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ABSTRACT

We present experiments along with an approximate, semi-analytic, close-form solution to predict ice sintering force as a function of temper-
ature, contact load, contact duration, and particle size during the primary stage of sintering. The ice sintering force increases nearly linear
with increasing contact load but nonlinear with both contact duration and particle size in the form of a power law. The exponent of the
power law for size dependence is around the value predicted by general sintering theory. The temperature dependence of the sintering force
is also nonlinear and follows the Arrhenius equation. At temperatures closer to the melting point, a liquid bridge is observed upon the sepa-
ration of the contacted ice particles. We also find that the ratio of ultimate tensile strength of ice to the axial stress concentration factor in
tension is an important factor in determining the sintering force, and a value of nearly 1.1 MPa can best catch the sintering force of ice in
different conditions. We find that the activation energy is around 41:4 KJ/mol, which is close to the previously reported data. Also, our
results suggest that smaller particles are “stickier” than larger particles. Moreover, during the formation of the ice particles, cavitation and
surface cracking is observed which can be one of the sources for the variations observed in the measured ice sintering force.

© 2022 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0073824

I. INTRODUCTION

Ice particles tend to stick together quickly since ice is almost
always near its melting point.1–3 Due to the sticking of ice particles,
a pull-off force is required to separate them. This pull-off force is
called sintering force.2 A better understanding of ice sintering can
help simulate snow behavior better,4–6 understand ice friction and
sliding,7,8 and provide insight to the relevant physical and natural
phenomena like snow avalanche.9–11 Ice sintering studies are also
helpful in fields related to planetary sciences,12,13 glaciology and
snow ductile-brittle fracture,14 and metamorphism,15 as well as
cold region engineering.16

Ice sintering force can be related to the presence of a liquid
layer on the ice surface.2,17 Historically, the presence of this liquid
layer was related to pressure melting, as proposed by Thompson in

1850 (see detailed description in Ref. 18), and this theory domi-
nated the scientific society for long. The current consensus though
is that the frictional heating–melting,19 and Faraday’s liquid layer
freezing20 effects are the dominant sources for the presence of this
liquid layer.21–27 Recent experimental and numerical studies
provide detailed insight into the characteristics of the liquid layer
formation and variation as a function of temperature and explain
how the disordering of the topmost ice surface governs the slipperi-
ness of the ice surface.28,29

In 1954, Jensen (see page 26 in Ref. 30) indicated via experi-
ments that the ice sintering force decreases exponentially as the
temperature drops. This exponential decrement which is in the
form of the Arrhenius equation was used in ice studies to commen-
surate the results between different temperatures.2,31–33 Kingery34

measured sintering force for the ice particles in the size range of
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0.1–3 mm generated in liquid oxygen or nitrogen. The particles
were brought together “lightly” and it was shown that pressure
melting is not essential for the welding of the ice particles but the
surface water diffusion is. Neck radius was shown to increase with
both the time and the particle size. Moreover, the temperature
dependence was also found to follow an Arrhenius equation but
the estimated activation energy is much higher than the value com-
monly acknowledged today. Gubler35 conducted a series of mea-
surements and obtained an ice sintering force for the initial state of
sintering for time scales between 1 and 500 s. In 2003, Fan et al.17

experimented micrometer-sized ice particles, which were put
together gently, and measured the developed sintering force over
time. The main conclusions were that ice sintering occurs even
without external pressure, and that this sintering force increases
with both time and particle size. In another study in 2007, Szabo
and Schneebeli2 tested two ice cones under a constant external
pressure and measured the sintering force for the duration of less
than a second while keeping relative humidity around 50%. They
also predicted the sintering force for the same particle size when
the external force varied from small to larger values. They found
both experimentally and analytically that ice particles stick to each
other in less than a second even when the contact load and dura-
tions are very small.

Analytically, Colbeck36 developed a formula for the rate of
bond growth based on the assumption that the bond neck is
groove-shaped and obtained a closed-form solution for the force.
However, the final formula is difficult to use since it depends on
parameters like liquid layer thickness on the surface of ice particles
which are not accurately known. A simple formulation was also
developed by Szabo and Schneebeli.2 However, their assumptions
of a constant strain rate vs time for the initial sintering stage, ignor-
ing stress concentration factor for the fracture load calculation, and
application of Hertzian contact theory are questionable.

Although previous studies provide much insight into ice sin-
tering, there are some points requiring a unified investigation. For
instance, in the work of Fan et al.,17 there was no contact force
reported during the sintering, while in the work of Szabo and
Schneebeli,2 there was no particle size variation. A study that con-
siders all relevant variables experimentally and provides a simple
and applied theoretical framework is lacking in the literature.

In this study, we, therefore, investigate the ice sintering, and
we find experimentally that (1) the sintering force is a strong func-
tion of temperature, size, contact load, and contact duration, (2) for
fast sintering, the sintering force takes on small values. We also
utilize existing strain-rate data from the literature and obtain an
analytical formulation that predicts the observed forces for different
contact loads, durations, sizes, and temperatures.

II. METHODS

A. Experimental setup

The experiments are phenomenologically presented in Fig. 1.
Two ice particles of radii r and R, respectively, are pressed against
each other by a force F(t) during a given temporal duration, tf . A
typical force history is indicated in Fig. 1(b). As a result of the
contact, the contact radius will grow to a final size af and the

corresponding bonding force Fsint is measured as the force needed
to break up the bond.

The equipment used for the experiments is shown in Fig. 2.
We use a freezer with minimum achievable temperature of around
−20 °C as climate chamber and control the temperature in the
freezer using a PID (proportional integral derivative) controller
(Shinko JCD series). The experimental equipment is installed on a
rigid base and is located on a base in the freezer. Variations of the
temperature inside the freezer are logged into a computer file using
SignalExpress software (National Instruments, version 2015) over
night with a sampling rate of 1 per 25 s. The variation in the tem-
perature throughout the experiments is found to be less than
±0.75 °C. The humidity of the freezer is kept around 50% for all
the experiments. The force profile, F, depicted in Fig. 1(b), can be
formulated as a function of time, t,

F(t) ¼

t
tload

� �
Fmax ; t , tload ,

Fmax ; tload � t , tload þ tkeep,

tf � t

tunload

� �
Fmax ; tload þ tkeep � t � tf ,

8>>>>>><
>>>>>>:

(1)

where Fmax is the maximum imposed force and tload and tf are the
loading and contact durations, as depicted in Fig. 1(b), respectively.

To measure the temperature inside the freezer, we use a ther-
mometer (type Testo 400, Testo Inc.) which is equipped with a
hygrometer and can send data to a wireless screen using Bluetooth
technology. The temperature probe from the thermometer is at
approximately 1 cm from the ice samples and in the same height or
z value.

To measure the sintering force, we use a FUTEK LSB200 load-
cell (FUTEK, Advanced sensor technology Inc.) with capacity of
0.1 N. The sampling rate of the measurements is 50 samples per
second. The load cell is calibrated with precise weights and the
reading of the load cell is temperature compensated. We use a linear
servo controller (E625 series, Physik instrumente) to actuate the load
cell via LabVIEW (National instruments) commands through an
in-house LabVIEW (National instruments) program. The force and
displacement values as a function of time are saved on the computer.

To enable easy unmounting of the ice particle from the load-
cell, we utilize the body of a vaccine tube and glue it to the plate of
the load cell, as presented in Fig. 2(b). The hollow cap of the
vaccine tube (internal diameter 10 mm) is used as a mold to create
an ice particle and to fasten/unfasten it to the tube easily. This pro-
cedure results in a spherical ice cap of fixed radius, R ¼ 5:0 mm
mounted on the load cell. The other ice particle is created using a
water droplet attached to the tip of a syringe. The syringe itself is
put in vertical direction upside down on top of the ice particle on
the vaccine cap. De-ionized water is used to create both ice
samples. Different syringe tip sizes are used to obtain different par-
ticle sizes for the top spherical ice particles in the radius size range
from 0:6 to 2 mm. Both the load cell and the holder holding the
syringe are mounted on translation stages to enable fine tuning of
the position in independent Cartesian directions (x–y–z) to have
the ice particles contacting in an aligned manner.
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We employ two cameras. The main camera (IDS uEye
UI-314× series, 1280� 1024 resolution, IDS Imaging Development
Systems GmbH) and an auxiliary camera (IDS uEye UI-324×
series, 1280� 1024 resolution, IDS Imaging Development Systems
GmbH) are used in two perpendicular Cartesian directions (x–y)
to trace the movement and deformation of the ice particles.
The main camera is equipped with a telecentric lens (fixed magni-
fication, m ¼ 1) to record one-to-one images and is used for anal-
ysis purposes. In this view, the images are acquired in diffuse

back-illumination from a LED light source. The auxiliary camera is
mainly used for visualization purposes and also to help adjusting
the initial relative location of ice particles and ice bed to ensure
alignment of the tips.

To measure the radius of the particles, we use a MATLAB
(R2021a, Mathworks Inc, Natick, Massachusetts) program. For
each particle, two images in x and y directions, from the main and
auxiliary cameras, are considered, respectively. We manually crop
the images to a region near the contact point, detect the boundary

FIG. 1. (a) A typical fracture area for a specific experiment: r ¼ 1:2 mm; R ¼ 5 mm; and 2af ¼ 0:15 mm (b) Idealized loading history used in the analytic calculations.
Compression loads are considered as positive and tensile loads as negative, respectively.

FIG. 2. (a) Experimental setup: 1—LED light source, 2—diffuser plate, 3—syringe for top ice particles and load cell and holder for bottom ice particle, 4—main camera,
5—bluetooth thermometer and humidity indicator, 6—auxiliary camera, 7—servo controller, 8—PID controller, 9—computer, and 10—freezer (dimensions in x, y, and z
directions are 70, 60, and 70 cm, respectively) and (b) the details of item 3.
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automatically, and use a least-square circle-fitting to the boundary
to find the radii r and R of the fitted circles. A typical image from
the main camera is depicted in Fig. 1(a), and the detected boundary
is shown by the blue curve on it. The bond width associated with
the fracture region is obtained by manual pixel counting.

The idealized profile of the imposed contact load on the parti-
cles is presented schematically in Fig. 1(b). A linear loading and
unloading constitutes the initial and final stages, and a middle
stage holding (or keeping) is used to press the particles together
under a constant load. The loading starts at time zero from no
force condition and monotonically continues to a maximum force,
Fmax , during a time tload . Then, the force is kept at Fmax for a dura-
tion of tkeep. Finally, the load is monotonically decreased to a no
force state during a time tunload . The time tf ¼ tload þ tkeep þ tunload
is considered to be the contact time. The loading continues in the
tensile direction until the bond between the particles breaks. The
force, thus, registered is considered to be the sintering force, Fsint .

An overview of the various experiments conducted in this
study is presented in Table I. In total, 16 experiments with different
settings are conducted, and each experiment is repeated five times.
In the table, the loading histories TS1 and TS2 require some clarifi-
cation. During the experiments, a constant loading rate was utilized
and to account for variations in Fmax, tload , and tunload are scaled in
relation to the maximum force expressed in mN. Hence, the
loading time for a maximum force of 10 mN becomes 21 s. In addi-
tion, values within {} brackets represent a set of settings with other-
wise constant values.

B. Analytical formulation

The particle model used to derive the analytic relation is
shown in Fig. 1(a). A spherical ice particle of radius, r, is pressed
against another spherical ice particle of radius, R, under the com-
pressive force F(t). Because of the compression, the particles are in
contact in a circular area of size Ac tð Þ ¼ πa2 tð Þ, where a(t) is the
radius of the contact area. With reference to Fig. 1(b), the bond is
assumed to grow throughout the entire compression phase of the

loading cycle giving a remaining sintering force,

Fsint(T , F, R
*, tf ) ¼ πek

Sut
Ks

� �
a2(F, R*, tf ), (2)

at the end of the loading cycle where tf ¼ tload þ tkeep þ tunload is
the total loading time. Equation (2) is grounded at T ¼ �5 �C. The
reason for this choice is that experimental data for this temperature
is provided by Mellor and Cole that is used to model the strain
response of ice, see Eq. (6).37,38 In addition, the temperature depen-
dence of ice has previously been shown to be well described by an
Arrhenius type of equation.31 The temperature dependence is,
therefore, modeled as ek, where

k ¼ � Q
nRg

1
273:15þ T

� 1
268:15

� �
(3)

is the exponent of the Arrhenius equation. In Eq. (2),
Q ¼ 133 kJ/mol,39 n ¼ 3, and Rg ¼ 8:314 J/Kmol is the molar gas
constant.16 In addition, the temperature T is given in �C in and the
reference temperature 268.15 K is included. The strength of the
bond is scaled according to Sut/Ks, where Sut is the ultimate
strength of ice40 and Ks is the axial stress concentration factor for
the contact. As an exact value of the stress concentration factor is
difficult to predict for the contacts considered, Sut/Ks will be
treated as a tuning factor to adjust the level of the measured sin-
tering force with experimental results. In fact, a value of Sut/Ks

¼ 1:1 MPa was found to provide a good fit in all the experiments,
see Sec. III. The time evolution of the contact radius a(t) is
modeled in accordance with41 as

a2(t1) ¼ a20 þ 2R*
2
ðt1
0
_εdt, (4)

where _ε is the strain rate, R*¼rR/(r þ R) is the equivalent radius,
and42

a0 ¼ (9πWR*2/2E*)
1/3

(5)

is the contact area radius at time t ¼ 0 as predicted from the
Johnson–Kendall–Roberts (JKR) model.43 E*¼ 0:5E/(1� ν2)
appearing in Eq. (5) is the effective modulus where Young’s
modulus of ice is taken to be E ¼ 9:66 GPa44 and Poisson’s ratio
ν ¼ 0:32.16 Similarly, W ¼ 0:2 N/m is the work of adhesion.45 An
estimation of the strain rate at T ¼ �5 �C for the initial stage of
sintering is obtained from experimental data as37,38

_ε ¼ 5:52� 10�6σ2:43αst
�1/3, (6)

where σ is the contact pressure in MPa and t is time in seconds.
Assuming a spherical contact, the contact pressure is modeled as46

σ(t) ¼ 3F(t)
2πa2(t)

, (7)

where F(t) again is the compressive force modeled in Fig. 1(b). The

TABLE I. An overview of the various experiments conducted in this study; loading
history: TS1≡ {tload = 2.1Fmax (s), tkeep = 0.1 (s), tunload = 2.1Fmax (s)} and
TS2≡ {tload = 21 (s), tkeep = {0.1, 10, 50, 100} (s), tunload = 21 (s)}.

Smaller radius, r,
(mm)

Experiment: [Temperature, T, (�C); Loading
history; and Load, Fmax, (mN)]

0.61 [−12, TS1, 10]
0.65 [−12, TS1, 10]
0.75 [−12, TS1, 10]
1.20 [−2, TS1, 10], [−4, TS1, 10],

[−7, TS1, 10],
[−12, TS1, {1, 5, 10, 15}], [−12, TS2, 10],

[−16, TS1, 10]
1.61 [−12, TS1, 10]
2.02 [−12, TS1, 10]
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factor αs appearing in Eq. (6) is a scaling factor that depends on
the strain level, ε, according to

αs ¼ 5� 4:7ε; ε � 0:009,
4:7ε� 3; ε . 0:009,

�
(8)

where ε was defined as

ε ¼ 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R*2 � a2

p
/R*: (9)

Finally, the radius of the contact area to be used in Eq. (1) is
modeled as

a2(F, R*, tf ) ¼ 9πWR*2

2E*

� �2/3

þ 2:904

� 10�20R*2αs

ðtf
t¼0

3F(t)
2πa2(t)

� �2:43
t�1/3dt, (10)

where again T ¼ �5 �C is considered to be the reference tempera-
ture. Equation (6) is a class of integral equations known as a

singular Volterra equation.47 Analytic solution for Eq. (10) exists
when αs is a constant. In the general case, where αs is not a cons-
tant and follows Eq. (8), a numerical solution is implemented with
details provided in Ref. 48. Starting with an initial contact radius,
Eqs. (2) and (10) are the main relations that include the history of
the contact used to model the sintering force. In Sec. III, these
equations are evaluated in a set of experiments as described in
Sec. II A.

Assuming αs to take on a constant value enables a close-form
solution for the bond radius and sintering force to be found. With,
αs ¼ 5, we take derivatives of the two sides of Eq. (10), separate the
variables with respect to time, t, on one side and bond radius, a, on
the other side. We then integrate both sides to get

ðaf
0
a1þ2m da ¼ C0R

*2
ðtf
0
F(t)t�βdt, (11)

where af is the bond radius at the end of unloading, tf ,
C0 ¼ 1:204� 10�20, m ¼ 2:43, and β ¼ 1/3.

Evaluating the above integral, using the force profile in
Eq. (1), we obtain the bond radius, af , as

af ¼
(

9πWR*2

2E*

� �2(1þm)
3

:þ 2C0R
*2(1þm)Fm

max

"
t1�β
l

1þm� β
þ (tl þ tk)

1�β � t1�β
l

1� β
:

þ tf
tu

� �1þm�β

t1�β
u B1(1� β, 1þ α)� B1�tu

tf
(1� β, 1þ α)

� �#) 1
2(1þm)

,

(12)

where tl ; tload , tk ; tkeep, tu ; tunload , and B is the incomplete beta function defined as49

Bz(a, b) ¼
ðz
0
ua�1(1� u)b�1du: (13)

The corresponding sintering force becomes

Fsint ¼ Sut
Ks

� �
πek

(
9πWR*2

2E*

� �2(1þm)
3

:þ 2C0R
*2(1þm)Fm

max

"
t1�β
l

1þm� β
þ (tl þ tk)

1�β � t1�β
l

1� β
:

þ tf
tu

� �1þm�β

t1�β
u B1(1� β, 1þ α)� B1�tu

tf
(1� β, 1þ α)

� �#) 1
(1þm)

:

(14)

As previously, the value of Sut
Ks

¼ 1:1 MPa for all the calcula-
tions. In Sec. III, the results from the close-form solution in
Eqs. (12) and (14) are compared with the numerical solution,
Eqs. (2) and (10), in relations to the experimental data.

III. RESULTS

A typical sample of a measured force–displacement curve is
presented in Fig. 3(a). The particles start to move from a detached

state, like point A, as shown in Fig. 3(a), and touch each other at
point B. Then, the particles are pushed together until point C. At
point C, the velocity becomes zero and the particles are kept sta-
tionary from point C to point C0, where the movement direction
reverses. At point D, the particles are still touching each other but
they are moving apart and the force between them is zero. After
point D, the bond between the particles, which has been formed
during the pressing from B to D, is stretched until it breaks at
point E. The corresponding force–time curve for the same test is
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depicted in Fig. (3)(b), where the loading and unloading phases
are almost linear as idealized in Fig. 1(b). Visibly, the fracture is
almost brittle, and the force value drops rapidly from the sinter-
ing force, 5.7 mN, to zero. In the following, experimental and
analytical results for sintering force are presented when the
contact load, duration, particle size, or temperature is varied,
respectively. The experimental results are taken from the experi-
ments summarized in Table I, and the analytical results are
sampled from Eqs. (1) and (8), respectively, and connected by a
fitting equation. In addition, a verification of the analytic model
for previously published experimental results from fast sintering
of ice is presented. Finally, the development of the sintering force
and the bond diameter as a function of time are discussed based
on the analytic model.

A. Contact load

Results for the sintering force as a function of maximum
contact load are presented in Fig. 4. The experiments utilized
are summarized on the fourth line and fourth set in Table I.
Hence, the temperature T ¼ �12 �C, the radius of the smaller
ice particle is r ¼ 1:2 mm, and the radius of the ice bed is
R � 5 mm. In addition, the keep time tkeep ¼ 0:1 s and
tload(s) ¼ tunload(s) ¼ 2:1Fmax(mN) for all the measurements.
The maximum contact force varied between 1 and 15 mN. In
agreement with previous measurements,2 we find a nearly linear
dependence between the sintering force and the applied contact
load.

B. Contact durations

The variation of the measured sintering force as a function,
the contact duration, tf , is presented in Fig. 5. The experiments uti-
lized are presented with loading history TS2 in Table I. Hence, the

temperature T ¼ � 12 �C, the radius of the smaller ice particle is
r ¼ 1:2 mm, and the radius of the ice bed is R � 5 mm for all mea-
surements while the keep time is varied between 0.1 and 100 s. In
accordance with previous studies,2,35 the sintering force shows a

FIG. 3. (a) Sample experimental force–displacement and (b) force–time curve during one test; and plots are for r ¼ 1:2 mm; R � 5 mm; T ¼ �12 �C when the applied
contact load is Fmax ¼ 10 mN. The observed sintering force is around 5:7 mN. Note that the positive force indicates compression, and the negative force indicates tension.

FIG. 4. Experimental and analytic sintering force as a function of particle
contact load. The experimental results represent mean value ± standard devia-
tion. Analytic results are obtained from Eq. (2).
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nonlinear behavior that best can be described as a power law. For
shorter times, the rate of growth of the sintering force is high but it
slows down with the passage of time and may eventually reach a
steady-state value.

C. Particle size (radius)

The dependence of the measured sintering force on the parti-
cle size is shown in Fig. 6. The results are obtained for the case
where the applied contact load is Fmax ¼ 10 mN, loading and
unloading times tload and tunload are both equal to 21 s, tkeep ¼ 0:1 s,
and the measurements were performed at T ¼ �12 �C. The radius
of the ice bed is R � 5 mm while the radius of the smaller particle
varied between 0.61 and 2.02 mm. The different experiments are
summarized in Table I as all settings written as [−12, TS1, 10]. We
observed that the sintering force is larger for larger particles. In
fact, the dependence of the analytical prediction for the sintering
force as a function of the equivalent particle radius can be approxi-
mated by a power law function, Fsint � 5:78R*0:64. The exponent of
the power law for the size dependence is around the value pre-
dicted by general sintering theory, which is 2/3.50

It might be of interest here to describe the relative force, a parti-
cle “feels” compared to its own weight. While the bond force
increases with R0:64, the particle weight, w, increases with R3, which
means that the overall bond strength compared to the weight of the
particle will drastically increase for smaller particles and small parti-
cles will behave much more sticky than large particles upon colliding

to the surfaces. This observation is in line with previous studies that
larger ice particles are less likely to adhere than smaller ones.51

D. Temperature

The dependence of the measured sintering force on tempera-
ture is presented in Fig. 7. The results are obtained for the case
where the applied contact load is Fmax ¼ 10 mN, loading and
unloading times tload and tunload are both equal to 21 s, and
tkeep ¼ 0:1 s. The radius of the smaller ice particle is r ¼ 1:2,
and the radius of ice bed is R � 5 mm. The experiments are sum-
marized on the fourth line in Table I. Since there is no thermome-
ter inside the ice particles, we waited for around 1 h for each ice
particle to freeze and reach the expected temperature of the test. In
accordance with the Arrhenius-like dependence of the sintering
force on temperature assumed for the analytic approach, the
matching of experimental results to the Arrhenius equation shows
that it is a viable assumption.

To verify the activation energy of the contact, the experimental
observations from Fig. 7 are replotted in Fig. 8 as a function of
temperature in Kelvin. The obtained fitted force is found to be pro-
portional to exp(�4979/T), with T in Kelvin. Comparing this rela-

tion by the general relation exp � Q
RgT

� 	
, and considering the gas

constant Rg ¼ 8:3145 J
mol-K, we conclude that the activation energy,

ΔE � 41:4 KJ/mol. This value is close to previously reported data,
ΔE ¼ Q/n ¼ 44:3 KJ/mol in Ref. 52.

FIG. 6. Experimental and analytic sintering force as a function of equivalent
radius. The experimental results represent mean value ± standard deviation.
Analytic results are obtained from Eq. (2).

FIG. 5. Experimental and analytic sintering force as a function of contact dura-
tion. The experimental results represent mean value ± standard deviation.
Analytic results are obtained from Eq. (2).
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E. Fast sintering

Fast sintering of ice is of interest since it is useful in simula-
tions dealing with collisions of ice particles. To further verify the
analytic method for the case of fast sintering of ice, we compared
our analytic results with experimental result obtained for sub-
second sintering of ice by Szabo and Schneebeli,2 as depicted in
Fig. 9. The results are obtained for the case where Fmax ¼ 2 N and
R ¼ r ¼ 3 mm. These results indicate that our analytic model can
capture fast sintering of ice particles loaded for a larger force of 2 N.

F. Analytic results for bond and sintering force growth
with time

The time development of the pull-off force and the bond
diameter, obtained from Eqs. (1) and (8), respectively, are
shown in Figs. 10(a) and 10(b). The maximum value of the
pull-off force at the end of unloading, tf , is termed as Fsint . The
parameters used in the simulation are T ¼ �12�C, r ¼ 1:2 mm,
R ¼ 5 mm, and Fmax ¼ 10 mN. The loading history assumed is
sketched in Fig. 1(b) with loading and unloading times set to
21 s and the keep time, tkeep, set to 10 s. As expected, both the
bond diameter and the sintering force increase with time but in
a nonlinear way. The main development of the bond radius and
the sintering force occurs during the loading and holding
(keeping) stage while the growth is almost negligible during the
unloading phase. We may, therefore, conclude that for the

loading cycle considered the dominant growth of the bond
appears during the initial stages of the contact.

IV. DISCUSSION AND CONCLUSION

The sintering force given by Eq. (14) and the corresponding
contact radius given by Eq. (12) are the main results from this
paper. These equations are shown to depend on the force history,
contact time, and the equivalent radius in a rather complex way
described by an integral equation. In addition, it was verified that
the scaling of the sintering force with respect to temperature is suf-
ficiently described by the Arrhenius equation. The relations were
further verified for a few experiments characterized by a linear
force ramp-up and ramp-down, respectively, with a constant force
keep time in between. For these experiments, the relation between
applied contact load and sintering force is nearly linear with a
slope of roughly 0.75. Hence, if the contact force is doubled the sin-
tering force becomes 50% stronger if all other parameters are kept
constant. In contrast, the relation between the sintering force and
the equivalent radius tends to follow a power law with an exponent
of roughly 0.64, which is close to the value 2/3 predicted by general
sintering theory.50 The relative value of bond strength to particle
weight, which changes with cubic radius, is then much larger as the
particles become smaller and smaller particles tend to stick easier
than the larger particles, as suggested in previous studies.51 The
relation between the measured sintering force and the contact dura-
tion appears to follow a power law with an exponent in the order

FIG. 8. Experimental values of the measured sintering force at different temper-
atures and the curve fitted to the mean value points. The experimental results
represent mean value ± standard deviation.

FIG. 7. Experimental and analytic sintering force as a function of temperature.
The experimental results represent mean value ± standard deviation. Analytic
results are obtained from Eq. (2).

Journal of
Applied Physics ARTICLE scitation.org/journal/jap

J. Appl. Phys. 131, 025109 (2022); doi: 10.1063/5.0073824 131, 025109-8

© Author(s) 2022

https://aip.scitation.org/journal/jap


of 0.38. This means that initially the bond grows strong rather
quickly and as the contact time increases the strength of the bond
tends toward a constant value. Hence, there may be a maximum
value for the bond. If such a value does exist is, however, outside
the scope of this paper. On the other side, the model successfully
predicts the sintering force for sub-second contact durations based
on measurements previously presented in the literature.

We also obtained the activation energy using our experimental
measurements for the sintering force at different temperatures. We

find that the activation energy is around 41:4 KJ/mol and close to
the previously reported data, ΔE ¼ 44:3 KJ/mol in Ref. 52.

As ice is a brittle material, it is of importance to acknowledge
the geometry close to the contact zone for calculation of the ulti-
mate strength of the bond, which is considered by the stress con-
centration factor. As the range of equivalent radii in these
experiments were rather small, the stress concentration factor has
been treated as a constant throughout the analysis, which resulted
in the constant scaling factor Sut/Ks ¼ 1:1 MPa for all the

FIG. 9. Experimental sintering force extracted from Szabo and Schneebeli,2 and analytic sintering force predicted from this study: (a) temperature dependence while
tload ¼ tunload ¼ 495 ms and tkeep ¼ 10 ms, which results in tf ¼ 1 s and (b) time dependence, while tf is varied, tkeep ¼ 10 ms, and tload ¼ tunload ¼ 0:5(tf � tkeep).

FIG. 10. Analytic results for the development of the (a) pull-off force as a function of time and (b) bond diameter 2a as a function of time. The sintering force becomes
Fsint ¼ 6:6 mN and the final bond radius become af � 57 μm. Plots are obtained for parameters Fmax ¼ 10 mN; r ¼ 1:2 mm; R � 5 mm; T ¼ �12 �C.
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experiments, where Sut is the ultimate strength of ice and Ks is the
axial stress concentration factor.

One interesting observation from the experiments is that
during freezing many particles experienced cavitation and cracking
similar to what has been observed in previous studies.53 These phe-
nomena did not lead to a macroscopic change in particle shape
mainly because of the presence of the holding needle from the
syringe. However, ice cracking during the formation of the particles
can be one source for the observed variations in the measured
forces.

The model presented in this paper has been shown to be
capable of capturing the variation in the sintering force within a
limited domain of equivalent radii, temperatures, contact loads,
and durations, respectively. In addition, the relative humidity was
kept constant at 50% all through the measurements. Despite these
limitations the ranges chosen are typical for some practical prob-
lems including manufactured and stored snow, which potentially
makes it a valuable model in simulations. To which degree the
model changes with humidity and outside the ranges considered is
an interesting topic for future investigations.
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