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A comparison of ship manoeuvrability models to approximate ship navigation
trajectories
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ABSTRACT
It is essential to describe a ship’s manoeuvrability for various applications, e.g. optimal control of unmanned
surface vehicles (USVs). In this study, the capability of two recognised manoeuvrability models to predict
ships’ trajectories is investigated based on both simulation and open-water experiment test data. The
parameters of these models are estimated by a statistical learning method. The goodness of the two
estimated models for describing a merchant ship’s manoeuvrability is first studied using her
manoeuvring simulation data. Then, experimental manoeuvring tests to use a USV in open water with
wind and drifting effects are used to check the conventional model identification procedures. Finally,
some modifications and adjustments are proposed to improve the conventional procedures. It shows
that the proposed procedures can accurately derive the ship’s manoeuvrability based on experimental data.
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1. Introduction

A ship’s manoeuvrability determines its capability to change
course under certain navigational conditions (IMO 2002). For
the optimal control of unmanned ships, it is important to estab-
lish their manoeuvrability models to design the autonomous
control parameters. Five recognised models are often used to
describe a ship’s manoeuvrability (Hochbaum et al. 2008), i.e.
the test data based methods, empirical models, free-running
model tests, computational fluid dynamic (CFD) methods, and
the mathematical model-based simulation. The CFD method
can directly estimate a ship’s hydrodynamic parameters with
high precision, but it is time-consuming (Terziev et al. 2018).
Hence, the free-running tests with parameter identification
methods are considered as a practical solution to model a
ship’s manoeuvrability. A ship’s manoeuvrability model is nor-
mally recognised as a rigid-body model with 6 degrees of free-
dom (DOF), which includes a set of differential equations
(Skjetne et al. 2004). Abkowitz (1964) simplified the model by
a third-order Taylor expansion, where the ship-body, rudder,
and propellers are treated as individual parts of the rigid body
(Ogawa et al. 1977). The force and moment of the rigid body
are measured/calculated to estimate the ship’s motions. The
unified theory was used to model loads and motions on the 3
DOF rigid-body model (Fossen 2011). A response model by
Nomoto et al. (1957) assumes the rigid-body movement,
where a ship’s heading change is related to the rudder angle.
It is also known as the KT model widely used for ship autopilot
(Tomera 2010). To get ship hydrodynamic parameters to build
manoeuvrability models, planar motion mechanism (PMM) and
open-water tests are often used in the analysis of different
model parameters (Farkas et al. 2018). Based on the data col-
lected from either zigzag and turning circle simulations or
experimental tests, many methods are used to analyze and
identify the parameters of Abkowitz and KT models. A back-
stepping procedure was used by Casado and Ferreiro (2005)

to identify the parameters of the linear KT model. The particle
swarm optimisation and support vector machine was used to
identify the parameters in the Abkowitz model (Luo et al.
2016; Wang et al. 2021). However, those complex identification
methods do not always generate robust models to accurately
describe a ship’s manoeuvrability, especially when genetic algor-
ithms are involved in the parameter optimisation. For the opti-
mal control of USVs, a fast method that can handle noise data
to establish an on-line manoeuvrability model is often required
(Bertaska et al. 2015). Additionally, most methods are verified
by the simulation manoeuvring data. Ship navigation in an
open-water environment is rarely used for the model
identification.

In this study, a fast system identification technology based on
the least square (LS) and support vector machine (SVM) methods
was investigated, using both simulation data and experimental
tests in open water with drifting effects. Both the Abkowitz and
the second-order response KT models were used for modelling
purposes and are briefly introduced in Section 2. In Section 3,
the least-square support vector machine method is presented to
identify parameters of the manoeuvrability models. The compari-
son results and conclusions are given in Sections 4 and 5,
respectively.

2. Description of a ship’s motion/manoeuvrability
models

Ship motion and manoeuvring control can be designed using
ship kinematics models. Figure 1 presents two commonly used
6 and 3 DOF models. The 6 DOF model includes a ship’s
surge, sway, heave, roll, pitch, and yaw movements, while the
3 DOF model only consists of the surge, sway, and yaw. For
surface vessels, the 3 DOF model is more widely used in ship
manoeuvring simulations. In this study, the Abkowitz and non-
linear KT models were used to investigate a ship’s
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manoeuvrability modelling, and the parameters of each model
were obtained from either the free-running simulation or
open-water tests.

2.1. The Abkowitz model

The Abkowitz model is a Taylor series expression of the 3
DOF marine hydrodynamic forces and moments. For the
surface ships, the three-dimensional model can be expressed
by:

m′ − X′
u̇ 0 0

0 m′ − Y ′
v̇ m′x′G − Y ′

ṙ

0 m′x′G − N′
v̇ I′Z − N′

ṙ

⎡
⎣

⎤
⎦ u̇′

v̇′

ṙ′

⎡
⎣

⎤
⎦ =

F′1
F′2
F′3

⎡
⎣

⎤
⎦, (1)

where m′ is the non-dimensional mass of the ship (a constant
value in the model), I′z is the non-dimensional inertia moment
of the Z-axis, x′G is the non-dimensional longitude of the
ship’s gravity, and the parameters (X′

u̇, Y ′
v̇, Y ′

ṙ, N′
v̇, N′

ṙ) are
the non-dimensional acceleration derivatives (see Wang et al.
2021). The input parameters (u̇′, v̇′, ṙ′) are the non-dimen-
sional small accelerations from nominal surge speed u, sway
speed v, and yaw speed r, respectively. F′1, F

′
2, and F′3 in

Equation (1) are approximated by Taylor series expression
in terms of 60 third-order hydrodynamic motion coefficients
(Fossen 2011):

F′1 = [a1, a2, . . . a16]× [u′, u′2, u′3, v′2, r′2, v′r′,

d′2, u′d′2, v′d′, r′d′, u′v′d′, u′v′2, u′r′2, u′v′r′, u′r′d′, 1]T ,
F′2 = [b1, b2, . . . b22]

× u′, u′2, v′, r′, d′, u′v′, u′r′, u′d′, v′3, r′3, d′3, u′2v′, u′2r′, . . .
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[ ]T

,

F′3 = [c1, c2, . . . c22]

× u′, u′2, v′, r′, d′, u′v′, u′r′, u′d′, v′3, r′3, d′3, u′2v′, u′2r′, . . .

u′2d′, v′2d′, v′2r′, r′2v′, r′2d′, d′2v′, d′2r′, r′v′d′, 1

[ ]T

(2)

in which ai, bi, and ci are the model coefficients to be ident-
ified, and δ is the rudder angle. The non-dimensional input

parameters of the above equations can be written as:

u̇′ = u̇L
U2

, v̇′ = v̇L
U2

, ṙ′ = ṙL2

U2
, u′ = u

U
, v′ = v

U
, r′ = rL

U
,

U =
����������������
(U0 + u)2 + v2

√
,

(3)

where U0 is the initial or pre-defined ship speed and U is the
instantaneous speed along a trajectory.

2.2. The nonlinear KT model

The nonlinear KT model used here is an extension of the second-
order KT model (Nomoto et al. 1957), which describes a ship’s
heading change in terms of setting rudder angles viz,

T1 · T2 · r̈ + (T1 + T2)ṙ + K · (a0 + a1r + a2r
2 + a3r

3)

= K(d+ T3 · ḋ), (4)

where r is a ship’s heading turn rate (yaw speed), d is the rudder
angle, and the other coefficients K, T1, T2, T3, and αi are KT
model parameters to be estimated from the time series of ship man-
oeuvring tests. To simplify the KT model, α0 and α2 were taken as 0
due to ship symmetry. The KT model in Equation (4) is a 1 DOF
ship model. To predict a ship’s sailing trajectories by the model,
her sailing speed U may be assumed as the initial pre-defined
speed U0. As described in the more complex Abkowitz model, a
ship’s speed change due to rudder turning follows a periodic
trend during the tests. In this study, the ship’s instantaneous
speed U when reaching steady conditions was modelled as:

U = V1 · cos(v1t)+ V2 · sin(v2t), (5)

where all coefficients (V1, ω1, V2, ω2) were estimated by regression
analysis.

3. Parameter identification based on LS-SVR

Support vector regression (SVR) uses support vector machines (Brer-
eton and Lloyd 2010) to fit a hyperplane with a margin of tolerance ε
that minimises the error between the observed output Td and the pre-
dicted value T̂d. For the regression of coefficients in the Abkowitz
model, Td is taken as calculated by the left side of Equation (1), and
T̂d is taken as Equation (2). For example, to build the Abkowitz
model as in Equation (1), ship motion-related variables (u, v, r)
must be estimated from the data. For the simulation data, the ship

Figure 1. 6 DOF ship hydrodynamic model (left) and 3 DOF model (right). (This figure is available in colour online.)
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service speed U0 is known as a fixed value. The ship hydrodynamic
motion response at the i-th time step can be easily estimated by:

ri = Dbi

Dt
, Dbi = (bi+1 − bi) ≈ Dci

ui = Ui∗cos(Dbi)− U0

vi = Ui∗sin(Dbi)

,

⎧⎪⎨
⎪⎩

ṙi = (ri+1 − ri)/Dt
u̇i = (ui+1 − ui)/Dt
v̇i = (vi+1 − vi)/Dt

,

(6)

where Ui is the instantaneous ship speed at the i-th time step. If these
parameters are calculated from the simulation data without influences
from wind/current/current, a ship’s heading change Δβ is approxi-
mately equal to her course change Δψ between two adjacent time
steps. The above Equation (6) may be used to obtain all the input par-
ameters to identify the coefficients in Equation (2) of the Abkowitz
manoeuvrability model. However, for actual ship sailing with drifting
(wind/currents), it may not be so simple to obtain all these parameters
using Equation (6). This is further discussed below, and a new
approach is proposed. For regression of the KT model, Td= r̈, and
the other part in Equation (4) was used to get T̂d. The SVR estimated
coefficients of the two models in Equations (1) and (5) by minimising
the objective function:

Obj = C ·
∑
i

l1(Td(i), T̂d(i))+ 1
2
‖w‖2, (7)

where w is the normal vector to describe the predicted values as
T̂d = wTf(x) (x contains the ship motion variables, rudder angles,
etc., as in Equations (2) and (4)), C is the regularisation parameters,
and l1 is the ε-insensitive loss function. Getting the hyperplane
model for T̂d is a convex optimisation problem that is solved by intro-
ducing the Lagrange multipliers. Additionally, the insensitivity factor 1
also restricts the sparsity and regression accuracy of the solution. It is
set as 0 for the ship manoeuvring simulation tests. The parameter
identification is also strongly dependent on the value of C. To optimise
the solution, the LS-SVM is applied to find the best choice of C.

4. Case study based on ship manoeuvring tests

Two types of manoeuvring tests were used to study the capabilities
of the two manoeuvrability models for predicting a ship’s sailing
trajectories, i.e. zigzag simulation tests from the MSS toolbox Mar-
iner (Perez and Fossen 2009), and open-water experimental tests
using a ship model with a scale of 50:1. Both the simulation and
experiment tests followed the ITTC test standards. For the open-
water experimental tests, serval high-precision sensors were
installed as in Figure 2, such as the compass, rudder angle sensors,

differential global position system (GPS), etc. The recorded data
include the UTC time, location, heading, course, rudder angle,
and rudder command.

4.1. Comparison of models based on simulation test data

Several 20°/20° zigzag simulation tests were conducted using the
toolbox MSS Mariner. For the simulation, the initial speed was
approximately 7.7 m/s; u, v, r, heading, and rudder angle were
set to 0. The total simulation time was 200 s with an interval of
0.1 s. Coefficients of the Abkowitz and KT models were estimated
by using the above LS-SVMmethod. The parameters were very sen-
sitive to the choice of the regularisation factor C. Some key coeffi-
cients identified by the LS-SVM method were verified by values
given in the simulation toolbox, as in Table 1. They were quite
close to their actual values even though the optimisation process
required a long time for searching. After the identification of
those coefficients, the ship hydrodynamic motion parameters
(u, v and r) were predicted and compared with the simulation
results in Figure 3. Since the MSS Mariner ship navigates at a con-
stant speed, the surge speed is the small perturbation about the ser-
vice speed U0 after reaching steady conditions. They generally
agreed well. While the results for sway speed v did not work well.
For the r, both the Abkowitz and KT models gave good results in
comparison with the simulation data. For the sway speed v
shown in the middle figure, the predicted sway speed v based on
the KT model differs slightly from the simulation results. Since
the KT model was a 1 DOF model, the results are acceptable for
the heading prediction as in Figure 4, which presents the prediction
of heading and trajectories (locations). The identified Abkowitz
model predicts almost perfect results due to the obtained same
model parameters in Table 1. The trajectory predicted by the KT
model also agrees well with the simulated data, even though discre-
pancies exist in yaw prediction.

4.2. The Abkowitz model used in the experiment tests

Simulation data is recognised as the most stable and reliable input
for the identification of a ship’s manoeuvrability model parameters.
However, data collected during a ship’s actual sailing/experimental
environments often contains large amounts of noises. Furthermore,
some input variables for model identification may not be calculated
straightforwardly from the collected data, because of measurement
noises, impact from surrounding environment, or simply measure-
ment accuracy and accurate experimental control, etc. If the same
procedure and equations as the above simulation tests were used

Figure 2. Configuration of sensors and equipment for the measurability of the experimental tests. (This figure is available in colour online.)
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to build the Abkowitz model, the comparison of u, v, and r pre-
sented in Figure 5 and the ship heading/trajectories presented in
Figure 6 showed fundamental discrepancies or incapability of the
Abkowitz model to describe the ship’s manoeuvrability.

This is mainly because the input variables u, v, and r for the
model identification are estimated from the noisy experimental
data, which makes the estimation of those variables become unreli-
able or even gives wrong information about the ship’s sailing status.
For example, if the data from ship heading measurement sensors is

used to estimate the yaw rate r, the results are strongly affected by
the ship drift caused by wind/current in the open-water experimen-
tal tests. Moreover, due to high sample frequency, very little ‘noise’
in the measurement of heading angle leads to large errors in the
estimated yaw rate by differentiation. It will cause even big pro-
blems to get the u, v and further their accelerations, which needs
to take the first and second derivatives from the measured data.
Furthermore, to get the variables of u and v, the initial forward
ship speed is not known or change continuously, because during

Table 1. Some of the identified non-dimensional model coefficients for the Abkowitz model as in Equation (2) (×10−5).

F1-coeffs MSS/LS-SVM F2-coeffs MSS/LS-SVM F3-coeffs MSS/LS-SVM
u′ −184.0/183.9 v′ −1159.9/−1159.8 v′ −262.0/−264.1
v′2 −899.0/−906.1 v′3 −8078.5/−8414.7 r′ −166.0/−166.1
v′r′ 798.0/793.4 v′u′ 15,358.0/15,191.3 v′3 1636.0/1576.1
d′2 −95.0/94.9 v′2d′ −1160.0/−1203.4 v′2r′ −5483.0/−5612.7
v′d′ 93.0/92.3 v′2r′ 556.1/554.4 u′d′ −278.0/−277.8
u′v′d′ 93.0/89.2 u′d′ 1190.1/1239.6 v′2d′ −489.0/−536.5

Figure 3. Comparison of the surge speed u, sway speed v and yaw rate r from the MSS Mariner using different models. (This figure is available in colour online.)

Figure 4. Comparison of the MSS Mariner heading (upper) and trajectory (bottom) between the simulation and model estimation. (This figure is available in colour online.)

Figure 5. Comparison of surge speed u, sway speed v and yaw rate r between Abkowitz model predicted and observed. (This figure is available in colour online.)
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the open-water manoeuvring test, a ship’s pre-defined initial for-
ward speed U0 can hardly be controlled as fixed as pre-defined.
All those noises and errors in the input variables estimated by the
formulas originally from simulation scenarios may either destroy
the physical interpretation of the Abkowitz model for a ship’s man-
oeuvrability, or make it impossible to estimate the parameters in
these models.

In this experimental study, the ship model was planned to navi-
gate approximately at U0 = 0.6 m/s, and the rudder angle was
adjusted according to the zigzag test rule. All the sailing variables
were reordered with a 10 Hz sample frequency. As shown in Figure
5, the observed surge speed u and sway speed v changed period-
ically. When those ‘unreliable’ input variables are used to identify
the Abkowitz model describing the ship’s manoeuvrability, the
results of u and v predicted by the identified model show a stable
decline trend and differ fundamentally from the observed data.
For the yaw rate r, the predicted results can still reflect the periodic
pattern, but there is a significant gap between the observed and the
predicted data.

Finally, when the erratic parameters of u, v, r predicted by the
model are used to calculate the ship’s heading and trajectories,
the results shown in Figure 6 show an even greater deviation
between the observed data and that predicted by the model.
Therefore, some new procedures should be proposed to get reliable
inputs from experimental/full-scale test data, such as u, v, r, U, etc.,

for the LS-SVM to identify coefficients of ship manoeuvrability
models.

4.3. Proposed procedure for parameter identification using
experimental/noise data

The experimental/full-scale test data in open water used for identi-
fying the Abkowitz model often contains many noises and errors
that must be processed/removed. Additionally, some input par-
ameters may be missing or may not be measured precisely with
ease. They must be estimated from other more ‘accurate’ par-
ameters. In this study, the data collection frequency was 10 Hz.
As shown in Figure 5, the surge and sway speeds show different
trends of variation in comparison with normal manoeuvring test
data, as in Figure 3. Furthermore, the speed of the experimental
test model ship was only approximately 0.6 m/s, it thus became
unsuitable to use the original formulas of rigid-body ship move-
ment to estimate her speeds of u and v as input parameters for
the Abkowitz model. Therefore, a new process for collecting data,
pre-processing data, and estimating parameters for model identifi-
cation is presented in Figure 7. First, biased data, such as significant
discrepancies between the normal trajectories, (u, v, r, etc.) were
deleted. Then, the missing data were added using a simple linear
interpolation method. The Kalman filter was used to smooth the
results from the ship trajectory. To establish the accurate

Figure 6. Ship heading (upper) and trajectory (bottom) predicted by the Abkowitz model in comparison with observed results. (This figure is available in colour online.)

Figure 7. Flowchart for data processing to avoid noise, drift, and mean speed problems. (This figure is available in colour online.)
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manoeuvrability Abkowitz model using collected data from exper-
imental tests at open water with large random noises, the input par-
ameters as in Equation (6) that estimate the coefficients cannot be
used as the initial speed U0 is uncertain. In this study, the par-
ameters of u, v, and r were estimated using the geodetic coordinates
in terms of observed instantaneous speed and course angle rather
than a ship’s heading β:

ui = Ui∗cos(ci)− �U
vi = Ui∗sin(ci)
ri = (ci+1 − ci)/Dt

⎧⎨
⎩ , (8)

where Ui and ψi represent a ship’s instantaneous speed and sailing
course at the i-th time step, and �U denotes the average ship speed.
Finally, based on the parameters of u, v, and r using Equation (8)
from the processed data, all the coefficients in the models were
identified using the LS-SVM method.

5. Comparison of models obtained using experimental
test data

To check if the proposed procedure could be used to obtain reliable
inputs for identifying coefficients of various ship manoeuvrability
models based on actual ship sailing data containing noises, both
zigzag and turning circle tests were conducted using the ship
model in the open water with wind, as in Figure 2. The collected
data was used to verify the proposed procedure for the model
identification as follows. The corresponding results for the zigzag
and turning circle tests are presented in Figures 8 and 9, respect-
ively. The zigzag test data was used to identify coefficients in both

the Abkowitz and KT models, which were then used to predict
the ship’s trajectory for comparison. Only the Abkowitz model
was used for the turning circle test.

In comparison with the model identification using the simu-
lation data, there were still some discrepancies due to uncertainties
associated with the inputs of hydrodynamic motions, i.e. u, v, and r
as shown by the upper plots in the two figures. However, the results
obtained by the proposed procedures are greatly improved for the
model identification using open-water test data when compared
with the original method Equation (6), i.e. the results shown in
Figures 5 and 6. The prediction of shipping trajectories is also
acceptable after the initial tests of the proposed procedure. It should
be noted that the improvement is achieved mainly by the proposed
adjustment of estimation procedures as described in Section 4.3. In
addition to the careful data cleaning and interpolation to delete illo-
gical spikes and singularities within the ship state variables, the
ship’s heading is first estimated by more accurate GPS locations.
This can avoid the impact of ship drifting on the estimation of a
ship’s actual navigation angles since the ship drifting forces are
not considered in the Abkowitz and KT models. Then, big efforts
should be put on the smooth of yaw angle r and navigation (course)
angles, which normally contain some uncontrollable noises as in
Figure 9 (upright plot). Another big change is that instead of
using the GPS locations to estimate a ship’s forward velocity, the
well-smoothed course angles are used together with the GPS vel-
ocity to get the surge and sway motions u and v. Those proposed
procedures will be further investigated and improved for practical
applications.

For the shipping trajectory prediction by the identified model, in
general, due to more coefficients in the 3 DOF Abkowitz model to

Figure 8. Comparison of surge speed u, sway speed v and yaw rate r (upper), ship heading (middle) and trajectories (bottom) between predicted by the identified Abko-
witz and KT models and observed based on the experimental zigzag tests. Note that the observed (test) results in these plots are obtained after the data processing
described in Figure 7. (This figure is available in colour online.)
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describe a ship’s manoeuvrability, the sailing states, i.e. u, v, r and
trajectories predicted by the Abkowitz model gave better results
than the KT model. However, the KT model predicted well for
the ship’s heading/course change. For the zigzag trajectory,
although the Abkowitz model gave very good predictions for u, v,
and r, the trajectory was not perfectly predicted, which was not
expected and deserves more investigation. The difference in the zig-
zag trajectory predictions by the KT model may have been due to
the discrepancies in the predictions of v. This could also be inves-
tigated further in our future research.

The investigation using the turning circle tests showed similar
trends as that of the zigzag tests. The identified Abkowitz model
gave good predictions of the hydrodynamic motion response u
and v. It should be noted that in the experimental tests in the
open sea, the model ship was sailing much shorter and slower
than the MSS Mariner simulation. All the test data may still contain
a large amount of noise and uncertainties due to the accuracy of the
sensors used in the open-water experimental tests. The prediction
errors for r were also mainly caused by a lack of enough precision
of the position/heading measurement sensors, leading to the discre-
pancy of predicted trajectories. These issues will be investigated in
the upcoming studies.

6. Conclusions

In this study, the LS-SVM method was used for parameter identifi-
cation in two manoeuvring models, i.e. the 3 DOF Abkowitz
model and 1 DOF KT model, which are widely used for the control
design of autonomous ships. The LS-SVMmethod was implemented
to estimate/identify all coefficients within these two manoeuvrability
models based on the test data from both simulation and open-water
experimental tests. The implementation procedure was proposed to

estimate all inputs parameters from collected manoeuvring test
data containing noises and drifting effects. The results indicate that
the 3 DOF Abkowitz model gave more accurate predictions of ship
sailing trajectories after identifying the model by the proposed
method. The 1 DOF KT model also gave good predictions of ship
heading/course turning rates, an important property of ship man-
oeuvring for autonomous shipping control. Furthermore, when a
ship’s forward speeds could be better modelled, the KT model also
showed great potential to accurately predict a ship’s sailing trajec-
tories. The 3 DOF Abkowitz model identified by the proposed pro-
cedure can predict a ship’s heading/course change and trajectories
in terms of given rudder inputs. Concerning the simple form of
the 1 DOF KT model and easy access of ship speed during sailing,
it is expected that the KT model also has great potential to accurately
predict a ship’s heading and waypoints, subject to further develop-
ment. This model could be used for fast online model identification
to design optimal control of autonomous ship navigation.

Disclosure statement

No potential conflict of interest was reported by the author(s).

Funding

The authors would like to thank the Eurostars Programme (E!12881 E-NAV-
R1), Swedish Transport Administration and Lighthouse (Swedish Maritime
Competence Centre) for financial support to prepare this paper.

ORCID

Martin Alexandersson http://orcid.org/0000-0002-9360-078X
Wengang Mao http://orcid.org/0000-0002-7126-1254
Jonas W. Ringsberg http://orcid.org/0000-0001-6950-1864

Figure 9. Comparison of surge speed u, sway speed v and yaw rate r (upper), ship heading and trajectories (bottom) between predicted by the identified Abkowitz model
and observed based on the experimental turning circle tests. Note that the observed (test) results in these figures are obtained after the data processing described in Figure
7. (This figure is available in colour online.)
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