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We prove that Ramanujan-type congruences for integral 
weight modular forms away from the level and the congruence 
prime are equivalent to specific congruences for Hecke eigen-
values. In particular, we show that Ramanujan-type congru-
ences are preserved by the action of the shallow Hecke 
algebra. More generally, we show for weakly holomorphic 
modular forms of integral weight, that Ramanujan-type 
congruences naturally occur for shifts in the union of two 
square-classes as opposed to single square-classes that appear 
in the literature on the partition function. We also rule out 
the possibility of square-free periods, whose scarcity in the 
case of the partition function was investigated recently. We 
complement our obstructions on maximal Ramanujan-type 
congruences with several existence statements. Our results 
are based on a framework that leverages classical results on 
integral models of modular curves via modular representation 
theory, and applies to congruences of all weakly holomorphic 
modular forms. Steinberg representations govern all maximal 
Ramanujan-type congruences for integral weights. We discern 
the scope of our framework in the case of half-integral weights 
through example calculations.
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Congruences for Fourier coefficients of modular forms on arithmetic progressions come 
in two distinct kinds. There are Ramanujan-type congruences which are especially im-
portant in combinatorics, and the special case of Up-congruences, which enjoy a much 
more arithmetic geometric theory via their connection to slopes of p-adic modular forms. 
In this work, we characterize Ramanujan-type congruences for integral weight modular 
forms in terms of congruences for Hecke eigenvalues and make them thus equally acces-
sible to arithmetic geometric tools.

Ramanujan in the 1920ies found astounding divisibility patterns for the partition 
function [17]:

p(5n + 4) ≡ 0 (mod 5), p(7n + 5) ≡ 0 (mod 7), p(11n + 6) ≡ 0 (mod 11).

When discovered in the 1920ies, they surprised number theorists as they provided regular 
divisibility for a function whose mere calculation for small arguments was at the edge of 
the feasible. Only decades later, it was uncovered that they fit into a larger theme: Given a 
weakly holomorphic modular form f , a prime �, and integers M > 0 and β, we say that f
has a Ramanujan-type congruences modulo � on the arithmetic progression MZ + β if 
its Fourier coefficients c(f ; n) satisfy

∀n ∈ Z : c(f ; Mn + β) ≡ 0 (mod �).

We say that this congruence is maximal, if f does not satisfy a Ramanujan-type 
congruence modulo � on M ′Z + β for any proper divisor M ′ of M . Ramanujan’s 
congruences correspond to the case of f = 1/η, the inverse of the Dedekind η-func-
tion, � = M ∈ {5, 7, 11}, and β ∈ MZM ∩ (Z − 1

24 ). Since M is a power of �, they are 
examples of the more special Up-congruences.
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Instances of Ramanujan-type congruences for 1/η beyond Up-congruences were ex-
plored by Atkin and collaborators [4,5] in the 1960ies, using both novel computer facilities 
for experiments and the theory of Hecke operators for purely mathematical investiga-
tions. He found infinite families of Ramanujan-type congruences, but remained limited 
to finitely many �.

Eventually in the 2000s, Ono [14] and Ahlgren-Ono [2] provided Ramanujan-type con-
gruences for 1/η for all � > 3. Like Atkin, they employed Hecke operators to derive their 
results. The omnipresence of Hecke operators in work on Ramanujan-type congruences 
suggests a tight link between these and congruences for the action of Hecke operators. 
This link is manifest in the next two theorems.

We write Tcl
p for the p-th Hecke operator acting on modular forms.

Theorem A. Fix an odd prime �, an integral weight k, and a Dirichlet character χ mod-
ulo N . Fix a positive integer M with gcd(M, �N) = 1 and an integer β. Then the space 
of cusp forms f of weight k for χ with �-integral Fourier coefficients c(f ; n) that satisfy 
the Ramanujan-type congruence

∀n ∈ Z : c(f ; Mn + β) ≡ 0 (mod �)

is stable under the action of the Hecke operators Tcl
p for all primes p.

Remark.

(1) A statement subsuming the case of algebraic Fourier coefficients is given in Theo-
rem 4.8.

(2) The restriction that � is odd in this introduction arises from the condition � � 2 in 
Theorem 3.1 (1). In other words, if � is even, the conclusions in our main tools, 
Theorems D and 3.1, fail and we are thus unable to deduce Theorems A and B and 
Corollary C. However, modular forms of integral weight are congruent modulo 2 to 
modular forms of half-integral weight. We can apply the very different techniques 
that we develop in the second part of this series in the latter setting.

Note that the action of Hecke operators on modular forms modulo �, in general, is not 
diagonalizable as it is on cusp forms with complex Fourier coefficients. We say that a 
modular form is a generalized Hecke eigenform modulo � for Tcl

p if there is an �-integral 
scalar λp and a nonnegative integer d such that we have the congruence f |(Tcl

p −λp)d+1 ≡
0 (mod �). We refer to λp as its eigenvalue, and to the minimal possible nonnegative d

as its depth.
Before we state Theorem B, we contextualize the assumption that f is a generalized 

Hecke eigenform. By Theorem A the space of modular forms with given Ramanujan-type 
congruence modulo � is stable under the action of all Hecke operators Tcl

p . Since Hecke 
operators commute, this space has a basis of simultaneous generalized Hecke eigenforms 
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modulo � after extending the field of Fourier coefficients to a suitable number field K. 
In Theorem 4.11, we give a variant of Theorem B for number fields. In particular, we 
can replace � by any of the prime ideals of K that lie above it. If f has rational Fourier 
coefficients and a Ramanujan-type congruence modulo this ideal �, it has a corresponding 
Ramanujan-type modulo the norm of �, which recovers the original prime. Now again by 
Theorem A, if a linear combination f =

∑
λ fλ satisfies a Ramanujan-type congruence 

for generalized Hecke eigenforms fλ modulo � for Tcl
p , p � gcd(M, �N), of eigenvalues λ

that are pairwise different modulo �, then each fλ satisfies the same Ramanujan-type 
congruence, and we can apply Theorem B to each of them individually.

Theorem B. Fix an odd prime �, and let f be a cusp form of integral weight k for a Dirich-
let character χ modulo N with �-integral Fourier coefficients c(f ; n). Fix a power M of 
a prime p, p � �N , and an integer β. Assume that f is a generalized Hecke eigenform 
modulo � for Tcl

p of eigenvalue λp of depth d.
Provided that f �≡ 0 (mod �), the following are equivalent:

(1) We have the Ramanujan-type congruence

∀n ∈ Z : c(f ; Mn + β) ≡ 0 (mod �).

(2) For every 0 ≤ t ≤ d the coefficient of exponent gcd(M, β) in the following formal 
power series vanishes modulo �:

Xt
(
1 − λpX + χ(p)pk−1X2)−t−1.

Remark.

(1) A statement subsuming the case of algebraic Fourier coefficients is given in Theo-
rem 4.11.

(2) The assumption that M is a prime power hints at a substantial complication in the 
theory: The structure of the �-adic completion of the Hecke algebra in the algebraic-
geometric sense is not known in general. Recent work, by for example Bellaïche–
Khare [6] or Wake–Wang-Erickson [26], illustrates the subtleties that can arise. Given 
a generalized Hecke eigenform f modulo � as in Theorem B that has a Ramanujan-
type congruence on MZ + β for some positive integer M and some integer β, one 
considers

fp :=
∑
n∈Z

gcd(n,M#
p )=gcd(β,M#

p )

c(f ; n)e(nτ),

which has a maximal Ramanujan-type congruence modulo � on MpZ + β, where 
we factor M = MpM

#
p with a p-power Mp and M#

p co-prime to p. Now fp can 
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be expressed in terms of a polynomial in the operators Uq and Vq in (1.5) for 
primes q |M#

p . It is a modular form for a Dirichlet character modulo NM# 2
p . One 

can decompose it into generalized Hecke eigenforms at the primes dividing M#
p , and 

then apply Theorem B to each of the terms. Their generalized Hecke eigenvalues 
modulo � at p are the same as the one of f , but their depth might be smaller.

(3) In the situation of Theorem B, the conditions on λp formulated in Proposition 4.5
will be satisfied. See also the remark following Theorem 4.11.

(4) If Tcl
p acts semi-simply modulo � on Sk(χ, OK,�), where we use common notation 

revisited in Section 1, then Proposition 4.5 informs us that all f ∈ Sk(χ, OK,�)
exhibit Ramanujan-type congruences modulo � on pm(pZ + β0) for some positive 
integer m and all β0 ∈ Z \ pZ. The choice

m = �2 dim Sk(χ,OK,�) − 2

always works, but depending on the inertia at � of the coefficient field of Hecke 
eigenforms in Sk(χ), smaller m might be suitable.

(5) The theorem can be extended to the case of Eisenstein series, but would then require 
a slightly more technical statement due to the possibility that Eisenstein series are 
congruent to constants. For example, we have E4 ≡ 1 (mod 5).

(6) A weaker and significantly more technical statement that subsumes the case of 
weakly holomorphic modular forms in given in Proposition 3.6.

For a prime �, positive integers M and m, and a weakly holomorphic modular form f

with �-integral Fourier coefficients, one can consider the set P of primes p with the 
property that

∃β ∈ Z ∀n ∈ Z : c(f ; Mpmn + β) ≡ 0 (mod �).

The aforementioned result by Ono [14] can be rephrased to the effect that the upper 
density of P with f = 1/η(24τ), M = �, and m = 4 is positive, if � ≥ 5. In reaction to an 
earlier version of the present work, Serre asked whether P has a density. In the situation 
of Theorem A this is indeed the case.

Corollary C. Fix an odd prime �, and let f be a cusp form of integral weight k for a 
Dirichlet character χ modulo N with �-integral Fourier coefficients c(f ; n). Fix positive 
integers M and m and an integer β. Then the set of primes p such that

∃β ∈ Z ∀n ∈ Z : c(f ; Mpmn + β) ≡ 0 (mod �)

is frobenian in the sense of §3.3.2 of Serre [23]. In particular, it has a density.

Remark. A statement subsuming the case of algebraic Fourier coefficients is given in 
Corollary 4.13.
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The structure of congruences for Hecke eigenvalues as in Theorem B as opposed 
to Ramanujan-type congruences is much more restricted. It is known by work of 
Radu [15,16] that Ramanujan-type congruences for 1/η naturally live on square-classes 
of β (modM). That is, if 1/η has a Ramanujan-type congruence modulo � on MZ + β, 
then it has Ramanujan-type congruences modulo � on MZ + u2β for all u ∈ Z

with gcd(u, M) = 1. At this level of generality Radu’s result is optimal, but congru-
ences in integral weights adhere to much tighter rules. We offer three structure results, 
which also form the basis of our proofs of Theorems A and B.

Theorem D. Fix an odd prime � and let f be a weakly holomorphic modular form of 
integral weight k for a Dirichlet character χ modulo N with �-integral Fourier coeffi-
cients c(f ; n). Assume that f satisfies the Ramanujan-type congruence

∀n ∈ Z : c(f ; Mn + β) ≡ 0 (mod �)

for some positive integer M and some integer β. Consider a prime p |M that does not 
divide �N , and factor M as MpM

#
p with a p-power Mp and M#

p co-prime to p.

(1) We have the Ramanujan-type congruence with gap

∀n ∈ Z \ pZ : c(f ; (M/p)n + β′Mp) ≡ 0 (mod �) with β′Mp ≡ β (modM#
p ).

(2) We have the Ramanujan-type congruence

∀n ∈ Z : c(f ; M ′n + β) ≡ 0 (mod �) with M ′ = gcd(M,βMsf),

where Msf is the largest square-free divisor of M .
(3) If Mp |β, then we have the Ramanujan-type congruence

∀n ∈ Z : c(f ; M#
p n + β) ≡ 0 (mod �).

If p2 �M , then we have the congruence

∀n ∈ Z,M#
p n + β �= 0 : c(f ; M#

p n + β) ≡ 0 (mod �),

which is a Ramanujan-type congruence if M#
p �β.

Remark.

(1) A statement subsuming the case of algebraic Fourier coefficients is given in Theo-
rem 3.1.

(2) The congruence in (1) of Theorem D implies that Ramanujan-type congruences exist 
for full square-classes of β (modM), paralleling Radu’s results. We even obtain 
Ramanujan-type congruences on two square-classes modulo Mp for each p |M .
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(3) The Ramanujan-type congruence with gap in (1) is equivalent to

∀n ∈
(
M#

p Z + β
)
∩ (Mp/p)

(
Z \ pZ

)
: c(f ; n) ≡ 0 (mod �).

(4) The congruence in (2) of Theorem D is stronger at the prime 2 than the one implied 
directly by the fact that Ramanujan-type congruences exist for full square-classes 
of β (modM); see Proposition 3.5.

(5) The first congruence in (3) of Theorem D allows us to remove Up-congruences in the 
case of p � �N .

(6) The second congruence in (3) of Theorem D allows us to remove the square-free 
part from M that is co-prime to �N . This answers the analogue in integral weights 
of a question examined by Ahlgren, Beckwith, and the author for the partition 
function [3].

(7) Combining the congruence in (2) and the second congruence in (3) of Theorem D, 
we can remove primes from M that do not divide �Nβ.

(8) The condition M#
p n + β �= 0 that appears in the second congruence in (3) of Theo-

rem D is related to congruences between Eisenstein series and constants. If β is not 
divisible by M#

p it is vacuous.

Example E. We illustrate Theorem D (1) for one congruence of the Ramanujan-Δ func-
tion. It has a Ramanujan-type congruence modulo 7 on, for instance, Z81 + 27. We 
have M = 81, β = 27, p = 3, Mp = M , and M#

p = 1. The condition on β′ requiring 
that β′Mp ≡ β (modM#

p ) is vacuous, so that we can choose β′ = 0. Thus the statements 
assert that Δ has a Ramanujan-type congruence with gap that lives on

(81/3)(Z \ 3Z) + 81 · 0 = 27(Z \ 3Z).

In other words, we have c(Δ; n) ≡ 0 (mod 7), if 27 exactly divides n.

It is hard in general to obstruct Ramanujan-type congruences. While there are tech-
niques known to provide them, very few results exist that rule them out. As an example of 
how our characterization of Ramanujan-type congruences can be employed, we showcase 
the next corollary and example, whose proofs are short once Theorem B is established 
and is given at the end of Section 4.4.

Corollary F. Fix an odd prime � and let f be a modular form of integral weight k for 
a Dirichlet character χ modulo N with �-integral Fourier coefficients c(f ; n). For an 
integer m ≥ 2 with gcd(�(� − 1), m + 1) = 1 and a prime p � �N such that χ(p)pk−1 is 
not a square modulo �, the Ramanujan-type congruence

∀n ∈ Z \ pZ : c(f ; pmn) ≡ 0 (mod �)

implies that f ≡ 0 (mod �).
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Remark. Observe that by Theorem D it suffices to consider Ramanujan-type congru-
ences with gap as in Corollary F to cover all Ramanujan-type congruences on arithmetic 
progressions pm+1Z + β, m a nonnegative integer.

Example G. Theorems B and D are particularly strong in the case of level 1, when 
they explain all congruences apart from U�-congruences. For instance, consider an odd 
prime �, the Ramanujan Δ-function, and the set of all arithmetic progressions MZ + β

with the property that c(Δ; Mn + β) ≡ 0 (mod �) for all integers n. Then the elements 
of this set that are maximal with respect to the ordering by inclusion are of the form

�Z + β, β ∈ Z, or pm(pZ + β), p �= � prime, m, β ∈ Z, m ≥ 1, p �β.

In the next table we list some of the maximal elements for various � and p. For simplicity, 
we write pmZ×

p for the collection of all arithmetic progressions pm(pZ + β), where β is 
any integer not divisible by p.

p = 2 p = 3 p = 5 p = 7 p = 11

� = 3 21Z×
2 , 23Z×

2 3Z 51Z×
5 , 53Z×

5 72Z×
7 , 75Z×

7 111Z×
11, 113Z×

11
� = 5 23Z×

2 , 27Z×
2 33Z×

3 , 37Z×
3 5Z 73Z×

7 , 77Z×
7 114Z×

11, 119Z×
11

� = 7 26Z×
2 , 213Z×

2 31Z×
3 , 33Z×

3 51Z×
5 , 53Z×

5 7Z 116Z×
11, 1113Z×

11
� = 11 23Z×

2 , 27Z×
2 310Z×

3 , 321Z×
3 54Z×

5 , 59Z×
5 79Z×

7 , 719Z×
7

Theorems B and D still leave ample room for Ramanujan-type congruences in integral 
weight. While Theorem B provides a strong relation to Hecke operators that we can 
utilize in customary ways, the condition that p does not divide �N in both theorems 
provides some flexibility in constructing examples where the gcd of M and the level is 
non-trivial. Cases with � |M arise from a construction through Θ-operators that was 
provided by Dewar [9]. Moreover, Treneer provided an infinite family of Ramanujan-
type congruences [25] in the spirit of Ahlgren-Ono using Hecke operators. We revisit and 
amend these prior constructions of Ramanujan-type congruences in Sections 4.1 and 4.2. 
As a result, we find that essentially all congruences allowed by Theorems B and D occur 
for some modular form.

The proofs of Theorems A, B, and D, and of Corollary C, which are special cases 
of Theorems 4.8, 4.11, and 3.1 and Corollary 4.13, build upon the concept of abstract 
spaces of modular forms, which we introduce in this paper. These spaces can be thought 
of as the dual of vector-valued modular forms. They allow for the intervention of modular 
representation theory into the subject. While we focus on the case of integral weights 
in this paper, Ramanujan-type congruences can be investigated through this formalism 
also in half-integral weights. Section 2 contains a series of examples, which highlight 
the representation theoretic features of congruences obtained by Atkin and by Ono. 
In particular, we find in Example 2.9 that some Ramanujan-type congruences in half-
integral weights necessarily exist on the union of two-square classes of β (modM) as 
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opposed to a single one. This parallels our results for integral weights in Theorem D, 
but does not hold in general as Atkin’s congruences in Example 2.7 illustrate. The case 
of half-integral weights is different from the case of integral weights in a subtle way. It 
will be the subject of a sequel to this work.

Acknowledgment The author thanks Claudia Alfes-Neumann, Scott Ahlgren, Olivia 
Beckwith, Henri Darmon, Olav Richter, and Jean-Pierre Serre for inspiring discussions 
and helpful comments. He is grateful to the referee, whose thorough read and helpful 
comments improved the presentation of the results.

1. Abstract spaces of modular forms

Throughout this paper, we write e(z) for exp(2πi z) for z ∈ C or z ∈ C/Z.

The upper half plane The Poincaré upper half plane is defined as

H :=
{
τ ∈ C : Im(τ) > 0

}
.

It carries an action of GL+
2 (R) := {γ ∈ GL2(R) : det(γ) > 0} by Möbius transformations

(
a b
c d

)
τ := aτ + b

cτ + d
.

The metaplectic group While the main theorems in this paper can be stated and proved 
without reference to the metaplectic group, Section 2 extends from SL2(Z) to Mp1(Z)
without further complication. We include the metaplectic case, since this level of gener-
ality will be needed in the second part of this series of papers.

The general metaplectic group GMp1(R) is a nontrivial central extension

1 −→ μ2 −→ GMp1(R) −→ GL2(R) −→ 1, μ2 := {±1}.

A common realization of GMp1(R) is given by

GMp1(R) :=
{
(γ, ω) : γ =

(
a b
c d

)
∈ GL2(R), ω : H → C holomorphic, ω(τ)2 = cτ + d

}
,

in which case multiplication in GMp1(R) is given by

(γ, ω) · (γ′, ω′) := (γγ′, ω ◦ γ′ · ω′).

Throughout, the letter γ may denote elements of both GL2(R) and GMp1(R).
We let GMp1(Q) and Mp1(Z) be the preimages of GL2(Q) and SL2(Z) under the 

projection GMp1(R) → GL2(R). In particular, we consider GMp1(Q) as a subgroup 
of GMp1(R) as opposed to the general metaplectic group over the (finite) adeles, 
GMp1(Af) or GMp1(A).



10 M. Raum / Advances in Mathematics 409 (2022) 108668
Congruence subgroups A subgroup Γ ⊆ Mp1(Z) is called a congruence subgroup if its 
projection to SL2(Z) is a congruence subgroup. We fix notation for the special cases

Γ0(N) :=
{(

a b
c d

)
∈ SL2(Z) : c ≡ 0 (modN)

}
,

Γ(N) :=
{(

a b
c d

)
∈ SL2(Z) : b, c ≡ 0 (modN), a, d ≡ 1 (modN)

}
,

Γ+
∞ :=

{( 1 b
0 1

)
∈ SL2(Z)

}
,

and write Γ̃0(N), Γ̃(N), and Γ̃+
∞ for their preimages under the projection from Mp1(Z)

to SL2(Z).
We record for later use that the integral metaplectic group Mp1(Z) is generated by 

the elements

S :=
(( 0 −1

1 0

)
, τ 
→

√
τ
)
, T :=

(( 1 1
0 1

)
, τ 
→ 1

)
,

where 
√
τ is the principal branch of the holomorphic square root on H. We allow ourselves 

to also write T for its image in SL2(Z).

Slash actions The action GL+
2 (R) � H in conjunction with the cocycle (γ, ω) 
→ ω

yields the slash actions of weight k ∈ 1
2Z on functions f : H → C:

f
∣∣
k
(γ, ω) := det(γ) k

2 ω−2k · f ◦ γ, (γ, ω) ∈ GMp+
1 (R). (1.1)

Modular forms Fix k ∈ 1
2Z, a finite index subgroup Γ ⊆ Mp1(Z), and a finite or-

der character χ : Γ → C×. A weakly holomorphic modular form of weight k for the 
character χ on Γ is a holomorphic function f : H → C satisfying the following two 
conditions:

(i) For all γ ∈ Γ, we have f
∣∣
k
γ = χ(γ)f .

(ii) There exists a ∈ R such that for all γ ∈ Mp1(Z) we have

∣∣(f ∣∣
k
γ
)
(τ)
∣∣ < b exp

(
− aIm(τ)

)
as τ → i∞.

We write M!
k(Γ, χ) for the space of weakly holomorphic modular forms of weight k for 

the character χ on Γ. We write Mk(Γ, χ) and Sk(Γ, χ) for the corresponding spaces of 
modular forms and cusp forms. If χ is trivial, we suppress it from our notation.

When saying that f is a modular form for a Dirichlet character χ modulo N , we will 
always assume that the level of f divides N .

Let Γ ⊆ Mp1(Z) be a normal subgroup of finite index. The spaces of weakly holo-
morphic modular forms for Γ naturally carry the structure of a right-representation 
for Mp1(Z) via the weight-k slash action. If k is integral, this representations factors 
through Mp1(Z) � SL2(Z).
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Fourier expansions Given a finite index subgroup Γ ⊆ Mp1(Z) and a finite order 
character χ of Γ, there is a positive integer N such that TN ∈ ker(χ). In particular, a 
weakly holomorphic modular form f for this character χ has a Fourier series expansion 
of the form

f(τ) =
∑

n∈ 1
N Z

c(f ; n)e(nτ). (1.2)

For convenience, we set c(f ; n) = 0 if n ∈ Q \ 1
NZ.

Given any ring R, we write

FE(R) := R
�
q

1
∞

�[
q−1] (1.3)

for the ring of Puiseux series with coefficients in R. The Fourier expansion of weakly 
holomorphic modular forms yields a map

fe : M!
k(Γ, χ) −→ FE(C), f 
−→ fe(f) :=

∑
n∈Q

c(f ; n)qn. (1.4)

We record that if T ∈ Γ, then this map is Γ̃+
∞-equivariant for the slash action |k on 

the left hand side and the action defined by

qn
∣∣T = χ(T )e(n)qn.

We let OK,� be the localization of the integers OK in a number field K ⊂ C at a given 
ideal � ⊂ OK . If K = Q and therefore OK = Z, we write Z� = OK,�. We set

M!
k(Γ, χ; OK,�) :=

{
f ∈ M!

k(Γ, χ) : fe(f) ∈ FE(OK,�)
}
,

Mk(Γ, χ; OK,�) := Mk(Γ, χ) ∩ M!
k(Γ, χ; OK,�),

Sk(Γ, χ; OK,�) := Sk(Γ, χ) ∩ M!
k(Γ, χ; OK,�).

The operators Up and Vp Given a prime p and a modular form f ∈ Mk(Γ0(N), χ) for 
a Dirichlet character χ, we set(

f
∣∣Up

)
(τ) :=

∑
n

c(f ; pn)e(nτ) and
(
f
∣∣Vp

)
(τ) :=

∑
n

c(f ;n)e(pnτ). (1.5)

A calculation shows that f = f |VpUp and f |UpVp ∈ Mk(Γ0(p2N), χ). We can also verify 
by a calculation that VpUp commutes with Tcl

q if p �= q.

Group algebras and induction Given a commutative ring R, we write R[Γ] for the 
group algebra of a discrete group Γ, let uγ ∈ R[Γ] for γ ∈ Γ denote its canonical units, 
and thus identify Γ with a subgroup of R[Γ]×. Right-modules of R[Γ] are in canonical 
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correspondence to right-representations of Γ over R. Given a right-module V of R[Γ], we 
write kerΓ(V ) for the subgroup of Γ that acts trivially on V .

Fix a finite index subgroup Γ′ ⊆ Γ. Since all representations in this work factor 
through finite groups, we allow ourselves to define the induction of a right-module V for 
R[Γ′] as

IndΓ
Γ′ V := V ⊗R[Γ′] R[Γ],

which is isomorphic to the common definition in terms of Γ′-covariant functions on Γ. 
We omit sub- and superscripts when we believe that they are clear from the context.

1.1. Definition of abstract spaces of modular forms

Given a ring R ⊆ C and a finite index subgroup Γ ⊆ Mp1(Z), let V be a finite 
dimensional right-module for R[Γ] such that kerΓ(V ) ⊆ Mp1(Z) has finite index. An 
abstract module (or space, if R is a field) of weakly holomorphic modular forms over R is 
a pair of such a module V and a homomorphism of R[Γ]-modules φ : V → M!

k(kerΓ(V ))
for some k ∈ 1

2Z. We say that the abstract module of weakly holomorphic modular 
forms (V, φ) is realized in weight k. If the image of φ consists of modular forms or cusp 
forms, we refer to (V, φ) as an abstract module of modular forms or cusp forms. If not 
stated differently we will assume that Γ = Mp1(Z). Typically, we will have R = C or 
R = OK,�.

Given an abstract module of weakly holomorphic modular forms V for Γ, we write 
the action of γ ∈ Γ on v ∈ V as v|γ, in order to emphasis the relation to the slash action 
on modular forms.

For clarity, we remark that the notion of abstract spaces of modular forms is dual 
to the notion of vector-valued modular forms. This distinction is essential as it reverses 
inclusions and quotients. Representations that usually occur in the theory vector-valued 
modular forms are semi-simple, since they are finite dimensional representations in char-
acteristic 0 of finite quotients of the modular group. Then every subrepresentation is also 
a quotient representation and vice versa. In this paper, however, we will handle some 
modular representations that are not semi-simple.

Induction of modular forms Fix a weakly holomorphic modular form f ∈ M!
k(Γ, χ) for a 

character χ of Γ ⊆ Mp1(Z). The inclusion map

φ : Rf −→ M!
k

(
ker(χ)

)
, f 
−→ f

yields an abstract module of weakly holomorphic modular forms (Rf, φ) for every 
ring R ⊆ C with Z[χ] ⊆ R, where Z[χ] arises from Z by adjoining the image of χ.

We also obtain an abstract module of weakly holomorphic modular forms

IndMp1(Z)
Γ Rf := IndMp1(Z)

Γ
(
Rf, φ

)
:=
(
Rf ⊗R[Γ] R

[
Mp1(Z)

]
, f ⊗ uγ 
→ f

∣∣ γ
)
. (1.6)
k
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As for the induction of representations, we allow ourselves to omit sub- and superscripts.

Example 1.1. Let k and N > 0 be integers, and consider a weakly holomorphic modular 
form f ∈ Mk(Γ0(N), χ) for a Dirichlet character χ modulo N , which yields a character 
of Γ0(N) via

(
a b
c d

)

→ χ(d), as usual. We view f as a modular form for Γ̃0(N) via its 

projection to Γ0(N). Consider (V, φ) = IndΓ̃0(N) Cf . The co-sets (γ, ω) ∈ Γ̃0(N)\Mp1(Z)
yield a basis f ⊗ e(γ,ω) of V . The realization map φ can be viewed as encoding the cusp 
expansions of f . Observe that V might contain vectors that map to zero under φ. For 
instance, if f is a newform and N �= 1, then

φ
(
f ⊗
( ∑

(γ,ω)∈Γ̃0(N)\Mp1(Z)

e(γ,ω)
))

=
∑

(γ,ω)∈Γ̃0(N)\Mp1(Z)

f
∣∣
k
γ = 0.

1.2. Hecke operators

While we allowed ourselves to denote the classical Hecke operator by Tp in the in-
troduction, in the remainder of this paper we will write Tcl

p for it, and let Tp be the 
vector-valued Hecke operator defined in this section.

Given a positive integer M , we let

GL(M)
2 (Z) :=

{
γ ∈ Mat2(Z) : det(γ) = M

}
,

and correspondingly write GMp(M)
1 (Z) for its preimage in GMp1(R) under the projection 

to GL2(R). For a commutative ring R, we let R[GMp(M)
1 (Z)] be the R[Mp1(Z)]-bi-

module with R-basis uγ , γ ∈ GMp(M)
1 (Z). Given an abstract module of weakly holomor-

phic modular forms (V, φ) over R ⊆ C for Mp1(Z), we define the M -th Hecke operator 
by

TM (V, φ) :=
(
V ⊗R[Mp1(Z)] R

[
GMp(M)

1 (Z)
]
, v ⊗ uγ 
→ φ(v)

∣∣
k
γ
)
. (1.7)

It is straightforward to verify that TM (V, φ) is an abstract module of weakly holomorphic 
modular forms. By slight abuse of notation, we write TM (V, φ) = (TM V, TM φ), and 
further write φ instead of TM φ, if no confusion can arise.

We can extend the notion of vector-valued Hecke operators to abstract modules of 
weakly holomorphic modular forms associated with congruence subgroups Γ̃0(N). Specif-
ically, given co-prime positive integers M and N , we replace GL(M)

2 (Z) in the above 
construction by

{
γ =
(
a b
c d

)
∈ GL(M)

2 (Z) : c ≡ 0 (modN)
}
.

The isomorphisms in (1.8) and (1.10) below extend to this setting, provided that M

and N are co-prime.
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Decomposition of Hecke operators Given co-prime positive integers M1 and M2 and an 
abstract module of modular forms (V, φ), we have an isomorphism

TM1 TM2(V, φ) −→ TM1M2(V, φ),
(
v ⊗ uγ2

)
⊗ uγ1 
−→ v ⊗ uγ2γ1 , (1.8)

which arises from the isomorphism of Mp1(Z)-bi-sets

GMp(M2)
1 (Z) ×Mp1(Z) GMp(M1)

1 (Z) −→ GMp(M1M2)
1 (Z), (γ2, γ1) 
−→ γ2γ1.

Connection to induced representations For a positive integer M , consider the map

ψM : Γ̃0(M) −→ Mp1(Z), γ 
−→
(
M 0
0 1

)
γ
(

1/M 0
0 1

)
. (1.9)

We write ψ∗
M V for the pullback along ψM of an Mp1(Z)-representation V .

Consider the subset

GL(M)×
2 (Z) :=

{
γ =
(
a b
c d

)
∈ Mat2(Z) : det(γ) = M, gcd(a, b, c, d) = 1

}
⊆ GL(M)

2 (Z)

and the corresponding subset GMp(M)×
1 (Z) of GMp(M)

1 (Z). Then we have a bijection 
of Mp1(Z)-right-sets

Γ̃0(M)
∖
Mp1(Z) −→ Mp1(Z)

∖
GMp(M)×

1 (Z), γ 
−→
(
M 0
0 1

)
γ

that intertwines the associated cocycles via ψM . As a consequence, for an abstract module 
of weakly holomorphic modular forms (V, φ) for Mp1(Z), we have an inclusion

Indψ∗
M (V ) = V ⊗C[Γ̃0(M)] C

[
Mp1(Z)

]
↪−→ V ⊗C[Mp1(Z)] C

[
GMp(M)

1 (Z)
]

= TM V ,

v ⊗ uγ 
−→ v ⊗ u(M 0
0 1

)
γ
.

(1.10)

More generally, given a positive integer N that is co-prime to M we have an analogous 
embedding ψM : Γ̃0(MN) −→ Γ̃0(N). If V is a representation for Γ̃0(N), we have

Indψ∗
M (V ) ↪−→ TM V , v ⊗ uγ 
−→ v ⊗ u(M 0

0 1

)
γ
. (1.11)

Classical Hecke operators The classical Hecke operator Tcl
p act on a modular form f of 

integral weight k for a Dirichlet character χ modulo N , p �N , by

f
∣∣
k
Tcl

M := M
k
2−1

∑
γ=
(
a b
c d

)
∈Γ0(N)\GL(M)

2 (Z)
c≡0 (modN)

f
∣∣
k,χ

γ.



M. Raum / Advances in Mathematics 409 (2022) 108668 15
We can make a connection to vector-valued Hecke operators via the following map, 
which appears in Proposition 2.15 of [27]:

C
(
f
∣∣
k
Tcl

M

)
↪−→ TM Cf , f

∣∣
k
Tcl

M 
−→ M
k
2−1 f ⊗

∑
γ=
(
a b
c d

)
∈Γ0(N)\GL(M)

2 (Z)
c≡0 (modN)

γ.

2. Characterization of Ramanujan-type congruences

In Corollary 2.5 of this section, we derive a characterization of Ramanujan-type con-
gruences for, say, a weakly holomorphic modular form f in terms of specific vectors in 
the abstract space of weakly holomorphic modular forms TM Cf . The key result of this 
section is Theorem 2.2, which later allows us to employ our characterization as illustrated 
in the discussion of “nontrivial congruences” in Section 2.3.

2.1. �-kernels

Suppose that (V, φ) is an abstract module of weakly holomorphic modular forms. Then 
we obtain a Fourier expansion map fe ◦ φ : V −→ FE(C).

Given a number field K ⊂ C with maximal order OK , recall that we write OK,� ⊆ K

for the localization of OK at an ideal � ⊆ OK . The �-kernel of (V, φ) is defined as the 
preimage

kerFE�

(
(V, φ)

)
:=
(
fe ◦ φ

)−1(
�FE(OK,�)

)
. (2.1)

Observe that we suppress K from our notation, but it is implicitly given by �. We allow 
ourselves to identify a rational integer � with the ideal in Z that it generates.

The next example illustrates that we need a condition on the rationality of Fourier 
coefficients in order to employ the concept of �-kernels.

Example 2.1. The �-kernel can be trivial: Consider the abstract module of modular 
forms C f associated with the modular form f = E12 + πΔ of weight 12 and level 1.

We say that an abstract module of weakly holomorphic modular forms has Fourier 
expansions over K, if the following condition holds:

V =
(
fe ◦ φ

)−1(FE(K)
)
⊗K C. (2.2)

In other words, V has a K-structure that is compatible with Fourier expansions. In 
this situation, if V is a Γ representation and kerΓ(V ) is a congruence subgroup, then 
the �-kernel spans V as a C vector space.

A priori, the �-kernel of an abstract module of modular forms is merely an OK,�-
module. The key theorem of this paper is the next one, which guarantees that it is a 
module for a specific group algebra.
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Theorem 2.2. Let K ⊂ C be a number field with fixed complex embedding, and let � be 
an ideal in OK . Let (V, φ) be an abstract module of weakly holomorphic modular forms 
for Γ ⊆ Mp1(Z) realized in weight k ∈ 1

2Z. Assume that kerΓ(V ) is a congruence subgroup 
of level N . Let N� be the smallest positive integer such that

gcd
(
�,N/N�

)
= 1 if k ∈ Z and gcd

(
�, lcm(4, N)/N�

)
= 1 if k ∈ 1

2 + Z. (2.3)

Then the �-kernel of (V, φ) is a right-module for OK,�[Γ̃0(N�) ∩ Γ].

Remark 2.3. Congruences of half-integral weight modular forms were also investigated 
by Jochnowitz in unpublished work [12]. The special case that N and � are co-prime can 
also be inferred from her results.

Proof. Fix an element v ∈ kerFE�((V, φ)) and write f = φ(v). We have to show that 
φ(v|γ) = f |k γ has Fourier coefficients in �OK,� for every γ ∈ Γ̃0(N�) ∩ Γ. We let Δ
be the Ramanujan Δ-function in M12(Mp1(Z)), and observe that fΔ|k γ has Fourier 
coefficients in �OK,� if and only if f |k γ does. In particular, we can assume that f is a 
modular form after replacing φ with v 
→ φ(v)Δh for sufficiently large h ∈ Z.

Consider the case k ∈ 1
2 +Z. Let Θ be the C-vector space spanned by the theta series

θ0(τ) :=
∑
n∈Z

e(n2τ), θ1(τ) :=
∑

n∈ 1
2+Z

e(n2τ).

Observe that Θ is a representation for Mp1(Z) under the slash action of weight 1
2 , 

which is isomorphic to the dual of the Weil representation associated with the quadratic 
form n 
→ n2. In particular, we can and will view Θ as an abstract module of modular 
forms. Then kerMp1(Z)(Θ) has level 4. We reduce ourselves to the case of integral weight k
at the expense of replacing N by lcm(4, N) when replacing (V, φ) with the tensor product 
(V, φ) ⊗ Θ. Indeed, f |k γ has Fourier coefficients in �OK,� if and only if both fθ0|k+ 1

2
γ

and fθ1|k+ 1
2
γ do.

In the remainder of the proof, we can and will assume that k ∈ Z. Since by our 
assumptions kerΓ(V ) has level N , f is a modular form for Γ(N) ⊆ SL2(Z). It therefore 
falls under Definition VII.3.6 of modular forms in [8] if we suitably enlarge K by N -th 
roots of unity. The transition between the two notions is outlined in Construction VII.4.6 
and VII.4.7 of [8]. In particular, we can apply Corollaire VII.3.12 to compare π-adic 
valuations of the Fourier expansion of f and f |k γ for every place π of K lying above �. 
Using the notation by Deligne-Rapoport [8], the condition on the image of their g ∈
SL(2, Z/n) in the group SL(2, Z/pm) translates into our condition that gcd(�, N/N�) =
1. �
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2.2. Congruences of modular forms on arithmetic progressions

We will identify upper triangular matrices γ ∈ GL+
2 (R) with (γ, τ 
→

√
det(γ)) ∈

Mp1(R).
Fix co-prime positive integers M and N . Consider an abstract module of weakly 

holomorphic modular forms (V, φ) for some Γ̃0(N). Let v ∈ V be a T -eigenvector, let β ∈
Q such that v|T = e(β)v, and assume that (V, φ) is defined over a ring that contains e(β/
M). We define

TM (v, β) := v ⊗
∑

h (modM)

e
(
− hβ

M

)
u( 1 h

0 M

) ∈ TM V . (2.4)

A brief verification shows that the sum over h (modM) is well-defined and that we have

TM (v, β)
∣∣T = e

(
β
M

)
TM (v, β). (2.5)

The image of TM (v, β) under TM φ captures the Fourier coefficients of φ(v) on the 
arithmetic progression MZ + β. We have to restrict to abstract modules of weak holo-
morphic modular forms for groups Γ̃0(N), since we have defined Hecke operators at this 
level of generality.

Proposition 2.4. Fix a positive integer M , a rational number β, and an abstract mod-
ule of weakly holomorphic modular forms (V, φ) for Γ̃0(N) ⊆ Mp1(Z) over a ring that 
contains e(β/M). Fix a T -eigenvector v ∈ V with eigenvalue e(β). Then we have

(TMφ)
(
TM (v, β)

)
= M1− k

2
∑

n∈β+MZ

c(f ; n)e
(

n
M τ
)
. (2.6)

Proof. The definition of the slash action in (1.1) yields

e(nτ)
∣∣
k

( 1 h
0 M

)
= M− k

2 e
(

h
M n
)
e
(

n
M τ
)
.

We let f = φ(v), and observe that the eigenvector equation v|T = e(β)v implies that the 
Fourier coefficients c(f ; n) are supported on n ∈ Z + β. When inserting the definition 
of TM (v, β) and the Fourier expansion of f , we find that

(TMφ)
(
TM (v, β)

)
=

∑
h (modM)

e
(
− hβ

M

)
f
∣∣
k

(( 1 h
0 M

)
, τ 
→

√
M
)

= M− k
2
∑

n∈Z+β

c(f ; n)e
(

n
M τ
) ∑
h (modM)

e
(h(n−β)

M

)
= M1− k

2
∑

n∈Z+β

c(f ; n)e
(

n
M τ
)
. �
n−β≡0 (modM)
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As a consequence of Proposition 2.4, Ramanujan-type congruences for a modular 
form f on arithmetic projections MZ +β correspond to vectors TM (v, β) in the �-kernel 
of TM C f . The next corollary describes this connection in a precise way.

Corollary 2.5. Fix a positive integer M , a rational number β, a number field K ⊂ C

that contains e(β/M), and an ideal � ⊆ OK that is co-prime to M . Consider an abstract 
module of weakly holomorphic modular forms (V, φ) for Γ ⊆ Mp1(Z) over OK,�. Fix a 
T -eigenvector v ∈ V with eigenvalue e(β). Then the Ramanujan-type congruence

∀n ∈ Z : c(f ; Mn + β) ≡ 0 (mod �)

for the modular form f = φ(v) is equivalent to

TM (v, β) ∈ kerFE�

(
TM (V, φ)

)
.

The next proposition allows us to focus on the case of prime powers M when analyzing 
�-kernels and Ramanujan-type congruences in the second part of this series of papers.

Proposition 2.6. Fix co-prime positive integers M1 and M2, a rational number β, and an 
abstract module of weakly holomorphic modular forms (V, φ) for Γ̃0(N) ⊆ Mp1(Z) over 
a ring that contains e(β/M1M2). Assume that T ∈ Γ and fix a T -eigenvector v ∈ V with 
eigenvalue e(β). Then under the isomorphism in (1.8) we have

TM1

(
TM2(v, β), β

M2

)

−→ TM1M2(v, β).

In particular, in the case that (V, φ) is defined over OK,� for a number field K ⊂ C

that contains e(β/M1M2) with an ideal � ⊆ OK that is co-prime to M1M2, we have that

TM1

(
TM2(v, β), β

M2

)
∈ kerFE�(TM1 TM2 V )

is equivalent to

TM1M2(v, β) ∈ kerFE�(TM1M2 V ).

Proof. We insert the defining expression in (2.4), and in the next to last step rewrite the 
integer h1 + M1h2, which is well-defined modulo M1M2, as h (modM1M2):

TM1

(
TM2(v, β), β

M2

)
= TM2(v, β) ⊗

∑
h1 (modM1)

e
(
− h1β

M1M2

)
u( 1 h1

0 M1

)

= v ⊗
∑

h2 (modM2)

e
(
− h2β

M2

)
u( 1 h2

0 M2

)

⊗
∑

e
(
− h1β

M1M2

)
u( 1 h1

0 M

)

h1 (modM1) 1
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−→ v ⊗
∑

h1 (modM1)
h2 (modM2)

e
(
− h2β

M2
− h1β

M1M2

)
u( 1 h2

0 M2

)(
1 h1
0 M1

)

= v ⊗
∑

h1 (modM1)
h2 (modM2)

e
(
− (h1+M1h2)β

M1M2

)
u( 1 h1+M1h2

0 M1M2

)

= v ⊗
∑

h (modM1M2)

e
(
− hβ

M1M2

)
u( 1 h

0 M1M2

)
= TM1M2(v, β). �

2.3. Nontrivial congruences

In this section, we rephrase the results from the previous sections, and illustrate 
possible phenomena including the case of half-integral weights. We consider the abstract 
space of modular forms (W, id) associated with a complex subspace W ⊆ M!

k(Γ0(N), χ)
for integral k. Then by Theorem 2.2, we have a module for OK,�[Γ0(lcm(N, N�))] that 
provides an OK,�-structure of W via (2.2):

W� :=
(
fe ◦ φ

)−1(FE(OK,�)
)
, W = W� ⊗OK,�

C.

We set (V, φ) = TM (W, id), for which we want to derive an OK,�-structure that is 
compatible with Fourier expansions, if M is co-prime to �. We set

V� :=
{
v ⊗

∑
b (mod d)

e
(−βb

d

)
u( a b

0 d

) :

v ∈ W�, β ∈ Q, v|T = e(β)v, a, d ∈ Z, a, d > 0, ad = M
}
.

In analogy with Proposition 2.4, we find that fe(φ(V�)) ⊂ FE(OK,�), since

φ
(
v ⊗

∑
b (mod d)

e
(−βb

d

)
u( a b

0 d

)) = M
k
2 d1−k

∑
n∈β+dZ

c(φ(v); n)e
(
an
d τ
)
. (2.7)

Assume that � ⊂ OK is a prime ideal with associated residue field FK,�. We consider 
the FK,�[Γ0(N)]-module

V � := V�/�V�.

We can view V � as the FK,�-vector space of all formal ways of expressing Fourier expan-
sions modulo � on arithmetic subprogressions as in (2.7). We note that V � is independent 
of φ.

Taking this perspective, the following right-module for FK,�[Γ0(lcm(N, N�))] encodes 
all relations modulo � among such subprogressions:
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kerFE�

(
(V, φ)

)
:=
(
kerFE�

(
(V, φ)

)
∩ V�

) / (
�V� ∩ kerFE�

(
(V, φ)

))
↪−→ V �. (2.8)

Since (2.8) is a modular representation, we can examine which congruences on subpro-
gressions imply each other by studying the subrepresentations that they generate.

By Corollary 2.5, Ramanujan-type congruences yield elements of (2.8). To complete 
the picture, highlight how usual Hecke operators enter. We consider the case of M = p2

and W = CΔ for the discriminant form Δ. Let λ be its eigenvalue modulo � under Tcl
p2

for some prime p. Then we have

φ
(
f ⊗
(
λu( p 0

0 p

) −M
k
2−1

∑
γ∈SL2(Z)\GL(M)

2 (Z)

uγ

)
∈ �FE(Z),

and hence obtain a corresponding element of (2.8).

Example 2.7. Isomorphism (2.8) can be fruitfully employed to endow Ramanujan-type 
congruences for half integral weight modular forms with extra structure. As an example, 
we investigate the classical congruence

∀n ∈ Z : p(113 13n + 237) ≡ 0 (mod 13)

of the partition function p(n) discovered by Atkin [4]. He observed that it is one of 
30 congruences modulo � = 13 on arithmetic progressions 113 13Z + b. The classes of 
integers b that appear are those for which b − 1

24 lies in the same square class modulo 113 13
as 237 − 1

24 . A connection among congruences for the partition function following the 
same pattern was established by Radu [15], and will be extended to arbitrary modular 
forms in the second paper of this series.

The �-kernel yields slightly more information on Atkin’s congruences. There is a 
weakly holomorphic modular form f of weight �2

2 − 1 for the character χη of Mp1(Z), 
where χη is the character for the Dedekind η-function, with �-integral Fourier coefficients 
such that

c
(
f, n

24
)
≡ p
(
n+1
24
)

(mod �), if
(
−n

�

)
= −1; c

(
f, n

24
)
≡ 0 (mod �), otherwise.

We conclude that the abstract space of modular forms C f is isomorphic to χη as a 
representation of Mp1(Z). For completeness, we also note that using Theorem 3 of [1]
and the Θ-operator recalled there one can show that it is possible to choose a cusp 
form f .

Let M = 113, and observe that Atkin’s congruence corresponds to the vector

TM (f, β) ∈ kerFE�

(
TM (C f)

)
, β ∈ Z− 1

24 ,β ≡ 7 · 112 (mod 113).

The representation generated by this vector is 6-dimensional, and by Theorem 2.2 it is a 
subrepresentation of the �-kernel of TM C f . The five congruence classes modulo 11 that 
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are non-squares yield five vectors TM (f, β′) for various β′ in this subrepresentation, and 
each of them gives one of Atkin’s Ramanujan-type congruences. We could combine this 
with a computation of T13 C f to explain all 30 of Atkin’s Ramanujan-type congruences.

In addition, to the 5-dimensional space that the above vectors TM (f, β′) span, we 
find another vector that corresponds to a congruence of f under a specific Hecke-like 
operator.

Example 2.8. Assume that we have some weakly holomorphic modular form f of 
weight 132

2 − 1 for χη and the congruence

∀n ∈ Z : c(f ; 113 13n + 1810 − 1
24 ) ≡ 0 (mod 13).

The resulting subrepresentation of kerFE�(TM (C f)) would be 6-dimensional, subsuming 
five Ramanujan-type congruences and one congruence with respect to a Hecke-like op-
erator. This stands in perfect analogy with the computation in Example 2.7, although f

cannot be the same as in Example 2.7, since the partition function does not satisfy the 
corresponding Ramanujan-type congruence.

When joining these calculations one of the missing square classes modulo 133 ap-
pears. Assume that f also satisfies the analogues of Atkin’s partition congruences in 
Example 2.7. This would result in a 12-dimensional subrepresentation of the �-kernel. 
This 12-dimensional representation contains the vector TM (f, 114). Rephrased in classi-
cal terms, a congruence on the arithmetic progression 113 13Z +237 − 1

24 when coexisting 
with a congruence on 113 13Z + 1810 − 1

24 , already implies a congruence on the much 
larger progression 112 13Z + 237 − 1

24 . We suspect that this is a general phenomenon 
for Ramanujan-type congruences for, say, the partition function on q3�Z + b for prime 
numbers q. It stands in stark contrast to the congruences on q4�Z + b, which we examine 
next.

Example 2.9. Ono [14] and Ahlgren-Ono [2] discovered that there are infinitely many 
primes q and integers b for which we have Ramanujan-type congruences with gaps

∀n ∈ Z \ qZ : p(q3 �n + b) ≡ 0 (mod �).

They lead to q − 1 distinct Ramanujan-type congruences

∀m ∈ Z \ qZ ∀n ∈ Z : p(q4 �n + b + q3 �m) ≡ 0 (mod �).

These are grouped in exactly the way that we suggested in Example 2.8 should not hap-
pen for Ramanujan-type congruences on q3 �Z +b. A computation reveals that the �-ker-
nel prescribes exactly opposite behavior of Ramanujan-type congruences on q3 �Z + b

and q4 �Z + b.
For simplicity, and to keep dimensions of TM C f sufficiently low (this will be a rep-

resentation of dimension 15 972), we will investigate the case q = 11 and M = 114
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for a weakly holomorphic modular form f as in Examples 2.7 or 2.8. Let us as-
sume that the �-kernel contains, for example, the vector TM (f, β) with β ∈ Z − 1

24
and β ≡ 113 (mod 114). As opposed to Example 2.7, this generates an 11-dimensional 
representation, which contains TM (f, β′) for all β′ ∈ Z − 1

24 with 113 |β and 114 �β, i.e. 
113‖β.

This suggests that Ramanujan-type congruences on q4�Z + b imply Ramanujan-type 
congruences with gap on q3�(Z \qZ) +q4b′ with q4b′ ≡ b (mod �). An analogous statement 
for integral weights is available in Theorem 3.1.

Example 2.10. To complement our discussion in Example 2.9 we examine the conse-
quences of a congruence

∀n ∈ Z : c(f ; q4 �n + b− 1
24 )

where q4 |(b − 1
24 ).

We restrict to the case of q = 11. The associated vector in the �-kernel of the abstract 
space of modular forms TM C f generates a 12-dimensional subrepresentation, which 
contains the one that we encountered in Example 2.9. In other words, it implies by 
virtue of Theorem 2.2 alone that there is a congruence

∀n ∈ Z : c(f ; q3 �n + b− 1
24 ),

which then by the calculations in Examples 2.7 and 2.8 implies a congruence

∀n ∈ Z : c(f ; q2 �n + b− 1
24 ).

Continuing this chain of calculations one shows that this would eventually imply

∀n ∈ Z : c(f ; �n + b− 1
24 ).

While our calculation is limited to q = 11, it provides evidence that Ramanujan-type 
congruence for the partition function on q4�n + b cannot have q4 |(b − 1

24 ).

Example 2.11. In the case of level 1, Theorem D and its generalization to number fields, 
Theorem 3.1, almost exhausts the information provided by (2.8). For instance, consider 
the Ramanujan Δ function and the associated abstract module of modular forms CΔ. 
Let � = 7, for which Δ is known to exhibit a U�-congruence. In other words, we have

∀n ∈ Z : c(Δ; �n) ≡ 0 (mod �).

In this situation, the �-kernel of T� CΔ does not yield any additional information.



M. Raum / Advances in Mathematics 409 (2022) 108668 23
Specifically, let K be the 7-th cyclotomic field. We have a natural OK,�-structure

V� := �−6 OK,�Δ ⊗
(
� 0
0 1

)
+ �5 OK,�

{
T�(Δ, β) : β (mod �)

}
⊂ �−6 OK,�Δ ⊗

(
� 0
0 1

)
+ �6 OK,�

{
Δ ⊗
( 1 h

0 �

)
: h (mod �)

}
.

The U�-congruence yields

�5 T�(Δ, 0) ∈ kerFE�(CΔ),

and therefore we have a one-dimensional, trivial representation of Γ0(�):

kerFE�(CΔ) = FK,�

{
�5 T�(Δ, 0)

}
,

where on the right hand side the vector �5 T�(Δ, 0) is understood as a formal generator.

3. The structure of Ramanujan-type congruences

In this section, we provide our main structure theorem for Ramanujan-type con-
gruences. Most importantly, it asserts that Ramanujan-type congruence modulo � for 
modular forms of integral weight, if � � 2, are associated with the union of two square-
classes. In other words, they yield Ramanujan-type congruences with gap.

Theorem 3.1. Fix a number field K ⊂ C and a prime ideal � ⊂ OK . Let f be a weakly 
holomorphic modular form of integral weight for a Dirichlet character modulo N with 
Fourier coefficients c(f ; n) ∈ OK,�. Assume that f satisfies the Ramanujan-type congru-
ence

∀n ∈ Z : c(f ; Mn + β) ≡ 0 (mod �) (3.1)

for some positive integer M and some integer β. Consider a prime p |M that is co-prime 
to �N , and factor M as MpM

#
p with a p-power Mp and M#

p co-prime to p.

(1) If � � 2, then we have the Ramanujan-type congruence with gap

∀n ∈ Z \ pZ : c(f ; (M/p)n + β′Mp) ≡ 0 (mod �) with β′Mp ≡ β (modM#
p ).
(3.2)

(2) We have

∀n ∈ Z : c(f ; M ′n + β) ≡ 0 (mod �) with M ′ = gcd(M,βMsf), (3.3)

where Msf is the largest square-free divisor of M .
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(3) If Mp |β, then we have the Ramanujan-type congruence

∀n ∈ Z : c(f ; M#
p n + β) ≡ 0 (mod �). (3.4)

If p2 �M and � � 2, then we have the congruence

∀n ∈ Z,M#
p n + β �= 0 : c(f ; M#

p n + β) ≡ 0 (mod �). (3.5)

Remark 3.2.

(1) If � is an odd rational prime and f is a cusp form, the congruence in (3.5) means 
that we can remove all primes p �= � from M that do not appear in the level N
and for which β has highest possible p-divisibility or for which p exactly divides M . 
Compare this with Proposition 4.3, which goes back to Treneer [25], for examples of 
Ramanujan-type congruences where p2 exactly divides M .

(2) The Ramanujan-type congruence with gap in (3.2) is equivalent to

∀n ∈
(
M#

p Z + β
)
∩ (Mp/p)

(
Z \ pZ

)
: c(f ; n) ≡ 0 (mod �). (3.6)

We postpone the proof of Theorem 3.1 in favor of two examples illustrating the limits 
of statements like the ones in Theorem 3.1. They show that the condition that p be 
co-prime to �N in (3.2) and (3.4) is “sharp”.

Example 3.3. It is straightforward to check with any suitable computer algebra system 
that

∀n ∈ Z : c(Δ; �n) ≡ 0 (mod �)

for � ∈ {2, 3, 5, 7, 2411} (there is one more known for � = 7758337633, which is slightly 
harder to verify). In this setting, M = �, N = 1, β = 0, p = �, but M� = � does not allow 
us to strengthen the given congruence. In particular, the condition � � p in (3.2) and (3.4)
is necessary.

Example 3.4. The condition that p �N in (3.2) and (3.4) is also necessary. Counter ex-
amples arise from the Ramanujan-type congruences trivially satisfied by oldforms and 
twists of modular forms by Dirichlet characters.

Specifically, consider a modular form f of level 1. Then for any prime p the old-
form fp(τ) := f(pτ) satisfies the Ramanujan-type congruences

∀n ∈ Z : c(fp; pn + β) ≡ 0 (mod �)

for all integers β co-prime to p. Similarly, the twist fχ(τ) :=
∑

n χ(n)c(f ; n)e(nτ) of f
by a Dirichlet character χ modulo p satisfies the Ramanujan-type congruence
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∀n ∈ Z : c(fχ; pn) ≡ 0 (mod �).

We need the following proposition in the proof of Theorem 3.1. While we suspect 
that it is known to some experts, we could not find it in the literature. Its proof is 
straightforward and could in fact be carried out without reference to abstract spaces of 
modular forms, relying directly on the work of Deligne-Rapoport [8] instead.

Proposition 3.5. Fix a number field K ⊂ C and an ideal � ⊆ OK . Let f be a weakly 
holomorphic modular form of integral weight for Γ0(N) ∩ Γ(N1) with Fourier coeffi-
cients c(f ; n) ∈ OK,� supported on n ∈ Z + β for some β ∈ Q. Assume that f satisfies 
the Ramanujan-type congruence

∀n ∈ Z : c(f ; Mn + β) ≡ 0 (mod �)

for some positive integer M that is co-prime to N1. Then β is M -integral and for all 
M -integral β′ ∈ N1Z + β in the same square-class modulo M as β, we have

∀n ∈ Z : c(f ; Mn + β′) ≡ 0 (mod �).

In particular, we have

∀n ∈ Z : c(f ; M ′n + β) ≡ 0 (mod �),

where M ′ = gcd(M, βMsfN1) and Msf = gcd(8, M) 
∏

p p with p running through all odd 
prime divisors of M .

Proof. The fact that β is M -integral follows directly from gcd(M, N1) = 1. Given β′ as 
in the statement, there is u ∈ Z invertible modulo MN and with u ≡ 1 (modN1) such 
that u2β ≡ β′ (modM). Let u ∈ Z denote the inverse of u modulo MNN1.

To establish the first part of the proposition, we will investigate the vectors TM (f, β)
in the abstract module of modular forms TM IndC f . Observe that there is an element γ
in Γ0(MN) ∩Γ(N1) that is congruent to 

(
u 0
0 u

)
modulo MNN1. For any such γ and h ∈ Z, 

we have

γ−1
(

1 h
0 M

)
γ ≡

(
1 u2h
0 M

)
(modMNN1).

In particular, we have(
1 h
0 M

)
γ

(
1 u2h
0 M

)−1

∈ Γ0(N) ∩ Γ(N1).

As a consequence, conjugating TM (f, β) by γ yields TM (f, β′). We can now apply Corol-
lary 2.5 to finish the proof of the first statement.



26 M. Raum / Advances in Mathematics 409 (2022) 108668
To prove the second part, it suffices to show that the coset N1β(Z/M ′Z) is con-
tained in N1β(Z/MZ)× 2. We can and will replace M , M ′, and N1β by their quotients 
by gcd(M, N1β). In particular, we assume that M and N1β are co-prime. Further, we 
replace N1β by β to ease our notation.

Now the proposition is reduced to the statement that for odd primes p the square-
class of a β ∈ Z co-prime to p depends only on β (mod p), and for p = 2 depends only 
on β (mod 8). �

Before proceeding to the proof of Theorem 3.1, we state one more proposition, whose 
proof can be conducted with little extra work. Despite its fairly technical traits, we 
suggest to compare it with Theorems B and 4.11, which only hold for cusp forms as 
opposed to weakly holomorphic modular forms. The statement of Proposition 3.6 requires 
the following modification of the usual Hecke operators. Effectively, their action differs 
from the usual ones by twists with values of a Dirichlet character. Given co-prime positive 
integers M and N , we set

Tcl
M,MN :=

∑
ad=M

b (mod d)

γa,d,b and UM,MN :=
∑

b (modM)

γ1,M,b, (3.7)

where

γa,d,b ∈ Mat2(Z), det(γa,d,b) = M , γa,d,b ≡
(
a b
0 d

)
(modM), γa,d,b ≡

( 1 0
0 1

)
(modN).

Proposition 3.6. Assume that K, �, f , N , M , and β are as in Theorem 3.1. Factor M as 
M�NM#

�N , where M�N is the largest divisor of M such that no prime p |M�N is co-prime 
to �N . Consider the weakly holomorphic modular form with Fourier expansion

f�N (τ) :=
∑

β′∈β(Z/M�NZ)× 2

n∈M�NZ+β′

c(f ; n)e(nτ).

With the operators Tcl and U from (3.7), we have

f�N

∣∣∣ ∏
p prime
p |M#

�N

(
(p + 1)UMp,MN − pTcl

Mp,MN + pTcl
Mp/p2,MN/p2

)
≡ 0 (mod �), (3.8)

where we suppress the last summand if p2 �Mp.

3.1. The Steinberg representation

The proof of Theorem 3.1 in Section 3.2 requires some aspects of the representation 
theory modulo a prime � of SL2(Fp). We will appeal to Section 9 of Bonnafé’s book [7], 
in which he provides a classification of such SL2(Fp)-representations. In this section, for 
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clarity and convenience of the read, we summarize some basic facts about the Steinberg 
representation that appears in this classification.

We translate and specialize Bonnafé’s notation to notation more compatible with the 
present paper. Throughout this section, we fix two prime numbers p �= �, set Fp := Z/pZ

and F� := Z/�Z, and let G = SL2(Fp). We let U, T ⊂ G be the subgroups of unipotent 
upper triangular and of diagonal matrices:

U :=
{( 1 b

0 1

)
: b ∈ Fp

}
, T :=

{
diag(a, a−1) : a ∈ Fp \ {0}

}
.

We also write B = TU for the subgroup of upper triangular matrices.
Recall from Section 1 that we write F�[G] and F�[T ] for the group algebras of G and T . 

We let F�{G/U} be the free vector space whose basis elements are the cosets G/U . The 
actions of G and T on G/U from the left and from the right extend to F�{G/U}.

Example 3.7. Coset representatives for G/U are determined by their first column. The 
action of T from the right on a representative’s first column is given by( a ∗

c ∗
)
U diag(a′, a′ −1) =

(
aa′ ∗
ca′ ∗

)
U .

The notion of Harish-Chandra induction of F�[T ]-modules to modules for F�[G] is 
defined by the assignment

V 
−→ F�[G/U ] ⊗F�[T ] V .

This definition is provided in Section 3.2.1 of [7]. We will only use it for the trivial F�[T ]-
module 1.

Corollary 3.2.3 in Section 3.2.1 of [7] provides a connection to the induction from the 
subgroup B = TU to G. It provides the most convenient way to verify the identification 
that Bonnafé introduces at the beginning of Section 9.4.1:

F�{G/U} ⊗F�[T ] 1 = F�

{
P 1(Fp)

}
, (3.9)

where the action of G on P 1(Fp) is given by its natural action on row vectors in F2
p . 

Specifically, the left representation on the right hand side of (3.9) is given by

g
∑

x∈P1(Fp)

c(x)x =
∑

x∈P1(Fp)

c(x)
(
xg−1), (3.10)

where c(x) ∈ F� and g ∈ G. The identification in (3.9) is central in our proof of Theo-
rem 3.1. Observe that the action of G yields a permutation representation.

Example 3.8. We give an explicit model if p = 2. We have

P 1(Fp) =
{
(1 : 0), (1 : 1), (0 : 1)

}
.
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We fix this ordering to obtain an identification of F�{P 1(Fp)} with F3
� . Now G is gen-

erated by the images of S, T ∈ Mp2(Z) under the projection to SL2(Z) and reduction 
modulo p. It is sufficient to determine their action on P 1(Fp) to understand (3.9). For in-
stance, T−1 maps (1 : 0), (1 : 1), (0 : 1) to (1 : 1), (1 : 0), (0 : 1). Translating this and the 
action of S−1 to their action on F�{P 1(Fp)} yields for w = t(w1, w2, w3) ∈ F�{P 1(Fp)}

T w = t(w2, w1, w3) and S w = t(w3, w2, w1).

The Steinberg representation is also defined in Section 9.4.1 of [7]. We define it as the 
subrepresentation of (3.9) by

Stp :=
{ ∑

x∈P1(Fp)

c(x)x :
∑
x

c(x) = 0, c(x) ∈ F�

}
⊂ F�

{
P 1(Fp)

}
. (3.11)

Since G acts by permutations on P 1(Fp), it preserves the sum of coordinates c(x) that 
appears in (3.11). In other words, the Steinberg representation is stable under the action 
of G and thus indeed yields a subrepresentation of F�

{
P 1(Fp)

}
.

Bonnafé emphasizes another subrepresentation, which is one-dimensional. We set

v =
∑

x∈P1(Fp)

x ∈ F�

{
P 1(Fp)

}
. (3.12)

Again, because G acts by permutations on P 1(Fp), it preserves v. Hence F�v is a sub-
representation of F�

{
P 1(Fp)

}
.

Now Proposition 9.4.3 of [7] says that if � is odd, then F�v and Stp are the only 
non-trivial subrepresentations of F�[P 1(Fp)]. If we were working over, say, C instead 
of F�, where finite dimensional representations are semi-simple, this would provide a full 
direct sum decomposition. In finite characteristic it does not. Bonnafé in (9.4.2) states 
that F�v ⊂ Stp if and only if � | p +1. In other words, � | p +1 we have the following chain 
of inclusions

F�v ⊂ Stp ⊂ F�

{
P 1(Fp)

}
. (3.13)

In the proof of Theorem 3.1 and Proposition 3.6 we will use the descriptions of modular 
representations of SL2(Fp) by Bonnafé in Section 9.4 of [7]. Among other things, it refines 
the chain of inclusions in (3.13), informing us which parts split off as direct summands 
and whether the quotient of Stp by F�v is irreducible.

3.2. Proofs of Theorem 3.1 and Proposition 3.6

This whole section will be occupied by the proofs of Theorem 3.1 and Proposition 3.6. 
We start by providing a general setup and then give proofs for individual statements.
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We can and will replace f by f�N and may hence assume that M is co-prime to �N . 
Proposition 3.5 allows us to assume that β ∈ Z ∩ (M/p)Zp if p |M is odd and assume 
that β ∈ Z ∩ (M/8)Z2 if p = 2 |M .

Consider the abstract module of modular forms (V, φ) = OK,� f for Γ0(N) whose 
kernel contains Γ(N). Observe that the module V is associated with a subgroup of SL2(Z)
as opposed to Mp1(Z), since the weight of f is integral. By Corollary 2.5, the Ramanujan-
type congruence satisfied by f yields the vector

TM (f, β) ∈ kerFE�

(
TM V

)
.

By (1.11) we have the inclusion

IndΓ0(N)
Γ0(MN) ψ

∗
M (V ) ↪−→ TM V , (3.14)

whose image contains TM (f, β). Since the kernel of TM V contains Γ(MN), since we 
have an isomorphism of SL2(Z/MN) and SL2(Z/M) × SL2(Z/N) by the Chinese re-
mainder theorem, and the since homomorphism Γ0(N) � SL2(Z/MZ) arising from this 
isomorphism is surjective, we can and will view TM V as an OK,�[SL2(Z/MZ)]-module.

Write ψ∗
M (f) for the pullback of f ∈ V to emphasize the difference. To ease notation, 

we will identify domain and co-domain of the isomorphism

IndΓ0(N)
Γ0(MN) ψ

∗
M (V ) −→ OK,�

{
P 1(Z/MZ)

}
,

ψ∗
M (f) ⊗ uγ 
−→ (c : d) (modM), γ ∈ Γ0(N), γ =

(
a b
c d

)
.

(3.15)

The co-domain is the free OK,�-module whose basis corresponds to the elements of the 
projective line over Z/MZ. Recall from (3.10), which details the special case M = p, 
that the action of SL2(Z/MZ) on P 1(Z/MZ) arises from its action on row vectors.

We record that when combining (3.14) and (3.15), we have

TM (f, β) = f ⊗
∑

h (modM)

e
(
− hβ

M

)
u( 1 h

0 M

)


−→ψ∗
M (f) ⊗

∑
h (modM)

e
(
− hβ

M

)
u( 1 h

0 1

)

= ψ∗
M (f) ⊗

∑
h (modM)

e
(
− Nhβ

M

)
u( 1 Nh

0 1

)


−→
∑

h (modM)

e
(
− Nhβ

M

)
(1 : Nh) =

∑
h (modM)

e
(
− hβ

M

)
(1 : h).

In particular, TM (f, β) lies in the image of (3.14). To ease notation we will refer to the 
right hand side by TM (f, β), too.

For any M ′ |M , since the action of SL2(Z/MZ) preserves congruences modulo M ′, 
we have the following inclusion of OK,�[SL2(Z/MZ)]-modules:
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OK,�

{
P 1(Z/M ′Z)

}
↪−→ OK,�

{
P 1(Z/MZ)

}
, (c : d) 
−→

∑
(c′:d′)≡(c:d) (modM ′)

(c′ : d′).

(3.16)

Moreover, the left hand side descends to a module for OK,�[SL2(Z/M ′Z)] under the 
projection from OK,�[SL2(Z/MZ)].

The inclusion (3.16) yields a tensor product decomposition⊗
p prime
p |M

OK,�

{
P 1(Z/MpZ)

} ∼= OK,�

{
P 1(Z/MZ)

}
(3.17)

and corresponding inclusions⊗
p prime
p |M

M ′
p |Mp

OK,�

{
P 1(Z/M ′

pZ)
}

↪−→ OK,�

{
P 1(Z/MZ)

}
, (3.18)

which allows us to perform representation theoretic considerations for prime powers Mp

instead of M . We record that the preimage of TM (f, β) under (3.17) equals

⊗
p prime
p |M

( ∑
h (modMp)

e
(
− hβp

M

)
(1 : h)

)
, (3.19)

where βp := β1p with an integer 1p satisfying 1p ≡ 1 (modMp) and M#
p | 1p.

Proof of (3.3) in Theorem 3.1. Using Proposition 3.5, we can and will assume that we 
have M/M ′ | 8. In this proof, we hence assume that p = 2. Our assumption that we 
have β ∈ Z ∩ (M/8)Z2 ensures that TM (f, β) lies in the image of (3.18) with M ′

2 = 8. 
We will show that we can assume that M ′

2 = 2 and thus prove (3.3). We can and will 
assume that β is odd, since we can otherwise replace M ′

2 by M ′
2/2.

Consider the domain of (3.18) for M ′
2 = 4 and M ′

2 = 8. We have to inspect the tensor 
component for p = 2 of the subrepresentation of the left hand side in (3.18) generated 
by the preimage of TM (f, β). Observe that SL2(Z/M ′

2Z) is a 2-group. Since � � 2, we 
can compute with the representation K{P 1(Z/M ′

2Z)} instead of OK,�{P 1(Z/M ′
2Z)}. 

Since K{P 1(Z/M ′
2Z)} is a permutation representation and therefore defined over Q, 

we can employ Galois automorphisms at will. For this reason, it suffices to consider the 
case β2 = M/M ′

2.
In the case of M ′

2 = 4, we want to show that TM (f, β + 2M/M ′
2) lies in the repre-

sentation generated by TM (f, β). We combine (3.18), (3.19), and the discussion in the 
preceding paragraph to reduce this to the assertion that we have∑

h (mod 4)

e
(
− h(1+2)

4
)
(1 : h) ∈ K

[
SL2(Z/4Z)

] ∑
h (mod 4)

e
(
− h

4
)
(1 : h).
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We can and will assume that K is the fourth cyclotomic field. For the time being, we 
set ζ = e(1/4). We order the elements of P 1(Z/4Z) as

(1 : 0), (1 : 1), (1 : 2), (1 : 3), (2 : 1), (4 : 1),

which yields an isomorphism of K[P 1(Z/4Z)] with K6. Then repeatedly multiplying 
with K +KS−1 +KT−1 from the left for the generators S and T of Mp1(Z), we obtain 
successive subspaces of K6 spanned by the rows of the following matrices:

( 1 ζ −1 −ζ 0 0 ),
(

1 0 −1 0 −1 1
0 1 0 −1 −ζ ζ

)
,
(

1 0 −1 0 0 0
0 1 0 −1 0 0
0 0 0 0 1 −1

)
.

The desired vector corresponds to a linear combination of the first two rows of the last 
matrix. We performed this calculation with Julia/Nemo [10].

In the case of M ′
2 = 8, we want to show that the three vectors TM (f, β + 2M/M ′

2), 
TM (f, β + 4M/M ′

2), and TM (f, β + 6M/M ′
2) lie in the representation that is generated 

by TM (f, β). This reduces to the claim that

∑
h (mod 8)

e
(
− h(1+2)

8
)
(1 : h),

∑
h (mod 8)

e
(
− h(1+4)

8
)
(1 : h),

∑
h (mod 8)

e
(
− h(1+6)

8
)
(1 : h)

∈ K
[
SL2(Z/8Z)

] ∑
h (mod 8)

e
(
− h

8
)
(1 : h).

We can and will assume that K is the eighth cyclotomic field. We set ζ = e(1/8) for the 
time being, and perform a similar calculation as before. We order P 1(Z/8Z) as

(1 : 0), (1 : 1), (1 : 2), (1 : 3), (1 : 4), (1 : 5), (1 : 6), (1 : 7), (2 : 1), (2 : 3), (4 : 1), (8 : 1).

Repeatedly applying K + KS−1 + KT−1, we obtain subspaces of K12 spanned by the 
rows of

( 1 ζ ζ2 ζ3 −1 −ζ −ζ2 −ζ3 0 0 0 0 ),
(

1 0 ζ2 2ζ3 −1 0 −ζ2 −2ζ3 −1 1 ζ2 −ζ2

0 1 0 −ζ2 0 −1 0 ζ2 −ζ3 ζ3 −ζ ζ

)
,(

2 0 0 2ζ3 −2 0 0 −2ζ3 ζ−1 −ζ+1 ζ3+ζ2 −ζ3−ζ2

0 1 0 −ζ2 0 −1 0 ζ2 −ζ3 ζ3 −ζ ζ

0 0 2 2ζ 0 0 −2 −2ζ ζ3+ζ2 −ζ3−ζ2 −ζ+1 ζ−1

)
,

⎛⎜⎝ 1 0 0 ζ3 −1 0 0 −ζ3 0 0 0 0
0 1 0 −ζ2 0 −1 0 ζ2 0 0 0 0
0 0 1 ζ 0 0 −1 −ζ 0 0 0 0
0 0 0 0 0 0 0 0 1 −1 0 0
0 0 0 0 0 0 0 0 0 0 1 −1

⎞⎟⎠,

⎛⎜⎜⎝
1 0 0 0 −1 0 0 0 0 0 0 0
0 1 0 0 0 −1 0 0 0 0 0 0
0 0 1 0 0 0 −1 0 0 0 0 0
0 0 0 1 0 0 0 −1 0 0 0 0
0 0 0 0 0 0 0 0 1 −1 0 0
0 0 0 0 0 0 0 0 0 0 1 −1

⎞⎟⎟⎠.

A linear combination of the first four rows of the last matrix yields the desired vectors.
We now finish the proof of (3.3) by employing Corollary 2.5. �
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We return to the case of general but fixed p. Recall that we write Fp for Z/pZ. We can 
and will assume that β ∈ Z ∩ (M/p)Zp, which ensures that TM (f, β) lies in the image 
of (3.18) with M ′

p = p. Let π be the p-tensor component of the subrepresentation of the 
left hand side of (3.18) generated by the preimage of TM (f, β). The p-tensor component 
of this preimage equals

w =
∑

h (mod p)

ζh(1 : h), (3.20)

where here and in the remainder of this section ζ ∈ FK,� is the reduction modulo � of 
the p-th root of unity e(−βp/M) using the fixed embedding of K into C. In other words, 
π is the FK,�[SL2(Fp)]-submodule of FK,�{P 1(Fp)} that is generated by w.

Recall from (3.11) and (3.12) that we write Stp ⊂ FK,�{P 1(Fp)} for the Steinberg 
representation and v for the invariant vector

∑
x∈P1(Fp) x. We record that w is not a 

multiple of v, since (0 : 1) ∈ P 1(Fp) does not appear in (3.20).

Proof of (3.4) in Theorem 3.1. If Mp |β and therefore M |βp, then the vector w given 
in (3.20) does not lie in Stp, since the sum of its coordinates that appears in the definition 
of Stp equals p and we have � � p. By Sections 9.4.2–9.4.4 of [7] it generates the repre-
sentation FK,�{P 1(Fp)}. In other words, we have π = FK,�{P 1(Fp)}. In particular, we 
find that TM (f, β + (M/p)m) lies in the �-kernel of TM C f for all integers m. We finish 
the proof of (3.4) for Mp |β by invoking Corollary 2.5 to conclude the Ramanujan-type 
congruence

∀n ∈ Z : c(f ; (M/p)n + β) ≡ 0 (mod �)

and then iterating the argument. �
Proof of (3.2) in Theorem 3.1. Applying (3.4) if Mp |β, we can and will assume that we 
have Mp �β. We then have M �βp and ζ �= 1 in the defining expression (3.20) of w. The 
sum of coordinates that appears in the definition (3.11) of Stp applied to w yields a sum 
over all p-th roots of unity. This sum vanishes and hence w ∈ Stp.

Consider the case of � �(p + 1). If � �(p − 1), we have � � #SL2(Fp). A decomposition 
of FK,�{P 1(Fp)} into irreducible components follows from the cde-triangle, which is ex-
plained for example in Section 15 of [22]. If we have � |(p − 1) we can use Section 9.4.2 
of [7], instead, to find a decomposition of FK,�{P 1(Fp)}. In both cases, we find that it de-
composes as Stp⊕FK,�v and that Stp is irreducible. As a consequence, we have π = Stp. 
In particular, we see that the vector TM (f, β + (M/p)m) lies in the �-kernel of TM C f

for all integers m such that Mp �(β + (M/p)m). We apply Corollary 2.5 and find the 
Ramanujan-type congruence with gap

∀n ∈ Z \ pZ : c(f ; (M/p)n + β′Mp) ≡ 0 (mod �)
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with β′Mp ≡ β (modM#
p ). This proves (3.2) if � �(p + 1).

Consider the case of � |(p +1). By our assumptions we have � � 2. Sections 9.4.3 and 9.4.4 
of [7] show that FK,�v is the socle of the length 2 representation Stp with irreducible 
quotient. Since w �∈ FK,�v but w ∈ Stp, we find that π = Stp. We conclude that TM (f, β′)
lies in the �-kernel of TM C f for all integers β′ with β′ ≡ β (modM#

p ) and Mp �β′. As 
in the case of � �(p + 1), this proves the congruence in (3.2). �

In the proofs of the remaining statements we continue with the setup from the proof 
of (3.4) and of (3.2). In particular, we use the fact that Stp = π. It follows that

∑
h (mod p)

(1 : h) − p(0 : 1) ∈ V (π). (3.21)

Proof of (3.5) in Theorem 3.1. Consider the case that p2 �Mp. For simplicity, we will 
formulate the proof in terms of

f#
p (τ) :=

∑
n∈M#

p Z+β

c(f ; n)e(nτ).

We employ induction on m to show that c(f#
p ; pmn) ≡ 0 (mod �) if p �n, n ∈ Z. 

By (3.2), we have that c(f#
p ; n) ≡ 0 (mod �), which settles the case m = 0. For the 

induction step, we use the relation c(f#
p ; pn′) ≡ pk c(f#

p ; n′/p) (mod �), which follows 
directly from (3.21) and M ′

p = Mp, and is valid for all integers n′. �
Proof of Proposition 3.6. When combining the vectors in (3.21) for each p, the image 
under the homomorphism (3.18) equals

⊗
p prime
p |M

( ∑
h (modMp)

(1 : h) − p
∑

x∈P1(Z/MpZ)
x≡(0:1)∈P1(Fp)

x

)

=
⊗

p prime
p |M

(
(p + 1)

∑
h (modMp)

(1 : h) − p
∑

x∈P1(Z/MpZ)

x

)
.

After taking the preimage of this under (3.15) and then the image under (3.14), the first 
summand yields (p + 1)UMp,MN and the second one equals

pTcl
Mp,MN − pTcl

Mp/p2,MN/p2 ,

where we use the notation in (3.7) and we suppress the last summand if p2 �Mp as in 
the statement of Proposition 3.6. �
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3.3. The support of Fourier expansions modulo �

The purpose of this section is to explain how to recover modular forms modulo � from 
a subset of their Fourier coefficients.

Lemma 3.9. Fix a number field K ⊂ C and a prime ideal � ⊂ OK . Let f be a modular 
form of integral weight k for a Dirichlet character χ modulo N with Fourier coeffi-
cients c(f ; n) ∈ OK,�. Fix a prime p that is co-prime to �N .

Assume that f satisfies the congruence

∀n ∈ Z \ pZ : c(f ; n) ≡ 0 (mod �).

Then f is congruent to a constant modulo �.
In particular, given a linearly independent set of cusp forms fi (mod �) of fixed integral 

weight and for a fixed Dirichlet character modulo N , there is a finite set of integers n

co-prime to p such that the matrix with entries c(fi; n) is invertible modulo �.

Proof. The first statement is a special case of (3.5) in Theorem 3.1. Then the proof of 
the second part amounts to mere linear algebra. �

An alternative, purely geometric proof of Lemma 3.9 can be obtained through a 
generalization of Mazur’s Lemma 5.9 in [13]. A further alternative proof, which in fact 
establishes a significantly stronger statement, was suggested to the author by Serre. We 
reproduce his lemma and argument for convenience of the reader.

Lemma 3.10 (Serre). Fix a number field K ⊂ C and a prime ideal � ⊂ OK . Let f be 
a modular form of integral weight k for a Dirichlet character χ modulo N with Fourier 
coefficients c(f ; n) ∈ OK,�. Assume that there is an integer n �= 0 with the property 
that c(f ; n) �≡ 0 (mod �). Then given a density-zero set P of primes that are co-prime 
to �N , there is n ∈ Z with p �n for all p ∈ P and c(f ; n) �≡ 0 (mod �).

The proofs Lemma 3.10 and Corollary 4.13 require the next assertion that corresponds 
to an exercise in Serre’s work. It arose from private communication with him.

Remark 3.11. For ease of notation, we set

V := Mk(Γ0(N), χ; OK,�) ⊗ FK,�.

Consider an endomorphism φ of this FK,�-vector space. We write Pφ for the set of 
primes p that are co-prime to �N such that the Hecke operator Tcl

p acts on V as φ. Given 
any prime p that is co-prime to �N , that action of the p-th Hecke operator is deter-
mined by p (mod �) and the p-th Hecke eigenvalues modulo �m for large enough m of 
the eigenforms that occur in Mk(Γ0(N), χ; OK,�). In analogy with, for instance, Serre’s 
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classical argument [21], consider the reduction modulo �m of the Galois representation 
that is the direct sum of all �-adic Galois representations associated with Dirichlet char-
acters modulo �N and with newforms that occur in the spaces Mk(Γ0(N ′), χ; OK,�) for 
some N ′ |N . Then the argument in §3.4.3 of [23] shows that Pφ is S�N -frobenian in the 
sense of §3.3.2 of [23].

Proof of Lemma 3.10. Define the support modulo � of a modular form f with Fourier 
coefficients in OK,� as

supp�(f) :=
{
n ∈ Q, n > 0 : c(f ; n) �≡ 0 (mod �)

}
.

Fix a set P of primes of density zero as in the statement, and let

F :=
{
f ∈ Mk(Γ0(N), χ; OK,�) : supp�(f) ⊆

⋃
p∈P

pZ
}

.

Write Q for the set of primes q such that F |k,χTcl
q ⊆ F . Observe that Q is the union 

of sets Pφ as in Remark 3.11, where φ (mod �) runs through endomorphisms of the FK,�-
vector space Mk(Γ0(N), χ; OK,�) (mod �) that preserve F . In particular, each Pφ and 
therefore Q is S�N -frobenian in the sense of [23].

Moreover, Q contains every prime q �∈ P that is co-prime to �N , and therefore has 
density one. By Proposition 3.8 of [23] this implies that Q equals the set of all primes 
not dividing �N . In particular, we have P ⊂ Q.

Since F is a subset of Mk(Γ0(N), χ; OK,�), the set supp�(f) has a minimum for every 
f ∈ F with supp�(f) �= ∅. Assume by contraposition that there exists some f ∈ F

with supp�(f) �= ∅. Then we have a well-defined minimum:

min supp�(F ) := min
{

min supp�(f ′) : f ′ ∈ F, supp�(f ′) �= ∅
}
.

We can and will assume that f ∈ F is chosen in such a way that

nf := min supp�(f) = min supp�(F ).

By the definition of F there is p ∈ P such that p |nf . We have nf/p ∈ supp�(f |k,χ Tcl
p ), 

contradicting the choice of f . In particular, all elements of F are congruent to constants 
modulo �.

Now let f be as in the statement. By the assumptions, f is not congruent to a constant 
modulo �, and therefore f �∈ F . Then the existence of n as in the lemma follows from 
the definition of F . �
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4. Ramanujan-type and Hecke congruences

Ramanujan-type congruences with gap (3.2) in Theorem 3.1 are one of the key dis-
coveries in this paper. They provide a link between Ramanujan-type congruences and 
congruences for Hecke eigenvalues. In this section, we will decipher this relation.

For completeness, we refer to Example 3.4 for the construction of Ramanujan-type 
congruences at the level.

4.1. Ramanujan-type congruences constructed through the Θ-operator

Prior to embarking on the study of congruences for Hecke eigenvalues if � �M , we 
point out Ramanujan-type congruences that can be constructed through the Θ-operator 
and the Hecke operator U� modulo �. Correspondingly, our first proposition is centered 
around the case that � divides M . We emphasize in our statement that the Ramanujan-
type congruences that we obtain are maximal.

Proposition 4.1. Let � be an odd prime, m positive integers, and β an integer. Then there 
is a modular form f of even weight and level 1 such that

∀n ∈ Z : c(f ; �mn + �m−1β) ≡ 0 (mod �) and

∃n ∈ Z : c(f ; �m−1n ) �≡ 0 (mod �).

Proof. In this proof all modular forms have even weight and rational and �-integral 
Fourier coefficients.

We recall the operator Θ := (2πi)−1 ∂τ and its action on the Fourier expansion of a 
modular form g:

Θ g =
∑
n

nc(g;n)e(nτ).

Lemma 3 of [24] or Corollary 2 to Theorem 5 of [20] and the congruence between the 
holomorphic part of the weight 2 Eisenstein series and the Eisenstein series of weight � +1
imply that Θ g is congruent modulo � to a modular form of weight k + � + 1 if g has 
weight k.

For β′ ∈ Z, we set

U�,β′ g :=
∑

n≡β′ (mod �)

c(g;n)e(nτ) (4.1)

and U� := U�,0. Inspecting the action on Fourier expansions, we see that U� acts on 
modular forms modulo � as 1 −Θ�−1. In particular, it maps modular forms modulo � to 
modular forms modulo �.
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The assertion in the proposition is equivalent to finding a modular form f level 1 such 
that U�,β Um−1

� f ≡ 0 (mod �) and Um−1
� f �≡ 0 (mod �).

Consider the case � |β. There is a cusp form g �≡ 0 (mod �), say the discrimi-
nant form, of even weight. In particular, there is a positive integer �jβ′ with � �β′

such that c(g, �jβ′) �≡ 0 (mod �). Then from the action on Fourier expansions, we see 
that g1 := Θ Uj

� g �≡ 0 (mod �) and U� Θ Uj
� g ≡ 0 (mod �). If m = 1, we set f = g1 and 

finish the proof.
Consider the case � �β. There is a modular form g such that U� g �≡ 0 (mod �), since 

the U�-operator modulo � is surjective [9]. We set

g1 := g −
(
β

�

)
Θ

�−1
2 g �≡ 0 (mod �).

Inspecting Fourier coefficients, we discover that U�,β g1 ≡ 0 (mod �). If m = 1, we 
set f = g1 and complete the proof.

For m > 1, we employ the surjectivity of the U� operator another time. Let g1 be as 
before and let gm be a level 1 modular form such that Um−1

� gm ≡ g1 (mod �). Then we 
finish the proof with f = gm. �
Example 4.2. In specific cases, we can make Proposition 4.1 more explicit, but the result-
ing modular forms quickly have gargantuan weight. For instance, choose g = Δ, � = 17, 
and β co-prime to � and not a square modulo �. Then the g1 and g2 in the proof of 
Proposition 4.1 have filtration weight 204 and 3180, as we have verified using Sage [19]. 
The Fourier expansion of g2 is of the form

7e(τ) + 9e(2τ) + e(17τ) + 10e(34τ) + 7e(68τ) + 7e(136τ) + 2e(153τ)

+ 7e(221τ) + 11e(255τ) + O(e(266τ)).

4.2. Ramanujan-type congruences implied by Hecke congruences

We start our investigation of how congruences for Hecke eigenvalues imply Ramanujan-
type congruences with a special case of a theorem by Treneer [25]. The second part of 
the next proposition was not stated by Treneer, but readily follows from her proof.

Proposition 4.3 (cf. Theorem 1.2 (ii) by Treneer [25]). Let � be an odd prime. Fix a 
modular form f of integral weight for a Dirichlet character modulo N . Assume that f

has �-integral Fourier coefficients and that � �N .
Given a non-negative integer m, let Pm be the set of prime p ≡ −1 (mod �N) with 

the property that we have the Ramanujan-type congruence with gaps

∀n ∈ Z \ (pZ ∪ �Z) : c(f ; �mpn) ≡ 0 (mod �).
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Then there is an m such that Pm has positive upper density.
If f is a cusp form, the set of primes p ≡ −1 (mod �N) with the property that

∀n ∈ Z \ pZ : c(f ; pn) ≡ 0 (mod �)

has positive upper density.

Remark 4.4. By (3.5) in Theorem 3.1, we see that the congruences in Proposition 4.3
cannot be improved if Um

� f �≡ 0 (mod �) in the first case or f �≡ 0 (mod �) in the second 
one.

The key idea in the proof of this proposition goes back to work of Ono and Ahlgren-
Ono [2,14], who used a density statement for Hecke eigenvalues by Serre [21] in con-
junction with the recursion for Fourier coefficients implied by a congruence for Hecke 
eigenvalues. Serre’s statement naturally comes in two flavors, and Treneer showcased the 
consequences of one of them. The next proposition captures all Ramanujan-type congru-
ences that are implied by congruences for Hecke eigenvalues, and allows us to make use 
of the other flavor of Serre’s theorem. It features the classical Hecke operator, which we 
in this paper denote by Tcl

p .

Proposition 4.5. Fix a number field K ⊂ C and a prime ideal � ⊂ OK with � � 2. Let f be 
a modular form of integral weight k for a Dirichlet character χ modulo N with Fourier 
coefficients c(f ; n) ∈ OK,�. Consider a prime p that is co-prime to �N . Assume that we 
have the congruence

f
∣∣
k,χ

Tcl
p ≡ λpf (mod �), λp ∈ OK,�.

If λ2
p ≡ 4χ(p)pk−1 (mod �), we have the Ramanujan-type congruence with gaps

∀n ∈ Z \ pZ : c(f ; pmn) ≡ 0 (mod �) (4.2)

for a positive integer m if and only if m ≡ −1 (mod �). If λ2
p �≡ 4χ(p)pk−1 (mod �) and 

the L-polynomial

1 − λpX + χ(p)pk−1X2 ≡ (1 − αpX)(1 − βpX) (mod �)

factors over FK,�, then (4.2) holds if and only if αm+1
p ≡ βm+1

p (mod �).

Proof. We capture the Fourier expansion modulo � of f as a formal Dirichlet series

∞∑
n=1

c(f ; n)n−s ≡ 1
1 − λpp−s + χ(p)pk−1p−2s

∞∑
n=1
p �n

c(f ; n)n−s.
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After extending K if needed and replacing � by any of the prime ideals above it, we can 
factor the L-polynomial as in the statement. Since the condition in the first part of the 
statement that λ2 − 4χ(p)pk−1 ∈ K ∩ � can be expressed over the original field K, we do 
not require this field extension in the context of (4.2). We recognize that the congruence

m∑
i=0

αi
pβ

m−i
p ≡ 0 (mod �)

is equivalent to the Ramanujan-type congruence with gaps in (4.2).
If λ2

p ≡ 4χ(p)pk−1 (mod �), we have αp ≡ βp (mod �), and (4.2) occurs for � |(m + 1), 
i.e., m ≡ −1 (mod �) as claimed.

Consider the case λ2
p �≡ 4χ(p)pk−1 (mod �), which implies αp �≡ βp (mod �). Since 

we have � � p, p �N , and αpβp = χ(p)pk−1, both αp and βp are units modulo �. We can 
therefore rephrase the congruence condition as

m∑
i=0

αi
pβ

m−i
p =

αm+1
p − βm+1

p

αp − βp
≡ 0 (mod �). �

Combining Proposition 4.5 with Serre’s results, we obtain the following congruences.

Corollary 4.6. Let � be an odd prime. Fix a modular form f of integral weight for a 
Dirichlet character modulo N . Assume that f has �-integral Fourier coefficients and 
that � �N .

Given a non-negative integer m, let Pm be the set of primes p ≡ 1 (mod �N) with the 
property that we have the Ramanujan-type congruence with gaps

∀n ∈ Z \ (pZ ∪ �Z) : c(f ; �mp�−1n) ≡ 0 (mod �).

Then there is an m such that Pm has positive upper density.
If f is a cusp form, the set of primes p ≡ 1 (mod �N) with the property that

∀n ∈ Z \ pZ : c(f ; p�−1n) ≡ 0 (mod �)

has positive upper density.

Proof. We can reduce our considerations to the case of cusp forms by invoking Theo-
rem 3.1 of [25]. Serre states in Exercise 6.4 of [21] (see also Corollary 3.13 of [23]) that 
a set of positive upper density of primes p ≡ 1 (mod �N) has the property that Tcl

p acts 
by multiplication with 2 on the space of cusp forms modulo � of fixed integral weight 
for fixed Dirichlet character. In particular, there is a set of positive upper density of 
such primes with f |kTcl

p ≡ 2f (mod �). We can now employ Proposition 4.5 with λp = 2
and λ2

p ≡ 4 ≡ 4χ(p)p1−k (mod �). �
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Serre’s result arises from a combination of the Chebotarev Density Theorem and inte-
gral models for �-adic Galois representations associated with modular forms. The latter 
encode the Hecke eigenvalues of newforms via their image under the (conjugacy classes 
of the) Frobenius elements. The former then yields a positive proportion of Frobenius 
elements in any conjugacy class of the image modulo � once the intersection of that con-
jugacy class with the image modulo � is not empty. There are only two elements of the 
absolute Galois group of Q whose image can be uniformly described for all newforms, 
namely the identity and the complex conjugation. Their images correspond to the two 
cases in Serre’s theorem.

4.3. Hecke modules

While Hecke operators Tcl
p act semi-simply on spaces of modular forms Mk(Γ0(N), χ), 

p �N , there are plenty of exceptions to this for modular forms modulo �, which arise 
from congruences between cusp forms [18]. Concrete examples from the early days of 
the theory were provided by, for example, Hida [11] and Zagier [28]. An investigation of 
the situation in level 1, formulated in more modern terms, was pursued by Bellaïche and 
Khare [6], while the case of Eisenstein congruences for square-free levels, rooted in work 
of Mazur [13] on prime levels, appears in work of Wake and Wang-Erickson [26].

Example 4.7. When restricting to cusp forms of level N = 1, the first examples occur 
already in weight k = 24. For example, if � = 3 and p ∈ {2, 5}, then Tcl

p acts nilpotently, 
but not as zero. Specifically, we have a generalized Hecke eigenforms

f1 = Δ2 ≡ e(2τ) + 2e(5τ) + O(e(6τ)) (mod 3),

f0 = ΔE2
6 ≡ e(τ) + O(e(3τ)) (mod 3)

with Tcl
2 f1 ≡ f0 (mod 3) and Tcl

2 f0 ≡ 0 (mod 3).
One of the first examples with λ �≡ 0 (mod �) arises from weight k = 36, � = 7, 

and p = 2. We then have generalized Hecke eigenforms

f1 = Δ2E2
6 + 4Δ3 ≡ e(2τ) + 5e(3τ) + e(4τ) + 6e(5τ) + 6e(6τ) + O(e(6τ)) (mod 7),

f0 = ΔE4
6 ≡ e(τ) + 4e(2τ) + O(e(4τ)) (mod 7)

with (Tcl
2 − 4) f1 ≡ f0 (mod 7) and (Tcl

2 − 4) f0 ≡ 0 (mod 7). Observe that also this case 
is slightly special, since λ2 ≡ 4χ(p)pk−1 (mod �), so that the L-polynomial of f0 is not 
separable modulo �.

Since we cannot find a basis of Hecke eigenforms of Mk(χ; OK,�) (mod �) in all cases, 
Proposition 4.5 does not strictly exhaust all possibilities. In this section, we show that 
Ramanujan-type congruences remain stable under the action of Hecke operators. In 
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particular, Ramanujan-type congruences for some modular form imply Ramanujan-type 
congruences for Hecke eigenforms modulo �.

Fix a number field K ⊂ C, a prime ideal � ⊂ OK , an integral weight k, and a 
Dirichlet character χ modulo N . Consider a positive integer M , gcd(M, �N) = 1, and an 
integer β. We let Msf be the largest square-free divisor of M , and assume that M exactly 
divides βMsf , i.e., M |βMsf and gcd(M, βMsf/M) = 1. We define the OK,�-modules

R×
�

(
MZ + β, Sk(χ)

)
:=
{
Sk(χ;OK,�) : ∀n ∈ Z, gcd(n,M) = 1 :

c(f ; (M/Msf)n) ≡ 0 (mod �)
}

R�

(
MZ + β, Sk(χ)

)
:=
{
Sk(χ;OK,�) : ∀n ∈ Z : c(f ;Mn + β) ≡ 0 (mod �)

}
.

(4.3)

The condition that M exactly divides βMsf is required to conveniently formulate the first 
set. This condition does not restrict our scope by Theorem 3.1 (2). Note also that the 
first set does not depend on β. We preserve it our notation to indicate that it comprises 
congruences implied by the Ramanujan-congruence on MZ + β.

The next theorem states that the OK,�-modules in (4.3) are Hecke-modules away 
from gcd(M, �N) for odd �. If � is even only Ramanujan-type congruences with gap are 
stable under the Hecke action for integral weights.

Theorem 4.8. Consider the sets of cusp forms with a Ramanujan-type congruence (with 
gap) as in (4.3). Given a prime p, p � gcd(M, �N), we have

R×
�

(
MZ + β, Sk(χ)

)∣∣
k,χ

Tcl
p ⊆ R×

�

(
MZ + β, Sk(χ)

)
.

If � � 2 and gcd(M, �N) = 1, we have

R�

(
MZ + β, Sk(χ)

)∣∣
k,χ

Tcl
p ⊆ R�

(
MZ + β, Sk(χ)

)
.

The proof of Theorem 4.8 requires some preparation, which will equally come to use 
in the proof of Theorem 4.11. We first make the relation between the two spaces in (4.3)
explicit.

Proposition 4.9. For the sets of cusp forms with a Ramanujan-type congruence (with 
gap) as in (4.3), if � � 2 and gcd(M, �N) = 1, we have

R×
�

(
MZ + β, Sk(χ)

)
= R�

(
MZ + β, Sk(χ)

)
. (4.4)

Proof. Assume that f is contained in the left hand side. Since M exactly divides βMsf , 
we find that

Mn + β =
(
M/Msf

)(
MsfZ + βMsf/M

)
⊆
(
M/Msf

){
n ∈ Z : gcd(n,M) = 1

}
.

This proves that the left hand side is contained in the right hand side.
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Conversely, assume that f lies in the right hand side. Let PM be the set of prime 
divisors of M , set MP =

∏
p∈P Mp and M#

P = M/MP . By induction on the cardinality 
of P ⊆ PM , we will show that

∀n ∈
(
M#

P Z + β
)
∩
⋂
p∈P

(Mp/p)
(
Z \ pZ

)
: c(f ; n) ≡ 0 (mod �). (4.5)

If P = ∅, the condition in (4.5) is the same as the one describing the right hand side 
of (4.4). In particular, we can assume that (4.5) holds for P = ∅. If P = PM , it is the 
condition describing elements of the left hand side of (4.4), meaning that we have finished 
the proof, once (4.5) is established for P = PM .

Consider some nonempty P ⊆ PM and fix one q ∈ P . By induction, we can assume 
that (4.5) holds for P replaced by P \ {q}. Given β′ in(

M#
P\{q}Z + β

)
∩
⋂

p∈P\{q}
(Mp/p)Z \ pZ (4.6)

the induction hypothesis implies a Ramanujan-type congruence on MZ + β′ for f mod-
ulo �. Then Theorem 3.1 (1) and the reformulation of its conclusion in (3.6) show that 
we have

∀n ∈
(
M#

q Z + β′) ∩ (Mq/q)
(
Z \ qZ

)
: c(f ; n) ≡ 0 (mod �).

Now the statement in (4.5) for the given P follows from⋃
β′

(
M#

q Z + β′) ∩ (Mq/q)
(
Z \ qZ

)
=
(
M#

P Z + β
)
∩
⋂
p∈P

(Mp/p)
(
Z \ pZ

)
,

where β′ runs through (4.6). This finishes the induction step and thus the proof. �
We write L(f, s) =

∑∞
n=1 c(f ; n)n−s for the L-series associated with a modular form f

for, say, Γ1(N), and Lp(f, s) =
∑

p �n c(f ; n)n−s for the L-series away from p. Given a 
generalized Hecke eigenform f of eigenvalue λp (mod �) under Tcl

p , we let the L-polyno-
mial at p be Lp(λp, X) := 1 −λpX+χ(p)pk−1X2. Observe that we suppress k and χ from 
our notation. In complete analogy with modular forms, we will say that two L-series are 
congruent modulo �, if their coefficients are.

Consider an eigenform f of the classical Hecke operator Tcl
p with eigenvalue λp. 

The L-series of f admits the factorization L(f, s) = Lp(λp, p−s)−1 Lp(f, s). The next 
lemma extends this to generalized Hecke eigenforms.

Lemma 4.10. Fix a number field K ⊂ C and a prime ideal � ⊂ OK . Let f be a modular 
form of integral weight k for a Dirichlet character χ modulo N with Fourier coeffi-
cients c(f ; n) ∈ OK,�. Consider a prime p that is co-prime to �N . Assume that we have 
the generalized congruence
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f
∣∣
k,χ

(
Tcl

p − λp

)d+1 ≡ 0 (mod �), λp ∈ OK,�,

for some nonnegative integer d. Given a nonnegative integer t, set

ft := f
∣∣
k,χ

(
Tcl

p − λp

)t.
Then we have

L(f, s) ≡
d∑

t=0

p−st Lp(ft, s)
Lp(λp, p−s)t+1 (mod �). (4.7)

Proof. For any modular form g ∈ Mk(Γ0(N), χ) and any integer n, we have the usual 
formula

c
(
g
∣∣
k,χ

Tcl
p ;n
)

=
{
c(g;np), if p �n;

c(g;np) + χ(p)pk−1c(g;n/p), if p |n.
(4.8)

Applying this to ft, 0 ≤ t < d, we find the recursion formula

Lp(λp, p
−s) L(ft, s) − Lp(ft, s) ≡ p−s L(ft+1, s) (mod �),

where the second term on the left hand side arises from the condition that n is an integer 
in the previous coefficient formula. After solving for L(ft, s) this yields the statement 
when applying induction on d. �
Proof of Theorem 4.8. Proposition 4.9 says that if � � 2 and gcd(M, �N) = 1, Ramanu-
jan-type congruences are equivalent to Ramanujan-type congruences with gap. Therefore 
the second part of the Theorem 4.8 follows from the first one.

Fix an element f of R×
� (MZ + β, Sk(χ)). If we have p �M , the Fourier coefficient 

formula alike the one in (4.8) implies that f |Tcl
p ∈ R×

� (MZ + β, Sk(χ)) as desired. 
Therefore, we can and will assume that p |M and hence gcd(p, �N) = 1.

We have a Ramanujan-type congruence modulo � of f on MZ + β′ for all integers β′

that satisfy gcd(β′, M) = gcd(β, M). We factor M = MpM
#
p with a p-power Mp and M#

p

co-prime to p, and set

fp :=
∑
n∈Z

gcd(n,M#
p )=gcd(β,M#

p )

c(f ; n)e(nτ) = f
∣∣
k,χ

∏
qm ‖ gcd(β,M#

p )

Um
q

(
1 − UqVq

)
Vm

q ,

where q runs through the prime divisors of gcd(β, M#
p ). From the second expression 

for fp becomes clear that it is a modular form for the Dirichlet character χ modulo, 
say, gcd(β, M#

p )4 N . From the defining expression for fp, we deduce that the Ramanujan-
type congruence with gap for f is equivalent to
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∀n ∈ Z \ pZ : c(fp; (Mp/p)n) ≡ 0 (mod �).

Since Tcl
p commutes with both Uq and Vq, q �= p, in the remainder of the proof we can 

and will assume that M = Mp = pm+1, m a nonnegative integer.
By Lemma 4.10, it suffices to show that for every nonnegative integer t, we have

∀n ∈ Z \ pZ : c(ft; (Mp/p)n) ≡ 0 (mod �),

where in the remainder of the proof ft is as in Lemma 4.10. We also adopt d from 
Lemma 4.10. We write c(g(X); m) for the m-th coefficient of a power series g(X). By 
inspecting the coefficient of (pmn)−s on the right hand side of (4.7), for any positive 
integer n co-prime to p, we obtain that

c(f ; pmn) ≡
d∑

t=0
c
(
Xt Lp(λp, X)−t−1; m

)
c
(
ft;n
)

(mod �).

We can and will assume that d is minimal, so that the modular forms ft, 0 ≤ t ≤ d, 
are linearly independent modulo �. By Lemma 3.9 there is a set of positive integers n co-
prime to p such that the matrix with entries c(ft; n), 0 ≤ t ≤ d, is invertible modulo �. In 
particular, we conclude the congruence c

(
Xt Lp(λp, X)−t−1, m

)
≡ 0 (mod �) for all 0 ≤

t ≤ d.
Applying Lemma 4.10 again, we find that, for 0 ≤ j ≤ d,

c(fj ; pmn) ≡
d−j∑
t=0

c
(
Xt Lp(λp, X)−t−1; m

)
c
(
ft+j ;n

)
(mod �).

By this relation, the congruences c
(
Xt Lp(λp, X)−t−1, m

)
≡ 0 (mod �) imply the desired 

congruences c(fj ; pmn) ≡ 0 (mod �). �
4.4. Hecke congruences implied by Ramanujan-type congruences

In this section, we will show that under the hypothesis that � � 2 Ramanujan-type 
congruences are equivalent to specific congruences for Hecke eigenvalues. Theorem 4.8
allows us to restrict to generalized Hecke eigenforms.

Theorem 4.11. Fix a number field K ⊂ C and a prime ideal � ⊂ OK , � � 2. Let f be a 
modular form of integral weight k for a Dirichlet character χ modulo N with Fourier 
coefficients c(f ; n) ∈ OK,�. Fix a power M of a prime p, gcd(p, �N) = 1, and an inte-
ger β. Assume that f is a generalized Hecke eigenform modulo � for Tcl

p of eigenvalue λp

of depth d.
Provided that f �≡ 0 (mod �), the following are equivalent:
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(1) We have the Ramanujan-type congruence

∀n ∈ Z : c(f ; Mn + β) ≡ 0 (mod �).

(2) For every 0 ≤ t ≤ d the coefficient of exponent gcd(M, β) in the following formal 
power series vanishes modulo �:

Xt
(
1 − λpX + χ(p)pk−1X2)−t−1.

Remark 4.12. Congruences for the coefficients of (1 −λpp
−s+χ(p)pk−1p−2s)−1 character-

ize Ramanujan-type congruences on MZ + β of the Hecke eigenform associated with f . 
In particular, Proposition 4.5 yields a more explicit description of them.

Before proving Theorem 4.11, we establish one corollary on densities of Ramanujan-
type congruences.

Corollary 4.13. Let �, f , M , and β be as in Theorem 4.11, and fix a positive integer m. 
Then the set of primes p such that

∃β ∈ Z : ∀n ∈ Z : c(f ; Mpmn + β) ≡ 0 (mod �)

is frobenian in the sense of §3.3.2 of Serre [23]. In particular, it has a density.

Proof. Combine the characterization in Theorem 4.11 with Remark 3.11. �
Remark 4.14. In a similar vein, by virtue of Proposition 4.5, Theorem 4.8, and Re-
mark 3.11, any cusp form as in Theorem 4.11 that has a Ramanujan-type congruence 
modulo � on, say, the arithmetic progression pm(pZ +βp), � � p, has Ramanujan-type con-
gruences modulo � on qm(qZ + βq) for a set of primes q with q ≡ p (mod �) of positive 
density.

Proof of Theorem 4.11. Since we assume that � � 2, by Theorem 3.1 (1) and (3), we can 
assume that M exactly divides βp. We write M = pm+1 for a nonnegative integer m.

The proof follows closely the lines of the proof of Theorem 4.8. Adopting notation 
from there, for any positive integer n co-prime to p, we have

c(f ; pmn) ≡
d∑

t=0
c
(
Xt Lp(λp, X)−t−1; m

)
c
(
ft;n
)

(mod �).

This reveals that (2) implies (1).
For the converse, we employ Lemma 3.9. It guarantees that there is a set of positive 

integers n co-prime to p such that the matrix with entries c(ft; n), 0 ≤ t ≤ d, is invertible 
modulo �. This suffices to establish that (1) implies (2). �



46 M. Raum / Advances in Mathematics 409 (2022) 108668
We finish this paper with a proof of Corollary F and a justification of Example G.

Proof of Corollary F. By Theorems 4.8 and 4.11, we can employ the conditions listed in 
Proposition 4.5 to rule out Ramanujan-type congruences. Using notation from Propo-
sition 4.5, in the case of λ2

p ≡ 4χ(p)pk−1 (mod �) the assumption that � �(m + 1)
excludes such congruences. In the case λ2

p �≡ 4χ(p)pk−1 (mod �), we have the condi-
tion αm+1

p ≡ βm+1
p (mod �). Since m + 1 is co-prime to the order � − 1 of the unit 

group F×
� = (Z/�Z)×, this is equivalent to αp ≡ βp (mod �). This entails the congru-

ences 4λ2
p ≡ 4χ(p)pk−1 (mod �), a contradiction. �

Proof of Example G. Assume that we have a Ramanujan-type congruence modulo �

for Δ on the arithmetic progression MZ +β. We first show that we may assume that M
is a prime power. Consider the case that it is not. Then there is a prime p �= � with p |M
and M#

p �= 1, where we use the same notation as in Theorem B.
We have to show that Δ has a Ramanujan-type congruence on at least one of the 

progressions M#
p Z + β or MpZ + β. Consider the modular form

Δp(τ) :=
∑
n∈Z

gcd(n,M#
p )=gcd(β,M#

p )

c(Δ; n)e(nτ),

which has a Ramanujan-type congruence on MpZ + β by Theorem 3.1 (1). We can and 
will assume that Δp �≡ 0 (mod �), since we have otherwise discovered a Ramanujan-type 
congruence for Δ on M#

p Z + β.
We apply Theorem B to find that the Ramanujan-type congruence for Δp arises from 

congruences for Hecke eigenvalues. Since Δ and hence Δp is an eigenform for the p-th 
classical Hecke operator, the following congruence suffices:

Δp

∣∣
12 Tcl

p ≡ c(Δ, p)Δp (mod �).

We now apply Proposition 4.5 to show that Δ already has a Ramanujan-type congruence 
on MpZ + β.

The case that M is a power of � requires us to prove that we may assume that M = �. 
If we have a U�-congruence this is clear. We can therefore assume that the U�-eigenvalue 
of Δ (mod �) does not vanish. We can employ Proposition 3.5 to reduce ourselves to the 
case that M = �m+1 and β = �mβ0 for some β0 with � �β0. To conclude the argument, 
we use that Δ (mod �) is an eigenform with nonzero eigenvalue under Um

� . This implies 
that we have a Ramanujan-type congruence on the arithmetic progression �Z + β0. �
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