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Given a Kéihler manifold X with an ample line bundle L, we
consider the metric space of finite energy geodesic rays asso-
ciated to the Chern class ¢ (L). We characterize rays that can
be approximated by ample test configurations. At the same
time, we also characterize the closure of algebraic singularity
types among all singularity types of quasi-plurisubharmonic
functions, pointing out the very close relationship between
these two seemingly unrelated problems.

By Bonavero’s holomorphic Morse inequalities, the arithmetic
and non-pluripolar volumes of algebraic singularity types co-
incide. We show that in general the arithmetic volume dom-
inates the non-pluripolar one, and equality holds exactly on
the closure of algebraic singularity types. Analogously, we give
an estimate for the Monge—Ampeére energy of a general finite
energy ray in terms of the arithmetic volumes along its Legen-
dre transform. Equality holds exactly for rays approximable
by test configurations.

Various other cohomological and potential theoretic charac-
terizations are given in both settings. As applications, we give
a concrete formula for the non-Archimedean Monge—Ampeére
energy in terms of asymptotic expansion, and show the conti-
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nuity of the projection map from L' rays to non-Archimedean
rays.
© 2022 The Author(s). Published by Elsevier Inc. This is an
open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

We fix notation and terminology for the entire paper. We consider X a compact
Kéhler manifold of dimension n with an ample line bundle L. We pick a positive smooth

Hermitian metric 2 on L and let w := 5-O(h) > 0 be the background Kahler form of X,
where O(h) denotes the curvature form of the Hermitian metric h.

By an w-plurisubharmonic (w-psh) function v € PSH(X,w), we understand a quasi-
plurisubharmonic function on X, such that w+ddu := w+ ﬁaéu >0, where d = 940
and d° = (=0 + ). We will often use w,, shorthand for w + dd°u.

Two potentials u,v € PSH(X,w) have the same singularity type if u — C < v <
u 4+ C for some C' > 0, inducing an equivalence relation u ~ v, with equivalence classes
[u] = [v] € S, called singularity types. It turns out that this latter space has a natural
pseudometric structure (S, ds), introduced in [39] (recalled in Section 2.1).

For u € PSH(X,w), by H°(X,L* ® Z(ku)) € H°(X,L*) we denote the space of
sections s satisfying the L? integrability condition fX hE(s,s)e " wm < co. We also
denote

h(X, L* @ Z(ku)) := dime H°(X, L* ® Z(ku)) .

A major theme in Kéhler geometry is to relate algebraic objects to analytic ones.
In this work we address two such problems. First, we give cohomological and potential
theoretic characterizations for L' geodesic rays in the space of Kéhler metrics that lie
in the closure of test configurations. Second, we characterize the closure of algebraic
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singularity types in S, with respect to the complete pseudometric ds. Potentials with
algebraic singularity types are among the nicest ones one could hope for in practice (see
Definition 1.3).

According to our work, it is most natural to treat both of these seemingly different
problems at the same time, with our final answers also paralleling each other on many
different levels. We now present one facet of this, with slight abuse of precision.

Given p € PSH(X,w) with algebraic singularity type [¢] € S, the arithmetic and non-
pluripolar volumes coincide, according to the singular holomorphic Morse inequalities of
Bonavero [20] (see Theorem 2.26):

lin kinhO(X, IF @ T(ke)) = %/wg. (1.1)
X

All volumes in this work, in particular the one on the right hand side above, are inter-
preted in the non-pluripolar sense of Guedj—Zeriahi [52], [7] (see (2.1) below). Both the
left and right hand sides only depend on the singularity type [¢] ([72, Theorem 1.1]).

In Theorem 1.4 we show that in (1.1) the limit on the left exists for all ¢ € PSH(X,w)
and dominates the right hand side in general. Moreover, [¢] € S lies in the ds-closure of
algebraic singularity types if and only if Bonavero’s identity (1.1) holds for ¢.

Paralleling the above, in [43] the authors introduced a metric d§ on the space of L!
geodesic rays R! (recalled in Section 2.1), making (R!,d$) a complete geodesic metric
space. As is well known, to any ample test configuration one can associate a geodesic ray, a
construction going back to Phong—Sturm [60]. We show that a geodesic ray {r;}; € R is
in the df-completion of the space of rays induced by test configurations if and only if 7, €
PSH(X,w) satisfies Bonavero’s identity (1.1) for all 7 € R, where 7, := infy~o(r; —t7) is
the Legendre transform of the ray {r;};. In particular, the ray {r;}; € R! is approximable
by test configurations if and only if the singularity types [f;] € S are approximable by
algebraic singularity types! This parallels previous characterizations of approximable
rays in the non-Archimedean context from [4].

We refer to Theorem 1.1 and Theorem 1.4 for additional cohomological and potential
theoretic characterizations complementing each other in both settings.

In addition, in Theorem 1.2 we express the non-Archimedean Monge-Ampeére energy
of a ray as the first order term in the expansion of the non-Archimedean Donaldson’s
L-functional, a result paralleling [3, Theorem Al.

The closure of the rays induced by test configurations. Let d; be the metric on the space
of smooth Kihler potentials H,, := {u € C*°(X) : w+dd°u > 0} associated with the L*
Finsler metric [34]:

1
ol o= [ 1olls we Mo and v € T
X
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where V = fX w™ is the total volume. By &' we denote the d;-completion of H,,, that
can be identified with a finite energy space studied by Guedj—Zeriahi [52]. Then (€, d;)
is a complete geodesic metric space. Its geodesics are limits of solutions to a degenerate
complex Monge-Ampére equation [34, Theorem 2].

By R! we denote the space of di-geodesic rays {ri};>0 in €' emanating from ro =
0 € H,- As shown in [43, Theorem 1.3, Theorem 1.4], R! has a natural chordal metric
d§ (see (2.3)), compatible with d;, making (R!,d$) a complete geodesic metric space.

Of special importance is the subspace 7 C R!, composed of the rays induced by
ample test configurations [60], [61], [32]. Similarly, one can consider the bigger subspace
F C R, the space of rays induced by filtrations [66]. In this work it is advantageous to
think of ample test configurations as special kind of filtrations on the ring of sections of
(X, L), and we refer to Section 2.5 for details on this. Understanding the closures 7 and
F is one of the main problems we take up in this work.

The well-known Monge—Ampeére energy I(+) : £! — R, whose Euler-Lagrange equation
is simply the Monge-Ampeére equation (see (2.2)), is linear along d;-geodesics. One can
simply consider its radial version I{-} : R — R defined by the following slope

i} = () = Tim 78

t—oo

(1.2)

Another quantity that is linear along a ray {r:}; is the supremum of potentials
(Lemma 3.2). For simplicity, we will often assume that supyr, = 0 for ¢ > 0, and
such rays will be called sup-normalized. Note that all our results hold in an appropriate
form without normalization, even when these are not specifically mentioned.

First, in Theorem 3.7, we develop ideas from [66] further, and show a precise formula
for the radial Monge-Ampere energy of sup-normalized rays {r;}; € R':

IMZ (Bt )ar, oo, 0

where 7, € PSH(X,w) for 7 < 0 is the Legendre transform of the ray:
Fr 1= tlgg(rt —t1).

We attempt to approximate the non-pluripolar volumes in the integrand of (1.3) using
arithmetic volumes (in the spirit of Bonavero’s identity (1.1)). In our first main result
we show that this fails in general, and it works exactly for rays in the d{-closure of T

Theorem 1.1 (Theorem /.7, Corollary 5.6). For {ri}; € R with supy ¢ = 0 we have

0
0 k P
(h (XZ;OIE Q?Ik()k -r)) — 1) dr > I{Tt} . (1.4)

lim
k— o0
— 00
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Moreover, equality holds in (1.4) if and only if the following equivalent conditions hold:

N 1 . 1 n
() Jim b (X LF @ (ki) = = [ w7 <0
X

(i) P[7]7 z_ﬂ, T <0.
(i) fre}e e T
(iv) {ri}r € F.

A ray satisfying condition (iii) is called a mazimal geodesic ray in the work [4], giv-
ing non-Archimedean characterizations of 7 recalled below. Here we do not use this
terminology, to avoid potential confusion with other notions of maximality.

In condition (ii) the operator P [u]; is the Z-envelope of the singularity type [u] € S,
used explicitly and implicitly in [55] and [24] respectively:

Plul; =sup{x € PSH(X,w) : x <0 and Z(cx) =Z(cu) forall ¢ >0} , (1.5)

where Z(u) is simply the multiplier ideal sheaf of a quasi-psh function v on X.

As part of showing (1.4), we will argue that the limit on the left hand side exists. We
think of (i) as the cohomological characterization of the closure of 7. On the other hand,
we think of (ii) as the potential theoretic characterization.

The equivalence between (iii) and (iv) indicates that uniform notions of K-stability
with respect to test configurations and filtrations are very likely the same (cf. [26,
Question 1.12]). To fully confirm this, one needs to show that elements of F can be
approximated by 7 while also preserving the slope of the K-energy functional, as pre-
dicted by [56, Conjecture 1.5]. Of course, due to the examples of [1], one might still
expect that relative K-stability with respect to F and 7T are different notions.

It is not hard to see that for many of the rays constructed in [35] there is strict inequal-
ity in (1.4), implying 7 € R!. This strict containment was noticed in [4, Remark 5.9]
using non-Archimedean methods. However, as a result of condition (i) above and our
Theorem 3.7 (iv) (that allows for flexible construction of L! rays using test curves) the
containment 7 ¢ R! is seen to be nowhere d$-dense (cf. [26, Question 1.10]).

Finally, let us put our Theorem 1.1 in historical context, and discuss the possible
connection with the general version of the Yau-Tian—Donaldson conjecture, seeking to
characterize existence of constant scalar curvature Kéhler (cscK) metrics cohomologous
to w in terms of algebro-geometric properties of the bundle (X, L). Despite the difficulties
arising due to infinite dimensionality, and the underlying fourth order PDE, by now we
have a comprehensive understanding on the analytic side (see [5], [27], [28], [26], [43]),
allowing to characterize existence of cscK metrics in terms of uniform geodesic stability
along Cl’i—rays of the space of Kéhler metrics, yielding the essentially optimal version
of what was conjectured by Donaldson [47].

Similarly, with the development of the non-Archimedean toolbox, we have a very
good understanding of the algebraic side as well (see [4], [14], [16], [15], [42]), allowing
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not only to embed test configurations into R' (along with their invariants), but to also
keeping track of algebraic invariants using non-Archimedean metrics, an intermediate
notion lying between the algebraic and analytic data.

The remaining step in the variational program for the Yau—Tian—Donaldson conjecture
is to understand what L' rays are approximable by ample test configurations, while also
preserving the slope of the radial K-energy in the limit. This is the connection point with
our characterization theorem above, though here we completely ignored the behavior of
the K-energy in the approximation process.

During the final stages of writing up our work we learned of the preprint of C. Li
[56], who proved that L' rays with bounded radial K-energy are in 7. Though not a
characterization of 7, this result is more closely lined up with the variational program,
and it is an intriguing prospect to examine the relationship between our results and the
ones in [56].

Non-Archimedean interpretation. The non-Archimedean approach to singularities in
pluripotential theory developed in [12], [4] will play a crucial role in our discussion
(especially in the form of valuative criteria), and we mention here how Theorem 1.1 can
be interpreted in this context.

In this approach 7 can be identified with #N%, the space of Fubini-Study metrics
on the Berkovich analytification (XNA, LNA) with respect to the trivial valuation on C.
On the other hand, the closure 7 can naturally be identified with the space of finite
energy metrics on (XN LN4) leading to a characterization of 7 = £-N4 in the non-
Archimedean context [4], in addition to the ones given in Theorem 1.1.

Given an arbitrary ray {r;}; € R!, in [4] the authors introduce a natural projection

M:R' =T =N CRY,

satisfying r; < II(r); and one can think of {II(r);}+ as the closest ray to {r:}; that is
approximable by test configurations (see Section 3.2 for more details). Using II, one can
conveniently introduce the non-Archimedean Monge-Ampeére energy as follows:

INA L} = T{II(r), } .

The original definition is given by means of the non-Archimedean Monge-Ampére mea-
sures introduced in [30], [31] that only depend on the non-Archimedean data rN* (see
[16] and references therein). Here we show that I is d$-continuous, and give the following
expansion interpretation for A,

Theorem 1.2 (Theorem 3.18, Corollary 4.9). The map I : RY — T is d§-continuous.
Moreover, for any sup-normalized {r;}; € R* we have

0

INA{rt}:I{H(r)t}:klggoV”—]jn / (R°(X, L* @ Z(k#;)) — RO(X,LF))dr.  (1.6)

— 00
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The integral in (1.6) can be interpreted as £LN*{r;}, the non-Archimedean analogue
of Donaldson’s L-functional (see (4.1) and Proposition 4.4). Theorem 1.2 says that the
leading order term in the expansion of LY*{r;} is given by the non-Archimedean Monge—
Ampére energy. This is the non-Archimedean analogue of [11, Theorem 3.5], where based
on [46] and [3], it is proved that Donaldson’s £-functional from [46] admits an expansion
whose leading order term is given by the usual Monge-Ampére energy of £

Similar flavour results in the non-Archimedean setting were obtained in [6, Theorem A]
and [13, Theorem A] under different assumptions on the ground field and for continuous
metrics. It would be interesting to see if one could extend their results to finite energy
metrics in case of trivially valued base fields of characteristic 0, using our Theorem 1.2.

The closure of the space of algebraic singularity types. Finally we discuss approximation
in the space of singularity types S. We start with precisely defining algebraic/analytic
singularity types.

Definition 1.3. We say that [¢] is an algebraic singularity type (notation: [¢)] € Z C S),
if there exists ¢ € Q4 and around every point of X there exists a Zariski open set U and
[; € O(U) algebraic, such that 1|y — § log (Z?Zl |fj|2> is smooth.

We say that [¢] is an analytic singularity type (notation: [¢)] € A C S), if there exists
¢ € R4 and around every point of X there exists an open set U (with respect to the
analytic topology) and f; € O(U), such that 1|y — § log (Zle |f; \2) is locally bounded.

Many different conventions are in place regarding the definition of analytic/algebraic
singularity types in the literature (see [40, Definition 1.10], [58, Definition 2.3.9] or [67,
(4)]). Out of all possible definitions, our choice of Z is the smallest family one can con-
sider, and A is perhaps the biggest. As we will show below, for purposes of approximation,
using A or Z does not make a difference.

The study of partial Bergman kernels in connection with approximation in K&hler
geometry has a long history, having both potential theoretic and spectral theoretic ap-
plications (see [49], [21], [48], [62], [24], [41], [67], [64], [77] in a very fast expanding
literature). Even in case of smooth potentials u € H,, one can use approximation by
Bergman kernels for various geometric purposes, going back to questions of Yau [75],
early work of Tian [69,70], and many others [25], [76], [57].

Since many of the important invariants involved only depend on the singularity type
of the potentials, in [39] the authors introduced a pseudometric ds on S, to study the
effectiveness of the approximation methods in the literature. ds-convergence implies
convergence of all mixed complex Monge-Ampere masses [39, Lemma 3.7], together
with semicontinuity of multiplier ideal sheaves [39, Theorem 1.3]. Being also complete in
the presence of positive mass [39, Theorem 1.1], ds seems well suited for this purpose.

We refer to Section 2.1 for a detailed discussion on the ds metric, as well as the
paper [39]. We only mention the following double inequality of [39, Lemma 3.4 and
Proposition 3.5], giving intuition about what ds-convergence means:
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n

ds(u 1) £ 3 (2 [0l A = [ nud = [ nup) < cds(lul )

=0 X X X

where C' > 1 only depends on dim X.

The pseudometric ds is slightly degenerate, however ds([¢], [/]) = 0 implies that the
singularities of ¢, are essentially indistinguishable (for example all Lelong numbers,
multiplier ideal sheaves, and mixed complex Monge-Ampére masses need to agree), so
in many ways this is a blessing in disguise.

In our last main result we prove the inequality between arithmetic and non-pluripolar
volumes for general w-psh functions, complementing (1.1) (cf. [21, Theorem 1.2], [24,
Proposition 1.1]). Moreover, in the presence of positive mass, we show that Bonavero’s
formula holds exactly for the ds-closure Z.

We also give a potential theoretic characterization for elements of Z in terms of the
coincidence locus of P [-]; (defined in (1.5)) and its analytic counterpart P/[-:

Plu] := usc (sup{v € PSH(X,w) : [v] = [u] and v <0}) .

Theorem 1.4 (Theorem 5.5). For u € PSH(X,w) we have

1 1 [, 1 [,
kli)rréo k—nhO(X, L* @ Z(ku)) = H/WP[“]I > ﬁ/w“ (1.7)
X X

Assume that fX wl' > 0. Then equality holds in (1.7) if and only if one the following
equivalent conditions hold:

k—oo k™ n!

(i) lim ihO(X, LF @ T(ku)) = i/w”.

(i) Plu]
(i) [
(iv) |

P [u];.

) bl

S
ul €
It is part of showing (1.7) that the limit on the left hand side exists. The equality
part of (1.7) can be interpreted as singular version of the Riemann—Roch theorem. There
are many known examples of potentials u € PSH(X,w) for which the inequality (1.7)
is strict. One can even construct potentials u that have zero Lelong numbers but don’t
have full mass, i.e., u ¢ £ [52]. In particular, Z C S. What is more, by taking convex
combinations of this u with a potential of Z (and checking failure of condition (i) above),
one can see that the containment Z C S is nowhere ds-dense.

That the equivalences of Theorem 1.4 are only proved in the presence of positive mass
is perhaps not surprising, in light of [39, Theorem 1.1, Section 4.3], where it was shown
that ds is complete only in the presence of such condition. Still, it remains to be seen if
this condition is essential in Theorem 1.4.
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With different motivation, Rashkovskii studied the approximability of local isolated
psh singularities using isolated analytic singularities in [62]. It is an interesting prospect
to find the local analog of the ds metric, and to relate our findings to the ones in [62].

As we will see, in all of our main theorems one can allow an additional twisting
Hermitian line bundle (T, hr) as well (see Theorem 4.7, Theorem 4.8, Theorem 5.5 and
Corollary 4.9).

Organization. In Section 2 we recall previous results and adapt them to our context. In
Section 3 we extend the Ross-Witt Nystrom correspondence to finite energy L' geodesic
rays. In Section 4 we prove Theorem 1.1 and Theorem 1.2. In Section 5 we prove Theo-
rem 1.4.

Acknowledgments. The first named author has been partially supported by NSF grant
DMS-1846942(CAREER) and an Alfred P. Sloan Fellowship. We profited from discus-
sions with B. Berndtsson, M. Jonsson and L. Lempert. We would like to thank F. Zheng
for providing the proof of Lemma 5.2. Finally, we thank the anonymous referees for a
careful reading and numerous suggestions that improved the presentation.

2. Preliminaries
2.1. The metric space of L' geodesic rays and singularity types

The L' metric on H,, and its completion. We recall the basics of the L' metric structure
of H,, introduced in [34]. For a survey we refer to [36, Chapter 3], and perhaps [50,
Section 4] is a convenient quick summary. For historical context, we refer to [65].

The d; metric on H,, is simply the path length pseudometric associated with the
following L' Finsler metric:

1
Jollim g [ olwl, we Mo and v € T
X

where V' = [ w™ is the total volume. One then shows that d; is non-degenerate, making
(Hy,d1) a bona fide metric space [34, Theorem 1].

When trying to find the di-completion of H,, one encounters the space &' C
PSH(X,w) that is defined in the following manner. One first defines the space of full
mass potentials £ C PSH(X,w). Potentials in this space are characterized by the prop-
erty [y wl = [ w™. Here w] is the following limit of measures

OJZ = kl;r& ]l{u>—k} wr’r;ax(u,fk) y (21)
where ngax( u,—k) Can be made sense of using Bedford-Taylor theory, since max(u, —k) is

bounded [23]. For a general w-psh potential u we have [, w} € [0, [, w"], with all values
taken up. For more on this we refer to the original papers [52] and [7] (for a minimalist
survey see [36, Chapter 2]).
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Then, £' C £ is the class of full mass potentials satisfying fX |u| W < oo. By [34, The-
orem 2], one can extend the metric d; to £!. In addition, (£1,d;) is a complete geodesic
metric space whose geodesics are decreasing limits of C'''!-solutions to a degenerate com-
plex Monge—-Ampeére equation ([29], [33], [34]). Unfortunately, such limits are not the only
di-geodesics connecting points of £! (see the comments after [34, Theorem 4.17]). How-
ever, when talking about d;-geodesics, we will only consider this distinguished class of
length minimizing segments.

We recall that the definition of the Monge-Ampére energy I : €1 — R (sometimes
denoted Aubin—Yau, or Aubin—-Mabuchi energy):

I(u) = V(%—l—l) Z/uwj AWl (2.2)

jZOX

Using the Monge-Ampeére energy one can give the following potential theoretic descrip-
tion of d; [34, Corollary 4.14]:

di(u,v) = I(u) +1(v) — 2I(P(u,v)), wu,v €&,
where P(u,v) € £ is the following rooftop envelope:
P(u,v) =sup{h € PSH(X,w):h<uand h<wv}.

To understand d;-convergence from a purely analytical point of view, the following double
estimate is often very useful [34, Theorem 3J:

1
adl(u,v)§/|u—v|wﬂ+/\u—v\wﬁngl(u,v),
X X

where C is a constant only dependent on n = dim X.

The complete metric space of L' rays. Building on the previous paragraph, we recall the
basics of the L' metric structure of R!, the space of d;-geodesic rays in £! emanating
from 0 € H,,, explored in detail in [43].

To fix notation, a d;-geodesic ray [0,00) > t + uy € E' with ug = 0 will simply be
denoted {u;}; € R!. The chordal metric d§ on R! is introduced in the following manner:

dq (Ut, Ut)
—

di({us}te, {ve}e) = lim (2.3)

Since t — dj (uy, v¢) is convex [5, Proposition 5.1], the limit on the right hand side exists,
and one can show that df is non-degenerate, satisfies the triangle inequality, moreover
(RY, d$) is a complete geodesic metric space [43, Theorem 1.3, Theorem 1.4].

The subspace R® C R! is the space of bounded geodesic rays {u;}, satisfying the
property u; € L NEY, t > 0. Such rays allow for an important approximation property
[43, Theorem 1.4] that will be used in this work, as well as its proof:
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Theorem 2.1. For any {u;}; € R' there exists {ul}, € R> such that u} \, uy, fort >0
and df({us}e, {ui}e) = 0.

The pseudo-metric space of singularity types. We recall the basics of the pseudo-metric
structure on S, the space of singularity types, first explored in [39]. First one needs to
construct a map from S to R® C R!, using ideas going back to [35]. Starting with
[u] € S, one constructs dj-geodesic segments [0,1] > t +— s(u)l € £ N L™ connecting
s(w)b = 0 and s(u)! = max(u, —1). Moreover, using the maximum principle one can
show that {s(u)}};>; is an l-increasing sequence converging to r[u]; € 1 N L, yielding
a geodesic ray {ru];}; € R* [35, Lemma 4.2].
Using the map [u] — {r[u]:}+ we define the following pseudometric [39, Section 3]:

ds([u], [v]) = di({r[uls}, {ro]e}), [u],[v] €S.

Due to non-degeneracy of d§, one immediately sees that ds([u],[v]) = 0 if and only if
rlu]y = r[v]; for t > 0. As shown in [39, Theorem 3.3], in the presence of non-vanishing
mass ([ wy > 0and [y w) > 0), this condition is equivalent to Plu] = P[v], where P[x]
is the envelope of the singularity type [x], first considered in [66] in the Kéhler context:

Pl] = Jim P(0,x + C) = usc (sup{¢) € PSH(X,w), ¢ < 0 and [¢] = [x]}) -

As pointed out in [39], if Plu] = P[v] holds, then the singularity types [u] and [v] are
indistinguishable using Lelong numbers, multiplier ideal sheaves and mixed masses.

Unfortunately the pseudomertic space (S,ds) is incomplete [39, Section 4.2]. How-
ever when restricting to the subspaces S5 := {[u] €S: fX Wy =>0>0 }, one obtains
complete metric spaces (Ss,ds) [39, Theorem 4.9] that are able to govern the variation
of singularity types in equations of complex Monge—Ampéere type [39, Theorem 1.4].

Lastly, we mention the following double inequality that often comes handy when
discussing ds-convergence in practice [39, Lemma 3.4 and Proposition 3.5]:

ds(u ) < Y (2 [t At = [ w9 At = [l na) < Cds(ul. o).
=0 %

X X

where C' > 1 only depends on n. That the expression in the middle is non-negative and
only dependent on [u] and [v] is a consequence of [72, Theorem 1.1].

2.2. Ezponents and filtrations of a family of Hermitian metrics

In this section we relate the log-slope of the volume of a one dimensional family of
Hermitian metrics with the associated filtration. In many ways we simply tailor the
arguments of [9] to our needs, and for more thorough treatment of related results we
refer to [6, Part 1].
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Let V be a finite dimensional complex vector space of dimension N. By Herm(V)
we denote the set of positive Hermitian inner products on V. Throughout this section,
H, € Herm(V) (s > 0) will denote a continuous family of Hermitian inner products,
simply referred to as s — Hg.

We denote by V* the dual vector space of V. Recall that given any H € Herm(V), it
naturally induces a dual inner product H* € Herm (V™).

Definition 2.2. Let I C R be an interval. We say that a family Hy € Herm(V) (s € I)
is megative if its trivial complexification z — Hpg, . is a Griffiths negative vector bundle
on V with base {Rez € I'}. This is equivalent to s — log Hs(v,v) being convex on I for
any v € V' \ {0} (][40, Section VII.6]). Analogously, s — Hy is positive if its dual bundle
(H¥)ser is negative.

Let I = [0, 00). We do not assume that s — H; is positive or negative for the moment.
The exponent Ay : V — [—00,00] of s — H; is defined by

A (v) == lim 1logHS(v,v), vel. (2.4)
5—00 S
Note that Ay (0) = —oco. Moreover, one sees that Ay (cv) = Ag(v) for any ¢ € C*, and
A (u+v) <max(Ag(u), Ag(v)). Thus for any ¢ € [—00,00], the set {Ag <c} CVisa
sub-vector space. Hence Ay takes up only a finite number of values. If oo is not one of
them, then Ay is the exponent of the non-Archimedean pseudometric e*# | motivating
our terminology.
The above properties of the exponent Ay also allow to introduce the associated fil-
tration of s — Hy:

Fl={veV:Ag) <A}, (2.5)

Notice that F f defines an increasing right-continuous filtration of V' by linear subspaces.
This filtration is bounded from above (in the sense that Ff = V for some A € R) if
and only if A\ < co. We call a number A € R a jumping number of the filtration FH if
.7:/{{ # ff_s for any € > 0.

Given Uy, Uy € Herm(V'), one can diagonalize U; with respect to Uy to find eigenvalues

e, ..., e counting multiplicity. Then one can introduce the following metric:

N
1
dy (Up,Uy) := m2|)\j|~ (2.6)
i=1

This metric, along with its LP-counterparts, was studied extensively in [44], where it was
shown that d!" quantizes d; in the appropriate context.

In particular, (in the appropriate diagonalizing basis) the curve [0,1] 3 t — U :=
diag(et*, ..., e*) € Herm(V) provides a dY-geodesic joining Uy and U; ([44, Theo-
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rem 1.1], [6, Theorem 3.7]). There are other d} -geodesics joining Uy, Uy, but we will only
consider the above type of length minimizing curves.

We emphasize the following formula, pointing out that the dualization map U +— U*
between Herm (V') and Herm(V*) is an isometry:

dY Uy, Uy) = dY " (U§,U),  Up, Uy € Herm(V). (2.7)

This can be verified by picking an appropriate diagonalizing basis of V.
In studying the growth of the volume of the unit ball with respect to Hs as s — o0,
we start with the following lemma that one can justify simply by diagonalizing:

Lemma 2.3. Suppose s — Hy is a dY -geodesic ray and let \y < ... < A\, be the jumping
numbers of F&. Then

o0

1
lim — log

s—00 §

det Hy\ "~ — — ,
(det Ho) = jZ:;) Aj1(dim Fy | —dimFy)) = / Ad(dim Fr4), (2.8)

— 00

where the integral on the right is interpreted in the Stieltjes sense. Moreover, dim ffo =
dim (g & = 0 in the middle sum, by convention.

By det H we mean the determinant of a matrix representative of the sesquilinear form
H € Herm(V') with respect to a fixed basis, making det H,/det Hp in (2.8) well-defined.
Note that our convention is different from that in [6] by a square.

Using Hadamard’s inequality, for s — H, only satisfying Ay < oo, one can show that
in general the left hand side is dominated by the right hand side in (2.8).

As we will see, equality holds in (2.8) when s — H, is only positive, satisfying a
mild decay condition. Before we prove this, we will construct a geodesic ray s — H,
asymptotic to any s — Hj, closely following [9, Proposition 2.2].

Lemma 2.4. Assume that [0,00) 3 s+ Hj is positive and A~ < co. Then there exists a
dY -geodesic ray s v+ H, such that

(i) Ho= f:Io-
(i) Hs > Hs.
(iii) Ag = Ag. In particular, Ag < .
)

lim l10 <detH5> = lim 1lo (detf{S)
5 & detHo s & detf{() '

Recall the following comparison principle that will be used multiple times in the
argument below: if [a,b] 5 s — Us, W5 € Herm(V) are such that s — U is positive
and s — W; is a geodesic with W, < U, and W}, < U, then Wy < U; for s € [a, ]
[19, Lemma 8.11]. Note that s — logdet Wy is linear and also logdet W, < logdet Us.
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Varying the endpoints a,b we obtain that s — logdet H, is concave, whenever s — H
is positive. As a result, the limit on the left of (iv) exists.

Proof. First we interpret the condition Ag+« < oo. Since s — H is negative, s +—
log H (v, v) is convex for any v € V*\ {0}, hence H*(v,v) < e #* () H¥ (v, v), for s > 0.
Dualizing, we arrive at

Hy>e M Hy, $>0. (2.9)

Now we construct s ~— H,. For each t > 0, we define [0,00) > s — H! € Herm(A) as
follows: for [0,¢] 2 s + H! is the geodesic connecting Hy and H; and H! = Hy for s > t.

By the comparison principle, we get that H! is t-decreasing for any s > 0 (in fact
s — H! is positive for any ¢, but this will not be needed). Due to (2.9) we can take the
decreasing t-limit to obtain

H,(v,v) := lim Hi(v,v), veV.
t—o0
It is immediate that s — H, is a d} -geodesic ray satisfying (i) and (ii).
Recall that s — logdet H; is concave (due to positivity) and of course s — log det H,
is linear (since s — H,isa geodesic). Using this, due to the construction of s — H,, one
immediately sees that lim s~'(logdet H, — logdet H,) = 0, proving (iv).

5—> 00
Since Hs > H,, comparing with (2.6) we arrive at

i dY (H,, H,) _ iy logdet H —log det H, _

5—00 S $§—00 S

0.

Because of this, by Lemma 2.5 below, for any e > 0 there exists so such that e < H, <
H, < e H,, for s > so. This is immediately seen to imply (iii). O

Lemma 2.5. Let Uy, Us € Herm(V). Assume that dY (Uy,Us) < € for some € > 0. Then
efedimVU*2 < U1 < eedimVUQ.

Proof. We fix a basis (e, ..., eqim v ) that is orthonormal with respect to U and orthogo-
nal with respect to Us, with eigenvalues e, ..., e*im v Then by definition, di (U, Us) =

dim V . Cedi :
v 2jer [Ajl Hence, |\j| < edimV, so e= <V, < Uy <ei™VU,. O

Theorem 2.6. Assume that [0,00) 3 s — H; is positive with A~ < 00, and Ay < ... < A\,
are the jumping numbers of the filtration F{. Then

1
lim —log

5—00 §

m—1 00
det Hg ) ) '
(detH0> - Z )\j+1(dlmfg+1 - dlm,/_'.g) = / Ad (dlm./_'.){{) , (210)
i=0

— 00
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where dim ]-'f{) = 0 by convention.

Proof. As discussed below the statement of Lemma 2.4, the limit on the left hand side
of (2.10) exists and is finite. In fact, for the ray s — H, constructed in Lemma 2.4 we
have that

. o det H, i L o det H,
m — = l1im - = .
s—00 § & det Hy : &

Since Ay = Ay implies Fif = F f\q , the conclusion follows from Lemma 2.3. O
2.3. Quantization of the Monge—Ampére energy

Recall that we have a positive Hermitian line bundle (L, h) inducing a background
Kéhler metric w = 7-0O(h) > 0 with class [w] € ¢1(L). For any k > 1, the metric h
induces a Hermitian metric h¥ on LF.

For the rest of the paper we also fix a holomorphic (twisting) line bundle T on X
together with a smooth Hermitian metric hp. By slight abuse of notation, we also denote
the induced metric on T ® L* by h*.

Given ¢ € PSH(X,w), by H*(X,T ® L* ® Z(ky)) C H°(X,T ® L*), we denote the
space of holomorphic sections of L* over X that are L*-integrable with respect to the
weight e 77, i.e., [ hF(s, s)e™*w™ < co. Also hY(X, T® L* @ Z(ky)) = dim H)(X,T®
LF @ T(ky)).

For each k > 1, define the Hilbert map Hy, : €' — Herm(H%(X,T ® L*)) as follows:

Hi(o)(f,9) = /hk(f,g)e_]ww", pe&land f, g€ HO(X,T®L’“). (2.11)
X

Define the quantum Monge-Ampére energy I, : Herm(H°(X,T ® L*)) — R by the
formula

1 det U

The expression I (U) — I (V) is nothing but Donaldson’s original £-functional from
[46]. As we will see, the I, quantizes the usual Monge-Ampére energy I, motivating our
notation.

Now we define £ : &' — R by

Ly (p) == LI o Hy (o). (2.13)

Remark 2.7. When (T, hy) is trivial and ¢ is equal to P(¢) for some continuous function
¢ on X, the functional L () is defined and studied in [3]. Note that our L (y) corre-
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sponds to h%(X, L¥)L(X, ¢/2) in their paper, with the extra 1/2 due to the difference
in conventions.

Let Vj, := H°(X,T ® L*¥). As recalled in Section 2.2, there is a natural metric dY’“ on
Herm(V4). With the focus of this section on quantization, we define a scaled version of
this metric:

1
d¥(H,y, Hy) := EdY’“(Hl,Hg), H,, Hy € V.

This convention coincides with the one used in [44].

Let S = {0 < Re z < 1} C C be the unit strip and 7 : S x X — X be the natural
projection. We say that (0,1) > t +— ¢, € E! is a subgeodesic if its complexification ®
satisfies m*w + dd°® > 0 on S x X in the sense of currents. Let us recall the following
version of Berndtsson’s convexity theorem [8, Theorem 1.2].

Theorem 2.8. Let [0,1] >t + ¢, € E' be a subgeodesic connecting o, o1 € EL. Let @ be
the complexification of t — ¢, and assume that

w4+ dd°® > en*w

for some € > 0. Let [0,1] > t — H; € Herm(H®(X,T ® L¥)) be the geodesic connecting
Hy. (o) with Hy(p1). Then there exists ko(e) > 0, so that for any k > ko we have

Ht SHk((ﬂt), te [0,1]

Moreover, t — Hy(py) is positive (see Definition 2.2).
If additionally t — @ is t-increasing, then for any s € HO(X,T ® L¥),

d
—k/smhk(s,s)e_lw1 w' < T Hy(s,s). (2.14)
% t=1

The proof follows line by line from that of [44, Corollary 2.13, Lemma 2.14].

Lemma 2.9. For oy, 01 € £ we have

|Lk(20) — Li(p1)] < CE™d} (Hi(p0), Hi(01))

where C' depends only on X.

Proof. Notice that

1 det Hy (1)

Ly(p1) — Li(po) = TRV %8 det Hy(o)
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Take a basis (eq, ..., en, ) of H*(X,T® L*) which is orthonormal with respect to Hy (i)
and is orthogonal with respect to Hy(¢1). Let A; := log Hy(¢1)(ej,¢€;) for j =1,..., Nj.
Then

Luler) — Lalo) ZAJ < SEdk (o), Hale1)

By the Riemann—Roch theorem, Nj is dominated by Vk™, and the result follows. 0O

Lemma 2.10. For ¢g, 1 € E' we have
Jimdf (Hy (o), Hi (1)) = da(00. 1)

This result is the twisted version of [44, Theorem 1.2(ii)]. We reproduce the proof for
convenience of the reader.

Proof. Without loss of generality, let us assume that ¢g, 1 < —1. Due to [10, Theo-
rem 3.3] the results is known for g, 91 € H,.

By [18] we can find (pg, <p{ € H., sequences decreasing to g, @1, respectively. We
may assume without loss of generality that ¢J, 1 < 0. By our assumption, for any j > 1
we have,

lim d¥ (Hk(goo) Hk(<P1)) = dl(@év‘ﬁ{)-

k—o0

Hence it is enough to show that for any € > 0, we can find jy, > 0 such that

T df (H(¢h), (o) < e, T (H (o), Ha(or)) < €

k—o0

for any j > jo. By symmetry, we only prove the former. We fix some real number § > 1
for now. Let [0,1] 2 ¢ — £, € E! be the geodesic from P(dyg) to ¢f. For t € [0,1], let

1 1 ;

Notice that £ < g < @) = £,. As a result, Hy(¢;) < Hy(po) < Hy(£}). Hence, by
comparison of the tangent vectors at ¢7, we conclude

d¥ (Hy (90), Hi(3)) < d¥ (FLy(¢h), Hy(£))) - (2.15)

Let t — G¥ € Herm(H (X, T ® L*)) (t € [0,1]) be the geodesic from Hy(¢)) to Hy(¢}).
Observe that the conditions of Theorem 2.8 are satisfied by ¢t — ¢}. Hence for k > ky(0),

GY < Hy(¢))



18 T. Darvas, M. Xia / Advances in Mathematics 397 (2022) 108198
for all ¢t € [0,1]. By (2.14), for any f € H*(X,T ® L¥), we have

Gr(f, f) <o0. (2.16)

t=1

4
dt

Bl

—5 [ it et <
X

By [44, Lemma 4.5], the left hand side is finite. Now we find a basis eq,...,en of
H°(X,T ® L¥) that is orthonormal with respect to Hy(¢;) and such that the quadratic
form

fro =5 [t e b
X

is orthogonal with eigenvalues A1, ..., Ay. Then, using (2.15) and (2.16), we get

d¥ (Hy (o), Hi(¢3)) < df (Hx(6), Hy(4)))

1 & 1 & -
) k —kpl n
< N;W' < NZ/Wh (€a, €a)e™ 0 ™.

a:lX

Letting k — oo, it follows from the classical Bergman kernel expansion that (see the
elementary calculations following [44, (35)])

. , 1 S ,
klggodlf(Hk(sOo),Hk(%)) < Ve |€1|w¢g = gdl(P((SSOO)a@jo)v
X

where the last equality follows from [44, Lemma 4.5]. Letting 6 N\, 1, we find
T 0 (H (o), iy () < da(Ploo, )
finishing the proof of the claim, and the argument. 0O
Next we quantize the Monge-Ampére energy (see (2.2)) on the space £!, extending
the corresponding result for smooth metrics [46], continuous metrics [3, Theorem A], and

the case of K x-twisting [11, Theorem 3.5]:

Theorem 2.11. For any ¢ € ', we have

klirn n—![:k(ga) =1(p). (2.17)

Proof. Assume that this result is true for ¢ € H,,. For a general ¢ € £1, take a decreasing
sequence @; € H,, that converges to ¢. Then by Lemma 2.9 and Lemma 2.10, for any
Jj=1
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lim
k—o0

n! n! —
o L) = knﬁk(@)' < C lim di(p),¢) = Cdi (), ).
By our assumption, limy_, ;’—iﬁk(%) = I(y;). This implies that

— n!
klirgo ‘I(goj) - k—nﬁk(sﬁ)‘ < Cdi(pj,¢) -

Letting j — oo, we conclude.
It remains to prove (2.17) when ¢ € H,,. When (T, hy) is trivial, this was carried out
in [46]. Indeed, it suffices to observe that

nt g,ck(tsa) :/ka(tso)wn7 tel0,1],

ko dt
X
where By (ty) denotes the k-th T-twisted Bergman kernel at typ € PSH(X,w). The well-

known Bergman kernel expansion [58, Theorem 4.1.1] implies that By (tp)w™ — V= 'wy,
uniformly. Consequently,

n! d

d
o Eﬁk(t‘»@) - EI(RP)

uniformly. Taking integral with respect to ¢ € [0, 1], we conclude (2.17) in this case. O
2.4. An algebraic notion of singularity type

Detecting singularities using algebraic tools. In this section, let (X,w) be a compact
Kéhler manifold of dimension n. Let 6 be a smooth real (1,1)-form on X representing a
pseudo-effective cohomology class.

Given v € PSH(X,6), as pointed out in the literature (see for example [12], [54]),
one can not characterize the singularity type [u] using “mainstream” algebraic data, like
multiplier ideal sheaves Z(cu),c > 0 or Lelong numbers. Instead, one can introduce an
algebraic notion that is coarser than equivalence up to singularity types, considered in
[55, Section 2.1]:

Definition 2.12. Let ¢,v¢ € PSH(X,0). We put ¢ =z % in case Z(ap) C Z(at)) for
all a > 0. Then =<7 is a preorder, with equivalence relation ¢ ~7 1 characterized by
Z(ap) = Z(ay) for all a > 0. The corresponding classes are called Z-singularity types,
and are denoted by [x|z, where x € PSH(X, #) is a representative of the class.

In the language of [55, Section 2.1] the relation ~7 is called v-equivalence. Obviously
[¢] = [¢] implies [p|r = [¥]z. However the reverse direction does not hold in general,
and this phenomenon is at the center of the discussion in this subsection. Before we dive
deeper into this, let us recall the following characterization of Z-equivalence via Lelong
numbers, a direct consequence of [12, Theorem AJ:
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Theorem 2.13. Let ¢, 1 € PSH(X,0). Then the following are equivalent:

(i) ¢~z 9.
(ii) v(p,y) = v(¥,y) for any projective modification m : Y — X, with Y smooth, and
yevY.

In the above statement v(y, y) is the Lelong number of ¢ o at y, in local coordinates
defined by

v(p,y) = v (p,y) :==sup{c>0:pom(z) <clog|z -yl + O(1) near y } .

Given a prime divisor Z of Y, the generic Lelong number of ¢ along Z is defined as:
Z) = inf .
v(p,Z) = f v(p, 2)

Due to Siu’s semicontinuity theorem, for a set S C Z of measure zero, we have that
v(p,z) =v(p, Z) for z € Z\ S, motivating the terminology.

Since we work with smooth models Y, for a coherent ideal J C Ox one can talk
about v(7,y) (v(J,Z)) as the minimum vanishing order of f; o w at y (along Z) for
a finite set of generators {f;}; of J, (J. for some z € Z). Moreover, one can see that
v(J,y) == v(J, E,), where E, is the exceptional divisor of p, : Bl{,4 Y — Y, the blowing
up of Y at y.

The following result is implicit in [12], and clarifies the relationship between multiplier
ideal sheaves and Lelong numbers in Theorem 2.13. We give a detailed sketch of the
argument for the convenience of the reader:

Proposition 2.14. Let m : Y — X be a projective modification with Y smooth, andy € Y.
For ¢ € PSH(X, 0) we have

V(py) = Jim —(T(kp)y). (2.18)

Proof. That v(p,y) > zv(Z(ke),y) follows from the fact that the local potential
with singularity governed by %I(kcp) is always less singular than ¢ (by the Ohsawa—
Takegoshi theorem). Taking lim, we get that the left hand side is greater than v(p,y) >
limy o0 £V(Z(ke)).

For the reverse inequality, we start with noticing that v(pop,, 2) > v(yp,y) for any z €
E,. Indeed, Lelong numbers can only increase under pullbacks. In particular, v(y, E,) >
v(g,y). That lim,_,  1v(Z(ke), Ey) > v(p, E,), follows from an application of Fubini-
Tonelli’s theorem, as elaborated in the proof of [12, (5.3)]. O

Remark 2.15. That (i) implies (ii) in Theorem 2.13 is seen to follow from (2.18). The
reverse direction now follows from the local result [12, Theorem A]. More broadly, the
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reverse direction is the consequence of the valuative criteria for integrability (see [22,
Theorem 10.12] and its proof).

Corollary 2.16. Let ¢, € PSH(X, 0). Then the following are equivalent:

(i) » =z ¢.
(ii) v(p,y) = v(¥,y) for any projective modification m : Y — X, with Y smooth, and
yevy.

Proof. Assume that (i) holds. Then (ii) holds by Proposition 2.14. Conversely, as-
sume that (ii) holds. Then max{y,?} =~z 9 by Theorem 2.13, and the fact that

v(max(p,¥),y) = min(v(v¥, y),v(p,y)) [22, Corollary 2.10]. Hence ¢ <7 max(p, ) ~1 ¢
as desired. O

As we saw in the above argument, the class of potentials x satisfying x <z ¢ are
stable under taking max, hence we can introduce the notion of an envelope with respect
to Z-singularity:

Pl :==usc(sup{+ € PSH(X,0) : ¢ < 0,9 2z ¢ })
=usc (sup{max{z/),ga—supgo} : € PSH(X,0),¢ <0,¢ <z w}) (2.19)
X
=usc (sup{y € PSH(X,0) : ¢ < 0,9~z p}) .

The above envelope should be compared with the well-known envelope with respect to
singularity type (going back to [66] and [63] in the local case):

Ply] :=usc (sup{v € PSH(X,0) : [v] =[p] and v <0 }) .
We refer the reader to [66], [38], [39] for basic properties of P[u].
Definition 2.17. Recall that v € PSH(X, ) is a model potential if uw = Plu]. Also, the
singularity [u] of a model potential u is called a model singularity type. Analogously, a
potential ¢ € PSH(X, ) is called Z-model if ¢ = P [p];. The singularity type [¢] of an
Z-model potential ¢ is called an Z-model singularity type.
We begin to discuss the parallel between the above notions:

Proposition 2.18. Let ¢ € PSH(X,0). Then

(i) Plyl; € PSH(X,0) is a model potential (P[P [p|;] = P [p]|;), moreover Plp|; >
Ply]. In particular, all T-model potentials are also model potentials.
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(i) ¢ =~z Plpl;. In particular, P[P [p|]z = P[]y, and the usc is unnecessary in
(2.19).

According to the above result P [u]; = u implies P[u] = u. As a result, if u is Z-model
then it is automatically model, but not vice versa.

Proof. (i) P[p]; = P[P [p];] because aP [¢]; and aP[P [u];] = alimcoo P(P [¢]7 +
C,0) have that same multiplier ideal sheaves for any a > 0. Indeed, multiplier ideal
sheaves are stable under taking increasing limits [53]. Since ¢ ~7 P[], we get P [¢]; >
Ple].

(ii) By Choquet’s lemma we can take ¢; € PSH(X,0) (j > 0), such that ¢; <
0, ¥; ~z ¢ and that v, increases to P [p]; a.e.. It follows from Guan-Zhou’s strong
openness theorem [53] that ¢ ~7 Plp];. O

Example 2.19. Following [4, Example 6.10], we give an example showing that not all
model potentials are Z-model. Consider X = P! and let w be the Fubini-Study form on
X. Let K C P! be a Cantor set. Then K carries an atom-free probability measure, whose
potential v has zero Lelong numbers. Then the pull-back of v to any proper modification
of X has zero Lelong numbers as well [54, Corollary 2.4]. Hence P [v]; = 0. But v does
not have full mass. Hence P[v] # 0, i.e., P[v] is model but not Z-model.

Proposition 2.20. Assume that v € PSH(X,6) € A (See Definition 1.3). Then

In particular, P[] is ZT-model, and has the same singularity type as 1.

Proof. First one notices that [P [¢];] = [¢] for [¢] analytic. This is a consequence of [54,
Theorem 4.3]. It can also be seen after an analysis on the pullback 7 : Y — X, where 7
is the normalized blowup of the ideal of v, precomposed with a log resolution.

Since [P [¢];] = [¢], we get P [¢]; < P[], with the reverse being true by Proposi-
tion 2.18(i). O

Lemma 2.21. Suppose that {¢;}; € PSH(X, ) and ¢ € PSH(X, 6) are model potentials.

(i) If ¢; \y ¢ and ; are T-model, then ¢ is Z-model as well.

(i) If o; \c @ and [ 0} >0, then P [p;]; \( P [¢]7-

iii j a.e. an > 0, then j a.e. as well. In particular, i

iii) If @5 /o d [ 05 >0, then Plpjl; / Plel; I I jcular, if
the @; are additionally T-model, then ¢ is Z-model as well.

Proof. First we prove (i). Note that P[p|; ~7 ¢ =<z ¢; for any j > 1. Hence by
Proposition 2.18, P [p]; < P[p;]; = ¢;. Letting j — oo, we obtain P [p]; < ¢. Since
¢ < p; <0, we know that ¢ < P [p], hence ¢ is Z-model.
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We deal with (ii). Since [y 07 [y 0% > 0 [39, Proposition 4.8], by [39, Lemma 4.3]
there exists a; N\, 0 and v; := P(a%gp +(1- aij)gpj) € PSH(X, 0) satisfying (1 — o) +
a;vj; < . Taking P[], we arrive at

(1 =) Plpslz + o Plojl < P(1—aj)e; +ajujl; < Plelz,

where in the first inequality we have used P [¢)]; ~7 1, Theorem 2.13, and additivity of
Lelong numbers. Since {¢;}; is decreasing, so is {P [¢;]};, hence w := lim; P [p;], >
P[p]; exists. Since o; — 0 and supy P [v;]; = 0, comparison with the above gives
w=Pg];.

Dealing with (iii) is similar. Since [ 0% 7 [y 05 > 0 [38, Theorem 2.3], by [39,
Lemma 4.3] there exists oi; \, 0 and v; := P(2-¢; + (1 — L )p) € PSH(X, ) satisfying
(1 —aj)e + ajv; < ;. Taking P[] we arrive at ’

(1 =) Plpl; +a;Plvjl; < PI(1—aj)e + ol < Plpjl;

where in the first inequality we have used that P [1)]; ~7 1, Theorem 2.13, and additivity
of Lelong numbers. Since {¢;}; is increasing, so is {P [¢;];};, hence w := lim; P [p;], <
P [p]; exists. Since a; — 0 and supy P [v;]; = 0, comparison with the above yields
w=Plpl;. O

Remark 2.22. The condition ¢ ~7 1) is strictly stronger than requiring ¢ and v have the
same Lelong number everywhere on X (See [54, Example 2.5]). As we will see in the next
section, in terms of valuations, ¢ <7 1) means exactly that the induced non-Archimedean
functions on the space of divisorial valuations X&i" satisfy oNA < NA In particular,
eNA = NA g equivalent to ¢ ~7 t. See [12] for further details.

Algebraic approximation of Z-model potentials. For the remained of this subsection, we
return to the context of an ample line bundle L — X, with hermitian metric h, whose
first Chern form is equal to the Kéhler form w. Let us recall the following well known
result, originated from [49, Theorem 2.2.1]:

Theorem 2.23. Let u € PSH(X,w). Let up, € PSH(X,w) be the partial Bergman kernel
of V¥ := HO(X, L2" ko @ T(2%u)):

1 ‘
= 5k 21‘1/12 log th'H'“O(s,s)7 (2.20)
seVy',

H, (u)(s,5)<1

U

where Hox (u) is the Hilbert map of L2" with twisting T = L*o (see Section 2.3). Then
ug has algebraic singularity type (See Definition 1.3), and for some ko = ko(X, L,w) the
following hold:

(i) uy converges to u in L' as k — oo.
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(i) o] = [us].
(iii) for all m > 0 and k > m one can find Sk m > 1 such that Z(mdy mur) C Z(mu)
and Op,m 1 as k — oo.

Sketch of proof. (i) follows from Step 1 in the proof of [51, Theorem 7.1]. By Step 2
in the proof of [51, Theorem 7.1] we get that for sufficiently high ko the sequence [ug]
is decreasing, satisfying (ii). Condition (iii) is a consequence of the comparison of in-
tegrals method of [49, Theorem 2.2.1] (see [24, Lemma 3.2] where this is written out
explicitly). O

Following terminology of [24], approximations {u;}; of u € PSH(X,w) of the type
(2.20), satisfying all three conditions in Theorem 2.23 will be referred to as quasi-
equisingular approximations of u.

We arrive at the following result, characterizing the difference between model and
Z-model potentials in terms of ds-approximability via quasi-equisingular sequences:

Theorem 2.24. Let ¢ € PSH(X,w) be a model potential (P[] = ¢) with [, w} > 0.
Then ¢ is Z-model (P [p|; = @) if and only if [p] is the ds-limit of a quasi-equisingular
approzimation [¢;] € Z.

Remark 2.25. Due to this theorem and Proposition 2.20, the class of analytic singularity
types A are ds-approximable by algebraic singularity types of Z (in the presence of posi-
tive mass), already proving the (easy) equivalences between (iv) and (v) in Theorem 1.4.

Proof. Let ¢ € PSH(X,w) be an Z-model potential with [y w? > 0. Let ¢ be the
corresponding quasi-equisingular approximation of ¢. By [38, Theorem 1.1] the sum
=0 w"I Awl, is decreasing in k, hence converges. By [39, Lemma 3.4], {[px]}r € S
forms a dg-Cauchy sequence with fX we, = fX wg > 0. Hence by [39, Theorem 1], the
sequence ds-converges to [¢'] € S, where ¢’ = Ply] = lim; Plp;] > Plp| = ¢ [39,
Corollary 4.7]. We claim that

o=y (2.21)

By Lemma 2.20 and Lemma 2.21(i), both ¢ and ¢’ are Z-model, so it suffices to show
that Z(me) = Z(me') for any m > 0. Since ¢ < ¢’, the non-trivial inclusion is Z(m¢y) 2
Z(mg'). To prove this, by the last statement of the above theorem, we notice that

Z(mg) 2 Z(mbk,mer) = L(mp,mPlor]) 2 Z(mdg,me') .

By the strong openness theorem [53], we can let k — oo to arrive at Z(me) 2 Z(my'),
as desired.

Conversely, let ¢; be the quasi-equisingular approximation of ¢ such that
ds([¢], [#]) — 0. Taking envelopes, by Lemma 2.20 we conclude that ¢} = Plp;] =
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P [p;]; is pointwise decreasing, and ds([¢;], [¢]) = ds([¢}],[¢]) — 0. [39, Lemma 3.6]
now gives that [y w? N\, [y wi. Since ¢ = P[y], lim; ¢} > ¢, and [, w? > 0, by [38,
Theorem 3.12] we obtain that lim; gag- = . Finally, Lemma 2.21(i) implies that ¢ is
Z-model. O

Before we proceed further, we recall that the conventions set at the beginning of
Section 2 guarantee that the leading order Riemann—Roch expansion takes the form
RO(X,T @ L*) = Yk™ + O(k™~'), where T is an arbitrary line bundle. We recall the
following result of Bonavero:

Theorem 2.26. Assume that ¢ € PSH(X,w) has algebraic singularity type ([¢] € Z).
Then

lim = — .
k—00 k™ n! ®
X

RO(X, T ® Lk @ Z(ky)) 1/w"

This is indeed a special case of the singular holomorphic Morse inequalities proved by
Bonavero [20], surveyed in [58, Theorem 2.3.18].

Proof. According to [20, Théoréme 1.1] for ¢ = 0, we have k~"h°(X, T ® L* @ Z(kyp)) <
& [ w + o(1), hence

0 k
i WX IO eIke) 1 [ .
k— o0 km n! ®

Applying [20, Théoréme 1.1] with ¢ = 1, we get

0 k 1 k 1
h (X,T®kLn ®I(kp))  h (X’T®;€Ln ®I(ke)) n'/wg+o(1).

But according to [20, Corollaire 2.2], ' (X, T ® L* @ Z(kyp)) = o(k™), hence

X TQLF®T
h_mh(, ® LF @ I(ky))

1
> [ W
k—o0 kn - TL'/ v
X

Hence equality indeed holds. O

Remark 2.27. Note that our convention for the multiplier ideal sheaves is different from

that of Bonavero’s. In fact, Bonavero’s definition of Z(¢/2) corresponds to our Z(y).

n
®

sense, hence the holomorphic Morse inequalities take exactly the same form, despite the

But the volume of ¢/2 in the sense of Bonavero is exactly the same as [, w in our

difference in conventions.
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We additionally note that Bonavero proved the above result for potentials with an-
alytic singularity type, however his definition of this notion is less general than ours in
Definition 1.3, this being the reason for our more conservative statement above.

Theorem 2.28. Let ¢ € PSH(X,w) be an Z-model potential. Then

— 1 0 k 1 n
kll)n(r)lo k:_”h (X, T®L"®@I(kp)) < E/WV"
X

Proof. If f < wi > 0, the estimate follows directly from Theorem 2.26, Theorem 2.24 and
[39, Lemma 3.6].

Now let f xwp = 0 and ¢; be a quasi-equisingular approximation of ¢. Let € €
(0,1) N Q. Let P.[-] denote the envelope with respect to singularity type with respect to
w + ew. Note that the potentials P.[¢;] € PSH(X,w + ew) have positive masses bounded
away from zero, for each € > 0 fixed. Moreover, P[p;] has the same singularity type
as ;. Let ¢ be the decreasing limit of P[p,]. By Lemma 2.21(i), ¢ is an Z-model
potential and

/(w +ew+ddY)" = lim [ (w4 ew+dd ;)" .
j—o0
X b'e

We have 9. \, ¢ € PSH(X,w) as € N\ 0. From the condition Z(mdr mpr) C Z(mey),
we see that Z(mwy.) = limg Z(mdg mtbe) C limg Z(mog mer) € Z(myp), for any m > 0.
Hence it follows that Z(m) C Z(my). Hence P [¢)]; < ¢. But as ¢ < 0, we know that
P Y] > > ¢, hence we conclude that ¢ = 9.

Now we claim that

lim [ (w+ ew+dd°y)" =0. (2.22)
e—0+4
X

Indeed, for ¢ > 0 let ¥ := max(¢)¢, —¢) and ¢, := max(p, —c). For any b > 0 We have
that

T SHEY < Tim b€ C e\ by c n
SgrOn+ (w~+ ew + ddy°) 7&}&_/6 (W~ ew + ddY) /e (w~+dd®p.)",
X X X

where in the first estimate we used that (w + ew + dd®y)€)™ is supported on {1¢ = 0} [38,
Theorem 3.8], and in the last equality we used that e®¥" is bounded and quasi-continuous,
converging to €*¥ in capacity. Similarly, (w + dd°p)™ is supported on {p = 0}, hence
letting b — oo we arrive at our claim

T CHENV < n _ .
el—l>%1+ (w~+ ew + ddy°) _/ww 0
X b'e
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Let § > 0 be arbitrary, and take € = p/q € Q such that Jx (w+ew+ddyp)™ < 6.
By the positive mass case of this theorem,

lim ihO(X,TQ@Lk@I(k@)g lim kinhO(X,T@ng@LkE@I(kw))

k—o0,q|k kn k—o0,q|k

< i| /(w +ew 4+ ddY)" < 4. (2.23)

X

For a general k (possibly not divisible by ¢) write k = dg+r withd € Z>o, 7 =0,...,q—1.
Then

1

W(TeL" o LYeI(d
" ( (dgyp))

1
k—nhO(X,T ® L* @ I(kyp)) <

for ¢ large enough. Thus, replacing T" with T'® L" as the twisting line bundle, we are
reduced to the case r = 0, dealt with in (2.23). Letting § — 0, the proof is finished. O

2.5. Filtrations, flag ideals and the non-Archimedean formalism

Filtrations of the ring of sections. Let us recall the basics of filtrations in the context
of canonical Kéhler metrics, going back to work of Székelyhidi [68]. We refer to [14,
Section 1, Section 5] and [16, Section 3] for a much more detailed description. In the
sequel, we will focus on the point of view advocated by Ross—Witt Nystrém [66]. For
r > 0 we will consider

R(X,L") =P H(X, L)
k=0

the graded ring associated to (X, L"). When dealing with filtrations, we always assume
that r is big enough so that R(X, L") is generated in degree 1.

A filtration ({]—',;\}AER’%N, r) of R(X, L") is a collection of decreasing left-continuous
filtrations {F7} on each vector space HO(X, L*"), that is multiplicative (F - F C
f,i‘jrr,?,' for any k, k' € N, A\, \ € R) and linearly bounded (there exists A > 0 big enough
such that F, ™ = HO(X, L*") and F* = {0}, for k > 0.)

Let (C, | - ||) be the trivially normed complex line. A non-Archimedean graded norm
on R(X,L") is a norm on R(X, L") considered as a (C, || - ||)-algebra satisfying expo-
nential boundedness (there exists X > 0, such that for any & € N and any non-zero
s € HOX,L*), e=* < ||s|lx < e™*) and sub-multiplicativity (||s - s'|[esr < ||5]llls'|x
for any s € HO(X, L¥") and s’ € HO(X, L¥'")).

It is elementary to verify that there is a bijection between filtrations ({Fj},7) and
non-Archimedean graded norms {|| - ||x}ren on R(X, L") given by

Isllx <eeosecFy, keN,XeR,se HY(X,L").
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Due to this, we will use the terms filtrations and non-Archimedean norms interchange-
ably.

Filtrations induced by test configurations and flag ideals. A filtration ({}‘,ﬁ‘}, 7’) is a Z-
filtration if the jumping numbers/points of discontinuity of A — ]—',;\ are integers for all
k>0.

Due to the fact that R(X, L") is generated in degree 1, we have a surjective map

(HO(X, L))" - HO(X, LF) . (2.24)

Naturally, | - ||; induces a non-Archimedean norm on (H°(X,L"))®*, as well as on
any quotient (H°(X, L"))®¥ /W, where W C (H°(X,L"))®* is a subspace.

As a result, given a filtration ({F.},r), it is possible to define a non-Archimedean
graded norm || - | on each H°(X, L¥") only using || - ||; and the maps (2.24).

We say that ({.7-',:}}7 r) is induced by an (ample) test configuration if it is a Z-filtration,
and the map (2.24) induces an isometry between the graded non-Archimedean norms
|- IIF and || - || for any &k > 0.

This of course is not the usual definition of (ample) test configurations. However, as
pointed out in [14, Proposition 2.15], this construction is in a one-to-one correspondence
with the usual one going back to Tian [71] and Donaldson [45].

Flag ideals yield an important (and in many ways exhaustive) class of filtrations
induced by test configurations, going back to Odaka [59]. A flag ideal a is a C*-invariant
coherent ideal of Ox ¢, cosupported in X x {0}. Such an ideal is always of the form

d—1
_E j d
a—= TJClj-i-T Ox,

Jj=0

where a; is an increasing sequence of coherent ideals of Ox and 7 is the variable in C.
As a convention, we write a; = Ox, when j > d and a; = 0, when j < 0.

If for some r > 0, the sheaves L" ® a; are globally generated for every i > 0, then we
associate a filtration to a in the following way. First we define 73 := H(X,L" @ a|_y)).
As {F3} is decreasing and left-continuous, it induces a non-Archimedean norm || - ||; on
H°(X, L"), which further introduces a non-Archimedean graded norm || - || on R(X, L")
via the surjections (2.24).

By construction, the underlying Z-filtration is clearly induced by a test configuration,
with the jumping numbers of {F3}, being exactly the integers j such that a; C a;41. As

pointed out by Odaka [59], essentially all test configurations arise via this construction.

The non-Archimedean formalism. Here we recall some of the formalism developed in
[14,15,4], and later tailor some of their results to our context.

By X&iv we denote the set of rational divisorial valuations on X, i.e., valuations
v: C(X) — Q of the form v = cordp, with D being a prime divisor on some smooth
variety Y, mapping to X via a projective modification, and ¢ € Q. By convention, we
also take the trivial valuation v, to be part of X&i".
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To any v € X&i" one associates o(v) € (X x (C)?va, the Gauss extension of v. The
construction is described in detail in [14, Section 4.1].

The Gauss extension is defined as o(v)(>_; f377) == min; (v(f;)+j), where f; € C(X)
and 7 is the coordinate of C. It can be immediately verified that o(v) thus defined is a
valuation, moreover as shown in [14, Lemma 4.5, Theorem 4.6], o(v) is also divisorial on
X x C.

Remark 2.29. In [4, Section 3] the authors define X&i" as divisorial valuations on normal
models of X. However, due to Hironaka’s theorem, one can always take log-resolutions
of normal models, hence no information is lost if one considers only prime divisors of
smooth models, as we do in this work.

The non-Archimedean data of potentials, rays and flag ideals. In the non-Archimedean
approach to canonical Ké&hler metrics one converts both analytic and algebraic data into
non-Archimedean data, i.e., various functions on X(inV. We describe how this is carried
out with w-psh functions, geodesic rays and flag ideals.

Given u € PSH(X,w), one defines uN4 : X&i" — R by

uN (V) := —ev(u, D), V =cordp € Xgv. (2.25)

Recall that v(u, D) is the generic Lelong number of u along D (see Section 2.4). In
accordance with the literature, sometimes we will also write V' (u) := cv(u, D).

Before proceeding, we note the following result, which corresponds to Theorem 2.13
in the non-Archimedean dictionary. Indeed, for any projective modification 7’ : Y — X
with ¥ smooth, the Lelong number for any u € PSH(X,w) at y € Y is the same as the
generic Lelong number along the exceptional divisor of the blowup Bl Y.

Proposition 2.30. Suppose that u,w € PSH(X,w). Then the following are equivalent:

(i) u ~7 w.
(i) uNA = wNA,

Given a ray {r;}; € R!, it is known that t — supy r; is linear, in particular, there
exists | € R such that ®(s,z) = r_15 |5 + llog|s| € PSH(X x D, 7*w), where D is the
unit disk and 7 : X x D — X is the usual projection.

We define rNA : X&i" — R using the Gauss extension in the following manner:

NA () == —o(v)(®) + 1, (2.26)

where o(v) € (X x (C)g" is the Gauss extension of v € X&iv and o(v)(®) is to be
interpreted as a suitable multiple of the generic Lelong number along the center divisor
E' of o(v). It can be seen that this definition does not depend on I € R, nor on the
choice of smooth model hosting E’.
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NA

Lastly, by the same construction v~ can be defined for sublinear subgeodesic rays

{u¢}: (as defined in Section 3.1 below).

Given a flag ideal a = Zj;é i, +7%0x, such that L™ ®a; are globally generated for
all j, we define the corresponding function non-Archimedean function Y4 : X(inV - R
as follows:

PN (w) = —min(v(a) +J)

where v € Xg", and v(q;) is the valuation of a; given by v(a;) := inf{v(a) : a € a; }.

Approximation by flag ideals. Given a ray {r:}; € R!, in [4] the authors define an
approximation scheme by flag ideals a™ such that NA N\, rN4. We describe the main
point of this procedure, as it will be important in the sequel.

For simplicity, let us assume that {r;}; € R! satisfies supy7; < 0 for ¢ > 0. The
general case, can easily be reduced to this case, but one needs to slightly extend the
definition of flag ideals (to allow for fractional ideals). We have ®(s,z) = r_jo51s €
PSH(X x D, 7*w), and we simply define [4, Section 5.3]:

A" = T(27 D).

As pointed out in [4, Lemma 5.6] L2 Hmo @ aj" is globally generated for some mgy > 0
and all m, j. In addition, by the proof of [4, Theorem 6.2], the subbaditivity of multiplier
ideals implies that ¢4 is m-decreasing, moreover @A (v) N\ N4 (v) for v € X&i".

3. The structure of R' and approximability
3.1. The extended Ross—Witt Nystrém correspondence

The results of this subsection hold for an arbitrary Kéahler manifold (X, w). The goal
is to give a duality between the finite energy geodesic rays of Rl and certain maximal
test curves, reminiscent of [66] and [37], but to also give a formula the Monge—Ampére
slope of L! rays in terms of their Legendre transforms. To do this we consider a wider
context and generalize the discussion going back to [66], revisited in [37].

A sublinear subgeodesic ray is a subgeodesic ray (0,+00) 3 t — u; € PSH(X,w)
(notation {u¢}sso) such that ug — 1 ug := 0 as t — 0, and there exists C' € R such that
ug(z) < Ctforallt >0, z € X.

Due to t-convexity, we obtain some immediate properties of sublinear subgeodesic
rays:

Lemma 3.1. Suppose that {u;}; is a sublinear subgeodesic ray. Then the set {u; > —oo}
is the same for any t > 0. In particular, for any x € X the curve t — u(x) is either
finite and convex on (0,00), or equal to —oco on this interval.
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A psh geodesic ray is a sublinear subgeodesic ray that additionally satisfies the fol-
lowing maximality property: for any 0 < a < b, the subgeodesic (0,1) > ¢t — v?’b =
Uq(1—t)+bt € PSH(X,w) can be recovered in the following manner:

v = suphy, te0,1], (3.1)
hesS

where S is the set of subgeodesics (0,1) 3t — h; € PSH(X, w) such that

limh; <ug, limh <uy.
£\,0 t 1

We note the following properties of the map v — supy v along rays:

Lemma 3.2. For any psh geodesic ray {us}+, the map t — supy uy is linear. For sublinear
subgeodesics, the map t — supy uy is only convex.

The statement for subgeodesics is a consequence of t-convexity. To argue the statement
for psh geodesic rays, one can simply use [35, Theorem 1] together with approximation
by bounded geodesics, and the continuity of u + supy u in the weak L'-topology of
PSH(X,w).

Making small tweaks to [66, Definition 5.1], we are ready to give the definition of test
curves:

Definition 3.3. A map R 3 7 — ¢, € PSH(X,w) is a psh test curve, denoted {1, }.cR, if

(i) 7 +— 1, (x) is concave, decreasing and usc for any = € X.
(ii) ¥, = —oo for all 7 big enough, and v, increases a.e. to 0 as 7 — —o0.

Note that this definition is more general than the one in [66] (where the authors only
considered potentials with small unbounded locus), even more general than the one in
[37] (where the authors considered only bounded test curves). Moreover, condition (ii)
allows for the introduction of the following constant:

7'12' :=inf{r € R : ¢, = —c0}. (3.2)

Remark 3.4. We adopt the following notational convention: psh test curves will always
be parametrized by 7, whereas rays will be parametrized by ¢. Hence {¢1}; will always
refer to some kind of ray, whereas {¢;,}, will refer to some type of test curve. As we
prove below, rays and test curves are dual to each other, so one should think of the
parameters t and 7 to be dual to each other as well.

Definition 3.5. A psh test curve {¢;}, can have the following properties:

(i) {¥-}+ is mazimal if P[y)p;] = ¢, for any 7 € R.
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(ii) {¥r}r is Z-mazimal if P[], = ¢, for any 7 € R.
(iii) {®-}+ is a finite energy test curve if

7 (X/w& —/w" dr > —c0. (3.3)
—o0 b'e

(iv) We say (1) is bounded if 1, = 0 for all 7 small enough. In this case, one can
introduce the following constant, complementing (3.2):

7, =sup{TER P, =0}. (3.4)

In the above definition, we followed the convention P[—oo] = P [—o0]; = —oo. Note
that bounded test curves are clearly of finite energy.

We recall the Legendre transform, that will help establish the duality between various
types of maximal test curves and geodesic rays. Given a convex function f : [0,400) — R,
its Legendre transform is defined as

f() = i)~ 17) = (O — 17), T ER. (3.5)
The (inverse) Legendre transform of a decreasing concave function g : R — R U {—o0}
is

g(t) :=sup(g(r) +tr), t>0. (3.6)
Te€R
We point out that there is a sign difference in our choice of Legendre transform compared
to the convex analysis literature, however this choice will be more suitable for us.
As it is well known, for every 7 € R we have that §(7) > g(7) with equality if and only

X

if g is additionally 7-usc. Similarly, f(¢) < f(¢) for all ¢ >0 with equality if and only if
f is t-1sc. In general, 5 is the 7-usc envelope of g, and f is the t-lsc envelope of f. We
will refer to these facts commonly as the involution property of the Legendre transform.

Starting with a psh test curve {t},, our goal will be to construct a geodesic/sub-
geodesic ray by taking the 7-inverse Legendre transform. The first step is the next
proposition which was essentially proved in [35]:

Proposition 3.6. Suppose {1);}, is a psh test curve. Then sup, (¢, (x) + tT) is usc with
respect to (t,x) € (0,00) x X.

Since TJ < oo and ¥, < 0,7 € R, we note that sup, (¢, +t7) < 157@|r for t > 0. Also,
for ¢t = 0 the above proposition may fail.

Proof. Let S = {Res > 0}. In the proof, usc(-) will denote the usc regularization on
S x X. We consider the usual complexification of the inverse Legendre transform:
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u(s, z) :==sup(¢-(2) + TRes), (s,2) €S xX.

Also, ug(x) = u(t,z) < tTJ,t > 0. Clearly, uscu € PSH(S x X, 7*w), where uscu is the
usc regularization of w on S x X. Let 7 : S x X — X be the natural projection. It will
be enough to show that uscu = u.

We introduce £ = {u < uscu} C S x X. As both u and uscu are R-invariant
in the imaginary direction of S, it follows that E is also R-invariant, i.e., there exists
B C (0,00) x X such that E = B x R.

As E has Monge—-Ampeére capacity zero, it follows that E has Lebesgue measure zero.
By Fubini’s theorem B C (0,00) x X has Lebesgue measure zero as well. For z € X, we
introduce the slices:

B, =BnN((0,00) x {z}) .

By Fubini’s theorem again, we have that B, has Lebesgue measure 0 for all z € X \ F,
where F' C X is some set of Lebesgue measure 0.

By slightly increasing F', but not its zero Lebesgue measure(!), we can additionally
assume that ug(z) > —oo for all t > 0 and z € X \ F (indeed, at least one potential .
is not identically equal to —o0).

Let z € X \ F. We argue that B, is in fact empty. By our assumptions on F, both
maps t — uy(z) and ¢t — (uscu)(t, z) are locally bounded and convex (hence continuous)

n (0,00). As they agree on the dense set (0,00) \ By, it follows that they have to be the
same, hence B, = (). This allows to conclude that

gl(f)[ut(x) — 7t = xr = t1r>1(f) [(uscu)(t,x) —7t], 7T€Randze X\ F. (3.7)
By duality of the Legendre transform v, (x) = infysofus(z) —t7] forallz € X and 7 € R
(here is where the 7-usc property of 7 — 1, is used). From this and (3.7) it follows
that ¢, = x, a.e. on X, for all 7 € R. Since both ¢, and x, are w-psh (the former by
definition, the latter by Kiselman’s minimum principle [40, Theorem 1.7.5]), it follows
that in fact ¢, = x, for all 7 € R.
Consequently, applying the 7-Legendre transform to the 7-usc and 7-concave curves
7+ ¢, and T — x,, we obtain that us(z) = uscu(t,z) for all (¢t,z) € (0,00) x X. O

Given a sublinear subgeodesic ray {¢;}; (psh test curve {1,},), we can associate its
(inverse) Legendre transform at z € X as

br(x) = inf(¢y(x) —tr), 7ER,

dy(x) = sup(¢,(z) +t7), t>0.
T€R

(3.8)

Our main theorem describes a duality between various types of rays and maximal test
curves, extending various particular cases from [66], [37]:
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Theorem 3.7. The Legendre transform {1}, +— {t}¢ gives a bijective map with inverse
{pe}e — {dr}+ between:

(i) psh test curves and sublinear subgeodesic rays,
(ii) mazimal psh test curves and psh geodesic rays,
(iii) [66], [37] maximal bounded test curves and bounded geodesic rays. In this case, we
additionally have that

Tt <t <7ft, t>0.

(iv) mazximal finite energy test curves and finite energy geodesic rays. In this case, we
additionally have that

I{@}:%] ()Zw&—/w" dT—l—TJ. (3.9)

Recall that the functional I is defined in (1.2).

Proof. We prove (i). This is essentially [37, Proposition 4.4], where an important par-
ticular case was addressed. Let {1, }, be a psh test curve. Then ¢, € PSH(X,w) for all
t > 0 due to Proposition 3.6. We also see that supy @Zt < trf, and J}t —r1 0ast— 0,
proving that {¢}; is a subgeodesic.

For the reverse direction, let {¢;}; be a sublinear subgeodesic ray. Then QAST €
PSH(X,w) or qAST = oo for any 7 € R due to Kiselman’s minimum principle. By proper-
ties of Legendre transforms and Lemma 3.1, we get that 7 — ¢, (x) is T-usc, 7-concave
and decreasing. Due to sublinearity of {¢;}; we get that b, = —o0 for T big enough.
Lastly ¢, 0 a.e. as 7 — —o0, since ¢y —1 0 as t — 0.

We prove (ii). From [35, Proposition 5.1] (that only uses the maximum principle (3.1))
we obtain that for any psh geodesic ray {u:}+, the curve {i,}, is a maximal psh test
curve.

Let {t¢;}, be a maximal psh test curve. We will show that the sublinear subgeodesic
{z/v)t}t is a psh geodesic ray. By elementary properties of the Legendre transform we can
assume that 7'12' = 0, in particular {th}t is t-decreasing.

Now assume by contradiction that {t}; is not a psh geodesic ray. Comparing with
(3.1), there exists 0 < a < b such that

’(L(lft)athb <X :=suphgy, te(0,1],
hesS

where S is the set of subgeodesics (a,b) 3 ¢t — h; € PSH(X,w) satisfying thm+ he < thq
—a
and flirgl hy < 1[);,. Now let {¢:}; be the sublinear subgeodesic such that ¢; := th for
t—b—
t ¢ (a,b) and ¢q(1—)4be := Xt Otherwise.
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Trivially, J}t < ¢y < 0, hence by duality, ¥, < QAST and TJ = T;r = 0. However,

comparing with (3.8), we claim that ¢, < ¢, +7(a—b) for any 7 € R. Since TJ)_ = 7';' =0,
we only need to show this for 7 < 0. For such 7 we indeed have

inf (¢p —t7) < p —br =y —br < inf (¢ — t7) + (a — )7,
t€(a,b] t€(a,b]

where in the last inequality we used that ¢ — J}t is decreasing.

By the maximality of {¢}., we obtain that i, = QAST. An application of the Legendre
transform now gives that 1[),5 = ¢¢, a contradiction. Hence {9} is a psh geodesic ray.

The duality of (iii) is simply [37, Theorem 1.3], closely following [66].

We deal with (iv). As before, we may assume that TJ = 0. As a preliminary result,
in Proposition 3.8 below we prove (3.9) for bounded maximal test curves.

Given a finite energy maximal test curve {¢},, we know that {¢}, is a psh geodesic
ray. By [43, Theorem 4.5] and its proof there exists bounded geodesic rays {¢/¥}; such
that ¥ N\, ¢ for any ¢ > 0, and waZ’; N [y wy for any T < T,j; = TJ,C = 0 (see
especially the last displayed equation of [43, pp. 17]). Indeed, the arguments of [43,
Theorem 4.5, Lemma 4.6] work for general psh rays, without change.

By Proposition 3.8 below

I{i[}f}—‘l/z (Y/wzﬁx/w” dr.

The right hand side is bounded from below, since {t;}. is a finite energy test curve.
Since [ Wi Jx wii., we can take the limit on both the left and right hand side, to
arrive at (3.9), also implying that {¢;}; is a finite energy geodesic ray.

Conversely, assume that {¢;}; is a finite energy geodesic ray, with decreasing approx-
imating sequence of bounded rays {#F};, as detailed above. For similar reasons we have

i} =+ f_ooo (fX wg,ﬁ - Ix w”) dr. Since I{¢F} \ 1{¢:}, the monotone convergence
theorem gives that (3.9) holds for {¢,}, finishing the proof. O

As promised, to complete the argument of Theorem 3.7, we prove the next proposition,
whose argument can be extracted from [66, Section 6] with additional references to [38].
We recall the precise details here as the results of [66] were proved in the context of

potentials with small unbounded locus.

Proposition 3.8. Suppose that {¢;}, is a bounded maximal test curve with TJ = 0. Then

I(ft)zl{&t}:%/o (}Zw&_/w” dr, t>0. (3.10)
—00 X
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Proof. Without loss of generality we assume that V =1.For N € Z,,M € Z and t > 0,
we introduce the following:

O = ma (o + t/27)
k<M

It is clear that ¢ € PSH(X,w) N L°°(X), since it is a maximum of a finite number
of w-psh potentials (here we also used that {¢;}, is a bounded test curve). Moreover,
we now argue that

t YN, MA+1 YN, M t
o [ g ST 1@ < 5 fun, o Gy
X X

Indeed, for elementary reasons:

J (0 0 s ST <165
X

< / (G =g Wt (312)
X

Clearly z/v)iv MAL > inv ’M, and using 7-concavity we notice that

U= { b ML — M 0} = { Yty + 27Vt —Yprpov >0} .

Moreover, on U; we have
pNAMAL a1y v + M +1)/2V YoM — Unrjon +tM /2N

We also note that U, is an open set in the plurifine topology, implying that wZZ(MH)mN ‘Ut

are sup-

¥ Y ar 1) 2N
ported on the sets {1p;/on = 0} and {¢(pr41y/2v = 0} respectively [38, Theorem 3.8].

Since {¢(ar41)/2v = 0} € Uy and {¥(pr41)28 = 0} C {¥pr/2v = 0}, applying the above
to (3.12), we arrive at (3.11).

Fixing N, let M be the biggest integer to the left of 2V Ty - Then repeated application
of (3.11) yields

t n YN0 YN,M t n
> Q_N/“’wj/wﬁl(”’t )10 < ) 2_N/w‘”f/2”'

M+1<35<0 b M<j<-1 b’

p— n J— n n
—w N |Ut and wwM/W |Ut = wJJf]’M |Ut' Recall that wmeN and

Since M < 2N7w_ we have that )M = VUprjan +tM /2N =tM/2V | we can continue to
write
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Z 2N<)[ J/QN* wn = Z2N<)[ J/QN* wn

j=M+1

We now notice that we have Riemann sums on both the left and right of the above
inequality. Using Lemma 3.9 below, it is possible to let N — oo and obtain (3.10), as
desired. O

Lemma 3.9. Suppose that {1, }, is a psh test curve. Then T — fX wy, > 0 is a continuous
function for T € (—oo, T{[)

By working harder, using [39, Theorem B], one can show that 7 — (fX wZT)l/n is
concave, however we will not need this in the sequel.

Proof. First we argue positivity. Since ¢, /0 a.e, as 7 — —o0, [38, Theorem 2.3] gives
Sxwi. S Jxw™>0asT— —oco. Let 7 € (—OO,TJ) be arbitrary. Pick 7, € (7, TJ) and
7o < 7 such that [ wyn >0.Leta € (0,1) such that 7 = arg+(1—a)r;. By 7-concavity
and [72, Theorem 1.1] we obtain that [, wy > Ix wﬁmoHIw)Tl >a" [y wzro > 0, as
desired.

Next, we argue continuity. We know that 7 — ¢, is 7-decreasing. Fix 79 € (—oo0, TJ )
then [(wi A [y wy, - as T\ 7o by [38, Theorem 2.3]. Now we argue that [, wp N\
J x wg)m as 7 19. For € > 0 small, using the 7-convexity of 7 — 1, together with
monotonicity and multi-linearity of the non-pluripolar measure, we have

1 n 2" -1 n < n < n
27 wwrofe + on wwroJre — wéibro—eJr%’lPrOJre - wwm '

X X X X
Letting € \, 0, we know that [ wy L Jx wyj ; hence Jx wy N\ Jx wy . 0O

The technique in the proof of Proposition 3.8 can also be applied to other energy
functionals. We refer to [73] for details.

3.2. Rays induced by filtrations and approrimability

We fix a filtration ({F},7) on R(X,L"). Following [66, Section 7], one can asso-
ciate a maximal test curve to this filtration in the following manner. The corresponding
construction for test configurations is due to Phong—Sturm [60], [61]. For 7 € R, let

1
ok = sup — log h*"(s,5) <0. (3.13)
sEFTF hF(s,5)<1 r

Since each F7¥ is finite dimensional, one notices that 4% € PSH(X,w) has analytic

singularity type. Moreover, by the multiplicativity of the filtration we have that
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kib + Kak < (k+ K)ok <o. (3.14)
As a result, Fekete’s lemma implies that @, := limy 0% = sup, @* € PSH(X,w) exists,

and the curve 7 — 4, has a number of special properties.

Theorem 3.10. /66, Proposition 7.7, Proposition 7.11] For any filtration ({F}},r) the
potentials {1, }. form a maximal bounded test curve. In particular, by Theorem 3.7 they
induce a ray of bounded potentials {u;}: € R*.

We give a very brief sketch of the argument. As elaborated in [66, Section 7], that
{@;}, is T-concave and 7-decreasing is a consequence of the multiplicativity of the fil-
tration. Boundedness follows from linear boundedness of the filtration. To make sure
that {@,}, is 7-usc we take @4 := lim_.  + 4, [37, Lemma 4.3]. Regarding maximal-

ity, Pli,] = 4., for 7 < 77

. is a consequence of the Skoda division theorem. That

Pla_+] =0+ follows since @, N\, @+ as 7\, 7,5 [39, Corollary 4.7].
Recall the notion of Z-maximal test curves from Definition 3.5. As Z-maximal test
curves are maximal (Lemma 2.18), we give the following improvement to the above result:

Theorem 3.11. For any filtration ({Fj},r) the curve {1}, is a bounded T-mazimal test
curve.

Proof. Using the previous result, we only have to show that P [d,]; = 4, for 7 < 7.},
Due to (3.14) we have that ﬁzj < ﬁzj“, moreover i, = lim; ﬁ? By maximality of 4.,
we have that 22 < P[a2'] < P[d,] = d,, in particular, P[a2’] /..

Let us assume momentarily that 7 < 7,7. Then fX wg, > 0 by Lemma 3.9. By
Lemma 2.21(iii), to conclude that P [t.]; = i,, we only need to argue that P[ﬁ?]
is Z-model, which follows from Proposition 2.20.

In case when 7 = 7,1, notice that P[t,_c]; = @r—c \( Ur as € \, 0. Hence by
Lemma 2.21(i), and what we just proved, we get that P [4,]; = @,, as desired. O

Test configurations and approximable rays. We introduce some preliminary terminology,
aiding our discussion in this paragraph.

Definition 3.12. We say that a ray {r;}; € R' is approzimable if there exists rays {r{}t €
R! induced by test configurations such that r{ N\, r; for t > 0.

In the terminology of [4], approximable rays {r:;}; are called maximal. By [43,
Lemma 4.3] we obtain that d§({r};, {r:};) — 0, in particular {r;}; € T, where T is
the set of rays induced by ample test configurations.

Due to the completeness of £-'N4 proved by Boucksom-Jonsson (see [74, Example 3.3],
or Theorem 3.18 below), {v;}; € T if and only if it is approximable, but we will not rely
on this property in the present section.
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We recall the following potential theoretic interpretation of »N4 from [4, Section 4.3]
in terms of the Legendre transform:

Proposition 3.13. Let {ri}; € R such that 77 = supyr <0, fort > 0. Let v € X&iv.
Then

rNA(v) = — inf (v(P;) —7) = — inf (v(7,) — 7) (3.15)

‘r<‘rg' TeR

= sup (P4 (v) +7) = sup(FF A (v) +7)
T<T:— TER

where {; }, is the maximal finite energy test curve of {ry}+. By convention, v(—o0) = oco.

Proof. We only need to prove the very first equality. Recall from Theorem 3.7 the fol-
lowing duality between {r;}; and its maximal test curve:

ry = sup (fr +t7), t>0. (3.16)

'r<7';r

€ (X x (C)g" be the corresponding Gauss extension (see

Let v € X(inV, and o(v)
0, by Lemma 3.14 below we conclude that —rN4(v) = o (v)(®) =

Section 2.5). Since 7 <
O

inf, __+ (v(7,) — 7).

Lemma 3.14. Let ) be a complex manifold. Let F be a non-empty family of non-positive

psh functions on € and v := usc (sup cp). Then for any x € ),
peF

v(,x) = SOhgg__u(gp,x). (3.17)

Proof. By Choquet’s lemma, we may assume that F consists of only countably many
functions ¢; (j € N) and ¢ = usc (sup;ey 9;)-

By upper semicontinuity of Lelong numbers, v(¢, ) > lim;en v(max{yo,...,¥;}, ).
In addition, by monotonicity of Lelong numbers, v(¢, ) = limcn v(max{¢o, ..., ¢;}, )
= inf; v(p;, x), where in the last step we used [22, Corollary 2.10]. O

Given a ray {r;}; € R!, we define two associated envelopes, based on the ideas of [4].
For t > 0 let

(ry) :==inf { r} : {r;}; € R" is induced by a test configuration and r; >r; } .

A priori, it is not even clear that {II(r;)}; is a geodesic ray. On the other hand, following
the argument of [4, Theorem 6.6], for ¢t > 0 we can also consider

m(r¢) 1= sup { ("} € R« /A = pNA } .
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As we prove now, these two projections coincide to give a ray, whose maximal test curve
can be described concretely:

Theorem 3.15. Let {r;}; € R'. Then {II(r);}; is an approzimable geodesic ray. Moreover
the following hold:

() (), =7(r), = Pli-ly, r#77.
(ii) II(r); = w(r); fort > 0. Moreover II(r)_ ~7 7, T # 7-:,
(iii) H(T)NA = w(r)NA = pNA |

Since {II(r);}; is always approximable, we get that Il o IT = II, i.e., I is a projection.
It is not clear if (i) and (ii) hold for 7 = 7.7, though this is not essential to our discussion.

Proof. First we observe that no generality is lost if we assume the condition supy r; <0
for t > 0, after possibly replacing r; with r, — mt for some m € N big enough.

We note that (i) immediately implies (ii), as P[], ~7 7, (Proposition 2.18(ii)). On
the other hand, due to Theorem 2.13 and (3.15), we have that (ii) implies (iii) as well.
Lastly, (i) together with Lemma 3.16 below imply that {II(r);}; is approximable.

Hence we only need to argue (i). In fact, from Lemma 3.16 below we know that {m(r;)};
is an approximable ray, so II(r); < 7(r):, since 1y < 7(r):. To show that II(r); > 7(r):,
it suffices to show that for any Phong-Sturm ray {w;}; satisfying w; > r;, we have
wy > w(r);. We have that w™A > pNA = /N for any candidate {r}}; of {m(r¢)}:.
Hence, [4, Lemma 4.6] implies that w; > r}. Taking supremum over {r}}; we obtain
wy > 7(r)s, finishing the proof of II(r); = 7(r);.

Due to how II(r;) is defined, we immediately obtain 72 = 7+ = 7 giving

TI(r) m(r) "

—

To finish the proof of (i), we need to show that 7(r), = P[#.];, for 7 < 7. Due to
the lemma below, {m[r]:}; is approximable. Hence, by Theorem 3.11 and Lemma 2.21(i),
w(r), is Z-maximal for any 7 € R. In particular, to show that =(r)_ = P[], it is

enough to argue that 7(r)_ =~z 7, for 7 < T:—. To show this, due to Proposition 2.30 it
is enough to argue that

() () = A ), (3.18)

for all v = cordg € X&iv and 7 < 7.

Since test curves are T-concave, both sides in (3.18) are 7-concave on R, with the

T-usc property failing at most at 7 = F

-, the point of discontinuity.

Due to the comments following (3.6), to argue (3.18) it is enough to show that both
sides have the same Legendre transform on positive rational values, namely
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sup (7(r),. (v) + ) = sup (A(w) +t7),

7'<7';r 7'<7';r

for any ¢ € Q. We may assume ¢ = 1 by considering the valuation t~'v instead. From
(3.15), this is equivalent to rN4(v) = m(r)NA(v), which is known to hold by the lemma
below. O

Lemma 3.16 (//]). For any {r:}; € R' the ray {m(r):}+ € R is approzimable and
m(r)NA = pNA,

Proof. As before, we can assume that supy r: < 0, for t > 0, after possibly replacing
ry with r; — mt for some m € N big. Recall that in the proof of [4, Theorem 6.2], one
constructs a sequence of globally generated flag ideals a*, such that ¢, € HNA and
0ar \yTNA. Let {rF}; be the Phong-Sturm geodesic ray induced by the fractional ideals
k

a’.

Due to [4, Lemma 4.6], ¥ > p, for any ray {p;}; € R' that is a candidate for

{m(r)¢}+ € RY. Let {ri}; be the decreasing limit of {rF};. Since rf > r; > r;, and
r

A o : .
WNA — ok — 1A we get that /N4 = rNA| This implies that {r}}; is a candidate for

{m(r)¢}+ implying that {r;}; = {w(r):}:. O
Finally, we arrive at one of the main results of this section:

Theorem 3.17. There is a bijective correspondence between Z-maximal finite energy test
curves and the approzimable geodesic rays of R'.

Proof. Let {r;}; € R! be an approximable geodesic ray. Let {rF}; be a sequence of
Phong—Sturm geodesic rays decreasing to {r:}:. Since test configurations induce filtra-
tions, that in turn induce geodesic rays (see Section 2.5), we can use Theorem 3.11 to
conclude that {#¥}, is Z-maximal. So {#,}, is Z-maximal by Lemma 2.21(i).

Assume now that {1}, is an Z-maximal finite energy test curve. Due to Z-maximality,
by Theorem 3.15(i) we have that

—

H('IZJ)T =P [w‘r]l =v;, T# TJ :

By duality, {II(¢);}; = {¢1}+ € R'. Finally, by Theorem 3.15 the ray {IL(¢));}, is
approximable, finishing the proof. O

In addition to the above characterization, we show below that the projection II is
continuous. First, we recall radial analogs of some known properties of (€1, dy).

Given {u}, {vi}: € R, it is possible to construct {maxg (u,v); }s, { Pr(u,v)}: € R
the smallest/biggest ray that is above/below {u;} and {v;} respectively. The ray
{Pr(u,v):}+ was constructed in [74, Example 3.2], and {maxg(u,v):}+ was constructed



42 T. Darvas, M. Xia / Advances in Mathematics 397 (2022) 108198

above [39, Proposition 2.15]. These two rays satisfy the following metric estimates/iden-
tities for some C'(n) > 1, as argued in [39, Proposition 2.15] and [74, Example 3.2]:

di({we}e, {ve}e) < di({ue e, {maxp (u,v)i}e)) + df ({maxg (u, v)i }e, {ve}e)
< Odi({uhe, {vi ),
di({uhe, {ve }e) = di({ue}e, {Pr(u,v)e }e)) + di({ Pr(u, v)e }e, {ve }e) - (3.19)

Theorem 3.18. The projection map 11 : R — T is d$-continuous. In particular, the set
of approximable rays is df-closed.

The last sentence also follows from the completeness of EL'NA proved by Boucksom—
Jonsson ([17, Theorem 9.8]). This theorem proves the first part of Theorem 1.2.

Proof. Let {u}, {u;}y € RY with d§({ul}, {us}) = 0. To derive a contradiction, we can
suppose that d§(IT{u]}, I{u:}) > > 0.

After possibly taking a subsequence of {u] }¢, the radial version of [5, Proposition 2.6]
(whose proof is the same, and only depends on the estimates (3.19)) gives existence of two
sequences {v! };, {w/}; € R* that are decreasing and increasing respectively, satisfying
wl <wul <ol w! <uy <ol together with d§({v]}, {u;}) = 0, d$({w?}, {us}) — 0. For
closely related arguments, see [74, Proposition 3.1] and [39, Proposition 4.2].

Naturally we also get TI{w’}, < IM{u]} < I{v!}, T{w’}, < M{u;} < I{v]}, hence
to conclude it is enough to show that I{w!} ~ M{u,} a.e., and I{v]} \, M{u} for all
t >0 [43, Lemma 4.3].

Note that we have supy v{ = 7';; Ny T; = supy u1 and supy w{ = ng Ve 7'3_ =
supy u; by the Hartogs lemma for L!-convergence of quasi-psh functions. Because of
this, by the duality of Theorem 3.17, we only need to show that P [uﬁﬂz P li,]; ae.
and P [ﬁﬂz N\ P lir]; for 7 < TS_. But this follows from Lemma 2.21, since W) 7 .,
a.e.and 94 N\, 4, for T <75, O

3.8. Approximation of rays from below via subgeodesics of Kdhler currents
We prove the following result, which is the radial version of [44, Proposition 2.15]:

Theorem 3.19. Let {us}; € RY. Then for any € > 0 there exists subgeodesics [0,00) >
t > u§ € E such that, u§ =0, w,, > ew, u§ < u; and

Hu} —T{ui} < efl{u}] .
In addition, u; / u; a.e, as € = 0 for any t > 0.

Proof. We can assume without loss of generality that supy u; = 0. By [44, Proposi-
tion 2.15] we have that P((1 + €)u;) € £ for any € > 0.
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We fix € > 0 and ¢ > 0 momentarily. Let [0,] > | = v]" € &' be the geodesic
connecting 0 and P((1 + €)u;). Then [ — %ﬂvf’t is a subgeodesic connecting 0 and
1i€P((1+e)ut) < u;. Hence by the maximum principle, %ﬂvf’t <y, ie., vf’t < (14€e)uy,

ie., vlﬁ’t < P((14€)u;) for alll € [0,¢]. In particular, another application of the maximum

principle gives that {vf’t}tzl is a decreasing sequence for any ¢ > 0 and [ > 0 fixed.
Next we notice the following: for any ¢t > 0 and [ € [0, ¢],

o~

(L) = 1(vp")) = Lug) = 1(vf") = T(ug) — I(P((1 + €)uy))
< %/(Ut = P((1+ €)ur)) Wh((14eyuy)
X

< —w /“t wy, < e(14€)"(n+ 1)[I(u)],

X

where in the third inequality we have used [39, Lemma 4.4], and in the very last inequality
we have used that supy u; = 0.

Now linearity of I along geodesic segments gives that vj := lim_, vf’t € . More-
over, endpoint stability of geodesics gives that {vf}; € R' [5, Proposition 4.3]. Lastly,
the sequence of rays {v§}; is increasing to {u; }+. In addition, by the maximum principle,
vf < P((1+ €)wy).

Finally, we introduce the subgeodesics uj := %_i_ﬁvf > vy, for [ > 0. We immediately
obtain that w,e > ﬁew. Since vf < P((1+ €)w;), we get that vf < uf < v;. Lastly,

Hu} = T{ug} < T{ue} —H{of} <e(l+€)"(n+1)T{u} .
After re-scaling € > 0, the result follows. O

4. The closure of rays induced by test configurations

For this section, let (T, ht) be a fixed Hermitian line bundle on X with smooth metric
hr.
To start, we notice that a sublinear subgeodesic ray {r:}; satisfies

lim ~supr; =75 = sup V2 (v).
t—oo t x veXY

The first equality already follows from Lemma 3.2 and the correspondence in Theo-
rem 3.7(i). The last equality is pointed out in [4, Lemma 4.3]. In particular, the above
constant(s) can be recovered using only the non-Archimedean data rN4.

Now we introduce the non-Archimedean analogue of Donaldson’s £-functionals. For

each k > 1 and {r}; sublinear subgeodesic ray we define
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1
LM =3 (X, T LY - o

™
1
+3 / (R°(X, T ® LF @ Z(k#,)) — h°(X, T ® L¥)) dr
— 00

o0

:7% /TdhO(X,T@@Lk@I(ka)), (4.1)

— 00

where we integrated by parts for Riemann—Stieltjes integrals on some interval 7o, 7'2' +€,
with h%(X, T ® L*F @ Z(k#,,)) = h°(X, T ® L¥) and € \, 0 [2, Theorem 7.6]. Indeed, such
70 € (—o0,7i) exists due to the openness theorem of Guan—Zhou [53].

Lemma 4.1. (i) Let {r:}; be a sublinear subgeodesic ray and r} := ry +tc for some ¢ € R.

Then
1
LAY = LN ) + VhO(X,T@)L’“) c. (4.2)

(il) If {ur}+ and {vi}+ are sublinear subgeodesics such that uy < vy, then L}jA{ut} <
Elsz{Ut}

Proof. (i) is obvious. Let us argue (ii). One can see that

T
1
LM} — LM} = v / (h°(X,T @ L* @ Z(ko,)) — h°(X,T ® L* @ Z(kii,))) dr
Tﬂ»

1
+%h°(X,T® LN (rf =)+ 4 / (h°(X,T® L* @ Z(kd,)) — (X, T ® L") dr.

To conclude, one observes that both the first and second lines are positive quantities. O

Next we provide an important estimate for the radial Monge—Ampeére energy of ap-
proximable rays, in terms of LEA.

Proposition 4.2. Let {r;}; € R' be an approzimable ray, i.e., {#;}, is T-mazimal. Then
= 1l N
I{r:} > lim — L. {r:}. (4.3)
k—oo kK™

Proof. By Lemma 4.1, we may assume that 7':' = 0. By Lemma 3.9, we have fX wi >0
for 7 < 0. Moreover, 7, is Z-model for all 7 € R by Theorem 3.17. We can calculate



T. Darvas, M. Xia / Advances in Mathematics 397 (2022) 108198 45

0

I{ri} =V / / dT—_Z (%—l)dT
- [ (T ), "

— hO(X, T ® LF @ T(ki,)) = 1!l Na
o7 I D—)
= ( ey )4 e

where the first line we used (3.9), in the second line we used the Riemann-Roch theorem
together with Theorem 2.28, and in the third line we used Fatou’s lemma. O

Using the results of Section 2.2, in the next lemma we provide a formula that will
be an important technical ingredient (closely related to [9, Theorem 1.1]). Recall the
definition of the Hilbert map from (2.11):

Lemma 4.3. Let {r:}; be a sublinear subgeodesic ray with such that ry <0 for all t > 0.
Let

A (s) = tﬁ t~YogHy(r;)(s,s), s€ H(X,T®L").
— 00
Then for any s € HY(X,T ® L¥),
Au(s)=—ksup{A<0:s€ HO(X,T®LF®I(k\))} < oco. (4.5)

Proof. Let A < sup{r < 0:s€ HY(X,T®L*QI(kf,)}. Let C:= [ hF(s,s)e "> w" <

00. By definition, for any t > 0 we have 7y < ry —tA, so C > [, h¥(s,s)e ™ *=tN)

As a result, Ag(s) < —k), hence
Air(s) < —ksup{A<0:s€ H(X,T® LF@I(ki\))} .

Now we prove the reverse inequality. We fix p > Ay (s) and € > 0 satisfying p—e > Ag (s).
We can find ty > 0 such that

/hk(s, sle Frewn < Pt >ty
X
Hence [~ e [ h¥(s,s)e™¥"* w™ dt < co. By Tonelli’s theorem, this is equivalent to

o}

/hk(s,s) /e_pte_k” dt | w" < oo. (4.6)

X 0
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Before proceeding further, we show that Ag(s) > —k7,t = —klim; =Xt Indeed, we
get this after letting ¢ — oo in the following inequality:

1 Supy 1
7 log Hy(r:)(s, ) = —kiptx Ly n log Hy (r: —supr:)(s, s)
X

1
SuPtX "t + n log Hy(0)(s, s) .

Y

—k

As a result, —p/k < —k"'Ag(s) < tlim t~1supr,, giving that 7_p/k is not identically
— 00 X
equal to —oo.

Next, for any = € X such that 7_,(z) is finite, we claim that
oo
/e_pte_k”(x) dt > e PRk —p/u(@) (4.7)
0

By definition of #;, we can find to > 0 so that 7_, /() +1 > 14, (z) + pk~'ty. Since
t — r¢(x) is decreasing, we have 7_,/,(x) + pk™' +1 > ry(x) + pk~ 1t for t € [to, to + 1].
Hence

00 to+1 to+1
/e*pte*k”(x) de > / e Pte=hre(®) 4t > / e h—p/u(@) =Pk qp > gmP—ke=kl_p/i(x)
0 to to

This proves the claim (4.7). So by (4.6) and the claim, [y h¥(s,s)e™*-r/k W™ < oo,
hence p > —ksup{\ < 0:s € H'(X,T ® L* ® Z(k#))) }, concluding the proof. 0O

Next we link the non-Archimedean functional LEA to the classical functional £ for
sufficiently positive subgeodesic rays:

Proposition 4.4. Let {r;}; be a sublinear subgeodesic ray and 6 > 0 such that ry € &Y,

and wy, > ow for allt > 0. Then there exists ko(d) > 0 such that t — Ly (r:) is convex,
moreover

.1
LM} = tlif& Zﬁk(rt% k> ko. (4.8)

As it will be clear from the proof below, in case T = Kx and hr is dual to w™, one
can omit the condition w,, > dw from the assumptions.

Proof. By Lemma 4.1, we may assume that supyx 7 = 0 for any ¢ > 0.
By Lemma 4.3 for f € HY(X,T ® L¥) we have that

M (f) = Tim t7 og Hi (1) (f, f) = —ksup {A < 0: f € H'(X, T @ L* @ Z(k#y)) } -
(4.9)
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In particular, for A > 0,
A= {feH X, T® L")  du,(f) <A} =H (X, T®L*@T_(ki_y;;)) (4.10)

where Z_(kr;) := Ny, Z(k7x), and Fi* is the filtration associated to g, , defined in
(2.5).

As Hy(r,) is increasing in s, Hy(rs)" is decreasing in s, hence the exponent AH;
of Hi(rs)" on HY(X,T ® L*)* is bounded above. Moreover, the family (Hy(r;))i>0 is
positive when k > ko(d) by Theorem 2.8. As a result, t — L (r¢) is convex (see the
comments after Lemma 2.4) and the conditions of Theorem 2.6 are satisfied to imply
that

lim —
t—oo t

1 < det Hk (’I"t
log

) _7’ : oL (k
detHk(T‘O) = Adh (X,T@L ®I_<k”f‘,)\/k))
0

:k/AdhO(X,T @ LF @ T_(ki_y))
0

for k > ko(0), where in the first line we also used (4.10). As Z(k#,) C Z_(k#,) C Z(kfr_c)
for any € > 0, and ]-")I\{’c can only have finitely many jumping numbers, we get

0
o1 1 1 det Hp(ry)) 1 0 & R
A, 3 Lulr) = =g Jim 5 log (detHk(ro) BT /’\dh (X, T® L7 @ I(ky)) .

oo

Comparing with (4.1), the proof is finished. O
Before proceeding, we recall the following basic lemma:

Lemma 4.5. Let I C R be an open interval. Let f;, f : I — R (j > 1) be convex functions
such that f; — f pointwise. Then for all x € I, we have that

fL(x) < lim ff () < lim f] (2) < fi(2).

j—o00 Jj—o0

Proof. Due to convexity, for h > 0 small enough, we have that (f;(x—h)—f;(z))/(—h) <

f;_(x). Letting j — oo, we arrive at (f(z — h) — f(z))/(=h) < lim, ,  f; (x). Now

] —» 00

h — 0 gives the first inequality. The other inequality follows similarly. O

Theorem 4.6. Let {r;}; € R'. Then

|
lim %cEA{m} >1{r} . (4.11)
k—o00
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Proof. First, we consider {v;}; a sublinear subgeodesic such that v; € & L v <0, and
Wy, > 0w for all £ > 0 and some § > 0.

By Theorem 2.11, we have limj_, %Ek(vt) = I(v;) for ¢ > 0. So by Lemma 4.5
above and Proposition 4.4,

| |
v} = lim M) ;Ln (lim 1,@(%)) = lim %a}jf*{vt}. (4.12)

t T koo

By Lemma 4.1 it is enough to prove the theorem for {r;}; € R! with supy r, = 0. By
Theorem 3.19, we can find sublinear subgeodesics {vF}; such that vF € £, vF ~ 7, and
Wy > Opw for all ¢ > 0 and some o ~\, 0. Moreover, I{v}} = I{r;}. By monotonicity
of EEA{} (Lemma 4.1) we have

ooonl oon!
lim k—nﬁlsz{Tt} > lim k—nﬁgA{Uf} >1{v} .
k—oco k— oo

Letting k — oo, we conclude (4.11). O

Theorem 4.7. Let {r;}; € R' with supy ¢y = 0. Then the following are equivalent:

(l) {rt}t (S T
(11) {Tt}t S ./—'.
(iii) P [fT}IO: 77, for all T < 0.
W(X,T ® L*  T(k#,))
( hO(X7T®Lk) —].) dT:I{Tt}.

() o,

This theorem proves most of Theorem 1.1. The remaining point will be completed in
Corollary 5.6.

Proof. First we show (i) = (ili) = (iv) = (i). Then we show (i) = (ii) =
(i).

Due to [74, Example 3.3] or (Theorem 3.18), (i) implies that {r:}; is approximable.
This in turn is equivalent with (iii) due to Theorem 3.17. However (iii) implies (iv) due
to Proposition 4.2 and Theorem 4.6.

Now we show that (iv) implies (i). For this, let us consider the ﬂ)groximable ray

{I(r);}+ € R' (Theorem 3.15). From the same result we know that II(r)_ = P[#,] for
7 < 0. In particular,

WX, T ® L © I(+I(r),)) = K(X,T ® L' ® I(k#,)).

From the direction (iii) implies (iv) already proved, we obtain that (iv) holds for {II(r), };
in the following manner:
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0 k
H{II(r),} = lim /(h Xh()T;‘?LTg;()k ”-1) dr. (4.13)

Condition (iv) now gives I{Il(r),} = I{r:}. Since r, < II(r);, this gives r, = II(r); for
t > 0. Since {II(r);}+ is approximable due to Theorem 3.15, so is {r;}+, concluding (i).
Finally, since 7 C F, we obtain that (i) implies (ii). For the other direction, it is
enough to show that elements of F are approximable. However the rays of F are all Z-
maximal, due to Theorem 3.11, so they are approximable due to Theorem 3.17, proving

(i). O

Theorem 4.8. Let {r;}; € R' with supy r; = 0 for any t > 0. Then limy,_, %EEA{W}
exists and can be estimated the following way

0 k
hm —,CNA{rt} = hm / (h Xh?;??g;()k i2) — 1) dr > 1{r:} . (4.14)

Proof. Consider the approximable ray {II(r);}; € R!. In the argument (iii) implies (iv)
of the previous theorem, we actually showed that the limit on the left hand side of (4.14)
exists and is equal to I{II(r);}. The inequality now readily follows from the fact that
re < I(r)e, implying I{r;} < I{II(r),}. O

For {r;}; € R!, it is possible to introduce the non-Archimedean Monge-Ampeére
energy in the following manner:

INA L} = T{II(r), ) . (4.15)

In particular, when {r;}; € T we have IN4{r,} = I{r;}. Comparing with (4.13), we
obtain a new interpretation for the non-Archimedean Monge—Ampeére energy:

Corollary 4.9. For {r;}; € R we have
|
M rey = lim %ﬁEA{rt}. (4.16)

In particular, if supx e = 0 for any t > 0, then

0
/(hO(X T ® L* @ I(kf,) — h°(X,T ® L*)) dr.

—0o0

INA{rt} = hm Vn}gn

This proves the second part of Theorem 1.2.
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5. The closure of algebraic singularity types

We start with the following result about approximable bounded geodesic rays.

Proposition 5.1. Let {r;}; € T C R' be a ray of bounded potentials. Then for all T €
(7, 71) we have

ToT

|
/w;z — lim (X, T @ LF @ Z(ki')). (5.1)
T k—oo k™
X

In particular the limit on the right hand side exists.

Proof. Without loss of generality, we may assume that {r;}; is sup-normalized, i.e.,
+

T =

s

Using (3.9), Theorem 4.7(iv), and Fatou’s lemma, we have the following estimate

j(h%_g dr =1{r,} = lim /(ho XhOT?LT’“gLIk()k ) _1) o 52)

T

0
(X, T ® LF @ Z(k,))
<[ 1 —1])dr.
—/kinio< WO(X,T @ LF) )dT

Tp

Comparing with (4.4) we arrive at

[ Y (ST TR P

T T

Since each 7, is Z-model, by Theorem 2.28 the integrand of the left hand side is greater
or equal to the integrand on the right hand side, so for almost every 7 € (7.,0) we have

— 1
— [ Wi, = lim —h (X, T ® L © I(kr,)). (5.4)

X

Due to (5.2) and (5.3), the conditions of Lemma 5.2 below are satisfied for I = (7, 0),
I' = (—2,1) and f;, being the integrand on the right hand side of (5.2). Due to Lemma 3.9,
the function (7.,

limsup in (5.2) is a limit for all 7 € (7;,0) and (5.1) holds as desired. O

0) > 7+ [ywp is continuous and decreasing. We conclude that the

Lemma 5.2. Let 1,1’ C R be two bounded open intervals, and f : I — I' fork € N be a
sequence of decreasing functions. Suppose that
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lim [ fudh= [ Tm frd\, (5.5)
k—o0 k—o0
I I

where A\ is the Lebesque measure. Denote f := limy_,o0 fi. Then the limit limy_ oo fi
exists at each point of right continuity of f. In particular, f(x) = limg_,o fx(x) for a.e.
rzel.

The proof of this lemma is due to Fan Zheng.

Proof. Without loss of generality, we may assume that I = (0,1), I’ = (0,1). Let x €
(0,1), such that

a:= f(z) — lim fr(z)>0.
k—oc0
We assume that f is right continuous at z, to obtain a contradiction. There exists § > 0,
so that on [z,x + 4], f > f(x) —a/2.
We may take a subsequence gy, of fi so that gi(x) — f(x)—a. We automatically have

1 1
lim [ gpd\= /fd)\7 kﬁ g < f. (5.6)
—00
0

k—o0
0

We deduce the estimates

T+ x+0 5
Tim /gkd)\g Tim dgu(x) < 0f(x) — ba < /fd/\——a.
k— o0 k—o0 2

By Fatou’s lemma, on the complement S := (0,1) \ [z, z + ] we have

m/gkd)\g/mgkd)\g/fd)\.
k— o0 k—oo
S S S

1 1
. )
Adding these estimates, we get klim / grdi < / fdx— ;, contradicting (5.6). O
—00
0 0

Next compare the arithmetic and non-pluripolar volumes of arbitrary w-psh functions:

Proposition 5.3. For ¢ € PSH(X,w), the limit klim E"hO(X, T ® L* @ T(ky)) always
—00
exists. Moreover,
1 n 1 n : 1 0 k
= [ wp < — [ Wppg), = khm —h'(X,T® L" @Z(ky)). (5.7)

n! = nl oo kT
X X
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Proof. We note that h®(X,T® L* @ Z(ky)) = h°(X,T® L* @ Z(kP [¢])), hence we can
assume that ¢ is Z-model by replacing <p With P [¢];. Further, due to Theorem 2.28, we
can also assume that [y w? = [ w
By [39, Lemma 4.3], 7 +— P(7¢) is well deﬁned for 7 € [0,140), where § > 0 is a small
constant dependmg on [ X wgp > 0. We consider the bounded Z-maximal test curve {9, } -
with 7,7 = —1 — ¢ and Tw = 0 (for notations, see Theorem 3.7(iii) and Definition 3.5)
such that

,(/JT ::P[P((l+5+7)<p)}17 TE [_1_6’0)

and ¥ := lim, »g ;. Since ¢ is Z-model, we conclude that 1)_, = ¢. By Proposition 5.1,
for 7 € [-1 —4,0), we have

— [ wp = lim k7"R(X, T @ L* @ Z(ky,)). (5.8)
n! T k—00

X
Since 1_s = ¢, plugging 7 = —4 in the above formula, we conclude that the limit on the

right hand side of (5.7) exists. Moreover this limit is equal to [, Whig),w O
Next we characterize equality in (5.7), in the presence of positive mass.

Proposition 5.4. Let ¢ € PSH(X,w) with [y w} > 0. Then Ply] = P [pl; if and only if

1
lim WX, T o IF © I(kp)) = /wg. (5.9)
k—oo k n!

X

Proof. Since [y wi ) = [ywi > 0 and Z(kyp) = Z(kPly]), we can assume that ¢ is
model, i.e., ¢ = P[y]. If ¢ is T-model, i.e., P [p]; = ¢, then (5.9) follows from (5.7).

If (5.9) holds, then (5.7) implies that [, w = [ Wi, > 0 Since ¢ < P[p]; and ¢
is model, [38, Theorem 3.12] gives P [p]; = ¢, as desired. O

Finally, we state our last main result, collecting many of our previous findings:

Theorem 5.5. For u € PSH(X,w) we have

0 k
i PXOTOL @T(h) _ L [ i (5.10)
n[ Plulz n!
X

k—o0 kn

Moreover, when fX wyy > 0, we have equality in the above estimate if and only if one of
the following equivalent conditions hold:

. 1
(i) i o p

hO(X,T ® L* ® I(ku)) 1/w”
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(i) Plu] = Plul;

(iii) [u] is ds-approxzimable by the quasi-equisingular sequence [u;] (see (2.20)).
(iv) [u] € Z.

(v) [u] € A.

In particular, when [, Wiy, > 0 (i.e. nd(L,u) = n in the terminology of [24]), we
have kh_)r{.lo E7"h°(X,T ® L* @ Z(ku)) > 0. This reproves [24, Proposition 3.6] in the case
of ample line bundles.

This theorem corresponds to Theorem 1.4 in the introduction. Moreover, we can now

complete the proof of Theorem 1.1 as well.

Corollary 5.6. Let {r;}; € R! with supy 7y = 0. Then #, = P[;] and fX wi >0 for
any T € (—00,0). Moreover, condition (iii) of Theorem /.7 is equivalent to

(v) klggo o = T € (—00,0).

X

Wﬁr 5

RO(X, T ® LF @ Z(kf,)) 1/ N

Proof of Theorem 5.5. The inequality (5.10) was proved in Proposition 5.3. The equiv-
alence of (i) and (ii) was proved in Proposition 5.4.

That [u] is ds-approximable by its quasi-equisingular sequence is equivalent to [Plu]]
being ds-approximable by its quasi-equisingular sequence (Indeed, ds(u, P[u]) = 0. Also,
we have VF = Vﬁ[u] in the language of Theorem 2.23, hence [uy] = [P[u]i] for the cor-
responding quasi-equisingular approximations). As a result, Theorem 2.24 immediately
gives the equivalence between (ii) and (iii).

Trivially, (ili) = (iv) = (v). To finish, it is enough to argue that (v) implies (ii).
As before, we can assume that u is model, i.e., Plu] = u.

Let [u;] € A be such that ds([u], [u;]) — 0. Since each [u;] is analytic, (ii) holds for
each u; (Proposition 2.20). Since (ii) is equivalent to (iii), we can replace each u; with a
potential of the type (2.20), that is algebraic.

Further, after passing to a subsequence, we can assume that ds([u;], [uj11]) < C~%,
where C' > 1 is the constant of [39, Proposition 3.5]. Let vj» = max(uj, Uj,, .- Uji)-
Using the triangle inequality and [39, Proposition 3.5] we have

ds ([us], [vj])

ds(fu), max(uy, o} 7)) < Cds([u], ol73)

C (ds([uj], [tjs]) + ds([uj+], [0550]) -

IN

After iterating the above inequality [ times and observing that ds([u;j4i], [U? 1]) =0, we
conclude that

-1 ‘ Jj+i-1 Ck+1-j 1
ds(fugl. o)) < D0 O ds ([, fue)) = Y~ < R

k=j k=j

(5.11)
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Now let wé =P [?}HI and w; 1= llim wé By Lemma 5.7 below and Proposition 2.20
— 00

we get that wé is Z-model and has the same singularity type as vg-. Moreover, by
Lemma 2.21 (iii), we get that w; is Z-model.

Comparing with (5.11), we obtain that ds([u], [w!]) = ds([u], [v}]) < C*7(C—1)"".
Letting | — oo, and using [39, Lemma 4.1], we arrive at ds([u], [w;]) < C?*79(C —1)71,
ie., ds([u],[w;]) = 0 as j = oo. Since [, w}} > 0, each w; and u is model, we obtain
that v = jhﬂrgo wj ([38, Theorem 3.12]).

Since {w; }; is decreasing, by Lemma 2.21 (i) we obtain that v = P [u]. Since u = P|u]
by assumption, (ii) follows. O

Lemma 5.7. Let v € PSH(X,w). Suppose that uq,...,u; € PSH(X,w) are the potentials
arising from the construction in (2.20). Then max(uy,...,u;) € PSH(X,w) has analytic
singularity type.

Proof. Examining the expression (2.20) one notices that for each z € X we can find (a

common denominator) m € N and an open neighborhood z € U, C X such that uj —
+ max; log | fF|? is locally bounded on U, for a finite number of holomorphic functions
[y € O(U,). Then max(uy,...,u) — -+ max;log|fF|? is locally bounded on U, as

well. O

References

[1] V. Apostolov, D.M.J. Calderbank, P. Gauduchon, C.W. Tgnnesen-Friedman, Hamiltonian 2-forms
in Kéhler geometry, III Extremal metrics and stability, Invent. Math. 173 (3) (2008) 547-601.

[2] T.M. Apostol, Mathematical Analysis, 2nd ed., Addison-Wesley Publishing Co., Reading, Mass.-
London-Don Mills, Ont., 1974, xvii4+-492 pp.

[3] R.J. Berman, S. Boucksom, Growth of balls of holomorphic sections and energy at equilibrium,
Invent. Math. 181 (2) (2010) 337-394.

[4] R. Berman, S. Boucksom, M. Jonsson, A variational approach to the Yau—Tian—Donaldson conjec-
ture, J. Am. Math. Soc. (2021).

[5] R.J. Berman, T. Darvas, C. Lu, Convexity of the extended K-energy and the large time behavior
of the weak Calabi flow, Geom. Topol. 21 (5) (2017) 2945-2988.

[6] S. Boucksom, D. Eriksson, Spaces of norms, determinant of cohomology and Fekete points in non-
Archimedean geometry, Adv. Math. 378 (2021) 107501.

[7] S. Boucksom, P. Eyssidieux, V. Guedj, A. Zeriahi, Monge-Ampére equations in big cohomology
classes, Acta Math. 205 (2) (2010) 199-262.

[8] B. Berndtsson, Curvature of vector bundles associated to holomorphic fibrations, Ann. Math. (2009)
531-560.

[9] B. Berndtsson, Lelong numbers and vector bundles, arXiv:1708.06972 [math.CV], 2017.

[10] B. Berndtsson, Probability measures associated to geodesics in the space of Kahler metrics, in:
Algebraic and Analytic Microlocal Analysis, in: Springer Proc. Math. Stat., vol. 269, Springer,
Cham, 2018, pp. 395-419.

[11] R.J. Berman, G. Freixas i Montplet, An arithmetic Hilbert—Samuel theorem for singular hermitian
line bundles and cusp forms, Compos. Math. 150 (10) (2014) 1703-1728.

[12] S. Boucksom, C. Favre, M. Jonsson, Valuations and plurisubharmonic singularities, Publ. Res. Inst.
Math. Sci. 44 (2) (2008) 449-494.

[13] J.I. Burgos Gil, W. Gubler, P. Jell, K. Kiinnemann, F. Martin, R. Lazarsfeld, Differentiability of
non-archimedean volumes and non-archimedean Monge—-Ampeére equations, Algebr. Geom. 7 (2)
(2020) 113-152.


http://refhub.elsevier.com/S0001-8708(22)00014-7/bib35F603B931E471B7B10DF3A620D7C46Es1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib35F603B931E471B7B10DF3A620D7C46Es1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib051A5DA7780657F952C1FB30046CDF6Es1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib051A5DA7780657F952C1FB30046CDF6Es1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bibFFC73FBD7D4B58C78220DC60416995ACs1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bibFFC73FBD7D4B58C78220DC60416995ACs1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib25E20E37B022BD9E5728F1C980430BC1s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib25E20E37B022BD9E5728F1C980430BC1s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib735A37702459087AF9F6CF7A9E64EDF4s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib735A37702459087AF9F6CF7A9E64EDF4s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bibAB795B61926A45A6D72A9CCC53038FCDs1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bibAB795B61926A45A6D72A9CCC53038FCDs1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bibF43730A965B3AC436AFAA970C1DBC7BBs1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bibF43730A965B3AC436AFAA970C1DBC7BBs1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bibF8ADD3BB67D8C497CA2D9A8773D38540s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bibF8ADD3BB67D8C497CA2D9A8773D38540s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib1AD55178EB3822275779382D6456CFB6s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib92DC567A2DA72385EE82BFB8BA2C3FAAs1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib92DC567A2DA72385EE82BFB8BA2C3FAAs1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib92DC567A2DA72385EE82BFB8BA2C3FAAs1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bibF729B83361573B530CF941A9A9E518A6s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bibF729B83361573B530CF941A9A9E518A6s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bibFCF95AB0E79F5B887C993C03E173BED4s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bibFCF95AB0E79F5B887C993C03E173BED4s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib7C4E1A3D4C265CBE97C99139B3BD939Cs1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib7C4E1A3D4C265CBE97C99139B3BD939Cs1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib7C4E1A3D4C265CBE97C99139B3BD939Cs1

T. Darvas, M. Xia / Advances in Mathematics 397 (2022) 108198 55

[14] S. Boucksom, T. Hisamoto, M. Jonsson, Uniform K-stability, Duistermaat—Heckman measures and
singularities of pairs, Ann. Inst. Fourier 67 (2) (2017) 743-841.

[15] S. Boucksom, T. Hisamoto, M. Jonsson, Uniform K-stability and asymptotics of energy functionals
in Kéhler geometry, J. Eur. Math. Soc. 21 (9) (2019) 2905-2944.

[16] S. Boucksom, M. Jonsson, A non-Archimedean approach to K-stability, arXiv:1805.11160, 2018.

[17] S. Boucksom, M. Jonsson, Global pluripotential theory over a trivially valued field, arXiv:1801.08229
[math.AG], 2021.

[18] Z. Blocki, S. Kotodziej, On regularization of plurisubharmonic functions on manifolds, Proc. Am.
Math. Soc. 135 (7) (2007) 2089-2093.

[19] R. Berman, J. Keller, Bergman geodesics, in: Complex Monge-Ampére Equations and Geodesics
in the Space of Kéhler Metrics, in: Lecture Notes in Math., vol. 2038, Springer, Heidelberg, 2012,
pp. 283-302.

[20] L. Bonavero, Inégalités de morse holomorphes singuliéres, J. Geom. Anal. 8 (3) (1998) 409-425.

[21] S. Boucksom, On the volume of a line bundle, Int. J. Math. 13 (10) (2002) 1043-1063.

[22] S. Boucksom, Singularities of plurisubharmonic functions and multiplier ideals, http://sebastien.
boucksom.perso.math.cnrs.fr/notes/L2.pdf, 2017.

[23] E. Bedford, B.A. Taylor, The Dirichlet problem for a complex Monge-Ampére equation, Invent.
Math. 37 (1) (1976) 1-44.

[24] J. Cao, Numerical dimension and a Kawamata—Viehweg—Nadel-type vanishing theorem on compact
Kéhler manifolds, Compos. Math. 150 (11) (2014) 1869-1902.

[25] D. Catlin, The Bergman kernel and a theorem of Tian, in: Analysis and Geometry in Several
Complex Variables, Springer, 1999, pp. 1-23.

[26] X. Chen, J. Cheng, On the constant scalar curvature Kdhler metrics, general automorphism group,
arXiv:1801.05907 [math.DG], 2018.

[27] X. Chen, J. Cheng, On the constant scalar curvature Kahler metrics (I)—a priori estimates, J. Am.
Math. Soc. (2021).

[28] X. Chen, J. Cheng, On the constant scalar curvature Kahler metrics (II)—existence results, J. Am.
Math. Soc. (2021).

[29] X. Chen, The space of Kahler metrics, J. Differ. Geom. 56 (2) (2000) 189-234.

[30] A. Chambert-Loir, Mesures et équidistribution sur les espaces de Berkovich, J. Reine Angew. Math.
(Crelles J.) 2006 (595) (2006) 215-235.

[31] A. Chambert-Loir, A. Ducros, Formes différentielles réelles et courants sur les espaces de Berkovich,
arXiv:1204.6277, 2012.

[32] X.X. Chen, Y. Tang, Test configuration and geodesic rays, in: Géométrie différentielle, physique
mathématique, mathématiques et société. I, in: Astérisque, vol. 321, 2008, pp. 139-167.

[33] J. Chu, V. Tosatti, B. Weinkove, C':'-regularity for degenerate complex Monge-Ampére equations
and geodesic rays, Commun. Partial Differ. Equ. 43 (2) (2018) 292-312.

[34] T. Darvas, The Mabuchi geometry of finite energy classes, Adv. Math. 285 (2015) 182-219.

[35] T. Darvas, Weak geodesic rays in the space of Kihler potentials and the class £(X,wq), J. Inst.
Math. Jussieu 16 (4) (2017) 837-858.

[36] T. Darvas, Geometric Pluripotential Theory on Kéahler Manifolds, Advances in Complex Geometry,
vol. 735, Amer. Math. Soc., 2019, pp. 1-104.

[37] T. Darvas, E. Di Nezza, C.H. Lu, L' metric geometry of big cohomology classes, Ann. Inst. Fourier
(Grenoble) 68 (7) (2018) 3053-3086.

[38] T. Darvas, E. Di Nezza, C.H. Lu, Monotonicity of non-pluripolar products and complex Monge—
Ampere equations with prescribed singularity, Anal. PDE 11 (8) (2018) 2049-2087.

[39] T. Darvas, E. Di Nezza, H.C. Lu, The metric geometry of singularity types, J. Reine Angew. Math.
(Crelles J.) 2021 (771) (2021) 137-170.

[40] J.-P. Demailly, Complex analytic and differential geometry, https://wwwfourier.ujf-grenoble.fr/
~demailly /manuscripts/agbook.pdf, 2012.

[41] J.-P. Demailly, On the cohomology of pseudoeffective line bundles, in: Complex Geometry and
Dynamics, Springer, 2015, pp. 51-99.

[42] R. Dervan, Uniform stability of twisted constant scalar curvature Kéhler metrics, Int. Math. Res.
Not. 2016 (15) (2016) 4728-4783.

[43] T. Darvas, C.H. Lu, Geodesic stability, the space of rays and uniform convexity in Mabuchi geometry,
Geom. Topol. 24 (4) (2020) 1907-1967.

[44] T. Darvas, C.H. Lu, Y.A. Rubinstein, Quantization in geometric pluripotential theory, Commun.
Pure Appl. Math. 73 (5) (2020) 1100-1138.


http://refhub.elsevier.com/S0001-8708(22)00014-7/bibD2CD0B210941DB94BDB9054965E865BBs1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bibD2CD0B210941DB94BDB9054965E865BBs1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bibA11F8ECB57FEE686F87AEEAA9E808DB8s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bibA11F8ECB57FEE686F87AEEAA9E808DB8s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bibB090CE9E91E81E49437C430B32593254s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib1360CA6E74B6A1164F2F14D68297CBE7s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib1360CA6E74B6A1164F2F14D68297CBE7s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib9631B8F8C60C2650FA2278226A1E46ACs1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib9631B8F8C60C2650FA2278226A1E46ACs1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib7F7C7F46119C51344C42E4CE726C3C1Cs1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib7F7C7F46119C51344C42E4CE726C3C1Cs1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib7F7C7F46119C51344C42E4CE726C3C1Cs1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib2EC9C226A89949427E8F87F7CB2EC1A5s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib8745FDE5DFAA150C24B0116A7312A684s1
http://sebastien.boucksom.perso.math.cnrs.fr/notes/L2.pdf
http://sebastien.boucksom.perso.math.cnrs.fr/notes/L2.pdf
http://refhub.elsevier.com/S0001-8708(22)00014-7/bibA321277726302A62525BAEACC519C813s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bibA321277726302A62525BAEACC519C813s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib97E0A853D38B00DD80A2E4ACA9C27AF7s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib97E0A853D38B00DD80A2E4ACA9C27AF7s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib19C90CAFEDA7D8328D2A8AEB46C23E13s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib19C90CAFEDA7D8328D2A8AEB46C23E13s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bibCCBFE928F6BF774F09A83F0D836A2A2Ds1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bibCCBFE928F6BF774F09A83F0D836A2A2Ds1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bibB9853E9A6A852EAFF4E4C4306D97DAF7s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bibB9853E9A6A852EAFF4E4C4306D97DAF7s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bibC477E6BC1AB41AF37372C202B276872Bs1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bibC477E6BC1AB41AF37372C202B276872Bs1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bibD39588F3967B8FD86C9770CD17414ECFs1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib03587759BB956C141B9E9DBCCBA4979Cs1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib03587759BB956C141B9E9DBCCBA4979Cs1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bibD38B01CBE026030E5316586CFE193749s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bibD38B01CBE026030E5316586CFE193749s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib209DE1B414E316A102F6F37B74C9A438s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib209DE1B414E316A102F6F37B74C9A438s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib8993C63772ED13F849CABFF34BD00F08s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib8993C63772ED13F849CABFF34BD00F08s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bibA80C26A3B3A4BB957A9D40B40D6CEB51s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib2A91DE57E38F5FC5F626CCDCB94C7C3Es1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib2A91DE57E38F5FC5F626CCDCB94C7C3Es1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib68718B301B607B5E5543BA60EC9C6123s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib68718B301B607B5E5543BA60EC9C6123s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib402497F8B554FC84F9D32D54F8C18C61s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib402497F8B554FC84F9D32D54F8C18C61s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib23433B4B518297480DE196BF7B383FB6s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib23433B4B518297480DE196BF7B383FB6s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib54FD76C373453C5637C2F429290F8D71s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib54FD76C373453C5637C2F429290F8D71s1
https://wwwfourier.ujf-grenoble.fr/~demailly/manuscripts/agbook.pdf
https://wwwfourier.ujf-grenoble.fr/~demailly/manuscripts/agbook.pdf
http://refhub.elsevier.com/S0001-8708(22)00014-7/bibCDE6CC3ABDE58B43829E3FB36C0564F8s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bibCDE6CC3ABDE58B43829E3FB36C0564F8s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bibA9EB16398205BF23ACDE715213E32266s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bibA9EB16398205BF23ACDE715213E32266s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bibE15F2ACC402D75C7AD2D9A74B0E6C9ECs1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bibE15F2ACC402D75C7AD2D9A74B0E6C9ECs1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib6AD8814B9997C5A7F38EC308ED6DEDC4s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib6AD8814B9997C5A7F38EC308ED6DEDC4s1

56 T. Darvas, M. Xia / Advances in Mathematics 397 (2022) 108198

[45] S.K. Donaldson, Scalar curvature and projective embeddings, I, J. Differ. Geom. 59 (3) (2001)
479-522.

[46] S.K. Donaldson, Scalar curvature and projective embeddings, II, Q. J. Math. 56 (3) (2005) 345-356.

[47] S.K. Donaldson, Symmetric spaces, Kdhler geometry and Hamiltonian dynamics, Transl. Am. Math.
Soc. 196 (2) (1999) 13-33.

[48] J.-P. Demailly, M. Paun, Numerical characterization of the Kéhler cone of a compact Kahler man-
ifold, Ann. Math. (2004) 1247-1274.

[49] J.-P. Demailly, T. Peternell, M. Schneider, Pseudo-effective line bundles on compact Kdhler mani-
folds, Int. J. Math. 12 (06) (2001) 689-741.

[50] T. Darvas, Y. Rubinstein, Tian’s properness conjectures and Finsler geometry of the space of Kihler
metrics, J. Am. Math. Soc. 30 (2) (2017) 347-387.

[61] V. Guedj, A. Zeriahi, Intrinsic capacities on compact Kahler manifolds, J. Geom. Anal. 15 (4) (2005)
607—639.

[62] V. Guedj, A. Zeriahi, The weighted Monge—Ampére energy of quasiplurisubharmonic functions, J.
Funct. Anal. 250 (2) (2007) 442-482.

[63] Q. Guan, X. Zhou, Effectiveness of Demailly’s strong openness conjecture and related problems,
Invent. Math. 202 (2) (2015) 635-676.

[54] D. Kim, Equivalence of plurisubharmonic singularities and Siu-type metrics, Monatshefte Math.
178 (1) (2015) 85-95.

[65] D. Kim, H. Seo, Jumping numbers of analytic multiplier ideals (with an appendix by Sébastien
Boucksom), Ann. Pol. Math. 124 (2020) 257-280.

[56] C. Li, Geodesic rays and stability in the cscK problem, arXiv:2001.01366, 2020.

[67] Z. Lu, On the lower order terms of the asymptotic expansion of Tian—Yau—Zelditch, Am. J. Math.
122 (2) (2000) 235-273.

[58] X. Ma, G. Marinescu, Holomorphic Morse Inequalities and Bergman Kernels, vol. 254, Springer
Science & Business Media, 2007.

[69] Y. Odaka, The GIT stability of polarized varieties via discrepancy, Ann. Math. (2013) 645-661.

[60] D.H. Phong, J. Sturm, Test configurations for K-stability and geodesic rays, J. Symplectic Geom.
5 (2) (2007) 221-247.

[61] D.H. Phong, J. Sturm, Regularity of geodesic rays and Monge-Ampeére equations, Proc. Am. Math.
Soc. 138 (10) (2010) 3637-3650.

[62] A. Rashkovskii, Analytic approximations of plurisubharmonic singularities, Math. Z. 275 (3-4)
(2013) 1217-1238.

[63] A. Rashkovskii, R. Sigurdsson, Green functions with singularities along complex spaces, Int. J.
Math. 16 (04) (2005) 333-355.

[64] J. Ross, M. Singer, Asymptotics of partial density functions for divisors, J. Geom. Anal. 27 (3)
(2017) 1803-1854.

[65] Y.A. Rubinstein, Tian’s Properness Conjectures: An Introduction to Kiahler Geometry, Geometric
Analysis., vol. 333, Birkhduser, Cham, 2020, pp. 381-443.

[66] J. Ross, D. Witt Nystrom, Analytic test configurations and geodesic rays, J. Symplectic Geom.
12 (1) (2014) 125-169.

[67] J. Ross, D. Witt Nystrom, Envelopes of positive metrics with prescribed singularities, Ann. Fac.
Sci. Toulouse Math. (6) 26 (3) (2017) 687-727.

[68] G. Székelyhidi, Filtrations and test-configurations, Math. Ann. 362 (1-2) (2015) 451-484.

[69] G. Tian, Kéhler metrics on algebraic manifolds, PhD thesis, Harvard University, 1988, http://
gateway.proquest.com/openurl?url__ver=739.88-2004%26rft_ val_fmt=info:ofi/fmt:kev:mtx:
dissertation%26res__dat=xri:pqdiss%26rft__dat=xri:pqdiss:8901659.

[70] G. Tian, On a set of polarized Kéhler metrics on algebraic manifolds, J. Differ. Geom. 32 (1) (1990)
99-130.

[71] G. Tian, Kihler-Einstein metrics with positive scalar curvature, Invent. Math. 130 (1) (1997) 1-37.

[72] D. Witt Nystrom, Monotonicity of non-pluripolar Monge-Ampére masses, Indiana Univ. Math. J.
68 (2) (2019) 579-591.

[73] M. Xia, Pluripotential-theoretic stability thresholds, arXiv:2012.12039 [math.DG], 2020.

[74] M. Xia, Mabuchi geometry of big cohomology classes with prescribed singularities, arXiv:1907.07234
[math.DG], 2021.

[75] S.T. Yau, Nonlinear analysis in geometry, Enseign. Math. (2) 33 (1-2) (1987) 109-158.

[76] S. Zelditch, Szego kernels and a theorem of Tian, Int. Math. Res. Not. 1998 (6) (1998) 317-331.

[77] S. Zelditch, P. Zhou, Interface asymptotics of partial bergman kernels on Sl-symmetric Kahler
manifolds, J. Symplectic Geom. 17 (3) (2019) 793-856.


http://refhub.elsevier.com/S0001-8708(22)00014-7/bib7B27F20EABADBA24D2D353407E38F5F0s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib7B27F20EABADBA24D2D353407E38F5F0s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib7A95385F044304A429EB7AE34BE0E1F9s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bibA15762493A7DD2C369C57428AC176B14s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bibA15762493A7DD2C369C57428AC176B14s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bibC71382856F6C80BD6F196C08BD88D861s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bibC71382856F6C80BD6F196C08BD88D861s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib503933FA373158CE9E08DEB2E6D5982As1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib503933FA373158CE9E08DEB2E6D5982As1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib3C10845D9DF4FDD46458D89D188851B0s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib3C10845D9DF4FDD46458D89D188851B0s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib8C6EC9724290A58705413A9CF727A807s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib8C6EC9724290A58705413A9CF727A807s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bibE42DD28AA21243364CA7CB581FA1B4DCs1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bibE42DD28AA21243364CA7CB581FA1B4DCs1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bibF3535B8AB5BDDF823C332DB1EE62C711s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bibF3535B8AB5BDDF823C332DB1EE62C711s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib9DD9E76141333A0C040480EC52B057EAs1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib9DD9E76141333A0C040480EC52B057EAs1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib30FAD26E6DF909DB413C408DA2404CB9s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib30FAD26E6DF909DB413C408DA2404CB9s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib059769ED0F6B60D7F08949177AE27371s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib22D90867827C70EC0046CEC687679246s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib22D90867827C70EC0046CEC687679246s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib312B1FE8708842AEDA48E31953873CBAs1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib312B1FE8708842AEDA48E31953873CBAs1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bibA405BA50061EBD7F51697310599A5484s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bibCAAD5D20F45BCBF604E5CAA447D078BCs1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bibCAAD5D20F45BCBF604E5CAA447D078BCs1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bibA2B5AA3997D15949E285F6B6837D826Fs1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bibA2B5AA3997D15949E285F6B6837D826Fs1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bibB7F81F7369A73058DF5C3658FDC7867Cs1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bibB7F81F7369A73058DF5C3658FDC7867Cs1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib3C22E731A1CDBA9ABB25E62D11395E49s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib3C22E731A1CDBA9ABB25E62D11395E49s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bibE2DB9F0A89DB7610575E88EEFB55F08Bs1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bibE2DB9F0A89DB7610575E88EEFB55F08Bs1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib33843C9F49968058109A0118CB2A4F5Cs1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib33843C9F49968058109A0118CB2A4F5Cs1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bibA781DABF379899584FF7B911F190A10Ds1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bibA781DABF379899584FF7B911F190A10Ds1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib5D5AD4336B7949D863A2A2DA14CA3D6Ds1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib5D5AD4336B7949D863A2A2DA14CA3D6Ds1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib1E705423D4D0F16A414B397E48EDF5B4s1
http://gateway.proquest.com/openurl?url_ver=Z39.88-2004%26rft_val_fmt=info:ofi/fmt:kev:mtx:dissertation%26res_dat=xri:pqdiss%26rft_dat=xri:pqdiss:8901659
http://gateway.proquest.com/openurl?url_ver=Z39.88-2004%26rft_val_fmt=info:ofi/fmt:kev:mtx:dissertation%26res_dat=xri:pqdiss%26rft_dat=xri:pqdiss:8901659
http://gateway.proquest.com/openurl?url_ver=Z39.88-2004%26rft_val_fmt=info:ofi/fmt:kev:mtx:dissertation%26res_dat=xri:pqdiss%26rft_dat=xri:pqdiss:8901659
http://refhub.elsevier.com/S0001-8708(22)00014-7/bibA013DF91A5F0B3BF8C4351CEF39C5242s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bibA013DF91A5F0B3BF8C4351CEF39C5242s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib704F763938E556B4F8F45D34827ABAFBs1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib3E5BECAF5C04826D18689A63AD3B570As1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib3E5BECAF5C04826D18689A63AD3B570As1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib06F6B23C4F5260784B6070DDC3D09093s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib472345DA9AC3BD0BA42B196135FEDD99s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib472345DA9AC3BD0BA42B196135FEDD99s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bibABC45D102F3391BC6EB9C26C50656FE6s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib45DD10EEB5745986EFE38D5107408C0As1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib08CF9615E915055C2B70305D62E06D20s1
http://refhub.elsevier.com/S0001-8708(22)00014-7/bib08CF9615E915055C2B70305D62E06D20s1

	The closures of test configurations and algebraic singularity types
	1 Introduction
	2 Preliminaries
	2.1 The metric space of L1 geodesic rays and singularity types
	2.2 Exponents and filtrations of a family of Hermitian metrics
	2.3 Quantization of the Monge--Ampère energy
	2.4 An algebraic notion of singularity type
	2.5 Filtrations, flag ideals and the non-Archimedean formalism

	3 The structure of R1 and approximability
	3.1 The extended Ross--Witt Nyström correspondence
	3.2 Rays induced by filtrations and approximability
	3.3 Approximation of rays from below via subgeodesics of Kähler currents

	4 The closure of rays induced by test configurations
	5 The closure of algebraic singularity types
	References


