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Abstract
The structural battery is multifunctional in the sense that it is able to carry
mechanical loads, and at the same time store and deliver energy. This is made
possible due to carbon fibers’ ability to act not only as structural reinforcement
materials, but also as electrode components. While conventional batteries rely
solely on liquid electrolyte to allow for ion transfer between the electrodes,
structural batteries exploit the so-called structural battery electrolyte (SBE).
The SBE consists of two continuous phases; a porous polymer skeleton and a
liquid electrolyte. The role of the liquid electrolyte is to allow for ion transfer,
while the porous polymer skeleton contributes to the mechanical properties.
In short, the structural battery consists of carbon fibers (acting as electrodes)
embedded in an SBE.
In the first part of the thesis, we study the multifunctional performance

of various SBE microstructures by performing virtual material testing on ar-
tificially generated Representative Volume Elements (RVEs). In particular,
we obtain the effective ionic conductivity by solving a diffusion equation with
Fick’s law, and the effective stiffness by assuming linear elasticity. The gen-
erated RVEs and the predicted performance are compared to experimental
data.

The second part covers the development of a multiscale modeling frame-
work for electrochemically coupled ion transport in SBEs. After establishing
the governing equations, we exploit Variationally Consistent Homogenization
(VCH) to obtain a two-scale model. If the subscale RVE problem exhibits
negligible transient effects for length scales relevant to the studied applica-
tion, then an assumption of micro-stationarity can be introduced. This opens
up for the possibility to devise a numerically efficient solution scheme for
the macroscale problem that is based on a priori upscaling of the effective
response. The procedure is demonstrated in a set of numerical examples,
including validation toward a (single-scale) reference solution.

Keywords: Li-ion based structural batteries, structural battery electrolyte,
RVE generation, electrochemical transport, computational homogenization.
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CHAPTER 1

Introduction

1.1 Background

A vital decarbonization strategy is the vehicle electrification of road-based
transportation [1]. The electric vehicle (EV) sales reached an all-time high
of 6.6 million in 2021, representing nearly 9% of the global car sales [2, 3].
However, much still remains in order to meet the projected requirement of 300
million electric cars on the road by 2030 related to the "Net Zero Emissions
Scenario by 2050" set up by the International Energy Agency (IEA) [4]. There
are various factors (demographic, technical, cost, governmental, psychological
etc.) influencing consumers’ willingness to purchase battery electric vehicles
(BEVs) [5]. In the context of technical features, one of the largest technological
barriers that is preventing consumers from purchasing BEVs is the limited
driving range [1, 5]. One way to improve this is by increasing the specific
energy (Wh kg−1) stored in the vehicle. Hence, there is a need for energy
storage solutions that can provide significant system mass and volume savings
in order to not only extend the driving range of EVs, but also enable other
forms of sustainable transportation such as electric aviation [6].
Aside from further advancing existing electrochemical energy storage tech-
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Chapter 1 Introduction

nologies, an alternative strategy is to develop the so-called "structural bat-
tery". Unlike conventional monofunctional batteries that can only store and
deliver energy, the structural battery is multifunctional in the sense that it
is able to carry mechanical loads, and at the same time store and deliver
energy [7, 8]. This technology relies on the carbon fiber’s reversible lithium
insertion capability [9] and its intrinsic ability to conduct current and carry
tensile loads. Indeed, by fully utilizing all of the carbon fibers’ capabilities,
it becomes possible to exploit them as structural battery electrodes [10, 11].
Note here that it is only the negative electrodes that the carbon fibers can
directly function as. In order to work as positive electrodes, the carbon fibers
first need to be coated with lithium metal oxide or olivine based particles, e.g.
LiFePO4, binder and conductive additives [12–14].
While conventional batteries rely solely on liquid electrolyte to allow for

ion transfer between the electrodes, the structural battery exploits the so-
called structural battery electrolyte (SBE) [15–17]. The SBE consists of two
continuous phases; a nanoporous polymer skeleton and a liquid electrolyte.
The role of the liquid electrolyte is to allow for ion transfer, while the porous
polymer skeleton contributes to the mechanical properties. In short, each
constituent of the structural battery is designed to be multifunctional and
utilized to its fullest potential, hence ensuring that significant weight and
volume savings are achieved [7, 8, 18]. So far, the most widespread structural
battery architectures are the laminated version and the so-called "3D-battery"
(also micro-battery) [7, 8]. In this thesis, the focus will be on the laminated
architecture, see Figure 1.1.
The complexity of structural batteries give rise to numerous challenges that

need to be overcome. A major challenge in producing high-performing struc-
tural batteries lies in the design and performance prediction of SBEs [7, 8].
In order to truly optimize the design w.r.t. the multifunctional performance,
there is a need for modeling tools that can contribute to advancing SBE re-
search.
Plenty of research has been performed in modeling of electrochemical sys-

tems. Newman et al. were one of the first groups to develop numerical models
of coupled electrochemical reaction-diffusion in batteries [19–21]. Additionally,
we note the works by Samson et al. [22], Danilov and Notten [23], Dickinson et
al. [24], and Bauer et al. [25] to name a few. Regarding multiscale modeling of
electrochemical systems, we note that Salvadori and co-workers worked on the
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1.2 Research scope

Figure 1.1: Schematic illustration of the laminated structural battery (left image).
Artificially generated RVE (right image) representing the microstructure of the SBE
that consists of a polymer skeleton and a liquid electrolyte. From Carlstedt et al.
[30].

multiscale analysis of electrochemical systems [26, 27]. During recent years, we
have also seen modeling works related to structural batteries emerge. Xu et al.
[28] worked on multiphysics modeling of a single carbon fiber micro-battery.
Carlstedt et al. [29–31] worked with structural battery modeling with empha-
sis on the multiphysics couplings, e.g. thermo–electro–chemo–mechanical and
even accounted for stress-assisted convection in the SBE.

1.2 Research scope
A major part of existing battery research focuses on 1D single scale modeling,
where the consideration of underlying microstructure effects are limited. Due
to multi-physics phenomena (ion transport in nanoporous materials, electrode
kinetics etc.) taking place several orders of magnitude below the battery
cell size, it is clear that computational modeling of batteries is inherently
multiscale in space and time [32]. Therefore, the long term goal of this project
is to develop a multiscale modeling framework for structural batteries. In order
to achieve this, the following sub-goals are identified:

(i) Develop methods to numerically generate 3D Representative Volume
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Chapter 1 Introduction

Elements (RVEs) representing the SBE microstructures. Virtual mate-
rial tests can then be used to assess the performance of various SBE
microstructure morphologies. This topic is investigated in Paper A.

(ii) Develop a multiscale modeling framework for electrochemically coupled
ion transport in SBEs. Paper B is dedicated to this topic.

In Paper A, the artificial RVE generation is performed with limited abil-
ity to account for microstructure features such as pore size distribution and
tortuosity. Furthermore, numerical investigations compared the mechanical
and transport properties (assuming linear constitutive relations) for a variety
of SBE microstructure morphologies. The ion transport was modeled using
Fick’s law; hence, the more elaborate electrochemical formulation involving
both migration (caused by electric field) and diffusion of ions was not con-
sidered. In Paper B, the ion transport formulation was extended to include
both migration and diffusion. A rigorous treatment of electromagnetism (to
model ionic migration) would require involving Maxwell’s equations, but by
making the critical assumption that the magnetic field is assumed to vary
slowly, the formulation is simplified to electrostatics. In such a case, the elec-
trochemical ion transport can be established by coupling Gauss’ law with a
mass conservation law for each chemical species.
So far, only the ion transport1in the SBE has been studied in Paper A and

Paper B. Obviously, the structural battery simulations can not be performed
without a rigorous description of the electrodes and coupling to the mechanical
field. A discussion on how this topic will be handled in future work is found
in Section 5.

1Although the mechanical problem is scarcely treated in this thesis, the thesis still falls
within the bounds of solid and structural mechanics. Despite investigating governing
equations from various branches of physics, the numerical methods and modeling tech-
niques are general.
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CHAPTER 2

Structural electrolytes

2.1 Synthesis

The structural battery is a type of structural power composite; another in-
novation that also falls into this category is the structural supercapacitor.
Although the innovations are different, they do share the same challenges
when it comes to the structural electrolyte; i.e. it is required to have high
ionic conductivity while providing mechanical integrity [7]. In this section, we
will consider structural electrolyte morphologies made for structural batteries
as well as structural supercapacitors.
The two main methods for synthesis of (in-situ liquid filled) structural elec-

trolytes are high internal phase emulsion (HIPE) templating [15] and poly-
merization induced phase separation (PIPS) [16, 17]. The HIPE templating
approach mixes two immiscible phases to form an emulsion. Polymerization
around emulsion droplets result in the formation of highly porous polymers.
The PIPS method exploits components with specific solubility parameters.
Initially, they might be fully miscible, but later on, they become immisci-
ble as the monomers transform into polymers. Scanning electron microscope
(SEM) images of several electrolyte systems based on both HIPE templating
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Chapter 2 Structural electrolytes

(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 2.1: SEM images of various structural electrolytes (solid polymer ma-
trix); (a) 60DGEBA, (b) 50MTM57/2.3M_1PC, (c) AB/0.65, (d) polyHIPE, (e)
50VTM266/2.3M, (f) 30MVR444/2.3M, (g) 40MVR444/2.3M, and (h) polyMIPE.
The names of the samples refer to their chemical composition and manufacturing
method. Subfigure (c) from [16], rest from [33].

and PIPS are shown in Figure 2.1.

2.2 Artificial RVE generation
The Representative Volume Element (RVE) is a vital part of multiscale mod-
eling since it contains information of the underlying microstructure. In a
two-scale model, the macroscale problem depends on the homogenization of
the subscale RVE problem. Due to the complexity in obtaining and working
with real 3D data of SBEs (e.g. from focused ion beam and SEM), an al-
ternative approach is to numerically generate simplified RVEs for numerical
analysis. This strategy is pursued in Paper A.
In this section, we attempt to generate some classes of periodic and bicon-

tinuous microstructures that seem reasonable based on the collection of SEM
images in Figure 2.1. Most of the generation techniques involve tampering
with various Boundary Value Problems (BVP) to obtain solution fields that
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2.2 Artificial RVE generation

(a) (b) (c)

(d) (e) (f)

Figure 2.2: Solid polymer matrix of various artificially generated microstructures;
(a) bead, (b) trabecular, (c) imperfect trabecular, (d) inverse bead, (e) inverse tra-
becular, and (f) inverse imperfect trabecular.

can be converted to meshable solids. An extensive overview on generation of
random microstructures, with emphasis on bicontinuous mixtures, is available
in Bargmann et al. [34, 35].
In this project, the following microstructure classes are generated:

(i) Bead structures: A dense sphere packing, with uniform particle size,
is obtained by exploiting the Lubachevsky-Stillinger algorithm [36, 37].
In the next step, the radius is increased until the spheres overlap. The
amount of overlap controls the porosity of the resulting structure within
certain limits. The resulting 3D microstructures are porous and bicon-
tinuous; resembling a structure built of sintered beads, see Figure 2.2a.

(ii) Trabecular structures: A periodic 3D Voronoi tesselation [38] with uni-
form cells is inserted into a smooth cube. The intersection of the Voronoi
tesselation and the smooth cube results in periodic Voronoi cells enclosed
in the cube. This is used as the input geometry for solving a fictitious
linear stationary heat equation (in fact, any generic Poisson’s equation)
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Chapter 2 Structural electrolytes

in the form as follows

∆ϕ = f in Ω, (2.1)

where ϕ is a scalar field and f is a source term. Here, the edges of the
Voronoi cells are constrained as heat sources, while the centers of the
cells (seed points) are constrained as heat sinks. Additionally, periodic
boundary conditions are exploited.
From the resulting 3D temperature distribution, isosurfaces at fixed

temperature levels can (together with corresponding "isovolumes") be
extracted and converted into meshable 3D solid structures, see Figure
2.2b. The final structures, denoted trabecular, are bicontinuous with in-
terconnected pore channels. The porosity of the structure is controlled
by varying the temperature level. The microstructure generation proce-
dure is outlined in Figure 2.3.

(iii) Imperfect trabecular structures: This type of microstructure is obtained
by solving the Cahn-Hilliard equation [39, 40] in the form as follows

∂tφ+ qµ ·∇ = 0 in Ω, (2.2)
(φ3 − φ− µ) + qφ ·∇ = 0 in Ω, (2.3)

with the constitutive relations

qµ := −M∇µ, (2.4)
qφ := −γ∇φ. (2.5)

where φ represents the concentration difference between different phases,
µ the chemical potential, M the mobility, and γ related to the thickness
of transition regions. Periodic boundary conditions are used.
These microstructures tend to be more irregular with pore channels

that are not fully connected; the microstructure is only partly bicontin-
uous. There are both dead-end channels as well as some unconnected
pores. Hence, we coin the name imperfect trabecular structures. The
porosity of the imperfect trabecular structures is controlled by adjust-
ing the magnitude of the initial condition to the Cahn-Hilliard equation.
See Figure 2.4 for the microstructure generation procedure.
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2.2 Artificial RVE generation

(iv) Inverted microstructures: Although this is not a truly distinct microstruc-
ture class, we reuse all microstructures by inverting them, see Figure
2.2d-2.2f. This results in the inverted bead structure, the inverted tra-
becular structure and the inverted imperfect trabecular structure.

(a) (b) (c)

(d) (e)
(f)

Figure 2.3: Sequential steps for generation of trabecular structures; (a) periodic
Voronoi tessellation, (b) embedding Voronoi tessellation in a cube, (c) constraints
on a periodic network inside a cube, (d) temperature field of fictitious heat equation,
(e) filtered temperature field, and (f) conversion to meshable solid.

(a) (b) (c) (d)

Figure 2.4: Sequential steps for generation of imperfect trabecular structures; (a)
noise distribution as initial condition, (b) solution field φ of Cahn-Hilliard equation,
(c) filtered solution field, (d) conversion to meshable solid.
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Chapter 2 Structural electrolytes

2.3 Virtual material testing
In this section, virtual testing is exploited on the artificially generated mi-
crostructures to derive the effective material properties that characterize the
macroscopic response. Subscale quantities in the RVE domain Ω� are homog-
enized via the RVE volume averaging operator as follows

〈•〉� := 1
|Ω�|

∫
Ω�
• dΩ. (2.6)

Elastic stiffness

In the simplest possible approach, the absence of pore pressure is assumed
together with linear constitutive relations. This corresponds to characterizing
mechanical properties of a drained microstructure (only solid phase Ω�,S).
In the absence of body forces, linear elasticity on the subscale (with suitable
boundary conditions) is defined as

−σ ·∇ = 0 in Ω�,S, (2.7a)
σ = E : ε, (2.7b)

with the stress σ, the strain ε, and the isotropic stiffness tensor E representing
the (intrinsic) stiffness of the solid polymer phase. The elastic parameters in
E are chosen as Young’s modulus E and Poisson’s ratio ν.
The goal is to compute the effective stiffness tensor Ē of the porous solid

phase via the macroscopic relation

σ̄ = Ē : ε̄, (2.8)

with the effective strain ε̄, and the (post-processed) effective stress σ̄ := 〈σ〉�
revealing the overall stiffness of the porous RVE.
Clearly, the subscale RVE problem needs to be solved in order to com-

pute Ē. The first step is to introduce the classical assumption of first order
homogenization as

u(x) = ε̄ · x+ uS(x). (2.9)

where x is the position in the RVE domain, u is the subscale displacement
field, and uS is a periodic fluctuation field (from prescribing periodic bound-
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2.3 Virtual material testing

ary conditions) in the RVE. The macroscopic strain ε̄ allows the macroscale
problem to interact with the subscale problem, and serves as the "input load-
ing" to the RVE. Furthermore, note that a centered RVE is assumed, and that
ū = 0 since it simply represents a rigid body motion.

From here on, the subscale is solved by imposing the six independent loading
cases of the symmetric macroscopic strain tensor (ε̄)kl with k, l = 1, 2, 3.
Finally, the components (Ē)ijkl (with i, j, k, l = 1, 2, 3) of the macroscopic
elasticity tensor can be computed from the macroscopic response 〈(σ)ij〉� of
the RVE under the macroscopic unit strain (ε̄)kl = 1 via the relation

(Ē)ijkl = ∂〈(σ)ij〉�
∂(ε̄)kl

:= 〈(σ)ij〉�
∣∣∣∣
(ε̄)kl=1

. (2.10)

Ionic conductivity

Under the assumption that chemical diffusion only occurs in the liquid elec-
trolyte phase of the SBE Ω�,E, and that convection can be neglected; the
linear stationary Fickian diffusion on the subscale (with suitable boundary
conditions) is defined as

−j ·∇ = 0 in Ω�,E, (2.11a)
j := −M g, (2.11b)

where j is the ion mass flux, g := ∇µ is the gradient of the chemical potential
µ, and M is the intrinsic isotropic ionic conductivity of the liquid electrolyte.
In the same fashion as the elastic problem, the aim is to compute the effec-

tive ionic conductivity tensor M̄ via the macroscopic relation

j̄ := −M̄ · ḡ, (2.12)

where ḡ := ∇µ̄ and the effective (post-processed) ionic mass flux j̄ := 〈j〉�.
Due to the heterogeneous distribution of the pore space in the RVE, M̄ might
be anisotropic in contrast to the isotropic conductivity M of the liquid elec-
trolyte.
Once again, first order homogenization is introduced as

µ(x) = ḡ · x+ µS(x). (2.13)

13



Chapter 2 Structural electrolytes

Finally, the subscale problem is solved by imposing the three independent
loading cases of the gradient vector (ḡ)n with n = 1, 2, 3. The components
(M̄)mn (with m,n = 1, 2, 3) of the overall conductivity tensor can be com-
puted from the RVE response 〈(j)m〉� of the RVE under the macroscopic unit
gradient (ḡ)n = 1 of the chemical potential via the relation

(M̄)mn = −∂〈(j)m〉�
∂(ḡ)n

:= −〈(j)m〉�
∣∣∣∣
(ḡ)n=1

. (2.14)

Remark. The effective ionic conductivity computation can trivially be ex-
tended to include both chemical diffusion and ionic migration due to an electric
field. The variable µ can simply be reinterpreted as the electrochemical po-
tential µ := µ̂ + Fzϕ, where µ̂ is now the chemical potential and ϕ is the
electric potential. Additionally, F is Faraday’s constant and z is the charge
number for e.g. Li-ions (z = +1). In fact, this holds even for the simplified
balance equation (Fickian diffusion) since the effective ionic conductivity only
depends on the subscale ionic flux j := −M g. Obviously, this is true only
upon making the critical model assumption that the ionic conductivity is the
same whether it is the electric or the chemical potential gradient that is the
driving force. This strategy is pursued in Paper A. �

Quasi-isotropic properties
A limitation of the proposed artificial RVE generation technique lies in the lim-
ited RVE size and, therefore, the statistical representation of microstructure
features. The computed effective stiffness tensors Ē and ionic conductivity
tensors M̄ might contain some anisotropy; hence, we compute quasi-isotropic
scalar values for Ē and M̄ .
There are several ways to do this; however, in Paper A, the effective bulk

modulus K̄ and the effective shear modulus Ḡ are computed as follows

Ḡ := 1
3 [(Ē)1212 + (Ē)1313 + (Ē)2323], (2.15)

K̄ := 1
3 [(Ē)1122 + (Ē)1133 + (Ē)2233] + 2

3 Ḡ. (2.16)
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2.3 Virtual material testing

In the next step, the quasi-isotropic Young’s modulus is obtained as

Ē = 9K̄Ḡ
3K̄ + Ḡ

. (2.17)

Finally, the quasi-isotropic ionic conductivity is computed as

M̄ := 1
3 [(M̄)11 + (M̄)22 + (M̄)33]. (2.18)
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CHAPTER 3

Multiscale modeling of electrochemical systems

3.1 Governing equations
This section treats the balance equations of the electrochemically coupled
transient transport of electroactive species in the SBE. Additionally, the rel-
evant constitutive relations in the liquid electrolyte domain ΩE and the solid
polymer domain ΩS are defined. Although all equations pertaining to ion
transport are valid for any number of ions α = 1, 2, . . . , N , the considered
electrochemical system will in practice consist of Li-ions (Li+) and a corre-
sponding companion anion (e.g. PF−6 ) that is simply denoted X−.

A rigorous treatment of electromagnetism (to model ionic migration) would
require involving Maxwell’s equations, but by making the critical assumption
that the magnetic field is assumed to vary slowly, the formulation is simplified
to electrostatics where the electric field conveniently depends solely on the
electric potential gradient. For electrochemical systems that involve N mass
balance equations (one for each species), the number of unknowns becomes
N + 1 due to N chemical potentials and one electric potential. Therefore, an
additional equation is required; the most common choice in battery modeling
is the assumption of electroneutrality [32].

17



Chapter 3 Multiscale modeling of electrochemical systems

Balance equations
Assuming once again a biphasic material such as the SBE, and exploiting the
assumption of electroneutrality

∑
α zαcα = 0 results in the following formula-

tion

i ·∇ = 0 in ΩE × (0, T ], (3.1a)
∂tcα + jα ·∇ = 0 in ΩE × (0, T ], (3.1b)

with suitable boundary conditions, constitutive relations, and initial condi-
tions. Here, the first equation represents charge conservation under elec-
troneutrality assumption while the second equation expresses mass conser-
vation for species α. The quantity i is the current density, cα the molar
concentration, and jα the ion mass flux.
However, since electroneutrality is not a fundamental law, it can lead to

paradoxes in certain situations. Dickinson et al. [24] showed that electroneu-
trality is not automatically consistent with Maxwell’s equations; especially
the electric field can become erroneous [23]. A more correct formulation is to
replace the electroneutrality condition with Gauss’ law [41]; this will not only
give a better prediction of the electric field, but also be able to resolve the
electric potential in the solid phase of a biphasic material.
Hence, restricting to electrostatics, we seek the electric potential ϕ(x, t) and

the chemical potentials µα(x, t), α = 1, 2, . . . , N , that solve the system

ρ− d ·∇ = 0 in Ω× (0, T ], (3.2a)
∂tcα + jα ·∇ = 0 in ΩE × (0, T ], (3.2b)

with suitable boundary conditions, constitutive relations, and the initial con-
dition

cα(•, 0) = cα,0 in ΩE. (3.3)

Here, the first equation represents Gauss’ law which (unlike electroneutrality)
properly describes the electric field. The quantity ρ is the free charge density
(per unit volume) and d is the electric flux density (electric displacement
field).

18



3.1 Governing equations

Constitutive relations
The electric flux density d and the ion mass flux jα are defined as

d := ε ·E, E[ϕ] := −∇ϕ, (3.4a)
jα := −Mα · [∇µα + z′α∇ϕ], (3.4b)

where ϕ is the electric potential and µα the chemical potential of a mobile
species (α = 1, 2, . . . , N) with the ionic charge z′α = Fzα. Here, F corresponds
to the Faraday constant and zα is the valancy of species α. The material
properties are given as the electric permittivity ε and the ionic mobility Mα

of species α. In the simple case of material isotropy, they can be condensed
to the scalar electric permittivity ε and the scalar ionic mobility Mα.

Additionally, the free charge density ρ and the molar concentration cα are
defined as

ρ :=
{∑N

α=1 z
′
αcα in ΩE,

0 in ΩS,
(3.5a)

cα := cα({µβ}Nβ=1) in ΩE. (3.5b)

In the simplest approach, we assume a dilute distribution of charged ions
in the electrolyte. Thus, the concentration cα can be computed from the
chemical potential µα as follows

µα = µα,0 +RT ln (γαcα), (3.6)

where µα,0 is the reference chemical potential of species α, R the gas constant,
T the temperature and γα the activity coefficient of species α. If the concen-
tration is assumed to have small fluctuations around the concentration level
cα = cα,0, then the relation (3.6) can be linearized. Linearization of (3.6)
around cα = cα,0 with the assumption µα,0 = −RT ln (γαcα,0) results in the
relation

cα = kαµα + cα,0, (3.7)

where kα depends on the choice of γα. Choosing γα such that it is constant
results in the simple relation kα = cα,0

RT .
Finally, the current density in the electrochemical system can be computed
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via Faraday’s rule of electrolysis as a post-processing quantity as

i :=
N∑
α=1

z′αjα. (3.8a)

Weak formulation of fine-scale problem
With the governing equations established, the corresponding weak formulation
at every time instance reads: find (ϕ, µα) ∈ P×Mα that solve∫

Ω
δϕ ρ dΩ +

∫
Ω

∇δϕ · d dΩ =
∫

Γ(ϕ)
N

δϕ dp dΓ

∀δϕ ∈ P0, (3.9a)∫
ΩE

δµα ∂tcα dΩ−
∫

ΩE

∇δµα · jα dΩ = −
∫

Γ(α)
N

δµα j
p
α dΓ

∀δµα ∈M0
α, (3.9b)

for α = 1, 2, . . . , N and appropriately defined initial conditions. Here, Neu-
mann boundary conditions d ·n := dp and jα ·n := jp

α are prescribed on Γ(ϕ)
N

and Γ(α)
N respectively. Exact definitions of the trial and test spaces are left

out for brevity.

3.2 Variationally consistent homogenization
So far, only the fine-scale (single-scale) problem has been established. How-
ever, performing Direct Numerical Simulations (DNS) to account for mi-
crostructure features (e.g. SBE pores) that are several orders of magnitude
smaller than the component level (e.g. battery scale) is computationally in-
feasible. As a consequence, numerous multiscale methods that provide more
efficient solution strategies have been developed; see Multiscale Finite Element
Method (MsFEM) [42], Heterogeneous Multiscale Methods (HMM) [43], and
Variational MultiScale (VMS) [44] to name a few.
In this thesis, the concept of Variationally Consistent Homogenization (VCH)

[45] is adopted. As a result, a smooth macroscale problem and a subscale RVE
problem can be deduced solely from the fine-scale problem. The steps required
in order to achieve this are as follows:
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3.2 Variationally consistent homogenization

(i) Introduce the running average approximation∫
Ω
• dΩ ≈

∫
Ω
〈•〉�(x̄) dΩ x̄ ∈ Ω, (3.10)

where all fine-scale quantities (∀ x̄ ∈ Ω) are approximated as the volume
average (over Ω�) in the RVE. Here, the RVE domain is assumed to be
centered at x̄.

(ii) Assume scale separation via first order homogenization

ϕ(x̄;x, t) = ϕ̄(x̄, t) + ∇ϕ̄(x̄, t) · [x− x̄] + ϕS(x̄;x, t) (3.11a)
µα(x̄;x, t) = µ̄α(x̄, t) + ∇µ̄α(x̄, t) · [x− x̄] + µS

α(x̄;x, t) (3.11b)

where the decomposition corresponds to a first order Taylor expansion
•̄(x̄, t) + ∇•̄(x̄, t) · [x − x̄] around x̄ and a fluctuation field •S(x̄;x, t).
Henceforth, the notation on the explicit choice of RVE at macroscale
position x̄ is left out for brevity. Moreover, the gradients are shortened
as ḡϕ := ∇ϕ̄ and ḡµα := ∇µ̄α.

Macroscale problem
The macroscale problem is obtained upon testing with only the macroscopic
test functions. Hence, the weak formulation at every time instance reads: find
(ϕ̄, µ̄α) ∈ P̄× M̄α that solve∫

Ω
δϕ̄ ρ̄+ ∇δϕ̄ · ρ̄(2) + ∇δϕ̄ · d̄dΩ = −

∫
Γ(ϕ)

N

δϕ̄ d̄p dΓ

∀δϕ̄ ∈ P̄0, (3.12a)∫
Ω
δµ̄α ∂tc̄α + ∇δµ̄α · ∂tc̄

(2)
α −∇δµ̄α · j̄α dΩ = −

∫
Γ̄(µ)

N,α

δµ̄α j̄
p
α dΓ

∀δµ̄α ∈ M̄0
α, (3.12b)

for α = 1, 2, . . . , N and appropriately defined initial conditions. As a result
of VCH, we obtain ρ̄(2) and c̄(2)

α that represent higher order non-standard
conservation terms, while the rest are classical averages. Exact definitions of
the trial and test spaces are left out for brevity.
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Subscale RVE problem

The subscale RVE problem can be obtained upon testing with only the micro-
scopic test functions. However, since the macroscopic parts of the solutions are
treated as known loading data to the subscale RVE problem, we may instead
seek the full solution as follows: for the given loading histories ϕ̄(t), ḡϕ(t),
µ̄α(t), ḡµα(t) at every time instance; find ϕ ∈ P�, µα ∈ M�,α, λ(ϕ) ∈ T(ϕ)

� ,
λ

(µ)
α ∈ T(µ)

� , λ̂(ϕ) ∈ R, λ̂(µ)
α ∈ R that solve

〈δϕ ρ〉� + 〈∇δϕ · d〉� −
1
|Ω�|

∫
Γ+
�

JδϕK� λ(ϕ) dΓ− 〈δϕ〉� λ̂
(ϕ) = 0

∀δϕ ∈ P�, (3.13a)

− 1
|Ω�|

∫
Γ+
�

JϕK� δλ(ϕ) dΓ = − 1
|Ω�|

∫
Γ+
�

JxK� δλ(ϕ) dΓ · ḡϕ

∀δλ(ϕ) ∈ T(ϕ)
� , (3.13b)

−〈ϕ〉� δλ̂
(ϕ) = −ϕ̄ δλ̂(ϕ)

∀δλ̂(ϕ) ∈ R, (3.13c)
φ 〈δµα ∂tcα〉�,E − φ 〈∇δµα · jα〉�,E

+ 1
|Ω�|

∫
Γ+
�,E

JδµαK� λ(µ)
α dΓ− φ〈δµα〉�,E λ̂

(µ)
α = 0

∀δµα ∈M�,α, (3.13d)
1
|Ω�|

∫
Γ+
�,E

JµαK� δλ(µ)
α dΓ = 1

|Ω�|

∫
Γ+
�,E

JxK� δλ(µ)
α dΓ · ḡµα

∀δλ(µ)
α ∈ T(µ)

� , (3.13e)

−φ〈µα〉�,E δλ̂
(µ)
α = −φ(µ̄α + ḡµα · [x̄E − x̄]) δλ̂(µ)

α

∀δλ̂(µ)
α ∈ R, (3.13f)

for α = 1, 2, . . . , N and appropriately defined initial conditions. Upon enforc-
ing weakly periodic boundary conditions (WPBC) [46], we use the difference
operator J•K�(x) := •(x)−•(x−(x)). Here, x ∈ Γ+

� is an image point whereas
x−(x) ∈ Γ− = Γ� \ Γ+

� is the corresponding "mirror point". Additionally,
while 〈•〉� is the RVE volume average operator over the full RVE domain, the
operator 〈•〉�,E is restricted to the liquid phase of the SBE. Note that (3.13a)
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3.2 Variationally consistent homogenization

and (3.13d) correspond to Gauss’ law and ion mass conservation, respectively.
The rest are constraint equations; (3.13b) and (3.13e) represent WPBCs, while
(3.13c) and (3.13f) represent RVE volume average constraints pertaining to
proper scale-bridging. Details on the RVE constraints, and exact definitions
of the trial and test spaces are left out for brevity.

Solving two-scale models
Two-scale models are often solved via the Finite Element squared (FE2)
method. In this procedure, the macroscale and the subscale RVE problem
are solved in a nested fashion with information passing between the scales in
both directions. The macroscale solution is sent to the subscale RVE (pro-
longation), and serves as the driving force ("loading data") to the problem.
After solving the subscale RVE problem, effective properties (effective fluxes
in VCH) are computed and sent back to the macro-scale (homogenization).
In practice, numerical integration is carried out only at quadrature points;

hence, only one subscale RVE computation per macroscopic quadrature point
is needed. However, for complex 3D macroscale domains, the number of
quadrature points rapidly increases; thus, requiring a large number of sub-
scale RVE computations. Together with the fact that the subscale RVE itself
might also be complex, the FE2 procedure quickly becomes computationally
infeasible.
For certain problems, a viable approach is to exploit the assumption of

micro-stationarity to enable a priori upscaling. In such a case, the two-scale
model is condensed to a macroscale problem with precomputed expressions
for effective quantities. This circumvents the need for performing RVE com-
putations at every macroscopic quadrature point for all time steps; instead,
the homogenization of the (stationary) RVE is performed once and for all.
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3.3 Two-scale model with a priori upscaling
Upon introducing the assumption of micro-stationarity, we may pre-compute
expressions for effective fluxes. This allows us to solve a macroscale problem
that accounts for the underlying subscale RVE through a priori upscaling.
Consider the following split of the subscale RVE solution fields

ϕ(x, t) = ϕstat(x, t) + ϕtrans(x, t), (3.14a)
µα(x, t) = µstat

α (x, t) + µtrans
α (x, t), (3.14b)

where the (unconventional) notation "stationary" refers to the steady-state
response due to sustained loading, while "transient" refers to the response that
contains relaxation processes when the loading is applied quickly as compared
to the relaxation time.
The stationary solutions can be obtained upon removing all time deriva-

tives from (3.13); the exact formulation of the stationary problem is left out
for brevity. However, the stationary solutions can also be computed as a
linear combination of sensitivity fields with time-dependent coefficients corre-
sponding to macroscopic load histories. The decomposition of the stationary
solutions is performed as follows

ϕstat(x, t) = ϕϕ̄(x) ϕ̄(t) +ϕḡϕ(x) · ḡϕ(t)

+
N∑
α=1

(
ϕµ̄α(x)µ̄α(t) +ϕḡµα(x) · ḡµα(t)

)
, (3.15a)

µstat
α (x, t) = µα,ϕ̄(x) ϕ̄(t) + µα,ḡϕ(x) · ḡϕ(t)

+
N∑
β=1

(
µα,µ̄β (x)µ̄β(t) + µα,ḡµ

β
(x) · ḡµβ (t)

)
, (3.15b)

where each sensitivity field [ϕϕ̄,ϕḡϕ , ϕµ̄α ,ϕḡµα , µα,ϕ̄,µα,ḡϕ , µα,µ̄β ,µα,ḡµβ ] is given
by each corresponding time-independent unit sensitivity problem; the exact
formulations of the unit sensitivity problems are left out for brevity. Based
on (3.15), the effective constitutive quantities can be explicitly defined.
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3.3 Two-scale model with a priori upscaling

For illustration, the effective current density under assumption of micro-
stationarity is defined as

d̄stat(x, t) =− 〈ε · (∇⊗ϕḡϕ)〉� · ḡϕ(t)−
N∑
α=1
〈ε ·∇ρµ̄α〉� µ̄α(t)

−
N∑
α=1
〈ε · (∇⊗ϕḡµα)〉� · ḡµα(t), (3.16)

where ḡϕ(t), µ̄α(t) and ḡµα(t) correspond to known loading data that stem
from the macroscale solution. Therefore, the effective quantities simply scale
linearly with the "input signals" from the macroscale problem. Remaining
effective fluxes, based on micro-stationarity, are left out for brevity.
With all of this, the homogenization of the (stationary) RVE can now be

performed once and for all; resulting in an efficient solution scheme of the,
otherwise expensive, two-scale model. This strategy is pursued in Paper B.
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CHAPTER 4

Summary of included papers

4.1 Paper A
V. Tu, L.E. Asp, N. Shirshova, F. Larsson, K. Runesson, R. Jänicke
Performance of bicontinuous structural electrolytes
Multifunctional Materials, vol. 3, 2020, 025001

In this paper, we study the multifunctional performance of various SBE mi-
crostructures by performing virtual material testing on artificially generated
representative volume elements (RVE). We attempt to generate some classes
of periodic and bicontinuous microstructures that seem to resemble real struc-
tural electrolytes. Most of the generation techniques involve tampering with
various Boundary Value Problems (BVP) to obtain solution fields that can be
converted to meshable solids. The generated microstructure classes are de-
noted (i) bead structures, (ii) trabecular structures, (iii) imperfect trabecular
structures, and (iv) inverted microstructures.
In the next step, virtual material testing is exploited to compute effective

material properties. More specifically, the multifunctional performance of arti-
ficial RVEs is evaluated in terms of the elastic stiffness and ionic conductivity.
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Chapter 4 Summary of included papers

The effective elastic stiffness is computed by homogenizing the subscale RVE
problem based on linear elasticity. Here, we make the assumption that the
pore pressure in the SBE can be neglected. The effective ionic conductivity is
obtained upon homogenizing the subscale RVE problem based on linear sta-
tionary Fickian diffusion. Here, we take the simplest approach of neglecting
convection.
Upon comparing the multifunctional performance of various artificial RVEs,

we identify that the trabecular structures and imperfect trabecular structures
perform better than the bead structures.

4.2 Paper B
V. Tu, F. Larsson, K. Runesson, R. Jänicke
Variationally consistent homogenization of ion transport in an electro-
chemical system
Manuscript to be submitted for publication

This paper covers the development of a multiscale modeling framework for
(transient) electrochemically coupled ion transport in SBEs. Unlike classi-
cal battery modeling, we avoid the so-called electroneutrality assumption and
instead properly resolve the electric field by coupling Gauss’ law with mass
conservation of chemical species. After establishing the governing equations,
we exploit Variationally Consistent Homogenization (VCH) to obtain a two-
scale model. Upon formulating the macroscale problem, we are able to reveal
higher order non-standard conservation terms due to the VCH approach.
Numerical investigations of the subscale RVE problem show that the micro-

transient effects, for length scales relevant to the studied application, are neg-
ligible. Therefore, we propose the assumption of micro-stationarity; this opens
up for the possibility to devise a numerically efficient two-scale solution scheme
based on a priori upscaling. Finally, the paper concludes with computational
results for a 2D macro-scale problem based on precomputed effective fluxes
from a bicontinuous 3D RVE. Here, we are able to provoke effects of net charge
accumulation, which would not be captured upon adopting the classical elec-
troneutrality assumption.
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CHAPTER 5

Conclusions and outlook

This thesis treats the multiscale modeling aspects of structural electrolytes.
Paper A was dedicated to artificial RVE generation and assessing the multi-
functional performance of various SBE microstructures. By tampering with
various boundary value problems (heat equationa and Cahn-Hilliard equa-
tion), we were able to manipulate the solution fields to resemble SEM images
of real structural electrolytes. The solution fields were in turn converted into
meshable solids for virtual material testing. Upon assessing multifunctional
performance of the artificial RVEs, we concluded that trabecular structures
and imperfect trabecular structures perform better than the bead structures.
The surprising finding here is that the imperfect trabecular structures perform
as well as the trabecular structures. Generation of the trabecular structures
is based on prescribing heat sources and heat sinks on a periodic network
stemming from a 3D Voronoi tessellation; hence, their microstructures are
inherently slightly more controlled and idealized. However, the imperfect
trabecular structures are generated by exploiting random noise distributions
as initial conditions to the Cahn-Hilliard equation. Owing to the stochastic
nature of such RVE generation technique, they have been seen to contain
dead-end channels as well as unconnected pores.
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Chapter 5 Conclusions and outlook

Paper A concludes with a comparison of the numerically predicted multi-
functional performance of artificial RVEs and experimental data of real struc-
tural electrolytes. Unsurprisingly, there is a huge discrepancy between the
numerical results and the experimental measurements since the real struc-
tural electrolytes contained ionic liquids (supercapacitor application) instead
of organic electrolytes (battery application). Moreover, the artificial RVE gen-
eration is performed with limited ability to account for microstructure features
such as pore size distribution and tortuosity. Currently, the only consistent
properties of the artificial RVEs are bicontinuity and periodicity. Further-
more, the virtual material testing of mechanical and transport properties was
performed using the simplest possible approach of assuming linear elasticity
and Fick’s law, respectively. In particular, using Fick’s law for ionic liquids
is a heavy simplification (i.e. dilute solution theory). While Fickian diffusion
models are often used to predict the transport of Li-ions in binary solutions
(organic electrolyte), they can not be used to model ion transport in ionic
liquids. An example of an organic liquid based binary electrolyte is LiPF6,
which contains the ions Li+ and PF−6 . However, the ionic liquid used in the
experimental data is a mixture of LiTFSI (Li-cation and TFSI-anion) and
EMIM-TFSI (EMIM-cation and TFSI-anion), i.e. a so-called ternary system.
It has been proposed that such systems are suitably modeled via the Maxwell-
Stefan equation which describes the mutual diffusion for a multi-component
system [47], and introduces the notion of molecular friction between ions [48].
Nevertheless, the experimental results were kept in Paper A for comparison.
Due to the idealized modeling approach of the artificial RVEs, they may serve
as an upper-bound for real structural electrolytes in terms of multifunctional
performance.
In Paper B, the focus was shifted toward multiscale modeling of electro-

chemically coupled ion transport processes in SBEs. The ion transport for-
mulation was extended to include both migration and diffusion. Instead of
involving Maxwell’s equations, the magnetic field was assumed to vary slowly,
which simplified the formulation to electrostatics. Hence, the electrochemical
ion transport could be established by coupling Gauss’ law with a mass con-
servation law for each chemical species. Moreover, VCH was exploited and
a two-scale model was obtained. An efficient two-scale solution scheme was
proposed; however the concept relies on the assumption of micro-stationarity.
Numerical studies were performed to show that the assumption of micro-
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stationarity holds true for time and length scales relevant to the studied ap-
plication. Finally, the paper concluded with computational results for a 2D
macro-scale problem based on precomputed effective fluxes from a bicontinu-
ous 3D RVE. While we were able to provoke net charge accumulation effects
using Gauss’ law, it should be noted that the employed macroscale bound-
ary conditions do not correspond to a battery application due to the lacking
description of the electrodes. In order to properly trace the ions inside the
electrodes, a law that describes electrode kinetics such as the Butler-Volmer
equation is needed.
As previously mentioned in Section 1.2, only the ion transport in the liq-

uid phase of the SBE has been treated so far. In order to perform full-fledged
structural battery simulations, we need a rigorous description of the electrodes
and coupling to the mechanical field. Furthermore, due to the high computa-
tional cost associated with FE2 procedures, there is a also a need for general
efficient solution schemes that do not rely on assumptions such as micro-
stationarity. Therefore, goals pertaining to future work can be summarized
as:

(i) Develop efficient methods for performing multiscale simulations of gen-
eral electrochemical systems.

(ii) Develop a framework for performing full-fledged multiscale simulations
of structural batteries with electro–chemo–mechanical coupling.

In future work, the plan is to treat (i) by exploiting Numerical Model Reduc-
tion (NMR), and (ii) by extending Paper B to include the coupled mechanical
field and formulate governing equations for the electrodes (including electrode
kinetics via the Butler-Volmer equation).
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