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ABSTRACT ARTICLE HISTORY
This paper refines the two-regime transient theory developed by Received 24 August 2021
Romano et al. [Romano L, Bruzelius F, Jacobson B. Unsteady-state ~Revised 27 December 2021
brush theory. Vehicle Syst Dyn. 2020;59:11-29. DOI: 10.1080/004231  Accepted 18 March 2022
14.2020.1774625.] to include the effect of combined slip. A nonlinear

system is derived that describes the non-steady generation of tyre

forces and considers the coupling between the longitudinal and lat-

eral characteristics. The proposed formulation accounts for both the

carcass and the bristle dynamics, and represents a generalisation of

the single contact point models. A formal analysis is conducted to

investigate the effect of the tyre carcass anisotropy on the properties

of the system. It is concluded that a fundamental role is played by

the ratio between the longitudinal and lateral relaxation lengths. In

particular, it is demonstrated that the maximum slip that guarantees

(partial) adhesion conditions does not coincide with the station-

ary value and decreases considerably for highly anisotropic tyres.

The dissipative nature of the model is also analysed using elemen-

tary tools borrowed from the classic theory for nonlinear systems.

A comparison is performed against the single contact point mod-

els, showing a good agreement especially towards the full-nonlinear

one. Furthermore, compared to the single contact point models, the

two-regime appears to be able to better replicate the exact dynamics

of the tyre forces predicted by the complete brush theory. Finally, the

transient model is partially validated against experimental results.

1. Introduction

Transient tyre behaviour is a crucial aspect in vehicle dynamics, especially in conjunction
with severe braking manoeuvres [1]. ABS functions require, indeed, detailed knowledge of
tyre states to be effective. Another important aspect to be considered relates to friction esti-
mation, for which several algorithms have been developed. These may, however, mispredict
the available friction coeflicient if transient phenomena are not accounted for properly in
the generation of tyre forces and moments.

The transient dynamics of pneumatic and non-pneumatic tyres [2] is a rather complex
phenomenon, which involves several interlinked aspects connected to both the viscoelastic
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properties of the rubber compound and the non-stationary flow of new material that con-
tinuously enters and relinquishes the contact patch [3,4]. An accurate, physically motivated
description capable of capturing the salient features of the tyre dynamics often appears to
be prohibitive, because of the overwhelming number of parameters that must be taken into
account.

In particular, two antipodal approaches may be identified when dealing with transient
tyre modelling. The first one consists of a systematic, microscopic analysis of the shear
forces developed at the tyre-road interface. Available models explore the phenomenon at
a microscopic level and share a great similarity with the ones also used in the context of
railway dynamics studies. An example is the classic brush theory [5-9], where the defor-
mation of the tyre tread is modelled by using separate bristles, which alternatively stick
to the ground or are in relative motion. The complexity of these formulations - based on
the classic theory for partial differential equations — make them unsuitable for simulation
purposes and the design of control algorithms.

Different approximated models striving for simplicity have been thus proposed in the lit-
erature and are mainly based on the observation that, under certain circumstances, the tyre
transient behaviour may be well approximated by those of string or spring-like elements.

The infancy of these models probably dates back to the first studies pioneered by
Schlippe [10] and Segel [11], who employed the so-called stretched-string tyre model to
investigate the non-steady-state response of the tyre to a lateral input [12-19]. Being
grounded on a few physical assumptions and relatively easy to interpret, this approach has
gained vital importance over the years and is still one of the most effective when it comes
to typical situations where the slip parameters are relatively small and the assumption
of vanishing sliding holds. Pacejka [20] perfected the analysis by introducing additional
bristle elements to extend the stretched-string model towards applications in which the
friction limit is exceeded over a finite portion of the contact patch. Typically, enhanced
formulations of this time are much more sophisticated and somehow annoying to deal
with analytically [21]. However, they led to fundamental results that represent the concep-
tual basis for simplified models, like the single contact point ones [22-24]. In this category
also fall some variations that are grounded directly on the simpler brush theory [1,25-29].
In any case, these models are all based on the assumption that the tyre dynamics may be
described by a first-order dynamic model, whose main parameter is the so-called relax-
ation length, that is the distance that the tyre needs to travel to develop the 63% of the
steady-state forces. In this approach, the transient properties of the tyre force generation
are then justified by the presence of an additional deformable element, the tyre carcass,
which is held accountable for the whole nonstationary process. In this way, the dual nature
of the tyre is mimicked by a series system which behaves as a spring at low rolling speed
and as a damper at high speeds. This pragmatic approach leads to a very straightforward
model, which generally shows a good agreement with experimental evidence and may be
combined with complex analytical expressions for the tyre forces [30]. This legitimates the
ubiquitous presence of the single point contact models when it comes to vehicle dynam-
ics simulations. Other formulations, which are based on a similar principle, but introduce
higher-order dynamics, are also available in the literature [31,32].

The LuGre friction model [33] has also been proved to be able to replicate the transient
behaviour of tyres with high accuracy. The LuGre formulation, in its distributed form, clas-
sifies as an enhanced version of the classic brush theory, and accounts for more complex
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phenomena, such as the Stribeck effect. Starting from the distributed form, some authors
have derived approximated models, based on ordinary differential equations (ODEs), to
describe the nonstationary generation of tyre forces [34-42]. This formulation is easier to
implement in conventional simulation environments, and is more adequate when it comes
to controlling purposes.

Recently, an alternative approach has been proposed by Romano et al. [5] and formalised
in the so-called two-regime theory. Accordingly, a dynamic model is derived as a functional
interpolation between two sets of equations that describe the approximated relationships
between the generalised forces and the slip variables at low and high rolling speeds, respec-
tively. The two-regime models consider the transient phenomena connected to the bristle
and the tyre carcass dynamics, and represent a generalisation of the single contact point
model. However, a major drawback relates to the intrinsic difficulties connected to this
approach, which requires inverting the force-slip mappings. This may be often possible
only locally, and therefore pose stringent limitations on the general validity of the method.
In Romano et al. [5], the derivation of the two-regime tyre models was hence restricted to
the case of pure lateral (or longitudinal) slip. In this paper, the authors extend the original
formulation to account for the effect of combined translational slips.

The paper is structured as follows: Section 2 recapitulates the salient properties of the
brush models and gives a brief overview of the single contact point models. In Section 3,
a refined version of the two-regime theory is presented and the notions of sliding and
slip functions are introduced. The nonlinear model for combined slip is then derived in
Section 4. The system is analysed with respect to input-to-state stability and the dissipa-
tivity. A comparison against the single contact point models is performed in Section 5,
showing a good match between the two formulations (Section 5.1). Validation towards
experimental results is then carried out in Section 5.2 considering a series of longitudinal
manoeuvres. Finally, the main conclusions of the paper are summarised in Section 6.

2. Theory of transient generation of tyre forces

The brush theory represents the mathematical foundation for both the single contact point
models and the LuGre-based ones. Therefore, this section introduces the governing par-
tial differential equations (PDEs) of the brush models to the extent that is necessary to
understand the paper. A more comprehensive discussion may be found, for example, in
[1,6,7,20].

The rolling contact between the tyre and the road takes place inside a small area, called
contact patch, and denoted here with Z2. In the brush theory, it is assumed that &7 is a
compact, convex subset of R?, in which the governing PDEs of the model are prescribed.
When the camber angle and the turning spin are sufficiently small [6-8], these may be
formulated as follows:

ous(x,t) ous(x,t)

vs(x, 1) = —Vi(D) [0 (1) + Ap(Dx] + 8¢(t) + — Vi — =,

(x,1) € Z x Ray. (1)

In Equation (1), vs(x, t) = [ vsx(x:.0) vsy(x,t) ]T is the micro-sliding velocity, that is the relative

velocity between each point of the contact patch and the road, u;(x, t) = [ ux(.t) uy(x.t) ]T is
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the planar displacement of the bristle inside the contact patch 22, §;(t) = [6:(t) 8,0 | is
the deformation of the tyre carcass (modelled as a linear spring), V,(¢) is the rolling speed,
o (t) = [ox(t) oy(®) ]T is the slip vector and A, (#) is the spin tensor, defined as [7]

_| 0 —e®
A(p(t)_|:¢)(t) 0 } (2)

where ¢ (t) is the spin variable.
The above PDEs come equipped with a boundary (BC) and initial condition (IC):

BC: w(x,t)=0, (x1) €% xRy, 3)
IC: w(x,0) = up(x), xe& 2. (4)

where .7 is the leading edge and collects the point of the boundary 3% of the contact
patch where the bristles enter .

Equation (1) is valid until the tangential shear stress q,(x,t) = Kyu:(x, t) acting at the
coordinate x is smaller or equal than the corresponding friction limit j.q,(x, t), where
is the friction coeflicient and g, (x;, t) the vertical pressure acting inside the contact patch.
The operator K; € R?*? is a positive definite matrix, usually assumed to be diagonal. As
soon as the friction limit is exceeded, indeed, the displacement of the bristle becomes

vs(x,t)
vs(x, t)

u(x, 1) = —K; ' ngo(x, 1) = vs(x 1) #0, (5)
with ve(x, 1) = vs(x, 1) ,.

Owing to the complexity of the problem, a general solution to Equations (1) and (5)
in transient conditions is often prohibitive, and might only be attempted numerically. In
steady state, when the partial derivative du¢(x, t)/dt vanishes or may be neglected, Equa-
tions (1) and (5) provide a set of relationships between the tangential forces and moment
acting in the contact patch and the slip and spin variables in the form

Fy(o,¢p) = /fy} q,(x;0,¢) dx, (6a)
M,(c,p) = f/y(x +38)qy (%:6,90) — (v + 8))qx (%0, ¢) dx. (6b)

In the single contact point models, the steady-state relationships according to Equa-
tions (6a) resulting from the integration over & play the role of a static nonlinearity that
is used to model the tyre forces and moment when subjected to a transient slip.

2.1. Thesingle contact point models

This approach was developed by Higuchi in his excellent dissertation [22] and the subse-
quent paper [23], and derives directly from the more sophisticated stretched-string and
bare-string models, as discussed before. At the time, the effort was towards simplified
models characterised by a low computational burden to be employed in vehicle dynam-
ics simulations. The mathematical treatment of the single contact point models presented
in this paper mainly refers to the books by Pacejka [8] and Guiggiani [1].
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The overall idea behind the single contact point models is to replace the translational
slip variable o with the transient slip vector

N 5
o't =ao(t) — Vt_((tt))’ (7)

to account for the additional term due to the carcass deflection. A relationship between the
latter and the planar forces is also postulated in the form

F(t) = C'8:(b), (8)

where the carcass stiffness matrix C’ is given by

/ /

C = Cxx ny ) 9)
c, C
rx vy

The transient slip vector is then used in place of the conventional one in the steady-state
expressions for the tangential forces obtained integrating over & as in Equation (6a),
i.e. Fy = F4(0’,¢). Differentiating the planar force vector with respect to the time and
combining Equation (7) with (8) yields

; T . aFt 0'/, ®) .

Fi(o'(),9(1) = VoF (6',0) 6/ (1) + % @) = Ve()C (a(t) —a' ().
(10)

Further simplifications allow to define the concept of the so-called relaxation lengths. In

general, the quantities relating to ¢ are almost irrelevant for the transient generation of tyre

forces and may hence be disregarded [1]. Premultiplying by S’ = C'~! gives
S'Co (' (1), 0(1)) 6/ (t) = V(1) (0 (t) — 0’ (1)), (11)

where the matrix of the generalised tyre stiffnesses is defined as

Co (o', 9) £V, F (o, <p)T. (12)
The above equation (11) may be recast more conveniently as
Ao (o', 9(1)) 6" (1) + Vi(D)o' (1) = Vi(t)a (1), (13)
where the matrix A, (67, @) of the generalised relaxation lengths is defined as
R (0'0) £ §C0 (0',0) = [i E: ?) o, (a:,w)} | "
YO )90) Ay, (‘7 > §0)

The transient slip calculated by means of Equation (13) is used as input to a steady-state
model for the tyre forces. This variant of the single contact point model is referred to as
full-nonlinear, since the matrix 1~\a (0/, @) isitselfa function of 6. In practical applications,
the matrix of the generalised stiffnesses is approximated with the conventional one C; =
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Co (0,0), and hence the matrix A, becomes constant, that is Aq (0, Q) = Ag, with Ag
reading

Ay =S'Cy = wa X"”y} = [S;xc’“’x + 55 Cho SixCooy + S;‘YC”’} . (15)

hyoy o, 8 Cuo, + S, Cyo,  8,Cu, + ), Cyo,

This model variation is often referred to as semi-nonlinear single contact point. Additionally,
if the stiffness matrix of the tyre carcass is diagonal, that is

cC. 0
c=|=* _1, (16)
B
the matrix Ay further reduces to

ngx Cxay

)\‘XO' )“XO' C/ C/
A — x V| — x x . 17
’ |:)‘y0x )”yayi| CJ’“X Cﬂfy (17)

S 6

Up to this point, it should be acknowledged that the single contact point models well
approximate the real dynamics of a tyre in transient slip conditions. However, from a pure
conceptual viewpoint, this approach is wrong. Indeed, the transient of the bristles is always
neglected in this case, despite being an essential part of the transient process of forces
and moments generation. Furthermore, the single point contact models do not explain
the empirical and theoretical presence of transient phenomena in e.g. railway applications,
where the wheel may be approximated as a rigid body to some extent.

It is quite simple, in fact, to show that disregarding the transient connected to the deflec-
tion of the bristles automatically implies steady-state conditions for the tangential forces
exerted at the tyre-road interface. Indeed, under reasonable assumptions, the time deriva-
tives of the planar force vector F;(f) and the self-aligning moment M, (¢) in Equations (6a)
read, respectively:

Fi(t) = // w dx, (182)
P t

. _ aqy(x,t) 0% D)

M,(t) = //yx m y I dx. (18b)

Clearly, since F¢(t) = C'8¢(t), from Equation (18a), it is immediate to infer that
3:(t) = S'Fr(t) =0, (19)

and therefore also M,(¢) = 0. The above results demonstrate the fundamental role played
by the transient deflection of the bristle in the nonsteady-state generation of tyre forces. It
seems thus reasonable to account for this effect even when approaching a simplified model
to describe nonstationary processes related to tyre dynamics. The spontaneous question
is how to derive a consistent set of equations to model the phenomenon properly. The
solution proposed by the authors is presented in the next Section 3 and represents a further
generalisation of that already sketched in Romano et al. [5].
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3. Refined two-regime theory

The main scope of this paper consists of the derivation and the analysis of the two-regime
model for the case of combined translational slips. The investigation is conducted from
the perspective of nonlinear systems. To this end, the general idea behind the theory intro-
duced by Romano et al. [5] is succinctly recapitulated. In this paper, however, an alternative
and more comprehensive approach to derive the governing equations of the two-regime
model is proposed.

To start, the existence of two implicit representations is assumed of the form:

Y (Vra, Veg, By, Mz> —0, (20a)

Y (o, ¢, Fi, M;) = 0. (20b)

The above equations (20) postulate certain relationships between the slip variables and
tyre characteristics acting at the tyre contact patch. Ideally, they should approximate the
tyre dynamics at low and high values of the rolling speed.

From Equations (20), it is possible to locally express the variables (o, ¢) invoking the
Implicit Function Theorem. In particular, Equation (20a) gives

1.

0= ¢ (Ft,MZ>, (21a)
1. .

0=—¢ (Ft, Mz), (21b)
Vi

where the functions ¢ (-, -) = [ 6x() &,() ]T

other hand, Equation (20b) yields

and ¢ (-, -) are called sliding functions. On the

o = 6(Fs, M), (22a)
¢ = (Z)(Ft) MZ); (22b)

in which 6 (-, -) = [6x(-) 6y(+) ]T and ¢(:,-) are referred to as slip functions. It is worth
pointing out that Equations (21) and (22) are valid in turn for low and high values of V.
Interpolating between Equations (21) and (22) yields the two-regime tyre models:

1 .

0 = -6 (FoM:) +6 (Fe Mo), (232)
r
1., . R

0= ¢ (Fudt) +G(F M), (23b)
r

Equations (23) allow to express the slips (o, ¢) as a weighted combination of two differ-
ent vector-valued functions: the first captures the tyre behaviour at low rolling speed, the
second one, instead, gives an approximation at high rolling speeds. They also provide a set
of ODEs for the tyre characteristics. If the sliding functions have an isolated equilibrium
at the origin, it is clear that the equilibria of the ODEs (23) coincide with the steady-state
relationships for the tyre forces and moment.

The main limitation of this approach consists in the fact an explicit representation of
Tv'(-, -+ +) and Y(., -, -, -) might often be obtained only locally.

In the subsequent subsections 3.1 and 3.2, respectively, the sliding and slip functions
will be derived.
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3.1. Thesliding functions

At low, speed, the sliding functions may be sought as follows:

o (Fotte) | _ KA s

. . - / /
(Z)(Ft,MZ> Sor Sem | | Mz

where the matrix on the right-hand side is nonsingular, and Sg, S}/, S ¢ and S,/ represent
generalised compliances. The derivation of Equation (24) is detailed in Appendix 1. The
system described by Equation (24) is linear, and, as already anticipated, obviously admits
a unique equilibrium in the origin.

Furthermore, when the spin slip ¢ and the self-aligning moment M, are neglected,
Equation (24) reduces to a relationship between the translational sliding functions and
the tangential forces in the form

. . 1 .
& (F,) = SpFy = <—Kt1 + s/) Fi, (25)
Az
where A » is the area of the contact patch Z.

Example 3.1: For an tyre with isotropic tread, rectangular contact patch and diagonal
stiffness matrix for the tyre carcass C, the matrix S, reads specifically

aC, + C, 0
c.C,
Sg=| aC) +Co | (26)
,C

where C, = 4a?bk, a and b are the contact patch semilength and semiwidth, respectively,
and k is the bristle stiffness.

For convenience, the following Assumption 3.1 is retained in the remaining of the paper.

Assumption 3.1: The matrices K; € R?*2? and C' € R?*? are symmetric and positive
definite.

From Equation (25), it may be inferred that the above Assumption 3.1 ensures that Sg
is also positive definite.

3.2. Theslip functions

In steady-state conditions, the explicit relationships between the tangential forces and the
self-aligning moment and the slip variables are often known in the form

F; = Fi(0,9), (27a)
MZ = MZ(G) ¢)> (27b)
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where F(o, ), M, (o, @) are obtained by integration over &7 as in Equation (6) or
using empirical formulae!. Inverting Equations (27) yields a local representation of the
translational slip o and spin ¢ in the form of slip functions (a, ¢).

This paper restricts to the case of pure translational slip, that is disregards the (usually
small) contribution due to spin. Furthermore, it considers steady-state relationships as in
Assumption 3.2.

Assumption 3.2: In steady-state conditions, the tyre forces may be described by a rela-
tionship of the type

~ A (12
= Fi(o) = Ft(o)g, (28)

where Fy(0) £ Hl:"t(a) Hz ando 2 |lo I, Furthermore, it is assumed that F; € K when o

is restricted to the interval [0, oP¢), for some value oP%K > 0.

Tyre functions of the same type as in Equation (28) usually describe the forces when
the tread is assumed to be isotropic. According to Assumption 3.2, Equation (28) is also
invertible in the range o € [0, oPeak) where g Pk corresponds to the value for which F; = £
lv¢ |, attains its maximum value, that is Fy(oPeak)y = Fx = £ MpeakFz. The values oPeak jg
generally smaller than the critical slip value o' that causes total sliding inside the contact
patch, as shown in Figure 1.

1000 Hpeak F:
|
|
|
4000 = | WF,
Z 3000 | | -
- | |
— 3000 R~ ! !
< Wi 8 | |
= | |
3 'muu S
K 2000 ‘3'"‘::0:,’0" % 2000 | |
;b | |
1000 & ! 1
| |
g 1000 - i |
1 | I
| |
1 | |
| |
| |
0 1 1
0 ek oo 1
Total slip o (-)
(a) (b)

Figure 1. A qualitative example of steady-state models for the tangential tyre forces satisfying Assump-
tion 3.2. Figure 1(a) illustrates a tyre surface F; = ,E,(o) according to Equation (28), with its components
projected in longitudinal and lateral directions. Figure 1(b) exemplifies two different tyre models: a sim-
plified version of Pacejka’s Magic Formula (blue line) and a brush model with different static and dynamic
friction coefficients (red line). The models share the same peak value pipeqF; for o = oPeak; however,
whilst the brush models predict total sliding in the contact patch for o > o, Pacejka’s Magic Formula
does not. (a) Tyre force surface F; = IA-'t(cr) according to Equation (28) with projections Fy and F, for
ox = oy. (b) Two steady-state tyre models satisfying Assumption 3.2.
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The inverse relationship of Equation (28) may be found as
. o\ Ft
o =0 (Fy) =U(Ft)F> F € [O’Mpeasz)> (29)
t

being 6 () = 1:"; () also a K-class function. Often, the expression for the function & ()
cannot be derived in closed-form. Analytical approximations may be, however, constructed
using fixed-point theorems [43]. There are, of course, exceptional cases in which & (-) may
be easily determined.

Example 3.2: According to the brush models, for an isotropic tyre with a rectangu-
lar contact patch and unique friction coefficient, the tangential forces depend upon the
translational slip as follows:

A~ A o o 1/ 0\
FtZFt(O')ZFt(O’)EZCGO' |:1—F+5<F> :|, o € [O,Cfcr), (30)
where 0" £ 3uF, /Cq. It should be noticed that, for the model in Equation (30), oPeak =
o “". Accordingly for larger values of the slip, i.e. ¢ > o, the tangential force equals the
peak value jipeacF; = F,, and is oriented as the slip vector, that is Fy = uF,0 /0. The
inverse relationship of Equation (30) reads [44]

Fy | F
—, F; € [0, uF,), 31
e ¢t € [0, uF;) (31)

F
o=6F)=6F)—~=0"1- 31—
Fy
where ftpeak = o (the peak friction coefficient equals the actual one). Clearly, the function
6 (+) in the above equation (31) is of the type of that in Equation (29).

Figure 2 illustrates the sigma functions ¢ (-) and the function 6 (-) in Example 3.2 for
the case of pure translational slip.

4, Two-regime tyre model for combined slip

Taking advantage of the theoretical framework developed in Section 3, this paper now
moves to derive and analyse the nonlinear system describing the transient tyre dynamics
at combined slip. Plugging Equations (26) and (31) into (23a) yields the two-regime tyre
model for combined slip:

Fy(t) = Vi()Cy o () = & (Fiv) . (32)

where the matrix C], is defined as

Cowo, G C. 0
C = | ’f"y} - [ I (33)
’ |:C}"7x C)’U,v 0 ng
The above equation may be reinterpreted in terms of enhanced relaxation lengths premul-
tiplying both sides by A/, £ CqS}. This yields

ALF(t) = Vi) G, [0 () = 6 (Fu0) |, (34)
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Equations (31). Tyre parameters: C; = 30,000N, . = 1,0 = 0.3, F, = 3000 N.

where the matrix

A A
A r_ XOx xoy

o

/ ’ (35)
)\)’Ux )L)’Uy
collects the enhanced relaxation terms. These relaxation lengths are referred to as enhanced
because they also account for the transient of the bristles in the contact patch [5]. A fun-
damental role in the transient generation of the tyre forces is played by the relaxation ratio
X, defined as

Jmin (Cg)
Amax (Cj)
where Amax(-) and Amin(-) denote the maximum and minimum eigenvalues of a matrix,

respectively. By Assumption C, is symmetric and positive definite, and therefore Amax(C})
and Amin(C,,) in Equation (36) are always positive real.

Xr = > (36)

Example 4.1: Combining the results from Examples 3.1 and 3.2, the matrices C/, becomes
C.Cs 0
C, 0 aCl, + C
/ Oy _ X o
C=1 ¢ |= . C,Cr | (37)
aC}’, + C,

where it has been renamed C, £ C,, and C, £ Cy,, without ambiguity. Accordingly,

the matrix of enhanced relaxation lengths reads

Al 0 C
/ Ox _ Ox
A(T — O )\’;‘y — CO' > (38)
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where again it has been renamed A, £ A/, and A, = Ay, and the slip function & (-)
reading as in Equation (31). In this case, the relaxation ratio may also be interpreted as
C . A
Yo, = Jmin = Zmin, (39)
Cmax )“max
where Cl;,,, £ max{C, , C{,y} and C,

min
’
and AL ;.

£ min{Cj , Cf,y}. Similarly, A/, = max{A; , k:,y}
= min{Ag , k;y}. Therefore, the relaxation ratio x; condenses the two different

relaxation behaviours of the tyre in longitudinal and lateral direction. Usually, C, > C;,,
which also implies )Lgy > Ao,

4.1. Model analysis

Now the authors proceed to the formal analysis of the two-regime model. There are two
aspects to investigate. The first one relates to the trajectories of the system described by
Equation (32) in presence of finite slip, which will be treated as a given input. Ideally,
the model should be able to replicate the transient behaviour of the tyre during nomi-
nal operational conditions. For the steady-state model, this translates into the requirement
Ft < ppeakFz, which is equivalent to o < oPek In transient conditions, it is not obvi-
ous that the fulfillment of sup, o (s) < o Pk also implies Fy(s) < UpeakFz. Therefore, an
equivalent transient critical value for the slip should be estimated.

The second aspect concerns the dissipative nature of the model. Finite slip causes losses
at the tyre contact patch, known as slip losses. Intuitively, the power generated by the slip
should not be expected to be entirely converted into useful tangential forces.

A major issue with the system described by Equation (32), however, connects to the pres-
ence of the term F; appearing in the denominator. This is responsible for some difficulties
encountered in simulation, since the situation F; = 0 is not handled properly. To overcome
this issue, the original sigma functions ¢ (-) in Equation (32) may be conveniently replaced
with

F;
Ft + € ’

where € € R. ¢ is an arbitrary small constant. In the above equation (40), the constant €
in 0¢(-; €) should be regarded as a parameter. Owing to Equation (40), a modified model
may be considered as

6c(F€) = 6(Fy)

(40)

Fi(t) = Vi(OC, [0(0) = 6 (Fi(t)s€) . (41)

For what follows, it may also be useful to introduce the function 6¢(:; €) defined as

Fy
5.(F;€) 2 6(F ) 42
Ge(Fe) =6 ( t)Ft+€ (42)

It should be observed that Assumption 3.2 implies that 6, (-; €) in Equation (42) is also
a K-class function. The subsequent analysis will be therefore conducted concerning the
modified model described by Equation (41) rather than the original one. The latter
represents a particular case of the former for e — 07,
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4.1.1. Friction limit

In analogy to the steady-state model, an upper bound for the slip input that guarantees that
the total tangential force never reaches the friction limit, that is Fy < upearF;, should be
estimated. To proceed, the notion of friction circle is formalised as the set

Cu = {Ft eR’ \ F < upeasz} , (43)

o) o)
whose interior is denoted by C ;.. The idea is now to understand when (C , is an invariant
[0)
set for F¢(t), that is which pairs of initial conditions Fyy = F¢(ty) € C , and inputs o (¢)

ensure F;(t) to stay indefinitely in C , for all ¢ > t,. Sufficient conditions are stated in the
following Theorem 4.1.

Theorem 4.1: Assume that o (t) satisfies

1
supo (t) < oy L Yo (44)

=ty 1+¢€/ (Mpeasz) ’

whereyr € (0, 1) is arbitrary small. If Fy € Eu» then Fy(t) € 5Mfor allt > ty. Furthermore,
the system described by Equation (41) is input-to-state stable* with y : [0,0,) x R >
[0, Mpeasz) given by

0, o =0,
A
O;€) = 45
v(o;€) o1 <L;e>, o€ (O,GX), (45)
v 0.
and satisfying
lim y(03¢) = F ( i ) (46)
im y(o;€) = — .
€—~>0*t 4 ! v
Proof: The proof is given in Appendix 2. |

The above Theorem 4.1 provides an upper bound o, on the slip input. As it may be
observed from Equation (44), o, depends on three parameters: ¥, € and ;. The first two
do not deserve particular attention, since they may be chosen arbitrarily. On the other
hand, the relaxation ratio x, is a structural parameter and accounts for the anisotropy of
the tyre carcass. Specifically, according to Equation (44), lower values of x, correspond to
smaller admissible inputs o, above which full sliding may occur inside the contact patch.

Figure 3 provides a graphical interpretation of this result for different relaxation ratios
X, for a tyre with isotropic tread and rectangular patch (model of Example 4.1, with
Mpeak = i and 6 () replaced by 6 (-; €)) with critical slip oPek = 5 — 0.3, In the left-
hand side plots, the circles depicted in red represent the friction circle C,,, whilst the

[e]
green area the sets of attainable steady-state forces for o < o, that is F¢(¢) € C ,, with

Cy 2 (F,eR?|F < O’;l (0y;€)}. The set C is defined here as the relaxation circle. On
the right-hand side of Figure 3, the corresponding maximum values F;(o,) are shown,
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which amount to the 70.4, 92.1 and 98.44% of the peak force. It is worth noticing that,
for a tyre with isotropic carcass, in general o, = oP** when € = 0 and ¢ — 1. The same
condition holds for the one-dimensional models already presented in [5], for which the
parameter € is not needed.

When the slip input exceeds oy, it is not obvious that F¢(t) < ppeakFz. Again for the
isotropic model in Example 4.1 with ftpeak = 1, this is illustrated in Figure 4 for a constant
value of the total slip o = o', with o, = 0}, > 0, together with the plot of velocity field of
Equation (41). The red circles represent the friction circle C,,, whilst the dashed boundary
is the locus of points for which the derivative of the Lyapunov function V(F¢(t)) £ %th(t)
vanishes. Basically, the inner regions enclosed by the dashed curves are invariant sets for
F(t), and, therefore, every circle that contains these regions is also an invariant set. It may
be clearly noticed that, for very small values of the relaxation ratio (x, = 0.125), the dashed

(] o
curve lies partially outside C ., and therefore the trajectories starting in C ;, may happen

to leave E > implying F¢(t) > uF, for some finite time ¢.

Other qualitative considerations may be drawn by looking at Figure 5, where the invari-
ant sets are plotted for a tyre with relaxation ratio x, = 0.125 (A;y > A ) for different
directions 6 of the critical slip value (o, = 0" cos 0,0y, = 0" sin 0). In particular, it may be
deduced that, when the slip is oriented in the same direction for which the relaxation length

is larger, the invariant set becomes smaller and the risk of leaving é . decreases. More
specifically, Figure 5(d) is particularly interesting, since it shows that, when the slip has
only lateral component, that is 0, = 0, the invariant set is completely contained within
C,.. Again, this is a consequence of the anisotropic nature of the tyre carcass.

In reality, the requirement on sup,., o (f) imposed by Theorem 4.1 is quite stringent
and might be relaxed if different maximum values are allowed depending on the slip
direction. In fact, defining the Lyapunov function V(F¢(t)) =S %th(t) as in Appendix 2,
and assuming C, > Cfry (Aij > Ay.) as in common practice, it is possible to deduce
immediately that any value of o (f) such that

* A 1
o(t) <o, (9(1‘)) =0y (47)
\/(COSQ(t))Z + (X/\ sin@(t))2

ensures that V(F¢(t)) is negative definite at time . From Equation (47), it may be inferred
that, when o, = o cos 8(t) = 0, the maximum slip in lateral direction coincides with the
critical one (for € — 07). Vice versa, when o (t) has no lateral component, the maximum
slip is again given by Equation (44) in Theorem 4.1. The fundamental conclusion is that,
in transient conditions, the anisotropy of the tyre carcass maps the friction circle C,, into a
relaxation ellipse £, = {F; € R? | F; < ae_l(cr)’(k (0); €)}. The relaxation set C,, may be then
defined as the largest circle completely enclosed in &y, and 0, = sup, 0 (0), as illustrated
graphically in Figure 6.

4.1.2. Dissipativity

Since the model is dynamic, there may be different phases in which energy is stored
and released, alternatively. It may be proved that the map X : Vio — F; is dissipative
for the model, and even more specifically passive .> This statement may be reformulated
mathematically in the following Property 4.1.
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Figure 3. Friction circle and maximum attainable steady-state tangential force for a tyre with isotropic
tread and anisotropic carcass with different relaxation ratios y,: (@) x, = 0.33; (b) x, = 0.57; ()
%. = 0.75.
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Figure 4. Velocity field and invariant sets for a tyre with isotropic tread and anisotropic carcass with
different relaxation ratios x;.o0 = obeak = ger, ox = oy > 0:(a) x5 = 0.125, (b) x5 = 0.25, () x» =
0.33,(d) x» = 0.57.

Property 4.1 (Passivity): The map X : V.o > F; is dissipative (passive) with respect to
the storage function V(Fs(t)) £ %S}Ft(t) - Fy(t).

Proof: Recalling that C, = S;l, it follows directly from Equation (41) that

Ve()o (1) - Fe(t) = SpFy(1) - Fe(t) + Ve (D)6 ¢ (Fe(t)) - Fe(t)
> SpFy(t) - F(t) = V (Fy(1)) . (48)
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(©) (d)

Figure 5. Velocity field and invariant sets for a tyre with low relaxation ratio x; = 0.125 for different
values of the critical slip direction: (a) § = 0°,(b)0 = %,()0 = %, (d) 0 = .

Since the storage function V (F¢(t)) defined in Property 4.1 represents the elastic energy
stored in the tyre carcass, the result above has a clear physical meaning: the power dis-
sipated at the tyre contact patch is always greater than the variation in elastic energy
accumulated in the tyre carcass. In particular, Equation (48) holds with strict inequality for
any F¢(t) # 0. From these considerations, it may be deduced that, in transient conditions,
a finite slip input is not converted completely, and instantaneously, into tangential force,
as it happens in the steady-state case. Therefore, the difference between V()0 (t) - F¢(t)
and V(Fy(t)) may equivalently be interpreted as a power dissipation taking place inside
the carcass. This might appear counter-intuitive at first instance, since the tyre carcass is
modelled as an elastic element, and is due to the fact that, in transient conditions, the tyre
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Figure 6. Friction circle C,, together with the relaxation ellipse £, and the relaxation circle C, foratyre
with isotropic tread and anisotropic carcass (x, = 0.33). The tyre carcass is stiffer in the longitudinal
direction, thatis C;, > ) and hencealso C; > C; ,A; > A .

X 'y 'y X

exhibits an intermediate behaviour between a linear spring and a damper. In this context,
it is also worth remarking that, according to the global equilibrium approach, the quantity
Vi(t)a (t) - Fe(t) also represents the total slip losses taking place inside the contact patch,
at least in steady-state conditions.

5. Model comparison and validation

The present section addresses the validation of the two-regime tyre model.

5.1. Comparison with single contact point tyre models

The two-regime model developed in Section 4 is first compared versus the single con-
tact points. The following investigation is conducted by only considering translational slips
lower than o, . The steady-state relationship for the tyre forces is chosen as in Equation (30).
According to Assumption 3.1, the carcass stiffness matrix C’ is assumed to be diagonal, but
with different values for C; and C;,. Finally, the travelled distance s defined in Section 4 is
used as independent variable in place of the time ¢. By doing so, the problem under consid-
eration becomes independent of the rolling speed. Owing to these premises, the following
set of equations for the semi-nonlinear single point contact model may be introduced:

do’(s)
ds

Ag +0a'(s) =0 (s), (49a)
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cr o cr

/ A 2
Fi(s) = Cyo'(s) | 1 — 00(5) +§ (0 (S)> , (49b)

where o/(s) = || V' (s) || , and the matrix A, reads specifically

C
w, 0] | ©
_ Ox _ X
A(T - |: 0 )\‘0},:| - 0 & > (50)
G
since ng = )’Gx = 0. In Equation (50), it has been renamed C, =S Clopr C; £ C}’,}, and

Aoy = kxax, Ao, = )»},gy without ambiguity. The above system given by Equation (49a)
combines a linear ODE (49a) for the transient slip o’(s) and an algebraic Equation (49b)
(although nonlinear) in ¢’(s) for the planar force vector F¢(s). The second model is the
full-nonlinear single contact point. The equations are as follows:

Ao (07(5)) d;(s) +0'(s) =0 (), (51a)
Cxax (‘7/(5)) Cxay (0/(5))
oy — | . G .G
o (0’ (S)) = Cyo, (0_/(5)) Cy(ry (0/(5)) 5 (51b)
G <
with
L R (e) | 200+ g0 (o) 1 (5]
Cxcrx (d (S)) - 3(7)2 =G| 1= oo’ (s) + < ocr > + g ocr >
) (52a)
_ 5 -
- , (o (s)) 20;(5) + o.(s) a)ﬁ(s) 1 (o)
C)"’}' (0 (S)) 8 =Co | 1- oo’ (s) + ocr + 5 ot >
) (52b)
~ ~ OF, (o’ oF, (¢’
Cxay (G/(S)) — Cyax (0/(5)) _ a(co):/(S)) _ ya(::,(S))
y x
=—Cs ax(s)z},(s) [ ,1 - 2cr:| (52¢)
o o’(s) 3o

Equation (51a) together with Equations (51b) and (52a) are again used as input to
Equation (49b). In this case, however, the ODE (51a) is highly nonlinear.
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Figure 7. Comparison between the two-regime tyre model (solid line), the semi-nonlinear (dashed
line), the full-nonlinear single point contact model (dash-dotted line) and Guiggiani’s nonlinear full
contact patch (thick line). Generally speaking, a better agreement between the two-regime model and
the nonlinear full contact patch may be observed. (a) Simulation results for the two-regime tyre model
(solid line), the semi-nonlinear (dashed line), the full-nonlinear single point contact model (dash-dotted
line) and Guiggiani’s nonlinear full contact patch (thick line) for different value of the longitudinal slip
input oy = 0.07 and oy = 0.21. (b) Simulation results for the two-regime tyre model (solid line), the
semi-nonlinear (dashed line), the full-nonlinear single point contact model (dash-dotted line) and Guig-
giani’s nonlinear full contact patch (thick line) for different value of the lateral slip input o, = 0.07 and
oy =021

The two-regime model is instead formulated directly in state-space form. With the
travelled distance as independent variable, the system in Equation (41) becomes

dF¢(s)
ds

=Cp [0() = 6 (Futne) |, (53)
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Table 1. Tyre parameters.

Parameter Description Unit Value
Cy Slip stiffness N 3.10%
C, Longitudinal stiffness of the carcass ~ Nm™' 6-10°
G Lateral stiffness of the carcass Nm™! 24.10°
F, Vertical force N 3000
a Contact patch semilength m 0.075
n Friction coefficient - 1

where the matrix C, is defined as in Equation (37) and the slip function 6(-) in
Equation (31) is replaced more conveniently by ¢ (-; €).

A first set of simulations is aimed at comparing the three approximated models given
by Equations (49), (53) and (51) with the exact solution to Equation (1) starting from an
initial undeformed configuration and subjected to the constraint imposed by Equation (5)
(Guiggiani’s nonlinear full contact patch model [1]). The equations for the complete model
are derived in Guiggiani’s book [1] and are not reported here for brevity. Furthermore, for
the sake of simplicity, the longitudinal and lateral problems are analysed in isolation in
Figure 7. Indeed, even in the case of pure longitudinal or lateral interactions, Equation (1)
does not admit a closed-form solution and need to be solved numerically*. Generally, it
may be observed that the two-regime model succeeds better in replicating the exact trend,
whereas the single contact point models exhibit larger discrepancies especially at higher
values of the slip inputs. The parameters for the simulation are listed in Table 1.

A second comparison between the three approximated models is shown for differ-
ent combinations of constant slip inputs oy and oy, in Figure 8. The slip value is set to
o = 0.17 < o,. It may be noticed that the agreement between the two-regime tyre model
and the semi-nonlinear single contact point is particularly good in the beginning, when
the forces are in the linear region of the diagram F; — ¢ and the assumption of constant
relaxation length holds fairly. As the travelled distance increases and the tyre characteristics
develop fully, the two-regime transient model exhibits a faster convergence to the steady-
state solution, and tends to the full-nonlinear one. Clearly, all the models converge in any
case to the same asymptotic value.

Finally, a third set of simulation, whose results are shown in Figure 9, is carried out to
illustrate the models behaviour when the tyres are subjected to a sinusoidal forcing term
modelled as o (s) = ¢[0.9 + 0.1 sin(ws)]. For both excitation frequencies, v = 10w and
507, the slip amplitudes are limited to 0 = 0y = 0.12. Generally speaking, there is again
a very encouraging match between the two-regime tyre transient and the full-nonlinear
one, whilst the discrepancy with the semi-nonlinear single contact point is due to the
approximation of constant relaxation length.

5.2. Comparison with experimental data

In this paper, the transient response of the tyre predicted using the two-regime model was
partially validated against a series of consecutive deceleration manoeuvres. To the purpose
of experimental validation, two different braking tests were considered in turn: Test 1 was
characterised by a sequence of relatively small, continuously time-varying slips inputs (up
to |ox| = 0.3), whilst Test 2 was aimed at stressing the tyre up to the saturated region of
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Figure 8. Comparison between the two-regime tyre model (solid line), the semi-nonlinear (dashed line)
and the full-nonlinear single point contact model (dash-dotted line) for different longitudinal and lateral
slip inputs oy and oy, respectively. It may be noticed a better agreement between the first two models
for low values of the slip force, where the approximation of constant relaxation length holds for both
formulations. Conversely, as the value of the force increases, the two-regime tyre model exhibits a similar
behaviour to the full-nonlinear single contact point one. The black dashed line represent the steady-
state values for the longitudinal and tangential forces. (a) Slip inputs: oy = oy = 0.12. (b) Slip inputs:
oy = 0.085, 0y = 0.14. (c) Slip inputs: oy = 0.14, o, = 0.085.
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Figure 9. Comparison between the two-regime tyre model (solid line), the semi-nonlinear (dashed line)
and the full-nonlinear single point contact model (dash-dotted line) for different excitation frequencies
w. It may be noticed that both the two-regime and the full-nonlinear single contact point models succeed
in following the oscillatory trend of the input, whilst the lateral tyre characteristic predicted by the semi-
nonlinear model seem to be almost unaffected by the harmonic component of the forcing term. (a) Slip
amplitude: 6y = 6, = 0.12; excitation frequency w = 10 m~". (b) Slip amplitude: 5, = oy =0.12;

excitation frequency @ = 507 m~'.

the slip curve. Both tests involved the VTI friction test vehicle BV12 shown in Figure 10: a
specially equipped truck with a test wheel suspension for passenger car wheels (in the fol-
lowing example, the wheel mounted a 4 D1 Continental/Ice Contact 2 tyre, with a nominal

radius of 0.36 m).
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Figure 10. The VTl friction test vehicle BV12.

Some peculiar features of the BV12 are as follows. The test wheel can be forced to rotate
at the constant slip that produces maximum braking performance by means of a cardan
shaft connected to a gearbox with continuously variable slip. The wheel can also be locked
by means of a disk brake after being decoupled from the gearbox. The braking force is
calculated from wheel torque, which is measured by a transducer on the cardan shaft to the
wheel. The wheel load is obtained by means of dead weights acting on a spring/damper.
Furthermore, wheel rotational velocity and travelled distance are measured. From these
values, the longitudinal slip o, and rolling radius can be easily calculated.

Data collected during Test 1 were specifically employed to parametrise the transient
longitudinal model according to the two-regime formulation of Equation (41) (again with
6 (-) in Equation (31) modified as 6 (-;€)), whilst Test 2 was mainly used for valida-
tion. In this regard, it is worth emphasising that, due to the intrinsic nature of the tests
considered in the paper, only the pure longitudinal transient behaviour of the tyre could
be validated. Moreover, since the longitudinal dynamics was considered in isolation and
the influence of the lateral slip was systematically disregarded, the transient critical slip
o, was fairly assumed to be coincident with the corresponding steady-state value, i.e.
oy =0

For both tests, large variation in the normal force acting on the tyre could also be
observed during the braking phases. To cope with this aspect, the explicit dependence
upon the vertical load acting on the tyre was also taken into account in the parametri-
sation and validation processes. In particular, a simple linear model for the slip stiffness
Co as a function of F, was assumed in this paper of the type C, = C, F,. Starting from
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the relationship C, = 4a®bk, the contact patch semilength was derived to be dependent
upon F, as a = av/ C,F,, with a=1/ /4bk. For the sake of simplicity, the semiwidth
b was instead assumed to be constant over time. According to the brush theory, the
critical slip value was also modelled explicitly as a function of the friction coeflicient
w as 0 = 3uF,/Cy = 3u/C,. Therefore, defining the longitudinal friction as juy =
Fy/F; and [1,(-) = ﬁx(-) /Fz, it was possible to restate the longitudinal component of
Equation (30) as
A - - ox| 1 /(- oy 2 _ _
mx = ix(0x) = Cyox |:1 —Co——+ = <C0§> ] , ox € (=3u/Cs,31/Cs). (54)

Owing to these premises, the tyre model was parameterised in a two-step process:
first, initial values for the structural parameter C, and the friction coefficient @ in
Equation (54) were estimated employing an iterative procedure based on the least-square

Table 2. Tyre parameters optimised from experimental data.

Parameter Description Unit Value
C, Normalised slip stiffness - 7.6
" Friction coefficient - 0.48
C, Lateral stiffness of the carcass Nm™! 861-10°
a Contact patch parameter mN—1/2 0.0003
0 T T T T T T T T T
Measured
Model |
—0.1} |
D
~ —0.2+ —
I
3
i
8
§ —-0.3 - .
H
=
A=
< —04+ —
=]
=
o0
=
Q
— —0.5 —
—0.6 —
Il Il Il Il Il Il Il Il Il

-0.18 -0.16 -0.14 -0.12 -0.1 —-0.08 —0.06 —-0.04 —-0.02 0
Longitudinal slip o, (-)

Figure 11. Tyre-slip curve fitted from experimental data. Parameter values: C, = 7.6, u = 0.48.
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fitting technique. Specifically, these quantities were optimised restricting the attention
to the nonlinear region of the tyre-slip curve in the range oy € (—0“,—0/3] =
(—=341/Cy, —1t/Cy ], where the transient dynamics of the tyre was expected to play a minor
role due to the fast excitation caused by large longitudinal slips (slip was defined with
negative sign for braking). Since C, and 1 were also unknown, the procedure was iter-
ated multiple times until convergence to ensure that only the desired points were included
when optimising both parameters. At each iteration, the previous estimate for o was used
to select the appropriate samples. The normalised slip stiffness was constrained between
0 < C, < 10, whilst lower and upper bounds for the friction coefficient were specified as
0 < p < 0.6. The upper limit on ¢ was motivated by the fact that the maximum observed
ratio p, between the longitudinal tyre force and the normal load was around 0.62 (as
already pointed out, in the brush model the peak force equals ©F;, and therefore the maxi-
mum value for 1, in Equation (30) is ttpeak = ). For both quantities, the optimised values
are reported in Table 2, whereas a comparison between the measured data points and the
predicted steady-state behaviour of the tyre is shown graphically in Figure 11.

1000 T 0.2
Measured
2 0 Steady-state fu () P
— Two-regime -
K T ¢
-~ -0.2
g —1000 W\N &
3 @
= 4-04 3
= =]
£ —2000 |- £
E {06 2
= &b
& 3000 - g
3 4-08 R
._
—4000 +
| | | | | | 1
0 20 40 60 80 100 120
Travelled distance s (m)
(a)
1000 T 0.2
Measured
2 0 Steady-state | () —
— Two-regime -~
b 402 %
S —1000 |- )
3 ®
= - —-04 E
2 —2000 |- =
| 4-06 =
b=l 13
23000 g
Q -~ —-08 =
._
—4000 |- =

1
0 20 40 60 80 100 120
Travelled distance s (m)

(b)

Figure 12. Transient longitudinal response of the tyre to a time-varying slip input oy (red line) predicted
according to the two-regime model (blue line) and the steady-state Equation (54) (cyan line). The com-
parison is performed against the measured tyre force (grey line). (a) Transient longitudinal tyre response
during Test 1. (b) Transient longitudinal tyre response during Test 2.
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In a second step, the optimal values for the tyre carcass stiffness C), and the quantity
a were found by minimising the error between the transient simulation results and the
measured tyre data, using the travelled distance s as independent variable. In this process,
the dynamic model described by Equation (41) was implemented by saturating the output
F,(s), which was always constrained below the friction limit F,(s). The dynamical sys-
tem was then re-initialised to the measured longitudinal force every time that the latter fell
below the estimated peak force. Again, the values extracted from the optimisation routine
are listed in Table 2. A comparison between the transient behaviour predicted by the two-
regime model (blue line), the steady-state Equation (54) (cyan line) and the experimental
data (grey line) is shown in Figure 12 for both Test 1 and Test 2. Obviously, the match is far
from being perfect due to the simplistic nature of the brush model, but a good qualitative
agreement towards the measured tyre force may be observed overall, thus corroborating
the potential of the proposed formulation. It should be noticed that the steady-state model
for the longitudinal tyre force given by Equation (54) yields very similar results to the tran-
sient one, especially during severe braking phases, whereas larger discrepancies may be
observed for relatively low values of the slip (in magnitude), where the slower dynamics of
the two-regime formulation better matches the experimental results. The calculated root
mean square errors (RMS) for the steady-state and transient models were 368.14 and 356.40
for Test 1 and 329.57 and 329.48 for Test 2, respectively.

6. Conclusion

In this paper, the two-regime theory recently introduced by Romano et al. [5] has been
refined. First, a complete set of relationships — renamed sliding functions — existing between
the slip variables and the tyre forces and moment at low rolling speeds has been derived.
The notion of slip functions has also been introduced to formalise mathematically the
corresponding steady-state relationships.

Second, a class of nonlinear dynamic models for combined translational slips has been
developed that allows to describe the transient generation of tyre forces in a relatively sim-
ple way. The model generalises further the one presented in [5] and allows to circumvent
the need to solve the complicated PDEs governing the tyre dynamics.

A formal analysis has been then conducted in Section 4 by resorting to the well-
established theory for nonlinear systems. The investigation has been restricted to the case
in which the steady-state tyre forces and the translational slips have the same direction.
In this context, an estimate o, on the supremum of the transient slip that always ensures
partial adhesion in the contact patch has been provided. Indeed, any value o < o, implies
automatically that the tyre forces never exploit the maximum friction available. The tyre
carcass anisotropy plays a pivotal role in the determination of the parameter o, through
the relaxation ratio ;. This is defined mathematically as the ratio between the smallest
and largest eigenvalues of the enhanced stiffness matrix. For a tyre with a diagonal matrix
for the carcass stiffnesses, this also coincides with the ratio between the minimum and
maximum enhanced relaxation lengths. In transient conditions, low values of x; corre-
spond to smaller admissible slip inputs o, compared to the critical slip value o' that
guarantees adhesion in steady-state conditions. This result may be exploited for control
or optimisation purposes.

Then the focus has been shifted towards the physical properties of the new model. It
has been demonstrated that the dynamical system used to describe the transient forces
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dissipates power at the tyre-road interface. As a consequence, the frictional power gener-
ated due to finite slip is not stored completely in the elastic carcass.

Finally, in Section 5 the validation of the two-regime model introduced in this paper has
been addressed. Specifically, in Section 5.1, the complete two-regime model for combined
slip has been compared against the semi-nonlinear and the full-nonlinear single contact
point models, and partially against Guiggiani’s nonlinear full contact patch. The agree-
ment between the first two formulations is especially good at a low value of the slip inputs,
where the approximation of constant relaxation lengths holds fairly; as the slips increase,
the two-regime transient model matches the full-nonlinear one. On the other hand, it has
been also demonstrated that the two-regime model exhibits a better agreement to Guig-
giani’s complete model compared to the single contact points. The two-regime tyre models
and the single contact point represent an approximation of the pure brush and the brush-
string models, respectively. In the former, the tyre carcass is modelled using a linear spring,
whilst the latter is based on a distributed description whose governing differential equa-
tions are the ones of a stretched string. Simulation results seem to suggest that the specific
constitutive relationship chosen to model the carcass extensibility does not play a funda-
mental role for accurate prediction of the transient generation of forces and moment, since
the two models behave very similarly. Additionally, the transient longitudinal dynamics of
the tyre according to the two-regime formulation has been validated in isolation against
experimental data in Section 5.2. In spite of the simplistic nature of the brush models, the
behaviour predicted using the two-regime theory appears to agree qualitatively with the
measured quantities, confirming the potential of the approach outlined in the paper.

Compared to the single contact point models, the two-regime model is simpler to imple-
ment and is more general from a theoretical viewpoint, since it considers the transient
due to the bristle deflection. However, a closed-form expression for the two-regime for-
mulation has only been possible to derive for the case of isotropic tread, whilst the single
contact point models can use the transient slip as input to any tyre equation. The possi-
bility of extending the two-regime theory to account for the tyre tread anisotropy must be
therefore explored in future studies.

Forces and moments  Unit Description

F; N Planar force vector

Fy N Initial conditions for the planar force vector

Fy, F, N Longitudinal and lateral tyre forces

Fxo, Fyo N Initial conditions for the longitudinal and lateral tyre
forces

F, N Vertical force

M, Nm Self-aligning moment

q; Nm~2  Tangential shear stress vector

qt Nm~2 Total tangential shear stress

dx> Gy Nm~2 Longitudinal and lateral shear stress

qz Nm~—2  Vertical pressure

Displacements Unit Description

us m Displacement vector of the bristle
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Uy, Uy
U0

Ux0> Uy
N

X

Xy

o
5>,

Speeds
Vi

147

Vi Vy

Vs

Vsx> Vsy

Slip
Parameters
o

o

Ox, Oy
cr

Q

Oy
/

_Q

/
)Uy

8 Q.9

Rotation matrices
and tensors
Ay

Geometric
parameters

a,b

)\xa,p )Vyay
i\xay ):yax
):xax) ahyay
)\yaxa )\xay

8 B

BSEBB88

Unit

Longitudinal and lateral displacement of the bristle

Initial tangential displacement vector of the bristle
(10

Initial longitudinal and lateral displacement (IC)

Travelled distance

Coordinate vector

Longitudinal and lateral coordinates

Tyre carcass tangential displacement vector

Tyre carcass longitudinal and lateral displacements

Description
Rolling speed
Tangential velocity field
Longitudinal and lateral components of the velocity
field
Micro-sliding velocity
Longitudinal and lateral micro-sliding speeds

Description

Translational slip vector

Total translational slip

Longitudinal and lateral slip

Global critical slip

Transient critical slip

Transient slip vector

Total transient slip

Transient longitudinal and lateral slip

Rotational slip or spin parameter

Description

Spin tensor

Description

Contact patch semilength and semiwidth

Contact patch parameter

Rolling radius

Matrix of relaxation lengths

Matrix of generalised relaxation lengths

Matrix of enhanced relaxation lengths
Longitudinal and lateral relaxation length

Cross relaxation lengths

Generalised longitudinal and lateral relaxation length
Generalised cross relaxation lengths

Enhanced longitudinal and lateral relaxation length

Maximum and minimum enhanced relaxation length
Relaxation ratio



Stiffnesses

and compliances

K¢
kan k)’)’
kxys kyx

oNele!
Qsa’q

O

X0y Cyoy

O

XOy> Cyay
/ /
Cxax’ Cyay
Gx(r}p Gyox
Cxa},, Cyox
/ /
Cx(ry’ Cyox
Co
Co

/
Cmax
C/

A /
Cicx, C%,y
CX)/’ ny
S/

/ /

Sxx’ S}/}/

/ /

Sxy’ Syx
Friction
parameters

"

M peak

Mx

Functions
and operators

=C

min

Unit

Unit
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Description

Matrix of the bristle tangential stiffnesses
Longitudinal and lateral stiffness of the tread bristle
Cross stiffnesses of the tread bristle

Matrix of slip stiffnesses

Matrix of generalised slip stiffnesses

Enhanced matrix of slip stiffnesses

Longitudinal and lateral slip stiffnesses

Generalised longitudinal and lateral slip stiffnesses
Enhanced longitudinal and lateral slip stiffnesses
Cross slip stiffnesses

Generalised cross slip stiffnesses
Enhanced longitudinal and lateral cross slip stiffnesses

Slip stiffness

Normalised slip stiffness

Maximum and minimum enhanced stiffness
Matrix of tyre carcass stiffnesses

Longitudinal and lateral stiffness of the tyre carcass

Cross stiffnesses of the tyre carcass

Matrix of tyre carcass compliances
Longitudinal and lateral compliance of the tyre carcass

Cross compliances of the tyre carcass

Description

Friction coefficient
Peak friction coefficient
Normalised longitudinal force

Description

Tangential gradient

Sliding functions

Slip functions

Modified slip functions
Description

Friction circle

Interior of the friction circle
Relaxation circle

Interior of the relaxation circle
Relaxation ellipse

Interior of the relaxation ellipse
Contact patch

Interior of &

Boundary of &

Leading edge
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A m  Neutral edge

T m  Trailing edge

Rso - Set of positive real numbers (including 0)

R.y - Set of strictly positive real numbers (excluding 0)

Notes

1. For example, Pacejka’s Magic Formula.

2. For a definition of input-to-state stability, the reader is referred to Khalil [45] (Chapter 4).

3. For a mathematical definition of passivity, the reader is again redirected to Khalil [45, Chapter
6].

4. For example, using Euler’s forward scheme.
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Appendices
Derivation of the sliding functions

The derivation of the sliding functions appearing in Equation (24) may be worked out similarly
as in Romano et al. [5]. Substituting Equation (1) into Equation (18a), assuming vanishing sliding
and disregarding the partial derivative with respect to the longitudinal coordinate yields, after some

manipulations,
AgKe KldSz|[o] L [I+AxKS 0][F; (A1)
Iy I, ) Vi I8 1| M|
where
Ap 2 / / dx, (A2a)
@
Sz = / xdx (A2b)
P
o =[loe I | 2 [ kpux —kuyde [ kypx — kyy ], (A2c)
L2 f /3;, Ky — (ksy + ky)xy + kwy? dx, (A2d)

and the matrix I reading

~A |0 -—1
1:[1 0]. (A3)

Solving Equation (A1) for the theoretical slip and spin variables yields
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~ 1 .. - ’ /
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where the matrix of generalised compliances is defined as

- —1
St Su|a|AsKe KiS»| [I+A42KS 0 (45)
S\ S I, I, I, S 1]

Proof of Theorem 4.1

The proof of Theorem 4.1 is given here.

Proof: The result follows from an application of Theorem 4.19 ([45, Chapter 4]). For the problem
under consideration, the Lyapunov function may be defined as V (Fs(t)) = %th(t). The above func-
tion satisfies the first assumption of Theorem 4.19 with o) (Ff) = a2 (F¢) = V(F¢), which implies
p(-) = y(-). Taking the derivative yields

V (Fe(t) = =Vi(t)CG e (Fe(t)s€) - Fr(t) + Vi()Cya (1) - Fy(1). (A6)

Since V(F¢(t)) is radially unbounded and V(Fe(d)) is negative definite for & = 0, it may be eas-
ily concluded that the origin is asymptotically stable. Recalling that 6 (Fg; €) = 6 (Fe)Ft/(Ft + €),
Equation (A6) yields

C, Fy(t) - Fe(t)

V (Fi (1)) = —Vi(t)6 (Fr(1)) + Vi()Cua (1) - Fy(t)

Ft(t) +€
. C, Fi(1) - F(1) /
< —Vi(t)& (Fs(1)) TR te + Ve(®) ”Vga(t) - Fe(1) ”2
< =Vi(Ohmin (Cy) 8¢ (Fe(t)s€) Fr(H) + Ve (Do () |V, Fr (D,
=< _Vr(t))tmin (C:;) &e (Ft(t)§ ‘5) Ft(t) + Vr(t))\max (C;‘) U(t)Ft(t)

= —W (Fe(1),t) = Ve(O) ¥ Amin (Cyy) Ge (Fe(0); €) Fe(t) + V() Amax (Cy ) o (DFe(D),
(A7)

where W(F(1),1) £ V() (1 — Y)Amin (C,)Ge (Fe(t); €)Fe(2) is positive definite for some positive
constant Y € (0, 1). Therefore, any value of F;(t) such that
N o ()

Oc (Ft(t);€) = —— (A8)
« (Fiie) VX

ensures that V(F(t)) is negative definite. Reversing the inequality, it may be deduced that if

R 1
sup o (£) < 0x:6e (UpeakFzs €) = ¥ xu0P" £y, (A9)

t>to 1+e (Npeasz)
then Fy(t) < ppearF, forall t > f.
Furthermore, since 6 : [0, fpeakFz) —> [0,0, /(¥ 1)) is a K-class function in (0, fipearFz) by
Assumption 3.2, its inverse o, I(se) may be computed in (0, f4peakF)- The function

0, GZO:

. A
V(G’f) - 0671 <ﬁ;e) , O € (O)GX) > (AIO)

is continuous in [0, 0y ), since 6¢(0;€) = 0 and limp,—, ;. F, Gc (F; €) = 0y /(¥ x2). Additionally,
it is strictly increasing. Therefore, it may be concluded that y € K. Then, it may be observed that,
when o = 0, Fy = 0 satisfies automatically the inequality, since it is 0¢(0;€) = 0 = y(0; ¢). On the
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other hand, for o € (0, 0,) it holds that
Fr=6."06c(Frie) = 5. (i;e> 2 y(ose). (AL1)
v X,
Therefore, it may be inferred that the system (41) is input-to-state-stable with y (-; €) defined as in

Equation (A10). It remains to prove that y (o;€) — Ft_1 (o/(¥x)) ase — 0T. Theresult foro = 0
is trivial. In any other case:

lim y(o;¢) = lim 6! <L'e> =61 (L> =F (L> (A12)
E*)O*’y ’ - e—>07t € ¢9X)L, - WXA -t 1,0)()\ '
|
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