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1. Introduction

This paper deals with the leading terms in the asymptotics of the eigenvalues and the eigenfunctions to
the following Dirichlet spectral problem in a thin cylinder with a periodically oscillating boundary:

—div(A(xl, g)Vus) = Nu® in Q,, (1)

with the Dirichlet condition on the boundary 0€2.. The asymptotics is established in the case of locally
periodically oscillating coefficients, under structural assumptions given in terms of an eigenvalue problem
on the associated periodicity cell.

In [g8], Friedlander and Solomyak studied the spectrum of the Dirichlet Laplacian in a narrow strip

Q. ={(r,y) ER?*: —a<x<a,0<y<ch(r)}

where ¢ is a small positive parameter. The following structural assumptions were made: z = 0 is the unique
global maximum of positive function h(x), such that
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h(z) > 0 continuous on I = [—a,a], a >0

h(x) is C* on T\ {0}, and

M —ciz™ 4+ O(z™), >0,
h(z) = + ( ) M,c_,ce. >0, m>1.
M —c_|z|™ +O(z™*), 2 <0,

In particular, the authors have proved the following asymptotics result.

Theorem 1.1 (Friedlander, Solomyak, 2009). Let Aj be the eigenvalues of —A on Q° with the Dirichlet
condition on 02°. Then

2

1 4(m+2)*1(;_ 77 )
= lim (05— o).

where p; are the eigenvalues of the operator on L*(R) given by

d? 2rM 3cp ™, x>0,
- + Q(z)7 Q($) =
dx? 2nM Be_z™, x <.

One notes that Theorem 1.1 tells that the decay of the profile (or diameter) h(x1) in the vicinity of its
maximum dictates the growth of the eigenvalues A7, and that it indicates the rate of localization of the
eigenfunctions, as € tends to zero.

The present paper aims at describing the effect of oscillating coefficients and oscillating boundary on the
spectral asymptotics. In Theorem 1.1, the authors imposed structural assumptions on the strip profile h(z1),
requiring for h(z1) a unique maximum point. In singularly perturbed problems, when the leading term of
the asymptotics contains an oscillating function, which is the first eigenfunction of an auxiliary spectral cell
problem, a standard assumption is often made on the corresponding first eigenvalue (see for example [2]). In
our case, we use also the factorization technique, impose an assumption on the first eigenvalue u1(21) in the
periodicity cell eigenvalue problem (see (8)), and require that it has a unique minimum point. Even if such
assumptions are standard, it is sometimes not apparent how they are related to the geometry of the domain
or the coefficients of the equation. In the present paper we show that the assumption in Theorem 1.1 is a
specific case of (8) (see Example 5.1). We show that the global minimizer of 1; determines the point where
the eigenfunctions localize. In addition, the growth of y in the vicinity of its minimum dictates the rate of
localization as well as the behavior of the eigenvalues.

The method we use to obtain the leading terms of the asymptotics of the eigenvalue and the eigenfunctions
to (1) is homogenization via two-scale (see [16,1]). In particular, we use the singular measure approach, and
the two-scale compactness theorem essentially contained in [24,25] (see also [7]), which is expressed in the
current setting in [19].

The fundamentals of spectral asymptotics for elliptic operators has been described in [23], which has
been successfully applied in homogenization problems (see for example [17]). There are many works in
which localization of eigenfunctions has been described in the context of elliptic operators with oscillating
coefficients. The works most closely related to our problem seem to be the following. In [20,2], spectral
asymptotics and localization of eigenvalues in bulk domains with large potentials were considered. In [18],
spectral asymptotics and localization of eigenvalues in thin domains with large potentials were considered.
Homogenization in domains with low amplitude oscillating boundaries were considered in [13,3,19]. Spectral
asymptotics of the Laplace operator in thin domains with slowly varying thickness were considered in
[8,6,14], where under the Dirichlet boundary conditions the localization of eigenfunctions occur.

In order to capture the oscillations of the eigenfunctions, in [20,2] the factorization by an eigenfunction of
an auxiliary spectral cell problem was used. In the present paper, we also use this kind of factorization. Due



K. Pettersson / J. Math. Anal. Appl. 511 (2022) 126074 3

to the homogeneous Dirichlet boundary conditions in our problem, the first eigenfunction 1 (z1,y) of the
auxiliary spectral problem (6) vanishes on the boundary of the cell, and the new unknown function satisfies
a problem with degenerate coefficients posed in a weighted Sobolev space. Significant contributions to the
development of the factorization principle were made by Vanninathan in [22], and by Kozlov in [11]. The
case of the Dirichlet condition treated in [22] is closely related to the spectral asymptotics in the problem
considered in this paper.

The rest of this paper is organized as follows. In Section 2, we describe the domain with oscillating
boundary and state the problem with the hypotheses. In Section 3, we establish a priori estimates for the
eigenvalues and state the main result, and in Section 4 we prove the spectral asymptotics result of this
paper. In Section 5, we describe a scheme to compute the leading terms in the expansions of the eigenvalues
and the eigenfunctions to (1).

2. Problem statement

The problem we consider is to describe the leading terms in the asymptotics of the first eigenvalue
A§ and eigenfunction u§ to the problem (2), as € tends to zero. The domain under consideration is a
thin cylinder with a locally periodic oscillating boundary, and the coefficients are assumed to be smooth,
periodically oscillating, and to satisfy the strong ellipticity condition. The Dirichlet condition is imposed on
the boundary. Here we specify the assumptions on the domain, and the coefficients and boundary conditions
separately.

2.1. A thin cylinder with a locally periodic oscillating boundary

Let € > 0 be a small parameter; the points in R are denoted by z = (z1,2'), and I = (—~1/2,1/2). We
are going to work in a thin cylinder

Q. = {x = (21,2") 11y € 1, 2" € eQ(ay, %)}

Here Q(x1,x1/¢) describes the locally periodic varying cross section of the cylinder introduced in the
following way.
We denote

Q(:Clvyl) = {y/ S Rd71 : F(xhylay/) > 0}7
where F(x1,y1,y’) is such that

(H1) F(z1,y1,vy') € C*(I x T x R471), where T! is the one-dimensional torus.
(H2) Q(z1,y1) is non-empty, bounded, and simply connected.

The conditions (H1), (H2) are fulfilled, for instance, if ' has the following properties:

(F1) For each x; and y1, F(21,y1,0) > 0 and F(z1,y1,y") <0 for || > R, for some R > 0.
(F2) F(x1,y1,-) does not have a nonpositive local maximum /minimum.

The condition (F1) guarantees that Q(z1,y1) is not empty and bounded, and the condition (F2) guarantees
that Q(x1,y1) is simply connected. When F' = F(y;,y’) we have a periodic oscillating boundary, when
F = F(x1,y’) we are in the case of slowly varying thickness, and finally, when F' = F(y’) the cylinder has
uniform cross-section, constant along the cylinder.
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The boundary of €. consists of the lateral boundary of the cylinder

/
. = {x = (x1,2) 121 € I, F(x1, % %) — 0}7

and the bases

1 1 1
re={5}xeQ(+5%)

The periodicity cell depends on x1 and is defined as follows

Ox1) ={y=(1.y) e T' xR 1y € T', ¢/ € Q(a1,11)}
={ye T xR¥: F(z;,y) > 0},

where T! is the one-dimensional torus, realized with unit measure. Since F(xy,y1,%’) is periodic in y;, and
F is regular, the lateral boundary 00(z1) = {y : F(x1,y) = 0} of the periodicity cell O(z1) is Lipschitz.

2.2. Dirichlet spectral problem in a thin oscillating domain

In the thin domains with oscillating boundary €. of Section 2.1, we consider the following Dirichlet
spectral problem:
—div(A(z1, g)VUE) = A\uf in Q, (2)
u® =0 on 0f)..

The matrix A(z1,y) in (2) is assumed to be symmetric with entries a;; in C?(I x T! x R?71), and satisfy
the ellipticity condition

A(mlay)§'£2a|£|27 Z1 617 Yy € D(xl)’ §€Rd

By the Hilbert-Schmidt theorem, for each € > 0, the spectrum of (2) is discrete and may be arranged as
follows:

0<A <A <A<, lim A = oo,

j—o0

where the eigenvalues are counted as many times as their finite multiplicity. Orthonormalized by

/ufuj de = /2415, (3)
Q.

where d;; is the Kronecker delta, the corresponding eigenfunctions form a Hilbert basis in L?(Q.), up to
scaling. The scaling in (3) is natural for the statement of the result of this paper.

We study the asymptotic behavior of the eigenpairs (A%, uf), as € tends to zero. The homogenization
result for the eigenpairs (A%, u¢), as ¢ — 0, is given in Theorem 3.3. In order to present the limit problem,
we need an auxiliary spectral cell problem, which is introduced in Section 3.1 (see (6)).
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3. Spectral asymptotics

In this section, we identify the first two terms in the asymptotic expansion of the first eigenvalue Aj to

(2):

- o(0) | A9 (1 )
= — +ol—), 4
1 62 + c + c ( )
as € tends to zero. For comparison with the result of Theorem 1.1, for smooth h with quadratic growth at
its maximum (m = 2), one has for the first eigenvalue \§ of the Dirichlet Laplacian in R?,

2 2
A‘i:#jt%jto(é), (5)
as € tends to zero, where p; is the first eigenvalue of a harmonic oscillator. When comparing the asymptotics
in (4) and (5) one notes that the oscillations in the coefficients and the domain do not change the structure
of the asymptotics, while the factors in both the leading terms 1/e2 and 1/e will change. In particular, the
eigenvalue 5 is still shifted a bit to the right as the factor A} is positive. One notes also that the factors
p1(0) and A} in (4) agree with 72/h(0)? and gy in (5), for the Dirichlet Laplacian in R? as explained in
Section 5.

To obtain the asymptotics (4) we proceed as follows. First we derive a priori estimates for the first eigen-
value A§ to (2). Then we make a change of variables with the aid of hypothesis (8) such that the eigenvalues
of the rescaled problem are bounded. Finally we show the convergence of the corresponding eigenvalues and
their eigenfunction in L? using the method of two-scale convergence in domains with measure. The result,
which includes (4), is stated as Theorem 3.3.

3.1. A priori estimates for the first eigenvalue A
The radius of the cylinder €2 is of order €, so the Dirichlet condition on the lateral boundary suggests

that in view of the variational principle, the first eigenvalue A is expected to be of order 1/£2, as ¢ tends
to zero. Consider a smooth function of the form

v(z1) € C§°(R) with support in I, w(a’) € C§°(Bo(p)), where By(p) is the ball of a small fixed radius p
centered at the origin in R%~! such that I x eBy(p) C Q. (cf. (F1)). Using v°(z) as a test function in the
variational principle for Af, we obtain

A5 =

Jo A(21,£) Vo - Voda Jo IVv2de ¢
< < < S 9

ueHgn(%?)\{o} Jo, v?dx T Jo (v)Pde T e

for all small enough ¢ such that v* € H}(€.), and for some constant C' independent of . To identify the
factor in 1/¢2, and to obtain the corresponding estimate from below, one needs to choose the test functions
more carefully. In particular, for O(1/¢2) to be sharp an optimal oscillating e-periodic profile 1 along x;
has to be selected, because |V(x1/€)|? = O(1/£2).

Let (u1,%1(21,y)), for each 21 € I, be the first eigenpair to the following cell eigenvalue problem:

~divy (Ala1, ) Vo) = pule)y in D), (6)
=0 on 00(zy),
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normalized by

/ ¢1($17y)2 dy = 1. (7)
U(z1)

By the Krein-Rutman theorem (cf. [5]), the first eigenvalue pi(x1) > 0 is simple, and ¥ (x1,y) does not
change sign in O(z1 ), and may for example be chosen positive. By the regularity of the coefficients A and the
domain O(z1) in 21, and the simplicity of the first eigenvalue y; (1), one has u(z1) € C%(I) (see [9,10]).
We use 11 to construct a test function in the variational formulation for Af. Namely, we are going to take
a test function as a product of ¢, taking care of the transverse oscillations, and a function of x; only. In the
proof of Lemma 3.1 we see that to minimize the ratio in the variational principle, the latter function should
localize in the vicinity of the minimum point of p;. This motivates the following structural assumption:

p1(z1) has a unique global minimum at z; = 0, and 7 (0) > 0. (8)

We make further remarks on the assumption (8) in Section 5, and there illustrate how it is related to the
assumptions on the geometry of the cylinder in Theorem 1.1 in [8].
The following a priori estimate holds for the first eigenvalue to (2).

Lemma 3.1. Let AS be the first eigenvalue to (2), and suppose that the first eigenvalue pi(x1) to (6) satis-
fies (8). Then

as € tends to zero.

Proof. In the Rayleigh quotient,

Jo. A(@1,£)Vv - Vudz

min )
vEHE(Q)\{0} fQE v2 dx

A =

we use test functions of the form

v(@) = (e 2 )o(z),

where 11 > 0 is the first eigenfunction to (6), and nonzero v € C§°(R) with support contained in . Then
v® € H (). The Taylor theorem and hypothesis (8) give

pi(Vewr) = pn(0) + epf (0)27 + o(ea?),

as € tends to zero. Using the boundedness of a;;, the regularity properties of ¢, re-scaling and integrating
by parts, we obtain

an A(xy,2)Vo© - Vo da

Al < T ()2 d
7 et fRd (7 A) (\ﬁxlv %)VU -Vodz fRd (1b+ e 1pre + E_2M1Z/J%)(\/EI1, %)vg dz
N Jra 03 (Vex1, Z2)v? do Jr 03 (VEw1, 22)0? da
< 11(0) + Q

g? €
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for some absolute constant C which is independent of &, where

b('rlay) = _divx(A(xlay)vxwl(xhy))v (9)
C(xla y) = 7diVy(A((£17 y)vmwl (xla y)) - divm(A(xla y)vywl (xla y)) (10)

We proceed with the estimate from below. Let u§ be the first eigenfunction to (2), normalized by
Jo (u5)? dz = 1, and let vf be such that

ui (@) = v (1, 2o (@), (1)

Note that v] may blow up at the boundary due to the Dirichlet condition on 1, and this will be addressed
with weighted Sobolev spaces in the further analysis. By the hypothesis (8) that u(0) is the minimal value
of pi(x1), we get under the chosen normalization,

A = / (W34) (w1, 2) Voi - Vi da + / (Yab 4 Mbr) (a1, 2) (v5)? do

Qe Qe
+/@¢%(:¢1,§)(ui)2dm
Qe
0
> 0 o @), D)o - Vi o+ [ b+ (o, D)) (12)
0. 0.

We note that v§ defined in (11) belongs to the weighted space
H' (e, 03 (21, 2)) = v (o1, D)v € L), tha (a0, ) Vo € L2(0)},

equipped with the natural norm. The space H' (€, (11)?(x1,%)) is continuously embedded into L?(£2.):
More precisely, there exists a constant C' independent of € such that

/vzd:z: < C’(/U%/Jf(xl,g) dz+62/\vx/v|2¢f(az1,§) dx), v EHI(Qg,w%(zl,g)). (13)
Qe

€ =

Recall that z’ are the transverse coordinates, and the radius of the cylinder Q) is of order €. To verify (13)
one may use the following one-dimensional inequality:

(o] o0 9 o0 o0
/(/|v(£)|d§) dx §4/v2x2 dz, /v2x2 dzr < oo,
0 0 0

arguing in local charts as in the standard proof of the Sobolev embedding theorems (cf. [15]), together with
the estimates (30) on the growth of v in the vicinity of the lateral boundary of O(x1) (see Lemma 4.1
below). It then follows from the estimate (13), the uniform boundedness of ¢, b(z1,y), and ¢(x1,y), and
the ellipticity condition for A, that

| [+ et o (o i ae] < S (1422 [ [9aniPui (@, D) )
Q. Qe

< g + Cle/(z/}fA) (xl, g)va - Vi de,
Qe
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which together with (12) give

#1(0)
22

o |Q

AL 2> ;

for small enough € > 0, and the desired estimate from below for the first eigenvalue A\j. O

It follows from the estimate in Lemma 3.1 that the first eigenfunction u§ concentrates (or localizes) in
the vicinity of the minimum point of u(z1) (here at z; = 0). Namely, for any v > 0,

[ wirde<a,

QE\B’Y (0)

for all small enough € > 0, where B, (0) is the ball of radius 7 centered at the origin (cf. Lemma 3.3 in [21]).
8.2. Spectral asymptotics

We introduce the homogenized problem for eigenpairs (v,v) on R:

d dv 1
_d_zl(aeﬂd_zl> + (ceﬂ + 5//1,(0)25%)1] = v, 21 € R’ (14)
eff (s}

where the constant coefficients a®, c* are defined as follows. Let p1,1); be the first eigenpair to (6)

normalized by (7). Let

= = [ n(0,0) (A, (AGr, )Vt (o1,9) + diva(AGor, )V, 1,9
1=
0(o)
The effective coefficient a°f is such that af > 0, and it is given by
d
@ = [ 3 wH0.)ar;0,)(61; + 0, N) dy, (15)
O(o) /=1
with N € H'(J(0),4?(0,y)) the unique solution such that
/ N(y)¢i(0,y) dy = 0,
t(o)
to the following auxiliary cell problem:
d
—div, (W A)(0,9)VyN) = Y 9y, (¥ia;1)(0,y), v €0(0). (16)
j=1

In the cell problem (16), the classical non-homogeneous Neumann condition is not present and this
because the weight 1?(0,y) effectively removes the lateral boundary 90J(0). This is seen in the variational
form of the problem, presented as (18)—(19) below.

In the definition of the effective coefficient a®®, the weighted Sobolev space H'(CJ(0),4?(0,v)) is used.
Denote
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20,300 = {v: [ P00 dy < o),
0(0)

the weighted Lebesgue space. Then H!((J(0),%(0,y)) is defined as

HY(O(0),93(0,)) = {v € L2(0(0),43(0,y)) : Vv € L2(0)(0),43(0,)) },
with inner product
(u, 0) i1 (0(0), 92 (0,)) = / w7 (0,y) dy + / (Vyu - V,0)9i(0,y) dy
0(0) 0(0)

One notes that ¥7(0,y) > 0 for y € 0(0), and ¥?(0,y) = 0 for y on 90(0). Moreover,

¥7(0,) € Lioe(D(0)), (0(0)). (17)

The first property in (17) ensures that C*°(0J(0)) belongs to H*((J(0),1%(0,)), and the second property
in (17) ensures that H'(0J(0),4%(0,y)) is a separable Hilbert space (cf. [15,12]).
The cell problem (16) is well-posed in H!([J(0),%%(0,y)), and its variational form is

N € HY(D(0), 43(0,4). / N()$2(0, ) dy = 0, (18)

0(0)

d
[ GBA0VN - Vpdy = [ Y @ha)0n) 5L dy o B OO 30,0 (9)
J

o(0) o(0) 7=t

Lemma 3.2. The spectrum of the harmonic oscillator problem (14) is bounded from below and discrete:

v <vp<---<y; <---,  lim v; = oo.
j*}OO

The corresponding eigenfunctions v; € L?(R) may be normalized by

/’Ui’l}j dZ1 = 6ij. (20)

R

The following theorem is the result of this paper.

Theorem 3.3. Suppose that (8) holds. Let X5, ui be the ith eigenpair to (2), u$ normalized by (3), and let
w1, U1 be the first eigenpair to (6), ¥1 normalized by (58). Then

(i) x=ta (0) (i)

x)v?(%) ‘2 dz = o(1),

as € tends to zero, where (v;,v;) is the ith eigenpair to (14), v; normalized by (20).
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The Dirichlet condition for uj on the lateral boundary X, of the cylinder €. is captured in the limit

by the radial profile 17 (0,y) solving the cell eigenvalue problem (6), while the Dirichlet condition on the

ends/bases I'F of the cylinder €). is translated into exponential decay of the longitudinal profile v solving

the homogenized eigenvalue problem (14) as |z;| tends to infinity.
4. Proof of Theorem 3.3
This section is devoted to the convergence of the spectrum, Theorem 3.3.

4.1. Rescaled and shifted problem

The estimate for the first eigenvalue Aj to (2) in Lemma 3.1 suggests studying the asymptotics of

eNe H1 (0)

i T
' €

(21)

as ¢ tends to zero, as for ¢ = 1 this is O(1). Moreover, the first eigenfunction tends to localize in the vicinity

of 1 = 0, which is the minimum point of y1(z1). Let us subtract u;(0)/e? from both sides of the equation

(2), shifting the spectrum to the left, and make the following change of variables:

z =

%, u(VEz) = i (Vem, %)v%z) = 45 (2)0° (2).

The corresponding problem in the up-scaled domain and bases
Q.= =0, TI'f=-—rf

takes the form

—div, (A*V.0°) + (Cf + ’“(\/Ezlg —m(0) (¢§)2)U6 — (5% in O,
v® =0 on If‘}

Here, the coefficients and the potential are given by

z

As(z) = Z(ﬁzl, NG

) = 03 (Vem, —=) A(Vem, —=

Ve v
and

z

C°(2) = O(VEm, ) = [ = aon,y)divy (A1, ) Vatis (31, 9)
— Y11, y)dive(A(z1, ) Vytr (21, 9))

~ i y)diva (A, ) Vot (e1,9)| (Ve ).

and by choice (21),

v =exs - 1Y (0)
€

(22)

(23)

(24)

(25)

(27)
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The functions v§ and the number ¢ are well-defined by (22) and (27), in terms of A, u$ and 47, and so
v§ is an eigenpair to the problem (23)—(24). The problem for v° (23)—(24) is well-posed in the weighted

1, ? e

Sobolev space Hl( <, (¥5)2,TF) defined as follows. Denote

P whY) = {v: [P <o),

Qe

the weighted Lebesgue space. Then H(Q., (1%)2, F:i) is defined as

HY(Q, (5)2,T) = {v € LX(Q., (¥5)2) : Vo € L2(Q2, (15)?), v = 0 on TE}, (28)

with inner product

) o ey = [ 10 @D et [ Vow Voo P

Q. Q.
where the meaning of the trace on I'Z in (28) is described below. One notes that (¢5)2 > 0 for z € €,

and (¢§)? = 0 on the lateral boundary 5. = 090, \T'Z, and (¥5)? > 0 almost everywhere on the ends I'Z.
Furthermore,

1

(ﬂ}i) € Lloc@i/) (29>

(W5)” € Lie(),
The first property in (29) ensures that C>°(Q ) belongs to Hl(Q (¥5)2, Fei), and the second property in
(29) ensures that Hl( o, (¥5)? Fi) is a separable Hilbert space (cf. [15,12]).

The usual trace can be used in the definition (28) of H 1( s (1/11) ), say by arguing separately on
disjoint parts of the boundary Let C’C’O(QE re %) denote the space of functions in Coo(ﬁ) with support
not intersecting I‘E As (wl) 1OC(QE), all functions in COO(QE I“E) belong to Hl( & WH?2) = {v e
L2(9c, (¥5)?) : Vo € L2(Q., (1/15) )}, equipped with the considered norm. It is therefore meaningful to let

1(/\; (¥5)? I’i) be the closure of C*° ((?, f‘\i) with respect to the considered norm. The space of traces of
functions H'(€, (¢5)2) on f‘i is the factor space H1/2(f‘\‘i) = HY(Q, (v5)2)/H (s, (15)? ,f‘}) equipped
with the factor norm (cf. [12]).

Note that C¢ is uniformly bounded by the regularity properties of ¥1, and consequently adding a potential
C'v® to (23) shifts the spectrum by C' and makes the potential positive.

Although the spectrum of (2) is characterized, it is useful to remark that it is at most shifted after

the change of variables. To this end we make use of the following estimates on the growth of the first
eigenfunction to (6) in the vicinity of the Dirichlet boundary (see [4] for a general analysis).

Lemma 4.1. There exist absolute constants cy,ca,d such that in local charts (y..,yrd), a(y.) of O(z1),
11 (21, y) < Yrg — aly,) < c2tp1(@1,y), (30)
fory € Vs, where Vs = {y € O(z1) : y,., — a(y,.) < 0}.

Proof. By the regularity of the coefficient matrix A and the boundary d(x1), ¥, is C?(0(z;)) for all
x1 € I. Because the boundary 00(x) is C?, the distance function d(y,d0(x1)) is in C?(V;) for some & > 0,
where V5 is a neighborhood of 00(z1):
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Vs ={y € O(z1) : d(y, 00(x1)) < 6}

Let ¢ be a smooth cutoff such that ¢ =1 in Vj/9, and ¢ = 0 outside V5. Then for some constant C(z1),

|divy (A(z1,y)Vy(pd(y, 00(21))))| < Clar), y € D).

It follows that for a > 0,

—divy (A(z1,9)Vy (V1 — apd(y, 00(z1)))) > pi(z1)¥i(z1,y) — aC(1),

for y € O(z1). By the Taylor theorem, for yo € 00(x1),

Wa(er,9) = D, 0)d(y, () + O(dly, 1)), (31)

and by the strong maximum principle, the inward normal derivative is positive, if ¥ is chosen positive in
D(.’El)l

ov _
=, (@y) >0, @ el yeOm).

One notes that in the vicinity of the boundary, the quadratic term in (31) is small, while in the interior a
positive ¥ is globally bounded away from zero by a positive constant. Thus by choosing ¥, to be positive
in O(x1), one has for all small enough «,d, that Uy — apd(y,d0(x1)) is a subsolution that satisfies the
Dirichlet condition on the boundary:

—div, (A(z1,5)V, (1 — apd(y, 00(21))) 2 0,y € Do),
Uy — apd(y,00(x1)) =0, ye€ d0(xq).

It follows from the maximum principle that

wl(xlay) Z C(x1>d(y7a|j(xl))7 Yy < ‘/:5/27

for some constant C(x1). The second inequality in (30) follows, by the compactness of d0(x;). The first
inequality in (30) follows from the Taylor theorem,

\Ill(xhy) = vy\lll(xlayO) : (y - yo) + O(|y - y0|2>7

for yo € 00(x1), and the quadratic term is dominated by the linear term in a neighborhood of the bound-
ary. 0O

Lemma 4.2. The spectrum of problem (23) is discrete, bounded from below, and consists of a countably
infinite number of points:

C<vi<v;<vg<--- lim v{ = oo,
71— 00

counted as many times as their finite multiplicity, and there exists a sequence of corresponding eigenfunctions
v5 that may be normalized by

Tt/ / D(Vez) " o (¥9)* dz = 6. (32)
Q.

=
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Proof. Let G° : L2(§;, (¥5)?) — Hl( <, (¥5)? ,f:i) be the Green operator that maps f € L2(§;, (¥5)?) to
the solution to the equation

—div, (A5V,0) + (D° + C1(¢5)?)v = (¥5)%f  in Q, (33)
v=20 on 1:5; (34)

where

—p1(0
D =(C¢ + ul(\/gzlz /’Ll( )(w§)27
where C° is given by (26), and C; is a constant. Because D¢ is uniformly bounded, the solution v €

H 1(5; (¥5)?, I‘Ei) is uniquely defined for all €, by the Riesz representation theorem, for large enough C.
By Lemma 4.1, there exist absolute constants ¢y, ¢a, c3 such that in local charts (2!, z.q), a(z),

Veai(z) < oy — ala) + k(a;) < Veeai(z), (35)

for some k such that 0 < k(2!.) < c¢3, where & is necessary to compensate for ¥§ being nonzero on the ends
I‘a . Because the boundary of Q. is continuous, the condition (35) guaranties that H 1( - (1/15 )2 I‘i) is com-
pactly embedded into LQ( o, (1¥5)?) (see e.g. [15]). Let f,, be a bounded sequence in Hl( L, (5)2?, 2[) By
weak compactnebb there along a subsequence, f, converges weakly to f in H 1( -, (¥5)2,T'F), and strongly
in L2 ( <, (¥5)?). Tt follows that G £, converges to G°f in H 1( - (1/11) '), along some subsequence. This
shows that G* is compact from Hl( o, (¥5)? Fi) to Hl( o, (¥)2,TE). In particular, G¢ is self-adjoint on

( o, (¥5)2,TF), and positive for large enough C;. The statement of the lemma then follows from the
spectral theorem for such operators. 0O

We may obtain information about the asymptotics of the eigenvalues and eigenfunctions to (2) by studying
the spectral asymptotics of the problem (23)—(24), or view it as a change of variables in studying (2). In any

point of view the following a priori estimate for the eigenfunction v to the rescaled problem is a starting
point of the analysis.

4.2. A priori estimates for the rescaled problem

For the dimension reduction in the problem, we introduce the natural measure on R? that charges the
thin up-scaled cylinder .. Namely, let

dpic(2) = e~V 0(0)]  xg (2) d. (36)

In this way, we divide by the measure of the cross-section such that the rescaled measure converges to the
one-dimensional Lebesgue measure charging the real line.

Lemma 4.3. The sequence of measures pe defined by (36) converges weakly to u defined by
dpe — dp =dz x 6(2'), z=(z1,2') € RY,

as ¢ tends to zero (weak* in the space of Radon measures on RY).
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Proof. The proof relies on the mean value property and one only has to check that the rescalings are
appropriate (cf. Lemma 2.1 in [19]).
Let ¢ € Co(R%). Then

/@(z)due(z): / % / o(2)dz'dz.

R e-1/2] VEQ(vVEm, ZE)

Rescaling y' = 2'/\/€ gives

1 1
z) dpe(2) = / / o(z1, Vey')dy'dz.
To0)] / EORVARED)] )
e-i/21 Q(vEn . 2L)

Let us divide the interval e~'/21 into subintervals (translated scaled periods) T £ =el0,1) +ej, j € Z.
On each interval we use the mean-value theorem choosing a point /c¢; and get

0)| Z/ / (a1, Vey )dy'da = (10)| Z/ / P&, Vey')dy'dz.

T I Q(vERL k) T IS Q(vEE 21, Ek)

Since Q(x1,y1) is periodic with respect to y1, rescaling z; = y1+/¢ yields

Z\f/ / o(&, ey’ )dy dyr = ‘Z\f / (&, ey’ )dy.

T Q(veg; ) =V )

The last sum is a Riemann sum converging to the following integral

|Z\f / ©(&j,ey’ dy—> ‘// (21,0) dydz = /(zl,O)dzlz/gp(z)dM’

0(vz€5) R 0(0) R

as ¢ tends to zero. 0O

Lemma 4.4. Suppose that p1(x1) has a unique global minimum point at x1 = 0, i.e. (8) holds. Let v5 be the
first eigenfunction to (23), normalized by (32). Then the following estimate holds:

”wivvi”LQ(Rd,duE) + WTUTHLZ(Rd,duE) + ||7/szlvi||L2(Rd,du5) <C.

Proof. The weak form of the equation for v%, v® is

/ZEVU€ -Vedz+ / (CE + ul(\/gzli —m(0) (1&%)2) v¥pdz =1° /(1/)?)2 v pdz, (37)

Q. Qe Qe

for all ¢ € H(Q, (15)2, ), where C¢ is given by (26).
We turn to the a priori estimates for the first eigenfunction v, under the following normalization:

Jwiren?dn =1

Rd
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By Lemma 3.1,

vi=exi -9 _oq),

as ¢ tends to zero. Taking the first eigenfunction as a test function in (37), we get

/w1 VEn, )V (2

<C [ (Ve )V Varf (2

R

ZC(Vf/l/J%(\@Zh%)(UT)Q dpe(2) — /(¢15+E¢10)(\/§Zl7%)(ﬁ)2 dpe(2)
Rd

R4

B / (m(\/gzlg —p1(0) w%) (Vez, %)(vi)2 dus(z)>

Rd

%)

<C,

for some constant C which is independent of &, where one has used the boundedness of 1, b, and c.
By hypothesis (8), there exists an absolute constant C' that is independent of & and such that

1 (vVezr) — pa(0)
g

> C’zf, 21 € 7

Ve
Indeed, suppose that there exists a sequence (; such that

1 (veg;) — p11(0)
lVeg[?

Since 21 € (v/€)11, then for each fixed ¢, [/2¢;|? is bounded, which yields

—0, 77— o0.

p1(veg;) = ui(0), j— oo.

Then ¢; — 0, by uniqueness of the minimum point 0. On the other hand, since pf(0) is strictly positive by
assumption,

/»1(\/|55jg)€j—|2“1 ©) _ %u (0) +o(1) > apf(0) >0, ¢ —0

for some o > 0, and we arrive at a contradiction.

Therefore, again by the integral identity for the eigenpair (5, v§),

/dwfwézl, Z) 0D die(2)

)m(\/_zl) 11(0)

7 T ) dpe(2)

<C’1/1/11 \/_21,

V.05 - V,0f dpe(2)

= Co(vi [ UR(WER D00 i) — [ (WA (Ve )

Rd
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- /(ﬂflb +eyre) (Vez,

R

WALOREO)

<C,

for some constant C' which is independent of e, by the boundedness of A, 17, b, and ¢, and the above
estimate for 11 (v/221, ﬁ)vzvf. This proves Lemma 4.4. O

4.3. Two-scale convergence

The definition of two-scale convergence for our particular setting is the following. For the specific weakly
convergent measures in (36),

e—(d=1)/2

dpe(z) = O] e

(2)dz — du(z) = dz x dé(2'),
as ¢ tends to zero. A bounded sequence v, in L?(R%, du.), that is

lim sup / v2(2) dpe(2) < oo, (38)
E— 00
R

is said to be weakly two-scale convergent at rate /¢ to a function v = v(z,y) € L2(R? x J(0),du x dy),

2 .
ve = v, if

tim [ ve(e(2)6(22) i) = 5y / / oz, y)p(2)0(y) dy dp(2),

Rd R [J(0)
for any ¢ € C®(T! x R%!) and any ¢ € C°(RY).

A bounded sequence v, in L2(R% du.) is said to be strongly two-scale converging to a function v €
L*(R? x 0(0),dp x dy) if

lim [ v.(2)w. (2) dpe (2) = |// (2, 9wz, y) dy dp(2),

e—=0
R4 R4 (0)

for any weakly two-scale converging sequence w, 2 win L2 (R4, dp).
The following two-scale compactness principle holds.

Lemma 4.5. Let v, be a bounded sequence in L?(R%, dpu.), that is it satisfies (38). Then, along a subsequence,
v. converges weakly two-scale in L*(R%, du.) to some v =v(z,y) € L>(R* x 0(0), du x dy).

A proof Lemma 4.5 goes as the proof of the weak compactness principle in L2(R?) (cf. Lemma 2.2 in [25])
utilizing the property of the mean value.

4.4. Passage to the limit
Lemma 4.6. Let (v5,v5) be the first eigenpair to (23), normalized by (32). Then, along some subsequence,

(V§,¥5v5) converge in R and weakly two-scale in L*(R%, dpu.), respectively, to a pair (v, (0,y)v), where
(v,v) is an eigenpair to the effective problem (14).
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Note that at this point we do not claim that (v,v) is the first eigenpair to the limit problem.

Proof of Lemma 4.6. By the two-scale compactness principle, using the a priori estimates in Lemma 4.4 for
Y5 5, there exist v,w € L2(R? x (0),dz; x dé(z') x dy) such that along some subsequence, still denoted
by &, the following weak two-scale convergences hold in L?(R%, dy.):

1 (Vea, %)vi 2 w(z,y), (39)
(0 (\/Ezla %

as € tends to zero, and in particular w,p € L?*(R x [J(0)). Let v be such that v* converges to v in R,

)V.05 2 p(z1,), (40)

restricting to a further subsequence if necessary.

By the boundedness of the gradient of v§, Lemma 4.4 or (39)—(40), one notes that necessarily w =
¥1(0,y)v(21) for some function v = v(z1) € L%(R). To see this one uses the two-scale convergence in (39)
and oscillating test functions of the form

z

72

where ¢ € C°(R?) and ¢ € C5°(T! x R?"1). On the one hand,

0°(2) = Vep(2)9(

2\e € £ o 2 E,UE ) ez, .
R/d (2)7050,, 8% dpie = R/ ()01 (VRO 9)0(0) + 90,,0) (VEor. =) d
R / @ / D10, yw(z1, )y, b dy e, (a1)
R 0(o)

as € tends to zero, where one has used that ¢{0,, ®° is strongly two-scale convergent to 1 (0, y)¢(2)0y, d(y)
in L2(R4, dpu.). On the other hand,

/ (W35, @ dpe = — / 0., (¥3)=v])®° dpe. (42)

R4

Because

1
0, (V3(VEz, —=)u) = (U3)70:,05 + 2v/E(0:, 1) TY50s + %(%wl)sﬁvi

7

one has, by the boundedness of 7V ,v{,

02, ((3)°05) @ dpe — Y)0y,1(0,y) dy dz1, (43)
[t [l

as ¢ tends to zero. It follows from (41)—(43) that

wl (07 y)vyw = 2wv¢1 (Oa y>7

almost everywhere in R x (J(0). One concludes that,

w(zh y) = ¢1 (Oa y)v(zl),
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for some v = v(z1) € L*(R).
We proceed to the two-scale limit p of ¥V ,v5. Let ® = ®(z1,y) be such that

div, (¥3(0,y)®(21,9)) =0 in T x R, (44)

Then one the one hand by (40),

2\¢e 5 € 1
/(wl) V.05 - B dp. +!WD£ V1(0,y)p(21,y) - ©(0,y) dy dz1,

Rd

as € tends to zero. On the other hand by the choice of test functions, compactly supported &,

VL0 B dpe + o(1)

Jwt vt o du = [wiio. 2

R4 R4

/ o5 (2)F (diva®)° dpee + o(1)

Rd

/|D /% 0,y)v(21)(div.®)(0,y) dy dz;

IZl(O

= =7 vV z1) - % ) ) 21,
- [ g [ v vione0.s) dya
R 0(o)

as ¢ tends to zero, for any dz; x dé(z') gradient Vv of v. Therefore,

/ / wl +szu) -47(0,)®(0,y) dy dzy =0,

R 0(0)

for any solution ® to (44). By the solenoidal nature of 13(0,y)®(z1,y),

I
1/)1 (0’ Z/)

for some ¢ € L?(R,, H*(J(0))). It follows that

+ Vv =Vyq,

p= 1/’1 (07 y)(Vzv + qu)a

almost everywhere in R x [J(0), for some ¢ € L*(R,, H*((J(0))).
To sum up, by the two-scale compactness principle for sequences with bounded gradient, there exists
v e L*(R) and ¢ € L?(R, H'(0J(0))) such that two-scale weakly in L?(RY, dpu.),

o5 2 010, y)u(z1),
IV B4y (0,y) (VX PED (1) + Vyq(21,y)),s

as ¢ tends to zero. One notes that

vdz1 Xdé(z’)v _ (aZI,U’ T)7
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where 7 € L?(R) is some transverse gradient of v with respect to the measure dz; x dé(z’). Moreover, by
the a priori estimate [|z1950 || z2(Ra,q,.) < C, the convergence of 1505 is strong in L*(R?, dp.).

We are now in a position to pass to the limit in the equation for v°,v*. The variational form of the
equation for v°,v%, in terms of the measure dp., is

/( fA)(\/Ezl,%)Vsz-Vzgodug—k/(wl(b+ac)+M 1) (Vez, \[)v o du.

€
R4 R4

=v° /'@[}1 \/_21,\[)’0 dpe, (45)

for any ¢ € H(R?).
We pass to the limit as ¢ tends to zero in (45) using the two-scale converge. Let ¢ € C§°(R?). Then

/ (R A) (VB ) V.0 - Vo = / 1 (VEn, ) V.- (01 A) (VEn, ) Vo

Rd

R / / 21,9) - ($14)(0,9)V0(21,0) dy dzy

R 0(0)

:/ / (1/)114)(071/)29(21,11) dy VZQD(ZhO) le,

R 0(0)

as ¢ tends to zero, because (wlA)(\/Ezl,%)Vzw converges strongly two-scale in L?(RY,du.) to
(¥14)(0,)V24p(21,0) € L*(R x 0(0)). Because ((b+ ec)yn)(vez1, Jz)@ converges strongly two-scale in
LR, dpe) to b(0,)91(0,y)¢(21,0) € L*(R x 0(0)),

z
/(¢1(b+50))(\/5217 %)v%due —>/ / b(0, y)w(z1,y) dy (21,0) dz,
Rd R 0(0)
as € tends to zero. Because v (v/£21, %)gp converges strongly two-scale in L?(R%, du.) to v11(0, y)¢(21,0)
€ L*(R x 0(0)),
/wl (Vez, \/—)v ¢ dpe — V/ / $1(0, y)w(z1,y) dy (21, 0) dz1,
R O(0)

as ¢ tends to zero. By the Taylor theorem, and hypothesis (8),

ul(ﬁmg —m(0) S0 + o(:3),

as ¢ tends to zero, so by the compact support of ¢,
/ p1(veEz) —

€

R Rd

o [ [ iy dyeta,0da,

R 0(0)

”wl(le,f)wdue—/l 1(0)2242 (e,

o v dp +of1)

>)
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as € tends to zero, because %u’l’(O)z%wl(ﬁzl,%)w converges strongly two-scale in L2(R% du.) to
2117(0)2341(0, ) € L2(R x 0(0)). In conclusion,

//(wlA)(O,y)p(zl,y)dy-Vz@(zho)dzl+/ / b(0, y)w(z1,y) dy p(z1,0) dz1

R 0(0) R 0(0)
1
+ / S0 / 010, gyw(z1,y) dy o1, 0) der
R 0(0)
— / / 010, y)w(z, ) dy o1, 0) day, (46)
R 0(0)

for any ¢ € Cg°(RY).
Using

w(zh y) = ¢1 (07 y)v(zl),
p(zl’ y) = wl <O7 y) ((821U<Z1)7 ’I“) + qu<21’ y))’

and the normalization of 1), transforms (46) into

/ / (W2A)(0,9) (Deyv(z1),7) + Vya(z1,9)) dy - Vao(z1,0) doa

R 0(0)
1
[ [ wbogdytaet0dn + [ Suu)ee,0d
R 0O(0) R
= I//U(Zl)(p(ZhO) le, (47)
R
for any ¢ € Cg°(RY).
To compute ¢ one uses oscillating test functions of the form
() = VEo(2)e( ),

with ¢ € C§°(R?) and ¢ € C°°(0J(0)). One has
2

NG

By passing to the limit as e tends to zero in (45) with test functions ®¢, using their fixed compact support,
one obtains from the weak two-scale convergence of 1 (\/Ezl, ﬁ)vi

V() = 6(2) Yy () + VER(2) Va0(2)

| [ 005000+ V100 Ty dyo:1,0)dn = (48)
R 0(0)

for any ¢ € C5°(R%) and any ¢ € C°°(0(0)). If

q(z1,9) = N(y) - (9z,0(21),7), (49)
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equation (48) requires for N(y) to satisfies

d
> (¥7an)(0,9)0y, N1dy, 0 dy 9., v$(21,0) dzy
Ogo) ™7=1

d d
F [ 30N 0,00, N8y, ¢ dyriot, 0
R

Do) k=2ri=1
d
— [ [ w000, dyo.,vot,0)da
R O(0) "1
d d
—/ / DO @W1an)(0,9)dy, 0 dyr; é(21,0) dz,
R O(0) "=17=2

for any ¢ € C5°(R?) and any ¢ € C>(0J(0)). Let Nj, € H'(0(0),%%(0,y)) be such that

Ni(y)3(0,y) dy =0,

0i0)
and
d
—ley((l/J%A)(an)vyNk) = Zay] ('(/J%akj)(o,y), ye D(O)
j=1
That is,
d acp
[ @n0vneVedi= - [ S wtan0.055 d (50)
0(0) O(o) /=" !

for any ¢ € H*(0(0),%3(0,y)). Then Nj are well defined because the bilinear form on the left hand side
in (50) is coercive on H*(J(0),%%(0,y))/R, by the ellipticity condition on A and positivity of ¥?(0,y), and
the compatibility condition is satisfied:

/ div((42ax)(0,y)) dy = / (2a1)(0, ) - vy = 0,
0(0) 0(0)

where ay, is the kth row of A, using that 11 (0,y) is zero on 91(0). Therefore, the vector N is such that (49)
holds, and in particular,

(0 (\/521, %)

weakly in L2(R?, du.) as € tends to zero.
Let the effective d x d matrix A°f with entries afjf-f be defined by

V.0 2 01(0,9)((8,0,7) + VN - (8s,0,7)), (51)

d
i = [ S Ran) 0.9)(6 + 0, V) d (52)
Doy k=1
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We compute the effective flux A°%(0,,v,7). Let ¢(2) = 2 - ¢(21), where ¢(21) is a vector with components
¢j € C3°(R) and ¢1(21) = 0. Then

v =0, V.o — ¢(21),

strongly in L?(R?, du.), as € tends to zero. By passing to the limit as € tends to zero in the variational form
(45) of the equation for v (or equivalently setting ¢ = z - ¢ in (47)), and using the definition of A% and
the characterization of the limit of V05, (49), (51), one obtains

/Aeﬁ(azlv, r) - ¢(z1)dz =0,
R

for any ¢(z1) € C§°(R). It follows that the transverse component of the effective flux is zero:

AEH (0z,v,71) (Zaiﬁazlv,(o = Aeg(azlv,O), (53)

recalling that ¢; = 0. More precisely, setting ¢ = y;, i = 2,...,d, respectively, as test functions in the
variational form (50) of the equations for N; gives

d
/ Z (¥Tain) (0, y)(dx; + Dy, Nj(y)) dy =0,
O(o) *=1

for j =1,...,d. In view of the definition of A°" (52), this means that

at =0, (54)

)

for all (i,7) # (1,1). That is, all transverse components of the effective matrix are zero. It follows that the
effective flux in (53) reduces to

Aeﬁ(azlv, r) = (a‘fﬁfazlv, 0).

One may verify that a$ > 0 as follows. Use NV; as a test function in the variational form (50) of the equation
for N; to obtain,

aff = / (VA (0,9)Vy(yi + Ni(y) - Vy(y; + Nj(y)) dy. (55)
0(0)

It follows from (54) and (55) that A% is symmetric and positive semidefinite by the same properties of A.
In particular, by (55),

ast = / (V3A)(0,)Vy(y1 + N1(y) - Vy(y1 + Ni(y)) dy > / ¥3(0,9)|Vy(y1 + Ni(y))|* dy.
d(o) t(0)

Suppose that a$f = 0. Then by the last inequality, 1/2(0,y)V,(y1 + N1(y)) = 0 a.e. in [(0), which by the
connectedness of [J(0) and the positivity of ©? implies that y; + N;(y) is constant, which contradicts the
periodicity of Ny in y;. Therefore,
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aStt > 0.

We show that v, v is an eigenpair to the effective equation (14). By passing to the limit in the variational
form (45) of the equation for v§ (or equivalently reading off from (47)), using a test function ¢ € C§°(RY),
one obtains

1
/aeﬂazlv(zl)azﬁﬂ(zl,o) dzy + / (Ceﬁ + 5#3’(0)Z%>U(21)%0(21,0) dz; = V/U(Zl)‘:o(zlvo) dzy,

R R R

for any ¢ € C§°(RY).
By the strong convergence of ¥§v§ in L2(R<, dy.), with the normalization (32), the limit v is nonzero.
This shows that v, v is an eigenpair to the problem (14). O

Lemma 4.7. The whole sequence (V5,¥5v5) converges to (v1,11(0,y)v1), in R and weakly two-scale in
L2(R%,dpu.), respectively, where vy, v, is the first eigenpair of the limit problem (14).

Proof. Let ¢° be a smooth cutoff for the interval I such that

¢° € C=(I), ¢ =0on dl, 0<¢*<1linl,
¢ (x1) = 1 for dist(x1,9I) > ¢, €|0x, 0% < 1.

Say,

1, otherwise.

R dist(%,0I), 0 <dist(xy,0I) <,
¢ (z1) =

Then the function ¢°(y/€z1) is smooth and cuts off the growing interval %I in a /¢ neighborhood of its
boundary, with gradient satisfying the estimate

|azl ((;55(\/521)) | <

=

Let v1,v; be the first eigenpair to the limit problem (14). Now we consider the following test function in
the variational principle for the eigenvalue v¢:

we(z) = (;58(\/521)(1)1(21) FVEN, (%)azlm(zl)).

By the definitions of ¢°, v1, Ny, one has for any ¢ > 0, w® € H'(R%) \ {0}, with vanishing trace on the
bases

~ 1
rF = {z =(21,7) Rz € B%I}.

Then for v§ = eA{ — pu1(0)/e one has from the variational principle, using the test function w®,

I RA(E 5 Vo) - V(2 de ()
e Jo Vi (Vo1 o) w2 (2) dpe(2)
| Jna(e0ab i b e — i) (VEn, 2 )u(e) dpe(2)
Je V3 (Vezr, o) w2 (2) dpa () |
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One has with z = (21, 2/),

%)5@“1(2‘1))

+6°(Vez) (14 0y, N (Vea, %))azlv1<zl>)7

0z, we(2) = (02, (6°(e21))) (v1(21) + VeN, (\/5211

z

w.(z) = 0, N (=),

Vowe(z) = 05,v1(21)Vy 1(\/5)
The following estimates follow:

/dﬁ(ﬁzh ° ) z) dpe(z /v z1)dz + o(1),
Rd

fRd(w%A)(\/Ezla ﬁ)vzwg( z) - Vywe(z dﬂs /
Jra V3 (VEm1, J2)w2(2) dpe (2

fRd(5¢1b+¢lc+5_l( - (0))1&?)(\/5217 \/—) z) dpe(z
fRd 1/}1( €21, \[)wz( )d/J'E( )

I /\

a®" (04, v1(21 N2 dz + o(1),

*+ Zlﬂl (0))1’%(21) dz1 + o(1),

m\

as € tends to zero. By the variational principle (or directly from the variational form of the equation with
vy as test function) for the first eigenvalue 14 for the limit problem (14),

fR a®®(0,,v1(21))? dzy + fR (Ceff + %z%u’l’(O))v%(zl) dz

v =
! fR v3(21)dz

One gets the estimate, along a subsequence,
vi <wi+o(1),

as € tends to zero. One concludes that for the whole € sequence,
limv; =v=14.
limvi =v =1

In terms of A] this estimate reads,

Al = #1(0) +4 +0(§),

€2 €

as € tends to zero.
By the simplicity of the first eigenvalue v; to the limit problem (14), the whole sequence v§ converges to
v(z1) = v1(21), the first eigenfunction to the limit problem (14). O

Using the fact that the limit of v§,v§ is the first eigenpair to the effective equation (14), we derive the
following a priori estimate for the second eigenvalue v5 to the problem (23).

Lemma 4.8. Let 1§ be the second eigenvalue to the problem (23). Then
vs < vy +o(l),

as € tends to zero.
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Proof. One notes that v5 is almost orthogonal to v2(z1) as e tends to zero because v converges to vi(z1)
which is orthogonal to va(z1). Let

wh = ¢6(\/521)<112(21) + VeN( 3Z1U2(Zl))-

: )
Ve
Then v7 is almost orthogonal to w5. One may therefore use

(w5(2), %) .

w5(z) —
2( ) (Uf’vi) 1

as a test function in the variational principle for v5. O

Lemma 4.9. Suppose that for all i < k,

' B NE — . . r2md
gl_r%wl(\/gzl,ﬁ)vl v;  strongly in L*(R®, du,.).

Let m > k. Then v5, is asymptotically orthogonal to v; for alli < k:
. 2 i 5 . —
tiy [ wH(vEn, S ) dis(2) = 0.
R4

and vy, is asymptotically orthogonal to vi for all i < k:

gii% / Vi (Vea, %)vm(zl)vf(z) dpe(z) = 0.

Proof. Let m > k. Then by the orthonormalization (32) of the eigenfunctions V5,

R/dw%(ﬁ% %)Ufn<z>vi(31)dﬂe(3)
k . & .
— ;R/d ¥y (\/52’1, \ﬁ)vm(Z)vi (2) dpe(2) + ;R/d ¥y (\/521, ﬁ)vm(z)(vi(zl) — 5 (2)) dpe(2)

k
=lRa

By the normalization of v5,, ¥1 (\/Ezl, %)vﬁl is bounded in L?(RY, du.). The first asymptotic orthogonality
follows from the convergence of ¥ (\/Ezl, %)vf to v; in L2 (Rd7 duie) because

R/d V(YRR ) (2) ws(1) — v (2)) die(2) = o),

as € tends to zero, for any i < k.
The second asserted asymptotic orthogonality follows from the strong convergence and the orthogonality
of vy, tow; for i = m. 0O

We approach the convergence of spectrum by considering the second eigenvalue for illustration.
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Lemma 4.10. The second eigenvalue converges to the second eigenvalue: v5 — va, as € tends to 0.

Proof. The second eigenfunction v§ is almost orthogonal to v when € small. Then v5, v5 converges along a
subsequence (using the estimate in previous lemma for a priori estimates for two-scale convergence) to an
eigenpair v, v such that v is almost orthogonal to v;. By a previous lemma we must have v = v5, and thus
v = Vg, using that all eigenvalues of the limit problem are simple. O

Lemma 4.11. The eigenpairs (v5,v) converge to (v;,v;), as € tends to zero.

177

Proof. We know that (v§,v5) — (v1,v1). Suppose that (vF,v5) — (v;,v;) for all i < k. Let

’L ’ l

Wi = ¢°(Ven) (Uk+1(21) + \/gNl(%

One verifies that wy_,, is asymptotically orthogonal to v; for all i < k, using the above lemma. Then one

)3zlvk+1(z1)).

verifies that

Mk
®
M
+
—
—
e
S~—
/\
w
&
=
0)

—
x

SN~—

U/c-l—l

2 v (2,8 o)

are nonzero test functions for all €. Using these test functions one obtains the estimate

Visr < Vg1 £ o(1),

as ¢ tends to zero. It follows that v |, v}, converges to some eigenpair. Using the simplicity and the upper
estimate for v, one concludes that for the full € sequence

lim v, ; = Vpi1.
! +

This shows by induction that

lim v = v,
e—0

for any 4, and that the corresponding eigenfunctions converge. 0O

Putting the above sequence of lemmas together, one concludes Theorem 3.3.
Remark that in general for du. — du, and a sequence v¢ weakly converging in L?(R%, du.) to v €
L?(R%,dpu), it is not always the case that

lim [ (v° —v)%dp. = 0. (56)

e—0
Rd

To the positive, (56) holds for instance if v is bounded and the measure of R? is finite in the limit. In our
case the measure of RY is not finite, while the limit function is bounded and exponentially decaying, which
compensates.

5. Computing the leading terms
In this section we connect hypothesis (8) with the hypothesis in Theorem 1.1. We also describe a scheme

to compute the effective coefficients and the leading terms in the expansions of the eigenpairs in Theorem 3.3.
The procedure goes as follows:
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1. Locating the global minimum of the principle eigenvalue fi;.
2. Computing the effective coefficients a°f, ¢°ff.
3. Computing the eigenpair A{, v{.

Because we do not have an effective characterization of the minimum of principal eigenvalue p;, some
iterative procedure could be useful, say the Newton method. For this purpose we compute the derivative )
with respect to x1. The Hessian uf can be obtained by the similar procedure to that of Lemma 5.1 below,
or by a finite difference after computing p;(x1) at points close to the minimum.

Lemma 5.1. Let p1,v1 be the principle eigenpair to the problem

—divy (A(z1,y)Vy1) = p(z1) in O(x1), (57)
=0 on 00(x1),
normalized by
[ wtan= (58)
O(z1)

Let V,, be the outward normal velocity of the boundary 00(x1), and let V' be a globally defined velocity field

for O(x1), with respect to 1, namely V,, =V -v = _ % F 60 x1). Then
[VyF|

0A
py = / 9z, VL Vindy — / (AVyt1 - Vyo)(V - v) do
O(z1) 80(x1)

+2 / (AV by Vo (Tt - V) — uan (Vs - V) dy.
O(z1)

To prove Lemma 5.1 we consider separately the contributions to the linearizations from the dependence
on the coefficients A(z1,y) and the dependence on the change in shape of O(z1). Lemma 5.1 follows directly
from Lemma 5.3 and 5.4 below.

The following example relates hypothesis (8) to the hypothesis used in [23] for a smooth profile h. We
make use of the following boundary point property for the first eigenfunction ; to the problem (6).

Lemma 5.2. Let p1,1%1 be the first eigenpair to the problem (6), with sign chosen such that i (x1,y) > 0
everywhere in O(x1). Then

Vi (z1,y) - v <0  ae y e dl(x),
for any x1 € 1.

Proof. One notes that for any z € I, v;(z1,y) is continuous up to the boundary in y, and satisfies
P1(x1,y0) = 0 for any yo € 00(z1), and in particular ¢ (z1,y) > ¥1(x1,y0) = 0 for every y € O(xq).
Moreover, 11 is a subsolution to the equation

—divy (A(z1,y)Vyt1) — patr =0,y € 0(0).

By the Lipschitz continuity of d0(z1), at almost every yo € d0(z1), the outward unit normal v exists,
the outward normal derivative exists V1 - v, and there is a ball Bgr(y) C O(z1) with yo € 0Bgr(y). The
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assertion then follows from the classical argument using the weak maximum principle (cf. Lemma 3.4 in
@). o

Example 5.1. Consider the case of the Dirichlet Laplacian —A in a finite thin strip in R?, with profile given
by a smooth positive h(z1), 1 € [-1,1]:

Qe={z:-1<z1<1,0<z9 <ch(x1)}.
A function F: [-1,1] x T! x R — R such that
Q. ={z:x, € (-1,1), F(z1,2/e) > 0}

is

The corresponding up-scaled cell is

Ox1) ={y: F(z1,y) >0} ={y:91 € T': 0 < yp < h(z1)}.

The normal velocity of d0(z1) is

and a globally defined smooth domain velocity field on O(z1) is

V= (O,—%).

= / ¥yt 2(V - v) do + 2 / (Vs - 0)Vy (Vyths - V) — pthr (Vi - V) dy

o0(z1) O(z1)
= — / |Vy1/11|2(v -v)do + 2 / (Vy1/11 . V)(Vywl -V)do
80(x1) o0(z1)
= / V1 2(V - v) do,
o0 (1)

where one in the second step has used the divergence theorem and the equation (57), and in the third step
has used that here (£-v)(€-V) = [£]*(V -v), £ € T! x R. One has Joo(e) |V, 1]? do > 0, by the boundary
point property, Lemma 5.2, irregardless of the sign chosen for ;. (In other words, because otherwise the
critical set {y € O(x1) : 11 = 0, Vytby = 0} would be of positive (d — 1)-dimensional measure.) It follows
that p)(z1) = 0 if and only if A'(x1) = 0. Therefore by (59), the hypothesis of unique minimum of p; (1)
is equivalent to the existence of a unique maximum of h(z;) in this example. One might remark that in
this example, one also has access to both the domain monotonicity of the eigenvalues, as well as the exact

eigenpair, none of which is available if A(x1,y) is not constant in the fast variable y.
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We conclude this section by computing the linearization given in Lemma 5.1. We first compute p} for a
constant cell O, that is O(z) independent of ;.

Lemma 5.3. Suppose that O(x1) = O is independent of x1. Let A(x1,y) and 00 be sufficiently smooth. Let
11,1 be the principle eigenpair to

with the homogeneous Dirichlet condition on 00, and normalized by

/%fdy:l-
O

Then by the Fréchet differentiability of the eigenpair and the bilinear forms associated to the problem,
remarking that py is simple,

0A
= a—xlvywl - Vyihr dy.
m
Proof. For any test function ¢ € H}(O),
/Avywl Vypdy = /Wp dy. (60)
O O

Differentiate both sides with respect to x1, to obtain
0A 8¢1 31/&
—V -V,pd AV, —— -V, pdy = 11} d —pdy. 61
/(%1 y1 - Vyop y+/ Vog, VP ul/wup yﬂu/axlw Y (61)
O d O O
Noting that 0., € H(0), and using that p1,1); is an eigenpair with test function 9,11 in (60), and the
normalizing condition fEI Y? dy = 1, yields after using ¢; as test function in (61),

0A
1 Z/a—V%'V%d?f ]
T
0

Now we suppose that A = A(z1,y) is constant in x1, and let O(z1) vary. To compute pu}(x1) we need
to compute how points on the boundary of O(z1) move in the normal direction when z; is varied, i.e. the
normal velocity of the boundary, which we compute it terms of F'. By definition,

O(z1) =A{y : Fz1,y) > 0}
The boundary of O(z1) is given by

0(z1) = {y : F(z1,y) = 0}.
Let V,, denote the outward normal velocity, that is

0y, F
IV I

Vi =
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Let ¢ € H'(O(z1)) be such that Jo(e,) @dy = 0 and

-Ay¢p=0 in O(xq)

0y, F

Vo v=—
Y IVyFl

on 00(x1)

If the compatibility condition is not satisfied, we set V' = 0 in some interior ball, or curve of positive measure.

Then V = V,¢ is a globally defined velocity field such that V,, =V -v = —% on 900(z1), and where
v=-— ;z?l is the outward unit normal to O(x1).

Lemma 5.4. Let A(z1,y) and 00(xz1) be sufficiently smooth. Suppose that A(x1,y) is constant in xi. Let
11,11 be the principle eigenpair to

—divy (A(Y))Vy¥) = plz1)  in O(z),
with homogeneous Dirichlet condition on 00(x1), normalized by
/ Yidy =1.
O(z1)

Then

=2 / (A@W)V 1 - Ty (Vs - V) — prn (Vs - V) dy — / (AW)V, b1 - Vyin )V do. (62)
O(z1) 80(z1)

Proof. Let v = 9,,v — V,v -V denote the material derivative. For any test function ¢ € H} (D),

/ AW)Vyr - Vyody = i / g dy. (63)

O(x1) U(z1)

Differentiate both sides with respect to x1, to obtain

1o} 0
/ (A(y)vya—j: “Vyo + A(y)vy¢1 : vya—z> dy
O(z1)

- / (A@W)V 1 - Vyo)Va do + / AWV, - Vo dy

a0(z1) O(z1)
o Oy ;
= uy / Yredy + / (a—xiw‘ﬂha—zl) dy — 1 / P10V, do + 1 / Y1 dy. (64)
O(z1) O(z1) a0(z1) O(z1)

Use 91 as a test function in (64), substitute d,,¢¥1 = ¢1 — Vyi1 -V, and note that 1/}1 can be used as a test
function in (63). Using that 11 = 0 on 00(z1), and the normalization fl:l(:rl) P2 dy = 1, yield (62). O
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