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A B S T R A C T   

This paper deals with introducing a unique representation of the three-dimensional Navier’s equations of motion 
in cylindrical coordinate system in an exact simplified form without any approximation, aiming at facilitating 
solution procedure for different 3-D elasto-static and elasto-dynamic problems in the future. A novel form of the 
3-D elasticity equations of motion including the body forces in cylindrical coordinate system is derived in an 
uncoupled form in terms of the longitudinal (axial) displacement component and the ‘r-θ’ in-plane anti-sym-
metric rotation function instead of introducing any additional auxiliary unknown potential function. The other 
displacement components (i.e., circumferential and radial displacement components) are shown to be obtained 
from two independent equations in terms of the determined axial displacement and the aforementioned rotation 
component. The correctness, validity and easy implementation of the introduced elasticity approach for 
obtaining exact elasticity solutions for various 3-D elasto-static and elasto-dynamic problems are demonstrated 
through solving a number of known elasticity problems. Three-dimensional static and free vibrations of finite- 
length solid cylinders as well as thick-walled hollow cylindrical shells are analytically solved. Numerical 
comparative results and discussion are conducted. Excellent agreement between the obtained results and those 
reported in the literature is observed in all cases, confirming the validity of the proposed new approach.   

1. Introduction 

Due to the complexity and highly-coupled nature of the three- 
dimensional elasticity field equations, it is not easy and straightfor-
ward to implement solutions for different problems within the area of 
elastic solid and structural mechanics. Thus, most solution strategies 
have been developed for reduced problems that typically include 
axisymmetry assumption or two-dimensionality to simplify particular 
aspects of the formulation and corresponding solution scheme. 

When dealing with the reduced 2-D plane-stress/strain problems or 
treating thin-walled elastic structures, there have been introduced 
various efficient solution approaches based on an uncoupled represen-
tation of the governing equations in literature. For the sake of 2-D 
symmetric/plane-stress/strain elasticity, the well-known uncoupling 
stress-based formulation and solution scheme of the Airy stress function 

in conjunction with the 2-D Beltrami-Michell and their completeness 
(Chou and Pagano, 2013; Kaljevic et al., 1994) are commonly referred. 
Another well-known stress-based potential function approach is that of 
Prandtl’s (Prandtl, 1903), specifically used for torsion problems and the 
Saint-Venant effects; see e.g. Ecsedi and Baksa (2010). For the 2-D 
displacement-based elasticity, the known Kolosov-Muskhelishvili po-
tentials and complex variable solutions (Muskhelishvili, 1963) may be 
referred. A detailed review and complete picture of the history and 
development of 2-D plane elasticity theory is presented by Teodorescu 
(1964). 

Treating thin-walled elastic structures, also several uncoupling po-
tential function based 2-D solution approaches have been developed in 
the past decades for different thin to moderately-thick plate and shell 
theories; e.g., see the work of Nosier and his co-workers (Nosier et al., 
2001a, 2001b) for the static equations of the first-order shear 

* Corresponding author. NVH and Experimental Mechanics Laboratory, Department of Mechanical Engineering, Kettering University, 1700 University Ave, Flint, 
MI, 48504, USA. 

E-mail addresses: rasoul.atashipour@chalmers.se, ratashipour@kettering.edu (S.R. Atashipour).  

Contents lists available at ScienceDirect 

European Journal of Mechanics / A Solids 

journal homepage: www.elsevier.com/locate/ejmsol 

https://doi.org/10.1016/j.euromechsol.2022.104646 
Received 21 February 2022; Received in revised form 13 April 2022; Accepted 4 May 2022   

mailto:rasoul.atashipour@chalmers.se
mailto:ratashipour@kettering.edu
www.sciencedirect.com/science/journal/09977538
https://www.elsevier.com/locate/ejmsol
https://doi.org/10.1016/j.euromechsol.2022.104646
https://doi.org/10.1016/j.euromechsol.2022.104646
https://doi.org/10.1016/j.euromechsol.2022.104646
http://crossmark.crossref.org/dialog/?doi=10.1016/j.euromechsol.2022.104646&domain=pdf
http://creativecommons.org/licenses/by/4.0/


European Journal of Mechanics / A Solids 95 (2022) 104646

2

deformation theory (FSDT), the so-called Mindlin-Reissner theory, in 
Cartesian and polar coordinates. For the dynamic equations and vibra-
tion solutions of elastic plates and shells see Hosseini-Hashemi and 
Arsanjani, 2005; Jomehzadeh and Saidi, 2009; Hosseini-Hashemi et al., 
2012; and for the static and dynamic problems of elastic plates and shells 
based on the higher-order shear deformation theory (HSDT) (also known 
as Reddy’s theory) see Atashipour et al., 2010; Hosseini Hashemi et al., 
2012; Hosseini-Hashemi et al., 2012. With regard to accurate analysis of 
thick plates, a proprietary thick plate hypothesis, based on introducing a 
complex higher-order displacement field, was developed by Kaprielian, 
Rogers and Spencer (Kaprielian et al., 1988). The origins of the method 
can be found in the classical solutions by Michell (1899) for stresses in 
moderately thick elastic plates, and a reformulation of 3-D Michell’s 
equations. Several thick plate problems have recently been analyzed 
based on the mentioned approach (England, 2006; Yang et al., 2012; 
Shen et al., 2022). 

A series of extensions of the 2-D elasticity groundwork has recently 
been carried out with regard to non-homogeneity and functionally 
grading (FG) material effects, non-isotropic/composite directional ma-
terial property effects of constituents, and/or micro-/nano-scale me-
dium effects (see e.g., Lazar and Maugin, 2005; Lazar et al., 2006; 
Ecsedi, 2009; Ecsedi and Baksa, 2010; Ecsedi, 2013; Chu et al., 2015). 

Whilst the vast majority of the 2-D elastic hypotheses are incapable 
of capturing structural behavior of solid and thick-walled members, the 
more complex 3-D elasticity theory need to be employed for the analysis 
of different elasto-static and elasto-dynamic problems. Considering the 
difficulty associated with obtaining solutions based on the 3-D elasticity, 
much effort has been devoted by researchers in the field in the past 
decades to establish new formulation and solution schemes for the 
original Navier’s governing equations in a simpler displacement-based 
or stress-based format. Evidently, almost all the existing approaches 
are on the basis of introducing some physically-meaningless auxiliary 
potential functions (known as methods of potentials). One of the most 
important displacement-based 3-D elasticity solution approaches is the 
well-known Helmholtz vector representation (the so-called Helmholtz 
decomposition) in which the displacement vector is represented as the 
sum of the gradient of a scalar potential plus the curl of a vector po-
tential (Peckhold, 1971). Apparently, as a special case of the Helmholtz 
decomposition approach, in absence of body forces and limiting the 
solution scheme to be only based on scalar potential, the known Lamé’s 
strain potential approach is deduced. Galerkin (1930) established a 3-D 
vector potential representation, describing the displacement compo-
nents in terms of the second derivatives of a vector potential function, 
only. The 3-D Love’s strain potential approach (Love, 1927) can also be 
derived as a special case of the Galerkin potential method, assuming zero 
body forces and eliminating the two planar components of the potential 
vector. A powerful general displacement-based solution approach to the 
3-D Navier’s elasticity equations was developed by Papkovich (1932) 
and Neuber (1934), commonly referred to as Papkovich-Neuber repre-
sentation. From the ground well-known 3-D stress-based solution ap-
proaches, the potential methods of Beltrami, Maxwell and Morera 
representations can be pointed out; see Chou and Pagano (2013) for 
details. Apparently, all the mentioned 3-D approaches are limited to the 
elasto-statics. 

Several extended versions of the aforementioned ground 3-D elas-
ticity approaches have been established taking into account the effect of 
non-homogeneity and non-isotropy of the elastic constituents; see e.g. 
Hu (1953), Nowacki (1954), Lekhnitskii and Lekhnitskii-Hu-Nowacki 
(Wang and Wang, 1995) for transversely isotropic material; and Ple-
vako (1971) for inhomogeneous elastic media. Recently, an extension of 
the Lekhnitskii-Hu-Nowacki approach from the elastostatics to elasto-
dynamics is performed by Eskandari-Ghadi (2005). 

Apparently, the aim of all the above-mentioned potential decompo-
sition approaches has been to avoid the difficulty in dealing with the 

original highly-coupled partial differential governing equations of the 
three-dimensional elasticity theory for solving different elasto-static and 
elasto-dynamic problems. However, decomposition representations are 
established at the expense of presenting the governing equations in 
terms of some new unknown potential functions, which may be difficult 
to initiate a solution based on a semi-inverse (see Sadd, 2009) meth-
odology, as those potential functions are physically meaningless. 
Moreover, for all the 3-D displacement- or stress-based potential ap-
proaches, their solution schemes have always raised up the questions 
regarding the commonly-referred “completeness issue”. Furthermore, 
several of them are lacking the ability of capturing the dynamic effects 
and the body forces. Atashipour and his colleagues (see Saidi et al., 
2009) introduced a new reformulation of the original elasticity theory in 
an uncoupled form without introducing any auxiliary potential function 
in the Cartesian coordinate system, and based on that, exact closed-from 
solutions for bending and free vibration of thick rectangular plates are 
presented. 

In this paper, an efficient solution approach is established for 3-D 
elasto-static and elasto-dynamic problems in the curvilinear cylindri-
cal coordinate system based on decomposition of the 3-D elasticity 
equations of motion including the body forces without introducing any 
additional unknown potential function. The original governing equa-
tions of motion of the 3-D elasticity theory in cylindrical coordinates are 
recast into an uncoupled form in terms of a displacement and a rotation 
component without any approximation. To demonstrate validity and 
easiness of the presented approach for solving different elasto-static and 
elasto-dynamic problems, some classical problems in the cylindrical 
coordinate system are exactly solved, including the 3-D free vibration of 
both solid and thick-walled cylinders, as well as the 3-D static stresses in 
thick-walled cylindrical pressure vessels and the 3-D static analysis of 
stocky simply-supported beams with solid circular cross-section sub-
jected to a distributed transverse load. The results are compared with 
those available in literature and corresponding 3-D finite element (FE) 
simulations. 

2. Reformulation of the 3-D Navier equations of motion 

2.1. Original form of the equations in cylindrical coordinate system 

In general, the three-dimensional elasto-dynamic equations 
including the body forces are expressed as 

μ∇2 u→+(λ+ μ)∇(∇. u→)+ F→= ρ ü→ (1)  

in which u→ is the displacement vector and F→ is the vector of the body 
force (per unit volume); λ and μ are respectively the Lamé’s coefficient 
and the shear modulus, and ρ is the mass density. They are expressed in 
terms of the modulus of elasticity, E, and the Poisson’s ratio, ν as 

λ =
νE

(1 + ν)(1 − 2ν)

μ =
E

2(1 + ν)

(2) 

Also, ∇2 and ∇ are the Laplace operator and the gradient, respec-
tively, and are represented in the cylindrical coordinate system as 

∇2 =
1
r

∂
∂r

(

r
∂
∂r

)

+
1
r2

∂2

∂θ2 +
∂2

∂z2

∇ =
∂
∂r

r̂ +
1
r

∂
∂θ

θ̂ +
∂
∂z

ẑ
(3) 

Expanding Eq. (1) in the cylindrical coordinate system, the set of 
three-dimensional elasticity equations for a linear elastic isotropic ma-
terial is written in the form 
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in which the comma in the subscript indicates the derivative with 
respect to the variables following it. Obviously, due to the highly- 
coupled nature of the above equations, gaining exact solutions for 
different static and dynamic problems within the area of solid mechanics 
is mathematically difficult. Therefore, it is reasonable to recast them in 
an uncoupled simpler form in terms of the known physical functions. 

2.2. Recasting the original equations into an uncoupled form 

The original set of three-dimensional Navier equations of motion (4), 
after some mathematical manipulation, can be rewritten as 

η
(

ur,rr +
1
r
ur,r −

1
r2ur

)

+ μ 1
r2ur,θθ +(η − μ) 1

r
uθ,rθ − (η+ μ) 1

r2uθ,θ +(η − μ)uz,rz

+μur,zz +Fr = ρür

(5a)  

μ
(

uθ,rr +
1
r
uθ,r −

1
r2uθ

)

+η 1
r2uθ,θθ +(η − μ)1

r
ur,rθ +(η+μ) 1

r2ur,θ +(η − μ)1
r
uz,θz

+μuθ,zz +Fθ =ρüθ

(5b)  

μ∇2
rθuz +(η − μ)

(

ur,rz +
1
r
ur,z

)

+(η − μ) 1
r
uθ,θz + ηuz,zz +Fz = ρüz (5c)  

where ∇2
rθ is the two-dimensional Laplace operator in r− θ polar plane; i. 

e., 

∇2
rθ =

∂2

∂r2 +
1
r

∂
∂r

+
1
r2

∂2

∂θ2 (6)  

and η is a material constant, defined as 

η= (1 − ν)E
(1 + ν)(1 − 2ν) (7) 

Now, we define two differential operators as follows: 

d̂1 = ∂/∂r + 1/r
d̂2 = (1/r)(∂/∂θ)

(8) 

Adding the two Eqs. (5a) and (5b) together after using the operations 
d̂1 and d̂2, respectively, and then rewriting Eq. (5c) in terms of 
(d̂1ur +d̂2uθ) yield  

η∇2
rθVs

2D + μV s
2D,zz +(η − μ)∇2

rθuz,z +

(

Fr,r +
1
r
Fr +

1
r
Fθ,θ

)

= ρV̈s
2D (9a)  

μ∇2
rθuz + ηuz,zz + (η − μ)Vs

2D,z + Fz = ρüz (9b)  

where Vs
2D is the two-dimensional volumetric strain in the radial- 

circumferential plane, i.e., 

V s
2D =∇rθ.u = εrr + εθθ = d̂1ur + d̂2uθ = ur,r +

1
r
uθ,θ +

1
r
ur (10) 

Eliminating Vs
2D from Eq. (9a,b) results in an independent fourth- 

order equation in term of the longitudinal displacement component, uz 

as 

∇4uz − ρ
(

1
μ+

1
η

)

∇2üz+
ρ2

μη
¨̈uz=−

1
μ∇

2Fz+

(
1
μ−

1
η

)(

Fr,r+
1
r
Fr+

1
r
Fθ,θ +Fz,z

)

,z

+
ρ
μηF̈z

(11) 

Now, we apply d̂2 and d̂1 to Eqs. (5a) and (5b), respectively, and 
subtract the results and obtain: 

∇2ωrθ −
ρ
μω̈rθ =

1
μ

(

Fθ,r −
1
r
Fr,θ +

1
r
Fθ

)

(12)  

where ωrθ is the anti-symmetric component of rotation tensor in r − θ 
plane; i.e., 

ωrθ =
1
2

(
1
r
ur,θ − uθ,r −

1
r
uθ

)

(13) 

It can be clearly seen from Eqs. (11) and (12) that the total degree/ 
order of the mentioned equations is identical to that of the original 
Navier equations of motion. Apparently, the two mentioned uncoupled 
equations presented by Eqs. (11) and (12) in terms of the longitudinal 
displacement component, uz, and the anti-symmetric rotation compo-
nent, ωrθ, respectively, can be used as a replacement of the original 
Navier equations of motion in cylindrical coordinate system, without 
any approximation, for solving different dynamic problems within the 
frame of the linear elasticity for isotropic materials. In case of static 
problems, the aforementioned two equations in absence of the body 
forces are simplified in the form: 

∇4uz = 0 (14a)  

∇2ωrθ = 0 (14b) 

To be able to solve an elasto-static or elasto-dynamic problem based 
on the new approach, other components of the displacement vector (i.e., 
ur and uθ) should also be determined. To this end, some additional 
equations are introduced in the following to express them in terms of the 
two parameters uz and ωrθ. 

2.3. Specification of the displacement components 

As mentioned earlier, the longitudinal displacement and the anti- 
symmetric rotation components can be obtained independently by 
solving the uncoupled equations (11) and (12), respectively. To achieve 
a complete solution for any elasticity problem using the new approach, 
other components of the displacement vector, i.e., the radial and 
circumferential displacements, should also be determined. In the 
following, some equations, describing the mentioned displacement 
components in terms of uz and ωrθ, are introduced. 

To start, we differentiate Eq. (13) once with respect to θ and next 
with respect to r, and rewrite them for the terms uθ,rθ and ur,rθ as 

(λ + 2μ)
(

ur,rr +
1
r
ur,r −

1
r2ur

)

+ μ 1
r2ur,θθ + μur,zz + (λ + μ)

(
1
r
uθ,rθ +

1
r2uθ,θ

)

− 2(λ + 2μ) 1
r2uθ,θ + (λ + μ)uz,rz + Fr = ρür

μ
(

uθ,rr +
1
r
uθ,r −

1
r2uθ

)

+ (λ + 2μ) 1
r2uθ,θθ + μuθ,zz + (λ + μ)

(
1
r
ur,rθ −

1
r2ur,θ

)

+ 2(λ + 2μ) 1
r2ur,θ + (λ + μ) 1

r
uz,θz + Fθ = ρüθ

μ
(

uz,rr +
1
r
uz,r +

1
r2uz,θθ

)

+ (λ + 2μ)uz,zz + (λ + μ)
(

ur,rz +
1
r
ur,z

)

+ (λ + μ) 1
r
uθ,θz + Fz = ρüz

(4)   
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uθ,rθ = − 2ωrθ,θ +
1
r
ur,θθ −

1
r
uθ,θ (15a)  

ur,rθ = 2rωrθ,r + ruθ,rr + uθ,r −
1
r
uθ +

1
r
ur,θ (15b) 

Substituting Eqs. (15a) and (15b) into Eqs. (5a) and (5b), respec-
tively, and simplifying the results yield: 

η
(

∇2
rθur −

1
r2ur −

2
r2uθ,θ

)

− 2(η − μ) 1
r
ωrθ,θ +(η − μ)uz,rz + μur,zz +Fr = ρür

(16a)  

η
(

∇2
rθuθ −

1
r2uθ +

2
r2ur,θ

)

+ 2(η − μ)ωrθ,r +(η − μ) 1
r
uz,θz + μuθ,zz +Fθ = ρüθ

(16b) 

Also, differentiating Eq. (5c) once with respect to r and next with 
respect to θ, and eliminating the terms uθ,rθz and ur,rθz from the resulted 
equations, respectively, using Eqs. (15a) and (15b), will result in the 
following equations:  

where ∇2 is the 3-D Laplace operator and is given by Eq. (3). Now, we 
eliminate the differential term (∇2

rθur − ur/r2 − 2uθ,θ/r2) from Eqs. (16a) 
and (17a), and then eliminate the differential term (∇2

rθuθ − uθ/ r2 +2ur,θ/

r2) from Eqs. (16b) and (17b), and obtain two independent differential 
equations for the undetermined displacement functions ur and uθ as 
follows: 

ur,zzz −
ρ
μür,z =

η
μ(η − μ)

(

μ∇2uz +
μ
η (η − μ)uz,zz − ρüz + Fz

)

,r

−

(
2
r
ωrθ,θ +

1
μFr

)

,z
(18a)  

uθ,zzz −
ρ
μüθ,z =

η
μ(η − μ)

1
r

(

μ∇2uz +
μ
η (η − μ)uz,zz − ρüz + Fz

)

,θ

+

(

2ωrθ,r −
1
μFθ

)

,z
(18b) 

Eqs. (18a) and (18b) express the displacement component ur and uθ 

in terms of uz and ωrθ; which are simplified for elasto-statics problems in 
absence of the body forces as 

ur,zzz =

(
η

η − μ∇
2uz + uz,zz

)

,r
−

2
r
ωrθ,θz (19a)  

uθ,zzz =
1
r

(
η

η − μ∇
2uz + uz,zz

)

,θ
+ 2ωrθ,rz (19b) 

To show validity and efficiency of the proposed new approach, 
especially in gaining analytical solutions, some known three- 
dimensional static and free vibration problems of solid and hollow 
thick-walled cylinders are analytically solved in the next section. 

3. Application to exact analytical solutions for classical cylinder 
problems 

The three-dimensional analysis of solid cylinders and thick-walled 
hollow cylinders/cylindrical shells has been the subject of research for 
several decades. In many studies, the three-dimensional elasticity has 
been adopted in conjunction with various levels of approximations when 
studying solid cylinder problems with various different end boundary 
conditions. There exist on the one hand analytical solutions based on 
expansion in terms of Bessel functions (Hutchinson, 1980; Kari, 2002), 
and on the other hand numerical solutions such as e.g., Ritz method 
(Liew and Hung, 1995; Leissa and So, 1995). These works using 
approximate approaches concentrate mainly on eigen-natural frequency 
analyses. The three-dimensional free vibration of thick-walled cylin-
drical shells have been studied by several researchers (Gazis, 1958; 
Armenakas et al., 1969), but the bulk of analyses has been on various 
approximate models or have been conducted for simplified 
symmetric/plane-strain conditions due to the complexity of the exact 
solutions. 

In the following, exact analytical easlto-static and elasto-dynamic 

solutions are conducted for some static and vibration problems of both 
finite-length solid cylinders and thick-walled cylindrical shells on the 
basis of the introduced 3-D representation. 

3.1. Exact elasto-static solutions 

Consider a thick-walled hollow circular cylinder of inner and outer 
radii a and b, respectively, and length L. The thick-walled cylinder is 
assumed to be simply-supported at both ends (i.e., at z = 0, L) and is in a 
general state subjected to an arbitrarily distributed internal load of in-
tensity pi(θ, z), and externally is under an arbitrary load of intensity 
po(θ, z) as shown in Fig. 1. 

Based on the separation of variables method, the solution for the 
displacement component along the z direction as well as the antisym-
metric rotation component ωrθ, using the double Fourier series, are 
represented as 

uz =
∑∞

m=0

∑∞

n=0
Uz mn(r)cos nθ cos αmz (20a)  

ωrθ =
∑∞

m=1

∑∞

n=1
Ωrθ mn(r)sin nθ sin αmz (20b)  

where Uz mn(r) and Ωrθ mn(r) are two unknown functions of the radial 
variable, r, only; n is the number of half-waves superimposed to describe 
the deformed shape in the circumferential direction, and αm = mπ/L 
indicates the deformed shape of the cylinder along the longitudinal di-
rection. It should be pointed out that the trigonometric functions of θ 
and z in Eq. (20a,b) satisfy the continuity of a closed cylinder in the hoop 
direction, as well as the simply-supported end boundary conditions (see 
also the resultant displacements ur and uθ, and the stress components in 
the following) which are expressed as: 

σzz|z=0,L = ur|z=0,L = uθ|z=0,L = 0 (21) 

Substituting Eqs. (20a) and (20b) into Eqs. (14a) and (14b), 

(η − μ)
(

∇2
rθur −

1
r2ur −

2
r2uθ,θ

)

,z
− 2(η − μ) 1

r
ωrθ,θz +(η − μ)uz,rzz + μ

(
∇2uz

)

,r +Fz,r = ρüz,r (17a)  

(η − μ)r
(

∇2
rθuθ −

1
r2uθ +

2
r2ur,θ

)

,z
+ 2(η − μ)rωrθ,rz +(η − μ)uz,θzz + μ

(
∇2uz

)

,θ +Fz,θ = ρüz,θ (17b)   
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respectively, will result in the following two independent ordinary dif-
ferential equations: 

U(4)
zmn(r)+

2
r
U′′′

z mn(r)−
1
r2

(
1+2n2+2α2

mr2)U′′
zmn(r)+

1
r3

(
1+2n2 − 2α2

mr2)U′

zmn(r)

+
1
r4

(
n4 − 4n2+2n2α2

mr2+α4
mr4)Uzmn(r)=0

(22a)  

Ω′′
rθ mn +

1
r
Ω′

rθ mn −
1
r2

(
n2 +α2

mr2)Ωrθ mn = 0 (22b) 

The exact solutions of the ordinary differential Eq. (22a,b) can be 
expressed in terms of the modified Bessel functions of the first and 
second kind as 

Uz mn(r)= [c1mnIn(αmr)+ c2mnKn(αmr)] + r[c3mnIn+1(αmr)+ c4mnKn+1(αmr)]
(23a)  

Ωrθ mn(r)= c5mnIn(αmr) + c6mnKn(αmr) (23b)  

where c1mn through c6mn are six coefficients to be determined from 
satisfaction of the boundary conditions at the internal and external 
surfaces of the thick-walled cylinder. Also, substituting Eqs. (20a) and 
(20b) into Eqs. (19a) and (19b) and integrating three times with respect 
to the variable z, other displacement components in the radial and 
circumferential directions are obtained as 

ur =
∑∞

m=1

∑∞

n=0
Ur mn(r)cos nθ sin αmz (24a)  

uθ =
∑∞

m=1

∑∞

n=1
Uθ mn(r)sin nθ sin αmz (24b)  

in which   

Next, all the strain and stress components can be determined by 
replacing the obtained exact closed-form equations for the displacement 
components into the linear strain-displacement relations in the cylin-
drical coordinate system as 

εrr = ur,r, εθθ =
1
r
(
ur + uθ,θ

)
, εzz = uz,z

εrθ =
1
2

(
1
r
ur,θ + uθ,r −

1
r
uθ

)

, εθz =
1
2

(

uθ,z +
1
r
uz,θ

)

, εrz =
1
2
(
ur,z + uz,r

)

(26)  

and afterwards replacing the results into the constitutive Hooke’s law 
for the linear elastic isotropic material as follows 

σij = λεkkδij + 2μεij, i, j ∈ {r, θ, z} (27)  

where δij is the Kronecker delta, and the Lamé’s coefficients λ and μ are 
given by Eq. (2). 

As mentioned earlier, the displacement field of Eq. (20a,b) satisfies 
the simply supported boundary conditions as well as the continuity of a 
hollow circular cylinder, and the remaining boundary conditions related 
to the internal and external surfaces need to be satisfied. In case that the 
cylinder is subjected to arbitrarily distributed internal and external load 
of intensity pi(θ, z) and po(θ, z), respectively, the following boundary 
conditions need to be satisfied 

σrθ|r=a = σrθ|r=b = 0
σrz|r=a = σrz|r=b = 0
σrr|r=a = − pi(θ, z)
σrr|r=b = − po(θ, z)

(28)  

where an arbitrarily distributed load p(θ, z) can be described using the 
double Fourier series in the form: 

Fig. 1. Thick-walled closed cylinders subjected to arbitrary distributed internal and external loading.  

Ur mn =
1

αm

{
[
c1mnI

′

n(αmr)+ c2mnK
′

n(αmr)
]
+

2n
αmr

[c5mnIn(αmr)+ c6mnKn(αmr)]

−

(
η

η − μ
2n

α2
mr2 − 1

)

r
[
c3mnI ′

n+1(αmr)+ c4mnK ′

n+1(αmr)
]
−

[
2η

η − μ

(

1+
n(n + 1)

α2
mr2

)

− 1
]

[c3mnIn+1(αmr)+ c4mnKn+1(αmr)]
} (25a)  

Uθ mn = −
1

αm

{
n
r
[c1mnIn(αmr)+ c2mnKn(αmr)] +

2
αm

[
c5mnI ′

n(αmr)+ c6mnK ′

n(αmr)
]
−

η
η − μ

2n
αmr

[c3mnIn(αmr) − c4mnKn(αmr)]+ n[c3mnIn+1(αmr)+ c4mnKn+1(αmr)]
}

(25b)   
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p(θ, z)=
∑∞

m=1

∑∞

n=0
Pmn cos nθ sin αmz (29)  

in which 

Pm0 =
2

πL

∫ L

0

∫ π

0
p(θ, z)sin αmz dθ dz,

Pmn =
4

πL

∫ L

0

∫ π

0
p(θ, z)cos nθ sin αmz dθ dz, (n ≥ 1)

(30) 

In the following, some practical examples are solved based on the 
presented analytical solutions. 

3.1.1. Example 1 – thick-walled cylindrical vessel subjected to uniform 
internal pressure 

Consider a thick-walled cylindrical vessel subjected to a uniformly 
distributed internal loading corresponding to a uniform pressure of in-
tensity P0. For this axisymmetric type of loading, the load coefficient by 
Eq. (30) is simplified as 

Pm0 =
2P0

mπ [1 − ( − 1)m
], (n = 0)

Pmn = 0, (n ≥ 1)
(31)  

and consequently, the distributed loading function by Eq. (29) is 
simplified in the form: 

pi(θ, z)=
4P0

π
∑∞

m=1,3,...

1
m

sin αmz (32) 

Next, the displacement component uz and the antisymmetric rotation 
component ωrθ, from Eqs. (20) and (23) are expressed as 

uz =
∑∞

m=1,3,...
[c1mI0(αmr)+ c2mK0(αmr)] + r[c3mI1(αmr)+ c4mK1(αmr)]cos αmz

(33a)  

ωrθ = 0 (33b) 

As a result, the other displacement components are given as    

uθ = 0 (34b) 

Clearly, the shear stress components σrθ and σθz become zero due to 
the axisymmetric condition and therefore the six boundary conditions 
by Eq. (28) are reduced to the following set of four algebraic equations: 

Table 1 
Dimensionless displacements and stresses in thick-walled cylindrical vessels with various length- and thickness-to-average radius/diameter ratios, and comparison 
with the 2-D elasticity solution [The presented 3-D elasticity results are calculated based on 200 terms of the series to ensure the results’ convergence].  

h/
R0 

Source L/D0 z/L = 0.5, r/a = 1 z/L = 0.5, r/a = 1+ h/a 

Eur/(P0h) σθ/P0 σz/P0 Eur/(P0h) σθ/P0 σz/P0 

0.6 3-D Elasticity (Present) 1.0 2.572 1.660 − 0.819 1.858 1.050 0.642 
1.2 2.681 1.840 − 0.528 1.951 1.024 0.412 
1.5 2.683 1.933 − 0.225 1.953 0.954 0.175 
2.0 2.575 1.908 − 0.003 1.860 0.860 0.003 
5.0 2.469 1.818 0 1.769 0.817 0 
10.0 2.469 1.818 0 1.769 0.817 0 

2-D Elasticitya (Sadd, 2009) – 2.469 1.817 0 1.769 0.817 0 
0.8 3-D Elasticity (Present) 1.0 1.298 1.241 − 0.638 0.774 0.583 0.468 

1.2 1.379 1.401 − 0.461 0.843 0.583 0.337 
1.5 1.411 1.508 − 0.249 0.871 0.552 0.181 
2.0 1.381 1.526 − 0.055 0.845 0.495 0.040 
5.0 1.312 1.451 0 0.787 0.450 0 
10.0 1.312 1.451 0 0.788 0.450 0 

2-D Elasticitya (Sadd, 2009) – 1.313 1.450 0 0.788 0.450 0 
1.0 3-D Elasticity (Present) 1.0 0.745 1.055 − 0.457 0.345 0.323 0.309 

1.2 0.792 1.181 − 0.349 0.388 0.331 0.241 
1.5 0.818 1.274 − 0.211 0.412 0.318 0.146 
2.0 0.813 1.305 − 0.070 0.407 0.286 0.047 
5.0 0.775 1.251 0 0.375 0.250 0 
10.0 0.775 1.251 0 0.375 0.250 0 

2-D Elasticitya (Sadd, 2009) – 0.775 1.250 0 0.375 0.250 0  

a 2-D solution corresponding to end opened cylinder (i.e. plane stress solution). 

ur =
∑∞

m=1,3,...

{
1

αm

[
c1mI ′

0(αmr)+ c2mK ′

0(αmr)
]
−

1
αm

(
2η

η − μ − 1
)

[c3mI1(αmr)+ c4mK1(αmr)] +
r

αm

[
c3mI ′

1(αmr)+ c4mK ′

1(αmr)
]
}

sin αmz (34a)   

Fig. 2. Cross-section of a fully filled closed circular cylinder with inner and 
outer radii a and b, subjected to a non-uniform radial load from liquid pressure. 
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σrr|r=a = −
4P0

π
∑∞

m=1,3,...

1
m

sin αmz

σrr|r=b = σrz|r=a = σrz|r=b = 0

(35) 

The coefficients c1m through c4m (in terms of m) are determined from 
the above-mentioned set of algebraic boundary equations. 

Based on the presented solution, dimensionless numerical results are 
reported in Table 1 for the displacement and the stresses. It should be 
pointed out that h = b − a is the thickness of the vessel, R0 = (a+b)/ 2 is 
the average radius, and D0 = 2R0 is the average diameter of the cylin-
drical vessel. 

A comparison of the results with those from the known 2-D pressure 
vessel problem is also presented in Table 1 for a better understanding of 
the influence of the vessels’ end supports on the displacement and 
stresses. The radial displacement and stresses from a 2-D plane-stress 
static solution for thick-walled pressure vessels subjected to the uni-
form pressure P0 are given as (Sadd, 2009): 
{

σ2D
θ

σ2D
r

}

=
1 ± (b/r)2

(b/a)2
− 1

P0 (36a,b)  

u2D
r =

1
E

∫
(
σ2D

r − νσ2D
θ

)
dr=

r
[
1 − ν + (1 + ν)(b/r)2

]

(b/a)2
− 1

P0

E
(36c) 

It should be clarified that since both ends of the cylinder are open in 
the present 3-D problem, the influence of the tensile stresses due to the 
internal pressure acting on the vessel’s end plates is not considered on 
σz, and therefore, only the 3-D effects of the ending supports are 
captured. This implies that a 2-D plane-stress solution is comparable 
with the present solution. Obviously, the mentioned closed-end effects 

can be considered by superposing a tensile rod-type of solution of the 
cylinder to the present 3-D solution. 

It can be seen from Table 1 that by increasing the length of the cyl-
inders, the radial displacements asymptotically approach those of a 2-D 
plane stress problem. Furthermore, while the normal axial stress in a 
long cylinder vanishes, the magnitude of that component of stress in-
creases on the cylinders’ inner and outer surfaces when the length of the 
cylinder decreases. Obviously, that is due to the bending of the cylin-
der’s shell caused by the end supports. Therefore, the inner surface 
possesses normal compressive stress whereas the outer surface is in 
tension. 

3.1.2. Example 2 – thick-walled cylindrical vessels, radially loaded by a 
liquid pressure 

Treating a non-axisymmetric example based on the developed solu-
tion approach, assume a thick-walled cylindrical vessel, fully filled with 
a liquid, as shown in Fig. 2. The non-uniform internal pressure load is 
then given as 

pi = ρga(1+ cos θ), − π ≤ θ ≤ π (37)  

where ρ is the density of the liquid, g the gravitational acceleration, and 
a the internal radius of the thick-walled cylinder. Using Eq. (30), the 
coefficients of the load series are determined as 

Pm0 = Pm1 =
2ρga
πm

[1 − ( − 1)m
],

Pmn = 0, (n ≥ 2)
(38)  

and hence, the corresponding load in the form of the double Fourier 
series is represented as 

Fig. 3. Variation of the dimensionless displacement components along the tangential direction in thick-walled cylinders with different values of thickness-to-average 
radius ratio (h/R0), radially loaded by fully filled liquid pressure: (a-1,2) radial displacement ur|r=a,z=L/2 for the length-to-average diameter ratio L/ D0 = 1 and 3, 
respectively; (b-1,2) tangential displacement uθ|r=a,z=L/2 for L/D0 = 1 and 3, respectively. 
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pi(θ, z)=
4
π ρga

∑∞

m=1,3,...

∑1

n=0

1
m

cos nθ sin αmz (39)  

where, obviously αm = mπ/L. 
Based on the load series definition by Eq. (39), we set the tangential 

half-wave number n = 0 and 1 into Eq. (20a,b) and obtain the 
displacement component uz and the rotation function ωrθ in the form 

uz =
∑∞

m=1,3,...
[Uz m0(r) + Uz m1(r)cos θ]cos αmz

ωrθ =
∑∞

m=1,3,...
Ωrθ m1(r)sin θ sin αmz

(40)  

in which the series coefficients functions are given from Eq. (23), 
accordingly. Next, the displacement components ur and uθ are obtained, 

using Eq. (24a,b), as follows 

ur =
∑∞

m=1,3,...
[Ur m0(r) + Ur m1(r)cos θ]sin αmz

uθ =
∑∞

m=1,3,...
Uθ m1(r)sin θ sin αmz

(41) 

Obviously, the series coefficient functions Ur m0, Ur m1 and Uθ m1 are 
given from Eq. (25a,b). 

In the above equations, c1m0 through c4m0, as well as c1m1 through 
c6m1 are totally ten coefficients in terms of m that are determined from 
satisfying two set of boundary equations as follows: 

Srz
m0(a)= Srz

m0(b) = Srr
m0(b) = 0, Srr

m0(a) = −
4ρga
πm

(42a) 

Fig. 4. Variation of the dimensionless stress components along the tangential direction in thick-walled cylinders with different values of thickness-to-average radius 
ratio (h/R0), radially loaded by fully filled liquid pressure: (a-1,2) circumferential σθθ |r=a,z=L/2 for the length-to-average diameter ratio L/D0 = 1 and 3, respectively; 
(b-1,2) longitudinal stress σzz|r=b,z=L/2 for L/D0 = 1 and 3, respectively; (c-1,2) shear stress σθz|r=a,z=0 for L/D0 = 1 and 3, respectively. 
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Srθ
m1(a)= Srθ

m1(b) = Srz
m1(a) = Srz

m1(b) = Srr
m1(b) = 0, Srr

m1(a) = −
4ρga
πm

(42b)  

where Sxixj
mn (r) are the radial function coefficients in the series of the stress 

components as 

σrr =
∑∞

m=1,3,...

[
Srr

m0(r) + Srr
m1(r)cos θ

]
sin αmz

σrz =
∑∞

m=1,3,...

[
Srz

m0(r) + Srz
m1(r)cos θ

]
cos αmz

σrθ =
∑∞

m=1,3,...
Srθ

m1(r)sin θ sin αmz

(43) 

For generality of the results and convenience, the following dimen-
sionless displacement and stress parameters are defined for this 
problem: 

ui =
Eui

ρgah
, σij =

σij

ρga
, i, j ∈ {r, θ, z} (44)  

where, as introduced previously, R0 = (a+b)/2 is the average radius of 
the thick-walled cylinder, D0 = 2R0 is the average diameter, and h =

(b − a) is the thickness of the cylinder. Also, a and b are the inner and 
outer radii of the cylinder, respectively. 

In Fig. 3, variations of the displacement components along the 
tangential direction are depicted in radially-loaded thick-walled cylin-
ders equivalent to a fully-filled liquid tank, for different values for 
thickness-to-average radius ratio (h/R0). Moreover, variations of 
different stress components are illustrated in Fig. 4. All the results are 
presented for two different values of the cylinder’s length-to-average 
diameter ratio (L/D0), corresponding to a short and relatively long 
cylinders. 

It can be seen from Figs. 3a–1,2 that, as expected, the magnitude of 
the dimensionless radial displacement at the center of the cylindrical 
vessel increases for the longer or thinner cylinders. It can also be 
concluded that the effect of the end supports is less influential on the 
maximum deflection of the liquid-filled cylinders at the middle as the 
magnitude of the deflection at the top and bottom of them are almost 
similar. However, the effect of the supports for the shorter cylinders is 
dominant as the supports causes a stretch of the upper part of the cyl-
inders and consequently the maximum deflection at the top surface 
becomes lower than that at the bottom. The same conclusion may be 
drawn from Figs. 4b–1,2 for the longitudinal normal stress components. 
Clearly, the effect of stretching from the supports on the upper part of 
the cylindrical vessels is less important, and far from the supports in a 
long cylinder subjected to the weight load of the filled liquid, a quasi- 
pure bending action can be seen. 

From Fig. 4, it can also be concluded that, while decreasing the 
thickness of the vessel wall or its length results in a significant increase 
of the normal axial and shear stresses, the hoop stress is not severely 

affected by the mentions geometrical changes. 

3.1.3. Example 3 – beam with solid circular cross-section under a 
transverse load 

Consider a simply-supported short beam having a solid circular 
section, subjected to a half-sine distributed transverse load along the 
longitudinal direction, as shown in Fig. 5. The load is circumferentially 
distributed on the perimeter with the tangential angle − β ≤ θ ≤ β, 
acting in radial direction (see Fig. 5). 

Based on the classical strength of materials, a half-sine distributed 
transverse load acting on a beam, q, is defined in the form of force per 
unit length along the longitudinal direction of the beam.; i.e., 

q(z)= q0 sin
π
L

z (45) 

Here, the problem is treated based on the 3-D elasticity as a beam 
subjected to a distributed pressure load, as described earlier, in the form: 

p(θ, z)=

⎧
⎨

⎩

0, − π ≤ θ ≤ − β
p0 sin(πz/L), − β ≤ θ ≤ β
0, β ≤ θ ≤ π

(46) 

Obviously, the distributed load per unit area p(θ, z) can be correlated 
to that per unit length q(z) based on the 2-D strength of materials hy-
pothesis, as 

q(z) ≡
∫ π

− π
p(θ, z)b cos θ dθ (47)  

where b is the radius of the cross-section (see Fig. 5). Eq. (47) implies 
that, 

p0 =
q0

2b sin β
(48) 

The distributed load by Eq. (46) can be represented in the general 
form of a double Fourier series (29), in which the coefficients are ob-
tained using Eq. (30) as 

P10 =
βp0

π ,

P1n =
2p0

nπ sin nβ, (n ≥ 1)

Pmn = 0, (m ≥ 2)

(49) 

Thus, the load function is represented, using Eq. (48), in the form, 

p(θ, z)=
q0

2πb sin β

(

β+ 2
∑∞

n=1

1
n

sin nβ cos nθ

)

sin
π
L

z (50) 

Based on different terms of the load series (see Eqs. (49) and (50)), 
and considering the fact that the modified Bessel function of the second 
kind Kmust vanish from the solution to have a finite displacement at the 
center of the cross-section (i.e., at r = 0), the solutions for the transverse 
displacement and rotation function from Eq. (20a,b) are determined as 

Fig. 5. A simply-supported beam with solid circular cross-section subjected to a sinusoidal distributed load.  
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uz =

(
∑∞

n=0
Uz 1n(r)cos nθ

)

cos
π
L

z (51a)  

ωrθ =

(
∑∞

n=1
Ωrθ 1n(r)sin nθ

)

sin
π
L

z (51b)  

where Eq. (23a,b) give the coefficient functions: 

Uz 1n(r)= c11nIn(πr /L) + c31nrIn+1(πr /L) (52a)  

Ωrθ 1n(r)= c51nIn(πr / L) (52b)  

and consequently, other components of the displacement field are 
determined as follows, 

ur =

(
∑∞

n=0
Ur 1n(r)cos nθ

)

sin
π
L

z (53a)  

uθ =

(
∑∞

n=1
Uθ 1n(r)sin nθ

)

sin
π
L

z (53b)  

in which  

Uθ 1n=

−
L
π

{

c11n
n
r
In(πr/L)− nc31n

[
2η

η − μ
In(πr/L)

πr/L
− In+1(πr/L)

]

+c51n
2L
π I ′

n(πr/L)
}

(54b) 

In the above equations, the unknown coefficients c110 and c310, as 
well as c11n, c31n and c51n are to be determined from satisfaction of two set 
of boundary equations which results in the following independent set of 
algebraic equations: 

Srz
10(b)= 0, Srr

10(b)= −
βp0

π →c110, c310 (55)  

and 

Srθ
1n(b)= Srz

1n(b)= 0, Srr
1n(b)= −

2p0

nπ sin nβ →c11n, c31n, c51n (56)  

where Sxixj
mn (r) are the radial function coefficients in the series of the stress 

components as, 

σrr(r, θ, z) =

(
∑∞

n=0
Srr

1n(r)cos nθ

)

sin
π
L

z

σrz(r, θ, z) =

(
∑∞

n=0
Srz

1n(r)cos nθ

)

cos
π
L

z

σrθ(r, θ, z) =

(
∑∞

n=1
Srθ

1n(r)sin nθ

)

sin
π
L

z

(57) 

To have a better understanding and insight about how the dis-
placements and stresses in a stocky beam deviate from those ideally 
captured based of the classical Euler-Bernoulli hypothesis, the compar-
ative results of this example are presented in the form of the following 
dimensionless parameters: 

wmax =
π5Eb4

4q0L4 ur(b, 0, L/2)

σzz =
π3b3

4q0L2σzz(r, θ, L/2), θ = either 0 or π

σxz =
3π2b2

4q0L
σrz(r, θ,L), θ = either 0 or π

(58) 

In Fig. 6, variation of the normalized maximum deflection of simply- 
supported beams versus the length-to-cross-section radius parameter 
from the present 3-D elasticity solution is depicted in comparison with 
that based on of the classical Euler-Bernoulli beam theory. 

It can be observed that for sufficiently large beams, there is a very 
good agreement between the predicted deflections based on the two 
theories. As it is expected, the classical Euler-Bernoulli theory under-
predicts the beam deflection compared to the 3-D elasticity theory, 
especially for stocky beams. This is obviously due to the fact that the 
classical beam theory neglects the effect of shear deformations which 
exhibits a greater impact on the deflection for smaller values of the beam 
length-to depth parameter; i.e., the shorter beams. 

Variations of the dimensionless normal bending stress, σzz, and the 
out-of-plane shear stress, σxz, through the depth of the beam are 
respectively illustrated in Figs. 7 and 8, for three different values of the 
beam length-to-cross-section radius rati, together with a comparison 
with those based on the simplest Euler-Bernoulli beam theory. While the 
classical beam theory yields a linear and parabolic distribution through 
the beam depth, respectively for the normal bending stress and the shear 
stress, the 3-D stresses deviate from those idealized stress distributions 
when the beam length-to-radius in depth parameter, L/b, decreases. 

Variation of the curves in Figs. 7 and 8 reveals the fact that the 

Fig. 6. Comparison of the dimensionless maximum deflection of simply- 
supported beams with solid circular cross-section subjected to half-sine 
distributed load, based on the 3-D solution and the classical Euler- 
Bernoulli theory. 

Ur 10 =
L
π

[

c110I
′

0(πr/L) − c310

(
η + μ
η − μI1(πr/L) − rI

′

1(πr/L)
)]

,

Ur 1n =
L
π

{

c11nI ′

n(πr/L) − c31n

[
2η

η − μ

(

1 +
n(n + 1)
(πr/L)2

)

− 1

]

In+1(πr/L) − c31n

(
η

η − μ
2n

(πr/L)2 − 1

)

rI ′

n+1(πr/L) + c51n
2n

πr/L
In(πr/L)

} (54a)   
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concept of the neutral line/plane and the symmetric/antisymmetric 
distribution of the stresses through the depth is not valid for the short 
beams. Obviously, the intensity of the maximum compressive stress at 
the outermost upper surface of the beam is larger than what predicted by 
the classical theories due the direct impact of the applied transverse 
load. In a similar logic, the location of the maximum shear stress is 
shifted upwards closer to the region where the external load is applied. It 
can also be deduced from Fig. 7 that by decreasing the beam length-to- 
depth parameter, not only the neutral plane is not coincident with the 
location of the center of area, also the nonlinearity in the in-depth dis-
tribution of the normal stress increases. 

3.2. Exact elasto-dynamic solutions 

Consider a thick-walled hollow circular cylinder of inner and outer 
radii a and b, respectively, and length L, simply supported at both ends. 
As the basis of several elasto-dynamic problems, the three-dimensional 

free vibration problem is treated in this subsection based on the intro-
duced uncoupling solution approach to prove the validity and easiness 
of implementing the approach. A general exact analytical solution is 
presented to extract the 3-D natural frequencies and the corresponding 
mode-shapes of the mentioned thick-walled cylinders. 

Using the method of separation of variables for a hollow closed cir-
cular cylinder having finite length, the displacement along the longitu-
dinal direction, z, as well as the rotation component ωrθ, can be 
described using the double Fourier series as 

uz(r, θ, z, t) =
∑∞

m=1

∑∞

n=0
Uz mn(r)ejϖmn t cos nθ cos αmz (59a)  

ωrθ(r, θ, z, t)=
∑∞

m=1

∑∞

n=1
Ωrθ mn(r)ejϖmn t sin nθ sin αmz, j =

̅̅̅̅̅̅̅
− 1

√
(59b)  

where Uz mn(r) and Ωrθ mn(r) are two unknown functions of the radial 
variable, r, only; n is the number of half-waves superimposed to describe 
the deformed shape in the circumferential direction, and αm = mπ/L 
indicates the deformed shape of the cylinder along the longitudinal di-
rection with m number of half-waves. Obviously, the trigonometric 
functions of θ and z in Eq. (59a,b) exactly satisfy the simply-supported 
end boundary conditions (see Eq. (21)) and the continuity of a closed 
cylinder in the hoop direction. Moreover, ϖmn indicates natural fre-
quencies corresponding to the half-wave numbers m and n along the 
longitudinal and circumferential directions, respectively, and the vari-
able t is the time. Apparently, corresponding to each m and n values, 
there are theoretically an infinite number of frequencies corresponding 
to different half-waves along the radial direction in 3-D vibrations. 

Substituting Eq. (59a,b) into the uncoupled governing partial dif-
ferential Eqs. (11) and (12), respectively, results in the following two 
independent ordinary differential equations: 

U(4)
z mn(r)+

2
r
U

′′′

z mn(r)−
[

1
r2

(
1+2n2)+2α2

m −
(η+μ)ρϖ2

mn

ημ

]

U′′
z mn(r)

+
1
r

[
1
r2

(
1+2n2)− 2α2

m+
(η+μ)ρϖ2

mn

ημ

]

U′

z mn(r)

+

[
(
n2 − 4

)n2

r4 +2α2
m

n2

r2 −
(η+μ)ρϖ2

mn

ημ

(

α2
m+

n2

r2

)

+
ρ2ϖ4

mn

ημ +α4
mr2
]

Uz mn(r)=0

(60a)  

Ω′′
rθ mn +

1
r
Ω

′

rθ mn −
1
r2

[

n2 +

(

α2
m −

ρϖ2
mn

μ

)

r2
]

Ωrθ mn = 0 (60b) 

It is easy to show that the exact solutions of the ordinary differential 
Eq. (60a,b) can be expressed in the form: 

Uz mn(r)= c1mnIn(λ1 mnr)+ c2mnKn(λ1 mnr)+ c3mnIn(λ2 mnr) + c4mnKn(λ2 mnr)
(61a)  

Ωrθ mn(r)= c5mnIn(λ2 mnr) + c6mnKn(λ2 mnr) (61b)  

where 

λ1 mn =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

α2
m −

ρϖ2
mn

η

√

(62a)  

λ2 mn =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

α2
m −

ρϖ2
mn

μ

√

(62b) 

Also c1mn through c6mn are six coefficients to be determined from 
satisfaction of the boundary conditions at the internal and external 
surfaces of the thick-walled cylinder. Also, substituting Eq. (59a,b) into 
Eq. (18a,b) and integrating three times with respect to the variable z, 
other components of the displacement field are obtained as 

Fig. 7. Through-depth distribution of the dimensionless normal bending stress 
for different values of beam length-to-cross-section radius ratio, and compari-
son with the classical Euler-Bernoulli beam theory. 

Fig. 8. Through-depth distribution of the dimensionless out-of-plane shear 
stress for different values of beam length-to-cross-section radius ratio, and 
comparison with the classical Euler-Bernoulli beam theory. 
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ur(r, θ, z, t)=
∑∞

m=1

∑∞

n=0
Ur mn(r)ejϖmn t cos nθ sin αmz (63a)  

uθ(r, θ, z, t) =
∑∞

m=1

∑∞

n=1
Uθ mn(r)ejϖmn t sin nθ sin αmz (63b)  

in which  

where the coefficients γ1 mn and γ2 mn are given as 
{

γ1 mn
γ2 mn

}

=
1

αmλ2
2 mn(η − μ)

[

(2η − μ)α2
m −

{
λ2

1 mn

λ2
2 mn

}

−
η
μ ρϖ2

mn

]

(65) 

The stress components are also determined by substituting the ob-
tained exact closed-form equations for the displacements (i.e., Eqs. (59a) 
and (61a) for uz, together with Eqs. (63)–(65) for ur and uθ) into the 
linear strain-displacement relations in the cylindrical coordinates (Eq. 

(26)) and next replacing the results into the constitutive Hooke’s law for 
the linear elastic isotropic material, represented by Eq. (27). 

As mentioned earlier, the displacement field of Eq. (59) satisfies the 
simply supported boundary conditions as well as the continuity of a 
hollow circular cylinder. Next, the remaining boundary conditions 
related to the free stress surfaces need to be satisfied: 

σrθ|r=a = σrθ|r=b = 0
σrz|r=a = σrz|r=b = 0
σrr|r=a = σrr|r=b = 0

(66) 

In the following, some practical examples are analytically solved 
based on the presented solution approach, and the numerical results are 
presented in comparison with FE simulation. 

Table 2 
First five eigen-frequency parameters (ϖ*) and corresponding mode-shapes of solid cylinders, and comparison with the 3-D FE results for 
different values of length-to-cross-section radius ratio. 

Ur mn(r)= γ1 mn
[
c1mnI ′

n(λ1 mnr)+ c2mnK ′

n(λ1 mnr)
]
+ γ2 mn

[
c3mnI ′

n(λ2 mnr)+ c4mnK ′

n(λ2 mr)
]

+
2n

λ2
2 mn

1
r
[c5mnIn(λ2 mnr)+ c6mnKn(λ2 mnr)]

(64a)  

Uθ mn(r)= −
n
r
γ1 mn[c1mnIn(λ1 mnr)+ c2mnKn(λ1 mnr)] −

n
r
γ2 mn[c3mnIn(λ2 mnr)+ c4mnKn(λ2 mnr)]

−
2

λ2
2 mn

[
c5mnI ′

n(λ2 mnr)+ c6mnK ′

n(λ2 mnr)
] (64b)   
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3.2.1. Example 4 – free vibrations of solid cylinders 
Assume an isotropic elastic solid cylinder of finite length L, simply- 

supported at both ends and vibrating freely with a 3-D natural fre-
quency ϖ. To extract the eigen-frequencies ϖ and corresponding eigen- 
mode-shape functions, a non-trivial solution must be conducted from the 
set of the remaining boundary conditions (i.e., the stress-free conditions 
at the perimeter surface of the solid cylinder): 

σrr|r=b = σrθ|r=b= σrz|r=b = 0 (67)  

where b is the radius of the solid cylinder’s cross-section. To have a finite 
value for the longitudinal displacement uz and rotation ωrθ at any point 
on the center line of the cylinder, the modified Bessel function of second 
kind, Kn, must vanish from the solutions (61a,b). Therefore, the 

longitudinal displacement uz and the rotation ωrθ are presented in a 
simplified form as 

uz(r, θ, z, t) =
∑∞

m=1

∑∞

n=0
[c1mnIn(λ1 mnr)+ c3mnIn(λ2 mnr)]ejϖmn t cos nθ cos αmz

(68a)  

ωrθ(r, θ, z, t)=
∑∞

m=1

∑∞

n=1
c5mnIn(λ2 mnr)ejϖmn t sin nθ sin αmz (68b)  

and consequently, the other components of the displacement field are 
given as  

Table 3 
First five eigen-frequency parameters (ϖ*) and corresponding mode-shapes of thick-walled cylindrical shells, and comparison with the 3-D FE 
results for different values of the length-to-average diameter and the thickness-to-average radius parameters. 
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The normal stress σrr and the shear stresses σrθ and σrz are determined 
by substitution of Eqs. (68a) and (69a,b) into the strain-displacement 
relations (26) first, and next the results into the constitutive Hooke’s 
law (27). Satisfying the stress-free surface conditions (67) leads to a set 
of three algebraic equations, in terms of the three coefficients c1mn, c3mn 
and c5mn. Setting the determinant of the coefficient matrix of the 
equations equal to zero, an exact algebraic characteristic equation in 
terms of the half-wave numbers m and n are obtained. The roots of the 
characteristic equations determine the 3-D natural frequencies. 

To demonstrate the validity of the presented solution approach for 
elasto-dynamic problems, the first five natural frequencies of solid cyl-
inders are extracted and given together with their corresponding mode- 
shapes in Table 2, in comparison with corresponding results obtained 
from 3-D finite element analyses (FEA) using Abaqus software. For the 
sake of generality of the numerical results, a dimensionless frequency 
parameter is defined as 

ϖ* =ϖR
̅̅̅̅̅̅̅̅
ρ/E

√
(70)  

where for the solid cylinder R = b is the radius of cylinders’ cross- 
section. The results are presented for three different values of the 
length-to-cross-section radius ratio: L/b = 2, 4 and 10, equivalent to 
short/stocky, moderately long and long slender solid cylinders. It can be 
observed from Table 2 that there is an excellent agreement between the 
results of the two approaches, confirming high accuracy and reliability 
of the proposed uncoupling solution approach for the 3-D elasto- 
dynamic problems in the curvilinear cylindrical coordinates. More-
over, a comparison of natural frequencies of flexural modes based on the 
Euler-Bernoulli beam equation as well as their difference percentage 
with respect to the 3-D solutions are presented. Obviously, the number 
of beam-type of flexural modes within the first five fundamental modes 
increases for slenderer/longer beams and, as it is seen from Table 2, 
discrepancy between the relevant frequency parameters decreases. 

3.2.2. Example 5 – free vibration of thick-walled circular cylindrical shells 
Similar to the previous example for the free vibration of solid cyl-

inders, a non-trivial solution through satisfaction of the remaining 
boundary conditions will result in a characteristic equation having the 
natural frequencies as the roots. For a thick-walled circular cylindrical 
shell, applying the stress-free conditions at the inner and outer surfaces 
(r = a, b) yields a set of six algebraic equations (see Eq. (66)). Setting the 
determinant of the coefficients matrix equal to zero leads to determining 
eigen-frequencies and corresponding eigen-mode-shape functions. 

In Table 3, the first five lowest frequencies and mode-shapes of the 
hollow thick-walled circular cylinders are presented and compared with 
corresponding results obtained from finite element modelling using 3-D 
solid elements in Abaqus software. The results are given in the form of 
dimensionless frequency parameter, presented by Eq. (70), in which R is 
set as the average radius of the shell thickness: R = R0 = (a + b)/ 2. To 
verify the validity and accuracy of the obtained analytical solution based 
on the established uncoupling elasticity approach, the frequency 

parameter values and the mode shapes are provided, in comparison with 
the 3-D FE results, for two different values of the shell thickness-to- 
average radius ratio parameter: h/R0 = 0.2 and 0.4, equivalent to 
moderately thick and thick shells. Moreover, two different values of the 
cylindrical shells length-to-average cross-section diameter (L/D0) are 
considered. It is evident from the results of Table 3 that there exists an 
excellent agreement between the results of the present approach and 
those of the 3-D FE simulations, confirming the correctness and validity 
of the established 3-D elasto-dynamic approach. 

4. Conclusions 

In this paper, an exact representation of the three-dimensional 
elasticity equations of motion in the curvilinear cylindrical coordinate 
system was developed in an uncoupling form, without introducing any 
potential function or physically meaningless auxiliary parameter. An 
efficient straightforward flow of solution procedure was shown that 
need to be followed to gain exact 3-D solutions for both category of 
elasto-static and elasto-dynamic problems in the curvilinear cylindrical 
coordinate system. Validity and correctness of the approach was 
demonstrated through some analytical solutions for a number of clas-
sical problems within the area of solid and structural mechanics. The 
presented approach was shown to facilitate obtaining elasticity solu-
tions, due to being on the basis of some independent uncoupled gov-
erning equations. Unlike most existing decomposition representations, it 
was shown that the governing equations of the new representation need 
to be directly solved in terms of some standard displacement and rota-
tion components instead of some new physically-meaningless potentials. 
Needless to mention, this enables implementing solutions according to 
semi-inverse method using the introduced representation. The efficiency 
of the present approach was demonstrated through exact analytical so-
lutions for some classical solid and hollow thick-walled cylinder 
problems. 
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ur =
∑∞

m=1

∑∞

n=0

[

c1mnγ1 mnI ′

n(λ1 mnr)+ c3mnγ2 mnI ′

n(λ2 mnr)+ c5mn
2n

λ2
2 mn

1
r
In(λ2 mnr)

]

ejϖmn t cos nθ sin αmz (69a)  

uθ = −
∑∞

m=1

∑∞

n=1

n
r

[

c1mnγ1 mnIn(λ1 mnr)+ c3mnγ2 mnIn(λ2 mnr)+ c5mn
2r

nλ2
2 mn

I ′

n(λ2 mnr)

]

ejϖmn t sin nθ.sin αmz (69b)   
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