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Abstract
Intense sub-cycle electromagnetic pulses allow one to drive nonlinear processes in matter with
unprecedented levels of control. However, it remains challenging to scale such sources in the
relativistic regime. Recently, a scheme that utilizes laser-driven wakes in plasmas to amplify and
compress seed laser pulses to produce tunable, carrier-envelope-phase stable, relativistic
sub-cycle pulses has been proposed. Here, we present parametric studies of this process using
particle-in-cell simulations, showing its robustness over a wide range of experimentally
accessible laser-plasma interaction parameters, spanning more than two orders of magnitude of
background plasma density. The method is shown to work with different gas-jet profiles,
including structured density profiles and is robust over a relatively wide range of driver laser
intensities. Our study shows that sub-cycle pulses of up to 10mJ of energy can be produced.

Keywords: laser-plasma interaction, sub-cycle plasma, laser-wakefield acceleration

(Some figures may appear in colour only in the online journal)

1. Introduction

Generation of few-cycle electromagnetic pulses has steadily
advanced, driven by applications that require probing or con-
trol of ultra-fast processes [1–4]. Recently, a lot of effort
has been devoted to produce sub-cycle pulses in which the
time-envelope is modulated on a time scale shorter than a
single cycle. Such pulses bring temporal resolution to its
ultimate limits and are unique tools for the control of elec-
tron motion in solids [5, 6], electron tunnelling in nano-
devices [7, 8], reaction dynamics at the electronic level [9], as
well as the generation of isolated attosecond and zeptosecond
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x-ray pulses [10, 11]. Several methods have been developed
for the generation of sub-cycle pulses from the THz to x-ray
regimes, see the review [12]. However, scaling such meth-
ods towards high intensities remains challenging and thus is
a field of active research, in particular in the mid-infrared
regime, where intense sub-cycle pulses are very attractive for
applications [13, 14].

Plasma-based methods, which could scale to relativistic
intensities, offer the possibility to work past the limita-
tions of conventional schemes. Much of the work on such
methods has focussed on attosecond pulse generation in the
extreme ultraviolet (XUV) regime, with several techniques
being developed in order to produce isolated pulses, such as
polarization [15–17] or intensity gating [18–21] and wave-
front rotation [22, 23]. In the long-wavelength limit, plasma-
based methods have been proposed to generate mid-infrared
(mid-IR), single and sub-cycle pulses. As an example, we
have proposed that electron beams can be used to generate
intense sub-cycle pulses, by amplifying a seed pulse reflected
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by a foil [24]. A different technique for mid-IR near-single-
cycle pulses utilizing laser frequency down-conversion in
laser-driven wakefields, has been proposed in [25] and exper-
imentally demonstrated in [26]. However, all aforementioned
plasma-based techniques are either not CEP-tunable or require
a controllable CEP-stable high-intensity laser, which is tech-
nically challenging.

In a recent article [27], we proposed a new frequency
upconversion process, referred to as laser-wakefield driven
amplification (LWDA), which can be used to generate isol-
ated carrier-envelope-phase (CEP)-tunable intense sub-cycle
pulses. It involves injecting a CEP-stable long-wavelength
seed pulse of relatively low intensity in co-propagation with a
relativistically intense, not necessarily CEP-stable, driver laser
pulse into a gas jet. The relativistic pulse creates an underdense
plasma, in which it drives a plasma wake. In the non-linear
wake regime, the first electron density spike of the wake is
most pronounced and can be used to amplify and compress
the co-propagating seed pulse up to relativistic amplitude and
sub-cycle pulse duration, see figure 1. In this work we present
a detailed parametric study of the LWDA process, focused
around the choice of plasma parameters, in particular ambi-
ent plasma density and gas jet length and profile. This allows
us to elaborate on the experimental feasibility of the scheme
as well as the choice of optimal parameters.

2. Simulation of LWDA

When a high-intensity laser travels through a gas-jet, it cre-
ates a wakefield containing electron density spikes moving
with almost the speed of light. This non-stationary electron
density structure can amplify a co-propagating electromag-
netic field. This process is illustrated here using 2D and 3D
Particle-in-Cell (PIC) simulations, performed with the high-
performance open-source code SMILEI [28]. For the elec-
tromagnetic fields, we have employed the Yee scheme in
Cartesian coordinates and the Silver-Müller boundary condi-
tions. In 2D, the longitudinal mesh-size δx = 16 nm, the trans-
verse mesh size δy = 32 nm and a temporal step δt = 47 as
were used. Here, we assumed translational invariance along
the z direction. In 3D, the longitudinal mesh-size δx = 16 nm,
the transverse mesh sizes δy = 32 nm and δz = 32 nm as well
as a temporal step δt = 42 as were used. For the electrons,
we have employed the relativistic Boris pusher, while the ions
were assumed to be fixed. The background plasma profile in
most simulations was assumed as a flat-top of density n0 (the
effect of Gaussian and structured plasma profiles is studied in
section 3.4). In 2D, we have initialized 100macro-particles per
cell. In 3D, the number of macro-particles per cell was reduced
to 10.

A y-polarized driving laser pulse and a z-polarized seed
pulse are injected to propagate along the x direction and are
defined by their transverse electric field components Ey,L and
Ez,S respectively, at the entrance of the gas-jet according to

Ey/z,L/S(r⊥, t) = E0,L/S f⊥(r⊥)sin
(
ωL/St+ϕL/S

)
fL/S(t),

(1)

with the amplitudes E0,L/S, transverse profiles f⊥(r⊥) =

exp
(
−r2⊥/r

2
0,L/S

)
, beam waists r0,L/S, angular frequencies

ω0,L/S and phases ϕS and ϕL = 0. For the driver laser and
the seed in the pulsed case, we use an envelope of the form

f(t) = exp
(
−2ln(2) t2/ t20,L/S

)
. The algorithm presented in

[29, 30] is used in order to obtain the laser electric fields
according to equation (1) at the entrance of the gas jet in the
PIC simulations.

We demonstrate sub-cycle pulse generation by means of
a 3D PIC simulation (see figure 1). We consider a 39 mJ,
10 fs long, 800 nm driver pulse with a 2.5 µm focal spot. This
corresponds to a peak electric field E0,L = 100 GV cm−1 or
a normalized peak vector potential a0,L = qeA0,L/mec= 2.5
(a pulse is relativistic if a0,L ≳ 1). The seed pulse is moder-
ately intense (E0,S = 4 GV cm−1), with 4 µm wavelength and
a 5 µm focal spot, in the continuous wave (CW) approxima-
tion. To model a gas-jet of length Lp, we assume a plasma with
electron density ne = 4.5 · 1019 cm−3.

Figure 1(a) shows how the first electron density spike of
the wake behind the laser pulse amplifies the seed pulse and
forms a sub-cycle pulse. The second and subsequent electron
density spikes also create sub-cycle pulses (see figure 1(b)).
However, these have an intensity at least one order of mag-
nitude smaller than that of the leading pulse, which is amp-
lified by the dominant electron density spike. The maximum
electric field of the amplified seed is increased by a factor of
16, compared to the initial electric field amplitude. This is
enough to accelerate the plasma electrons above 10% of the
speed of light.While for a short propagation distance, the elec-
tron density profile in the wake would be expected to remain
cylindrically symmetric [31], the relativistic sub-cycle pulse
deforms it, introducing an asymmetry, which can be seen in
figure 1(b). The sub-cycle pulse exits the plasma with an ultra-
broad spectrum peaked around 1.2 µm (260THz, 3.5-times
larger than the central frequency of the seed, see figures 1(c)
and (d)), an intensity FWHM duration of ∼3 fs or 0.8 cycles
and polarization orthogonal to the pump. The latter property
allows the sub-cycle and pump pulses to be separated after the
interaction.

The amplification mechanism has been studied using a 1D
relativistic, Maxwell fluid model in [27], which we briefly
review. The propagation of the seed in the plasma is described
by the wave equation

∂2
xxAz− ∂2

ttAz = neAz/γe = n0Az/(1+ϕ) , (2)

where ϕ, ne and γe are the wake scalar potential, electron fluid
density and relativistic factor respectively, Az is the seed vector
potential and n0 the background plasma density. Here, we use
relativistic units: velocity, time, and distance are normalized to
the speed of light in vacuum c, inverse driver laser frequency
ω−1
L,0 , and inverse vacuum driver laser wave number k−1

L =
c/ωL,0 respectively. Electric charges and masses are normal-
ized to e and me respectively and densities are normalized to
the critical density nc = ϵ0 meω

2
0,L/q

2
e , while electric fields are

normalized to the Compton field EC = me cωL/e. In the last
step of equation (2), use has been made of the fact that, in
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Figure 1. (a) Illustration of LWDA using a 3D particle-in-cell simulation, (b) a cross-section of the amplified seed electric field Ez in the
xy-plane with contour lines of the electron density ne(x,y) = 0.15maxne (dashed lines) and the laser electric field Ey(x,y) =maxEy/4
(solid lines), (c) on-axis electric field of the sub-cycle pulse 8 µm past the exit of the gas-jet and (d) the corresponding spectrum. The
simulation parameters are E0,L = 100 GV cm−1, λL = 0.8 µm, t0,L = 9.8 fs, ϕL = 0, r0,L = 4.2 µm, E0,S = 4 GV cm−1, λS = 4 µm,
t0,S =∞ (CW), ϕS = 0, r0,S = 5 µm, ne = 4.5 · 1019 cm−3 and Lp = 23 µm (see text for details).

the quasistatic approximation for the driver laser, propagation
ne/γe = n0/(1+ϕ) [32]. The scalar potential for the nonlinear
wake is determined by numerically solving [32–34]

d2ϕ
dξ2

= n0

(
1+A2

y

2(1+ϕ)2
− 1

2

)
, (3)

where Ay is the vector potential of the driver laser, ξ =
x− vg t and vg ≃ c(1− 1.5 n0/nc) is the driver group velo-
city [35]. The solution of equation (3) for ϕ is used in order to
solve equation (2) numerically. The model predicts rapid seed
wavelength decrease, as well as a significant electromagnetic
field energy gain associated with localized amplification at the
front of the density spike of the wake [27]. This is consistent
with the prediction of [24], that a pulse can gain energy from
the declining part (with respect to x) of a sub-wavelength,mov-
ing density perturbation. The frequency up-shift is primarily
caused by the short duration of the amplifying electron dens-
ity peak and should not be confused with the ‘photon acceler-
ation’ mechanism [36–40] which occurs when a many-cycle
pulse is frequency up-shifted by a moving electron density up-
ramp, which changes slowly compared to the seed pulse dura-
tion. At a fundamental level, seed amplification could seem as
subwavelength coherent synchrotron emission (CSE), caused
by the quivering of the moving electron distribution in the seed
electromagnetic field. However, it was shown in [41] that con-
sidering a CSE-type effect, which does not self-consistently
take into account propagation effects of the seed in the wake-
field structure does not correctly reproduce the amplified pulse
waveform. The cold-fluid model of equations (2) and (3) has
been proposed as a minimal model that captures the main char-
acteristics of the amplification process [27].

3. Parametric scans

3.1. Comparison of 3D and 2D results

In order to determine the optimal interaction regime, we per-
form an extensive parametric study, with 2D rather than 3D
simulations. Here, we recall certain aspects of the comparison

Figure 2. Comparison of (a) sub-cycle pulse and (b) corresponding
spectra, obtained by a 3D (solid black line) and 2D (dotted red line)
PIC simulation for the parameters of figure 1. Reproduced from
[27]. CC BY 4.0.

of 2D and 3D simulations discussed in the supplemental
material of [27]. In order to demonstrate that this approach
can provide a qualitatively correct picture of the parameter
dependence, we present a direct comparison of the sub-cycle
waveforms and spectra in 2D and 3D simulations in figure 2.
The parameters are the same as in figure 1. Since the seed pulse
reaches relativistic amplitude, the interaction is nonlinear and
this leads to a worst-case scenario for comparison of 2D and
3D results. Figure 2 shows that both the amplitude of the sub-
cycle pulse, as well as its central frequency and most of the
spectrum, are reproduced relatively well by 2D simulations.
The main difference is in the presence of a high-frequency tail
in 3D, consistent with a more pronounced density spike due to
more efficient relativistic self-focusing in 3D than in 2D, see
also the discussion of figure 7. On the other hand, the spectrum
decays faster for frequencies close to zero in 3D than in 2D.
This discrepancy in 2D is related to the fact that fields decay
more slowly in a 2D approximation. However, both ends of

3
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Figure 3. Results of 2D PIC simulations using a weak seed pulse with E0,S = 0.04 GV cm−1: (a) electron density with contours at
ne(x,y) =maxne/3 (dashed lines) and contours of the laser electric field Ey(x,y) =maxEy/4 (solid lines), (b) amplified seed electric field
Ez with electron density contours, (c) on-axis electric fields of the amplified sub-cycle pulses after the interaction for different seed CEPs ϕS

and their common envelope (gray line), (d) corresponding power spectrum and (e) spectral phase, (f) plasma-length Lp dependency
of the sub-cycle pulse energy. The simulation parameters (other than E0,S) are the same as for figure 1. (c), (f) Reproduced from [27].
CC BY 4.0.

the spectrum lie outside the spectral range of interest for our
sub-cycle pulses, which is limited to about 2.5 octaves around
the central frequency, see figure 9.

It is also important to compare differences in energy con-
version efficiency, which we take to be the ratio of sub-cycle to
drive-laser energy (note that in 2D ‘energy’ has units of energy
per unit length). The conversion efficiency would scale with
dimension d as [27]

η ∼
(
Esub,0

EL,0

)2 ( rsub,0
rL,0

)d−1 tsub,0
tL,0

, (4)

where Esub,0 (EL,0), rsub,0 (rL,0) and tsub,0 (tL,0) are the subcycle
(drive laser) maximum field, waist and duration respectively.
While the explicit dependence on dimensionality in the second
term would suggest that conversion efficiency would be over-
estimated in 2D, one needs to take into account that there is
also implicit dependence through the output sub-cycle field
Esub,0 and duration tsub,0, which are both slightly higher in 3D
(see figure 2). By evaluating conversion efficiency for the sim-
ulations of figure 2 (after spectral filtering to retain 2.5 octaves
around the central wavelength) we find that η ∼ 0.3% in both
2D and 3D.

For the purpose of performing parametric scans to illustrate
the dependencies of LWDA on various parameters, 2D simu-
lations are thus deemed adequate, since they capture the main
features of interest.

3.2. Effect of basic laser-plasma parameters

As a reference case for our parametric studies, we take the
simulation presented in figure 3(a), in which the paramet-
ers are the same as for the simulation shown in figure 1,
apart from the lower amplitude of the seed. The choice of a
lower seed amplitude has been made in order to simplify the
parametric study by eliminating nonlinear effects due to the
seed reaching relativistic amplitude after amplification. All

parameters not mentioned explicitly in the following studies
are assumed to be the same as in figure 3(a) and the geo-
metry in all remaining simulations is two-dimensional. The
electron density in figure 3(a) remains symmetric and the wake
remains almost unperturbed by the seed pulse. The seed elec-
tric field, shown in figure 3(b), is increased by a factor of 19.
As shown below, for sufficiently low initial seed amplitudes,
this amplification factor remains constant with respect to the
initial seed amplitude. The sub-cycle pulse (see figure 3(c))
has an ultra-broad spectrum, which is peaked around 520THz
(0.6 µm), 7-times larger than the central frequency of the seed
(see figure 3(d)), while its intensity FWHM duration is equi-
valent to 0.53 cycles.

In order to tune the CEP of the sub-cycle pulse, it is suffi-
cient to change the CEP of the many-cycle seed pulse, or to
delay it with respect to the laser pulse. Figure 3(c) presents
the on-axis electric field shapes after the interaction using four
different seed pulse CEPs ϕS. It can be seen that the sub-cycle
pulse envelopes are the same, as are the power spectra of the
pulses (see figure 3(d)). However, the phases of the sub-cycle
pulses are shifted by a value of π/4, exactly the same as for
the seed. This is shown in the frequency domain by presenting
the spectral phases in figure 3(e).

A delay of the seed pulse with respect to the driving laser
pulse can also be used to tune the seed pulse CEP. This is pos-
sible for sufficiently long seed pulses, where variation of the
CEP and the delay lead to almost the same seed-pulse up to
terms of order 1/(ωSt0,S). The synchronization level neces-
sary to achieve a change of π/2 in CEP is λS/4. For the range
of densities studied here, this corresponds to 3–17 fs, which is
within present experimental capabilities [42].

According to figure 3(f), which shows the sub-cycle pulse
energy Eout versus the gas-jet length Lp, the amplification takes
place during the first 30 µm of propagation. There are two
factors contributing to the relatively short distance over which
amplification occurs. First, once the seed pulse frequency up-
shifts, its group velocity increases and the amplified seed

4
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Figure 4. (a) Peak electric fields of the sub-cycle pulse and
(b) conversion efficiency dependence on the peak seed electric field.
The remaining parameters of the 2D PIC simulations are the same
as in figure 3. In (a) two scales are provided; one in SI units and
another in relativistic units demonstrating the generation of
relativistically strong sub-cycle pulses. In addition, the dashed lines
present the scaling expected for weak seed pulses. Reproduced from
[27]. CC BY 4.0.

moves into a low density region in the wake. This has been
corroborated by the 1D relativistic fluid model study in [27].
Second, in 2D and 3D simulations, relativistic self-focusing
of the laser pulse leads to bubble lengthening and wavebreak-
ing [31, 43, 44] which can also cause amplification to cease.
After wavebreaking, the sub-cycle pulse is guided inside the
bubble for distances of up to the driver depletion length Lpd ∝
λ3
pe/λ

2
L [45]. For the present parameters, our simulations show

that the pump is able to drive a bubble for about 200 µm of
propagation. It was found that the extended interaction length
afforded due to the absence of wavebreaking in 1D fluid sim-
ulations led to longer amplified pulses. One could therefore
utilize wavebreaking through a density downramp [46–48] in
Gaussian density profiles of realistic dimensions [47, 49] as a
means to keep the sub-cycle duration as short as possible. We
discuss this strategy in detail in section 3.4.

The 1D model of [27] predicts a linear scaling of the sub-
cycle electric field amplitude with the seed electric field amp-
litude. Our 2D PIC simulation results, which are presented in
figure 4(a), confirm this prediction up to weakly relativistic
seed pulse amplitudes. To judge how relativistic the seed and
sub-cycle pulses are, this figure contains, besides the max-
imum electric field strengths in SI units, the field strength
scaled by the relativistic electric field Eλ

r = 2πc2me/(qeλ),
which characterizes, for a given wavelength λ, the field
strength at which a free electron would be accelerated to
almost the speed of light. This normalization employs the
central wavelengths of the seed and sub-cycle pulses, respect-
ively. Figure 4(a) reveals that using weakly relativistic seed
pulses (ain0 =maxEin

z /E
λ
r ∼ 0.1), weakly relativistic sub-cycle

pulses (aout0 =maxEout
z /Eλ

r ∼ 0.25) can be obtained. The sub-
optimal scaling for ain0 > 0.1 is caused by the distortion of the
wake by the generated intense sub-cycle pulse. In this case,
the wake electrons lose a substantial fraction of their energy
to the seed pulse and the wake structure cannot be considered
to be independent of the sub-cycle electric field Ez anymore.
Figure 4(b) shows that the laser-to-sub-cycle-pulse conversion
efficiency η reaches about 1% for n0 = 4.5 · 10−19 cm−3.

Figure 5. Peak electric field of the sub-cycle pulses normalized to
the seed electric field depending on background electron density
from 2D PIC simulation. The other parameters are the same as in
figure 3. The dotted line marks the critical density nc,S for the 4 µm
seed pulse.

In order to study the scaling with the background electron
density, we perform two different kinds of parameter studies.
In figure 5, we vary the electron density, keeping all other sim-
ulation parameters fixed. The dashed line specifies the crit-
ical density nc,S = ϵ0meω

2
S/q

2
e at which the plasma becomes

opaque for the seed pulse. Two counter-acting effects lead to
an optimal value of initial electron density smaller than nc,S:
An increase of the electron density leads, according to [27], to
stronger amplification However, it also leads to reduced pen-
etration of the seed pulse into the plasma.

In order to scale our results across background electron
densities different by more than an order of magnitude, we
observe that, for a given driving laser amplitude a0,L, the inter-
action is determined by the ratio of the laser wavelength λL

to the plasma wavelength λpe, which is in turn determined by
the ratio of the electron density n0 to the critical density nc.
Here, we fix the laser wavelength to λL = 0.8 µm and vary
n0/nc, while we scale all other parameters in proportion to
the plasma wavelength. In particular, for the density scan of
figure 6(a), the simulation parameters have been chosen as
E0,L = 100 GV cm−1 (a0,L = 2.5), λL = 0.8 µm, t0,L = λpe/2,
ϕL = 0, r0,L = 0.83 λpe, E0,S = 0.04 GV cm−1, λS = 0.8 λpe,
t0,S =∞ (CW), ϕS = 0, r0,S = λpe and Lp = 6 λpe. In this way,
we ensure propagation of the seed, ωS > ωpe, while at the
same time guaranteeing that the seed wavelength is longer
than the electron skin depth, λS > c/ωpe = λpe/2π, which can
be taken as an approximation of the density spike charac-
teristic length. For a gas-jet length of Lp = 6 λpe the res-
ults are shown in figure 6(a). For these specific interaction
parameters, we observe that the amplification factor is optim-
ized for n0 = 4.5 · 1019 cm−3 ≃ 0.026 nc (corresponding to the
example studied in figure 3). For higher densities, the amp-
lification factor decreases. Our simulations show that this is
due to more efficient self-focusing at higher densities, which
leads to early wavebreaking, as one would expect based on
the scaling of the critical power for relativistic self-focusing,
Pc(GW) = 17.4 ω2/ω2

pe = 17.4nc/n0 [34]. For lower densit-
ies, on the other hand, self-focusing proceeds more slowly
and wavebreaking does not occur within the duration of
the simulations. However, the amplification ratio is lower
at lower densities, since the first density spike contains less
charge.

5
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Figure 6. 2D PIC simulation results for the peak electric field of the sub-cycle pulses normalized to the seed electric field depending on
(a) electron density for two different values of driver amplitude a0,L = 2.5 (red) and a0,L = 3.5 (blue), (b) normalized electric field
amplitude, a0,L, of the driving laser for n0 = 0.001 nc and two different values of the plasma length Lp, (c) the seed pulse duration t0,S
normalized to the seed carrier period TS = c/λS and (d) the seed waist rS normalized to the seed wavelength. In ((a) and (b)) all geometrical
parameters (pump waist, gas jet length, etc) and seed wavelength have been rescaled in proportion to the plasma wavelength. In ((c) and (d))
all parameters are the same as in figure 3(a), except t0,S in (c) and r0,S in (d).

We note here that the optimal density has been found for
fixed driver amplitude a0,L = 2.5. However, relativistic laser-
plasma interactions scale (for large a0,L) with the similarity
parameter S= n0/a0,L nc [50] and we thus expect that the
optimal density would be lower for higher a0,L. This is illus-
trated in figure 6(a), where we see that for a0,L = 3.5 (blue
line) the optimal density is approximately n0 = 0.01 nc.

We will now show that there is further potential for optim-
ization in the low density regime before reaching the wave-
breaking threshold. Since accurately capturing the wave-
breaking threshold requires 3D simulations, the purpose of
our study will be to identify qualitative tendencies when vary-
ing different variables, rather than exact optimal parameters.
For the lowest density case, n0 = 0.001 nc = 1.7 · 1018 cm−3,
we illustrate optimization in figure 6(b) where we vary a0,L
for two values of the gas-jet length Lp = 6 λpe ≃ 150 µm
and Lp = 12 λpe ≃ 300 µm. We observe that the amplifica-
tion factor can be increased by increasing a0,L until a0,L > 3.5,
where we are again limited by wavebreaking. For a0,L = 3.5,
wavebreaking occurs for a gas-jet length of approximately
Lp = 18 λpe = 455 µm (square symbol in figure 6(b)), which
is the optimal interaction length for these parameters, leading
to an amplification factor of ∼ 27. Note that in our paramet-
ric study, the driver laser pulse duration and waist scale with
λpe and thus its energy scales as λ3

pe or n
−3/2
0 . For example,

the case with a0,L = 3.5 in figure 6(b) corresponds to a pump
duration of 50 fs and energy 10J, focused to a waist of 21 µm.
On the other hand, in these low density simulations, we used
longer wavelength (20 µm) seeds, for which relativistic effects
perturb the wake at lower (seed pulse) energies. Therefore,
efficiency is limited to 0.1% in this case. Nevertheless, even
at this lower conversion efficiency, 10-mJ-strong sub-cycle
pulses may be generated using a 10-Joule-class laser driver.

While we have hitherto considered only CW seed pulses,
it is possible to use finite duration seed pulses, with Gaus-
sian temporal envelopes as well. This is demonstrated in
figure 6(c), which shows the sub-cycle field strength scal-
ing with the seed pulse duration. The amplified field strength
reaches saturation for seed pulses longer than ten cycles,
while even pulses as short as two or three cycles lead to

amplification by a factor of more than ten. Similarly, we
present in figure 6(d) the scaling of the amplification factor
as a function of the seed beam waist r0,S. While in most of our
simulations we used tightly focused seed beams, with r0,S =
1.2 λS = 5 µm, in order to keep the computational domain
as compact as possible, figure 6(d) shows that increasing the
beamwaist leads to enhanced amplification. The growth of the
amplification factor continues up to r0,S ∼ 5 λS = 20 µm, bey-
ond which it converges to approximately maxEout

z /E0,S = 25.
Therefore, we can see that the method is very flexible in terms
of both seed pulse duration and waist. This eases temporal and
spatial overlap requirements, as one can work with a relatively
long and wide seed. The main requirement of the seed is that
its wavelength is longer and its focal spot wider, than the char-
acteristic length ∼ c/ωpe of the density spike. For the pump
and plasma parameters of figure 1, a λS = 4 µm seed of dur-
ation 100 fs, focused to a waist of 20 µm (to achieve optimal
amplification according to figures 6(c) and (d)), would corres-
pond to an energy of∼ 19 mJ, which is within reach of optical
parametric amplification [51].

We now discuss the sub-cycle pulses’ shapes and spectra.
These are tunable by varying the driver-laser field strength a0,L
and electron density ne. The larger a0,L and ne are, the narrower
the amplifying electron density spikes, which naturally leads
to shorter wavelength components in the sub-cycle pulse spec-
tra. Both the central wavelength and the wavelength range can
be tuned as shown in figure 7. Reducing the electron density
(keeping all other parameters fixed) shifts the sub-cycle pulse
peak wavelength towards the mid-IR, while increasing the
density shifts it towards the ultraviolet (UV) (see figure 7(c)).
By using more intense driver laser pulses, we can introduce
shorter wavelength components in the spectra (see figure 7(d)).
However due to the breaking of the amplifying electron dens-
ity peak above a0,L = 3.5, this tuning is limited.

3.3. Propagation for longer gas-jets and wavebreaking

Here, we examine the reason for the saturation of energy
growth of the sub-cycle pulse for plasmas longer than 30µm in
figure 3(f). Early in the interaction, figure 8(a), the sub-cycle
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Figure 7. Demonstration of the spectral tunability in
2D PIC simulations by modifying (a), (c) electron density
from ne = 3.35 · 1019 cm−3 ≃ 0.02 nc (red lines) to
ne = 7.8 · 1019 cm−3 ≃ 0.04 nc (green lines) and (b), (d) driver
laser peak electric field from E0,L = 80 GV cm−1 (a0,L = 2, gray
lines) to E0,L = 140 GV cm−1 (a0,L = 3.5, blue lines). The other
parameters are fixed as for figure 3. The figures present the (a) and
(b) on-axis electric fields of the sub-cycle pulses (solid lines)
together with their envelopes (dashed lines) after the interaction as
well as (c) and (d) their power spectra.

pulse is amplified at the back of the bubble. However, after
approximately 20 µm of propagation the bubble begins to
lengthen due to pump intensification induced by relativistic
self-focusing [31, 43, 44], eventually leading to wavebreak-
ing after 30 µm of propagation, see figure 8(b) (observe the
difference in maximum field of the driver laser compared to
figure 8(a)). After this point amplification ceases, as the dens-
ity spike amplitude sharply declines. Due to bubble length-
ening, the sub-cycle pulse propagates unperturbed inside the
bubble (see figure 8(c)), as long as the driver laser remains
undepleted. We observe that, while before wavebreaking the
sub-cycle pulse transverse length scale is less than a micron
(figure 8(a)), after wavebreaking the sub-cycle pulse is trans-
versally guided by the bubble structure at a length scale of
about two microns (figure 8(a)). As the sub-cycle pulse exits
the plasma through a density downramp, its transverse extent
increases further, due to the increase in λpe in the downramp
(not shown). This transverse guiding leads to an increase of
the pulse source size at the exit of the gas jet. One would thus
expect that the refocusing of the sub-cycle pulses after interac-
tionwould be experimentally feasible, as was the case for other
ultrashort pulses generated and guided within wakefields [26].

For the parameters of the simulation of figure 8, depletion
becomes an issue at about 200 µmof propagation. After deple-
tion, the sub-cycle pulse would propagate in an underdense
plasma which, for low-intensity pulses, could lead to com-
pensation of their chirp, see section 3.5 below. For intense sub-
cycle pulses, such as in the weakly relativistic regime, non-
linear effects could be triggered and thus propagation much
longer than the driver depletion length Lpd should be avoided.

Bubble lengthening is a relatively slow process, here occur-
ring over∼ 10µmof propagation.While the bubble lengthens,
the density spike at the back of the bubble effectively moves

Figure 8. Snapshots from 2D PIC simulations (a) before (b) during
and (c) after wavebreaking, and (d) the associated sub-cycle signal.
The total length of the plasma is Lp = 24λpe ≃ 120 µm while the
remaining parameters are the same as figure 3(a).

at lower speed than the front of the bubble. Amplification
during bubble lengthening can then result in additional low
amplitude oscillations in the sub-cycle pulse, as shown in
figure 8. The duration of this pulse has been increased slightly
from 0.5 to 0.7 cycles compared to the reference case of
figure 3(a). A strategy to prevent pulse lengthening and to
increase the effective amplification length would be to adjust
the driving laser pulse focusing parameters in order to con-
trol self-focusing [43]. A different strategy would be to induce
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Figure 9. Sub-cycle pulses and spectra generated in 2D PIC simulations using ((a) and (d)) linear density up- and down- ramps of
4λpe ≃ 100 µm and a flat top profile of Lp = 12λpe ≃ 300 µm for n0 = 1.7 · 1018 cm−3, ((b) and (e)) a Gaussian density profile with FWHM
of 50 µm for n0 = 1.1 · 1019 cm−3, ((c) and (f)) a structured target with peak density n0 = 4.5 · 1019 cm−3. The insets show the plasma
density profiles. Solid grey lines are unfiltered pulse fields and spectra at the exit of the gas jet; red dotted lines represent the same after
applying a bandpass filter covering 2.5 octaves around the peak wavelength of the subcycle pulse.

wavebreaking at a faster time-scale using tailored density
targets, in order to avoid a slow bubble lengthening effect due
to relativistic self-focusing. The latter strategy is explored in
section 3.4.

3.4. Non-homogeneous density profiles and control by
density tailoring

In most of our computations we used flat-top density profiles
with sharp density transitions, in order to keep the computa-
tional domains as compact as possible. Here, we show that the
method still works efficiently when the gas-jet density profile
is non-homogeneous.

We begin with the case of a 300 µm flat-top profile at
n0 = 1.7 · 1018 cm−3 with linear density up and down-ramps
of 100 µm length, shown in figures 9(a) and (d). We observe
a rather minimal lengthening of the pulse duration from 0.8
cycleswithout the density ramps (not shown) to 0.9 cycleswith
the density ramps.

For the second example, figures 9((b) and (e)), we consider
a Gaussian density profile with FWHM of 50 µm, i.e. sim-
ilar to the length-scale reported in recent experiments [49].
We choose peak density n0 = 1.1 · 1019 cm−3 (0.0064 nc) in
order to ensure propagation without wavebreaking until the
peak density is reached. We rescale interaction parameters to
λmax
pe = 10 µm and we use a 7-cycle duration, 50-micron waist

seedwith 12.5µmcentral wavelength. Amplification occurs in
the rising edge of the gas-jet, where the high-density gradient
significantly enhances the leading density spike, while sup-
pressing wavebreaking [52] (see also [27] for a 3D PIC study
with similar parameters). Amplification is interrupted shortly
after the seed enters the declining part of the Gaussian, due
to wavebreaking associated with the downramp [46]. Never-
theless, wavebreaking in this case occurs rapidly and has no

consequence for the duration of the sub-cycle pulse, which is
a mere 0.5 cycles at a peak wavelength of 1.45 µm. We per-
formed additional simulations with this density profile with
seed peak amplitudes of up to 1.2 GV cm−1 obtaining sub-
cycle pulses with peak amplitudes of up to 10 GV cm−1 at the
exit of the gas-jet, reaching up to 0.5% conversion efficiency
(not shown).

For the higher-end of interesting densities, e.g. n0 = 4.5 ·
1019 cm−3, suitable profiles could be produced by density
structuring. For the simulation of figure 9(c) a longitudinally
tailored density profile of the form

n(x,y) = n0
[
c1 e

((x−x1)
2/L21 + c2 e

−(x−x2)
2/L22
]
, (5)

with n0 = 4.5 · 1019 cm−3, c1 = 0.7, c2 = 0.35, L1 = 17.5 µm,
L2 = 71 µm, x1 = 151 µm and x2 = 194 µm has been used.
The FWHMof the longer length-scale, lower density Gaussian
is∼ 120 µmwhich would be experimentally feasible [47, 49].
The shorter length-scale Gaussian profile was chosen to have
FWHM of 6 λpe ∼ 30 µm, to ensure propagation without
wavebreaking until the density maximum. This profile was
inspired by tailored density profiles that have been created by
introducing a razor blade in a gas-jet in order to create a local
density inhomogeneity [47]. We checked with additional sim-
ulations that the details of the profile, for example the sharp-
ness of the downramp transition, are not crucial for our pur-
poses. For the seed laser with λS = 4 µm we took 16 µm
waist and 7-cycle duration, while the rest of the parameters
correspond to the reference case of figure 3(a). Similar to the
case of figure 9(b), amplification occurs until the peak dens-
ity is reached, followed by wavebreaking and propagation of
the sub-cycle pulse in the elongated bubble, until it exits the
plasma. Due to the low plasma density in the second part of
the jet, depletion of the pump is avoided. Note that since in
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Figure 10. Demonstration of the post-compression towards the band-width limit, assuming that the sub-cycle pulse from the 2D PIC
simulation of figure 3(b) has been propagating through a 7.5-mm-long low-density plasma with the electron density ne = 5 · 1016 cm−3:
(a) the original (gray line) and compressed (red line) pulses (solid lines) and their envelopes (dashed lines), (b) corresponding power spectra
and (c) the second derivative of the spectral phase (chirp) for the original pulse (solid line) and the negative of the chirp, introduced by the
plasma (dashed line), demonstrating an almost perfect compensation of the chirp, resulting in a shorter and 2.5 times more intense
bandwidth limited sub-cycle pulse.

figure 9 we show the signal at the exit of the gas-jet, its amp-
litude is reduced due to diffraction. The pulse has 0.6-cycle
duration and peak wavelength of ∼ 0.6 µm.

The spectra of the sub-cycle pulses presented here are ultra-
broadband and their interpretation requires some care. To this
end, we apply spectral filtering to the sub-cycle pulses of
figure 9. It is shown that using a bandpass filter to retain
approximately 2.5 octaves around the peak wavelength is suf-
ficient in order to reproduce the pulse shapes. Measurement
and characterization of sub-cycle pulses within this range of
frequencies should be possible with existing equipment [13].

3.5. Post-compression towards the bandwidth limit

The pulses produced by LWDA, such as the one in
figure 10(a) (gray lines), have an asymmetric envelope. Here
we suggest that, after the main interaction, the sub-cycle pulse
can be post-compressed through propagation in a low-density
plasma. This can occur either through the trapping of the
sub-cycle pulse inside the low density plasma in the bubble,
induced by wavebreaking, or using a second gas jet of suitable
parameters (after collimation of the sub-cycle pulse in order
to avoid nonlinear effects). Here, we briefly examine how the
parameters of such an interaction can be chosen.

The asymmetry in the envelope of the sub-cycle pulses is
intimately linked to the non-vanishing curvature of the spectral
phase φ(ω) = ∠F{Ez},

φ2(ω) =
∂2 φ(ω)

∂ω2
. (6)

which is also called a chirp (see figure 10(c), solid line). The
chirps of the sub-cycle pulses generated by LWDA have a
characteristic shape that can be compensated by the group
velocity dispersion introduced by a plasma. The latter leads
to a chirp φp,2 which can be computed as:

φp,2(ω) =
∂2 φp(ω)

∂ω2
, (7)

where the phaseφp which is accumulated in a plasma of length
Lp is

φp =
ω

c
Lpn(ω). (8)

Here, n(ω) is the refractive index for a plasma with a density
ne which can be approximated for ω > ωpe by

n(ω) =

√
1−

ω2
pe

ω2
, (9)

with angular plasma frequency ωpe =
√
q2ene/(ϵ0 me). A com-

pensation of the chirp requires that

φ2(ω)≈−φp,2(ω) (10)

in the frequency range in which most of the spectral power in
the sub-cycle pulse is concentrated], see figure 10(c), dotted
red line. In practice, we choose a value ω0 that corresponds to
the central frequency of the sub-cycle pulse and a value n0 such
that the plasma is underdense for the frequencies of interest
and solve equation (10) for Lp. For highly underdense plasma,
ωpe/ω0 = n0/nc ≪ 1, Equation (10) simplifies to

φ2(ω0)≈
Lp
cω0

n0
nc

, (11)

which shows that one can reduce the plasma length by an
arbitrary factor when increasing the plasma density corres-
pondingly. For example, for ne = 5 · 1016 cm−3 we obtain
Lp ≈ 7.5 mm, while for ne = 5 · 1017 cm−3 we obtain Lp ≈
750 µm. After the post-propagation of the sub-cycle pulse
through a low-density plasma, the chirp can be almost removed
and the sub-cycle pulse becomes symmetric, shorter and about
2.5 times more intense (see figure 10(a), dark red lines). Note
that while we consider the interaction after collimation, in
figure 10(a) we plot fields corresponding to re-focusing the
sub-cycle pulse for the sake of comparison.

4. Conclusions

In summary, we present extensive computational parametric
studies of sub-cycle generation through LWDA, showing that
the scheme is robust over a wide range of laser and plasma
parameters.We place particular emphasis on varying the back-
ground plasma density over more than an order of magnitude,
allowing the wavelength of the produced sub-cycle pulses to
be adjusted from the mid-IR to the UV. Structured density
targets can be used in order to provide the short interaction
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length required in the high-density regime. Within the para-
metric range studied, conversion efficiencies are of the order of
0.1%–1%, suggesting the scalability of sub-cycle pulse ener-
gies up to 10mJ for Joule-class driver laser pulses.
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