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1. Introduction

The Katz—Sarnak heuristics [25] is concerned with the distribution of low-lying zeros
in families of L-functions and predicts that this distribution is determined by a certain
random matrix model called the symmetry type of the family (see also [32] and the
references therein). In this paper we are interested in families of L-functions attached
to elliptic curves, where quantities related to low-lying zeros have been studied for a
comparatively long time due to their close relation to the average rank of the elliptic
curves in the family via the Birch and Swinnerton-Dyer conjecture; see, e.g., [3,18,20,21].
For families of elliptic curves defined over the rationals, the systematic investigation of
low-lying zeros and the Katz—Sarnak heuristic started with papers by Miller [30] and
Young [35,36] in the early 2000’s. More recent contributions include [14,19,22,23] that
focus on lower order terms in the one-level density and the corresponding predictions of
the L-functions ratios conjecture.

In the present paper we investigate families of L-functions attached to elliptic curves
defined over the function field F,(¢). Recall that additional tools are available in the
function field setting since, for example, the Riemann Hypothesis is a celebrated theorem
due to Deligne [15]. Already the pioneering work by Katz and Sarnak [25] studied low-
lying zeros in families of quadratic twists of elliptic curves defined over F,(¢) in the
limit where both ¢ and the degree of the twists, i.e. the degree of the polynomials that
parameterize the family, tend to infinity. However, it is expected that keeping ¢ fixed
while the degree of the twists tend to infinity is a closer analogue of quadratic twist
families in the number field setting. Important results in this direction were proved
by Rudnick [31] and Bui-Florea [4] who investigated the low-lying zeros of quadratic
Dirichlet L-functions in the hyperelliptic ensemble. More recently, Comeau-Lapointe [9]
investigated expected values of traces of high powers of the Frobenius class and the one-
level density of families of quadratic twists of elliptic curves in this context and used
the results to give upper bounds on the average rank in these families. In this paper, we
refine results in [9] to isolate lower order terms and compare the structure of our results
with the results of Rudnick [31] for quadratic Dirichlet L-functions.

In recent years, there has been an increased interest in a variety of different aspects of
higher order characters and twists; see, e.g., [1,7-13,28,29]. Motivated by this develop-
ment, we investigate expected values of traces of high powers of the Frobenius class and
the one-level density of families of cubic twists of elliptic curves of the form 32 = 23 + B
defined over Fy(t). In this case we are not able to isolate lower order terms and we discuss
what is needed in order to obtain refined results also in this situation.

We now turn to a precise description of our results.

1.1. Setup

Fix a prime p # 2,3 and let ¢ = p™ for some power m € Z>;. For simplicity,
assume ¢ = 1 mod 6. Let E be an elliptic curve defined over Fy(T") given by the minimal
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Weierstrass equation y? = 23 + Ax + B, where A, B € F4[T], and such that the prime
at infinity has additive reduction.! Then the L-function attached to E is (cf., e.g., [34,
Lecture 1))
1 -1
L B) = ] (1=apBu®®) " T (1-ap(Bputes® 4 y23®) (1)

where Ag = 4A4° 4+ 2782 is the discriminant of E and
LE(P) = 7*5P) 41— ap(E)qies(P)/2,

Here E(P) is the curve® obtained from reducing E modulo a prime polynomial P and
#E(P) denotes the number of F ac(r)-rational points on the non-singular locus of E(P).
If it is clear which elliptic curve we are referring to, we will simply write ap instead of
ap(E). Recall, in particular, that with the above normalization the Hasse—Weil bound
states that |ap| < 2. Recall also that L(u, E) is a polynomial of degree

ng :=deg(Mg) + 2(deg(Ag) +1) — 4

all of whose zeros lie on the “critical line” |u| = g~ '/2, where Mp is the product of prime
polynomials with multiplicative reduction and Ag is the product of prime polynomials
with additive reduction (see [34, Lecture 1]). Furthermore, L(u, F) satisfies the functional
equation

L B) = «B) (a0 L ).

where €(E) € {£1} is the root number of the elliptic curve E.
We are interested in investigating the one-level density of the zeros of these L-

functions. That is, for an even Schwartz test function f, we define the one-level density
of F as

D) =30 f (o).

where the sum is over all § € R such that ¢~'/2¢% is a zero of L(u, E), counted with

multiplicity. Since L(u, E) is a polynomial with all its zeros on the critical line, we can
find a unitary ng X ng matrix Og (in fact a conjugacy class of unitary matrices), called
the Frobenius, such that

1 That the prime at infinity has additive reduction is a simplifying assumption that makes the correspond-
ing Euler factor of the L-function L(u, E) trivial. This assumption can be removed with some work. See
[34, Lecture 1] and Appendix A.l for details.

2 If P is a prime of good reduction, then E(P) is in fact an elliptic curve.
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L(u, E) = det(1 — \/quOg). (1.2)
Defining the one-level density of a unitary ng x ng matrix U as
ng 9
_ J
j=1neZ
where 6; (1 < j < ng) are the eigenangles of U, we immediately get the relation?®
D(E, f) =D(Og, f).

Finally, we may apply Poisson summation to obtain, for any unitary ng x ng matrix,

DU, f) = é%f(%) Tr(U™). (1.3)

Hence, for Schwartz test functions f whose Fourier transforms are supported in (—a, «),
to determine the expected value of D(E, f) as E ranges over some family of elliptic
curves, it is enough to determine the expected value of Tr(0O%) for n < ang.

1.2. Quadratic twists

The first family we will be interested in is the family of quadratic twists of a given
elliptic curve E. That is, if E : y?> = 22 + Az + B and D is a polynomial, then we define
the quadratic twist of £ by D as the curve with affine model

Ep :y?> =a2®+ AD?z + BD3.

As D varies, these equations will give distinct elliptic curves if and only if the polynomials
D are square-free and coprime to the discriminant Ag of E. Moreover, we see that all
the primes that divide D will have additive reduction and that if D is monic and of even
degree then the prime at infinity will have the same reduction type on Ep as it did on
E (see Appendix A). Therefore, the degree of L(u, Ep) will be

ng, =ng+ 2deg(D).
From now on, and throughout the parts of this paper dealing with quadratic twists, we

will assume that N € Z7 is even. Hence, if we consider the family of twists coming from
the set

3 Recall that we define the one-level density of the elliptic curve E as a sum over all & € R such that
L(qg ‘%", E) = 0.
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Hn(Ag) :={D € F,[T] : D monic, square-free, coprime to Ag and deg(D) = N},

then we see that this will form a family of distinct elliptic curves all of whose Frobenius
elements have the same size.

For any D € Hy(Ag) let e(Ep) denote the root number of the L-function attached
to Ep. Then (by [2, Proposition 4.3])

€(Ep) = ene(E)xp(ME),

where xp = (£) is the Kronecker symbol and ey = +1, depending only on the value of

deg(D) = N. Therefore we define the sets

Hy(Ap) = {D € Hn(Ap) : xp(Mp) = ene(E)}
and
Hy(Ag) = {D € Hn(Ag) : xp(Mg) = —ene(E) }.
We will typically, however, just write #3 (Ag) to mean either the set Hi (Ag) or the
set Hy(Ag).

It was recently proven by Comeau-Lapointe [9] that, for € > 0, n € Z>; and N >
4ng + 16, the averages of traces of powers of O, satisfy®:®

n - Nnzedn (L1 gy e
<Tr(®ED)>'HZj\:,(AE) =12(n) +Oc { (n+N) e + N + g(1—ON + )

A4)
where (see [17, Theorem 4])
1 2n,
moy= [ mwnar=1""
0 2fn.
O(ng+2N)
This is then enough to deduce that if supp(f) C (=1,1), then
1
(D(Ep, )t ap) = / DU, f)dU + O <N> . (1.5)

O(ng+2N)

4 Here, and throughout this paper, we use the convention that for any finite and non-empty set S and
any function ¢ on S, (¢)5 = ﬁé\ ngs #(s).

5 Note that the family considered in [9] is not the same as the one stated here. However, one may easily
deduce this result from that of [9].
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Remark 1.1. For every sufficiently nice family of elliptic curves F, the Katz—Sarnak
heuristic predicts that

(D(E. 1)), = / DU, f)dU.
G

where G is a compact Lie group indicating the symmetry type of the family and dU is the
Haar measure on G. Recall that the one-level densities of the three orthogonal symmetry
types O, SO(even) and SO(odd) agree for test functions whose Fourier transforms are
supported in (—1,1). Therefore, for the sake of tidiness, we have chosen to state all
results in terms of the symmetry type O.

Remark 1.2. In (1.4) and (1.5) the implied constants depend on E. All implied constants
in the rest of this paper are similarly allowed to depend on the base elliptic curve. More-
over, throughout this paper we implicitly restrict our attention to non-empty families
Hﬁ(AE) Note that a family of this type is empty only if Mg = 1 so that the root
number is constant (see Lemma 3.4).

In this paper, we are interested in determining lower order terms in the estimate (1.4).

Specifically, to deduce the exact form of the error term O( q’ﬁ%)

Theorem 1.3. Let E be an elliptic curve defined over Fqo(T) and given by the minimal
Weierstrass equation y*> = x3 + Az + B, where A, B € Fy[T]. Let n € Z>1 and assume
that Mg is not a prime of odd degree dividing n. Then, for any € > 0 and N > 4dng + 16,
we have

Tt (0)ymer) | Dn
<Tr(6%D)>H§(AE) =1n2(n) (1 + q”174 Bl 4 qTE/Z)

n/2
+0 (n_|_N)N2“E+11 L_FL_‘_L
e N8 TN T =N ) )

where Ogym2p is the Frobenius element attached to the symmetric square L-function
L(u, sym?E) and D(n) is given by (3.4); in particular, D(n) < 7(n) + deg(Ag).

Remark 1.4. In the case where Mg is a prime of odd degree dividing n, then the result
still holds with the only difference that there is an additional contribution to D(n). See
(3.6) and the brief discussion thereafter for further details.

While we are able to improve the error term slightly by finding some secondary terms,
n/2
we retain the error term containing the expression q(‘i,iem and so we are not able to

~

extend the range of supp(f) in (1.5). However, we are able to write down a term in the
one-level density that is reminiscent of the deviation term that Rudnick found for the
hyperelliptic ensemble (cf. [31, Corollary 3]).
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Corollary 1.5. Let E be an elliptic curve defined over Fo(T') as in Theorem 1.5 and let
f be an even Schwartz test function. If supp(f) C (=1,1), then

(D(ED, )3t ) = / p(w. fyav + U)o, <N%) ,

O(ﬂE+2N)

where

~ 1 L’(q , SYm E deg(P ay pea
d = 0 e S — ]

aj pa is the PA_th coefficient of L(gg)), ay pa is the P-th coefficient of % and
|P| = gls?.

In the family of L-functions L(u, xp) attached to quadratic characters, Rudnick [31,
Corollary 3] showed that the one-level density is asymptotically the same as for the
unitary symplectic matrices with a deviation term of the form

deg(P 1
d - f(1)—.
B’U Z ‘P|2 ( )q—l

For f of small support, the main terms in the one-level density come from the prime
squares. We note that xp(P?) = x%(P) and thus the contribution of the prime squares
to the explicit formula is determined by the logarithmic derivative of

L(“a X%) = RD(U‘)Cq(u)v

where Rp is a finite Euler product. Taking logarithmic derivatives, there is a simple pole
at u = ¢ '. The residue of ([1 /Cq corresponds to the matrix integral whereas one can
show that

Bpla™) _ N deg(P _g
<RD<q—1>>HMU Z\PP Ola™®)

To see the term containing f(l) in dev(f), one needs to analyze also the contribution
from the primes to the explicit formula. As we need to restrict to functions that have
f(l) =0, we do not see such a term in Corollary 1.5.

Now, for the quadratic twists of an elliptic curve, we again need to look at the contri-
bution of the prime squares to the explicit formula. Here we obtain terms that contribute
to the main term matrix integral, whereas the logarithmic derivative of



8 P. Meisner, A. Sédergren / Finite Fields and Their Applications 84 (2022) 102096

L(u, sym?*Ep) = Sp(u)L(u, sym*E),

where Sp is a finite product of Euler factors, contributes the deviation terms in devg(f)
(see Section 3.6). Note in particular that, similar to the quadratic character case,
L(u,sym?Ep) is essentially constant as we vary D, changing only by a finite Euler
product.

Finally, we note the close connection between the formulas in the quadratic character
and quadratic twist cases. Indeed, by substituting 1 for all the a] p., in the sum over
primes of good reduction in devg(f), we get exactly the part of deU’( f) corresponding to

the same set of primes.®

1.8. Cubic twists

Performing a quadratic twist of an elliptic curve has the nice property that if L(u, E) =
S papud®e) then L(u, Ep) = . papxp(F)uds). Therefore, one natural extension
is to consider twists of the L-function L(u, E) by other characters, that is, to consider
L-functions of the form

(u, E, x) Zapx deg(F).

Comeau-Lapointe [9, Theorem 12.1] considered the families where x runs over characters
of fixed order ¢ # 2, and proved that these families have unitary symmetry type. This
change of symmetry type is to be expected as when you twist by non-quadratic characters
the L-functions L(u, E, x) fail to be L-functions of elliptic curves and therefore loses the
orthogonal symmetry inherent in families of elliptic curve L-functions.

However, in this paper we choose to twist at the level of elliptic curves instead of at
the level of L-functions. That is, if the elliptic curve has the special form

E:y?>=2°+ B,

with B € Fy[T], then, for any polynomial D € [F,[T] coprime to B, we define the cubic
twist of E as the curve with affine model

ED :y? = 2%+ BD?.
Similar to the case of quadratic twists, as long as D is chosen to be cube-free and coprime

to B, these will be distinct elliptic curves and all the primes that divide D will have
additive reduction. Furthermore, if we consider only the case 3|deg(D), then the prime

6 Note that Rp and Cq(u) are related to the constant coefficients 1 in exactly the same way as Sp and
L(u, sym?>E) are related to the coefficients aj pea-
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at infinity will have the same reduction type on Ep as it did on F (see Appendix A)
and hence the degree of L(u, Ep) will be”

ng =ng+ 2deg(rad(D)).

Therefore, if we define the set

Fn(B) :={D € F,[T] : D monic, cube-free, (D, B) = 1,
deg(rad(D)) = N,deg(D) = 0 mod 3},

then the cubic twists by this family will form a family of distinct elliptic curves all of
whose Frobenius elements have the same size.

Theorem 1.6. Let E be an elliptic curve defined over Fy(T) and given by the minimal
Weierstrass equation y* = 23 + B, where B € F,[T]. Then, for any ¢ >0 and n € Z>1,
we have

n/2_,2n ~
n B q"'?%e na(n)n 1 n(deg(Az) +7(n))
(T(O7F,)) ry () = 12(n) + O <Nq(ée)N FOCIPTE /2 !

where T is the number of divisors function. Moreover, for any Schwartz test function

o~

satisfying supp(f) C (—a, «) for some a < % — we get

2
4+logq’

(DEp. ) 5, ) = / D(U, f)dU + O (%) . (1.6)

O(nE+2N)

Similar to Corollary 1.5, the main term in (1.6) comes from considering the prime
squares whose contribution is the sum of the matrix integral and a term determined by
the logarithmic derivative of L(u, smeE p). However, unlike the quadratic twist family,
L(u,smeE’D) is not essentially constant as D varies (see Section 4) and thus we get
some cancellation that prevents us from obtaining a deviation term.

The next obvious thing to consider is the contribution from the prime cubes. Using
Lemma 2.3, we find that the contribution from the prime cubes is determined by the
logarithmic derivative of L(u, sym3Ep)L(u, Ep)~t. However, since the coefficients of
L(u, ED) are not obtained by a simple twist of a character (as in the quadratic twist
case), we get that L(u, sym?’E p) is still not essentially constant as D varies. Although,
L(u, symzﬁp) and L(u, sym?’ED) will have parts that are essentially constant.

In order to describe these essentially constant parts, we need to introduce some no-
tation. For any prime P and any E , define

7 Note that here we have to use the radical of D. This was not necessary for the quadratic twists since
we were assuming D to be square-free in that case and hence equal to its radical.
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~ 1 F? - B
)\p = )\P(E) = —qdeg(P)/2 Z < P > N
F mod P 3

where (ﬁ) 5 is the cubic residue symbol modulo P.2 The quantity Ap behaves nicely with
respect to cubic twists. Namely,

Ap(Bp) = (%):Ap@ (1.7)

(cf. Lemma 4.1). Moreover, we get that Ap + Ap = —ap, where as usual ap denotes the
P-th coefficient of L(u, E) Therefore, it is possible to write aT,Pd in terms of the Ap
and then determine how these vary with D. However, we can show that approximately
half of the time |Ap| # 1 (see Corollary 1.9), and hence Ap can typically not be a root
of 1 — apu + u?. Therefore, while possible, writing aiPd in terms of Ap is in general not
so nice. Using Lemma 4.2 and (1.7) to identify parts of a] p. (Ep) and aj ps (Ep) that
are essentially constant as we vary D, we get the following theorem.

Theorem 1.7. Let E be an elliptic curve defined over Fy(T') and given by the minimal
Weierstrass equation y> = x> + B, where B € F,[T]. Then, for any e >0 andn € Z>1,
we have

" n/2 2 n/3 3 <3
<Tr(@ED)>]-‘N(B) = _qn/Z Z 2(1Ap|" = 1) + q/? Z ()‘P + )‘P)
deg(P)=% deg(P)=%
LD D) | (e 1 nldes(dp) +r(n) 1
qn/2 € Nq(%fe)N q3n/8 qn/2 Nqn/2 ’

where T is the number of divisors function and Di(n) and Da(n) are defined in (4.10)
and (4.11); in particular, D1(n), Da(n) < 1.

=31/8 and n7(n)g~"/? in the error

Remark 1.8. Note that the presence of the terms ¢
term means that we could absorb the tertiary main term (Dy(n) + D2 (n))g~"/2 into the
error term. However, these error terms come from trivially bounding primes of degree
at most 7 and the primes of bad reduction, respectively, while 51(71) is written as a
sum over primes of degree 5 and D, (n) is written as a sum over primes of degree %.
Therefore, if one is careful, one would (at least for small n) be able to remove these error
terms and make the tertiary main term a sum over all primes of degree dividing n and a
real main term. This process would involve extending Lemma 4.2. While not difficult, it
would result in a less clean statement of Theorem 1.7. Note also that this new tertiary

main term may no longer be bounded by ¢~"/2.

8 We assume ¢ = 1 mod 6 so that the cubic residue symbol is well defined.
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It is not clear that Theorem 1.7 gives us what we were hoping for. That is, a term
of size ¢~/ that is related to the Frobenius of L(u, symSE) in some way which would
lead to a deviation term for the one-level density that involves the logarithmic derivative
of L(u, sym3E). However, using some heuristic arguments, we can see a way that this
appears.

1.4. Heuristics and conjectures

Using the Weil bound and comparing Theorems 1.6 and 1.7, we get the following
immediate corollary:

Corollary 1.9. For any m € Z>1, we have

m s 1 1
— > _5+O<W>’

q deg(P)=m

Heuristically, replacing [Ap|* with its average of %, we can show that

n/3 <3\ ms(n) n 1 n
Y (z): (AL +2p) = ;n 7 <Tr(@s J/f;E) + §Tr(@E/3))
deg(P)=%

(see Section 5), where

_J1 3n,
n3(n) = {0 34,

This naturally leads to the following conjecture:

Conjecture 1.10. Let E be an elliptic curve defined over F,(T) and given by the minimal
Weierstrass equation y*> = x® + B, where B € F,[T]. Then, for any n € Z>1, we have

D(n)
qn/2

(0, ) 5y ) = )+ 2] (0022, ) + S 1v (02%)) + ) (1401,

symsé

where 5(71) can be written as a sum over primes of degree dividing n and is bounded by
n/8

(and might be considerably smaller than) q

Therefore, passing to the one-level density, we get an idea of what kind of deviation
term we could expect in cubic twist families. As this relies on the conjecture and the
proof would be essentially the same as the one of Corollary 1.5, we state only that the
deviation term should contain the two terms
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=R L/ (g—3/2 3E =N L'(g 32 FE
—f(0 (777 sym )~ and — f(0 (™", )~ ,
@/2L(q=3/2, sym3E) 2¢3/2L(q~3/2, E)

as well as a third term which can be expressed as a sum over primes and will depend on
D(n).

Outline of the paper

In Section 2, we define the symmetric power L-functions and prove several relations
that will be needed throughout the later sections. In Section 3, we briefly discuss the
quadratic twist family as the majority of the work in getting a reasonable error term is
already done in [9]. In Section 4, we consider the cubic twist family and prove Theo-
rems 1.6 and 1.7. In Section 5, we give a heuristic argument for Conjecture 1.10. Finally,
in Appendix A we discuss the choices we made in choosing our families and indicate how
one could extend our work to “fuller” families.
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2. Symmetric power L-functions

Let E be any elliptic curve defined over Fy(T). Recall the definition of the L-function
attached to E

—1 -1
L(u, E) := H (1 — ap(E)udeg(P)> H (1 — ap(BE)udes®) 4 u2deg(P)> )
P|Ag PiAg

which converge for |u| < ¢~!. If P Ap, then we define ap and Bp such that
1 —apu+u? = (1—apu)(l— Bpu). (2.1)

In addition, when P|Apg, we set ap = ap and Sp = 0. In other words, we define ap and
Bp such that the inverse of the Euler factor at P equals

Lp(u, E) = (1 — apu®®®®)) (1 - gpudes®),

where Sp = 0 if E has bad reduction at P.
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For m a positive integer, we define

L(u, sym™E) H H(l—apﬂm iy dee(P ) H Lp(u deg(P) ,sym™E) " (2.2)
PiAg i=0 PlAg

where Lp(u sym™FE) is a polynomial of degree at most m + 1 with bounded coeffi-
cients.” We refer the reader to [6, Section 1.2] for more information on symmetric power
L-functions, and the references therein (specifically [16] and [33]) for more general state-
ments and proofs. See also [27] for symmetric power L-functions of elliptic curves defined
over Q.

Proposition 2.1 (Parts of Theorem 1.1 of [6]). For any elliptic curve E defined over
Fo(T) and any positive integer m, L(u, sym™E) is a polynomial of degree ngymmp all of
whose roots have norm q*1/2. Hence, we can find a matriz Osymmpe € Ugymmp) such
that

L(u, sym™E) = det (1 — \/quOgymm k).

Remark 2.2. It follows from [5, Lemma 2.1] that ngy,»g < m for all positive integers
m, where the implied constant depends on E.

It will be useful to have notation for L(u, sym™E) also when m = 0 and —1. Therefore,
we define

L(u, sym°E) := (,(u) and L(u,sym 'E) :=1,

where (,(u) is the usual zeta function of F,[T"] defined as
Z udeg(F 1
F monic - qu

2.1. A symmetric power trace formula

We define ay . = a (E) such that

*
m, Pk

L' (u, sym E >
—“\eIr =) d * kdeg(P). 23

If m is a positive integer, then we can use (2.3) together with Proposition 2.1 to get a
formula for the trace of the Frobenius element:

9 In fact, if P has multiplicative reduction, then Lp (u, sym™E) = (1 — a'%u). However, if P has additive
reduction, then the situation is more complicated.
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symmE Z Z ajmpdo (24)

d|n deg(P)——'

n/2TY

If m is not a positive integer, then we see that
ag pr =land a” pr =0 (2.5)

for all P and k. Thus, even though there is no Frobenius matrix associated with m =
0, —1, we can still determine their respective sums in the right-hand side of (2.4):

n « q m =\,
2{:‘a j{: anLPd:: {0 _ (2.6)
dln  deg(P)=% - ’

2.2. Useful lemmas

Combining equations (2.1), (2.2) and (2.3), we see that if m is a positive integer and
P is a prime of good reduction, then

=5
Cl,;kn,}:,,c =n2(m) + Z (a];(m—%) + Bllg(m—%)) ) (2.7)
j=0
Further, for any prime P, we have the bound

lay, pr| < 2(m +1). (2.8)

Note that by (2.5), we see that (2.7) and (2.8) also hold for m = 0, —1.
We can now use (2.7) to relate the coefficients of the logarithmic derivatives of different
symmetric power L-functions.

Lemma 2.3. If P is a prime of good reduction and m is a positive integer, then
* _ * _ *
A1, pmd = Qpy pd — Oy, _9 pd-

Proof. Applying (2.7), we get

L m—1 1n 3

2
d(m—2j d(m—2j d(m—2—2j5 d(m—2—2j
a::nvpd _ (Z:,L_Q’Pd _ Z <aP(m 7) +5P(m j)) (ap(m 5) +5p(m J))
j=0 j=0
= af" + pE"
= aT,Pmdv

which is the desired result. 0O
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Next, we are able to use Lemma 2.3 to obtain a nice formula that relates traces of
different symmetric powers. But first, we need to introduce some notation that will be
useful in order to optimize the contribution of the primes of bad reduction to our error
terms. For any D € F,[T], and any n > 0, we denote

D,= ][] P (2.9)
P|D
deg(P)=n

Lemma 2.4. Let E be any elliptic curve defined over Fy(T).

(1) Let m|n. Then, if m > 3, we have

n * P n/m n/m
Z E Z aLPd = —q?2m (TI' (@ézjmmE) —Tr ((—)sy/mmsz))
d|n deg(P)="1%

m|d

o (m Z deg(AE,n/dm>> :
dl 3
(2) If 2|n, then

Z Z ay pa = —¢"—q"* Ty ?JE”ZE +Z Z (a] pa—aj pajs+1).

d|n deg (P)=% d|n deg(P)_ n
2|d 2|d P|Ag

Proof. To prove (1), we first observe that

Z Z y 1
a d a md .
1,P z : dm Z : 1,P

dn deg(P) o deg(P)=55
m|d

Splitting the sum over primes into primes of good and bad reduction, we find that the
primes of bad reduction contribute

n *
Z d_ Z amed < Z deg(AE;rL/dm)
dl 3 deg(P)=71 dl
P|Ag

Now, when m > 3, for the primes of good reduction, we use Lemma 2.3 as well as (2.4)

to get
n n
* _ * *
E —m E a1, pmd = E —m E (a‘m,Pd - am_z,pd>
o deg(P)= g, o deg(P)= g,
PtAg PtAg

— _q27:n (Tr(@;l?j:sz) — Tr(@;j:;m,QE)) + O(m Z deg(AE,n/dm)>a

n
d|
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where the error term again comes from the primes of bad reduction.
Finally, to prove (2) we can still use Lemma 2.3 on the primes of good reduction.
However, we also have to use (2.5) and (2.6) in conjunction with (2.4) to get

Z Z aj pea = Z Z (a;,Pdfl)

d|z deg P)=2 d|z deg(P s
. .n/2 _  n/4 ”/2 Z Z * _
=—q q TT sym2E (G’Z,Pd/2 1)7
d|n deg(P)——
2|d PlAg

and the result follows. O

We can now use these relations to bound sums of a) . over primes P of a fixed
;
degree for various combinations of m and k.

Lemma 2.5. Let E be any elliptic curve defined over Fy(T).

(1) If m is any positive integer, then

. m
Z am,P < Eqn/Z

deg(P)=n

(2) If m > 3, then

Yo dipe < %(W ? + deg(Ap,n))-
deg(P)=n

(3) For prime squares, we have

. " n deg(Agn
3 aLPQ:_%H)(q /2+M>,

n
deg(P)=n

Proof. To prove (1), we see from (2.4) that

2
* —
§ A p = — n TI‘ GymmE E E : de

deg(P)=n d|n deg P)="14

)| <
Ngymmpe < m by Remark 2.2. Moreover, for the prlme sum, we use the bound in (2.8)

Since Ogymmp is a unitary matrix of size Nyymmp X Neymmp, we get |Tr(O7 J—

and bound the number of primes of degree % by < / - to obtain the result.
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Now, for (2), we apply Lemma 2.3 and (1) to get

S aipn= Y (ahp—aiap) + O deg(Ap,)
deg(P)=n deg(P)=n
< (g2 + deg(Bp.0)).

where the error term O (% deg(AEyn)) comes from using (2.8) for the primes of degree
n that divide Ag.

Finally, for (3), we still apply Lemma 2.3 but now we can only apply (1) on the sum
of a3 p and need to use (2.6) on the sum of af p = 1. That is, we get

deg(Ag.,
Z ajy p2 = Z (a;p—aap)—FO(%)

deg(P)=n deg(P)=n

n deg(Ag..,
q +O<qn/2+ eg(nE; )>’

n

which completes the proof. O

These first few lemmas are crucial in picking out the lower order terms in the family
of quadratic twists. However, they are a little less useful for the family of cubic twists.
In that case, we will need the following two lemmas.

Lemma 2.6. Let E be any elliptic curve defined over F,(T'). For any m > 2, we have

n . _n
—q"PTe(O) = > d Y aipat O(’”qz(’"w +n ) deg(AEv"/d))

d|n deg(P)=% d|n
d<m d>m

Proof. We see from (2.4) that it suffices to bound

n
*
E d E a1,pa-
d| deg(P)=7%
d>m

Applying Lemma 2.5, we bound this sum by

Z (dg%i + ddeg(Ap . q)) < mqZ™i0 +n Z deg(Apn/d)s

d|n d|n
d>m d>m

and the claimed estimate follows. O

Finally, we note that if we fix an elliptic curve E: y? = 2 + B and perform a cubic
twist by D for some D € Fn(B), then we get that
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deg (AED,n/d) < deg (AE,n/d) +deg(Dy,/q)-

Thus, in Section 4, we will need a bound of a modified expected value of deg(D,,/q) as
D ranges over Fn(B).

Lemma 2.7. We have

1

m Z nz deg(Dy/q) < nt(n),

DeFn(B) dln
where T is the number of divisors function.

Proof. We have that

1 1
Fm) 2 "2 deE(Dua) =y 3L nd, D, des(P)

DeFn(B) din DEFn(B) dln  P|D
deg(P)=17

. . {D € Fn(B) : P|D}|
> dg(P)( Fn (B

d|n deg(P)=1%

< nz Z jji((i)) «n Z 1 < nr(n),

d|n deg(P)=1% dcihz
=N

{DeFn(B):P|D}|
|Fn (B )

where we have used Remark 4.8 to bound | Fn(B)] |
3. Quadratic twists

In this section, we prove Theorem 1.3 and Corollary 1.5.
8.1. A formula for aj p. (Ep)

Recall that we are considering an elliptic curve given by the equation

E:y? =2+ Az + B,
where A, B € F,[T], and that for every D € H3 (Ag), we have the quadratic twist
Ep :y* =2° + AD?*x + BD>. (3.1)

While it is well known how a] o

trate the differences between the quadratic twists and the cubic twists (cf. Section 4.1).

(Ep) behaves as we vary D, we will prove it here to illus-
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Lemma 3.1. For any elliptic curve E with discriminant Ag, prime P and D € ’Hﬁ (AE),
we have

ap(Ep) = (%) ap(E),
where for any F,G € F [T, (g) is the quadratic residue symbol.
Proof. Recall that ap(Ep) is defined such that the relation
H#Ep(P) = ¢i8P) 41— ap(Ep)qieeP)/? (3.2)

holds. Let us compute #Ep(P). Since Ep(P) is a curve given by the cubic equation
(3.1), reduced modulo P, we get that there is exactly one point lying above the point
at infinity. For the finite points F' € F4[T]/(P), the number of points lying above F' on
ED (P) is

2 if F3 + AD?F + BD? is a non-zero square mod P,
1 if F34 AD?F + BD? =0 mod P,
0 if F3 + AD?F + BD? is a non-square mod P.

Therefore, we may capture the number of points on Fp(P) as a character sum:

4Ep(P) =1+ Z <1+<F3+AD2F+BD3)>, (3.3)

P
F mod P

where the first term in the right-hand side is the contribution from the point lying over
the point at infinity.

Now, if P { D, then for every F mod P, we can find a unique G mod P such that
F = GD. Hence

#Ep(P) =1+ > <1+((GD)3+AD2(GD)+BD3>>

P
G mod P

D G®+ AG+ B
— gdes(P) 4 1 = Z etz
ren i (p) ()

G mod P

D
_ lesP) (P) ap(B) e P)/2.

Comparing this to (3.2) completes the proof for all primes Pt D.
On the other hand, if P|D, then we see that (3.3) becomes

HEL(P) =1+ 3 <1+ (g)) s P) 1,

F mod P
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It follows that ap(Ep) = 0 = (%) ap(E), which concludes the proof. O
Lemma 3.1 has the following immediate consequence.

Corollary 3.2. With ap(Ep) and Bp(Ep) defined as in (2.1), we have

ap<ED>(]€)ap<E> and ﬂp<ED>(§)ﬂP<E>.
Consequently,

D\*
aj pr(Ep) = <§> ay pr(E).

Proof. If Pt DAg, then we get by Lemma 3.1 that

| - ap(Ep)u+ 1 = (1 — ap(E) (113) u> (1 — Bp(E) (?) u> ,

ap(Ep) = (%) ap(E) and Bp(Ep) = <%) Bp(E).

so that

Hence, by (2.7) we obtain

k
i (Bp) = ab(Ep) + 85(E) = () i (B)

Moreover, for P|DAFE, we get by (2.3) and Lemma 3.1 that

D\"* D\"*
i (B0) = (ar(Ep))* = (3) (ar®) = (B) i (B,
which completes the proof. O
3.2. A trace formula

The starting point for our proof of Theorem 1.3 is the following trace formula. Com-
bining Corollary 3.2 with (2.4), we get

(Tr (O%) Dt (am) =~ \Hi Z > C‘T,Pd ) (%)d~

dn deg(P DeHE (AR)

For convenience, we define
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7n * H PA
dln deg(P =1

and

7n/2 . D
ET*(n,N) := |HNAE|Z dodip D (P)'

d|n deg(P)="% DEH%(AE)

3.3. Estimating M*(n, N)

We see that in order to compute MT*(n, N) it is enough to prove the following
proposition.

Proposition 3.3. For any prime P, we have

Hx(PAR)| _ [z +Oa™?) PtAg,
Hy(Ae) |1 P|Ag.

We first note that the case where P|Ag is trivial as in this case HE (PAg) = HE(AR).
The proof of the remaining part of the proposition, i.e. the case where P { A, follows
immediately from the following two lemmas.

Lemma 3.4. Let E be an elliptic curve defined over Fo[T). If Mg # 1, then, for any
A € Fy[T] (not necessarily the discriminant of E), we have

i (8)] = S[Hx(8)] + On(g™?).

Moreover, if Mg = 1, then either Hi;(A) = Hn(A) or Hy(A) = Hy(A).

Proof. The second part of the lemma follows immediately from the formula for the root
number €(Ep). For the first part, we have

HEQI= Y O EeneBuo(e) = Lv@) = Y E S ),
DeHn(A) DeHn(A)

Now, by quadratic reciprocity, we have that
-1
Xp(Mp) = (=1)"z M)V (D).

Furthermore, we observe that



22 P. Meisner, A. Sédergren / Finite Fields and Their Applications 84 (2022) 102096

Galu,xarp) = Y 12 (D)xary (D)uP) = TT (1+ xars (P)uds™)
(DvA)Zl P‘f’A

_ -1 2deg(P))—1 L(u, xnp)
+ XMz deg(P) 1—u g N ATE)
-11o AL A
E
Hence, the above generating series can be analytically extended to the region |u| < ¢=1/2
and we conclude that

( 1)q 91 deg(Mp)N gAUXM)
Z XD(ME) = oI N+1 = du<<qN/2 IgglzdgA(uaXME”a

DeHn(A)

where T' = {u : [u| = ¢~'/?}. We also note that

max H (1+XME(P)udeg(P))fl H (1_u2deg(P))*1 — 0A(1).

uel
P|A P|Mg

Finally, we use the fact that the Riemann Hypothesis is known for the L-function
L(u, xnp) to get that there exists a unitary matrix ©yy,, of size M x M, where M <
deg(Mg) — 1, such that L(u, xar,) = det(1 — \/quO ;). Thus

max |L(u, Xor)| = max det(l — uB,) « 2154 = O(1),
ue u|l=

and the result follows. O
Next, we estimate the size of Hy(A).

Lemma 3.5. For any A € Fy[T], we have

HN(A)| = H

QlA

3 ‘Q' 00,

where the product is over all prime divisors of A.
Proof. For any A € F,[T], let
Ga(u) == Z p?(D)udeeP) = Z [ Hi(A)|u”
(D,A)=1 k=0

We can then write Ga (u) as an Euler product:

Ga(u) = H (1 +udeg(Q)) — H (1 _}_udeg(Q))*l Cq(u) .

oA aa Cq(u?)
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Hence, we get that Ga(u) can be meromorphically extended to the region |u| < 1 with
a simple pole at u = ¢~!. Therefore, if I' = {u : |u| = %}, then

|Hn(A)| = —Resy—4—1 (gA(u)) + 1 [ Ga(u) du

ulV+1 2mi J ulN+1
T
Q
Q\A

which is the desired result. O

Remark 3.6. Note that the error terms in Lemmas 3.4 and 3.5 only depend on the number
of prime divisors of A. Thus, it follows that the error term in Proposition 3.3 can be
made independent of the prime P.

Using Proposition 3.3, together with the fact that

Pl 1
|P|+1 |P|+1’

we get that every prime in the inner sum of MT*(n,N) contributes a term of a* .,
while the primes such that P { Ag also contribute a term of

—aj pa <—|P|1+ 1 +0 (qN/2)> )

Combining this with Lemma 2.4, we get

+
PA
MT:t(n N 7n/22 Z * leNi( A E)|
ol o G (Ap)
2|d
777, -n 1 1
SR Y e S Y (0 ()
dn deg(P)—% d|n deg(P)f 7
2|d 2|d PiAE
- T (01)7:5)  Dn) 1
—772(71) 1+ qn/4 + qn/2 +0 qN/2 ’
where
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n

- Z - Z (“i,Pd — a5 pas2 + 1) < 7(n) + deg(Ag). (3.4)
dln  deg(P)=14
2|d P|Agp

3.4. Bounding ET*(n, N)

To bound ET*(n, N), we refer to the work of Comeau-Lapointe [9]. To align with the
notation from [9], we define

Hy,c = {D € Hy(AEg): D =C mod Ng},

where Ng is the conductor of the elliptic curve F as defined in, e.g., [34, Lecture 1] (see
also [9, Section 2.1]). In particular, with our notation, we have ng = deg(Ng) — 4.
Next, we define

n N D
el )=~ 3 die 3 (3):

deg(P)=n DeHN.c

Then, [9, Proposition 7.2] shows that for any ¢ > 0, N > 4ng + 16 and C coprime to
Ng, we have

1 1 qn/2

Sc(n, N) <. (n+ N)N2"s+11 (—qN/s tor T rew) :

Moreover, as we saw in the proof of Lemma 3.4, as long as P # Mg,

> (%) :% > )<1iEN6(E) <M£E>) (g) <", (3.5)

DeNE(AR) DeHn(AE

and so as long as Mg is not a prime of degree dividing n,

ET*(n,N)
7n/2

B |HiAE|Z 2 dip D (%

dl{n deg(P)=% DeHi(AR)

H
- Z |Hi](VACIl)S (. N)+O< (n+N)/2Z Z |aj Pd|>

C mod Ng dn deg(P)=2
(C,Ng)=1 d>3
Xc(Mg)=+ene(E)

1 1 q"/? 1
_ 2 +11
=0, <(n+N)N nE ( 78 R + N72S )




P. Meisner, A. Sédergren / Finite Fields and Their Applications 84 (2022) 102096 25

Finally, in the case that Mg = P, then by using (3.5), we see that

> (%) = tene(B) | Hx(Ag)| + O (¢"?). (3.6)

DG’H%(AE)

Therefore, if additionally deg(P) = % for some odd d|n, then this prime would contribute
a term
n 0y pa

:FeNe(E)E 72

to ET*(n, N), which we could incorporate into the term D(n)q~"/? from the previous
subsection.

3.5. Proof of Theorem 1.3

We are now in position to complete the proof of Theorem 1.3.

Proof of Theorem 1.3. Combining the results from the previous subsections, for any € >
0 and N > 4ng + 16, we have

(Tr (O%,)) 3t (ap) = MT*(n, N) + ET*(n, N)

(02, 1) . D(n))

qn/4 qn/2

= 1n2(n) (1 +

co (e nyemern (L L a? Y]
e {1 N8 T g N T =N gN/2nfs )

—N/2—n/6

We may then absorb the term ¢ into the other error terms which gives the

desired result. O
3.6. Proof of Corollary 1.5
Recall that we have, for any unitary N x N matrix U,

DU, f) = i > f (N (297 - n)) = % > F(5) mwn.

j=1nezZ nez

where the 6; run over the eigenangles of the matrix U. In particular, since we know that

N if n=0,
/ Tr(U™)dU = "
ot n2(n) if n #0,
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we get that

/ D(U, f)dU = — +2NZ (nEZm) / Te(U™) dU

N 2 > 2n
= f(0 _ — .
()+RE+2an_:f<nE+2N)

Now, we note that since Tr(U~") = Tr(U™) = Tr(U™) for orthogonal matrices, we
may trivially extend the results of Theorem 1.3 to negative integers n as well. Hence,
using Theorem 1.3 to average over the quadratic twist family, we find that if supp(f) C
(=1446,1—9) for some § > 0, then

1 ~( n
<D(®ED7f)>Hﬁ(AE) - E Z f (nE ) <Tr(@ED)>H1j\:7(AE)
D nez P
(1=0)(“F+N)

2 2 ~ 2n (92 m? ) D(QTL)
=f0+ N 2:1 f(m) <1+ 752 T )

n=

(3.7)
(1—8)(ng+2N) 1 1 e
2 +10
+0. S (NN < Wt o q(l_E)N>
n=1

We divide the right-hand side above into pieces that we analyze separately.
Firstly, we note that the error term in (3.7) is bounded by

1 1 1
N205+12 —HNY) Y\ _
O€< e ( N/8+ o~ Td )) =Oc <qe’N)

for some € > 0 as long as € < §. Next, we use the assumption that supp(f) C (—1+4,1-96)

to extend the sum to be over all positive n. Hence, we can write the main term in (3.7)

as
(1=6)("£+N)
~ 2 ~ 2n
f(0)+nE+2N = f(nE+2N>
—f(o)+#z _m / D(U, f)dU. (3.8)
N ng + 2N ng + 2N

n=1 O(ng+2N)

For the secondary terms in (3.7), we split the sum over n into two parts. Let ¢(NN)
be any function (to be determined later). Then, we use the fact that f is a Schwartz
function to get that f(z +y) = f(x) + O(y) and so
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Q:ﬁ)f< o )T&"( ym?E) :¢<N>(A(o)+0(ﬁ))w

ng + 2N qn/? qn/?

= (3.9)

SO AC (C T N
Next, combining (2.3) and (2.4), we get that

L' (u, sym*E) 1
B St A A = —— T @TL 5 n )
L(u, sym?*E) u; r (O%ym2) (Vau)

Therefore, extending the sum in (3.9) to be over all positive n, while gaining an additional
error term of order ¢~ ?(V)/2  we find that the main contribution from (3.9) equals

J0) L'(g7!, sym®E)
q L(g',sym?E)’

For the remaining terms with n > ¢(NN), we use the fact that £ is bounded to get

£ ) e o

ng + 2N q"/z
H(N)<n<(1=8)(*£+N)
Combining the above observations, we set ¢(IN) = N€ and conclude that

(1=8)(*F+N)

2n TI“(G?ysz) B A(O) L'(q71, sym?E)
ng+2N ng +2N qg"/2 N qL(q7', sym?E)
1

Finally, we consider also the remaining secondary term in (3.7). Similarly as in the
treatment of the first secondary term above, we get that

2 ~ 2n D(2n
Y (n)
ng + 2N ng +2N q

n=1
_IO 5 ( s deelPaip
N i dea(Prmn q"(|P[+1)
2|d PiAg
deg(P) (aT pd a; pd/2 + 1) 1
- : : + 0 | ——
qn N2 €
deg(P)=22

PlAE
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PtAE P|Ag d=1

This concludes the proof of Corollary 1.5.
4. Cubic twists
In this section, we prove Theorems 1.6 and 1.7.
4.1. A formula for ap(E)
Recall that we denote by E an elliptic curve given by the equation
E: v =2+ B,
where B € F,[T], and that for every D € Fy(B), we consider the cubic twist
Ep: y? =23 + BD?.

For any elliptic curve E of the above form, and any prime P, we define

~ 1 F2-B
Ae =Ap(B) = mm D ( Iz >3’

F mod P

where (?)3
the Weil bound implies that [Ap| < 1.

deg a}‘ p2d > a?}ﬂd - a’;,Pd + 1
(z D S S () ) o

N2—¢ ) '

is the cubic residue symbol on F,[T]/(P) = [ acz(r). Note in particular that

Similar to the case of quadratic twists, we will use the fact that ap(ED) can be

expressed in terms of the number of points of ED(P) (as a character sum) and then

use this information to understand how these coefficients change as we vary D. See [24,

Chapter 18] for related explicit formulas in the number field setting.

Lemma 4.1. For any elliptic curve E given by an equation of the form (4.1), prime P

and D € Fn(B), we have
ap(E) = —(\p +Ap)

and

Proof. Recall that

#E(P) = ¢28(P) 11 — qp(E)qs)/2,

(4.2)

(4.3)
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We also know from our discussion in Section 3 that there will always be exactly one point
lying above co on E(P). Moreover, since our curves have the form (4.1), we observe that
for a prime P and a finite point F' € Fy[T|/(P), the number of points lying over F' on
E(P) is

3 if 2 — B is a non-zero perfect cube mod P,
1 if F2 — B =0 mod P,
0 if F? — B is not a perfect cube mod P.

We capture this information in the character sum

- F2-B F? - B\’
#E(P) =1+ <1+< ) +( >>
Fn%;iP P 3 P 3

F2_B F2 _ B\?

e % ((55) +(552)

Fn%:dP P 3 P 3

:qdeg(P) +1+ ()\p-l-Xp)qug(P)/Q,

which proves (4.2).
To prove (4.3), we first consider the case when Pt D. Then D is invertible modulo P
and so

~ 1 F? - BD?
Ap(Ep) = qiee(P)/2 Z ( P )
F mod P 3

D? 1 (FD~1)? - B
P 4 qles(P)/2 Z P
F mod P 3

- (%):APUE),

where the last equality comes from the fact that as F' runs over all the elements mod P
so does FD~L. Finally, if P|D, then we get

~ 1 F\?
Ap(Ep) = gmn D (F) =0

F mod P

which clearly equals (%)g Ap(E) in this case. O

It is tempting to try to conclude from (4.2) that \p = —ap. This is true if and only
if |[A\p| = 1. However, we will see that the expected value of |Ap|?, for primes P of large

degree, is % (cf. Corollary 1.9) and so Ap is in general not equal to —ap. Therefore, it is

. g 2 . . .
not necessarily true that ap(Ep) = (%)3 ap(E). This causes some minor issues when
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we calculate the expected values of traces of the Frobenius, as we need to first write
everything in terms of \p instead of the more natural ap. The following lemma presents
the essential parts of this reformulation.

Lemma 4.2. If P is a prime of good reduction for E, then we have the following:

(1) ai p=—(\p+Ap),
(2) af p2 = N+ Ap +2(]Ap[? — 1),

—3 —
(3) aj ps = —(A\b+Ap) = 3(|Ap[* = 1)(Ap + Ap).

Proof. For (1), we have that

To prove (2), we note that
. - —2
aj pr=ap+Bp =(ap+PBp)> —2=Ap+Ap)> —2= b+ Xp +2(]Ap|* - 1).
Finally, for (3), we have that

a; ps = ap + B = (ap + Bp)° = 3(ap + Br) = —(Ap + Ap)® + 3(Ap + Ap)

—3 —

= —(A\p+Ap) = 3(Ap[* = 1)(Ap + Ap),
which concludes the proof. O
4.2. Trace formulas

Applying Lemma 2.6 with m = 2 and using Lemmas 2.5 and 4.2, we obtain

n " « n * n
—q /QTI"(@E) =n Z ay p+ 5 Z ay, p2 +O<q /6+nzdeg(AE7n/d)>

deg(P)=n deg(P)=1% d|n

d>2
= —m(n)g"’? —n Z (Ap+Ap)+ O (ng(n)nq"/4 +¢"5+n Z deg(AEn/d)).

deg(P)=n dn
Therefore, if for every prime P, we define
1 D

Ep =FEp(N) = ——— =1, 4.4
P BN 2 <P)3 -

then we get
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n n — —
deg(P)=n

nn 1 n(deg(Az) +1(n
+O<"2qi/i t ot (deg q”/)2 ()))7 (4.5)

where we have used Lemma 2.7 to bound the contribution from the primes of bad
reduction dividing elements in Fn(B).

On the other hand, if we apply Lemma 2.6 with m = 3 instead of m = 2, together
with Lemma 4.2, then we get a different trace formula:

—q"/QTr(@%) =-n Z ()\P‘f'XP) +g Z (A%+X§D+2(‘)‘P|2_1>)
deg(P)=n deg(P)=%

n 3 — n
-3 Z (/\?3 + A +3([Ap)P = 1)(Ap + /\P)) + O(q /84 nzdeg(AE,n/d)>'

deg(P)=% d|n

Now, we note that as long as P { D, we have |Ap(Ep)|> = |Ap(E)|? and M3 (Ep) =

A% (E). Therefore, if we define

N e 2 2 _ [ En(PB)
M(n,N): 7 deg?ﬂz% 2(]Ap* = 1) Fn (D) (4.6)
n N 3 3, 3\ | FN(PB)|
S(n,N) : e deg(}}))j_g (\b +2p) FB) (4.7)

E(n,N) = :}2 Z ()\pEp +XPEP)
q deg(P)=n

n/2 —2 — n/3 — -

- qn//2 > (A\pEp+XpEp) + _qn//2 > 3(AelP = D(APEP +ApEp),
deg(P)=7% deg(P)=1%

(4.8)

with each Ap = Ap(F), then we have

—M(n,N>+S(n,N)+E<n,N>+o< ! "<deg<AE>+T<n>>)7

<TI‘(@ q3n/8 qn/2

%D)>]:N(B)

(4.9)

where we use the same bounds as in (4.5), together with Remark 4.8, to handle the
primes of bad reduction.

Hence, in order to prove Theorems 1.6 and 1.7, we need to bound Ep and compute
%, which we can view as the probability that a random D € Fy(B) is coprime
to P.
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4.3. Bounding Ep(N)
In this short subsection, we prove the following bound on Ep(N).

Proposition 4.3. For any € > 0 and any prime P, we have

e2 deg(P)

Ep(N) < NgE-on’

Proof. We denote the cubic residue symbol modulo P by

vr=(5),

and consider the generating series

G(u,vp) ;:Z Z Yp(D)yu?.

N=0 DeFn(B)

Every D € Fy(B) can be written as D = D; D3, where deg(D1D2) = N, 3| deg(D1D3)
and D, Dy are monic, square-free, coprime to each other and coprime to B. Using this,
we obtain that

1
G(u,p) = 3 Z 1% (D1 D)t p (D1 D3) (1 + Sgeg(Dng) + 5; deg(Dng)) ydes(D1D2)

Dy,D->
(D1 Ds,B)=1

(Ho(u,v¥p) + H1(u,¥p) + Hz(u,vp)),

Wl

where £3 is a primitive cube root of unity and

1 2
Hj(u, ¢p) = E  uwA(D1Dy)yp (D1 D3) g des(DaDz) deg(D1 D)
Dy,D2
(D1D2,B)=1

Writing H;(u,¢p) as a product over primes, we get

Hy(u,dp) = ] (1 + 0p(Q)(Ew) 1@ 1 y2,(Q)( gju)deg(Q))
QtB

= L(&u, ¥p) L(EF u, 3 ) Hj(u,vp),

where L(u,¢p) is the L-function attached to the Dirichlet character ¢p and Hj(u7 Up)
is a function that has an Euler product with factors of the form (1 + O(u?48(@))) for
all @ { B (respectively, (1+O(uds(@)) for Q@ | B), and so is analytic in the region

lu| < ¢~ /2.
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Now, since ¥p and %% are both non-trivial Dirichlet characters modulo P, we get

that H;(u,p) is analytic in the region |u| < q~/? and hence so is G(u,1pp). Therefore,

if T := {u: |u| = ¢~/?27}, then we use [26, Proposition 1.2]'" to get

g ‘g(uvaﬂ 2deg(P) (3+e)N
> (3).- mf e < (el ) ooy

DeFn(B)

To conclude, we refer to Corollary 4.6 below which implies that |Fy(B)| ~ ¢NgV for
some non-zero constant ¢. O

4.4. Proof of Theorem 1.6

Using the results from the previous subsections, we are now ready to complete the
proof of Theorem 1.6.

Proof of Theorem 1.6. Applying Proposition 4.3 to (4.5), we get

<Tr(@ )>-7:N(B) n2(n) + = Z ()\PEP +XPEP)

(772(n)n LI n(deg(Ag) +T(n)))

qn/4 qn/3 qn/2

n/2_.2n -
q"?e na2(n)n 1 n(deg(Az) + 7(n))
(n) + Oc (Nq(%—E)N + g/ + qn/3 + qn/? )

~

Hence, if supp(f) C (—a, a) for some o < 1 — we use (1.3) to get

2
4+logq’

1 ~ n n
POz Mrvmy “n—7anw 227 <n~ + 2N) (T (O,)) 7y )
neZ E

a(ng+2N)

—~ 2 ~
- —= Tr (0%
(0>+n1:;+2N o f( +2N)< SPRENE
a(“£+N)
N 2 -~ 2n
= 0 —_—mm _—
f()+nE+2N z:; f<n5+2N>
a(ns N
vo “‘i“ ¢ p)n 1 a(deg(Ap) +7(n))
NN Z A\NgGaN g g8 qn/?

10 Note that Lumley [26] is assuming that ¢ = 1 mod 4. However, this assumption is not important for the
proof of [26, Proposition 1.2] and the same result holds also in the case ¢ = 3 mod 4.
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1
= DU, f)dU + O N/
O(nE+2N)
where we fix a sufficiently small € and use (3.8) in the last step. O
4.5. The probability of being coprime to P
Recall that for the quadratic twists, we proved in Proposition 3.3 that

Hy(PAR) _ |P|
Hy(Ap)  [PI+1

+O(q7N/2)

for all P + Ag. To pick out the lower order terms in Theorem 1.7, we need a similar
result for F(B) with an error term that decays as N tends to infinity. Proving such
a result is a little more delicate due to the fact that the generating series for Hy(Ag)

1

has a simple pole at ¢~ ', whereas the generating series for Fn(B) has a double pole at

¢~ '. That being said, the rest of this subsection will be devoted to proving the following
proposition.

Proposition 4.4. Let P be a prime of degree m. If Pt B, then

B (@) 0 o),

whereas if P|B, then

|Fn(PB)|
|Fn (B)]

The case where P|B is trivial since in this case Fy(B) = Fy(PB). Thus, we will
consider only the case Pt B. Towards this goal, we define the generating series

)= |Fn(B)lu"
N=0

For any analytic function K (u) defined in an open neighborhood of the origin, we define
[u?] K (u) as the dth coefficient in the Taylor expansion of K (u) around 0. Therefore,

=1

[Fn(PB)| _ [uN]G(u; PB)
\FnB) [uNIG(u; B)

Similar to when we bounded Ep (see Proposition 4.3), we note that every element in
Fn(B) can be written as D D3 where deg(D; D) = N, 3|deg(D1D3) and the D; are
monic, square-free, coprime to each other and coprime to B. Hence, we obtain that
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1 € €
GuwB) =3 Y wDiD) (146 S g des(DuDR) ) yen(DrD)

D1,D2
(D1D2,B)=1

1
= 5 (Ho(u; B) + Hi(u; B) + Ha(u; B)),
where &3 is a primitive cube root of unity and

Hj(u; B) = Z 1 (D1 Ds) gdeg(Dng)udeg(DlDQ)

Dy,D>
(D1 Ds,B)=1

= [T (1+ Gus@ + (=),
QB

It is clear that Hq(u; B) = Hs(u; B) and so we can write
G(u; B) = %(Ho(u; B) + 2H; (u; B)).
Lemma 4.5. Let € > 0 and d € Z>o. Then there exists a linear polynomial L such that
[u¥)Ho(u; B) = L(d)q® + O. (q(%"‘e)d).
Furthermore, there exists a constant C such that
[uHy (u; B) = Cq® + O (¢>+97).
Proof. We have

(u; B) ( w)de8(@) 4 (g2 )deg@))
Qf

s}

= H (1 _ (Sgu)deg(Q)>71 H (1 _ (ggju)deg@))fl H;(u; B)
Q

Q
1

T (1 Eau) (1 - qu)

H;(u; B),

where

;06B) = [T (1+ 0 @) I (1 + 0(u2(@))

QB QB

is absolutely convergent in the region |u| < ¢='/2. Let € > 0 and T' = {u : |u| = ¢~ /?7¢}.
Then Z2:4B) g meromorphic in the region bounded by I' with poles at v = 0 and v = ¢!

d+1
if j = 0, and with poles at u = 0, u = €3¢~ ! and u = &3¢~ if j = 1,2. Hence,
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1 [ Hj(u; B) | H;(u; B)| (3+e)d

T

On the other hand, if j = 0, then

1 [ Ho(u; B) Ho(u; B) Ho(u; B)
% W du = RGSUZO (W + Resuzqa W .

r

Moreover, we note that

Resw_o (H(“B)) — [u] Ho(u; B)

udtl
and
‘ Hy(u; B) ) d ((u—q ") Ho(u; B)
Rebu:q—l (W) = ul_lféﬂ_l @ ( (1 — qu)2 ud+1

= —((d+1)Ho(q" " B) — ¢ Hj(q~; B))q",

which proves the result for j = 0. Finally, if j = 1, then we have

% % du = Resy=o (%)
r
+ Resy—¢g g1 <W) +Resu:§§q71 (W) )
where
Res,—o (%) = [uH, (u; B)
and

. (u— &q ") Hi(u; B)
u—ésq—1 (1 — E3qu) (1 — EGqu)udtt

B Hy (€397 B) d_ d
( (-8 Jo'= -t

M)_

ReSu:§3q—1 ( ES]

By a similar calculation, we find that the residue at £2¢~! equals —Caq? for a suitable
constant Cy. Setting C = C; 4+ Cs completes the proof. 0O

Lemma 4.5 has the following immediate consequence.
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Corollary 4.6. Let L and C be as in Lemma 4.5. Then, we have

Fn(B)| = (L(N) + 2C)qN +O€(q(%+e)N).

W =

Proof. Using Lemma 4.5, we obtain

(B = (w16 B) = 5[] (Fo(us B) + 281 us )

(L(N) +2C)¢" + O, (q<%+e>N)’

Wl =

as desired. O
In order to prove Proposition 4.4, we need to know how to pass from [u¢]G(u; B) to
[u?)G(u; PB). Fortunately, using the fact that H;(u; PB) has an Euler product, it is
straightforward to pass from [u4|H;(u; B) to [u?|H,(u; PB).
Lemma 4.7. Let d € Z>o and let P be a prime of degree m such that Pt B. Then
L ]

(W) H (s PB) = > (~1)° (7 +€7) " [w=*" H (ws B).
a=0

Proof. From the definition of H;(u; B), we see that
H; (s B) = (1+ (&)™ + (67'w)™ ) H(u; PB)
and it follows that
[ Hy(w; B) = [u?|Hy (w PB) + (§™ + &™) [u~ "] H,(us PB).

Rearranging, we then get
[ H; (us PB) = [u| Hy (us B) — (& + €™ [u®~")H; (u; PB)

d jm 2jm d—m jm 2jm 2 d—2m

= [w)H (s B) — (€™ + &7 ) [w'= " Hy(ws B) + (7 + &™) [w'=>" H; (uws PB),

and iterating this procedure, we obtain

L
(] Hy(w; PB) = > (=1)* (4™ + &™) [u™ ") (us B).
0

3~

a

This concludes the proof of the lemma. O
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Using Lemmas 4.5 and 4.7, we now complete the proof of Proposition 4.4.

Proof of Proposition 4.4. It follows from Lemmas 4.5 and 4.7 that if P { B, then

En(PB)| = [)6(us PB) = S[u™)(Ho(us PB) + 21 (w5 PB))

3z

= 2 D N (2 Ho B) + 2 (65 + 67) Ha(us B))
a=0
L&) )
= |Fn(B)| + 3 ;(—w (2 LN = am) +20 (& + ™)) ¥

+ Oe(q(%qte)(zv—m)).

Hence, by Corollary 4.6, we find that % equals

3|z

- % Z(E;lJ (_1)a (QaL(N _ am) +92C (ggn + ggm)a) qN—am + Oﬁ(q(%-ﬁ-e)(l\’—m))
L(L(N) +20) N + O (q'5+IN)

:1+§:J (_—2)(1(1—@)+0<L>,
= \qm N Nqgm

which is the desired result. O

We conclude this subsection with an observation that is useful in the proof of
Lemma 2.7.

Remark 4.8. We can use the same ideas as above to prove that for any prime P, we have

H{D € Fn(B) : P|D}|
< 2|{D € F,[T] : D monic, cube-free and deg(rad(D)) = N — deg(P)}|

o N —deg(P) ‘]:N(B)l
< (N —deg(P))q < )

Indeed, the first inequality is obvious as we have removed the conditions of being coprime
to B and deg(D) = 0 mod 3, and the factor 2 accounts for the two cases P||D and P?||D.
The second bound follows by the same proof as that of Corollary 4.6 with the minor
change that here we only need to consider Hy(u;1) as we have removed the conditions
(D,B) =1 and deg(D) = 0 mod 3.
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4.6. Proof of Theorem 1.7
We now have everything we need to complete the proof of Theorem 1.7.

Proof of Theorem 1.7. Recall from (4.9) that

1 n(deg(Az) + 7(n
(Tr(07% st (deg( qf/)2 ()))_

D)>]:N(B) =M(n,N)+ S(n,N)+ E(n,N) +O<

Using Proposition 4.3 to bound E(n, N), we get

n — — n/2 5 o
E(TL,N):W Z ()\pEp—‘r)\pEp)—W Z (/\PEP+)\PEP)
deg(P)=n deg(P)=%
n/3 ) - o qn/262n
o > 3(AplP = 1)(ApEp + ApEp) < NN

deg(P)=%
Finally, we use Proposition 4.4 to estimate M (n, N) and S(n, N). We obtain

[Fn(PB))|
[ Fn(B)]

n/2
M(n,N) = _qn//z Z 2(|Ap|? = 1)
deg(P)=%

UL 2(|Ap|2—1)+§1(n)+0( : >

n/2 n/2 n/2
q deg(P)=4% q Ng
where
n L5 2\ an
D 2 2 _ — _
Din)i=-5 Y 2Ae-1) (an) (1 QN) <1, (4.10)
deg(P)=1% a=1
P{B
and
n/3 —3 . |Fn(PB)|
S(n,N)=—"= Z (A?:—F)\p)—
’ "2 Fn(B
0" s |Fn(B)
_n/3 P — Dy (n) 1
T g2 Z ()‘P+)‘P) + qn/? +0 Ngn/2 )’
deg(P)=%
where
~ n =3 L) —2\* an
Do) == S (\b+Ap) =) (1-5) <t (4.11)
3 q 3N
deg(P)=1% a=1

PIB
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This completes the proof. 0O
5. Heuristics and conjectures

In this section, we return to the heuristic arguments in Section 1.4. We first prove
Corollary 1.9.

Proof of Corollary 1.9. First, we note that

n/3
qn/2

- 1
Y () < —
deg(P)=1% q

Hence, setting the right-hand sides of Theorems 1.6 and 1.7 equal to each other for
n = 2m, we find that

_m S 2reP-1) = _2m/3 > (A%+X§3)+O<(ﬁm>

4 deg(P)=m q deg(P)=21
1
=140 m)- (5.1)

Furthermore, by the Prime Polynomial Theorem, we get

-y AApf2 = 1) = — 2 3 |Ap|2+2+o<q;”ﬁ). (5.2)

m m
q deg(P)=m q deg(P)=m

Finally, equating the right-hand sides of (5.1) and (5.2), we find that

m s 1 1
2 heP=3+0(on).

deg(P)=m

s}

as desired. O

Next, we turn our attention to Conjecture 1.10. For evidence of the conjecture, we
first consider the term

n/3 —
Y ()

deg(P)=%

from the right-hand side of Theorem 1.7. For primes of good reduction, we use (2.7) and
Lemma 4.2 to write
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a3 p=ap+ Bp+ap+fBp
=ajps +ajp
3 3 2 By *
= —(Ap +2p) = 3(Ap[* = )(Ap + Ap) +ai p

73 *
=—(Ap +Ap) + (B]Ap|* — 2)a] p.

Hence, if we replace [A\p|* with its average value when averaging over deg(P) = % and
assume that the contribution of the primes of bad reduction will be of lower order, then

we get
n/3 - n/3 . n/3 ) .
7 PORNCVE YIRS W Y. et 77 Y. G —2)aip
deg(P)=% deg(P)=2 deg(P)=2
n/3 . 1n/3 y
~ 7qn/2 Z as,p — 5 qn/2 Z arp
deg(P)=% deg(P)=2

n3(n) n/3 1 n/3
~ <Tr(@sym3§)+§Tr(@E ).

In the final step above, we applied (2.4) together with the assumption that the sums in
the second line constitute the dominant contribution to the respective trace.
Finally, by a similar argument we find that

n/2
T qeg(P)=2 T qeg(Py=12

Assuming that the tertiary main term is handled in the way described in Remark 1.8
and that all error terms are sufficiently small, we arrive at Conjecture 1.10.

Appendix A. Comments on families of twists

One criterion for a family of function field L-functions to be considered “nice” and
thus have interesting symmetries is that all members of the family have the same degree
of the conductor, or equivalently, that all L-functions in the family are polynomials of
the same degree. Ideally, when considering a certain class of L-functions, one would like
the family to contain all the L-functions in that class of a given degree.

For the cubic twists, we consider only the family Fy(B) and all L-functions of twists
of E by a polynomial D € F, ~N(B) have degree nz + 2N. However, since the condition
deg(D) = 0 mod 3 is included in the definition of Fn(B), we clearly see that there are
cubic twists of E that do not come from Fy (B) and, indeed, some of them will have
L-functions of degree ng + 2NN.

It is easy to check that every finite prime that divides D will have additive reduction
on Ep (or Ep). Each of these primes will then contribute P2 to the conductor of Ep
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and so the degree of L(u, Ep) will always be roughly nz + 2deg(rad(D)). It remains to
check what happens to the prime at infinity.

A.1. Reduction at the prime at infinity

Let E : y* = 23 + Az + B with A, B € F,[T)]. Define a := deg(A) and b := deg(B).
To analyze what happens at the point at infinity, we let S :=1/T and write

A(T) = ST*A*(S), B(T) = S7°B*(S)
and analyze what happens at S = 0 for the curve given by the equation
v =24+ S %A%x + S7°B*.
Setting
¢ =max{[a/4],[b/6]}
and
Y = 53y, X = §%;,
we rewrite the equation as
Y2 = X34+ 8424 X 4 5%t B, (A1)
We now note that
A*(0), B*(0) #0
unless A =0 or B = 0. Moreover, by our choice of ¢, we have
4 —a,60—b>0
and either
4 —a<4 or 6/ —b < 6.

Hence, (A.1) is a minimal Weierstrass equation for S = 0. Therefore, if P, is the prime
at infinity, then we define

E(Py):Y?= X34+ 8%794*X + S57"B* mod S. (A.2)

We are now ready to discuss the reduction type for the prime at infinity. We get
several cases:
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(1) If a/2 < b/3, then 4¢ — a > 0. Hence, reducing mod S in (A.2), we get:

(a) 6]b: Y2 = X3 4 B*(0), so P is a prime of good reduction;
(b) 61b: Y2 = X3 so Py is a prime of additive reduction.

(2) If a/2 > b/3, then 6¢ — b > 0. Hence, reducing mod S in (A.2), we get:

(a) 4]a: Y2 = X3+ A*(0)X, so P, is a prime of good reduction;
(b) 41a: Y? = X3, so Py is a prime of additive reduction.

(3) If a/2 = b/3, then it must be that 2|a and 3|b. If a/2 = b/3 is an even integer, then
reducing mod S in (A.2), we get Y2 = X3 + A*(0)X + B*(0).

(a) If 44%(0)® + 27B*(0)% # 0, then P, is a prime of good reduction.
(b) If 4A*(0)3 4 27B*(0)? = 0, then P, is a prime of multiplicative reduction.

On the other hand, if a/2 = b/3 is an odd integer, then we get that 4¢ —a = 2 and
6¢ — b = 3. Hence, reducing mod S in (A.2), we find:

(c) Y2 = X3 so P, is a prime of additive reduction.
A.2. The cubic twist family

We deal with the case of the cubic twists first as there are less cases to consider. In
this case, we have

E:y>’=2>+B
and
ED:y2:x3+BD2.

Therefore, we see that since A = 0 we always have a/2 < b/3 and hence are only ever
in case (1) above. The following chart captures, for D cube-free and coprime to B, what
happens to the prime at infinity and how this affects the degree of the conductor:

bmod 6 2deg(D) mod 6 Ram.for E Ram.for Ep nz —nz

Ep B
0 0 good good 2 deg(rad(D))
0 Z0 good additive 2(deg(rad(D)) 4+ 1)
Z0 —b additive good 2(deg(rad(D)) — 1)
Z0 Z —b additive additive 2 deg(rad(D))

As a consequence, to create a family of cubic twists in which all curves have the same
degree of the conductor, we define the set
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Fn(B) := {D € F,[T] : D monic, cube-free, (D, B) = 1,deg(rad(D)) = N }.

As we see above, the ramification at infinity depends only on the congruence of deg(D)
mod 3. Hence, we define

Fnw(B) = {D € Fn(B) : deg(D) = k mod 3}
and, when b is even,
JIN(B) = j':N;fb/Z(B) U fN71,7b/2+1(B> U -7?N—1,7b/2+2(B)-

In addition, we define

(B)  6lp,
+1(B) biseven and 619,
Fn(B)  bis odd.

IN
Kn(B) == q In
From all this, we may now conclude that the family

{Ep:DeKn(B)}
consists of all cubic twists of E with L-functions of degree nz + 2N.

Finally, we note that Fn,o(B) = Fn(B). It is relatively easy to see how one would

adapt our methods in Section 4 to deal with the “full” family x(B). One would just

have to split everything into the relevant cases and the same proofs would work. Hence,
we leave this as a comment and end the discussion here.

A.3. The quadratic twist family
In the case of quadratic twists, we have
E:y =2+ Az + B
and
Ep :y? =23+ AD*z + BD3.
We observe that the conditions on the degrees (from the cases at the end of Ap-
pendix A.1) aren’t changed by twisting by D € HfN(A E). Moreover, in the case that
a/2 =1b/3, we get

4((AD?)*(0))” + 27((BD*)*(0))* = 44%(0)* + 27B*(0)?
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since D*(0) = 1. Therefore, the reduction at the prime at infinity is not changed by
quadratic twists by D € Hiy(Ag) and ng, = ng + 2deg(D).

In the case of D € "HEEN +1(AR), one may enumerate all the cases that appear in
Appendix A.1 as we did for the cubic twist family to develop a “full” family of quadratic
twists consisting of all the twists that give a specific degree of the conductor. Doing so
is a tedious process and not illuminating so we end here and just state that, as in the
cubic case, one could use the same methods to extend our results to this “full” family.
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