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1. Introduction

Starting with papers by Pardon and Stern, [29,30], in the early 90s, a lot of research
on the d-equation on a reduced singular space X has been conducted during the last
decades, e.g., [14,20,28,31,26,22,23,8,12] and many others. In most of them estimates
for solutions are discussed. There are also works, e.g., [1], on estimates of holomorphic
extensions from a singular subvariety. Given a local embedding of a reduced X into a
smooth manifold I/, a pointwise norm of functions and forms on X is inherited from a
Hermitian norm on . Any two such local norms are equivalent, and thus one gets a
global pointwise norm that is unique, up equivalence, on any compact subset of X.
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Only quite recently there has been some work about analysis on non-reduced spaces.
The celebrated Ohsawa-Takegoshi theorem, [27], has been generalized to encompass ex-
tensions of holomorphic functions defined on non-reduced subvarieties X defined by
certain multiplier ideal sheaves of a manifold Y, see, e.g., [17,19]. In this case the L?-
norm of a function (or form) ¢ on the subvariety is defined as a limit of L?-norms of
an arbitrary extension of ¢ over small neighborhoods of X in Y. A pointwise, but not
canonical, norm of holomorphic functions on a non-reduced X is used by Sznajdman in
[33], where he proved an analytically formulated Briangon-Skoda-Huneke type theorem
on a non-reduced X of pure dimension.

In this paper we introduce, given a non-reduced space X of pure dimension n, a point-
wise Hermitian norm |- |x on Ox such that |¢|% is a smooth function on the underlying
reduced space Z for any holomorphic ¢. The norm is canonical (up to local equivalence)
on the regular part of Z, whereas the extension across Zs;,, possibly depends on some
choices. The norm extends to smooth (0, ¢)-forms on X.

Given any point x € X there is a local embedding i: X — U C CV, where Y ¢ CV
is an open subset and x € X NU. This means that we have an ordinary local embedding
t: Z — U and a coherent ideal sheaf 7 in U with zero set Z NU such that the structure
sheaf Oy, the sheaf of holomorphic functions on X, is isomorphic to Oy /J. Thus we
have a natural surjective mapping i*: Oy — Ox with kernel 7.

Recall that a holomorphic differential operator L in U/ is Noetherian with respect to
J if L& =0 on Z for all ® in J. It is well-known that locally one can find a finite set
Ly, ..., Ly, of Noetherian operators such that L;® = 0 on Z if and only if ® is in J. The
analogous statement for a polynomial ideal is a keystone in the celebrated Fundamental
principle due to Ehrenpreis and Palamodov, see, e.g., [15,24]. Each Noetherian operator
with respect to J defines an intrinsic mapping £: Ox — Oz by

L(*®) = " L. (1.1)

We say that L is a Noetherian operator on X . It follows that locally there are Noetherian
operators Ly, ..., L,, on X such that

Lip=0in Oz, j=1,...,m, ifandonly if ¢ =0in Ox. (1.2)

Given L; as in (1.2), following [33] let us consider

m

6(=)1> = |1L50(2) 1% (1.3)

0

Clearly |¢| = 0 in an open set if and only if ¢ = 0 there so (1.3) is a Hermitian norm.
However, it depends on the choice of £;. For instance, (1.2) still holds if £; are multiplied
by any h in Oz that is generically non-vanishing on Z. The set of all Noetherian operators
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on X is a (left) Oz-module,” but it is not locally finitely generated since any derivation
along Z is Noetherian. We will define our norm from a suitable subsheaf. The construction
relies on the close connection between Noetherian operators and so-called Coleff-Herrera
currents established by J-E Bjork, [16].

Assume for the moment that Z is smooth and that we have a local embedding i: X —
U. Let Hom o, (O /T ,CH%) be the Oy-module of Coleff-Herrera currents in ¢ that are
annihilated by J. This sheaf, introduced by J-E Bjork, [16], consists of all d-closed
(N, N — n)-currents in U, with support on Z N, such that hy = 0 for all holomorphic
h that vanish on Z, and® ®u = 0 for ® in 7.

Proposition 1.1. Let m: U — Z NU be a submersion and let w, be a non-vanishing
holomorphic n-form on Z NU. Each p in Hom o, (Oy/T,CH%) induces a Noetherian
operator L: Ox — Oz by

Low, = m(Pp). (1.4)

The set of L so obtained is a coherent Oz-module Nx . on Z NU, and any set of local
generators satisfies (1.2).

Clearly Nx » is independent of the choice of w,. After shrinking i, if needed, we can
assume that Ny . is finitely generated in ¢. A finite set of generators, cf. (1.3), therefore
gives a pointwise norm |- [x» in U. If | - 'y | is obtained in this way from another finite
set of generators, then |- |’y is equivalent to |- [x  on (compact subsets of) U, which
we write as |- |y . ~ [ [xx-

Definition 1.2. Let N'x be the Oz-module generated by all local Noetherian operators
L on X obtained from local embeddings and submersions as in (1.4).

Theorem 1.3. Let X be a reduced space of pure dimension such that its underlying re-
duced space Z is smooth. Then Nx is a coherent Oz-module on Z, and any set of local
generators of Nx satisfies (1.2).

Any finite set of local generators, cf. (1.3), gives rise to a local pointwise Hermitian
norm. Moreover, any two norms obtained in this way are locally equivalent. It turns
out, see Proposition 4.3, that if &/ is small enough, then Ny is generated in Z NU by
the sheaves Ny . for a suitable finite set of submersions 7‘: &/ — Z NU. Thus |- |x is
equivalent in X N to the finite sum of the norms |¢|x .¢. Patching together we get a
global pointwise Hermitian norm |- |x on X.

2 In this paper ‘Oz-module’ means ‘sheaf of Oz-modules’.
3 If Z has singular points an additional regularity assumption is required, see Section 2.1 below.
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To describe the norm | - |x more concretely, assume that we have a local embedding
i:U — Q C CVN and coordinates (z,w) = (21,. .., 2n, w1, ..., w,) in U, where Kk = N —n,
such that Z = {w = 0}. By the Nullstellensatz,

7= (w}h w7 (1.5)
if M; are large enough natural numbers. For multiindices m = (my,...,my) € N*, let
m|=mq +---+m,. If M = (M,...,M,), then m < M means that m; < M, for j =
1,...,5 We will use the short-hand notation 9I™!/9w™ = (9™ Jow™) - -- (9™ [OwT),
and define 0!8 /02# similarly for 8 = (B1, ..., Bn).

Theorem 1.4. With the notation above, if U is small enough and (1.5) holds, then there

is a finite set of holomorphic functions a1, ...,a, in U such that the operators
alm\+|ﬁ|(¢,aj) )
¢’—>£m7ﬁ7j¢lz W(,O), mSM, \ﬂ|§|M\—|m|, .]:1,...,1/7 (16)

are Noetherian on X NU and generate the Oz-module Nx on Z NU.

The precise requirement of the functions a; is that they generate the coherent Oy-
module (Z : J)/Z, see Remark 4.1. An immediate consequence of the theorem is that

2

v I8 (.
EL S D DI DI [aatictal o) (1)

J=1 m<M |B|<|M|~|m|

in Y. Tt follows from (1.7) that

l€o|x < Clo|x,

locally in U where C only depends on £ € Ox. Notice that if in addition ¢ is invertible
in Ox, then |¢|x ~ [£¢]x since [¢|x = [ E]x < Cl¢d|x.

We say that a point z € X is regular if Z is smooth at x and in addition O is Cohen-
Macaulay. The set of regular points is a Zariski-open dense subset of Z. In a neighborhood
of a regular point we can represent Ox as a free Oz-module (in a non-canonical way):
Let i: X — U be a local embedding at x and assume that we have local coordinates
(z,w) in U such that Z = {w = 0}. To each multiindex a; = (ay1,...,qix) € N* we

associate the monomial w® := w{ - - w%~. After possibly shrinking U there is a (not
unique) set of monomials 1,w* ..., w* ~* such that each ¢ in Ox in U has a unique
representative

Bz, w) = Po(2) @1+ d1(2) @ W™ + -+ + 1 (2) @ W1, (1.8)

in Oy, where ¢; are in O. Let m: U — Z NU be the submersion (z,w) — z.
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Theorem 1.5. Assume that x € X is a reqular point, and let i: X — U be a local embed-
ding at x as above. Then

1/2

(I@0()* + -+ +1dr-1(2)) (1.9)

is a pointwise norm in X NU that is equivalent to |¢(z)|x.~ in ZNU.

It follows that (1.9) only depends, up to equivalence, on the submersion 7. Moreover,
the sum of the norms (1.9) obtained from a suitable finite set of submersions Y — ZNU
is equivalent to || x.

In Section 7 we consider an arbitrary pure-dimensional singular space X and prove
that at each point x on the singular locus Zs;,4 there is a local embedding i: X — U
such that Ny, a priori defined on (Z\ Zging) NU, admits a coherent extension to Z NU.
Patching together we get a global pointwise Hermitian norm on X.

Definitions of the sheaf of smooth (0, ¢)-forms gg(,q on a non-reduced X and of an
associated d-operator were recently given in [7]. In Section 8 we point out that the
Noetherian operators in Nx extend to mappings Eggq — S%q. In this way we get an
extension of the norm |- |x to smooth (0, ¢)-forms. Thus one, e.g., can discuss norm
estimates for possible solutions to the d-equation on X, but this question is not pursued
in this paper. In the recent paper [6] we find LP-estimates of extensions of holomorphic
functions ¢ defined on a non-reduced subvariety X of a strictly pseudoconvex domain
D, given that certain LP-norms of |¢|x over Z N D are finite. This generalizes results in
[2,18], see also [1], in the case when X is reduced. In this paper we prove the following.

Theorem 1.6. Assume that ¢; is a sequence of holomorphic functions on X that is a
Cauchy sequence on each compact subset with respect to the uniform norm induced by
| - |x. Then there is a holomorphic function ¢ on X such that ¢; — ¢ uniformly on
compact subsets of X.

This statement is well-known but non-trivial in the reduced case, see, e.g., [24, The-
orem 7.4.9].

The plan of the paper is as follows. In Section 2 we recall the definition of Coleff-
Herrera currents as well as some basic facts. Proposition 1.1 and Theorems 1.3 and 1.4
are proved in Sections 3 and 4. Theorem 1.5 is proved in Section 5. Section 6 is devoted
to a non-trivial example where the Ny and the norm |- |x are computed explicitly. The
content of Sections 7 and 8 is already mentioned.

The proof of Theorem 1.6 relies on some further residue theory that we recall in
Sections 9 and 10. In the latter one we also provide a proof of Theorem 1.6 in case Z
is smooth. For the general case we need a kind of resolution of X that is described in
Section 11, and in Section 12 the proof of Theorem 1.6 is concluded.
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2. Some preliminaries

In this section we have collected a few definitions and results that will be used.
2.1. Coleff-Herrera currents

Assume that j: Z — U C CV is an embedding of a reduced variety Z of pure
dimension n. A germ of a current p in Y of bidegree (N, N — n) is a Coleff-Herrera
current with support on Z, u € CHﬁ, if it is O-closed, is annihilated by J, (i.e., hy = 0
for h in Jz) and in addition has the standard extension property (SEP). The latter
condition can be expressed in the following way: Let x be any smooth function on the
real axis that is 0 close to the origin and 1 in a neighborhood of co. Then i has the SEP
if for any holomorphic function h (or tuple h of holomorphic functions) whose zero set
Z(h) has positive codimension on Z, x(|h|/€)p — 1 when € — 0. The intuitive meaning
is that p does not carry any mass on the set Z N Z(h). See, e.g., [3, Section 5] for a
discussion.

Example 2.1 (Coleff-Herrera product). If fi,..., fn—pn are holomorphic functions in U
with common zero set Z, then the Coleff-Herrera product

1 -1 1
OF =05 NN (2.1)

can be defined in various ways by suitable limit processes. Its annihilator is precisely the
ideal (sheaf) J(f) = (fi,..., fn_n). If A is a holomorphic N-form, then AAD(1/f) is a
Coleff-Herrera current. 0O

Proposition 2.2. If f; are as in Example 2.1, u is in C’Hg and J(f)u =0, then there is
(locally) a holomorphic N-form A such that

1

= AND
a f

(2.2)

The statements in Example 2.1 are due to Coleff and Herrera, Dickenstein and Sessa,
and Passare in the ’80s, whereas Proposition 2.2 is due to Bjork, [16]. Proofs and further
discussions and references can be found in [16] and [3, Sections 3 and 4].
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2.2. Embeddings of a non-reduced space

Let i: X — U C CY be a local embedding of a non-reduced space of pure dimension
n and consider the sheaf Hom o, (O /T ,CHE), i.e., the sheaf of currents u in CH7 such
that Jpu = 0. It is indeed a sheaf over Ox = O/ J; for the rest of this paper we will
omit the lower index and write just Hom (O /J,CH7). The duality principle,

® € J if and only if ®p = 0 for all € Hom (Oy/T,CHE), (2.3)

is known since long ago, see, e.g., [5, (1.6)].

Given a point z on X there is a minimal number N such that there is a local embedding
X U cC éV at x. Such a minimal embedding is unique up to biholomorphisms.
Moreover, any embedding i: X — U C C¥ factorizes so that, in a neighborhood of x,

XSudu=u xu ccl xc¥N=c¥, i=jod, (2.4)

w’’

where 7’ is minimal, &4” is an open subset of (Cg,/_N, 7(¢) = (¢,0), and the ideal in U is

J=J &1+ wWY,...,wl), where Ox ~ Oy /J'. It follows from [7, Lemma 4] that the
mapping

Gu: Hom (Oyr ) T',CHE)) — Hom (O ) T ,CHE) (2.5)

is an Ox-linear isomorphism. It is naturally expressed as p/ — p = p/ @ [w” = 0], where
[w” = 0] denotes the current of integration over {w” = 0}.

Remark 2.3. The equivalence classes in (2.5) can be considered as elements of an intrin-
sic Ox-module w% of d-closed (n,0)-form on X, introduced in [7], so that i, : wh —
Hom (O /T ,CHE) is an isomorphism. In case X is reduced, w? is the classical Barlet
sheaf, [13], consisting of d-closed meromorphic n-forms. 0O

If Z is smooth, m: U — Z is a (holomorphic) submersion, and p is in Hom (Oy /T,
CHE), then m,p is a holomorphic n-form on Z.

Lemma 2.4. With the notation above, there is a submersion n': U' — Z such that why' =
T fd-

Proof. Let (z,w’) be coordinates in U’ such that Z = {w’ = 0}. Then the fiber of ™ over
z € Z must be of the form (w',w”) — (z + b'w' + b"w"”  w',w"), where

bw' = (z,w,w)w = b (z,w', w'")w;
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m

b — b”(z, na w//)w// _ 2 :b}'(z, W', w//)w;/’
Jj=1

and b} and b are holomorphic. Now, since p = p' ® [w” = 0],
Tep(z) = / pu(z + 0w +v"w” W' w"”) = /,u’(z + 0 | —ow’, w').

This is precisely 7, ' (2), where 7’ is the submersion with fiber w’ — (z+b/(z, ', 0)w’, w’)
over z. O

2.8. Local representation of certain currents

Consider an open set Y C C7 x C&, let Z = C? x {0}, and let 7: U — Z NU be the
submersion (z,w) — z. We use the short-hand notation

dz=dz1N...Ndz,, dw=dwiA... \dw,, (2.6)
and
= dw = d’U.)l = dwg = dwﬁ
T = 8w{”1+1 w1 ..Aa—w?ﬁl, (2.7)
if m = (mq,...,my) € N* is a multiindex. It is well-known, and follows immediately

from the one-variable case, that if £;(z,w)dz; is a smooth (0, k)-form in U, then

_ Im|
1 dw ): L9 €5(2,0) dzsAdz. (2.8)

X ,W)dZj——=—0——=Nd —
m (5‘](2 w)dz; (2mi)k  wmtl : m! Quw™

If 7 is any (N, N —n + k)-current in I with support on Z that is annihilated by all
w; and dwp, then it has the unique representation (as a locally finite sum)

1 - dw
where 7, are (0, k)-currents on Z N and
TyAdz = T, (W) (2.10)

on ZNU, cf. [7, (2.11)]. Clearly o7 = 0 if and only if 97, = 0 for all . In particular, 7
is a Coleff-Herrera current if and only if all 7, are holomorphic functions.
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3. The sheaf N'x in a special case

Let ¢: Z — U C C™* be a smooth submanifold of dimension n, let wy,...,w, be
functions in U that generate Jz, and let M € N” be a multiindex. In this section we
prove Proposition 1.1 and Theorems 1.3 and 1.4 for the space i: X' — U C C"* with
structure sheaf Ox, = Oy /Z, where

7= (wiwﬁl,... M"'+1>.

Proof of Proposition 1.1 for X’. Assume that 7: i — Z is a submersion. In a neighbor-
hood V of a given point x € Z, there are coordinates (z,w) such that 7 is (z,w) — 2
there. Since the proposition is local it is enough to prove it in V. Given these coordinates,
each function ¢ in Ox- has a unique representation

d= > m(z)uw™, (3.1)

m<M
where ¢,, are in Oz. Using the notation (2.6) and (2.7), let

R 1 - dw
It follows from Proposition 2.2 that each p in Hom (Oy/Z,CH%.) is aji for some holo-
morphic a, i.e., the Oy-module Hom (O /Z,CH% /) is generated by fi. If y = ajfi, then
e (Yp) = me(Wafi) so in view of (2.8) we have

1 9M| lml
L dz = . (Yap) = Mm(wa)(z, 0)dz = Z cm(z)awml/)(z, 0) dz, (3.3)

m<M

where ¢, are functions in Oz. More precisely,
1 (M oM—m
em(2) = il <m> Wa(27 0)

with suitable multiindex notation. It follows that Nx/ . is the Oz-module in Z NV
generated by the Noetherian operators (9!™!/0w™)|y—o for m < M. By the uniqueness
of the representations (3.1) these generators are independent, so Nx/ . is a free Oz-
module in V and hence coherent, and clearly (1.2) holds. O

The next result is a main technical point in this paper.

Proposition 3.1. Assume that (z,w) are coordinates in U. The Oz-module Nx/ is gen-
erated by the Noetherian operators

olmI+18]

owm 9P <M, 1Pl < 1M —m|. 3.4
w928 lw=0’ m < M, |B] <| m (3.4)

cm,ﬁ =
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Noting that |M — m| = |M| — |m/|, Proposition 3.1 is precisely Theorem 1.4 for X".
In view of the unique representations (3.1) one sees that N is a free Oz-module and
therefore coherent. Furthermore, (1.2) holds since it does already for Nx: . Thus also
Theorem 1.3 follows for X’.

Remark 3.2. If M; = 1 for some j then (3.4) means that there are no derivatives with
respect to w;. Then the embedding i: X’ — U is not minimal so one can delete this
variable, cf. Section 2.2. In view of Lemma 2.4 this does not affect the definition of Nx-.
With no loss of generality one can therefore assume that M; > 1 for all j. O

Proof of Proposition 3.1. Let us temporarily denote the Oz-module generated by the
operators L, g in (3.4) by M. Fix a point € Z. Any local submersion 7: U — Z at
2 (thus possibly just defined in a neighborhood V of x) is a trivial projection ({,n) +— ¢
via the local change of coordinates

wk’:nk7k:17"'7’<’a Zj:C]+Zb]ZnZ7.]:177n7 (35)
i=1
where bj;, are holomorphic functions. In fact, if 7(2, w) = (m1(2,w), ..., 7 (2, w)) in the

coordinates (z,w), then 7;(z,0) = z;. Thus 7;(z,w) = z; + O(w), where each O(w)
denotes a function that vanishes on Z, i.e., contains some factor w;, and so we get (3.5)
with 7, = wy, and ¢; = 7;(z,w). We have

0

+

J

9
onr. Owyg

= 0
(bjr + O(w))=—, k=1,...,k. (3.6)
—1 J 3zj

In these new coordinates Z = (n™*1). Tt thus follows from the argument above that this
submersion 7 gives rise to the Noetherian operators

o\ 0 \ 7= o0 \m
—) =(=) (= 3.7
(877) ((“)77,) (8771) (3.7)
for v < M, generating N .. The notation in (3.7) will be used for the rest of this

section. We will also suppress the distinction between a Noetherian operator L in U with
respect to Z and its induced operator £ on X'.

Lemma 3.3. Each operator (0/0n)Y, v < M, belongs to (i.e., induces an element in) M.

Proof. We will proceed by induction over the number of factors k < k involved in (3.7).
Therefore, assume that v = (y1,...,v) < (My,..., M),

’y/ = (’Yla---a’}’kfl) < M’ = (Ml,...,Mkfl)

and let
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() =) )™

Assume also that we have proved that there are holomorphic functions ¢, o, depending
on both z and w, such that

EONNI SIS SR EO NEAS a9

m!' <M’ || <|M/—m/|

If we apply (0/0n,)" to (3.8) a simple computation gives us (3.8) for k instead of k — 1.
By induction therefore (3.8) holds for k£ = x and so the lemma follows. 0O

Proposition 3.4. One can choose a finite number of submersions w¢ at x such that the
corresponding operators (0/0n°)Y for v < M together generate M at .

Taking this proposition for granted, we can conclude the proof of Proposition 3.1.
In fact, Lemma 3.3 means that Ny, » C M for an arbitrary submersion 7 at z. By
definition thus Nxs C M. On the other hand, Proposition 3.4 implies, cf. Remark 3.2,
that M C Nx.. Thus N'x: = M and so Proposition 3.1 is proved. O

The rest of this section is devoted to the proof of Proposition 3.4. It will be apparent
that one can choose the ¢ as arbitrarily small perturbations of any fixed submersion at
x. First notice that if we choose a submersion so that b;;, are constant in the associated
change of variables in (3.5), then

0 0 - 0
— = bix=—, k=1,... k. .
87’]k 8’wk +; 'k (92']’ ) , K (3 9)

We will choose our 7¢ in this way. Then 0/9n;, is independent of wy, for k' # k which
makes it possible to proceed by induction over the codimension x.

Let us first assume that x = 1, i.e., that we have just one variable w. Each point

a® = (af,...,al) € C™ gives rise to a change of coordinates, with b;; = aj, and thus a
submersion 7¢. The associated non-tangential derivative is, cf. (3.9),

+ 3.10

B Z e (3.10)

Recall that

Cpoo= (" 3.11
("t (3.11)

is the number of multiindices @ = (a1, ..., ay) such that |a| < m.
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Lemma 3.5. If we choose C,, generic points a® € C", then for each o with |a| < m there
are unique dg o such that

a m—al .
(5) (5) = %:dz,a(a%) .
Proof. In view of (3.10) we have
()= G i) - 2 ()G G
where

(@)™ = (1) -+ (@)
We claim that the C,, x Cp,-matrix A = (a*)® is invertible if the a are generic. If
n = 1 then A is a Vandermonde matrix, and it is well-known that it is invertible if the
Cpn = m + 1 points a in C are distinct, so the claim follows. For the general case one
can argue as follows: Given z, € C®, consider the polynomial

p(t) = Z Tt

o] <m

in C'. We get the action of the matrix A on z, by evaluating p(t) at the various points
a’. Now A(z,) = 0 means that p(t) vanishes at these C,, generic points, and hence
p(t) must vanish identically. This means that (x,) = 0 and since (z,) is arbitrary, A is
invertible. Now the lemma follows by taking

o — (m) (6%)%. .

Proof of Proposition 3.4. For k¥ = 1,...,k, let Ly be a set of Cyy, generic points in
C™. For each ¢ = ({1,--- ,¢;) € L := &§_, L, we get a change of coordinates, and an
associated submersion 7¢, determined by bf = bﬁ"‘. The associated differential operators
d/0nt, k=1,...,k, only depend, cf. (3.9), on the components ¢;, € L,, respectively, so
we can denote them by 0/ 877?“.

We claim that if m < M and || < |M —m|, then there are complex numbers cq m, ¢,y
for v < M such that, for any ¢ in Oy /Z,

() ()"0 5 o 22

Clearly the claim implies the proposition. If K = 0 the claim is trivially true. Assume
now that the claim is proved for k — 1. We can write, in a non-unique way,
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52 o) = () )" ) ()"
where w' = (wy,...,wx—1), m = (My,...,mu_1) < M = (My,...,Ms,_1), |&/| <
|M' —m/|, m,, < M, and |B,| < M, — my. By the induction hypothesis

’

o= () ()"

is a linear combination of

() o= ()™ )

for v = (v, oy Yee1) S M and 0 = (bq,...,0;1) € EB;”;llLk. Lemma 3.5 implies that

(§Z)Bn(aiﬁ)m%w

is a linear combination of
( 0 )%
— w
an;’“
for v, < My and ¢, € L.. Now the claim follows. O

The proof requires Cyy, - -- Oy, different projections 7° to generate the entire Oz-
module N, and we think that this is the optimal number.

4. The sheaf N'x when Z is smooth

We shall now prove Proposition 1.1 and Theorems 1.3 and 1.4 in the general case.
They are local, so let us assume that we at a given point x € X have an embedding

i: X -Uccy (4.1)
and that the underlying reduced space Z is smooth.
Proof of Proposition 1.1. We can assume that we have coordinates (z,w) in U so that

7(z,w) = z. We first claim that Nx » is an Oz-module at z. In fact, if £ is defined by
(1.2) for some p in Hom (O /T, CHE) and € is in Oz, then

ELOw. = Em(op) = m($T°E p). (4.2)

Since 7€ v is in Hom (Oy /T, CHE) as well, L is in Nx r, and so the claim follows.
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Let us now prove that Nx . is finitely generated at x. By the Nullstellensatz there is
a multi-index M = (Mj, ..., M,) € N* such that (1.5) holds. If x is in Hom (Ox,CHE),
therefore ijj i w = 0 for each j. Shrinking U if necessary we can find pq, ..., u, that

generate the Oy-module Hom (Oy /T ,CHE). If ju is any current in this sheaf thus

1%
p= el wn
1
for some holomorphic ¢;. Since

¢i(z,w) = Z cr(z)w™, j=1,...,v, (4.3)
m<M

in Ox: = Oy /Z, the equalities (4.3) hold in Ox = Oy/J as well. Thus

u:Z Z cirw™ ;.

j=1m<M

Notice that each w™pu; is in Hom (Ox,CHE). If ¢ is in O,

v

T (Pp) = Z Z CikTs (W™ ). (4.4)

j=1m<M

Thus the Oz-module N . is generated in U by L; ,,,, where
Limpw, =m(pw™p;), m< M, j=1,...,v (4.5)

With no loss of generality we can assume that w, = dz. Let i be as in (3.2). After
possibly shrinking ¢/ further, there are holomorphic a; in U such that p; = a;fi. Thus

Ljm¢w. = m(ow™ p;) = m(Ppa;w™ ).

It follows from (3.3) that £, ,, are induced by differential operators L;,,® in U which
are Noetherian with respect to J since ®a; is in Z if ® is in J.

We now claim that (1.2) holds for the set of generators £; ,,, above, cf. (4.5), i.e., that
Limp=0form< Mandj=1,...,v,if and only if ¢ = 0 in Ox. By possibly shrinking
U further, there are holomorphic a; in U such that p; = a;ji. For each fixed j, £; ,,¢ =0
for all m < M if and only if 0 = 7. (¢pw™ ;) = m.(pa;fi) for all m < M, and this holds
if and only if ¢pa; = 0 in Ox-, which in turn holds if and only if ¢a;ii =0, i.e., pp; = 0.
Now the claim follows from the duality principle (2.3).

Finally we notice that Nx . is a finitely generated submodule at z of the free
Oz-module Nx/ ., generated by (@'"1/0w™)| =0, m < M, and therefore Nx r is co-
herent. O
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Remark 4.1. Using the setup and notation in the preceding proof we have
Hom (Oy )T, CHE) = {aji; a € (T:T)/T}; (4.6)

the colon ideal (sheaf) (Z : J) by definition consists of all a in Oy such that aJ C Z.
In fact, we already know that each p on the left hand side has the form a/i for some a.
Recall that afi = 0 if and only if a € Z, cf. Example 2.1. Thus Jaji = 0 if and only if
Ja CI. Now (4.6) follows. O

Notice that the generators for the Oz-module Nx ., cf. (4.5) are, if w, = dz, precisely
Limd = (8‘m|(aj¢)/8wm)|m:0, m< M,j=1,...,v, where ai,...,a, is a generating
set for the coherent Oy-module (Z : J)/Z.

Proof of Theorems 1.3 and 1.4. Recall that the Oz-module Nx at a point x € X is by
definition generated by Nx » obtained from all submersions in any local embeddings at
x. In view of Lemma 2.4 it is however enough to take all N'x » obtained from one single
embedding, so let us fix (4.1). We will use the notation from the proof of Proposition 1.1.
Assume that

Lodz = m.(dp),

where 7 is a local submersion and g is in Hom (O /T, CH7). In view of (4.4) and (4.5),

K= Z Z iy ()W py = Z Z cjy(z)wagi. (4.7)

j=17<M j=1y<M

By Theorem 1.4 for X', i.e., so that Ox = Oy /Z, we have

o181+Im|
s (Y ) Z Z dmmﬁ(z)mﬂf(a()) dz. (4.8)
m<M |B|<|M—m|
Combining (4.7) and (4.8) we get
HlBl+Im]

Lodz = m(Pp) = Z > > C},m,ﬁ(z)m(aj¢)(z70)~

J=1m<M |B|<|M—m]|

Thus the Oz-module Nx is generated by the finite set (1.6) of Noetherian operators on
X and so Theorem 1.4 follows. Moreover, each of these differential operators belongs to
the free Oz-module Nx: and hence Nx is coherent. Since (1.2) holds already for Nx ,
by Proposition 1.1, now also Theorem 1.3 is proved. O

Remark 4.2. To compute the norm | -|x locally at 2 by means of Theorem 1.5 one has to
choose suitable coordinates, the ideal Z C 7, and find ay, . .., a, that generate (Z : J)/Z,
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i.e., so that aifi, ..., a,f generate Hom (Oy/J,CHE), in U. Then the norm is given by
(L.7). O

Proposition 4.3. Let (4.1) be a local embedding at x € X and let 7°: U — ZNU be a finite
number of independent local submersions as in Proposition 3./. Then the submodules
Nx ¢ generate Nx in a neighborhood of .

Proof. Assume that Low, = m.(pu) for a local submersion 7 and g in Hom (Oy /T,
CHE). Let (z,w) be coordinates in U such that 7 is (2, w) — z, and choose Z C J and
the associated [i as before. Moreover, cf. Proposition 2.2, let a be a holomorphic function
in U such that g = afi. In view of (3.3) and Proposition 3.4 we have

| M| ¥
Lodz = %% Gadz=3"% %(z)( 0 ) \wzo(m) dz.  (4.9)

If d¢t is the non-vanishing holomorphic n-form associated with coordinates defining 7,
then dz = cy(2)d¢’, so

170\ 1o\ ¢ M—ny -
o (87}5) ’wzo(qﬁa) dz = 047! (3TI£) ’wzo(qba) d¢" = e (daw ). (4.10)
Thus each Ly,¢ = (8/0n°)7)|w=0(¢a) is in Nx e, so the proposition follows from
(4.9). O

5. The sheaf N'x at regular points

Let i: X — U be a local embedding at x € X with coordinates (z,w) in U so that
Z = {w = 0}. If (1.5) holds and ® is holomorphic in U, then

d(z) = Z Cm(z)w™

m<M

in Ox = Oy /J, where ¢, are in Oy, cf. (4.3). Thus the right hand side is a representative
of ¢ = i*® in Ox. Therefore the set of monomials {w™; m < M} generates Ox as an
Oz-module. Let us extract a minimal generating set 1,w*,... w*—! at z (clearly 1
must be one of the generators). Then each element ¢ in Ox , has a representative g?) of
the form (1.8), where ¢; are in Oz..

Proposition 5.1. Given such a minimal generating set at x, the representation (1.8) of ¢
is unique for all ¢ in Ox 5 if and only if Ox , is Cohen-Macaulay.

For a proof of Proposition 5.1, see, e.g., [7, Proposition 3.1].
Assume now that z is a regular point, i.e., Z is smooth at  and Ox , is Cohen-
Macaulay. Given a minimal generating set w®/, thus Ox , is a free Oz ;-module, i.e.,



M. Andersson / Journal of Functional Analysis 283 (2022) 109520 17

0},1/ — OX,I’? (QEJ) = QAS = QASO + lewoq + - é‘rfltl}(1771 (5'1)

is an isomorphism for ' = x. By coherence, it is an isomorphism for all 2’ € Z in a
neighborhood of z, say, in Z NU, after shrinking ¢. Thus ¢ = 0 in Ox . if and only if
(ﬁj =0in Oz, for j =0,...,7 — 1, so the expression (1.9) is a pointwise norm of ¢ in
XnNnu.

Proof of Theorem 1.5. Let us choose i: X — U at x so that (5.1) is an isomorphism
for x € X NU. We have to relate (1.9) to our norm | - |x, and we proceed as follows:
Assume that juy, ..., u, is a generating set for the Oy-module Hom (O /T, CHE). If ¢ is
in Ox, then ¢pu; are well-defined elements in Hom (Oy/J,CHE). With the notation in
the proof of Proposition 1.1, cf. (2.9) and (2.10), we have the unique representations

1 - dw .
m<M
where
bjmNdz = T, (pw™ ;). (5.3)

If we represent ¢ by ¢ in (5.1), then
bjm = Goma (W™ 1) + Gr7a (W ) + - Gy (W )

and thus b, , are Oz-linear combinations of the qZAJj. Hence the mapping

¢’_>¢/\;Ufja .j:l,"',ya
via the isomorphism (5.1), induces an Oz-linear holomorphic morphism
T: 0y — O%™,

where Cyy = (M + 1)! is the number of m € N* such that m < M.

In view of the duality principle (2.3), T is injective. In fact, the image of T being zero,
means that ¢p = 0, ie., pu; = 0 for 5 = 1,...,v, and so ¢ = 0 in Ox which in turn,
cf. (5.1), means that ngSj =0 for j =0,...,7— 1. By [7, Lemma 4.11], the matrix T is
pointwise injective. If (b;,,) is in the image of T therefore

DGR~ D D Ibiml* (5.4)
j=0

j=1m<M

From (4.5) and (5.3) we see that
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Do bl ~ Y0 D 1Limol = [0l 1 (5.5)

j=1m<M j=1m<M

Now Theorem 1.5 follows from (5.4) and (5.5). O
6. An example

Consider the 2-plane Z = {w; = wy = 0} in U C C?
of balls {|z| < 1, |w| < 1} in C*, and let

where U is the product

21,22,W1,WwW2)

2 2
J = (wi, w3, wiwsg, w1z — Wa21).

Then Oy /J has pure dimension 2 and is Cohen-Macaulay except at the point 0 €
U, see, [7, Example 6.9]. It is also shown there, notice that Z = (w? ,w3) C J, that
Hom (O /T ,CHL) is generated by

p1 = wiwafi, g = (z1w2 + 2w,

where

1 _
d—w; NO—= 5dw> /\le Adzs.

w= (2mi)2 " w? w3

Following the recipe in Theorem 1.4 and Remark 4.2 we get a generating set for Ax by

applying each of the differential operators

I R S S
’ (9w1 ’ 8w2’ 821’ 822’ 82181111’ 82181112’ 82’281017 82’2(91027 (9’[1)18’[02

to a1 = wiweg and asg = (z1we + 2ow1 )P, respectively, and evaluate at w = 0. Then
a1 only contributes with the Noetherian operator 1, whereas ay gives rise to

7] 0 0 0

92, ) Zl&‘z ( +22—). (61)

21,Z2,0 O 29— (9’(1) (971)
1 2

9 ) (1+2’2

1
( +218

0
021’
Because of the operator 1 from the a;, we can forget about z; and replace 1 + zj% by

J

Zj5— az . Thus we get

0¢ 2 3¢> 2
6% ~ |¢\2+|\| | +||| oy —
w1 2
6.1. Functions in X \ {0}

Let £o =1 and let £ denote the right-most operator in (6.1). If ¢ is an Ox-function
defined in Z \ {0}, then both Ly¢ and L¢ are holomorphic functions in Z \ {0}. Since
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{0} has codimension 2 in Z, they both have holomorphic extensions across 0 that we
denote by ¢o(z) and h(z), respectively.

Notice that 1,w; is a basis for Ox over Oz where z; # 0, and similarly, 1,ws is a
basis for Ox over Oz where z5 # 0. Given any ¢g and h in U we get a Ox-function ¢
in U \ {0}, defined as

¢ = ¢o+ (h/z1)w1, 21 #0; ¢ = o+ (h/z2)w2, 22 # 0. (6.2)

It is readily checked that Lo¢ = ¢¢ and L¢ = h. In other words, there is a 1 — 1
correspondence between O x-functions ¢ in Z \ {0} and 0%.

Lemma 6.1. The Ox -function ¢ has an extension across 0 if and only if h(0) = 0.

Proof. If ¢ is defined in U then h = L¢ in U and then clearly h(0) = 0. Conversely,
if h(0) = 0, then h(z) = c¢1(2)21 + ca(2)2z2 for some functions c1,co in U. It is readily
checked that indeed ¢, defined by (6.2), coincides with

®0(2) + c1(2)wr + c2(2)we
in U \ {0}. Thus ¢ extends across 0. O

In view of this lemma, if we take, e.g., h = 1 in (6.2), we get an Ox-function ¢ in
U \ {0} that does not extend across 0.

7. Extension of M'x across Zsing

We now drop the assumption that the underlying space Z is smooth.

Lemma 7.1. Let z be a fized point on the singular locus Zsin, of Z and let X —U C CN
be a local embedding at x. IfU is small enough there are holomorphic functions f1,..., f«
so that Z(f) = {f1 = -+ = fx = 0} has codimension k, and contains Z NU and such
that df := dfiA ... Adf is non-vanishing on Zyeq \ Z(f)sing. If 2’ € U\ Z is given we
can choose f; so that ' ¢ Z(f).

That is, Z(f) is a complete intersection that may have “unnecessary” irreducible
components, but df # 0 at each point on Z,.4 that is not hit by any of these components.
This is of course a well-known result and follows, e.g., from the more precise statement
in the lemma on page 72 in [21]. However, we provide a simple argument here for the
reader’s convenience.

Proof. If I/ is small enough we can find a finite number of functions g1, ..., g, that

generate Jz. For each irreducible component Z* of Z we choose a point z* € Zfeg NU.

Notice that dg; span the annihilator of the tangent bundle at a¢ for each £. If fi,--- | fs
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are generic linear combinations of the g;, then df; span these spaces as well for each
¢, and f; define a complete intersection Z(f) that avoids ’. Clearly Z C Z(f) and
df # 0 at x* for each £. It is not hard to see (cf. [25, Theorem 4.3.6]) that df is non-

£

vanishing on the regular part of the irreducible component of Z(f) that contains z*; i.e.,

on Zf,, \ Z([)sing, for each £. O

Let z, f and U be as in Lemma 7.1 and let us write Z rather than Z NU. Since df is
generically non-vanishing on Z we can choose coordinates ({,7) = (1, , CusM1 -+ 3 Mk)
in U such that, with suitable matrix notation, H = 9 f/dn is generically invertible on Z.
Let h =det H. If

w=f(¢n), z=¢ (7.1)

then, cf. (2.6), dwAdz = hdnAd¢ and hence (z,w) are local coordinates at each point on
Z \ {h = 0}. Notice that

o ., 0 9 8 0

where G = 0f/9( is holomorphic. Since H~! = ©/h, where © is holomorphic, therefore

d 0 0 B, B,
h5e = O s =g ~ GO (7.3)

For a sufficiently large multiindex M = (Mjy,..., M,;) the complete intersection ideal
( 1Ml+17...7f£4”+1> is contained in J. Possibly after shrinking the neighborhood U

of x there are generators p1,...,u, for Hom (Oy /T ,CHﬁ ) and holomorphic functions
ai,...,a, in Y, cf. Proposition 2.2, such that

1 - 1
Wi = a; (QM')NanJrl AdnAdC. (7.4)
Notice that a; must vanish on the “unnecessary” irreducible components of Z(f). For
the rest of this section we will use the notation (3.7).

Proposition 7.2. With the notation above, the differential operators

O \m/ O\P )
B s Ly g ® = (ha—w> (h§> (a;®), m<M, |B|<|M-ml|, j=1,...,v, (T.5)
a priori defined on UN{h # 0}, have holomorphic extensions to U. They are Noetherian
with respect to J and the induced operators L, 3.;, cf. (1.1), belong to Nx on Z,.q and
generate the Oz-module N'x where h # 0.
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Proof. From (7.3) it is clear that L,, g ; have holomorphic extensions to U. Since (z,w)
are local coordinates at a point on Z,., where h # 0 it follows from (7.2) and Theo-
rem 1.4, cf. Remark 4.1, that the induced operators L,, g ; are in N'x there. By a simple
induction argument it follows from the same theorem that they actually generate Ny
there. It also follows that L., g ; are Noetherian there with respect to J in U N {h # 0}
and by continuity their extensions are Noetherian as well. Thus £,, g ; are Noetherian
on X NU.

We have to prove that £, g ; are in Nx on Zreg Where h = 0. Let Tz € Xreg be such
a point and assume that df # 0. For a generic choice of constant matrices b, c we have
that df Ad(cC + bn) # 0. Thus we can choose new coordinates

w' = f(¢n), 2 =cC+bn

in a neighborhood V C U of x’. Tt follows that

oo ()" (52)

are in Nx in ZNV. Since 2’ = bz + cw, w' = w, in V \ {h = 0}, we have

(¢aj)7 m S M7 |OZ‘ < |M7m|7 (76)

w’=0

o 9 9209 9 070

dw 0w  owds 9 0207

so by (7.3), applied to 2/, w’ instead of (,n,

0
h— =
8wk

d
o azk Z dl; (7.7)

where dj;, d;ci have holomorphic extensions to V. Thus £,, s ; are Oz-linear combinations
of (7.6), and hence belong to Nx.

Let us now consider a point 2’ € Z,., where df = 0, i.e., some “unnecessary” com-
ponent of Z(f) passes through a’. Then certainly h(z’) = 0. Let m be the projection
(z,w) — z. By (7.1), (7.4), and (3.3),

e
in U\ {h =0}. Let v = (vy,...,v,) generate Jz at ' and assume first that dvAdz # 0
so that (z,v) are local coordinates in a neighborhood V C U of &’. Since J(f) C Jz,
f = Av for a holomorphic matrix A in V. At points z € ZNV \ {h =0} both f; and v,
are minimal sets of generators for Jz so A is invertible there. Therefore also (z,v) define
the submersion 7 in V'\ {h = 0}. Since fM~7df Adz = adnAd(, where « is holomorphic,
the right hand side of (7.8) is m.(paux) which is d¢ times an element in Ny in V. It
follows that the left hand side of (7.8) is d( times L¢, where L extends to an element in
Nx in V.

%(i)”(aﬂb) dz = m, (mjde M=

<
- /\dz), ~ < M, (7.8)
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Notice that if b* is a small constant n x s-matrix, then ' = n, ¢/ = ¢ +b'f is a
change of variables in V), possibly after shrinking our neighborhood V of z’. In fact,
dn' Ad¢" = dnA(d¢ + bdf) is non-vanishing if b* is small enough. Taking w* = f, z* = ¢,

£

we get that w = w, 2° = 2z + b’w, and hence

dw'Adz" = df Ad(C + bhdf) = df AdC = hdnAdC,

where h is the same function as in (7.7). As in the preceding step of the proof we conclude
that

¢ — (%)%m, y< M,

a priori defined in V\ {h = 0}, have extensions to elements in Nx in ZNV. By Proposi-
tion 3.4 there is a finite set of such b* and holomorphic dpm,5,¢,; in a possibly even smaller
neighborhood V of 2’ such that

(a%)m(_) (aj0) =D > dm »BM(a z) (a;0), m <M, [B| <|M—ml|. (7.9)

L ~v<M

It follows that all the operators on the left hand side of (7.9) are in Nx in V.
Finally, if dvAd( = 0 at ' we introduce new coordinates z’ = ¢{ + bn,w’ = w as
before so that dvAdz’ # 0. From what we have just proved, then all

0 \™m/ 0\
(w) (52) (@2
are holomorphic at z’. It now follows from (7.7) that L,, g ; are in Nx at 2’. Thus
Proposition 7.2 is proved. O

We can now formulate our main result of this section.

Theorem 7.3. Given a point x € Zgng there is a local embedding at x i: X — U C cN
and a finite number of Noetherian operators L1,...,L, on X NU that generate Nx on
UNZyeg.

Clearly, such a set L1, ..., L, defines a coherent extension of N'x to U N Z.

Proof. Choose the embedding i: X — U € CV at x small enough so that we have a
complete intersection f = (fi,..., fx) as above, global coordinates ((,7), and so that
Proposition 7.2 applies, with h = det(9f/dn). We then get £; in Nx on X N Z,¢, that
have holomorphic extensions across Zs;,, and that generate Ny in Z.., N (U \ {h = 0}).
Choosing 7" as other sets of x coordinates we get another set of such £; that generate
Nx on Z..q NU except where b/ = det(df/dn’) vanishes. Repeating a finite number of
times we get a finite set of £, that generate Nx on Z,., N (U \ {df = 0}).
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Possibly after shrinking U, we can make the same construction for a finite number
fY,..., f? of complete intersections such that Z NU = Z(fY)N---N Z(f*) N U, see
Lemma 7.1, and we thus get a finite set £; as desired. O

Example 7.4. Let Z = {f = 0} be a reduced subvariety of / C C? and assume that
df #0 on Zyeq. If X is defined by J = (f?), then

=1
= 8F/\d77/\dg“

is a generator for Hom (Oy/J,CHE). Let us choose coordinates (¢,7) on C? so that
neither h := 9f/9n nor df /O vanish identically on Z. If we let w = f(¢,n) and z = ¢,
then

L0000 a0

ow  On 0z o¢  9¢on

Thus Proposition 7.2 gives us the Noetherian operators 1, 9/9n, h(9/9¢). If we add the
operators obtained by interchanging the roles of 7 and ¢ we find that the extension of
Nx across Zgng generated by 1,0/0n,0/9¢. Clearly, this extension is independent of
the choice of coordinates in . O

7.1. Global pointwise norm on X

In Example 7.4 the extension of N'x across Zs;,, is invariant. We do not know whether
this is true in general. In any case we can define a global pointwise norm in the following
way: Each point x € Z;,4 has a neighborhood U, where we have a coherent extension
by Theorem 7.3 and in U, we thus have a pointwise norm |- |x . We can choose a locally
finite open covering {U,, } of X, and a partition of unity x; subordinate to this covering
and define the global norm

k=D 0l R, (7.10)
j

8. Pointwise norm of smooth (0, g)-forms

In [7] was introduced a notion of smooth (0, ¢)-form on a non-reduced space X. We
will recall this definition and show that our pointwise norm |- |x extends to a pointwise
norm on such forms.

Consider a local embedding i: X — U C C¥ as before. If ® is a smooth (0, ¢)-form in
Uu,d e Eg’q, following [7, Section 4] we say that i*® = 0, or equivalently ® € Keri*, if

A =0, pcHom(Oy/T,CHE).
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In case ® is holomorphic, this is equivalent to that ® € J in view of the duality principle
(2.3). We let

EQT =& Keri*

be the sheaf of smooth (0, k)-forms on X. Thus we have a well-defined surjective mapping
i gg’q — g‘())(,q. By a standard argument, cf. Section 2.2, one checks that this definition
is independent of the local embedding. For ¢ in g;)(,q and p in Hom (Oy/ T, C’Hg) thus
¢Ap is well-defined, and it vanishes for all such p if and only if ¢ = 0.

To extend our norm to forms in 825‘1 let us first assume that the underlying reduced
space Z is smooth. Assume that we have a local embedding i: X — U, and a submersion
U = ZOU. If pis in Hom (Oy/T,CHE) and ¢ is in EYY, then 7, (¢pAu) is a well-
defined (0, g)-current on Z NU so we have

Low, = mu(PAp). (8.1)

Lemma 8.1. An operator L so defined maps L: Eggq — Sg’q and it is determined by its
action on Ox. If L& =0 for all u in Hom (Oy)T,CHE), then ¢ = 0.

Since the Oz-module N is generated by operators of the form (8.1), it follows that
any £ in Nx extends to an operator £: E¥? — £57.

Proof. Choose local coordinates (z,w) in U such that 7 is (z,w) — z. Then, cf. (2.9),
each p in Hom (Oy /T ,CHY) has the form

dw

Let us first assume that ¢ is a function in 5;)(,0. Choose a smooth function ¢ in 58’0 such
that ¢ = i*®. Then

o = Zcm(z)qi(z,w) 1‘ ) dw Ndz
and by (2.8) thus
1 o™l
Tu(Pu) = me (Pp) = Zcm —<I>(z,0) dz. (8.3)

This differential operator is determined by its action on holomorphic functions and so
the first statement of the lemma is proved for ¢ = 0. If ¢ is in S%q, q > 1, then ¢ =*®
for some form
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!/
Z P (z,w)dzy

[J]=q

in U, since any term with a factor dw; belongs to Keri*. If ¢; = i*®;, we see that

Lo= Y Lo;dz;.

[T|=q

Thus the first part of the lemma is proved. The second statement follows since
e (dAw™p) = 0 for all m and p implies that ¢Ap = 0 for all p so by definition ¢ = 0. O

Remark 8.2. Notice that if L is the differential operator on the right hand side of (8.3),
and ¢ = i*®, then, observing that L® is well-defined for (0, ¢)-forms in U,

L=1"LP, (8.4)
where ¢: Z — U is the underlying embedding. O

Proposition 8.3. Let = be a fized point © € Zgng and let i: X — U C CN be a local
embedding at x as in Theorem 7.5. All the operators L1,...,L, extend to operators
59("1 — Sg’q. Moreover, ¢ =0 if (and only if) L;jp =0 for j=1,...,p.

Proof. We first prove the extension for the operators L, g; in Proposition 7.2. By
definition a smooth (0, ¢)-form ¢ on X NU is represented by a smooth (0, g)-form ® in
U and thus each L,, g ;® is a smooth (0, ¢)-form in Y. Moreover, since it is Noetherian
with respect to J in U \ Zsing, i.€., Ly ;@ = 0if ® is in J it follows by continuity that
this holds also across Zs;ng. By Remark 8.2, £, g j¢ 1= t" Ly, g ;® in Z,.cg NU, and the
same formula defines a smooth extension across Zg;,y NU. By continuity this extension
is unique. All the operators L1, ..., L, are obtained in this way so the first statement in
Proposition 8.3 is proved. Since £; generate Nx at each point outside Zg;pq it follows
that ¢ = 0 there if £;¢ =0 for j =1,..., p. By continuity then ¢ =0in X NU. O

Assuming that we have chosen a Hermitian norm on Z, cf. the beginning of the
introduction, we now get a pointwise norm

P
62 =D 1L;l%
j=1

on U of ¢ in 595‘1. Patching together as in Section 7.1 we get a global norm on X.

Remark 8.4. Proposition 1.1 as well as Theorem 1.5 have analogues for smooth (0, q)-
forms, and they are proved in basically the same way. We omit the details. O
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9. Pseudomeromorphic currents

Let Y be a reduced analytic space. The Oy-module PMy of pseudomeromorphic
currents on Y was introduced in [10,8]. Roughly speaking, it consists of currents that
locally are finite sums of direct images (under possibly nonproper mappings) of products
of simple principal value currents and 0 of such currents. See [11] for a precise definition
and for the properties stated in this section. The sheaf P My is closed under d and under
multiplication by smooth forms. If 7 is pseudomeromorphic in an open subset «/ C Y and
W C U is a subvariety then there is a well-defined pseudomeromorphic current 14\ 7
in U obtained by extending the natural restriction of 7 to & \ W in the trivial way.
With the notation in Section 2.1, 14 w7 = lim x(|h|/€)7 if h is a tuple of holomorphic
functions with common zero set W. Thus 1y 7 := 7 — 13\ 7 is a pseudomeromorphic
current with support on W. If W’ C U is another subvariety, then

1w lwt = 1w wT. (9.1)

We can rephrase the standard extension property, cf. Section 2.1: If 7 has support on a
subvariety Z of pure dimension, then 7 has the SEP with respect to Z if for each open
subset U C Y and subvariety W C U N Z with positive codimension in Z, 17 = 0.

An important property is the dimension principle: If 7 in PMy has bidegree (x,q)
and support on a variety of codimension larger than q, then T must vanish.

Recall that a current 7 on a manifold is semi-meromorphic if there are a smooth form
w with values in a line bundle L, and a non-trivial holomorphic section f of L, such that
T =w/f, considered as a principal value current. We say that a current o on Y is almost
semi-meromorphic if there is a smooth modification 7: ¥ — Y and a semi-meromorphic
current & in Y such that a = 7,a. Notice that an almost semi-meromorphic « is smooth
outside an analytic set W of positive codimension in Y.

Example 9.1. Coleff-Herrera currents in & ¢ CV are pseudomeromorphic. Almost semi-
meromorphic currents are pseudomeromorphic and have the SEP on /. O

In general one cannot multiply pseudomeromorphic currents. However, assume that 7
is pseudomeromorphic and « is almost semi-meromorphic in ¢/ and let W be the analytic
set where « is not smooth. There is a unique pseudomeromorphic current 7" in U that
coincides with the natural product aAp in U \ W and such that 1T = 0. For simplicity
we denote this current by aAp. If o’ is another almost semi-meromorphic current in i,
then the expression o/ AaAT means o/ A(aAT). The equality

o' NaAT = and' AT (9.2)

always holds. However, in general it is not true that o/ AaAT = (¢/ Aa)AT.
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Example 9.2. Let f be a holomorphic function with non-empty zero set, let a = 1/f,
o = f,and 7 = 9(1/f). Then &’at =0, but ’a =1 and so (a’a)7 =7. O

Assume that 7 is pseudomeromorphic, « is almost semi-meromorphic, £ is smooth,
and V is any subvariety. Then we have

lyanT = anlyT. (9.3)

In particular: If 7 has support on and the SEP with respect to Z, then also aAT has
(support on and) the SEP with respect to Z.

10. Uniform limits of holomorphic functions

Let X be a possibly non-reduced space of pure dimension n and let i: X — U C CV,
so that Ox = Oy /T as before. If U is small enough, then there are trivial Hermitian
vector bundles Ej, in U, Ey = C a line bundle, with morphisms fj: Ey — Ex_1, so that

¥ B o) D oE) —» 0E) /T —0 (10.1)

0— O(EN)
is a free resolution of O/ J. In [9] was introduced a residue current R = R, +---+ Ry
with support on Z, where Ry have bidegree (0, k) and take values in Hom (Fy, Ey) ~ E},
such that fi41Rpy1 — ORy, = 0 for each k, which can be written more compactly as

where f := f1 +---+4 fn. The current R has the additional property that a holomorphic
function ® in U belongs to J if and only if the current ® R = 0. In particular, ¢R is a
well-defined current for ¢ in Ox. The assumption that X has pure dimension implies
that R has the SEP with respect to ZNU, see [8, Section 3] or [7, Section 6] for a proof.

Recall that ¢ is a meromorphic function on X if ¢ = g/h, where h is not nilpotent, i.e.,
a representative of A does not vanish identically on Z, and g/h = ¢'/h’ if gh’ —g’h = 0 in
Ox. Because of the SEP the product ¢R is a well-defined pseudomeromorphic current in
U if ¢ is meromorphic on X NU. The following criterion for holomorphicity was proved
in [4].

Theorem 10.1. Assume thati: X — U has pure dimension and R is an associated current
as above. If ¢ is meromorphic on X, then it is holomorphic if and only if

(f = 9)(¢R) =0. (10.2)

To give the idea for the general case let us first sketch a proof of Theorem 1.6, relying
on Theorem 10.1, in case X is reduced.
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Proof of Theorem 1.6 when X is reduced. The statement is elementary on X,.4; more-
over it is clear that ¢; — ¢ where ¢ is bounded (weakly holomorphic) and thus
meromorphic on X.

There is a (unique) almost semi-meromorphic current w on X of bidegree (n, *) such
that i,w = RAdz, where (z1,...,zn) are coordinates in U, see [8, Proposition 3.3]. In
particular, w has the SEP on X. Let m: X’ — X be a smooth modification so that w =
myw', where w’ is semi-meromorphic. Since 7*¢; — 7*¢ in Ox+ and X' is smooth, indeed
m*¢; — m*¢ in Ex/. Therefore 7*¢; w’ — T Pw'. Since ¢; are smooth, 7. (7*¢,;w') =
¢;w. Combining we find that

djw — T (TFPw'). (10.3)
Since w’ has the SEP, so have 7*¢w’ and 7. (7*¢w’). Moreover,
(T pw’) = dw (10.4)

on the open subset of X where ¢ is holomorphic, thus on X,..4. Since both sides of (10.4)
have the SEP and coincide outside a set of positive codimension, they indeed coincide on
X. By (10.3) thus ¢;w — ¢w. Applying i, we get ¢; R — ¢R and hence (f —0)(¢,;R) —
(f — 9)(#R). Tt now follows from Theorem 10.1 that ¢ is indeed holomorphic. O

For the rest of this section we will discuss the proof Theorem 1.6 when X is non-
reduced but Z is smooth. We begin with

Lemma 10.2. Theorem 1.6 is true when Z is smooth and Ox is Cohen-Macaulay.

Proof. Given a point x € Z, let :: W — U be an embedding at = as in Section 5, so that
we have unique representatives

in U of ¢; in Theorem 1.6. By the hypothesis and Theorem 1.5 it follows that éjg is
a Cauchy sequence in Z NU for each fixed ¢, and hence we have holomorphic limits
¢¢ = lim; ¢ for each £. Let us define the function

in U and let ¢ be its pullback to Ox. Since the convergence holds for all derivatives of
dje as well, it follows from (1.7) that |p; — ¢|x — 0. O

The non-Cohen-Macaulay case is trickier. Let us first look at an example.
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Example 10.3. Consider the space X in Section 6. If ¢; is a sequence as in Theorem 1.6,
it follows from Lemma 10.2 that ¢, has a holomorphic limit ¢ in X \ {0}. Let £ be
the Noetherian operator in Section 6.1 and recall that L¢ is a well-defined function
on Z. By the hypothesis in Theorem 1.6, L¢; is a Cauchy sequence on Z and since
Lp; — Lo in Z \ {0} we conclude that L¢; — L¢ uniformly in Z. Since L¢;(0) = 0
therefore L¢(0) = 0, and thus ¢ is O x-holomorphic in X, cf. Lemma 6.1. It follows that
|¢j—¢‘x—>OODX. O

We cannot see how the argument in Example 10.3 can be extended directly, so we
have to go back to the relation between our £; and Coleff-Herrera currents.

Proof of Theorem 1.6 when Z is smooth. Given any point z € X let us choose a local
embedding i: X — U at x such that there is a Hermitian free resolution (10.1) and the
associated residue current R in U. Since Theorem 1.6 is local it is enough to prove it in
X NU. We will use, [7, Lemma 6.2]:

Proposition 10.4. There is a trivial vector bundle F — U and an F-valued Coleff-
Herrera current p such that its entries generate Hom (Oy/J,CHE), and an almost
semi-meromorphic current o = ag + -+ + «p, where ayg have bidegree (0,k) and take
values in Hom (F, E.4k), such that

RAdz = ap, RgipNdz = app, k=0,1,...,n.
Moreover, a is smooth where Ox is Cohen-Macaulay.

Let W be the subset of Z NU where Ox is not Cohen-Macaulay. Since Ox has pure
dimension W has codimension at least 2 in Z NU, see, e.g., [7].

Lemma 10.5. If ¢ is holomorphic in (X NU) \ W, then ¢ has a meromorphic extension
to X NU.

This result should be well-known but we provide a proof since we could not find any
reference.

Proof. Since Z is smooth we can assume that we have coordinates (z,w) in U so that
ZNU = {w = 0}. Let u = (p1,. .., ) be the tuple in Proposition 10.4 and consider
the representations (5.2). Here M must be chosen so that (1.5) holds. Fix 2’ € ZNnU
where Ox is Cohen-Macaulay and a monomial basis 1,...,w* 1 for Ox over Oz in
a neighborhood U’ of ', cf. Section 5. We then have (letting R = vC)) the R x v-
matrix 7" in U’ that for each holomorphic ¢ in O(X NU’') maps the coefficients (¢;) of
its representative ¢ given by (5.1) in this monomial basis onto the coefficients of the
expansions (5.2) of ¢u;, cf. Section 5.
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Notice that the entries in T" are C-linear combinations of the coefficients of the repre-
sentations (5.2) for ¢ =1 in Y. Thus T has a holomorphic extension to Z NU (we may
assume that Z N is connected). As pointed out in Section 5, T is pointwise injective in
Z NU'" and hence, after reordering the rows, T'= (T" T")" where T’ is a v x v-matrix
that is invertible in &’. Thus 7" has a meromorphic inverse S’ in ZNU and if S = (S’ 0),
then ST =1in ZNU.

Since ¢ is holomorphic outside W, it defines a tuple (b;,,) in OF in (Z NU) \ W via
the representation (5.2) of ¢u. Since W has at least codimension 2 in Z NU, the tuple
(bj.m) extends to Z NU. Now

I
—

T

D =) (Sb)p(z)w™

~
Il
o

is a meromorphic function in ¢ that defines a meromorphic function ¢ on X N, since
(Sb)¢(z) are meromorphic on Z NU. Moreover, ® = ¢ in U’ and so ¢ coincides with
¢ in X NU’. By uniqueness ¢ = ¢ in & \ W and thus ¢ is the desired meromorphic
extension. 0O

If ¢; is a Cauchy sequence in | - |x-norm and Z NY is smooth, then ¢; — ¢ uniformly
on compact subsets of & \ W by Lemma 10.2 and ¢ has a meromorphic extension to
X NU by Lemma 10.5.

Lemma 10.6. With this notation ¢; R — ¢R in U.

Proof. Let Z and p be as in Proposition 10.4 and the proof of Lemma 10.2. Assume that
a is an F-valued holomorphic function in U such that p = afi, cf. (3.2). Recall that

|l x = |¢alx, (10.5)

where Ox = O/Z. Define the F-valued Ox/-functions ¢; = a¢;. It follows from the
hypothesis and (10.5) that v, is a Cauchy sequence with respect to | - |x/. Since Ox-
is Cohen-Macaulay it follows from the proof of Lemma 10.2 that there is v in Ox/ and
representatives ’(/AJJ‘ and 1& in U such that ’(ZJj — 1/3 in £(U). Let ®; be representatives of
¢; in U. By Proposition 10.4 and (9.2) we have

¢jRNdz = ®;RNdz = @jop = ®joaft = a®jafi = a(Pja)f = oa[)jﬂ, (10.6)

where the fifth equality holds since both ®; and a are holomorphic, and the last equality
holds since both ®;a and ), are representatives in I of the class t; in Ox. Since z[)j — )
in EU), aiﬁj/} = zﬁjaﬂ — Yo = arppy = arpjr. By (10.6) thus

¢ RNdz — apfi. (10.7)
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Let @ be a representative in U of ¢. Since ®, a and a are almost semi-meromorphic in
U, by (9.2),

P¢RAdz = PRAdz = Pap = adu = adaji. (10.8)
We claim that
a®afy = o(Pa)i. (10.9)

In fact, both ® and « are almost semi-meromorphic in ¢/ and smooth in a neighborhood of
each point on ZNU where Ox is Cohen-Macaulay, cf. Lemma 10.2 and Proposition 10.4.
Therefore (10.9) holds in & \ W, and W C Z NU has positive codimension in Z. Both
sides of (10.9) have the SEP with respect to Z, see Section 9, so (10.9) holds everywhere.
The right hand side of (10.9) is equal to ayf, and so Lemma 10.6 follows from (10.7),
(10.8), and (10.9). O

Since ¢; are holomorphic, we have by Theorem 10.1 and Lemma 10.6 that 0 =
Vi(¢;R) — Vi(¢R), and hence ¢ is holomorphic in view of Theorem 10.1. Now take
L in Nx. By the hypothesis and definition of | - |x, £¢; is a holomorphic Cauchy se-
quence in U so it converges to a holomorphic limit H. On the other hand we know that
Lo; — Lo where Ox is Cohen-Macaulay. Thus L¢; — L¢ uniformly. We conclude that
|¢; — ¢|x — 0 uniformly in &/. Thus Theorem 1.6 is proved in X N and hence in general
if Z is smooth. O

11. Resolution of X

Assume that our X of pure dimension n is embedded in the smooth manifold Y of
dimension N as before, and let Z denote the underlying reduced space. There exists a
modification 7: Y/ — Y that is a biholomorphism Y’ \ 77 Zing ~ Y \ Zsing and such
that the strict transform Z’ of Z is smooth and the restriction of 7 to Z’ is a modification
of Z. Such a 7 is called a strong resolution. Let J be the ideal sheaf on Y’ generated
by pullbacks of generators of J and consider the relative gap sheaf J' = J (T Zsing)s
which is coherent, cf. [32, Theorem 2|. In fact, one obtains J by extending J so that
one gets rid of all primary components corresponding to the exceptional divisor, and also
possible embedded primary ideals in Z’' N ﬂ_lZsmg. Thus J' is the smallest coherent
sheaf of pure dimension n that contains J and such that Oy /J' has support on Z'.
We let X’ denote the analytic space with structure sheaf Ox, = Oy//J’. Notice that
we have the induced mapping

p*: Ox — Ox. (11.1)

In fact, if ® € 7, then 7*® € J € J’ and thus p* in (11.1) is well-defined. We say that
p: X' — X is a resolution of X. Notice that p* extends to map meromorphic functions
on X to meromorphic functions on X’. Let py = 7|z and let
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V= palzsing = 7"—_1Zsing nz. (112)

Lemma 11.1. Assume that ¢’ is meromorphic on X' and holomorphic on X'\ V. Then
there is a unique meromorphic ¢ on X, holomorphic in X \ Zgng, such that ¢’ = p*¢.

Proof. Since 7 is proper it follows from Grauert’s theorem that the direct image
F = m.(Oy+/TJ'") is coherent, and clearly it coincides with Oy /J outside Zg;ny C Y.
Moreover, it contains Ox = Oy /J since m,m 1¢ = ¢ for ¢ in Ox. Thus F/Ox has
support on Zgine. Let h be a function that vanishes on Zg;,4 but not identically in Z.
Then h*F/Ox = 0 if v is large enough. If ¢’ is a section of Ox, therefore g := h¥m.¢’
is holomorphic. Thus ¢ := g/h” is meromorphic and ¢’ = p*¢. O

Lemma 11.2. Let p be a tuple of currents that generate the Ox-module Hom (Oy /T,
CHE).

(i) There is a unique tuple ' of pseudomeromorphic (N, k)-currents in Y’ with support
on Z' such that m.u' = p.

(i) A holomorphic function ® defined in a neighborhood in' Y’ of a point on Z' is in J'
if and only if '’ = 0.

In view of (ii) thus ¢y’ is well-defined for ¢’ in Ox-. It is not necessarily true that
s O-closed. Since 7 is a biholomorphism outside w‘lZSmg it follows however that
du’ = 0 there. Moreover, since j’ is pseudomeromorphic it has the SEP, by virtue of
the dimension principle. In the literature such a p’ is often said to be a Coleff-Herrera
current with poles at V' C Z'. If I/ is holomorphic and vanishes to enough order on V
then 0 = W'Ou’ = (W' i'), and hence A’y is in Hom (Oy//j’,C’HXZ//,).

Proof. Recall that u is pseudomeromorphic, cf. Section 9. By [11, Theorem 2.15] there is
a pseudomeromorphic current T in Y’ such that 7,7 = p. Since 7 is a biholomorphism
outside 7r_1ZSmg the current T" must be unique there, in particular it must have support
on 7 'Z. Thus T = 1T + 1122/ T. Since 7, (1,-17\ z/) has support on Zg;,, that
has codimension at least 1 in Z, it vanishes by the dimension principle. If y’ := 1T,
therefore m,p/ = m, T = p. Moreover, since p is unique outside 2’ N 71 Zg;,, = V it is
unique, again by the dimension principle, since V has codimension at least 1 in Z’. Thus
(i) is proved.

Since J' has no embedded components, ®' is in 7' if and only if ' isin J’ on Z'\ V.
This in turn holds if and only if ® = 7,9’ belongs to J on Z,., which holds if and only
if 4 = 0 on Z,.4. However this holds if and only if ®'x/ = 0 on Z’\ V which by the
SEP of i/ holds if and only if 1/ = 0 on Z'. Thus (ii) holds. O

Let R be a current in Y with support on Z and the SEP as in Section 10. Recall,
Proposition 10.4, that there is an almost semi-meromorphic current « in Y such that
R = ayi, where p is a tuple of Coleff-Herrera currents that generate Hom (Oy /7, C?—L)Z/)



M. Andersson / Journal of Functional Analysis 283 (2022) 109520 33

Lemma 11.3. There is an almost semi-meromorphic current o/ in' Y’ such that R’ = o'/
has the SEP and 7. R' = R.

Proof. By definition there is a modification 7: W — Y such that o = 7.7, where = is
semi-meromorphic. There is a modification W’ — Y that factors over both V and Y.
If we pull back v to W’, then its direct image o’ in Y’ is almost semi-meromorphic and
mea = . It follows from (9.3) that R’ := oy has the SEP. Moreover, 7. R’ = R where
m is a biholomorphism, i.e., outside Zy;y,4. Since both currents have the SEP, the equality
holdsin Y. O

12. Proof of Theorem 1.6

Lemma 12.1. Assume that Z is smooth and that L is a holomorphic differential operator
on X that belongs to Nx in Z \ W, where W has positive codimension. If Z(h) D W,
then h™L is in N'x for large enough r.

Proof. Recall that the sheaf Ny locally can be considered as a coherent submodule of O
for some large v. Then also £ can be considered as an element in O%. If £ is not in Nx,
then M’ = (Nx, L)/Nx is a coherent sheaf with support on W. By the Nullstellensatz
h" M’ = 0 for large enough r. Thus h"L € Nx for such r. O

It remains to prove Theorem 1.6 in a neighborhood of a point & € Zg;,4, cf. (7.10).
Let i: X — U C CV be a local embedding at x. We can assume that Ay admits a
coherent extension to X N, cf. Theorem 7.3, that we denote by Nx as well. Recall that
the Oz module Nx is generated in U by a finite number of operators Li,..., L, that
are induced by Noetherian operators Ly, ..., L, with respect to J in U.

Let m: U’ — U be a modification as in Section 11, with &’ and U instead of Y’ and
Y, respectively. Thus we have the space i': X’ — U’, p*: Ox — Ox: and the induced
mapping po: Z' — ZNU. Since Z' is smooth we have the well-defined O x/-module Nx-
of Noetherian operators on X'.

We say that £’ is a meromorphic Noetherian operator on X’ with poles on V :=
Do Zsing C Z'if €71/ is a Noetherian operator on X' as soon as € in Oz vanishes on V
and p is large enough.

Lemma 12.2. There are meromorphic operators LY, ..., L. on X' such that
L(p*¢) = py (L) (12.1)

on Z'\ V. Moreover, there is a holomorphic (nontrivial) function h on Z such that h'L’;
are in Nx/ if i’ = poh.

Proof. Given a holomorphic differential operator T on U/ there is a holomorphic differen-
tial operator 7" in U’ with values in a power N, Ju of the relative canonical bundle, and a
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holomorphic section s of Ny 4, vanishing on T Zsing, such that 7*(T'®) = S_VTV(W*(I)).
See, e.g., the discussion preceding [11, Corollary 4.26]. Thus 7" = sVTisa meromorphic
differential operator, with poles at 7! Zy;,4, such that 7*(T®) = T"(7*®).

Let Lj,...,L! be meromorphic differential operators on U’ such that 7*(L,;¥) =
Li(m*¥), j=1,...,r. If ® isin J', then ®' = 7*® for some ® in J outside Zs;n, and
hence L;®" = 0 outside V. By continuity L’;®’ = 0. Thus we have induced meromorphic
operators L],..., L] on X’ with poles at V' and (12.1) holds.

Since 7 is a biholomorphism outside w‘lZsmg it follows that E’ belong to Ny there.
By Lemma 12.1, h/L; are in Nx/ if h' = p{h, where h is a holomorphlc function in Z
that vanishes to high enough order on Zy;py. O

Lemma 12.3. After possibly shrinking U there is a holomorphic function H in U, not
vanishing identically on Z, such that

" (H)(2)x < Clo(po())lx, 2'€Z". (12.2)

Proof. Let /\A/'Xf be the Oz-module generated by the h’E; from Lemma 12.2. Then
Ny C Ny with equality outside Z(h'). Therefore NX//JVX/ is annihilated by H' = 7*H
if H is a high power of h. That is, if 7 is in N/, then H'T is in Ny, and thus H'T is
an Oz-linear combination of the h’ E;».

Fix a point 2’ € 7= 1(z) N Z’. Let T; be a set of generators for N'x in a neighborhood
V of x’. For any ¢ we have, with ¢’ = p*¢, and 2’ € V,

|H'(2")||¢/ (2 szyﬂm Z|h'ﬁ’p*¢> ()] <

ST p5(L50) ()] ~ lo(r ()] x.

J

On the other hand, if v is large enough, |To((H')"¢')| < |H'Te¢’| for each £ and hence
|(H")¢'|x» < |H'||¢'|x. Denoting H” by H thus (12.2) holds for 2’ € V. Since 7~ 1(x)
is compact, (12.2) holds for all 2’ in an open neighborhood of 7=1(x). Hence the lemma
follows. O

Assume that ¢; is a sequence as in Theorem 1.6 and let ¢ = p*¢;. It follows from
Lemma 12.3, and Theorem 1.6 in case that Z is smooth, see Section 10, that there is a
holomorphic function " on X’ NU’ such that H'¢}; — &' uniformly in the | - [x,-norm.
Notice that &'/H’ is meromorphic on X' NY’.

Lemma 12.4. With the notation above, ¢} R' — (&'/H')R" in U'.

Proof. Let 1/ be as in Lemma 11.3. Since du’ has support on V, d(¢'y/) = 0 for a
suitable ¢ = 7*¢ not vanishing identically on Z’. From Lemma 11.2 we conclude that
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g’ is a tuple in Hom (Ouz/J',CHZi:). Since Z' is smooth, if V C U’ is a small enough
open neighborhood of any given point in &', then we have coordinates (z,w) such that
Z'NY = {w = 0}. Then ¢'p/ = adzAf, cf. (3.2), for a suitable holomorphic tuple a in
V. Using (9.2) and Lemma 11.3 we can now prove Lemma 12.4 in V in the same way as
Lemma 10.6. Now Lemma 12.4 follows in U’ since the statement is local. O

By Lemma 11.1 there is a meromorphic £ on X NU such that £ = p*£. Define the
meromorphic function ¢ = §/H on X NU. Clearly p*¢ = &' /H' so that

m.((§'/H')R') = ¢R (12.3)

inU\(Z(H)NZ). However, both sides of (12.3) have the SEP with respect to ZNU so the
equality holds in U. Since 7.(¢jR') = m.(p*¢; R') = ¢; R we conclude from Lemma 12.4
that ¢;R — ¢R. In view of Theorem 10.1 now Theorem 1.6 follows as in the smooth
case in Section 10.
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