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Derivation of a Qualitative Model for the Spatial
Characteristic Wavelength of Extrusion Flow Instabilities:
Investigation of a Polybutadiene Rubber through Capillary,
Slit and Complex Geometry Extrusion Dies

Christos K. Georgantopoulos, Masood K. Esfahani, Michael A. Pollard, Ingo F. C. Naue,
Andrea Causa, Roland Kádár, and Manfred Wilhelm*

The extrusion flow instabilities of commercial polybutadiene (PBD) are
investigated as a function of the different extrusion die geometries, such as
round capillary, slit, and complex cross-section profile slit dies via capillary
rheology. Qualitative models are used to fit the experimental data for the
spatial characteristic wavelength (𝝀) of the appearing extrusion flow
instabilities. A new qualitative model for the slit die geometry, rectangular
cross-section, is derived based on the theoretical concept of the “two layers”
extrudate and the force balance at the die exit region. The proposed qualitative
model for the slit die geometry is used to predict the spatial characteristic
wavelength (𝝀) for extrudates obtained by complex cross-section profile slit
die geometries similar to industrial manufacturing. Correlation between the
ratio of the extensional (Ys) and shear (𝝈x) stress at the die exit area and the
characteristic dimension, height H for slit dies and diameter D for round
capillary dies, is presented. Moreover, a geometry-dependent model is used to
predict the spatial characteristic wavelength (𝝀) of the extrusion flow
instabilities from a round capillary die to a slit die and vice versa.
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1. Introduction

Extrusion flow instabilities during poly-
mer melt processing have been one of the
most commonly encountered problems in
the polymer-related industry over the last
60 years. Typically, extrusion flow instabil-
ities are categorized by the type of sur-
face and/or volume distortions named as
sharkskin, stick-slip, and gross melt frac-
ture (GMF).[1–10]

The molecular mechanism behind the
macroscopic extrusion flow instabilities is
still under investigation. For the origin
of sharkskin instability, possible scenarios
include the extensional (Ys) stress at the
die exit region, or in the fluctuation of
a polymer chain between coiled-stretched
and entangled-disentangled states on the
lip of the die exit.[6,7] The origin of stick-
slip is based on a sudden disentanglement-
entanglement procedure between polymer

chains adsorbed on the die wall and the bulk polymer
chains.[3,4,6,7] The origin of gross melt fracture (GMF) is based
on the turbulent flow at the die entrance region.[6,7] These con-
cepts have not been clarified and proven yet, although a plethora
of studies is in agreement that the sharkskin and any surface dis-
tortions probably originate at the die exit region.[4,8,11]

Supporting the concept that the sharkskin/melt fracture sur-
face distortions originate at the die exit region, Cogswell[12] pre-
sented a theoretical approach that focuses on the extensional (Ys)
stress directly outside of the die exit. Cogswell[12] assumed first
that the polymer on the boundary condition, that is on the wall
of the die lip area just before exiting it, has almost zero veloc-
ity. Second, directly after the die exit, the swelling phenomenon
happens and extensional (Ys) stress is developed surrounding the
exit of the die lip. Hence, the extensional (Ys) stress on the sur-
face of the extrudate is becoming non-linear, and a tear-like be-
havior starts due to the time dependency at the exit. The tear cre-
ates a flow discontinuity and splits the material into two distinct
layers: the theoretical macroscopic layer near the wall, called the
surface layer, which develops the instability distortion; and the
core layer, which becomes the “valley” like formation. The con-
cept proposed by Cogswell[12] for the “two layers” extrudate model
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has been experimentally observed by El Kissi et al.,[13–15] and Piau
et al.[16] for polydimethylsiloxane (PDMS), Inn et al.[17] and Piau
et al.[18] for polybutadiene (PBD), Migler et al.[19] for linear low-
density polyethylene (LLDPE) and Georgantopoulos et al.[20–22]

for styrene-butadiene rubbers (SBR).
Burghelea et al.[23,24] investigated linear low density polyethy-

lene (LLDPE, Mw = 148 kg mol−1, Ð = 4.2) and low density
polyethylene samples (LDPE, Mw = 256 kg mol−1, Ð = 15) using
a laser-doppler velocimetry (LDV) technique. They proposed[23,24]

that at the die exit region the velocity distribution and the exten-
sional (Ys) stress on the surface layer of the extrudate are respon-
sible for the onset of surface fracture, related to the sharkskin
instability. Specifically, they suggested that on the surface of the
extrudate around the die periphery the material experiences an
intensive extensional flow. Primary computational simulations
coupled with experimental work by Tremblay,[25] Rutgers, and
Mackley[26] evaluate that the extrusion surface distortions corre-
late with the extensional (Ys) stress on the surface layer of the
extrudate at the die exit region. Shortly after the extrudate leaves
the die exit the extensional (Ys) stress has a higher magnitude
on its surface layer and decreases into the core layer, where the
shear (𝜎x) stress is dominant.[19,25,26] Specifically, as the extrusion
throughput is increased, a larger surface area is vulnerable to tear
behavior, and for this reason, the phenomenon becomes more
intensive as the throughput increases.[19] Computational simula-
tions using the finite element method by Venet and Verges[27]

provide evidence of tangential stress located on the surface of
the extrudate surrounding the perimeter of the round capillary
die exit. The magnitude of the tangential stress increases as the
flow rate increases. Advanced numerical studies by Karapetsas
et al.,[28] Pettas et al.,[29] and Varchanis et al.[30] proposed that
the onset of sharkskin instability originates at the die exit region
where a combination of an intensive extensional deformation at
the die exit and the recoil relaxation effect of the polymeric chain
is observed.

Wang and coworkers,[31–33] and Inn et al.[17] developed simple
analytical models which describe the development of the spatial
characteristic wavelength 𝜆 of extrudates through round capillary
dies as a function of extrudate velocity. Wang and coworkers[31–33]

studied linear low-density polyethylene (LLDPE, Mw = 112 kg
mol−1, Ð = 4.15) and defined the spatial characteristic wave-
length as 𝜆 = 〈V〉 𝜏*, where 〈V〉 is the average extrudate velocity
and 𝜏* is the characteristic time periodicity of the phenomenon.
Inn et al.[17] studied a specific polybutadiene sample (PBD, Mw=
182 kg mol−1, Ð = 1.90) and describe the development of the spa-
tial characteristic wavelength 𝜆 based on the force balance at the
die exit region using the Cogswell[12] “two-layer” model for the
extrudate. Georgantopoulos et al.[22] used the Inn et al.[17] model
to fit experimental data of the spatial characteristic wavelength 𝜆

obtained by round capillary dies for several SBR samples. Geor-
gantopoulos et al.,[22] based on the previously reported experi-
mental and numerical studies[23–30] assumed that the extensional
(Ys) stress on the surface layer of the extrudate at the die exit re-
gion has a larger magnitude than the theoretical shear (𝜎x) stress
on the interface between the two layers (surface and core), Ys >

𝜎x. The authors[22] presented correlations between the stress ra-
tio (Ys/𝜎x) at the die exit region and molecular properties such
as the longest relaxation time, 𝜏d and molecular architecture (lin-
ear, branched) of the investigated samples. These correlations are

in agreement with the assumptions of Wang and coworkers,[31–33]

Inn et al.[17] and Rutgers and Mackley[26] that the ratio of the stress
(Ys/𝜎x) at the die exit region has a dependency on the molecu-
lar weight and architecture of the extruded polymers. Moreover,
the obtained values of the stress ratio at the die exit region, are
larger than one, Ys/𝜎x > 1; consequently, their initial assumption
is confirmed.[22]

Within this study, the extrusion flow instabilities of commer-
cial polybutadiene (PBD) samples are investigated as a function
of die geometries. The models of Wang and coworkers,[31–33] and
Inn et al.[17] are presented. A new model for slit dies (rectangu-
lar cross-section area) based on the Inn et al.[17] methodology,
Cogswell’s[12] “two-layers” extrudate model, and Ovaici et al.[34]

concept for the force balance at the die exit region is derived. The
proposed qualitative model for the slit die geometry is used to
predict the spatial characteristic wavelength 𝜆 for extrudates ob-
tained by traditional slit dies with different dimensions and two
complex cross-section profile slit die geometries similar to the
manufacturing process of rubber compounds in industry. In ad-
dition, a simple geometry-dependent model proposed by Geor-
gantopoulos et al.[21] for the prediction of the spatial characteris-
tic wavelength 𝜆 of the extrusion flow instabilities from a round
capillary to a slit die and vice versa is discussed. This correlation is
here tested for the investigated PBD sample and multiple round
capillary and slit die geometries.

2. Material, Characterization Procedure, and
Equipment

To determine the relative molecular weight distribution (MWD)
of the investigated polybutadiene (PBD) sample, quadruple-
detection size exclusive chromatography (SEC) was used. This
quadruple-detection SEC is equipped with a differential refrac-
tive index (DRI) detector, UV detector, viscometer, and a multi-
angle laser light scattering (MALLS) detector. The SEC was cal-
ibrated with homopolymer polybutadiene standards with linear
molecular architecture. The MWD of the sample as obtained by
the DRI detector is presented in Figure 1a. The responses of
the quadruple-detection SEC for the elution volume distribution
and the calibration curve of the polybutadiene standards are pre-
sented in Figure S1, Supporting Information. The MWD is uni-
modal with a weighted average molecular weight of Mw= 375 kg
mol−1 and dispersity index Ð =Mw/Mn = 3.5, see Figure 1a and
Table 1. In Figure 1b, the Mark–Houwink[35,36] plot is presented
in order to investigate the molecular architecture (linear, branch)
of the studied polybutadiene (PBD) sample. To develop the Mark–
Houwink[35,36] plot, the intrinsic viscosity [𝜂] of the sample was
obtained by the viscometer detector and plotted as a function of
the absolute molecular weight obtained by theMALLS detector.
The obtained result is compared to polybutadiene homopolymer
standards that are known to have linear molecular architecture,
see Figure 1b. Between 400 to 3000 kg mol−1 the intrinsic vis-
cosity of the investigated PBD deviates from the calibration stan-
dards. This deviation suggests that the molecular architecture
contains branches in the range of 400 to 3000 kg mol−1 molec-
ular weight.

Oscillatory shear frequency sweep experiments were per-
formed with a rubber process analyzer (RPA) elite close cavity
rheometer from TA Instruments. This rheometer is equipped
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Figure 1. a) Normalized differential refractive index (DRI) detector response as a function of the molar mass for the PBD sample as obtained by
SEC. b) The intrinsic viscosity [𝜂] as a function of molecular weight as obtained via MALLS. The black circles are calibration standards of homopolymer
polybutadiene with linear molecular architecture included in the graph. The deviation of PBD from the standard between 400 and 3000 kg mol−1 indicates
branched molecular architecture. For the UV, viscometer, and MALLS responses see Figure S1, Supporting Information.

Table 1. Molecular weight characteristics and glass transition temperature
Tg of the investigated PBD sample.

Name Mn [kg mol−1] Mw [kg mol–1] Ð [−] Tg
a) [°C]

PBD 107 375 3.5 −108

a)
98 wt.% cis 1,4 butadiene obtained by the material data sheet.

with a 40 mm grooved geometry to eliminate slippage and the
experiments were carried out at T = 100 °C between an angular
frequency of 𝜔 = 0.06 and 300 rad s−1. The obtained magnitude
of the complex viscosity, storage, and loss moduli was fitted by a
five-element Maxwell model.[37] The Maxwell modes are listed in
Table A1. Steady-state shear flow experiments were carried out by
the ARES-G2, TA Instruments, equipped with an 8 mm grooved
plate-plate geometry within �̇�app.= 0.004 and 0.05 s−1 at T= 100 °C
as well. Non-linear transient extensional rheological experiments
to characterize the molecular architecture (linear, branch) of the
sample were performed by the extensional viscosity fixture (EVF)
equipped with an ARES-G2 rheometer between extensional rates
of �̇� = 0.01 and 10 s−1 at T = 100 °C.

Capillary rheological experiments were carried out using a Göt-
tfert RG 50, capillary rheometer. The sample was loaded in the
capillary rheometer reservoir (30 mm reservoir diameter) and re-
mained there for 15 min at T = 100 °C in order to ensure a ho-
mogenized temperature profile. In total six commercially avail-
able dies were used: three round capillary dies (circular cross-
section) with length of L = 30 mm and diameter of D = 1, 2, and
3 mm; and three slit dies (rectangular cross-section) with length
of L = 30 mm, width of W = 10 mm, and height of H = 0.5, 1,
and 3 mm. These dies were chosen based on the systematic differ-
ence of the diameter D and height H, which influences[31–33] the
spatial characteristic wavelength 𝜆 of the extrusion flow instabili-
ties. In addition to the commercial die geometries, two Equation
(2) slit die geometries with different profiles of the cross-sectional
area are also investigated. Automotive-related manufacturers use
slit dies with complex cross-sectional profiles which enable the
extrudates to have a specific shape.[38] Within this study two slit
dies with differing cross-section profiles are used. The first one

Figure 2. Images of the two slit die geometries with different cross-
sectional profiles; a) slit-die-simple-profile and b) slit-die-scalar-profile.
The computer-aided design (CAD) drawings can be found in Figure S2,
Supporting Information.

is called slit-die-simple-profile and has a length of L = 30 mm,
a width of W = 10 mm, and height of H = 2 and 3 mm, see
Figure 2a. The second one is called slit-die-scalar-profile and has
length of L = 30 mm, width of W = 10 mm, height of H = 1.5,
2, and 3 mm, see Figure 2b. The computer-aided design (CAD)
drawings can be found in Figure S2, Supporting Information.
Both slit dies with the cross-section profile are inspired by the
review study of J. F. T. Pittman.[38]

3. Modeling Section and Rheological Models

Rheological models discussed below have been used to fit the
magnitude of the complex viscosity |𝜂(𝜔)| and the steady state vis-
cosity 𝜂(�̇�app.) as a function of angular frequency 𝜔 and apparent
shear rate �̇�app., respectively. The Inn et al.[17] model for the spa-
tial characteristic wavelength 𝜆Capillary of the extrudates obtained
by round capillary dies and the newly derived model of the spa-
tial characteristic wavelength 𝜆Slit of the extrudates obtained by
slit dies are presented. In addition, simplifications based on ex-
perimental results are used to make the Inn et al.,[17] and the new
proposed model easier to handle. Finally, the proposed model by
Georgantopoulos et al.[21] for the prediction of the spatial char-
acteristic wavelength 𝜆 from round capillary to slit dies and vice
versa is discussed.
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Figure 3. Images of extrusion flow instabilities of the investigated PBD, a) sharkskin at �̇�app.= 10 s−1 and b) stick-slip at �̇�app.= 20 s−1. The spatial
characteristic wavelength 𝜆 is indicated on the images. The extrudates were obtained by a round capillary die with L = 30 mm and D = 3 mm at T = 100
°C. The optical images were obtained by incident light microscopy. The blue arrows show the flow direction.

3.1. Viscosity Models

The shear-thinning region of the magnitude complex viscosity
|𝜂*(𝜔)| as a function of angular frequency is fitted with a power
law model given by Equation (1).

|𝜂∗ (𝜔)| = K𝜔n−1 (1)

where K and n are fitting parameters. The steady-state viscosity
𝜂(�̇�app.) as a function of apparent shear rate is fitted with the Cross
model,[37] given by Equation (2).

𝜂
(
�̇�app.

)
=

𝜂0

1 +
(
𝜏�̇�app.

)m (2)

where 𝜂0 is the zero shear viscosity, 𝜏 is the longest relaxation
time, and m is the power law index. In case of |𝜂∗(𝜔)| = 𝜂(�̇�app.)
with the numerical values of �̇�app. = 𝜔, then the empirical Cox–
Merz[39] rule is applicable. Under the applicability of Cox–Merz
rule the shear-thinning exponent of Equations (1) and (2) is m =
1 − n. As shown later the Cox–Merz rule is not applicable within
the whole range of shear rates for the investigated PBD sample
at T = 100 °C. Namely, the Cox–Merz rule is applicable within
1s−1 < �̇�wall < 50s−1, but after �̇�wall > 50s−1 the Cox–Merz[39] rule
is not applicable.

3.2. Definitions of the Spatial Characteristic Wavelength 𝝀

During the extrusion process of the investigated polybutadiene
(PBD) sample, extrusion flow instabilities manifest themselves,
see Figure 3. Specifically, during extrusion or within capillary
rheology experiments smooth, sharkskin, stick-slip, and gross
melt fracture (GMF) instabilities might occur as the shear rate
increases. The spatial characteristic wavelength 𝜆 of instabilities
is defined as the average distance between two consecutive simi-
lar surface distortions.[21,22] This definition can easily be applied

to sharkskin extrusion flow instability, where the whole extrudate
has a well-developed rather periodic pattern on its surface as Fig-
ure 3a depicts. Regarding the stick-slip instability in Figure 3b,
the definition[21,22] of the spatial characteristic wavelength 𝜆 can
be applied only in the stick part of the extrudate where a devel-
oped pattern similar to sharkskin exists. In the rest of the extru-
date, intensive volume distortions without a specific pattern ap-
pear. Within this study, the spatial characteristic wavelength 𝜆 is
defined as the one obtained by the well-developed sharkskin pat-
tern and by the stick part of the stick-slip instability.

3.3. Derivation of a Qualitative Model for Sharkskin Applied to
Round Capillary Dies

Inn et al.[17] proposed a qualitative model for the spatial charac-
teristic wavelength 𝜆 of the extrusion flow instabilities, based on
visual observation of a specific polybutadiene sample (PBD, Mw=
182 kg mol−1, Ð = 1.90) extruded by round capillary dies at T =
50 °C. This model[17] uses the force balance[34] at the die exit to
describe the formation of instability. It is assumed that the frac-
ture instability originates at the die exit region.[17] As mentioned,
this model[17] considers that the extrudate is composed of “two
layers”,[12] the surface layer and the core layer, see Figure 4. It is
assumed that the two layers exist inside and outside of the die.[17]

Inn et al.[17] assumed that Rf = Xf + h/2. The Rswelled is the
swelled radius of the extrudate, taking into account the surface
instability. Here, 𝜎x is the shear stress on the theoretical inter-
face between the core and surface layer and Ys is the extensional
stress at the die exit region. The theoretical interface of those two
layers is located at r = X0 inside the die and at r = Xf outside of
the die. It is assumed[17] that immediately after the die exit, the
swelling happens and the inner core layer of the extrudate swells
from a radius X0 to Xf and moves with the average extrudate ve-
locity Vswelled. The outer surface layer is supposed to move with a
different velocity, named as surface extrudate velocity Vextr.,surface.
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Figure 4. Schematic representation of the “two-layer” model which shows the development of flow instabilities. From a) to b) the 4th instability ridge
is developed. The instability ridge, 𝜆s is defined as the average width (full width half maximum, fwhm) of the sharkskin stripe and it is formed by the
fracture on the skin/core interface, r = Xf. X0, and Xf are the theoretical radius of the core layer inside and outside of the die, respectively. R0 and Rf are
the radius of the die and the theoretical swelled radius of the extrudate if no fracture was developed, respectively. h is the spatial characteristic height of
the instabilities defined as the average distance between the swelled core and the tip of the instability.

The Vextr.,surface refers to the outer layer of the extrudate which ex-
periences an extensional deformation immediately after the die
exit region.

The derivation of this model[17] assumes a power-law fluid, and
the velocity profile, see Equation (3), is given by a Poiseuille lam-
inar flow field for a round capillary die where the slip velocity is
neglected.

Vr (r, n) = 3n + 1
n + 1

[
1 −

(
r

R0

) 1
n
+1
]

Q

𝜋R2
0

(3)

where Q is the volumetric flow rate, R0 is the radius of the
round capillary die, and n is the power law exponent defined by
n ≡ d(log𝜎wall)∕d(log�̇�app.). The average velocity inside the round
capillary die is given by Equation (4).

Vave. =
Q

𝜋R2
0

(4)

The extrudate velocity after the die swell is given by:

Vswelled =
Q

𝜋R2
swelled

(5)

whereRswelled is the radius of the swelled extrudate and D′ is the
swelled diameter of the extrudate, D′ = 2Rswelled, see Figure 4.
Combining Equations (4) and (5), Equation (6) is derived.

Vave. =
Q

𝜋R2
0

=
Q

𝜋R2
swelled

(
Rswelled

R0

)2

= Vswelled

(
Rswelled

R0

)2

(6)

At the interface between the core and the surface layer, Vr(r,n)
= Vr(X0,n), Equation (3) yields Equation (7).

Vr

(
X0, n

)
= 3n + 1

n + 1

[
1 −

(
X0

R0

) 1
n
+1
]

Vave. (7)

The interfacial depth parameter, 𝜉, is defined[17] as the ratio
between the inner core radius and the theoretical radius for the
surface layer if no surface fracture occurs, as follows 𝜉 = X0/R0

= Xf/Rf. The interfacial depth parameter runs between 0 < 𝜉 < 1.
The latter is explained by Equation (8), where at low shear rates
�̇� → 0, the swelling effect is not pronounced and Xf ≈ Rf, and at
high shear rates �̇� → ∞, the swelling effect is obvious, so Xf ≪

Rf.

𝜉 = X0∕R0 = Xf ∕Rf

�̇� → 0, Xf ≈ Rf , 𝜉 → 1
�̇� → ∞, Xf ≪ Rf , 𝜉 → 0

(8)

Thus, Equation (7) coupled with Equations (6) and (8) results
in:

Vswelled

Vr

(
X0, n

) = n + 1
3n + 1

[
1 − (𝜉)

1
n
+1
]−1

(
Rswelled

R0

)−2

(9)

Assuming that the surface layer of the extrudate moves with
Vextr.,surface, it can be calculated by:

Vextr.,surface =
Qs

𝜋R2
0 − 𝜋X2

0

=
Qs

𝜋R2
0

(1 − 𝜉2)
(10)

where Qs is the volumetric flow rate of the theoretical surface
layer and can be obtained by Equation (11).

Qs =
R0∫
X0

(
Vr2𝜋r

)
dr =

[
1 −

(3n + 1
n + 1

)
𝜉2 +

( 2n
n + 1

)
𝜉

3+ 1
n

]
Q (11)

Assuming[17] that the fracture instability forms on the surface
layer of the extrudate, the ratio of the Vswelled/Vextr.,surface, Equa-
tion (12), is obtained by combining Equations (6), (10), and (11).

Vswelled

Vextr.,surface
= 1 − 𝜉2(

Rswelled

R0

)2

[
1 −

(3n + 1
n + 1

)
𝜉2 +

( 2n
n + 1

)
𝜉

3+ 1
n

]−1

(12)

Focusing on the die exit region the force balance[34] for the
round capillary die is given by Equation (13).[17]

2𝜋X0𝜆s𝜎x = Ys

(
𝜋R2

0 − 𝜋X2
0

)
(13)
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Figure 5. Schematic representation of the “two-layer” model for slit die geometry (rectangular cross-section area) with the width W being larger than
the height H, W > H. a) depicts the x–z top-view and b) displays the y–z top-view of the slit die and extrudate. The instability ridge, 𝜆s, is defined as the
average width of the sharkskin stripe, and it is formed by the fracture on the skin/core interface, see (b). x0, y0, xf, and yf are the theoretical dimensions
of the core layer inside and outside of the die, respectively. The Hf and Wf are the theoretical swelled height and width of the extrudate if no fracture was
developed, respectively. The parameter h is the spatial characteristic height of the instabilities defined as the average distance between the swelled core
and the tip of the instability. The Inn et al.[17] assumption is used, Wf = xf + h/2 and Hf = yf + h/2, where H′ and W′ are the swelled height and width of
the extrudate taking into account the surface instability. The stress 𝜎x is the shear stress on the theoretical interface between the core and surface layer
and Ys is the extensional stress at the die exit region.

Equation (13) presents the force balance between the shear
stress 𝜎x on the theoretical interface between the core and sur-
face layer, and the extensional stress Ys at the die exit region for a
capillary die with a circular cross-section area, see Figure 4. The
thickness of the instability ridge 𝜆s is defined as the average width
of the sharkskin ridge. The average distance between two consec-
utive similar surface distortions is defined as the spatial charac-
teristic wavelength 𝜆.

Inn et al.[17] assumed that the characteristic time periodicity
𝜏* of the instabilities is a constant ratio of 𝜏* = 𝜆s/Vextr.,surface =
𝜆/Vswelled, so 𝜆 = 𝜆s(Vswelled/Vextr.,surface). Hence, an analytical for-
mula for the spatial characteristic wavelength𝜆, Equation (14),
can be derived by coupling Equations (12) and (13), and 𝜆 =
𝜆s(Vswelled/Vextr.,surface).

𝜆 =
R0

2

(
Ys

𝜎x

)(
1
𝜉
− 𝜉

)
1 − 𝜉2(
Rswelled

R0

)2

[
1 −

(3n + 1
n + 1

)
𝜉2

+
( 2n

n + 1

)
𝜉

3+ 1
n

]−1

(14)

3.4. Derivation of a Qualitative Model for Sharkskin Applied to
Slit Dies

Using the same principal ideas and assumptions of Inn et al.[17]

model, a proposed qualitative model for sharkskin based on

slit die geometry is developed. This model focuses on the force
balance[34] at the die exit and assumes that the fracture instabil-
ity originates at the die exit region as well. Moreover, it considers
that the extrudate is composed of “two layers”,[12] the surface and
the core layer, see Figure 5. It is assumed that the two layers exist
inside and outside of the die as well.

The theoretical interface of those two layers is located at x =
x0 and y = y0 inside the die and at x = xf andy = yf outside of the
die. It is assumed that immediately after the die exit, the swelling
happens. Hence, the inner core layer of the extrudate swells from
x0 to xf and from y0 to yf. The core layer is assumed to move with
Vswelled.[17] The outer surface layer is assumed to move with a dif-
ferent velocity called surface extrudate velocity Vextr.,surface.

[17] The
Vextr.,surface refers to the outer layer of the extrudate, which expe-
rience an extensional deformation immediately after the die exit
region. Figure 6 depicts the formation of the instability ridge at
the die exit region at three different time snapshots during the
extrusion process at the same apparent shear rate �̇�app.= 20 s−1

and temperature T = 100 °C.
Assuming a power-law fluid, the velocity profile of a Poiseuille

flow field for a slit die geometry, neglecting the slip velocity is
described by Equation (15).[23,24]

Vz (y, n) = 2n + 1
n + 1

[
1 −

(
2y
H

) 1
n
+1
]

Q
HW

(15)
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Figure 6. Online optical monitoring of the extrusion of the investigated
PBD sample using a slit die with L/H = 10, H = 3 mm and W = 10 mm.
The sequence of images a–c) present the same sample at three different
time snapshots under steady-state conditions, a) t = 0 + texp. s, b) t = 1.5
+ texp. S, and c) t = 3 + texp. s. The development of the instability ridge
is captured in the red circle and presents its evolution with the extrusion
time. The extrusion conditions are T = 100 °C and �̇�app.= 20 s−1.

whereQ is the volumetric rate, H is the height, and W is the width
of the slit die and n is the power law constant. The average velocity
inside the slit die is given by Equation (16).

Vave. =
Q

HW
(16)

The extrudate velocity after the die swell is given by Equa-
tion (17).

Vswelled =
Q

H′W ′ (17)

Coupling Equations (16) and (17), Equation (18) derived.

Vave. =
Q

HW
=

Q
H′W ′

(
H′W ′

HW

)
= Vswelled

(
H′W ′

HW

)
(18)

At the interface between the core and the surface layer, Vz(y,n)
= Vz(y0,n), Equation (15) becomes Equation (19).

Vz

(
y0, n

)
= 2n + 1

n + 1

[
1 −

(
2y0

H

) 1
n
+1
]

Q
HW

(19)

For the slit die geometry two interfacial depth parameters, 𝜉,
can be defined: for the y-direction 𝜉H = 2y0/H = 2yf/Hf and for
the x-direction 𝜉W = 2x0/W = 2xf/Wf. The interfacial depth pa-
rameters run between 0 < 𝜉H,𝜉W < 1 as well. The two interfacial
depth parameters are assumed to be similar to each other, 𝜉H =
𝜉W; this assumption is later proved by the experimental results.
Coupling Equations (18) and (19), Equation (20) derived.

Vz

(
y0, n

)
Vswelled

= 2n + 1
n + 1

[
1 −

(
𝜉H

) 1
n
+1
](H′W ′

HW

)
(20)

The surface layer of the extrudate moves with Vextr.,surface, which
can be estimated by

Vextr.,surface =
Qs

HW − 2x02y0
=

Qs

HW (1 − 𝜉W𝜉H)
=

Qs

HW (1 − 𝜉2)

(21)

where Qs is the flow rate of the surface layer and can be obtained
by Equation (22).

Qs = Q − 4

y0

∫
0

x0

∫
0

Vz dxdy

= Q − 4

y0

∫
0

x0

∫
0

(
2n + 1
n + 1

Q
HW

[
1 −

(
2y
H

) 1
n
+1
])

dxdy →

Qs = Q
(

1 −
(2n + 1

n + 1

)
𝜉2 +

( n
n + 1

)
𝜉

3+ 1
n

)
(22)

For the detailed derivation of Equation (22), see Appendix B.
Assuming that the fracture instability is formed on the surface
layer of the extrudate, the ratio of the Vswelled/Vextr.,surface, (Equa-
tion (23)), is obtained by the coupling of Equations (18), (21), and
(22).

Vswelled

Vextr.,surface
= HW

H′W ′

(
1 − 𝜉2

) [
1 −

(2n + 1
n + 1

)
𝜉2 +

( n
n + 1

)
𝜉

3+ 1
n

]−1

(23)

Focusing on the die exit region the force balance for the slit die
geometry is given by Equation (24).

Ys

(
HW − 4x0y0

)
= 𝜎x𝜆s2x0 + 𝜎y𝜆s2y0 (24)

Equation (24) presents the force balance between the shear
stress 𝜎i on the interface between the core and surface layer, and
the extensional stress Ys at the die exit region for a slit die (rect-
angular cross-section area). The width of the instability ridge on
the surface layer is 𝜆s, and it is assumed[17] to be the same for the
x and y directions. The magnitude of the shear stress for both di-
rections 𝜎x,𝜎y is assumed to have a similar numerical value, 𝜎x
≈ 𝜎y. Hence, the instability ridge, 𝜆s, is given by Equation (25).

𝜆s =
Ys

𝜎x

(
HW − 4x0y0

)
2
(
x0 + y0

) =
Ys

𝜎x

HW
H + W

[
1
𝜉
− 𝜉

]
(25)

For the detailed derivation of Equation (25), see Appendix
C. Using the assumption of Inn et al.[17] that the characteris-
tic time periodicity 𝜏 of the instabilities is a constant ratio of
𝜏 = 𝜆s/Vextr.,surface = 𝜆/Vswelled, hence 𝜆 = 𝜆s(Vswelled/Vextr.,surface) oc-
curs. Experimental data of the characteristic time periodicity 𝜏 of
the extrusion instabilities can be obtained by high-sensitive pres-
sure transducers within the slit die.[21,48–52]An analytical formula
for the spatial characteristic wavelength,𝜆, is derived by coupling
Equations (23) and (25) and 𝜆= 𝜆s(Vswelled/Vextr.,surface), giving Equa-
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Figure 7. a) Experimental data of the calculated interfacial depth parameter 𝜉 for extrudates obtained by round capillary and slit dies at T = 100 °C. b)
Ratio of the spatial characteristic wavelength and the instability ridge, 𝜆𝜆s, for the investigated sample obtained by capillary and slit dies at T = 100 °C.
The extrusion dies that have been used are: round capillary dies with L = 30 mm and D = 1, 2, and, 3 mm and slit dies with L = 30 mm and H = 0.5, 1,
and 3 mm.

tion (26).

𝜆 =
Ys

𝜎x

(HW)2

(H + W) H′W ′

(
1
𝜉
− 𝜉

)(
1 − 𝜉2

)
×
[
1 +

(2n + 1
n + 1

)
𝜉2 +

( n
n + 1

)
𝜉

3+ 1
n

]−1

(26)

3.5. Simplification of the Models for Round Capillary and Slit Dies

In this section, the assumptions for the simplification of the mod-
els are experimentally validated. Firstly, the slip velocity is ne-
glected because the model is derived directly at the die exit region,
on the die lip. Secondly, the two interfacial depth parameters for
the slit die geometry are assumed to be similar in magnitude to
each other, 𝜉H ≈ 𝜉W. Georgantopoulos et al.[22] proposed that the
interfacial depth parameter 𝜉 for extrudates obtained by capillary
dies, for SBR materials can simply be described by a power law
model as a function of apparent shear rate, 𝜉 = b�̇�−c

app.. The appar-
ent shear rate is defined as �̇�app. = (6Q)∕(WH2) for slit dies and
�̇�app. = (4Q)∕(𝜋R3) for round capillary dies. Based on the assump-
tion of Inn et al.,[17] Rf = Xf + h/2, the same idea is applied for the
extrudates obtained by the slit die, with Wf = xf + h/2 and Hf = yf
+ h/2. The experimental results for the interfacial depth param-
eter from extrudates obtained by slit and round capillary dies are
presented in Figure 7a. Figure 7a shows that the interfacial depth
parameter for the same material obtained by different die geome-
tries remains similar to each other. The experimental data are fit-
ted by the proposed[22] power law model, 𝜉 = b�̇�−c

app.. The deviation
of each experimental data obtained from different die geometries
is estimated to vary at most by 15% from the fitting function.
Hence, it is possible to assume that 𝜉H = 𝜉W = 𝜉 = b�̇�−c

app., where
b = 0.99 s–c and c = 0.02 for the investigated PBD sample at T =
100 °C. The sensibility of the fitting parameters for the 𝜉 = b�̇�−c

app.

is presented in Appendix D. According to Inn et al.[17] the ratio
of the spatial characteristic wavelength 𝜆 and the instability ridge
𝜆s is given by 𝜆

𝜆s
= (Vswelled∕Vextr.,surface). Figure 7b presents exper-

imental results obtained by slit and round capillary dies regard-

ing the ratio of the spatial characteristic wavelength 𝜆 and the
instability ridge 𝜆s of the investigated PBD sample at T = 100 °C.
Within the investigated range of apparent shear rates, 0.5 s−1 <

�̇�app. < 100 s−1 at T = 100 °C, it is found that 𝜆/𝜆s ≈ 3. It is worth
mentioning that the ratio of the spatial characteristic wavelength
𝜆 and the instability ridge 𝜆s, has also been reported[22] that 𝜆/𝜆s
≈ 3 for SBR samples, investigated at apparent shear rates in the
range of, 1 s−1 < �̇�app. < 100 s−1 and T = 120 °C.

Based on the previously reported assumptions which have
been experimentally validated, Equations (27) and (28) are pro-
posed as simplified qualitative models for the spatial characteris-
tic wavelengths 𝜆 of extrusion flow instabilities developed at the
die exit of round capillary and slit dies, respectively. The function
for the interfacial depth parameter is given by 𝜉 = b�̇�−c

app., where b
= 0.99 s–c and c = 0.02 for the investigated PBD sample at T =
100 °C.

𝜆
Capillary
Innetal. = 3

R0

2

(
Ys

𝜎x

)(
1
𝜉
− 𝜉

)
(27)

𝜆Slit
currentwork = 3 HW

H + W

(
Ys

𝜎x

)(
1
𝜉
− 𝜉

)
(28)

3.6. Predicting the Spatial Characteristic Wavelength from Round
Capillary to Slit Dies and Vice Versa

Barone et al.[32] described the spatial characteristic wavelength 𝜆

of melt fracture for extrudates obtained by capillary dies as fol-
lows:

𝜆
Capillary
Barone et al. = ⟨V⟩ 𝜏∗ = D

8

(
𝜌

𝜌′

)( D
D′

)2

�̇�app.𝜏
∗. (29)

where, 〈V〉 is the average extrudate velocity which is taking into
account the swelled diameter D′ of the extrudate, the density of
the material inside the capillary reservoir 𝜌, and outside of the
die 𝜌′. Georgantopoulos et al.,[21] used Equation (29) assuming
the density ratio 𝜌/𝜌′ ≈ 1 and similar extrusion conditions (tem-
perature and deformation rates) between a round capillary and a
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Figure 8. a) Loss and storage moduli, b) magnitude of complex viscosity as a function of angular frequency fitted by a five-element Maxwell model, see
also Appendix A. c) Transient extensional viscosity and the linear viscoelasticity (LVE).

slit die under the same apparent shear rate and temperature, that
is:[21]

�̇�Capillary
app. = �̇�Slit

app. ⇒ ⟨V⟩Capillary
(D

8

)−1
(

D′

D

)2

= ⟨V⟩Slit
(H

6

)−1
(

H′

H
W ′

W

)
. (30)

Consistent with published optical[21] experimental observa-
tions, it is suggested that the swelling effect is similar between
the round capillary and slit dies, (D′/D)2 ≈ [(W′H′)/(HW)] for
the same material under similar process conditions (temper-
ature and deformation rates). Moreover, it is experimentally
validated[21] via three characterization techniques (online, offline
optical analysis, and a customized highly sensitive pressure slit
die) that the characteristic time periodicity 𝜏* of the extrusion
flow instabilities is not die geometry dependent but material de-
pendent. Fitting the experimental results, it is suggested[21] that
the characteristic time periodicity 𝜏* can be simply modeled by a
power law function,

𝜏∗ = a�̇�−d
app. (31)

where a and d are fitting parameters and dependent on material
properties.[21]

Based on Equation (30), the observation (D′/D)2 ≈

[(W′H′)/(HW)] and the material dependent characteristic time
periodicity 𝜏*, the following geometrical model was proposed by
the authors of this article in a previous publication,[21]

𝜆Slit = 𝜆
Capillary
Baroneetal.

(8H
6D

)
. (32)

4. Results and Discussion

In Figure 8a,b, the small amplitude oscillatory shear (SAOS) ex-
periments within the linear viscoelastic (LVE) region at 𝛾0 = 1%
present the loss (G′′(𝜔)) modulus, storage (G′(𝜔)) modulus, and
the magnitude of complex viscosity (|𝜂*(𝜔)|) as a function of an-
gular frequency (𝜔). These material functions were obtained at
T = 100 °C between angular frequency of 𝜔 = 0.06 and 300 rad
s−1, and fitted by a five-element Maxwell model, see Appendix
A. The investigated PBD sample has not reached the terminal
flow zone (𝜔 < 𝜔crossover,𝜔crossover= 1.66 rad s−1) where G′′𝜔1 and
G′𝜔2, see Figure 8a. Rather, the loss modulus (G′′(𝜔)) has slightly

higher values than storage (G′(𝜔)) modulus and both of them
scale similarly with the angular frequency, G′′G′𝜔0.5. This scal-
ing law behavior, G′′G′𝜔0.5, indicates Rouse dynamics and it is
observed in the literature[40–43] for comb-like molecular architec-
tures. Within this study, this unusual behavior of the G′′ and
G′ is explained based on the polydispersity (Ð = 3.5) of the in-
vestigated sample as well as on the literature explanation[40–43]

from the presence of entanglements between the backbone and
the branches. Those entanglements have a particularly long relax-
ation process since they relax during or even after the reptation of
the macromolecular chain, which makes them considered “per-
manent” entanglements.[40–43] Hence, even after the crossover (
𝜔crossover= 1.66 rad s−1) the terminal regime is not reached because
the polymeric chains are not fully relaxed due to the existence
of “permanent” entanglements between the backbone and the
branches.

As displayed in Figure 8b, the investigated PBD has a com-
mon power law ( |𝜂*(𝜔)| = K𝜔n − 1) viscosity behavior, with K =
57 000 Pa sn and n = 0.4. Figure 8c displays the non-linear tran-
sient extensional viscosity investigated by the EVF at Τ = 100
°C. Within the investigated extensional rates, the data overlapped
with the linear viscoelasticity (LVE), and indications of a minor
strain hardening factor (SHF) are observed at �̇� =0.01 and 0.02
s−1, SHF = 1.5 and 1.8 respectively. This indicates that the inves-
tigated PBD sample has a dominant linear molecular architecture
with a possible additional low amount of branching at the high
molecular weight tail of the MWD.[22] This molecular architec-
ture agrees with the experimental results from Mark–Houwink
plot ((Figure 1b) and the theoretical explanation for the behavior
of loss (G′′(𝜔)) and storage (G′(𝜔)) modulus in Figure 8a.

Figure 9a,b displays the apparent steady-state viscosity (𝜂app.) as
a function of the apparent shear rate (�̇�app.) for the slit and round
capillary extrusion dies, respectively. The apparent steady-state
viscosity was obtained at T = 100 °C between �̇�app.= 0.7 and 1000
s−1 for the slit dies (Figure 9a) and �̇�app.= 0.1 to 1000 s−1 for the
capillary dies (Figure 9b). The zero-shear viscosity (𝜂0) is obtained
by steady shear experiments using the ARES-G2 strain-controlled
rheometer between �̇�app.= 0.004 and 0.05 s−1 at T= 100 °C. The ex-
perimental data are fitted by the Cross model, Equation (2), where
𝜂0 = 750 kPa s, 𝜏 = 6 s, and m = 0.92. A deviation between the
apparent steady-state viscosity obtained by different dies is ob-
served. This deviation is caused by the exit pressure effects and
slippage behavior on the die wall. The exit pressure effect on the
steady-state viscosity obtained by the slit die with an aspect ratio
of L/H = 60 and H = 0.5 mm, can be neglected due to the large
aspect ratio.[44] Hence, the obtained apparent steady-state viscos-
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Figure 9. a–b) Apparent steady state viscosity as a function of apparent shear rate for the slit and capillary die geometries, respectively. The experimental
data are fitted by the Cross model, Equation (2). c) Comparison between the magnitude of complex viscosity obtained by oscillatory shear experiment
(black solid circles) and the steady state viscosity (red open stars) obtained by capillary rheology with a slit die L/H = 60, and H = 0.5 mm. All the
experiments were carried out at T = 100 °C.

Figure 10. Images of the extruded PBD sample with capillary dies a) D = 1 mm, b) D = 2 mm, c) D = 3 mm, and L = 30 mm at T = 100 °C and �̇�app.= 5
s−1.

ity 𝜂app. (or apparent shear stress 𝜎app.) is the correct steady-state
viscosity 𝜂 (or wall shear stress 𝜎wall) without requiring a Bagley
correction.[4] For this reason, the Rabinowitsch–Weissenberg[4]

correction, where the �̇�wall = [(2n + 1)∕3n]�̇�app. and n is defined by
the n ≡ d(log𝜎wall)∕d(log�̇�app.), can directly be applied. Thus, the
Cox–Merz rule[39] is applied in Figure 9c, where the magnitude
of complex viscosity as a function of angular frequency and the
steady state viscosity as a function of wall shear rate is presented
in the same plot. The Cox–Merz[39] rule is applicable between
1 s−1 < �̇�wall < 50 s−1where both viscosities overlap, after �̇�wall >

50 s−1 the steady state viscosity scales with the slope of −0.92 and
deviates from the magnitude of complex viscosity. This deviation
has been discussed in the literature and explained based on the
intensive slippage on the extrusion die wall.[21,45–48]

Figure 10 presents the images of the extrudates obtained by
three round capillary dies, with D = 1, 2, and 3 mm, and L =
30 mm at the same shear rate, �̇�app.= 5 s−1, and temperature, T =
100 °C. The spatial characteristic wavelength 𝜆 of the presented
melt fracture can be identified. It is obvious that the absolute
value of the spatial characteristic wavelength 𝜆 becomes bigger
as the diameter of the die increases. This observation agrees with
the literature experimental results for polyethylene samples by
Wang and coworkers.[30–32]

Optical microscopy was used to quantify the spatial character-
istic wavelength 𝜆. The numerical values of the spatial character-
istic wavelength 𝜆 are presented in Figure 11a. The data which are
marked by a shaded area, Figure 11a, are obtained by the stick
part of the stick-slip instability. These experimental results are
fitted by the Inn et al.[17] model, Equation (27), and the magni-

tude of the stress ratio Ys/𝜎x is obtained. The Inn et al.[17] model
has agreement with the experimental data both qualitatively and
quantitatively. The stress ratio Ys/𝜎x as a function of the diameter
D of the capillary dies is presented in Figure 11b. It is observed
that the stress ratio Ys/𝜎x is slightly decreased as the diameter D
of the capillary die increases.

In Figure 12, images of the extrudates obtained by the three
slit dies, with H = 0.5 mm, H = 1 mm and H = 3 mm, and L
= 30 mm at T = 100 °C are presented. The spatial characteris-
tic wavelength 𝜆 of the instability can be identified. The absolute
value of the spatial characteristic wavelength 𝜆 becomes bigger
as the height H of the die increases, which is a similar behavior
with the extrudates from capillary dies.

The numerical values of the spatial characteristic wavelength
𝜆 are presented in Figure 13a. The experimental data of the wave-
length are fitted by the proposed model from this study, see Equa-
tion (28). The spatial characteristic wavelength 𝜆 obtained by the
stick part (marked data in Figure 13a) of the stick-slip instabil-
ity is reasonably described by the proposed model as well. The
magnitude of the stress ratio Ys/𝜎x is also obtained as well. The
proposed model agrees with the experimental data and has simi-
lar behavior of the Inn et al.[17] model. The stress ratio Ys/𝜎x as a
function of the height H of the slit die is presented in Figure 13b.
It is also noticed that the stress ratio Ys/𝜎xdecreases as the height
H of the slit die increases.

The obtained stress ratios Ys/𝜎x through the model fitting,
Equations (27) and (28), confirm the assumption[21] that the ex-
tensional stress on the surface layer of the extrudate at the die exit
region is larger than the theoretical shear stress on the interface
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Figure 11. a) Spatial characteristic wavelength 𝜆 obtained by capillary dies with D = 1 mm, D = 2 mm, D = 3 mm, and L = 30 mm. The experimental
data are fitted by the Inn et al.[17] model, Equation (27). The data marked by the shaded area were obtained at the stick part of the stick-slip instability,
see Figure 3b. b) The stress ratio Ys/𝜎x at the die exit region as a function of the diameter D of the capillary die.

Figure 12. Images from the extruded PBD from slit dies with a) H = 0.5 mm, b) H = 1 mm, c) H = 3 mm, and L = 30 mm at T = 100 °C and �̇�app.= 10
s−1.

between the two layers (surface and core), Ys > 𝜎x. An interest-
ing topic would be the evaluation of the magnitude of the stress
ratio Ys/𝜎x via computational fluid dynamic (CFD) simulation at
the die exit region. Taking into account the universality of the dis-
cussed models at the die exit area and excluding localized discon-
tinuities at the die exit corner, insights for the ratio of the stress
Ys/𝜎x can be found possibly. The downward behavior of the stress
ratio Ys/𝜎x as the characteristic dimension of the die increases
is explained based on the theoretical core layer of the extrudate

which is increasing as well. For instance, during the same applied
apparent shear rate, the extrudate velocity ( VCapillary

extr. = (D∕8)�̇�app.,
VSlit

extr. = (H∕6)�̇�app.) is increased as the height H or the diameter D
of the die increases. Thus, the mass flux of the theoretical cross-
section area of the core layer is increased as the characteristic
dimension of the die increases.

In Figure 14, the slit-die-simple-profile is displayed, see also
Figure 2a. Specifically, in Figure 14a„ the cross-section area of
the die exit is presented, giving numerical values for selective di-

Figure 13. a) Spatial characteristic wavelength 𝜆 obtained by slit dies with H = 0.5 mm, H = 1 mm, H = 3 mm, W = 10 mm and L = 30 mm. The
experimental data are fitted by the proposed model, Equation (28). b) The ratio of the stress Ys/𝜎x at the die exit region as a function of the height H of
the die. The solid symbols are obtained by fitting Equation (28) to the experimental data. The open triangle and circular symbols are estimating the Ys/𝜎x
for the H = 1.5 mm and H = 2 by using the fitting line. This information will later be input to Equation (28) in order to predict the spatial characteristic
wavelength for the respective height.

Macromol. Mater. Eng. 2022, 2200313 2200313 (11 of 17) © 2022 The Authors. Macromolecular Materials and Engineering published by Wiley-VCH GmbH



www.advancedsciencenews.com www.mame-journal.de

Figure 14. Slit-die-simple-profile. a) The cross-section area, b) the flow channel part, where the profile is existing at the last Lprofile = 3 mm of the die exit,
and c) visualization of the flow during extrusion of the investigated PBD at T = 100 °C, �̇�H=2mm

app. = 10 s−1 and �̇�H=3mm
app. = 11.11 s−1. The computer-aided

design (CAD) drawings can be found in the supplementary information. In b) the milling process fingerprint can be noted. The die land surface has been
polished and major roughness from the milling process has been removed.

Figure 15. Images of the extruded PBD from slit-die-simple-profile (Figures 2 and 14a) at a) �̇�H=2mm
app. = 5 s−1 and �̇�H=3mm

app. = 5.5 s−1, b) �̇�H=2mm
app. = 10 s−1

and �̇�H=3mm
app. = 11.11 s−1, and c) �̇�H=2mm

app. = 20 s−1, and �̇�H=3mm
app. = 22.22 s−1 at T = 100 °C. The arrows indicate the flow direction, the red arrow represents

the flow at the die section with H = 2 mm and the blue arrows at the die section with H = 3 mm.

mensions of the profile. Figure 14b presents the flow channel
and the die exit region with the profile. The flow channel is L
= 30 mm and the profile for the die exit region has a length of
Lprofile = 3 mm within the flow channel. The arrows indicate the
flow direction: blue arrows for the flow at H = 3 mm and red
at H = 2 mm. The shear rates �̇�app. = (6Q)∕(WH2) for the respec-
tive height of the slit-die-simple-profile are presented in Table S4,
Supporting Information. In Figure 14c an image during the ex-
trusion of the investigated PBD sample at T= 100 °C, �̇�H=2mm

app. = 10
s−1, and �̇�H=3mm

app. = 11.11 s−1 is depicted. During the extrusion pro-
cess, the two different spatial wavelength 𝜆 regimes can be easily
identified. Figure 15 presents selected extrudates obtained by the
slit-die-simple-profile at T = 100 °C. On all of the extrudates, red
and blue arrows indicate the extrusion area where the height of
the slit die is H = 2 mm and H = 3 mm, respectively. The spa-
tial characteristic wavelength 𝜆 obtained for the area where the
height is H = 3 mm (blue arrows) is visually confirmed that is
bigger than the wavelength 𝜆 obtained from the H = 2 mm (red
arrow).

In Figure 16 the spatial characteristic wavelength 𝜆 obtained
by the slit die with H = 3 mm, W = 10 mm and L = 30 mm and
the slit-die-simple-profile with L = 30 mm, W = 10 mm and H
= 2 and 3 mm are presented. The numerical values of the wave-
length obtained by the slit die (H = 3 mm) and the section with H
= 3 mm from the slit-die-simple-profile are overlapping. In addi-
tion, the wavelength obtained at the section with H = 2 mm from

Figure 16. Spatial characteristic wavelength 𝜆 obtained by slit die with H
= 3 mm (solid star symbol) and by slit-die-simple-profile (Figure 13a) with
H = 3 mm (open star symbol) and H = 2 mm (solid pentagon symbol).
The apparent shear rate is calculated by �̇�app. = (6Q)∕(WH2) and the nu-
merical values of it can be found in the supplementary information.

the slit-die-simple-profile has lower numerical values. The pro-
posed model, Equation (28), is used to fit the experimental data
of the wavelength obtained by the slit die and the slit-die-simple-
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Figure 17. Slit-die-scalar-profile. a) The cross-section area, b) the flow channel part, where the profile is existing at the last Lprofile = 3 mm of the die exit,
and c) visualization of the flow during extrusion of the investigated PBD at �̇�H=1.5mm

app. = 106 s−1, �̇�H=2mm
app. = 20 s−1, and �̇�H=3mm

app. = 26.7 s−1 and T = 100
°C. The computer-aided design (CAD) drawings can be found in the supplementary information.

Figure 18. Images from the extruded PBD from slit-die-scalar-profile (Figures 2b and 17a) at a) �̇�H=1.5mm
app. = 26.7 s−1, �̇�H=2mm

app. = 5 s−1 and �̇�H=3mm
app. = 6.7

s−1, b) �̇�H=1.5mm
app. = 37.3 s−1, �̇�H=2mm

app. = 7 s−1 and �̇�H=3mm
app. = 9.3 s−1, c) �̇�H=1.5mm

app. = 53.3 s−1, �̇�H=2mm
app. = 10 s−1, and �̇�H=3mm

app. = 13.3 s−1 at T = 100 °C. The
arrows indicate the flow direction, the green arrow represents the flow at the die section with H = 1.5 mm, the red arrow at H = 2 mm and the blue
arrow at H = 3 mm.

profile with H = 3 mm. The numerical values of the wavelength
obtained by the slit-die-simple-profile with H = 2 mm are pre-
dicted by Equation (28) estimating the stress ratio Ys/𝜎x = 5.5
from Figure 13b and using 𝜉 = 0.99�̇�−0.02

app. .
In Figure 17 the slit-die-scalar-profile is presented. In Fig-

ure 17a, the cross-section area of the die exit is presented, giving
numerical values for selective dimensions. This design of the slit-
die-scalar-profile is inspired by industrial dies which are used in
the automotive industry.[38] Figure 17b displays the flow channel
with the profile of the cross-section area. The flow channel is L =
30 mm and the profile for the die exit region has a length of Lprofile
= 3 mm within the flow channel. The arrows indicate the flow di-
rection, the blue arrows represent the flow at H = 3 mm, the red
arrows at H = 2 mm, and the green arrow at H = 1.5 mm. In Fig-
ure 17c, an image during the extrusion of the investigated PBD
sample at T = 100 °C and �̇�H=1.5mm

app. = 106 s−1, �̇�H=2mm
app. = 20 s−1 and

�̇�H=3mm
app. = 26.7 s−1 is depicted. During the extrusion process, the

three different spatial wavelength 𝜆 regimes can be identified.
Figure 18 presents selected extrudates obtained by the slit-die-

scalar-profile at T = 100 °C. On the extrudates surface blue, red,
and green arrows indicate the flow where the height of the slit

die is H = 3 mm, H = 2 mm, and H = 1.5 mm, respectively. The
spatial characteristic wavelength 𝜆 can be visually identified that
is bigger at H = 3 mm (blue arrow) and smaller at H = 1.5 mm
(green arrow).

In Figure 19 the 3D surface profiles of the extruded PBD from
three different dies: a) slit die, b) slit-die-simple-profile, and c)
slit-die-scalar-profile at T = 100 °C are presented. The escalation
of the spatial characteristic wavelength 𝜆 within Figure 19b,c is
easily visible at the different height levels of the profile.

In Figure 20, the magnitude values of the spatial characteris-
tic wavelength 𝜆 obtained by the slit die with L = 30 mm, W =
10 mm, H = 3 mm, the slit-die-simple-profile with L = 30 mm, W
= 10 mm, H= 2 and 3 mm, and the slit-die-scalar-profile with L=
30 mm, W = 10 mm and H = 1.5, 2 and 3 mm are presented. The
shear rates �̇�app. = (6Q)∕(WH2) for the respective height of the
slit-die-scalar-profile are presented in Table S5, Supporting In-
formation. In Figure 20a, the numerical values of the wavelength
obtained by the slit die (H= 3 mm), the slit-die-simple-profile sec-
tion with H = 3 mm, and the slit-die-scalar-profile section with
H = 3 mm are overlapping. In Figure 20b, the numerical val-
ues of the wavelength obtained by the slit-die-simple-profile sec-
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Figure 19. The 3D profiles of the extrudates obtained by a) slit die with H = 3 mm, W = 10 mm at �̇�H=3mm
app. = 7 s−1, b) slit-die-simple-profile with H =

3 mm, H = 2 mm, W = 10 mm, at �̇�H=2mm
app. = 7 s−1, �̇�H=3mm

app. = 7.7 s−1, and c) slit-die-scalar-profile with H = 3 mm, H = 2 mm, H = 1.5 mm and W =
10 mm, at �̇�H=1.5mm

app. = 37.3 s−1, �̇�H=2mm
app. = 7 s−1, and �̇�H=3mm

app. = 9.3 s−1, see Figures 2, 14, and 17 for the dies. All the dies have a length of L = 30 mm
and the profile for the b–c) is existing at Lprofile = 3 mm before the die exit. The extrudate was obtained at T = 100 °C.

Figure 20. Spatial characteristic wavelength 𝜆 obtained a) by slit die with H = 3 mm (solid star symbol), slit-die-simple-profile (Figure 14a) with H =
3 mm (open star symbol) and slit-die-scalar-profile (Figure 17a) with H = 3 mm (semi-open star symbol). b) Wavelength obtained by slit-die-simple-
profile with H = 2 mm (solid pentagon symbol) and slit-die-scalar-profile with H = 2 mm (semi-open pentagon symbol). c) Wavelength obtained by
slit-die-scalar-profile with H = 1.5 mm (solid triangle symbol). The solid lines are the fitting of Equation (28) to the experimental data obtained by the
slit die with H = 3 mm. The dash and dot lines are predictions of Equation (28) for the H = 2 mm and H = 1.5 mm. The choice of the ratio of the stress
Ys/𝜎x for the H = 2 mm and H = 1.5 mm has been based on Figure 13b. The fitting and the predictions of Equation (28) are included in all the figures to
emphasize the difference between the heights. The apparent shear rate is calculated by �̇�app. = (6Q)∕(WH2) and the numerical values of it can be found
in the supplementary information.

tion with H = 2 mm, and the slit-die-scalar-profile section with
H = 2 mm are overlapping as well. Finally, in Figure 20c, the nu-
merical values of the wavelength obtained by the slit-die-scalar-
profile section with H = 1.5 mm are presented. The proposed
model, Equation (28), is used to fit the experimental data of the
wavelength obtained by the slit die with H = 3 mm, using Ys/𝜎x
= 4 and 𝜉 = 0.99�̇�−0.02

app. . Based on Figure 13b the ratio of Ys/𝜎x

can be estimated of Ys/𝜎x = 5.5 for H = 2 mm and Ys/𝜎x = 6.7
for H = 1.5 mm. Using the estimated values for the Ys/𝜎x and
𝜉 = 0.99�̇�−0.02

app. , predictions of Equation (28) are included in Fig-
ure 20. In Figure 20b,c, the comparison between the predictions
of Equation (28) and the experimental data obtained by H= 2 mm
and H = 1.5 mm are presented. Agreement between the predic-
tions and the experimental data is observed.

The prediction of the spatial characteristic wavelength 𝜆 of the
extrusion flow instabilities for a given material from a round cap-
illary die, which usually exists in a laboratory, to industrial-scale
slit dies can be a useful and practical tool for the plastic and rub-
ber processing industry. A geometrical correlation, Equation (32),
between the spatial characteristic wavelengths 𝜆 of extrudates ob-
tained by capillary and slit dies is proposed in the literature.[21]

Equation (32) has been tested for two SBR samples extruded by

a capillary die D = 2 mm, L = 30 mm and a slit die with H =
0.5 mm, W = 5 mm, and L = 30 mm at T = 120 °C.[21] The predic-
tions of Equation (32) for the spatial characteristic wavelength 𝜆

as obtained by the slit die are in agreement with the experimental
data. Within this study, the validity of Equation (32) for the predic-
tion of the spatial characteristic wavelengths 𝜆 for three different
slit dies with H = 0.5, 1, and 3 mm at T = 100 °C is examined.
Firstly, the experimental results of the spatial characteristic wave-
length 𝜆 obtained by the round capillary die with D= 2 mm, and L
= 30 mm are fitted by the Barone et al.[33] model (Equation (29)),
see Figure 21a. The density ratio 𝜌/𝜌′ for the investigated PBD
sample is assumed to be 𝜌/𝜌′ ≈ 1, the swelled ratio is (D/D′)2 =
0.28, and the time periodicity[49–52] of the phenomenon is given
by 𝜏∗ = 1.6�̇�−0.5

app. at T = 100 °C. The marked experimental results
in Figure 21a, between 50 s−1 ≤ �̇�app. ≤100 s−1, are excluded from
the fitting of the Barone et al.[33] model. Those experimental data
were obtained by the stick part of the stick-slip instability. Barone
et al.[33] developed their model based on visual observations of
a specific linear low-density polyethylene (LLDPE, Mw = 112 kg
mol−1, Ð = 4.15) with pronounced sharkskin instability. For this
reason, only the data associated with the sharkskin instability are
fitted by Barone et al.[33] in Figure 21a. Using the Barone et al.[33]
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Figure 21. a) Spatial characteristic wavelength 𝜆 obtained by capillary dies with D = 2 mm, L = 30 mm and fitted by the Barone et al.[33] model,
Equation (29). b) Spatial characteristic wavelength 𝜆 obtained by slit dies H = 0.5 mm, H = 1 mm, H = 3 mm, with L = 30 mm, and predicted by the
proposed correlation, Equation (32). The marked experimental data in (a) and (b) are obtained by the stick part of the stick-slip instability.

model which fitted the experimental results from the round capil-
lary die D= 2 mm, L= 30 mm, and knowing the different heights
of slit dies H = 0.5, 1, and 3 mm, the predictions of Equation (32)
are presented in Figure 21b. The predictions of Equation (32) are
in agreement with the experimental data obtained by the slit dies
at T= 100 °C. The deviation between the prediction and the exper-
imental data is observed for the spatial characteristic wavelength
obtained by the stick part of the stick-slip instability using the slit
die with H = 0.5 mm.

5. Conclusion

Within this study, the rheological properties and the extrusion be-
havior of a commercial polybutadiene sample (PBD, Mw= 610 kg
mol−1, Ð = 2.95) were investigated using different round capil-
lary and slit extrusion dies. The Inn et al.[17] model for the spatial
characteristic wavelength 𝜆 for extrudates obtained by round cap-
illary dies was used to fit the experimental data obtained by three
round dies with D = 1, 2, 3 mm and L = 30 mm. The extensional
and stress ratio Ys/𝜎x at the die exit region was obtained and cor-
related with the diameter D of the round capillary dies. Based on
the Inn et al.[17] methodology and Ovaici et al.[34] for the force bal-
ance at the die exit region a new model for the spatial character-
istic wavelength 𝜆 for extrudates obtained by slit dies was devel-
oped, see Equation (28) ( 𝜆Slit

currentwork = 3 HW
H+W

( Ys

𝜎x
)( 1

𝜉
− 𝜉)). This new

model was used to fit experimental data obtained by three slit dies
with L = 30 mm, W = 10 mm, and H = 0.5, 1, and 3 mm. The
extensional and shear stress ratio Ys/𝜎x at the die exit region was
obtained and correlated with the height of the slit dies. For both
the Inn et al.[17] model (Equation (27) ( 𝜆Capillary

Innetal. = 3 R0

2
( Ys

𝜎x
)( 1

𝜉
− 𝜉))

and the newly proposed model (Equation (28), the same behav-
ior between the shear stress ratio Ys/𝜎x and the characteristic di-
mension (diameter D, and height H) of the extrusion die was ob-
served. The magnitude of the stress ratio Ys/𝜎x decreased as the
characteristic dimension of the die was increased. The new quali-
tative model for slit die geometry was used and predicted the spa-
tial characteristic wavelength 𝜆 of the extrudates obtained by the
slit-die-simple-profile and slit-die-scalar-profile. Moreover, the re-
cently proposed correlation by our group[21] for the prediction of
the spatial characteristic wavelength 𝜆 from a capillary die to sev-

eral slit dies was found to be valid for the investigated sample and
die geometries.

Appendix A

Table A1. Maxwell modes of the investigated polybutadiene at 100 °C.

Modes 𝜆i [s] Gi [kPa]

1 23160 13,24

2 2670 23,37

3 0310 84,14

4 0035 182,20

5 0004 275,60

Appendix B
Derivation of the volumetric flow rate of the surface layer of the extrudate.

Qs = Q − 4
y0∫
0

x0∫
0

Vz dxdy = Q − 4
y0∫
y0

x0∫
x0

(
2n+1
n+1

Q
HW

[
1 −

(
2y
H

) 1
n +1

])
dxdy →

Qs = Q − 4 2n+1
n+1

Q
HW

y0∫
0

[
1 −

(
2y
H

) 1
n +1

]
dy →

Qs = Q − 4 2n+1
n+1

Q
HW

x0

[
y0 −

(
2
H

)1+ 1
n n

1+2n
y

2+ 1
n

0

]
→

Qs
Q

= 1 − 2n+1
n+1

𝜉2 + n
n+1

𝜉
3+ 1

n

(A1)

Appendix C
Derivation of Equation (25) from Equation (24):

𝜆s =
Ys

𝜎x

(HW − 4x0y0)

2 (x0 + y0)
→ 𝜆s =

Ys

𝜎x

(
HW
HW

− 4x0y0
HW

)
2(x0+x0)

HW

→
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1 − 𝜉2

2x0
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+ 2y0
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Figure D1. Parameterization of the fitting parameters a) c and b) b for the suggested model of the interfacial depth parameter 𝜉 = b�̇�−c
app..

Appendix D
Using the model of Inn et al.,[17] Equation (27), and assuming the fol-
lowing numerical values for the stress ratio Ys/𝜎x= 2, and the radius of a
die R0= 1 mm, Equation (27) yields 𝜆 = 3( 1

𝜉
− 𝜉). Using this form of the

model,𝜆 = 3( 1
𝜉
− 𝜉), the influence of the fitting parameter, b and c, of the

interfacial depth parameter 𝜉 = b�̇�−c
app. can be parameterized. In Figure D1,

the wavelength as a function of apparent shear rate is presented.
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