary field,

T = κ
2 t represents slow time, which describes the wave’s evolution after

10



2.2. Microresonator Combs

Figure 2.3: A high power continuous wave laser is injected into a wave guide
which is coupled to a high Q-factor optical resonator. In the spe-
cial case when optical gain and loss of the cavity are balanced,
and nonlinear phase shift and dispersion are balanced, an optical
soliton may form in the cavity, residing on top of a CW back-
ground. In this case, a highly coherent train of pulses is formed
in the time domain, which corresponds to a frequency comb in
the spectral domain.

each trip around the cavity

ξ0 =
2
κ(ωp − ωr) is the cavity detuning,

Θ =
√

κ
2D2

ϕ is the dispersion normalized angular position,

f =
√

Pin
Pthreshold

is the pump power relative to the threshold power

g0 =
ℏω2

0cn2

n2
gVeff

is the per photon nonlinear phase shift,

κ = κintrinsic + κextrinsic is the inverse photon lifetime inside the cavity,

Pthreshold = κ3

8g0κextrinsic
is the threshold power for modulation instability

A is the field amplitude normalized to photon count,
ωp is the pump frequency,
ωr is the cold resonance frequency,
D2 is the walk-off from resonance due to 2nd order dispersion, and
ϕ is the angular position in the cavity.
n and ng are the regular and group indices of refraction, respectively
veff is the effective mode volume

The LLE is normally solved by dividing the equation into its linear (D̂)

11



Chapter 2. Optical Frequency Combs

and nonlinear (N̂) components [61], choosing an appropriate step size in
time, and solving the two components separately, in a nearly identical
manner to how one would normally solve the undamped and unpumped
NLSE. Of course, higher order dispersive terms and various other non-
linear effects such as the Raman effect could be considered as well.

Importantly from the normalized and dimensionless LLE, we see than
when given the resonator’s dispersion profile, linewidth, and nonlinearity,
the behavior of the system relies on only two parameters : the normalized
detuning and normalized power.

When these two parameters are properly tuned relative to the given
material parameters, the result is the generation of various cascaded four
wave mixing (Kerr) modes in the frequency domain. Within this regime
there are a large variety of still-being-explored states [62], such as the
noisy, fully developed modulation instability (MI) state [63] which lacks
mutual coherence between the comb lines, the multi and single soliton
states (formed via an delicate balance between gain and loss on one hand,
and phase shifts due to dispersion and nonlinearity on the other) [64,65],
as well as more exotic states such as soliton crystals [66–68], breather
solitons [69,70], and more.

In general, the dispersion of the waveguide or material in which the
soliton forms determines its spectral envelope [71], given that the pro-
cess relies on unequally spaced allowable modes inside the cavity (whose
position is determined by the material dispersion) and equally spaced
non-zero amplitude optical modes as formed via nonlinear processes.
Dispersive walk off of the cavity relative to the equally spaced modes
therefore limits the optical bandwidth of the comb.

In [Paper C], we use a single-cavity anomalous dispersion Kerr mi-
crocomb to produce both fully developed MI states, as well as a single-
soliton state in the cavity, and for this, the above equations work well.
In [Paper B], however, we use a normal dispersion dual ring resonator
system [72,73]. Here, two LLEs should be constructed with mismatched
free spectral range (FSR), and a coupling term should be added to each
which allows for power transfer between the two cavities. In this case,
a so-called photonic molecule is formed, where the second cavity acts to
produce localized anomalous dispersion which can seed the process of
side-band production in order to create a fully developed coherent comb
state.

12



CHAPTER 3

Laser Noise

Noise is present in nearly all physical systems, and in lasers it comes in
a variety of different forms depending on the particular kind of laser in
question. In single-frequency [74,75], CW lasers, there is only amplitude
and phase/frequency noise which is native to the laser itself. In a system
which lases at multiple modes simultaneously however, there also exists
mode-beating and mode-partition noise which represent the intermodal
interference and the random power transfer between modes, respectively.
In pulsed lasers, there is also noise related to the repetition rate of the
source (i.e. timing jitter), as well as the relative phase between the
carrier and envelope waves.

Of course, noise can originate from many sources, but generally we
can say that there are at least two sources common to nearly all lasers.
Quantum noise, which refers to incoherent spontaneous emission in the
gain medium (and often sets the lower limit for system performance),
and technical noise, which refers to excess noise which comes from the
environment such as the control electronics, vibrations, changes in tem-
perature, etc.

3.1 Relative Intensity Noise

In all lasers, there is some degree of variation in the output power of the
source, which, when normalized to the average output power, is called
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Chapter 3. Laser Noise

RIN [76]. This manifests itself as noise on the A(t) component of the
the optical wave equation for a single-frequency laser, i.e.

A(t) = [A0 +∆A(t)] · eiωct+∆ϕ(t) (3.1)

Traditionally, the RIN of a laser source is measured as a function of
frequency. The resulting power spectral density (PSD) measurement is
given in units dBc/Hz (decibels under the carrier per Hertz) and commu-
nicates information about whether intensity fluctuations are rapid (such
that they might be averaged way by a slow photodetector), slow (such
that they might not matter for short detection periods), or present in
large amounts only at a few select frequencies (such that a notch filter
might fix the problem).

The signal to noise ratio (SNR) of a laser signal can be defined by
the RIN, such that

SNR =

∫ ∆f

0
RIN(f)df (3.2)

where ∆f is the receiver bandwidth.
Importantly, RIN can come from a variety of sources, both internal

and external. For instance, in a fiber laser, RIN might be transfered from
the pump onto the final output beam, but might also come from amplified
spontaneous emission (ASE) inside the gain medium. Alternatively, RIN
could come from technical noise stemming from thermal fluctuations,
relaxation oscillations, etc.

To some extent, RIN in a single frequency laser can be mitigated. For
instance, feedback loops on the control systems, temperature, etc. can
mitigate and reduce technical noise. Alternatively, an intensity modula-
tor such as an Mach-Zehnder interferometer (MZI) [77] or acousto-optic
modulator (AOM) [78] could be used in either feedback or feedforward
schemes.

RIN is fairly easy to measure directly [79], as the measurement scheme
is simple and only consists of the beam, a single photodiode, and elec-
tronic spectrum analyzer.

3.2 Shot Noise

Shot noise is a type of laser amplitude noise which arises in photode-
tection due to the quantized nature of photons. It can be understood
by viewing the optical field as a series of small, individual packets of
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Figure 3.1: A typical, although idealized, RIN PSD which consists of a typi-
cal peak of some types of lasers which corresponds to relaxation
oscillations, and white (Lorentzian) noise. The shot noise limit is
given by the dashed black line.

energy which must therefore occur at the detector at random discrete
time instances, instead of as a continuous flow. In this case, the single
sided PSD of relative intensity noise is given by

S(f) = 2ℏν
1

P̄
(3.3)

where ℏν is equal to the photon energy, and P̄ is the average optical
power.

Here, it can be seen that shot noise corresponds to white noise, and
that by increasing the power, we reduce the shot noise of relative intensity
noise.

A typical RIN spectrum might look like the PSD in figure 3.1, which
includes typical noise contributions like the relaxation oscillation peak
(which arise from oscillations corresponding to the return-to-normal state
of certain types of lasers after being perturbed), and shot noise.
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3.3 Phase & Frequency Noise

Phase and frequency noise are intricately connected. Indeed, the instan-
taneous frequency of a laser, ν is directly given by the derivative of phase,
as

ν(t) =
1

2π

dϕ

dt
(3.4)

and the power spectral densities Sx(f) of each are also directly re-
lated, as per

Sν(f) = f2Sϕ(f) (3.5)

In the spectral domain, phase and frequency noise manifest as the
broadening of the laser’s spectral linewidth [80], and in some instances, it
may be advantageous to quantify this broadening in the form of a single
parameter called linewidth, which may or may not include the additional
contributes due to RIN.

Originally, laser linewidth was defined by the Schalow-Townes aprox-
imation [81], also called the fundamental linewidth, and refers to the case
of minimum possible noise (quantum noise) [82, 83], as given by

∆νL =
Rdecay −Rst

Rdecay
∆νc (3.6)

where Rdecay represents the rate of photon decay in the cavity, Rst
gives the rate of stimulated emission, ∆νc = (2πτc)

−1 represents the
FWHM Lorentzian linewidth of the passive resonator mode in which
gain occurs, and where τc is the exponential time constant of photon
decay.

This approximation assumes a purely Lorentzian spectral shape of
the laser’s line, which corresponds to a flat, white spectral profile of the
frequency noise PSD. This is never the case in reality, where there is
inevitably some 1/f noise (aka pink noise, flicker noise) which dominates
at low frequencies, and which occurs in nearly all electronic devices as
a result of resistance fluctuations transforming into current or voltage
fluctuations, but may also arise from thermal fluctuations, or a variety
of other sources. This 1/f noise corresponds to a Gausian spectral profile,
and thus (ignoring all other components), any real laser’s spectral line
will look like some combination of a Gaussian and Lorentzian function.
A typical composite frequency noise spectrum is seen in figure 3.2.
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Figure 3.2: An idealized frequency noise PSD which consists of 1/f (Guas-
sian) noise and white (Lorentzian) noise. At low frequencies, the
Gaussian component dominates, while at high frequencies the
Lorentzian component dominates.
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To address this non-Lorentzian deviation from the ideal spectral line
profile, there exist a variety of other definitions for linewidth which in-
clude higher order or noisy components which contribute to laser linewidth
[84]. One such approach [85] is the intergrated linewidth definiton given
below, where the linewidth is defined as the phase noise integral from
infinity, down to whichever frequency, νint, corresponds to an area under
the curve of 1

π , such that ∫ ∞

νint

Sϕ(f)df =
1

π
(3.7)

Competing approaches to address these inconsistencies include vari-
ous fit methods and the beta line approach, for instance [80], which makes
a strong assumption of the frequency noise PSD profile being either fully
Gaussian or fully Lorenzian over some portion of the PSD, and there-
fore fail to address deviations from the Gaussian + Lorentzian assumed
form (such that they fail under heavy technical noise). The integrated
linewidth definition is more robust however, and is therefore preferable in
many contexts, although it should be noted that it does tend to provide
larger values of linewidth and is therefore often not provided.

On the other hand, when trying to investigate certain unavoidable
and underlying properties of a laser, for instance, it is still often very
useful to isolate your analysis from any technical or 1/f components,
and focus interest solely on the lowest / white-noise limit of the system
(i.e. the Lorentzian / Schalow-Townes aproximation), since this provides
important information about properties such as fundamental quantum
noise.

In figure 3.3, three different methods of recovering the linewidth are
presented graphically to provide an intuitive explanation of the process.
The integrated linewidth approach gives a value of approximately 1.5
kHz, while two fits to the same data are provided following the method
outlined in [86] (which fits the data to white frequency noise in order to
estimate the fundamental linewidth), the first of which includes excess
noise and gives a value of approximately 710 Hz, and the second of which
attempts to remove excess noise and provides a fundamental linewidth
of approximately 120 Hz - more than 10 times less than the integrated
linewidth and 5 times less than the fundamental linewidth as calculated
including technical noise. It should be clear then, that any discussion of
linewidth requires careful reading and a clear understanding of how the
value was recovered, and what assumptions, if any, were made.
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Figure 3.3: Different methods of fitting phase noise data leads to different
recovered linewidths. The first fit type includes noise and gives
a value of approximately 710 Hz, while the second tries to ignore
additional noise and gives a recovered linewidth of 120 Hz. When
using the integrated linewidth approach, a value of 1.5 kHz is
recovered.
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To some extent, phase noise, like RIN, may be controlled and possibly
reduced in a rather straightforward manner, such as by using feedback
loops onto the laser frequency controller, or by implementing feedback
and feedforward schemes which rely on a phase modulator [87–90].

There are several approaches for the measurement of phase noise.
The first class of measurement techniques rely on beating a noisy source
against what is known to be an exceptionally low noise source such that
any noise can be attributed to the noisy signal being measured. Similarly,
there are a variety of techniques which rely on 3 sources in order to re-
duce the required assumptions and aide in the measurement of low noise
lasers [91]. These measurement schemes are referred to as heterodyne
measurements, given that the two distinct signals that are measured beat
against one another.

The second class of measurements, called homodyne (or self - hetero-
dyne) measurements begin by splitting the signal in two and passing one
end through a delay line sufficiently long such that it is either fully or
partially decoherent with its undelayed copy [92,93]. The two signals are
then mixed together, and a beat note is measured. From this, one can
measure the phase noise PSD directly, or measure the electronic spec-
tra on an electric spectrum analyser (ESA) and extrapolate a linewidth
measurement.

Self-heteroydyne approaches are valid, but extra care must be taken
to select an appropriate delay length. For lasers with very low P/FN,
impractical lengths of delay line might be needed for full decoherence
of the two arms, which may introduce additional technical noise or loss
such that the measurement is impossible. Instead, partially decoherent
measurements are often required, which are only capable of measuring
the noise within a particular bandwidth as set by the length of the delay
line and the photodetector bandwidth. Importantly, in such measure-
ments the beat signal will be near to baseband, and as such, should be
frequency shifted using an AOM to avoid electronic measurement errors.

A simulated example of the electric spectrum for partially decoherent
beams beating against one another is presented in figure 3.4. Here the
linewidth of the laser is 212 Hz (a coherence time of 1.5× 103 seconds),
the delay line’s length is set to 25 km, and any excess noise not related
to the laser linewidth has been removed. The carrier frequency is set
to 192 THz corresponding to a fiber index of refraction of 1.4682, and
the AOM driving frequency is set to 25 MHz. A schematic outline of
the optical setup for such a measurement can be found in [Papers A, B].
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3.3. Phase & Frequency Noise

Figure 3.4: The electric spectrum of subcoherent beating, which might be
recovered from the ESA in a delayed self heterodyne experiment.
The original optical beam is split in two, then enters two arms
of an interferometer. In the first arm, the light is amplitude
modulated to shift the signal away from the DC limit, and in the
other, the light enters a delay line which partially decoheres the
two arms. The two beams are then mixed on a photodiode, and
the resulting spectra is obtained.

In such a situation, the linewidth is given by a complex fit function, or
can be estimated by measuring the relative strength between peaks and
troughs of the spectrum’s side lobes, as described below.

The spectrum of subcoherent beating in a delayed self-heteroydyne
experiment is given as follows [94,95]:

S(ω, τ) =
Aτc

1 + ∆ω2τ2c
[[1− [|τ |e−|τ |/τc cos(∆ω)

+
sin(∆ω)

∆ω
]] + πAe−|τ |/τcδ(∆ω)

(3.8)

where A = 1
2P

2
o , ∆ω = ω − Ω, Ω is the AOM driving frequency, τ is

the delay time between arms, τc is the coherence time of the laser, and
Po is the optical power.
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Given how difficult such a curve might be to fit, it is often easier to
simply measure the phase/frequency noise PSD and directly integrate,
although doing so is only truly valid from the inverse time delay, 1

τ , up to
the bandwidth of the detector used. In the case where this integration
does not reach the 1

π threshold, the curve is fit using white and pink
noise as extrapolated from the given data set, or said to be under some
threshhold linewidth.

Alternatively, one can make a few assumptions, as per [95, 96], and
find that the amplitude difference between the first peak and trough for
the subcoherent spectra, ∆S, is approximated by

∆S ≈ 10log10
16c

9πnL∆ν
(3.9)

from which the linewidth can be derived, where n is the index of
refraction and L is the length of the delay line.

3.4 Mutual Coherence

Although noise measurements of a single optical tone are important, it
is often just as important to measure the degree to which two tones are
correlated.

The mutual coherence of two optical tones is defined by

γ21,2(f) =
|S1,2(f)|2

S1,1(f)S2,2(f)
(3.10)

where S1,2 is the cross spectral density of the signal, S1,1 and S2,2 are
the power spectral density of the two signals in question, and where the
cross spectral density and power spectral density are FTs of the cross-
correlation and auto-correlations of the time domain signal, respectively.

Importantly, mutual coherence is a quantity which does not include
the noise properties of each individual tone, and instead tries to quan-
tify the amount of noise which is not common between the two measure-
ments. For instance, if both tones suffer from technical noise due to a 1
MHz ground loop, this will not degrade the degree of mutual coherence
between the two.

To measure the mutual coherence, two signals of equal power can
be measured separately, and then analysed in post processing. Alter-
natively, the two signals may be directly beaten together and the an
analysis of the beat note’s noise may be considered along with the noise
power spectral density of each individual beam.
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3.5. Low Noise Amplification via Optical Injection Locking

Mutual coherence between two beams can be increased by locking two
tones together. Here, one tone might be used as a reference frequency
to which another beam is stabilized.

3.5 Low Noise Amplification via Optical Injec-
tion Locking

One particularly common source of noise in an optical system stems
from the amplification of optical signals. In a traditional optical ampli-
fier, amplification happens as a result of stimulated emission. However,
spontaneous emission will also be present in such an amplifier, and the
radiation created from this spontaneous emission will then act to seed
further stimulated emission. The result is that ASE will always deterio-
rate the signal to noise ratio of an amplified signal by adding uncorrelated
photons onto the optical field.

The total noise power from ASE in an amplifier (PASE) is given by

PASE = nsp(G− 1)hv (3.11)

where nsp is the spontaneous emission factor as given by nsp =
σeN2/(σeN2−σaN1), G is the gain, and hv is the photon energy. σe and
σa are the emission and absorption cross sections of the two level system
with populations N1 and N2.

The amplifier’s noise figure then, is given by

NF =
SNRin

SNRout
= 2nsp

G− 1

G
(3.12)

which gives a limit of 2 (3dB) for classical optical amplification.
This additional noise comes in the form of broadband ASE noise

underneath the amplified signal. To overcome this, an amplifier plus
filter scheme is normally used, such that the optical SNR reduces to

SNRo =
Pin

2PASE∆ν
(3.13)

where ∆ν is the bandwidth of the optical filter used, and the factor
of 2 stems from ASE at different polarizations when calculating the total
ASE power.

In order to maximize the SNRo, optical injection locking may be used
[97, 98]. Here, instead of a traditional one way amplifier, amplification
happens inside of a gain cavity (slave laser) whose oscillation, at sufficient
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injected power and frequency detuning, will be forced to follow the same
phase and frequency of the master (seed) laser. In doing so, a low, noisy
or bulk laser may be forced to operate according to (what could be) a
high quality, low noise laser. Furthermore, the total output power of the
initially noisy laser may be substantially higher than the input, resulting
in gain with minimal added noise. This is because in principle, the gain
cavity is forced to oscillate at the same frequency as the input tone, and
thus ∆ν is minimized, and the optical SNR is maximized.

As will be seen below, such a locking behavior is only viable at par-
ticular offset frequencies and for particular input powers, however, and
as such, a derivation of that behavior is required. In our theory of opti-
cal injection locking, we assume a single master laser to be working on a
slave laser in such a way that the interaction is one sided (i.e. the slave
laser does not act on the master laser).

This can be done by only slightly modifying the semi-classical laser
rate equations by introducing a few additional terms which include the
intensity of input light, the frequency of input light, and the phase of
the input light.

The result of this analysis is the following rate equations [99,100]

δA(t)

δt
=

1

2
g[N(t)−Nth]A(t) + κAicos(ϕ(t)) (3.14)

δϕ(t)

δt
=

α

2
g[N(t)−Nth]− κ

Ai

A(t)
sin(ϕ(t))−∆ω (3.15)

δN(t)

δt
= J − γNN(t)−A2(t) · {γP + g[N(t)−Nth]} (3.16)

where A(t) is the slowly varying varying field amplitude, g is the
linear gain coefficient, N(t) is the carrier number, Nth is the threshold
carrier number for solitary operation of the slave laser, κ is the coupling
coefficient, Ai is the injected field amplitude, ϕ(t) is the phase difference
between the internal and injected fields, α is the linewidth enhancement
factor, ∆ω is the frequency difference between the internal and injected
fields, J is the pump current normalized by electron charge, γN is the is
the carrier decay rate, and γP is the photon decay rate.

Further, we can write the coupling coefficient, κ, as follows

κ =
c

2ngL

1−R√
R

=
ωs

2Q
(3.17)
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3.5. Low Noise Amplification via Optical Injection Locking

where c is the speed of light, ng is the group refractive index of the
laser cavity, L is the cavity length, R is the power reflectivity of the
cavity mirror, and Q is the cavity’s quality factor.

By solving for the steady state solutions of our rate equations, we
find a locking bandwidth for which stable operation is possible. This is
written as ∆ωLB = ∆ωmax −∆ωmin, where ∆ωmax is the maximum of
the asymmetric allowable detuning, and ∆ωmin is the minimum of the
asymmetric allowable detuning. After simplification, they are [99,100]

∆ωmax = κ

√
Pi√
Po

(3.18)

∆ωmin = −κ
√
1 + α2

√
Pi√
Po

(3.19)

with Pi and Po representing the input and output powers of the slave
laser, respectively, and their ratio is called the injection locking ratio, as
plotted in figure 3.5.

Importantly, we find that ∆ωLB increases as the ratio of input power
to (fixed) output power increases, and as κ increases. The first point
implies that cavities are easier to lock when additional optical power is
injected into the system, and the second implies that (since κ is inversely
proportional to Q) a low quality factor cavity will be easier to lock. Of
course, if one simply increases Pi, it should be easier for the injected
power to overcome the cavity’s ASE and begin lasing at the injected
frequency, but in doing so, you increase the power requirements of the
system and reduce the gain of the amplification scheme.

Under steady state conditions, there is a phase shift imparted on the
output beam relative to the master is given by

ϕ = sin−1{ ∆ω

∆ωmin
} − tan−1(α) (3.20)

Thus, although the frequency of the output is stable, there is some
phase difference between the injected and locked beams. Importantly,
in the case that optical injection locking is achieved, any variation in
the frequency detuning will not result in a shift in frequency, but in-
stead in a phase shift. Of course, this also results in some additional
phase/frequency noise on the system, given that the detunings them-
selves are subject to noise.
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Figure 3.5: Locking conditions derived from the modified rate equations,
equations 3.18 and 3.19. The mimimum offset frequency for
locking is in blue, and the maximum is in purple. The phase
shift curve in organge varies between the inverse cotangent of the
linewidwth enhancement factor, α, for minimum detuning and
−π

2 for maximum detuning. The phase shift curve given corre-
sponds to an injection ratio of -17.5 dB (which corresponds itself
to a maximum allowable detuning, ∆ω of approximately 28 GHz).
For all simulations, κ is set to 25× 109, and α is set to 3.
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3.6 Noise in Frequency Combs

Although it is customary and highly intuitive to understand an OFC’s
mode frequencies using just information about its repetition rate and
CEO frequency, this model fails to accurately describe noise in OFCs.
This is because the repetition rate and CEO noise are typically strongly
correlated, given that frep noise necessarily impacts the comb’s fCEO
[101,102].

Instead, a common method for understanding the frequency location
modes in an OFCs is the so-called elastic-tape model [103,104], whereby
we imagine some rubber band which is fixed to the frequency axis at one
point, onto which the optical modes are placed. Some stretching force
is then applied to both sides of the elastic tape, and the optical modes
(now attached to the rubber band) move along in frequency space with
this stretch. In this case, each source of noise might have it’s own fixed
point, and in an optical frequency comb, there are many sources of noise.

In general, this model provides some useful insights, and is aided by
the following equation

ffix = fCEO

(
1− ∆fCEO/fCEO

∆frep/frep

)
(3.21)

which allows us to find the fixed point frequency, ffix, for any given
fluctuation which changes either the CEO frequency or repetition rate.

Keeping in mind that the group delay determines the repetition rate
of pulses, and the phase delay determines the phase progression of carrier
waves, we note that when a change in the system modifies both the group
and phase delays inside the cavity in nearly equal proportions, the CEO
frequency will remain largely unchanged, but the repetition rate will be
dramatically modified. This corresponds to (for instance) a change in
the cavity length, and for a fixed point in the elastic tape model near
the zero frequency point.

On the other hand, when a change in the system greatly modifies the
phase delay, but not the repetition rate, the fCEO will change drastically
while the repetition does not, and the fixed point will be at some large
nonzero value well past the comb’s optical frequencies.

There are also many phenomena which produce effects somewhere
in the space between these two extremes, such as thermal tuning which
changes both the group and phase delay inside the cavity, but not in
equal proportions. In such a situation, the fixed point of the elastic
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tape model is at some large but non-zero frequency value, and makes
stabilization difficult.

However, using knowledge of what drives these fluctuations in a par-
ticular comb, we can stabilize the device’s fCEO and frep both indepen-
dently and simultaneously by using system perturbations which have
different fixed points.

Of course, the elastic tape model is incomplete, and fails to capture
anything beyond phase and frequency noise. In the case of optical com-
munications, OCT, and LIDAR, we rely on a high ratio between the
comb tooth power and the noise floor below it. That means we need not
only a low linewidth for each optical mode relative to the mode spacing,
but also a high SNR (and thus low RIN). This makes multi-stage ampli-
fication difficult in such cases, given that the noise floor of the spectrum
will eventually degrade the system performance as it becomes difficult
to differentiate between the noise and the signal. These applications
also rely on high mutual coherence between comb lines over time, such
that pulse to pulse power fluctuations are low, and that power fluctua-
tions on different modes between pulses is essentially zero, although in
systems with post-transmission compensation such as in modern optical
communications systems, much of these fluctuations may be mitigated.

For optical injection locking, however, the requirements are partially
loosened because the slave laser acts not only as a gain medium, but also
a filter, and can therefore remove spurious tones and noise outside the
locking bandwidth.
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CHAPTER 4

Future outlook

In this chapter, a selection of related topics to this thesis are discussed.
This discussion does not include OCT, whose applications are readily
apparent in the imaging fields, such as the real time imaging of retinas,
cardiology, oncology, dermatology, and various nondestructive testing
techniques for industrial applications.

Low noise optical tones from a comb source, then, may be used for the
following potential applications:

Phase Sensitive Amplification
The primary motivation for producing low noise and highly tunable lasers
in our lab is for their use in phase sensitive amplifiers [34], which are use-
ful for low noise regenerative loops, optical communications, and more.

Typically, in order to produce the idler required in PSAs, a copier
is used. Here, the pump(s) and signal are launched into some length of
nonlinear medium to necessarily produce an idler wave at the required
frequnecy. Then, the pump(s) are regenerated via amplification, phases
are fixed for maximum gain in the PSA, and the 4 waves pass through a
nonlinear medium for power conversion. The role of a low noise highly
tunable laser then, would be to replace the copier and therefore remove
the need for one of the two lengths of nonlinear medium, as well as the
regenerative pump amplifier.
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To that end, there are plans in the near to immediate future to re-
place the copier stage of a PSA with a comb-based tunable source, seeded
with a low noise laser.

Optical Communications
In the case of optical communications, using ultra-low noise amplifiers is
important for long haul systems where noise buildup due to amplification
is often a limiting factor in system throughput [105]. A traditional op-
tical amplifier relies on stimulated emission to produce gain, along with
which comes a 3 dB floor due to the amplifier’s NF from ASE. To that
end, PSAs, which may offer less than 3 dB NF, and are theoretically
capable of offering a 0 dB NF, are of interest [106], since they rely on
nonlinear power transfer instead of direct emission.

In the proposed scheme for optical communications, a signal is en-
coded with data, and an idler which has been produced by the low noise
tunable laser, is precisely placed in frequency space relative to the sig-
nal and pump(s). This idler is then encoded with conjugate data. Over
some distance through the nonlinear media, power is transferred from the
pump onto the signal and idler, producing low noise amplification. Of
course, such a system is useful in that it replaces the copier, but it adds
additional complexity by requiring new modulators for data encoding,
for instance. Still, in some situations, this trade-off may be beneficial.

Resonant Excitation
Tunable low noise lasers are particularly interesting for their ability to
excite specific resonances of a system. This could be a molecular or
atomic system, such as a single vibrational mode of a particular atom or
molecule, or even an optical system such as a resonant cavity.

One such application of resonant excitation may be atom trapping
[107, 108] and cooling [109, 110], whereby a laser with high frequency
stability manipulates some atomic material via absorption and reflection.
In doing so, the photon’s energy / momentum is imparted onto the atom,
which can be used to lock it in place, or to effectively cool the material
via a specific atomic or ionic transition.

Another common application might be the excitation of optical res-
onances. The typical pumping instrument for lab use in microresonator
frequency combs, for example, is a low noise external cavity laser, but
could easily be replaced by a low noise tunable laser such as the one
proposed here. Indeed, ECDLs are bulky and rely on high stability of
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the external cavity, which makes them difficult to apply in the field. An
integrated platform, however, is compact and is necessarily more stable
and thus practical in out-of-lab situations.

Metrology
High quality lasers such as the ones produced here are particularly useful
when viewed as an absolute frequency reference, such as when calibrating
various optical equipment [111], precise measurements of distance such
as in LIDAR systems [41,42], and for precision spectroscopy [112].

Metrology is a wide field with a huge range of applications, but such
measurements are particularly useful in defining standards like the length
of the meter and the definition of a second.

Of course, having a high precision frequency is also useful for a variety
of other tasks, such as when used as a reference to which other lasers
may be locked in data communications centers, etc.
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Summary of papers

5.1 Summary of Papers

Attached hereafter are the relevant research works:

Paper A
Widely tunable, low linewidth, and high power laser source us-
ing an electro-optic comb and injection-locked slave laser array
Optics Express, vol. 29, no. 11, May 2022

This paper covers work done at Chalmers, and focuses on the assem-
bly of a fixed-frequency, low noise laser source which is highly tunable.
A low noise seed laser is used to produce an electro-optic (EO) frequency
comb via 25 GHz cascaded modulation side bands. After production, a
tone is picked off and used for injection locking via an array of distributed
feedback (DFB) lasers. By tuning the seed laser across a frequency range
greater than the RF clock’s oscillation frequency, any frequency of out-
put across the comb’s bandwidth is achievable. This work achieves a
single frequency tunable laser which has less than 400 Hz of linewidth
across its full tunable range of ∼ 10 nm, has approximately 55 dB SMSR,
and approximately 20 dBm of output power.

Paper B
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Widely Tunable and Narrow Linewidth Laser Source based
on Normal-Dispersion Frequency Combs and Optical Injection
Locking
submitted to Conference on Lasers and Electro-Optics (CLEO), San
Jose, USA, May 2022.

This paper also covers work done at Chalmers and can be thought of
as a direct follow-up work to [Paper A]. Here, the same low noise seed
laser is used to produce a microresonator frequency comb in a normal
dispersion photonic molecule, after which individual tones are picked off
and injection locked via a single Fabry-Perot (FP) laser. By using a
microresonator frequency comb, the free spectral range of comb lines
is increased by a factor of 4 (up to 100 GHz), and by using a single
FP slave laser, the complexity and footprint of the system is greatly
reduced. Moreover, the process is highly efficient in comparison with
the previous result. The resulting output laser does incur some penalty
in phase/frequency noise and in final output power, but is significantly
more tunable - notably, across the full C-Band of operation. It acheives
∼ 55 nm of tunable range, over which the SMSR stays above 60 dB,
power stays above 5 dBm, and the linewidth stays below 8 kHz.

Paper C
Soliton microcomb based spectral domain optical coherence to-
mography
Nature Communications, 12:427, 2021.

This work covers work done at EPFL, and focuses on the application of
microresonator fequency combs for optical coherence tomography (OCT).
My part of this work focused on the relative intensity noise (RIN) mea-
surements for both single soliton and chaotic MI states, as well as the
cross correlation measurements between various comb lines. Here, the
low noise and high mutual coherence of tones are used for advanced
imaging of biological tissue.
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