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Abstract 13 

Direct numerical simulation data obtained from two turbulent, lean hydrogen-air flames propagating in a box 14 

are analyzed to explore the influence of combustion-induced thermal expansion on turbulence in unburned gas. 15 

For this purpose, Helmholtz-Hodge decomposition is applied to the computed velocity fields. Subsequently, the 16 

second-order structure functions conditioned to unburned reactants are sampled from divergence-free solenoidal 17 

velocity field or irrotational potential velocity field, yielded by the decomposition. Results show that thermal 18 

expansion significantly affects the conditioned potential structure functions not only inside the mean flame brushes, 19 

but also upstream of them. Upstream of the flames, firstly, transverse structure functions for transverse potential 20 

velocities grow with distance 𝑟 between sampling points more slowly when compared to the counterpart structure 21 

functions sampled from the entire or solenoidal velocity field. Secondly, the former growth rate depends 22 

substantially on the distance from the flame-brush leading edge, even at small 𝑟. Thirdly, potential root-mean-23 

square (rms) velocities increase with decreasing distance from the flame-brush leading edge and are comparable 24 

with solenoidal rms velocities near the leading edge. Fourthly, although the conditioned axial and transverse 25 

potential rms velocities are always close to one another, thus, implying isotropy of the potential velocity field in 26 

unburned reactants; the potential structure functions exhibit a high degree of anisotropy. Fifthly, thermal expansion 27 

effects are substantial even for the solenoidal structure functions and even upstream of a highly turbulent flame. 28 

These findings call for development of advanced models of turbulence in flames, which allow for the discussed 29 

thermal expansion effects. 30 

Keywords:  Turbulent combustion; Thermal expansion; Helmholtz-Hodge decomposition; Structure functions31 
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I. INTRODUCTION 32 

Substantial influence of combustion-induced thermal expansion on turbulence in flames has 33 

been known since the seminal papers by Karlovitz et al.1 and Scurlock and Grover.2 Over the 34 

past two decades, rapid development of Direct Numerical Simulation (DNS) methods and 35 

tools allowed researchers3-9 to reveal various manifestations of this influence and to document 36 

significant changes of basic features of turbulence in premixed flames. Such results reviewed 37 

elsewhere10-13 call for revisiting the problem of modeling turbulence in reacting flows. 38 

Although some DNS data indicate that certain combustion-induced thermal expansion effects 39 

are weakly pronounced in highly turbulent flames,14-21 these data do not deny the need for 40 

advancing models of turbulence in flames. Indeed, firstly, there is no widely recognized 41 

criterion for assessing importance of the combustion-induced thermal expansion effects under 42 

specific conditions. Secondly, weak influence of the thermal expansion on certain turbulence 43 

characteristics does not prove that all other turbulence characteristics are also weakly affected 44 

by the thermal expansion under the same conditions. For instance, recent experimental 45 

data22,23 obtained from highly turbulent lean methane-air swirl flames show importance of 46 

thermal expansion effects such as vorticity generation due to baroclinic torque22 or back-47 

scatter.23  48 

Thus, there is a clear need for development of an advanced model of turbulence in flames, 49 

which could predict phenomena revealed recently and reviewed elsewhere.10-13 However, no 50 

comprehensive modeling framework to represent distinct roles of thermal expansion on 51 

turbulence exists today. To develop such a framework, more knowledge about the influence 52 

of combustion-induced thermal expansion on turbulence is required first. For this reason, a 53 

set of methods applied to explore this influence was greatly extended recently.10-13,17-21 In 54 

particular, the joint use of conditioned structure function (SF) techniques17,24-26 and Helmholtz-55 
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Hodge decomposition27 (HHD) appears to be a promising tool for acquiring fundamental 56 

knowledge on turbulence in flames. The present work aims at applying this newly introduced 57 

research tool28 to DNS data of two turbulent lean H2/air flames with detailed chemistry.21,29-31 58 

In the next section, research methods are presented. Results are reported and discussed in 59 

Sect. III, followed by conclusions.   60 

II. RESEARCH METHODS 61 

A. Helmholtz-Hodge decomposition 62 

HHD is a decomposition of a fluctuating velocity field 𝐮′(𝐱, 𝑡)  into two subfields: (i) 63 

divergence-free solenoidal subfield 𝐮𝑠′ (𝐱, 𝑡) and (ii) curl-free potential subfield 𝐮𝑝′ (𝐱, 𝑡), i.e.,  64 𝐮′ = 𝐮𝑠′ + 𝐮𝑝′ ,       ∇ ∙ 𝐮𝑠′ = 0,        ∇ × 𝐮𝑝′ = 0.           (1) 65 

The last equality holds if 𝐮𝑝′ = ∇𝜑 , where 𝜑(𝐱, 𝑡)  is an arbitrary scalar function with  66 ∆𝜑 = ∇ ∙ 𝐮𝑝′ = ∇ ∙ 𝐮′ due to Eq. (1). HHD is of particular value for exploring the influence of 67 

thermal expansion on the generation of potential velocity fluctuations in flames. 68 

In the present work, two HHD methods were used: (i) conventional HHD27 and (ii) natural 69 

decomposition.32,33 The former decomposition invokes the following constraint  70 

∭ 𝐮𝑠′ ∙ 𝐮𝑝′ 𝑑𝐱𝑉 = 0, (2) 

which guarantees the additivity of the bulk kinetic energies of the solenoidal and potential 71 

flow fields, i.e. 72 

∭ 𝐮′ ∙ 𝐮′𝑑𝐱𝑉 = ∭ 𝐮𝑠′ ∙ 𝐮𝑠′ 𝑑𝐱𝑉 + ∭ 𝐮𝑝′ ∙ 𝐮𝑝′ 𝑑𝐱𝑉 . (3) 

Here, 𝑉 designates the computational domain. Substitution of Eq. (1) into Eq. (2) yields 73 
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∭ 𝐮𝑠′ ∙ ∇𝜑𝑑𝐱𝑉 = ∭ ∇(𝜑𝐮𝑠′ )𝑑𝐱𝑉
− ∭ 𝜑∇ ∙ 𝐮𝑠′ 𝑑𝐱 = ∯ 𝜑𝐮𝑠′ ∙ 𝐧𝑑𝑆𝑆 − ∭ 𝜑∇ ∙ 𝐮𝑠′ 𝑑𝐱𝑉 .𝑉  

(4) 

Here, 𝑆 is the boundary of the domain 𝑉 and the unit vector 𝐧 is normal to this boundary. The 74 

second (volume) integral vanishes, because ∇ ∙ 𝐮𝑠 = 0. The first (surface) integral vanishes if 75 𝐮𝑠 ∙ 𝐧 = 0. In this case, Eq. (2) holds and  76 𝜕𝜑𝜕𝑛|𝑆 = 𝐧 ∙ ∇𝜑|𝑆 = 𝐧 ∙ 𝐮|𝑆 (5) 

on the boundary 𝑆. The Neumann problem given by ∆𝜑 = ∇ ∙ 𝐮′  and Eq. (5) has a unique 77 

solution for 𝜑(𝐱, 𝑡), i.e., the use of Eq. (2) or (5) makes the HHD unique. 78 

The natural decomposition32,33 deals with an extra vector-field 𝐰(𝐱, 𝑡), defined as follows: 79 

(i) 𝐰(𝐱, 𝑡) = 𝐮(𝐱, 𝑡) for all 𝐱 ∈ 𝑉, and (ii) 𝐰(𝐱, 𝑡) is extrapolated to the entire 3D space ℝ3 80 

such that |𝐰(𝐱, 𝑡)| → 0 for |𝐱| → ∞. This velocity field 𝐰(𝐱, 𝑡) can be decomposed in the 81 

entire space, i.e.,  82 

𝐰 = ∇Γ + ∇ × 𝐒,          𝐱 ∈ ℝ3, (6) ∆Γ = ∇ ∙ 𝐰,          𝐱 ∈ ℝ3, (7) ∇ × ∇ × 𝐒 = ∇ × 𝐰,          𝐱 ∈ ℝ3. (8) 

Solutions to Eqs. (7)-(8) are unique 83 

Γ(𝐱0, 𝑡) = ∭ 𝐺∞(𝐱, 𝐱0)∇ ∙ 𝐰(𝐱, 𝑡)𝑑𝐱ℝ3 ,          𝐱0, 𝐱 ∈ ℝ3, (9) 

𝐒(𝐱0, 𝑡) = − ∭ 𝐺∞(𝐱, 𝐱0)∇ × 𝐰(𝐱, 𝑡)𝑑𝐱ℝ3 ,         𝐱0, 𝐱 ∈ ℝ3. (10) 
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where 𝐺∞(𝐱, 𝐱0) = − 1 (4𝜋|𝐱 − 𝐱0|)⁄  is the free-space Green’s function in ℝ3.  Then, 84 

integration in Eqs. (9)-(10) can be truncated outside the domain 𝑉  by interpreting the 85 

truncated integrals to be an external influence. Therefore, 86 

Γ∗(𝐱0, 𝑡) = ∭ 𝐺∞(𝐱, 𝐱0)∇ ∙ 𝐮(𝐱, 𝑡)𝑑𝐱𝑉 ,          𝐱0, 𝐱 ∈ 𝑉, (11) 

𝐒∗(𝐱0, 𝑡) = − ∭ 𝐺∞(𝐱, 𝐱0)∇ × 𝐮(𝐱, 𝑡)𝑑𝐱𝑉 ,         𝐱0, 𝐱 ∈ 𝑉. (12) 

Equation (1) with 𝐮𝑠 = ∇ × 𝐒∗ and 𝐮𝑝 = ∇Γ∗ holds due to Eqs. (6)-(8). 87 

Results yielded by the two HHD methods were compared in detail in an earlier paper.28 88 

Since these results are hardly distinguishable within flame brushes, we will report results 89 

obtained using the conventional HHD only. 90 

B. Conditioned structure functions 91 

In fluid mechanics, the second-order SFs of a velocity field form the following tensor35 92 𝐷𝑖𝑗(𝐱, 𝐫) ≡ [𝑢𝑖(𝐱 + 𝐫, 𝑡) − 𝑢𝑖(𝐱, 𝑡)][𝑢𝑗(𝐱 + 𝐫, 𝑡) − 𝑢𝑗(𝐱, 𝑡)]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ , (13) 

where overbar designates averaging; 𝑢𝑖 and 𝑢𝑗 are 𝑖-th and 𝑗-th components, respectively, of 93 

the velocity vector 𝐮 = {𝑢, 𝑣, 𝑤}. Similarly to the turbulence spectrum, such SFs characterize 94 

the distribution of turbulent energy over spatial scales.35 Accordingly, the SFs are widely used 95 

to study turbulence since a seminal work by Kolmogorov36 and to model unresolved small-96 

scale effects in Large Eddy Simulations.37 97 

When Eq. (13) is applied to a flame, the velocity differences are controlled not only by 98 

turbulence, but also by thermal expansion effects. Such effects can be of primary importance 99 

if the local flame front is between the points 𝐱 and 𝐱 + 𝐫. Therefore, additional considerations 100 

are needed to use SFs in combustion research. To this end, conditioned SFs were 101 
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independently introduced by Whitman et al.17 and by Sabelnikov et al.24,25 They applied two 102 

different methods to DNS data of highly17 and weakly24,25 turbulent single-step chemistry 103 

flames. Subsequently, the latter method was adopted26 to analyze DNS data of single-step 104 

chemistry flames, characterized by various ratios 1 ≤ 𝑢′ 𝑆𝐿⁄ ≤ 10 of root-mean-square (rms) 105 

velocity, 𝑢′, to the laminar flame speed, 𝑆𝐿. Later, conditioned SFs were jointly used with 106 

HHD28 to explore thermal expansion effects in weakly turbulent single-step chemistry flames. 107 

Yet, neither application of conditioned SFs to complex chemistry turbulent flames nor joint 108 

application of conditioned SFs and HHD to moderately or highly turbulent combustion has 109 

been reported. 110 

Here, the conditioned second-order SFs of the velocity field are defined as follows24,25 111 𝐷𝑖𝑗𝛼𝛽(𝐱, 𝐫) ≡ 1Ρ𝛼𝛽 [𝑢𝑖(𝐱 + 𝐫, 𝑡) − 𝑢𝑖(𝐱, 𝑡)][𝑢𝑗(𝐱 + 𝐫, 𝑡) − 𝑢𝑗(𝐱, 𝑡)]𝐼𝛼(𝐱, 𝑡)𝐼𝛽(𝐱 + 𝐫, 𝑡)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅,    (14) 112 

where superscripts 𝛼 and 𝛽 refer to the mixture state; the indicator function 𝐼𝑢(𝐱, 𝑡) is equal 113 

to unity if reactants are observed in point 𝐱 at instant 𝑡 and vanishes otherwise; 𝐼𝑏(𝐱, 𝑡) = 1 114 

if products are observed in point 𝐱 at instant 𝑡 and vanishes otherwise; 𝐼𝑟(𝐱) = 1 if 𝐼𝑢(𝐱, 𝑡) =115 𝐼𝑏(𝐱, 𝑡) = 0 and vanishes otherwise; and Ρ𝛼𝛽 = 𝐼𝛼(𝐱, 𝑡)𝐼𝛽(𝐱 + 𝐫, 𝑡)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ are probabilities that the 116 

mixture states 𝛼 and 𝛽 are recorded in points 𝐱 and 𝐱 + 𝐫, respectively, at the same instant.  117 

Depending on 𝛼 and 𝛽 , there are different conditioned SF tensors, with 𝐷𝑖𝑗(𝐱, 𝐫) being 118 

equal to ∑ ∑ 𝐷𝑖𝑗𝛼𝛽(𝐱, 𝐫)3𝛽=13𝛼=1  due to the identity of  ∑ ∑ 𝐼𝛼(𝐱)𝐼𝛽(𝐱 + 𝐫)3𝛽=13𝛼=1 = 1. The 119 

present work is restricted to the conditioned SFs 𝐷𝑖𝑗𝑢𝑢 sampled in the cases where both 𝐱 and 120 𝐱 + 𝐫 are in the unburned gas. Such conditioned SFs appear to be of the most interest because 121 

(i) a flame propagates into unburned gas and (ii) the velocity field upstream of the flame plays 122 

a key role in the flame acceleration. Henceforth, the superscript uu will be omitted for brevity. 123 
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Since the DNS data analyzed here were obtained from statistically one-dimensional and 124 

planar flames propagating from right to left along the 𝑥-direction in a box, the flow field is 125 

assumed to be statistically isotropic and homogeneous in any plane 𝑥 =const. Hence, the 126 

present study is restricted to SFs found for points 𝐱 = {𝑥, 𝑦, 𝑧} and 𝐱 = {𝑥, 𝑦 + 𝑟𝑦 , 𝑧 + 𝑟𝑧} that 127 

belong to the same transverse plane 𝑥 = const, i.e., 𝐫 = {0, 𝑟𝑦 , 𝑟𝑧}.  128 

C. Numerical simulations and data analysis 129 

As the DNS were discussed earlier,29-31 only a brief description is given here. Lean (the 130 

equivalence ratio Φ=0.7) H2-air turbulent flames propagating in a box were investigated by 131 

(i) adopting a detailed (9 species, 23 reversible reactions) chemical mechanism38 with the 132 

mixture-averaged transport model and (ii) numerically solving unsteady three-dimensional 133 

governing equations written in compressible form. 134 

Along the flame propagation direction 𝑥 , inflow and outflow characteristic boundary 135 

conditions were set. Other boundaries were periodic. A divergence-free, isotropic, 136 

homogeneous turbulent velocity field was generated using a pseudo spectral method39 and 137 

adopting the Passot-Pouquet spectrum.40 The field was injected through the inlet (left) 138 

boundary and decayed along the mean flow direction (𝑥-axis). 139 

TABLE I. Relevant parameters characterizing the DNS cases 140 

 𝑢′ 𝑆𝐿⁄  𝐿𝑇 𝛿𝐿⁄  𝑅𝑒𝑇 𝐷𝑎 𝐾𝑎1 𝐾𝑎2 

W 0.7 14 227 20 33 0.5 

H 5.0 14 1623 2.8 270 4 

Ratios of the inflow value of the rms velocity to 𝑆𝐿, ratios of the most energetic length scale 141 𝐿𝑇 of the Passot-Pouquet spectrum to the laminar flame thickness 𝛿𝐿 = (𝑇𝑏 − 𝑇𝑢) max|∇𝑇|⁄ , 142 

turbulent Reynolds number 𝑅𝑒𝑇 = 𝑢′𝐿𝑇 𝜈𝑢⁄ , Damköhler number 𝐷𝑎 = 𝐿𝑇𝑆𝐿 (𝑢′𝛿𝐿)⁄ , and 143 

two Karlovitz numbers are reported for the studied flames in Table 1. Here,  𝑆𝐿 = 1.36 m/s 144 
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and 𝛿𝐿 = 0.36  mm have been computed using the same chemical mechanism under the 145 

simulation conditions (temperature 𝑇𝑢 = 300 K and pressure 𝑃 = 1 atm); 𝜈𝑢 is the kinematic 146 

viscosity of unburned gas; 𝐾𝑎1 = (𝛿𝐿 𝜂𝐾⁄ )2  and 𝐾𝑎2 = 𝛿𝐿 (𝑆𝐿𝜏𝐾)⁄  have been evaluated 147 

using (i) the Kolmogorov length scale 𝜂𝐾 = 𝜈𝑢3 4⁄ 𝜀−̅1 4⁄  and time scale 𝜏𝐾 = 𝜈𝑢1 2⁄ 𝜀−̅1 2⁄ , (ii) 148 

the dissipation rate 𝜀̅ = 2𝜈𝑆𝑖𝑘𝑆𝑖𝑘̅̅ ̅̅ ̅̅ ̅̅ ̅  averaged over the leading edge ( 𝑐̅ = 0.01 , with the 149 

combustion progress variable 𝑐 being defined using fuel mass fraction) of the mean flame 150 

brush, and (iii) the rate-of-strain tensor 𝑆𝑖𝑘 = 0.5(𝜕𝑢𝑖 𝜕𝑥𝑘⁄ + 𝜕𝑢𝑘 𝜕𝑥𝑖⁄ ).  151 

The number 𝐾𝑎1  is significantly larger than 𝐾𝑎2 , because 𝛿𝐿 = (𝑇𝑏 − 𝑇𝑢) max|∇𝑇|⁄ ≫152 𝜈𝑢 𝑆𝐿⁄  for the lean hydrogen-air laminar flame addressed here. Since (i) thicknesses of preheat 153 

and reaction zones are comparable in this flame and (ii) 𝐾𝑎1 is large; both cases W and H are 154 

associated with a significant probability of penetration of small-scale turbulent eddies into 155 

local reaction zones.41 Since 𝐾𝑎2 > 1  in flame H, it is also associated with substantial 156 

probability of local combustion quenching.41 Thus, as far as the influence of turbulence on 157 

combustion is concerned, case H is definitely associated with highly turbulent burning. 158 

Nevertheless, even in this case, the influence of combustion on turbulence can be significant, 159 

as shown in Sect. III. 160 

When analyzing the DNS data, firstly, transverse-averaged quantities 〈𝑞〉(𝑥, 𝑡)  were 161 

sampled at each instant. Secondly, these 𝑥-dependencies were mapped to 〈𝑐〉-dependencies 162 

using the averaged profiles 〈𝑐〉(𝑥, 𝑡). Thirdly, mean values �̅�(𝑐̅) of the quantity 𝑞, e.g., a 163 

product of velocity differences in Eq. (14), were found by averaging 〈𝑞〉[〈𝑐〉(𝑥, 𝑡)] over time. 164 

  The probability Ρ𝑢𝑢(𝑥, 𝑟) and the conditioned SFs determined by Eq. (14) were sampled 165 

from points characterized by 𝑐(𝐱, 𝑡) < 𝜖 ≪ 1, with three such SFs being considered. Firstly, 166 

the transverse SFs 𝐷𝑥𝑥,𝑇(𝑥, 𝑟)  for the axial velocity 𝑢′  were computed by sampling 167 [𝑢′(𝐱 + 𝐫, 𝑡) − 𝑢′(𝐱, 𝑡)]2  from two sets of points: (i) 𝐫 = {0, 𝑟, 0}  and (ii) 𝐫 = {0,0, 𝑟} . 168 
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Subsequently, the two samples were averaged. Secondly, the transverse SFs 𝐷𝑦𝑧,𝑇(𝑥, 𝑟) for 169 

the transverse velocities   𝑣  and 𝑤  were obtained by sampling (i) [𝑣′(𝐱 + 𝐫, 𝑡) − 𝑣′(𝐱, 𝑡)]2 170 

from points characterized by 𝐫 = {0,0, 𝑟}  and (ii) [𝑤′(𝐱 + 𝐫, 𝑡) − 𝑤′(𝐱, 𝑡)]2  from points 171 

characterized by 𝐫 = {0, 𝑟, 0}. Subsequently, the two samples were averaged. Thirdly, the 172 

longitudinal SFs 𝐷𝑦𝑧,𝐿(𝑥, 𝑟)  for the transverse velocities were found  by sampling (i) 173 [𝑣′(𝐱 + 𝐫, 𝑡) − 𝑣′(𝐱, 𝑡)]2  from points characterized by 𝐫 = {0, 𝑟, 0} and (ii) [𝑤′(𝐱 + 𝐫, 𝑡) −174 𝑤′(𝐱, 𝑡)]2  from points characterized by 𝐫 = {0,0, 𝑟}. Subsequently, the two samples were 175 

averaged. Solenoidal and potential conditioned SFs were obtained by separately applying such 176 

diagnostics to the solenoidal and potential velocity subfields, respectively. 177 

Reported in the following are dependencies of the conditioned SFs on the distance 𝑟 , 178 

sampled either inside a flame brush at various 𝑐̅(𝑥) or upstream of a flame brush at various 179 

distances ∆𝑥  from it. The SFs were sampled adopting the threshold 𝜖 = 0.05  and the 180 

combustion progress variable 𝑐 = 1 − 𝑌𝐹 𝑌𝐹,𝑢⁄  defined using fuel mass fraction. Weak 181 

sensitivity of the obtained results to 𝜖 (either 0.01 or 0.05) or to the choice of combustion 182 

progress variable (temperature, water, and oxygen-based combustion progress variables were 183 

also adopted to analyze the same DNS data30) was checked. 184 

III. RESULTS AND DISCUSSION 185 

Figure 1 shows normalized transverse SFs 𝐷𝑥𝑥,𝑇[𝑐̅(𝑥), 𝑟]  for the total, solenoidal, and 186 

potential fluctuating axial velocity fields, conditioned to unburned gas in flames W (top row) 187 

and H (bottom row). The SFs have been sampled from various transverse planes characterized 188 

by different 𝑐̅  (see the figure legends). Henceforth, (i) each subfigure that reports a SF 189 

contains an insert, which sketches the SF type, and (ii) total, solenoidal, and potential SFs are 190 
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normalized using conditioned total, solenoidal, and potential rms velocities, respectively, 191 

which are reported in Fig. 2. 192 

At first glance, Figs. 1a and 1d do not show any significant and systematic change of the 193 

total SF 𝐷𝑥𝑥,𝑇[𝑐̅(𝑥), 𝑟] with 𝑐̅ if 𝑐̅ ≤ 0.25. Such changes are not observed for the solenoidal 194 

SFs either (Figs. 1b and 1e). Concerning the differences between 𝐷𝑥𝑥,𝑇[𝑐̅(𝑥), 𝑟] sampled at 195 𝑐̅ ≤ 0.25 and 𝑐̅ = 0.5 (red dotted-dashed lines), they can be attributed to decorrelation of 196 

unburned gas motion in two points on the opposite sides of a flame segment. The probability 197 

of finding such pairs of points is increased with the distance 𝑟 and with  𝑐̅, thus, making the 198 𝐷𝑥𝑥,𝑇[𝑐̅ = 0.5, 𝑟]-curves less smooth at 𝑟 > 𝛿𝐿.  199 

   
(a) (b) (c) 

   
(d) (e) (f) 

FIG. 1. Normalized transverse structure functions for the axial velocity, conditioned to unburned gas 200 

and sampled from different transverse planes in flames W (top row) and H (bottom row). Values of 201 

Reynolds-averaged combustion progress variable characterizing sampling planes are reported in the 202 

legends. Results obtained by analyzing (a) and (d) total, (b) and (e) solenoidal, or (c) and (f) potential 203 

velocity fields are reported in the left, middle, and right columns, respectively. 𝛿𝐿 = 0.36 mm. 204 
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(a) (b) 

FIG. 2. Variations of conditioned (i) axial solenoidal and potential rms velocities 205 ⟨𝑢′𝑠2|𝑐(𝐱, 𝑡) < 0.05⟩1 2⁄  and ⟨𝑢′𝑝2|𝑐(𝐱, 𝑡) < 0.05⟩1 2⁄
, respectively, and (ii) transverse solenoidal and 206 

potential rms velocities ⟨0.5(𝑣′𝑠2 + 𝑤′𝑠2)|𝑐(𝐱, 𝑡) < 0.05⟩1 2⁄  and ⟨0.5(𝑣′𝑝2 + 𝑤′𝑝2)|𝑐(𝐱, 𝑡) < 0.05⟩1 2⁄
, 207 

respectively, in flames (a) W and (b) H. 208 

  

(a) (b) 

  

(c) (d) 

FIG. 3. Normalized (a) and (b) transverse structure functions 𝐷𝑦𝑧,𝑇[𝑐̅(𝑥), 𝑟] (top row) or (c) and (d) 209 

longitudinal structure functions 𝐷𝑦𝑧,𝐿[𝑐̅(𝑥), 𝑟] (bottom row) for the transverse velocities, conditioned 210 

to unburned gas and sampled from different transverse planes in flame H. Values of Reynolds-averaged 211 

combustion progress variable characterizing sampling planes are reported in the legends. Results 212 

obtained by analyzing (a) and (c) total or (b) and (d) potential fluctuating velocity fields are reported in 213 

the left and right columns, respectively. 𝛿𝐿 = 0.36 mm. 214 

T
hi

s 
is

 th
e 

au
th

or
’s

 p
ee

r 
re

vi
ew

ed
, a

cc
ep

te
d 

m
an

us
cr

ip
t. 

H
ow

ev
er

, t
he

 o
nl

in
e 

ve
rs

io
n 

of
 r

ec
or

d 
w

ill
 b

e 
di

ffe
re

nt
 fr

om
 th

is
 v

er
si

on
 o

nc
e 

it 
ha

s 
be

en
 c

op
ye

di
te

d 
an

d 
ty

pe
se

t.

P
L

E
A

S
E

 C
IT

E
 T

H
IS

 A
R

T
IC

L
E

 A
S

 D
O

I:
 1

0
.1

0
6
3
/5

.0
0
9
6
5
0
9



Accepted to Phys. Fluids 10.1063/5.0096509

12 

 

On the contrary, the potential SF 𝐷𝑥𝑥,𝑇[𝑐̅(𝑥), 𝑟] is increased with 𝑐̅ at 𝑐̅ ≤ 0.25 (Figs. 1c 215 

and 1f). The trend is well pronounced in case W (Fig. 1c). Even in the highly turbulent flame 216 

H (Fig. 1f), the trend is evident, but variations in 𝐷𝑥𝑥,𝑇[𝑐̅(𝑥), 𝑟] with 𝑐̅ are less pronounced, 217 

thus indicating some reduction of the magnitude of thermal expansion effects in more intense 218 

turbulence. Moreover, the increase in the potential SF 𝐷𝑥𝑥,𝑇[𝑐̅(𝑥), 𝑟] with 𝑐̅ (at 𝑐̅ ≤ 0.25) is 219 

evident at various distances 𝑟, including small distances 𝑟 < 𝛿𝐿. Thus, Figs. 1c and 1f clearly 220 

indicate substantial influence of combustion-induced thermal expansion on all scales of 221 

potential velocity fluctuations in unburned gas within the mean flame brush. While the 222 

potential SFs are normalized using the potential rms velocities, Fig. 2 shows that the potential 223 

and solenoidal axial rms velocities are comparable in magnitude in flame W or H.224 

Significant variations of the conditioned potential SFs 𝐷𝑦𝑧,𝑇[𝑐̅(𝑥), 𝑟] and 𝐷𝑦𝑧,𝐿[𝑐̅(𝑥), 𝑟]  225 

with 𝑐̅ are also seen in both cases, including the highly turbulent flame H (see Figs. 3b and 226 

3d, where such variations are strongly pronounced for 0.1 ≤ 𝑐̅ ≤ 0.25 , especially for 227 𝐷𝑦𝑧,𝑇[𝑐̅(𝑥), 𝑟]). Again, differences between the conditioned potential SFs 𝐷𝑦𝑧,𝑇[𝑐̅(𝑥), 𝑟] or 228 𝐷𝑦𝑧,𝐿[𝑐̅(𝑥), 𝑟]  sampled at different 𝑐̅ are significant even at small distance 𝑟 < 𝛿𝐿. Moreover, 229 

comparison of Figs. 3a and 3b or Figs. 3c and 3d shows an important qualitative difference 230 

between the total (left column in Fig. 3) and potential (right column) SFs; the potential SFs 231 

increase significantly slower with distance 𝑟 and do not level off even at large 𝑟. The same 232 

qualitative difference is observed when comparing Figs. 1a and 1c or Figs. 1d and 1f. 233 

As shown above, the spatial structure of potential velocity fluctuations differs substantially 234 

from that of the incoming solenoidal turbulent fluctuations. Such changes of the spatial 235 

structure of the fluctuating velocity field in unburned gas within flame brush are not 236 

negligible, because conditioned solenoidal and potential rms velocities are of the same order 237 

even in the highly turbulent flame H (Fig. 2b). Also note that the conditioned total SFs 238 
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𝐷𝑦𝑧,𝑇[𝑐̅(𝑥), 𝑟] and 𝐷𝑦𝑧,𝐿[𝑐̅(𝑥), 𝑟] sampled at 𝑐̅ = 0.01 differ from their counterparts sampled 239 

at 0.1 ≤ 𝑐̅, even at small distance 𝑟 < 𝛿𝐿 (Figs. 3a and 3c), further indicating the importance 240 

of the influence of thermal expansion on turbulence in flames. 241 

   

(a) (b) (c) 

   

(d) (e) (f) 

FIG. 4. Normalized potential structure functions (a) and (d) 𝐷𝑥𝑥,𝑇(𝑥, 𝑟) (left column), (b) and (e) 242 𝐷𝑦𝑧,𝑇(𝑥, 𝑟) (middle column), or (c) and (f) 𝐷𝑦𝑧,𝐿(𝑥, 𝑟) (right column) sampled upstream of flames (a-243 

c) W (top row) and (d-f) H (bottom row) at different distances from their leading edges, specified in 244 

the legends. 𝛿𝐿 = 0.36 mm. 245 

For the potential velocity field, such an influence is well pronounced even upstream (𝑐̅ <246 0.01) of the flame brushes in both cases (Fig. 4), with the field being highly anisotropic. 247 

Indeed, on the one hand, variations of potential SFs with the distance ∆𝑥 (see legends) from 248 

the flame leading edge are most pronounced for 𝐷𝑦𝑧,𝑇(𝑥, 𝑟)  (Figs. 4b and 4e) and least 249 

pronounced for 𝐷𝑦𝑧,𝐿(𝑥, 𝑟) (Figs. 4c and 4f). On the other hand, at large 𝑟, 𝐷𝑦𝑧,𝐿(𝑥, 𝑟) is 250 

significantly larger than 𝐷𝑦𝑧,𝑇(𝑥, 𝑟) . Moreover, the anisotropy of the potential SFs is 251 

significantly more pronounced than the weak anisotropy of potential rms velocities (Fig. 5), 252 

which were used to normalize the SFs. This demonstrates that simple diagnostic tools (rms 253 

velocities) are unable to reveal the explored thermal expansion effects. 254 
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(a) (b) 

FIG. 5. Variations of (i) axial solenoidal and potential rms velocities (𝑢′𝑠2̅̅ ̅̅ )1 2⁄
 and (𝑢′𝑝2̅̅ ̅̅ )1 2⁄

, 255 

respectively, and (ii) transverse solenoidal and potential rms velocities [0.5(𝑣′𝑠2 + 𝑤′𝑠2)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ]1 2⁄
and 256 [0.5(𝑣′𝑝2 + 𝑤′𝑝2)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅]1 2⁄

, respectively, upstream of flames (a) W and (b) H. 257 

Comparison of Figs. 4a and 4d or 4b and 4e indicates that variations in the potential 258 

transverse structure function 𝐷𝑥𝑥,𝑇(𝑥, 𝑟)  or 𝐷𝑦𝑧,𝑇(𝑥, 𝑟) , respectively, with ∆𝑥  are more 259 

pronounced in flame W, thus, again implying some reduction of the magnitude of thermal 260 

expansion effects in more intense turbulence. However, comparison of Figs. 4c and 4f shows 261 

the opposite trend for the potential longitudinal structure function 𝐷𝑦𝑧,𝐿(𝑥, 𝑟). 262 

Figure 4 also shows that the potential SFs 𝐷𝑦𝑧,𝑇(𝑥, 𝑟) and 𝐷𝑦𝑧,𝐿(𝑥, 𝑟) do not approach 2 at 263 

large 𝑟. To the contrary, in homogeneous turbulence, 𝐷𝑖𝑖(𝐫) = 2𝑢′𝑖2̅̅ ̅̅  at large distances |𝐫| 264 

because the correlation between velocities vanishes.35 Thus, Fig. 4 indicates that combustion-265 

induced transverse velocity fluctuations correlate at large distances. Difference between 266 

transverse velocities 𝑣(𝑥, 𝑦, 𝑧, 𝑡) and 𝑣(𝑥, 𝑦 + 𝑟, 𝑧, 𝑡) could be statistically positive even at 267 

large 𝑟, because thermal expansion in a flame tongue can push unburned gas to the opposite 268 

directions on the opposite sides of the tongue. As a result, within a flame brush, 𝐷𝑦𝑧,𝐿(𝑥, 𝑟) 269 

could be significantly larger than 2 at large 𝑟 (Fig. 3d). Figures 4c and 4f imply that such flow 270 

perturbations can expand upstream of a flame brush due to pressure waves. 271 
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Figure 5 shows that, upstream of a flame brush, the potential rms velocity increases with 272 

decreasing distance from the flame leading edge (from left to right), with the effect being more 273 

pronounced in case W. As a result, potential and solenoidal rms velocities are almost equal 274 

or, at least, comparable at |∆𝑥| = 0.5 mm in case W or H, respectively. While comparable 275 

magnitudes of the potential and solenoidal rms velocities at |∆𝑥| = 0.5 mm in case H stem 276 

partially from the spatial decay of the solenoidal velocity fluctuations, the Karlovitz numbers 277 

reported in Table 1 have been evaluated using the dissipation rate 𝜀  ̅sampled at |∆𝑥| = 0. 278 

Thus, despite the turbulence decay, case H deals with a highly turbulent flame. Moreover, 279 

even if an increase in the potential rms velocities with decreasing |∆𝑥| seems to be more 280 

pronounced in flame W, these rms velocities are larger in case H at |∆𝑥| = 0. 281 

The simulated influence of combustion-induced thermal expansion on turbulence upstream 282 

of a premixed flame brush is not unexpected. This effect stems from rapid propagation of 283 

pressure perturbations from the flame to upstream flow of unburned reactants. In a laminar 284 

flow, such pressure perturbations are well known to cause hydrodynamic instability of a 285 

laminar premixed flame,42 or self-similar acceleration of a large-scale flame kernel ignited in 286 

a quiescent mixture.43 In turbulent flows, some influence of a premixed flame on upstream 287 

turbulence was documented in a few experimental papers,44,45 but the phenomenon requires 288 

more studies. It has not yet been explored by another research group by analyzing DNS data 289 

obtained from premixed turbulent flames or by adopting HHD techniques. 290 

Finally, Fig. 6 shows that even solenoidal SFs sampled upstream of flame H vary with the 291 

distance |∆𝑥|, with the effect being most pronounced at 𝛿𝐿 < 𝑟 < 3𝛿𝐿 and |∆𝑥| ≤ 1 mm. A 292 

flame can affect the upstream solenoidal velocity field due to the potential velocity 293 

contribution to vortex-stretching term in vorticity transport equation,10-13 but such secondary 294 
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effects are less pronounced than the direct influence of combustion-induced pressure 295 

perturbations on the potential velocity. 296 

 297 

FIG. 6. Normalized solenoidal structure functions 𝐷𝑦𝑧,𝐿(𝑥, 𝑟) sampled upstream of flame H. 298 

IV.  CONCLUSIONS 299 

Two advanced research tools, (i) Helmholtz-Hodge decomposition of fluctuating velocity 300 

into divergence-free solenoidal and irrotational potential components and (ii) conditioned 301 

structure functions, were jointly used to explore the influence of combustion-induced thermal 302 

expansion on turbulence by analyzing DNS data of complex chemistry, lean H2/air, turbulent 303 

flames. While these two methods were earlier28 applied to explore such an influence, the major 304 

advancement of the present work consists of showing importance of thermal expansion effects 305 

in highly turbulent flames. Moreover, the present analysis has yielded new insights into the 306 

influence of thermal expansion on turbulence, as follows. 307 

Firstly, results show that thermal expansion effects can seem to be weakly pronounced 308 

when analyzing conditioned SFs for the entire or solenoidal velocity field, but well 309 

pronounced when exploring potential SFs. Moreover, while the potential SFs clearly show 310 

significant anisotropy of velocity field upstream of flame brush, such a trend is not revealed 311 

when analyzing the potential rms velocities. Thus, the use of a single diagnostic technique is 312 

not sufficient to prove that thermal expansion effects are of minor importance. 313 

T
hi

s 
is

 th
e 

au
th

or
’s

 p
ee

r 
re

vi
ew

ed
, a

cc
ep

te
d 

m
an

us
cr

ip
t. 

H
ow

ev
er

, t
he

 o
nl

in
e 

ve
rs

io
n 

of
 r

ec
or

d 
w

ill
 b

e 
di

ffe
re

nt
 fr

om
 th

is
 v

er
si

on
 o

nc
e 

it 
ha

s 
be

en
 c

op
ye

di
te

d 
an

d 
ty

pe
se

t.

P
L

E
A

S
E

 C
IT

E
 T

H
IS

 A
R

T
IC

L
E

 A
S

 D
O

I:
 1

0
.1

0
6
3
/5

.0
0
9
6
5
0
9



Accepted to Phys. Fluids 10.1063/5.0096509

17 

 

Secondly, under conditions of the present study, thermal expansion substantially changes 314 

not only SFs conditioned to unburned gas within mean flame brush, but also SFs sampled 315 

upstream of the flame brush. Such effects are more pronounced for the potential SFs but are 316 

also notable for the solenoidal SFs. These results show that a premixed flame is stretched by 317 

turbulence that differs substantially from turbulence far upstream of the flame. While the 318 

documented effects of combustion-induced thermal expansion on the flow are more 319 

pronounced in the flame W associated with a less intense turbulence, they play a role in the 320 

highly turbulent flame H as well.  321 

The reported findings call for development of advanced models of turbulence in flames, 322 

which allow for the discussed thermal expansion effects and can predict them at least 323 

qualitatively. The joint use of HHD and conditioned SF methods appears to be a promising 324 

tool for acquiring fundamental knowledge that is required for development of such models. 325 

Since comparison of the present results obtained from complex-chemistry moderately and 326 

highly turbulent flames with results obtained earlier28 from two single-step-chemistry weakly 327 

turbulent flames does not reveal any significant effect resulting from complex combustion 328 

chemistry, it is recommended to perform future DNS studies of the influence of premixed 329 

combustion on turbulence by employing simpler chemical kinetic mechanisms in favor of 330 

computational efficiency to cover a wider range of turbulent flame characteristics (𝑢′ 𝑆𝐿⁄ , 331 𝐿𝑇 𝛿𝐿⁄ , 𝐾𝑎, 𝐷𝑎, 𝑅𝑒𝑇, etc.). On the contrary complex chemistry effects should be addressed 332 

when exploring the influence of turbulence on combustion. 333 
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