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Abstract

In the last decades thermodynamics has seen a resurgence because of the
interesting phenomena that happen in small-scale systems. Indeed, in
nanoscale devices, quantum effects and fluctuations cannot generally be
neglected and influence both the transport and their thermodynamic
performance. In particular, most devices operate out of equilibrium, where
additional fluctuations emerge and nonthermal distributions may occur.
Using the scattering theory formalism, the articles discussed in this thesis
contribute to two different aspects of transport in out-of-equilibrium
mesoscopic conductors, namely current fluctuations under out-of-equilibrium
conditions and the effect of nonequilibrium (or nonthermal) distributions as a
resource for thermodynamic operations.

On the one hand, we study the out-of-equilibrium fluctuations in the absence
of current, focusing on the shot noise for heat, spin, and charge currents. In
particular, we prove the existence of a general bound, namely that, when the
zero average charge current is achieved using a temperature and a voltage bias,
the charge shot noise is always smaller than the thermal noise.

On the other hand, we introduce a novel quantum transport model to analyze
the performance of a hot-carrier solar cell. This device combines aspects of
thermoelectric and photovoltaic devices to enhance its performance. Using our
model, we show that exploiting the nonequilibrium resource of a nonthermal
distribution improves power production.

Keywords: Fluctuations and noise; Charge, heat and spin transport; Shot
noise; Nonequilibrium thermodynamics; Mesoscopic thermoelectricity;
Hot-carrier solar cell
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Chapter 1

Introduction

This thesis and the appended papers deal with electronic mesoscopic systems
out of equilibrium. Mesoscopic systems are attracting increasing interest as
devices, for example transistors, become smaller and quantum effects affect
their behavior [1]. In particular, while quantum mechanics worsen the perform-
ance of classical devices, it offers new possibilities for novel and advantageous
technologies both from a theoretical and an experimental point of view, for
example quantum computing [2]. This is made possible by the low temperat-
ures reached in such quantum devices [3], ranging from 100 K to sub-Kelvin
temperatures, which allow quantum coherence to take place. The mesoscopic
devices considered in this thesis are such that their dimension is smaller than
the electron coherence and thermalization lengths. This makes the electron
wavefunction propagate through the device without losing coherence, thereby
allowing quantum mechanical effects to take place in the device. Such kind of
propagation is studied in the wider field of quantum transport, whose research
is focused on currents flowing under quantum effects. The currents investigated
are often charge and heat currents, which are fundamental for characterizing
the thermodynamic properties of electronic systems, and are crucial for ther-
moelectricity [4]. Nonetheless, additional kinds of currents are investigated
depending on the system. For instance, spin currents are fundamental in the
field of spintronics [5].

However, for transport to happen and currents to be non-zero, the system
needs to be out of equilibrium. In fact, equilibrium systems can be quite
uninteresting for their lack of dynamics and resources. This is illustrated by
the second law of thermodynamics, which does not allow entropy decrease,
when applied to the equilibrium state, which has maximum entropy. Therefore,
out-of-equilibrium systems are necessary for many useful tasks, for example re-
frigeration and power production. Mesoscopic devices improve the performance
of such tasks by exploiting quantum effects and offer the possibility of local op-
eration, for example on-chip cooling [6], thanks to their small size. Concretely,
most devices operate out of equilibrium through the presence of some bias, for
example voltage or temperature biases, driving the currents. This is the case in
quantum heat engines (7] 8], refrigerators [9} |10], current rectifiers [11H13], and
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many more [14-17|. However, it is also possible to induce currents by using the
nonequilibriumness of a particle distribution as the resource. This was recently
shown in Refs. |18, [19], where the nonequilibrium resource alone is used to
fuel a refrigerator. An interesting device that has the capability of exploting
such nonequilibriumness to produce power is the hot-carrier solar cell [20],
which proposes to improve solar cells performance by exploiting high-energy
(hot) carriers. In such a device the fast carrier extraction allows to exploit a
nonthermal particle distribution to drive a charge current, and, consequenly,
produce power. Additionally, with a slower extraction the particle distribution
thermalizes and the efficacy of nonequilibrium can be tested.

Another consequence of out-of-equilibrium is the rise of additional noise,
called shot noise. Usually, noise is considered detrimental because it hinders
the accuracy of the device. However, fluctuations can reveal additional insight
into the system considered, and therefore are worth studying and measuring.
In particular, shot noise observations are not only used to characterize the
conductance of mesoscopic conductors |21], but have also allowed to observe
physical phenomena, like the fractional quantum Hall effect [22, |23]. Ad-
ditionally, fluctuations play a crucial role in both stochastic and quantum
thermodynamics, in which the randomness of observation outcomes is an im-
portant feature. These fields have attracted increasing interest in the last
decades thanks to the technological developments in nanotechnology, which
provides an experimental testing ground for the theory. In particular, the role
of fluctuations is currently being investigated to establish fluctuation relations
out of equilibrium, thermodynamic uncertainty relations, and connections to
information.

While all the appended papers concern electronic mesoscopic systems out of
equilibrium, papers [I] and [II] contribute to the research towards fluctuations,
whereas paper [III] does it towards thermoelectric mesoscopic devices and
nonequilibriumness as a resource. Specifically, in [I] and [II] the shot noise in
the absence of currents is considered. This kind of noise was dubbed delta-
T noise for its emergence when establishing a temperature bias, and was
recently measured for the first time in Ref. [24]. While this experimental
result paves the way for future measurements, the theoretical work in paper
[I] studies the properties of such noise on both charge and heat currents. In
particular, paper [I] analyzes both shot and thermal noises and their relation,
proving a bound between them. Paper [II] extends the results of paper [I]
providing a more detailed description of the noises, and extending the results
to the finite-frequency noise and spin transport. Therefore, papers [I] and [II]
motivate further endeavors to experimentally test the theoretical results and
further studies on delta-T noise to investigate its properties and connections
to information. Instead, paper [III] proposes a quantum transport model
to describe the performance of hot-carrier solar cells. Recently, proofs of
concept experiments on such devices have been realized using nanowires |25/
29]. However, the theoretical characterization of the devices is often limited by
the complexity of the underlying processes. The model introduced in paper [I1]]
provides a simple description by focusing on the main properties of the involved
processes. In this way, the model allows us to describe power production out of
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Figure 1.1: (a): Examples of equilibrium (top panel) and nonequilibrium
(bottom panel) probability distributions. The equilibrium distributions have
well-defined chemical potential x4 and temperature, hot (red) or cold (blue).
Instead, the nonequilibrium distribution does not. (b): Example of device
locally at equilibrium. The heater (red) establishes a temperature difference
between the ends of the nanowire (green). This out-of-equilibrium condition
generates electric current through the nanowire. Source: \\

a nonequilibrium distribution, and provides a thermodynamic characterization
of the device. In particular, the latter shows that the hot-carrier solar cell is
a bridge between the fields of thermoelectrics and photovoltaics. Paper [III]
provides guidelines to improve the performance of hot-carrier solar cells in their
realization. However, further studies are required for the model to effectively
reproduce experiments.

1.1 Equilibrium and out-of-equilibrium systems

In order to discuss systems out of equilibrium, we first need to define what
equilibrium is and how systems at equilibrium are characterized. Equilibrium
represents the lack of information on a system . In particular, the equilib-
rium state is described by the least-assuming probability distribution, namely
the distribution that maximizes the entropy under some constraints. Such
constraints depend on what quantities of the considered system are allowed to
fluctuate around their average, and determine the ensemble used to describe
the system. The ensemble in which both energy and number of particles
can fluctuate is the grand-canonical ensemble, in which the system exhibits
well-defined temperature T and chemical potential x. Additionally, when the
system is comprised of fermions, such as electrons, the Pauli exclusion principle
allows to determine the occupation probability of each quantum state. This
probability is given by the Fermi distribution, namely

1
" 1+ exp|(E — p)/ksT)’

f(E) (1.1)

illustrated in Fig. [[.I(a), and where kg is the Boltzmann constant. Whenever
an electronic system is not described by a unique Fermi distribution we say that
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the system is out of equilibrium. In many experiments the out-of-equilibrium
regime is reached by having two sides of the system at different temperatures and
chemical potentials. This means that, while each side is locally at equilibrium,
the global system is not. Indeed, there are no unique temperature and chemical
potential describing the distribution of the whole system. An example of this
kind of setup is illustrated in Fig. [[.I(b): the two sides of the device have
different temperatures and chemical potentials thanks to the local heating and
voltage bias applied. These sides act as electronic reservoirs, namely systems
at equilibrium with large heat capacitance, such that their temperatures are
virtually unaffected by the transport. In the example above, transport is made
possible by a nanowire heterostructure connecting the electronic reservoirs.
Nonetheless, there are many other stuctures that can make transport happen, for
instance quantum point contacts [32], quantum dots [30} [33], or even molecules
[34]. Since controlling chemical potentials and temperatures is experimentally
feasible, many experiments investigate the thermoelectric properties of these
different structures, which can then be implemented in thermometry, heat
management, and work production. In Chapter [3| we will discuss thermoelectric
devices in more detail. By contrast, out-of-equilibrium systems which exploit
nonequilibrium probability distributions, namely local distributions different
from the equilibrium one, are more difficult to approach both experimentally
and theoretically. In fact, it is much harder to characterize and measure a
nonequilibrium distribution compared to an equilibrium one. However, this
kind of distribution can provide additional resources to perform useful tasks
due to the entropy difference between the nonequilibrium distribution and the
equilibrium one.

While papers [I] and [IT] study the role of fluctuations in devices comprised of
two reservoirs in different equilibrium states, paper [I1I] investigates the effect of
nonequilibrium distributions on the performance of hot-carrier solar cell. In fact,
even though such distributions are more challenging to study, they can often
appear in transient dynamics or in regions between equilibrium distributions.
This is the case in hot-carrier solar cells, where the carrier distribution is highly
nonthermal when the carrier extraction is fast. Thus, such a nonequilibrium
resource can be exploited to further improve the performance of the device.

1.2 Fluctuations

In classical macroscopic thermodynamics fluctuations are often neglected be-
cause their relative strength decreases with the number of elements N in the
system, namely, for an observable O, (AO?)/(0)? ~ N~'/2, In mesoscopic sys-
tems this is not the case, and fluctuations can reveal additional insights on the
physics of the system. A seminal result on fluctuations was the Nyquist-Johnson
noise[35, |36], which relates the charge current fluctuations to the temperature
of the sample. This relation is an early example of the fluctuation-dissipation
theorem [37], which was further generalized in the Green-Kubo relations 38|
39] between correlations and transport coefficients. While these results are
fundamental in the study of fluctuations, they are valid only for systems close
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to equilibrium. In fact, in out-of-equilibrium systems such relations do not
generally hold, and fluctuations have much richer features. For example, in the
field of stochastic thermodynamics, fluctuation theorems [40H43] play a crucial
role in the description of nonequilibrium systems and their entropy, and were
instrumental for establishing the thermodynamic uncertainty relations [44-47].
Additionally, the out-of-equilibrium fluctuations have also proved to be useful
in characterizing mesoscopic conductors. Indeed, while at equilibrium the
noise is induced by the the randomness of the thermal excitation, hence called
thermal noise, a different kind of noise emerges out of equilibrium. This noise
is called shot noise (or partition noise) and originates from the discreteness of
the transported particles. Apart from characterizing nanoscopic conductors
[21], shot noise has been used in the detection of fractional charges |22} 23],
Cooper pairs |48| 49], Bogoliubov quasiparticles [50], as well as in thermometry
[51, 52] and quantum tomography [53H55].

While paper [I1I] focuses on the average currents, papers [I] and [II] are
centered around the delta-T noise. This kind of noise is named after the
temperature bias applied in the absence of a voltage bias which produced
the fluctuations. However, it was first measured in electron-hole symmetric
systems [24} |56 [57], in which the absence of a voltage bias corresponds to a
vanishing average charge current. Thus, a general extension of the delta-T
noise that applies to any mesoscopic conductor is the noise in the absence of
currents. This noise is particularly interesting because it is allows to detect
out-of-equilibrium conditions which maintain zero average current, as happens
at equilibrium. Moreover, the fluctuations in absence of current were shown
to satisfy the fluctuation-dissipation theorem in systems obeying the local
detailed balance [58]. Therefore, this kind of noise may be used to test the
fluctuation-dissipation theorem and possibly extend it to out-of-equilibrium
conditions.

1.3 Thesis outline

Having discussed the general context and motivations behind the appended
papers, the thesis now delves into the theoretical background necessary to
understand these papers. The thesis is structured as follows.

First, in Chapter [2, we provide a brief introduction to the scattering theory,
which is the theorical toolbox used in the appended papers. Here, we define the
transport quantities and techniques of interest in the remainder of the thesis.

Next, in Chapter [3] we discuss a wide class of systems that are under the
scope of the appeded papers: thermoelectric devices. These devices are also
realized at the nanoscale and at low temperatures, where quantum mechanics
determines their transport properties. In this chapter we also introduce the
hot-carrier solar cell, a device in which the thermoelectric and photovoltaic
effect are combined. This device is investigated in paper [III], and in Sec.
we discuss the novel transport model used in that paper to describe the device.

While Chapter [3| focuses on the average currents flowing in thermoelectric
devices, Chapter [d]discusses the current fluctuations. In particular, we introduce
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the delta-T noise and generalize it to the noise in absence of currents, both of
which are investigated in papers [I] and [II].

In Chapter [5] we gather the main findings of the appended papers. The
conclusions are drawn in Chapter [6}



Chapter 2

Scattering theory

This chapter is dedicated to the theoretical formalism used in the appended
papers to describe transport, namely scattering theory. This simple approach
to transport was introduced by Landauer and Biittiker in Refs. [59-61], and
has proven to accurately predict and model many experiments [62-65]. The
scattering theory is appropriate to describe systems in which the electron
coherence length is large compared to the size of the device, such that electrons
propagate obeying the laws of quantum mechanics. Additionally, scattering
theory describes transport when electron-electron interactions are negligibly
small or described at mean-field level. This allows to consider single-particle
wavefunctions on a potential landscape.

2.1 Setup, scattering matrix and field operator

The setup considered is made of a central conductor, where the scattering
takes place, which is connected to the reservoirs (labeled with greek letters)
through one-dimensional leads. Here, we consider only stationary systems. The
time-dependent case can be found in Ref. |[66]. We approximate the leads to
be semi-infinite, such that the particles propagating far from the conductor
are described by plane-waves, as illustrated in Fig. Additionally, the leads
have multiple propagating modes, or channels (labeled with roman letters).
Then, given an incoming particle wavepacket propagating from reservoir « to
the conductor, we can decompose it into the othogonal basis of waves e~ (F)®
with coefficients a,;(FE). Similarly, we decompose the outgoing wavefunction
propagating in the opposite direction, namely from the conductor to reservoir
a, using the waves e*(F)* with coefficients b,;(E). The evolution that maps
the incoming particle into the outgoing one is determined by the Schrodinger
equation. Moreover, the linearity of the Schrodinger equation implies that the
incoming (aq:(E)) and outgoing (bg;(E)) coefficients are related through the
scattering matriz sqi p;(E),

bai(E) = Saipi(E)ag; (E). (2.1)
Bi

7
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(42573

Figure 2.1: (a): One-dimensional scattering problem. The incoming wave-
function a,; scatters onto the potential barrier V(z), leading to a transmitted
wavefunction bg; and a reflected one (not drawn). The different amplitudes
relate to the to the transmission probability of the barrier. (b): General
multi-terminal scattering setup. The reservoirs (greek letters) are connected to
the conductor through one-dimensional leads having multiple channels (roman
letters). The incoming (outgoing) particles from (to) reservoir o have amplitude

aai (bgj)-

The scattering matrix cannot be an arbitrary matrix. In fact, imposing the
conservation of particles during the scattering one finds that the scattering
matrix s(E) is unitary, namely s(E)s(E) = 1, 1 being the identity matrix.
Additionally, if the system is also invariant under time-reversal, the scattering
matrix is symmetric.

The scattering matrix is the key to calculating transport quantities because
it contains the transmission and reflection amplitudes across the conductor.
However, in order to calculate the currents flowing in the system, we first need
to formulate the corresponding quantum-mechanical operators. To do so, we
use the canonical quantization procedure to obtain the quantum field associated
with the particle. This allows us to write the currents flowing in the system in
terms of such field, thereby obtaining a quantum description of the current.
First, we expand the wavefunction into the orthogonal basis of propagating
waves, exp(—iEt/h + ik(E)zx), and the orthonormal basis of transverse bound
states Xai(F, 71 ). The former describes particles traveling between the reservoir
and the central region, whereas the latter describes the channel in which the
particle is propagating. The corresponding Fourier coeffients of the expansion,
aqi(E) and b,;(E), are promoted to ladder operators, indicated with the hat
e, and satisfy the canonical anti-commutation relations necessary for fermionic
particles, namely

{aai(B),ag; (B} =0, {aai(B),al, (B} = 8apdigd (B~ E'),  (2:2)

and similarly for l;lgj(E). Then, the field operator of particles moving from and
into reservoir « reads

—imt/n Xai(E,71) . Cik(B)z | ; H(E)
U (r,t) = Z/dEe Et/hgw(E)) {am(E)e KB 4 i (B)e*(E) } ’

(2.3)
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in which we used the unit-flux normalization by including the particle velocity
mu(E) = hk(E). The summation runs over the open channels of the lead
connecting to reservoir a.

2.2 Current operators

Using the field operator in Eq. (2.3)) we calculate the current operators. Here,

we provide the operators corresponding to the charge, I,(t) and the energy
current, 1, ((,E) (). Indeed, such currents are crucial in the study of most electronic
mesoscopic systems. Additionally, when the reservoir « is a thermal bath,
namely is described by a thermal distribution at temperature T, and chemical
potential p,, the first law of thermodynamics allows us to write the average
entropy production in reservoir « as

ToSa = (Ja(t)) = (LI () = mal$V (1)), (2.4)

where J,(t) is the heat current, whereas féN)(t) is the particle current. In
particular, the latter is related to the charge current via the particle charge
qas I,(t)=q A,&N)(t). Additionally, other kinds of currents, for instance spin
currents, can be calculated in a similar fashion. In particular, for spin transport
it is possible to include the spin indices into the reservoir indices.

To calculate the current operators (see App. [A| for details), we consider the
case in which the energy scale of the transport, which typically is on the order
of the applied external biases, for instance the voltage bias, is much smaller

than the Fermi energy pg of the system, namely
|E— E'| < E ~ py. (2.5)

This means that the the energy dependencies of wavenumber k(FE), particle
velocity v(F), and transverse modes Xq;(E) are weak compared to the energy-
scale of the transport, and we can thus approximate k(F) ~ k(E'),v(E) =~
V(E"), Xai(E,r1) & Xai(E',r1). This allows one to write the charge current
operator flowing into the reservoir « as

[a(t) = % > / dEdE e (E—E/h [Eli(E/)Bai(E) - agi(E')am(E)} . (2.6)

where ¢ is the electric charge of the considered fermions, specifically ¢ = —e
for electrons. Similarly, the energy current operator is

e}

- 1 E+FE _, / . .
(B)(4) — — ’ —i(E—Et/R [T (g S A
1) =+ Ei /dEdE — e [bM(E Youi(E) — @l .(E )aM(E)} .

(2.7)
As expected, the currents flowing into reservoirs « account for the transferred
quantity, charge and energy respectively, at all energies and in all channels .
Additionally, it is clear from Egs. (2.6 and (2.7) that the particles propagating

towards the reservoir (corresponding to the operators lA)m(E)) increase the
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currents, whereas the particles escaping the reservoir (corresponding to the
operators dq;(F)) decrease it. However, the particles propagating towards the
reservoir have been subjected to a scattering process in the conductor. Thus,
the operators ba;(E) are related to the operators dai(E), and this relation is
governed by the scattering matrix through Eq. (2.1). Substituting this linear
relation in the charge current operator of Eq. we obtain

Ity =1 Z / dEdE'e " E-EORALLE Gl (BNay(B)  (2.8)

where the summation over the repeated indices 5j and vk is understood and
the tensor in the integral is defined as

"4041 B3, ’yk Zi,ﬁj(E/)SOﬂ',’Yk (E) - 6ai,ﬂj5ai,'yk7 (29)

and contains all the information about the scattering process.

The currents in Egs. , and are still operators. However, in
an experiment the actual measured currents will correspond to the spectrum
of such operators, and clearly relevant quantities to characterize the system
are the average currents flowing into the reservoirs. Such averages can be
calculated in this framework by taking the expectation value of the ladder
operators, resulting in

I = (L(t qZZ/dEDmBJ ) falB) ~ 5(B)].  (210)

1P = (10 qZZ/dEEDwJ B)falB) - f5(B)),  (211)

where Do gj(E) = |Sai,pj(E)|? is the transmission probability from reservoir
B and channel j to reservoir o and channel 4, whereas the quantity f,(F) is
the occupation number at energy E of reservoir . While the transmission
probabilities depend on the properties of the scatterer, the occupation number is
a boundary condition of the scattering theory formalism. Indeed, the reservoirs
are often considered large enough that the transport through the conductor
does not affect the particle distribution. Alternatively, the distribution in
the reservoirs can be kept fixed by an external agent. A particular and
often considered case is the one in which the reservoirs are thermal baths at
temperature T, and chemical potential p,. Then, the occupation number is
given by the Fermi distribution,

1
1+ exp[(F — pa)/kpTs]’

fa(E) = (2.12)

2.3 Current fluctuations

While average currents are important to establish the performance of devices,
the actual measuments will detect values fluctuating around such averages.
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These fluctuations can also give insight on the device and characterize its
performance, as discussed in Sec. [I.2] Here, we provide the procedure to follow
in order to calculate current fluctuations in the scattering formalism, focusing
on the charge current fluctuations. Other current fluctuations can be obtained
in a similar fashion. In Chapter [4] we will consider in more detail the current
fluctuations investigated in papers [I] and [II], especially regarding heat and
spin current fluctuations.

To study the current fluctuations, the symmetrized noise is often used. In
particular, for charge current fluctuations it is defined through the deviation
from the mean AT, (t) = I (t) — (I,(t)) as

St —t) = (AL ()ALs() + Alg(t) AL (L), (2.13)

and analogously for other types of currents. Taking the Fourier transform
we analyze the finite-frequency components of the symmetrized charge noise,
obtaining

2m8(w + w')SL 4 (w) = (Al (w) Al (W) + Alg (W) Al (w)). (2.14)

Now, we use the following relation on the expectation values of fermionic ladder
operators

(a}azabas) = (@) (abaa) + (]da)(azal), (2.15)
to calculate the current correlators in Eq. (2.14). Here, we show the result of
such a calculation for the current auto-correlator (I, (w)I,(w’)), given by

(a(W)la(w ')>:47T25( )6(w")(La(t))*+

+o(w+ ) Z/dEAEE{rhw Bt B e (pV[] ~ f (B + hw)). (2.16)

ai,Bj,vkY ai’ vk, Bj
4,3’

The first term on the right-hand side corresponds to the product of the averages
(I,(w)){Io(w")) and thus cancels out when calculating the noise. Instead, the
second term constitutes the noise. In particular, the term fg(E)[1 — fy(E +
hw)] suggests that the incoming particle absorbed a quantum of energy Aw
during the scattering, thereby we refer to the noise generated by this current
correlator as absorption noise, S, (w). By contrast, the current correlator
(I(w")Io(w)) contributes to the noise with an analogous integral containing
fa(E + hw) [1 — fy(E)], which suggests that the incoming particle emitted a
quantum of energy hw. Thus, we refer to the noise generated by this correlator
as emission noise, S (w). These two noise contributions read

Z / AL R BB - £ E . (210

Stalw) = /dEAgjﬁ@gg PR (B + o) [L— £, (E)],  (218)

where the summation over the indices 8j and vk is understood. As expected,
the two noise contributions coincide at zero frequency, hw = 0, where the
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Probe

Figure 2.2: Two-reservoirs system connected to a probe. The distribution of
particles inside the probe is determined by imposing constraints on the currents
flowing into it. When particles travel from « to 8 passing through the probe
coherence is (partially) lost.

distinction between emission and absorption is meaningless. An analogous
calculation can be performed for the current cross-correlators (In(w)ls(w’)).
Furthermore, the symmetrized noise entering Eq. is simply the sum of
emission and absorption noise, Siﬁ (w) = S;rﬂ (w) +5,5(w). Even though the
symmetrized noise is widely investigated both theoretically and experimentally,
the measured finite-frequncy noise depends on the detection scheme and can
take on non-symmetric combinations of absorption and emission noise [67] 68].

While this section provided the general formulations and derivations of noise
in the context of the scattering formalism, in Chapter [4] these notions will be
applied to specific and experimentally feasible scenarios that are investigated
in papers [I] and [II], and the distinction between shot and thermal noise will
be discussed.

2.4 Biittiker and dephasing probes

The scattering theory discussed so far describes perfectly coherent transport
in a mesoscopic conductor. However, in a realistic setting, scattering with
impurities and interactions introduces incoherent or inelastic elements to the
scattering. To capture these phenomena and investigate their effect on the
transport, Bittiker and dephasing probes [69-73| are often used in mesoscopic
physics. These probes are additional elements in the scattering framework,
as illustrated in Fig. However, unlike the reservoirs, the probe’s particle
distribution is not a boundary condition of the scattering problem but is
determined by imposing constraints on the currents flowing into the probe. The
imposed constraints govern the nature and properties of the probe. Biittiker
probes can be both conceptual tools used to model particular processes or
real, physical components used in experiments. The latter usually consist of
large metallic contacts attached to the mesoscopic conductor which are left
floating or are connected to a voltmeter, namely the charge current flowing
into them is ideally zero. Biittiker probes are often considered to have an
efficient thermalization, such that their particle distribution is thermal. The

chemical potential (or equivalently the voltage) and temperature of the probe’s

distribution are determined by imposing vanishing particle current, IéN) =1./q,
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Figure 2.3: Diagrams of Biittiker and dephasing probes and their constraints
on the current flows. (a): Biittiker probe described by a thermal distributrion
of chemical potential i, and temperature T}, obtained by imposing zero charge
and heat currents into the probe. (b): Pure voltage probe, namely a Bittiker
probe connected to the environment (blue) at temperature T. The heat flow
into the probe is dominated by the flow between probe and environment,
hence the probe’s temperature corresponds to T'. (c): Dephasing probe whose
distribution n,(E) is determined by imposing zero current at each energy,
ip(E) =0.

and heat current into the probe, namely
N=0, J=0 = IP=o, (2.19)

as depicted in Fig. a). Indeed, if we imagine a situation in which the
probe has a chemical potential j;, that allows a net particle flow into the probe
itself, the probe distribution is not stationary and needs to change because of
the inflow of particles, establishing a higher chemical potential. The opposite
happens if the chemical potential p, allows a net particle flow out of the probe.
Thus, the stationary condition is reached when the average particle current is
zero. The same argument applies for the heat flow. A particular instance of
a Biittiker probe happens when the thermal conductance between the probe
and the environment is large. In this case, the heat exchange between the
probe and the other reservoirs is negligible compared to the heat flow to the
environment, and consequently the probe’s temperature coincides with the
environment’s temperature, as shown in Fig. (b) Thus, only the probe’s
chemical potential is affected by the transport towards the other terminal, and
we refer to the probe as a pure voltage probe.

Since the distribution of the particles flowing into the Biittiker probe is
changed into the probe’s thermal distribution, the Biittiker probes add inelastic
scattering to the framework of scattering theory. Additionally, when a particle
exits the Biittiker probe, its phase is reset and carries no correlation with the
phase the particle had before entering the probe. Therefore, the Biittiker probe
also includes decoherence.

Another kind of probe is the dephasing probe, illustrated in Fig. E(c)
Unlike the Biittiker probe, the dephasing probe does not have a physical
implementation, but is only a conceptual tool. This stems from the constraint
on the current flow required for this kind of probe. In fact, the dephasing
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probe requires the particle flow at each energy to vanish, namely, defining the
energy-resolved current into the probe i,(E) through the integral

I,= / dEiy(E), (2.20)

the dephasing probe requires
ip(E)=0. (2.21)

This condition is clearly much stronger than those of Eq. , and in fact the
probe distribution n,(E) which satisfies the condition is generally a nonequilib-
rium distribution. Since the dephasing probe does not reorganize the particle
distribution, the energy of a particle escaping the probe is equal to the energy
the particle had when it entered the probe. However, the particle’s phase is
reset. Therefore, the dephasing probe is a tool to introduce elastic decoherence
to the scattering framework.

In conclusion, probes are useful tools to include inelastic or elastic de-
coherence in the scattering theory of transport. Paper [III] makes use of
such tools, specifically of Biittiker probes, to describe the processes of carrier
thermalization and carrier relaxation in a hot-carrier solar cell. These processes
are mediated by carrier-carrier and carrier-phonon interaction, respectively,
which are not included in the basic scattering formalism introduced in Sec.
However, the use of Biittiker probes allows us to mimic their effects and include
them in the scattering description of the device.



Chapter 3

Thermoelectric devices

In this chapter a brief overview of thermoelectric devices is presented. Here,
we discuss the difference between classical and quantum thermoelectrics, as
well as introduce the setups considered in the appended papers. These consist
of quantum thermoelectric heat engines and hot-carrier solar cells, whose
descriptions are based on the scattering theory discussed in the previous
chapter. The transport quantities obtained with such a formalism allow to
characterize and quantify the performance of the devices both in linear and,
most importantly, nonlinear response.

3.1 Classical and quantum thermoelectrics

After the discovery of the Seebeck [74] and Peltier [75] effects, which make
use of temperature differences to induce charge currents and vice-versa, ther-
moelectric materials have been used in heat control, heat to work conversion
and refrigeration [76]. In particular, classical thermoelectric materials are
characterized by a thermalization length /i, smaller than the typical size of

Lin

(a) (b)
lin
Wi (o] B2 =

Figure 3.1: (a): Classical thermoelectrics. The thermalization length fy, is
the smallest scale of the system. Thus, the electrons in the thermoelectric
structure are locally at equilibrium, and their temperature varies smoothly
between the hot temperature T;, and the cold one T,. Electric and heat flows,
I and J, can be described locally by the Boltzmann equation. (b): Quantum
thermoelectrics. The size of the thermoelectric structure is smaller than the
thermalization length, and quantum effects occur in it. Current flows need to
be calculated accounting for the whole system.
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the material, as illustrated in Fig.[3.1{(a). In this case the electrons along the
material are locally at equilibrium, meaning that their local distribution is
a thermal distribution characterized by smoothly varying chemical potential
and temperature, and they are well described by the Boltzmann equation |77].
Recently, the technological advances in nanotechnology and refrigeration have
made possible the realization of structures with a typical size smaller than the
thermalization length [78]. Indeed, it is now possible to fabricate structures
with typical size on the order of 10 nm, and the low temperatures reached
in many experiments weaken the strength of electron-electron and electron-
phonon interactions [3, [79], thereby increasing the thermalization length to
many micrometers. Consequently, the behavior of such structures is influenced
by quantum phenomena like tunneling and interference, and we refer to them
as quantum thermoelectrics [4]. Since in quantum thermoelectrics the scale of
thermalization is larger than the size of the thermoelectric structure, there is
no local equilibrium, as shown in Fig. b), and one must consider the whole
system to characterize the device. The study of quantum thermoelectrics allows
to design novel devices that exploit the quantum effects happening in them,
as well as explore new aspects of thermodynamics at the nanoscale, where it
coexists with quantum mechanics [80, [81]. Indeed, thermoelectricity is used
as a mean to study the state of nanostructures by observing its response to
external temperature and voltage biases [82]. Additionally, the small size of
quantum thermoelectrics would be excellent for local operation, like on-chip
refrigeration and heat management.

Since the appended papers are centered around quantum thermoelectrics,
in the following we will focus only on them and disregard the classical ther-
moelectrics. In particular, papers [I] and [II] investigate fluctuations in the
absence of currents. This condition is for instance reached in thermoelectric
heat engines when they are operating at the thermovoltage, namely the voltage
at which the power output of the device vanishes. Instead, paper [III] revolves
around the hot-carrier solar cell, which is a device combining the benefits of
thermoelectrics and photovoltaics.

3.2 Thermoelectric heat engine

Since the Seebeck effect allows to drive a charge current from a temperature
difference, it is natural to consider a device in which such effect is used to
produce power. This device is the thermoelectric heat engine [84-86]. Here,
we consider steady-state quantum thermoelectric heat engines where local
interactions can be neglected, such that the scattering theory description
applies. A typical two-terminal device is illustrated in Fig. a), where left
(L) and right (R) reservoirs are kept at different temperatures and chemical
potentials. In particular, the left reservoir is hotter than the right one, namely
11, > TR, but has lower chemical potential u;, < pr. Importantly, the two
reservoirs are connected by a conductor of energy-dependent transmission
probability D(E), which acts as an energy filter. Here, for simplicity, we
consider only the single-channel case, but these considerations can be easily
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Figure 3.2: (a): Energy diagram of a quantum thermoelecric heat engine.
The transmission probability of the scatterer D(F) acts as an energy filter
allowing only high-energy electrons to tunnel. Combined with the temperature
difference of the reservoirs, this allows to drive a charge current against a
voltage bias, thereby producing power. (b): Scanning electron micrograph of a
thermoelectric heat engine in which the reservoirs (yellow) are connected by a
nanowire. Source: [83|.

extended to multi-channel conductors. For example, when the transmission
allows only electrons with energy larger than a threshold energy Ej to be
transmitted, namely

1 if E > Ey,
0 otherwise,

D(E) = {

as depicted in Fig. a), the temperature bias can generate a particle current
against the chemical potential bias . This makes the device generate power
starting from a temperature difference, in analogy to the traditional heat engine.
In particular, the power output of the device is determined by the product of
the particle flow I(™N) = 1 /q and the chemical potential difference, namely

(3.1)

P = (pr—p) I = Apr™, (32)

where the current is defined as positive when it flows from left to right. Since
this power is generated only by using the heat resource, the traditional heat
engine efficiency is defined as power divided by heat flow out of the hot reservoir,
that we take here to be the left one without loss of generality. Such efficiency
7 is bounded by the Carnot efficiency, namely

Tr
11’

£ < nCarnot =1—

P (3.3)

Ui

because of the second law of thermodynamics. Indeed, the inequality stems
from the non-decrease of global entropy combined with energy conservation.
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Since both power and efficiency crucially depend on the transmission probab-
ility D(E) through the currents, see Egs. and (2.11)), the characteristics
of the conductor play a fundamental role in determining the performance of
the device. To this end, different kinds of conductors have been studied and
implemented to achieve different effects: For example, the transmission of
is approximated by the quantum point contact |32} [87], and was shown
to maximize the efficiency of the thermoelectric heat engine while achieving
the maximum power output |88, |89]. Instead, the resonant transmission of
quantum dots also provides the thermoelectric effect |30} 33} [90], and allows
heat engines to operate efficiently, albeit at reduced power output. Nonetheless
quantum thermoelectric heat engines have been realized also with other kinds
of structures, for instance nanowires [83} [91], as shown in Fig. b).

In the study of transport in mesoscopic devices, and consequently of
quantum thermoelectric heat engines, the linear response is often considered. In
this regime, characterized by being close to the equilibrium condition, transport
is described through the kinetic coefficients. These comprise the electrical and
thermal conductance, G and K respectively, as well as the Seebeck and Peltier
coefficients, S and IT respectively. Such quantities are the linear coefficients in
the expansion around equilibrium, and are defined as

EL , KEi , SzfM ,HEﬂ .
AV {ar—o AT |- AT |ar—o I'lar—o
(3.4)
Additionally, they must satisfy the Onsager-Casimir relations [92, 93], which
state the invariance under time-reversal of both electrical and thermal conduct-
ance, while relating the Seebeck and Peltier coefficients together. Such kinetic

coefficients can be combined into the dimensionless figure of merit ZT', namely

G

GS?T

7T =
K )

(3.5)

which is a measure of efficiency in the linear response regime. However,
beyond this regime the picture becomes more complicated. In fact, in out-of-
equilibrium conditions both charge and heat currents are nonlinear functions
of temperatures and chemical potentials, and screening effects take place |94,
95]. In such a case, the kinetic coefficients are not sufficient to give a complete
description of the system. Additionally, the ZT figure of merit does not measure
the thermodynamic efficiency any longer [96]. While the nonlinear regime is
more complex, it allows to study out-of-equilibrium fluctuations as well as
the impact of nonequilibrium distributions on the performance of devices.
Both such aspects are considered in the appended papers. Therefore, in the
following, we will not restrict the discussion to the linear response regime, but
rather consider full nonlinear quantities. Specifically, in papers [I] and [II] the
nonlinear fluctuations are investigated, whereas in paper [III] the nonlinear
power and efficiency are used to characterize the device.
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Figure 3.3: Schematic representation of the time-scales of the processes in a
hot-carrier solar cell. The dashed lines delimit the absorber bandgap, whereas
the coloured regions describe the carrier occupation probability. Before light
absorption, the carrier distribution is at equilibrium with the environment at low
temperature (gray), making the number of carriers small. The light absorption
generates a strongly nonthermal distribution (purple), which thermalizes due to
carrier-carrier interaction on the scale of 1 ps, resulting in a thermal distribution
(red) at high temperature. The carrier-phonon scattering deplete the carrier
excess energy, thereby cooling the carriers to the lattice temperature (blue) on
the scale of 1 ns. The carrier recombination depletes the carriers on the scale
of 1 us, bringing them back to equilibrium with the environment. Depending
on the time-scale of the carrier extraction, the device can be a hot-carrier solar
cell (smaller than 1 ns), a solar cell (between 1 ns and 1 ps), or even not able
to produce power (larger than 1 ps).



20 CHAPTER 3. THERMOELECTRIC DEVICES

3.3 Hot-carrier solar cell

While heat engines use heat as the resource to produce power, conventional
solar cells convert the electrochemical energy resulting from the generation of
electron-hole pairs into power by separating the carriers. As suggested by the
name, hot-carrier solar cells [20] have elements of both kinds of devices. Indeed,
while the generation of electron-hole pairs by photon absorption is fundamental
for the operation of the hot-carrier solar cell, the device does not wait for the
electrochemical energy to be formed. In fact, in conventional solar cells this
energy is established when the carriers relax to the lattice temperature by
losing energy in the carrier-phonon scattering processes.

However, when the absorbed photon has energy larger than the bandgap
E¢, the generated carriers have some excess energy. We call such carriers
hot-carriers [97], and their excess energy is wasted as heat to the lattice in
conventional solar cells. This loss limits notably the efficiency of solar cells [98].
The concept behind hot-carrier solar cells is to avoid such an energy loss and
instead exploit the hot-carrier excess energy to improve the performance of the
device.

This is made possible by the use of nanostructures in which the carrier
extraction is faster than the relaxation, such that the hot-carrier excess energy
is not completely wasted as heat to the lattice when the carrier is extracted
and its energy is harvested. In particular, the typical time scale of the carrier
relaxation to the lattice temperature depends on the specifics of the material,
but is typically on the order of 1 ns [99,100], as depicted in Fig. Additionally,
there are two more processes that crucially influence the distribution of carriers:
the recombination and the thermalization. The recombination process depletes
the number of carriers while emitting photons, therefore it is detrimental to
both power production and efficiency. This process has typical time scale on
the order of 1 ps, much slower than the relaxation time. In fact, conventional
solar cells using diffusion to extract the carriers operate after the relaxation
has taken place, but before the recombination comes into effect. By contrast,
the carrier thermalization is typically on the order of 1 ps, thereby faster than
the relaxation time. This process is mediated by carrier-carrier scattering
processes and drives the carrier distribution towards a thermal distribution,
with a temperature and chemical potential different from the ones established
after the relaxation. Hot-carrier solar cells operate in the timeframe prior to
the complete carrier relaxation.

In particular, if the extraction happens after the carrier thermalization,
the hot-carrier solar cell uses both heat and chemical energy as resources
thanks to the temperature and chemical potential of the hot-carriers. This
clarifies the connection of hot-carrier solar cells to both heat engines and solar
cells (101} 102]. Additionally, when the extraction is even faster than the
carrier thermalization, the distribution of carriers is highly nonthermal and
generally depends on both the light spectrum and the absorption properties of
the material. In this case the device exploits a nonequilibrium distribution to
produce power. Another similarity to heat engines is the use of energy filters,
which is often considered in hot-carrier solar cells to select the high-energy
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Figure 3.4: Schematic of the band diagram of a electron-hole symmetric hot-
carrier solar cell. In the absorber region, of bandgap Fg an electron-hole pair is
generated with the absorption of a photon (orange). When the photon energy
is larger than F¢g the generated carriers have extra energy (hot-carriers). The
high-energy carriers are selected by energy filters, and electrons and holes are
separated to the respective collectors, thereby generating an electric current
against the voltage bias V.

carriers and avoid backflows from the collectors. A simple illustration of how a
hot-carrier solar cell works is depicted in Fig. in which the separation and
the selection of high-energy carriers allows to drive a charge current against
the voltage V', thereby producing power.

Efforts in realizing and testing experimentally such kind of devices were
recently made [25-29, [103]. In particular, a realization of a hot-carrier solar
cell is shown in Fig. where nanoantennas are placed at a defined position
on nanowires, concentrating light on the absorber region, while the energy
filter is obtained by changing the material composing the nanowire to one with
higher bandgap. The small size of the sample allows the fast extraction of
the hot carriers through the energy filter, which yields a net charge current
across the nanowire. This current allows the device to produce power and
is determined by the distribution of hot carriers that is extracted. However,
such a distribution is very difficult to determine because it heavily depends
on the spectrum of impinging light, the absorption of the material used, as
well as the carrier-carrier and carrier-phonon scattering which lead to carrier
thermalization, relaxation to the lattice temperature and carrier recombination.
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Figure 3.5: Experiment on a hot-carrier solar cell device based on InAs-InP-
InAs nanowire heretostructures. (a, b): Scanning electron micrographs of the
devices with dipole nanoantenna (a) and bowtie nanoantenna (b). The InP
region (blue) acts as an energy filter. (c): Schematic illustration of the device.
(d): Schematic band diagram of the heterostructure. In this experiment the
generated electron obtains most of the excess energy from the photon. Source:
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Figure 3.6: Diagram of the multi-probe model used to describe the hot-carrier
solar cell. The electron-electron (hole-hole) and electron-phonon (hole-phonon)
terminals are Biittiker probes accounting for carrier-carrier thermalization and
relaxation to the lattice temperature respectively. The sun, recombination and
collectors terminals are reservoirs accounting for the creation, the loss, and the
extraction of carriers. The injected electrons (solid arrow) and holes (dashed
arrows) can undergo thermalization, relaxation, recombination or be extracted
to their collector with probabilities controlled by the transmissions D, g(E)
and D;ﬁ (E), respectively. In the electron-hole symmetric case the top and
bottom part of the diagram are equivalent, hence we focus only on the electron
part.

3.3.1 Multi-probe model

Paper [III] approaches the task of modeling the hot-carrier distribution by
studying the device under the scattering theory formalism and including the
effects of carrier thermalization, relaxation and recombination through the use
of Biittiker probes. To this end, a multi-probe model, illustrated in Fig. [3.6
is devised. The terminals we consider describe each a different process and
thus have different characteristics. In particular, they comprise both thermal
reservoirs and Biittiker probes, previously discussed in Sec. 2:4] Therefore,
each terminal requires some description.

e Collector reservoir (o = col) allows the extraction of carriers. In par-
ticular, the electron collector and the hole collector are distinct, such
that a charge current is driven across the device, and electrical power
can be produced. The collector distribution is considered to be thermal
at fixed temperature T, equal to the environment temperature. Instead,
its chemical potential p.o1 is controlled by an external voltage bias or is
determined by a resistor characterizing the power production in a closed
circuit.

e Sun reservoir (o = sun) represents the quasiparticles created in the
absorber via the absorption of sun photons. This reservoir makes the
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device work providing the necessary resources. While the principle behind
this terminal can be applied to any kind of light source, we focus on
sunlight by considering the injection reservoir’s distribution to be a
thermal distribution of temperature Ty,,, and zero chemical potential,
tsun = 0. Indeed, this distribution corresponds to the distribution of
carriers at equilibrium with a photon bath at the same temperature.

Electron-electron probe (a = e-e) is a Biittiker probe modeling the electron-
electron elastic scattering, in which both the total number of carriers and
the total energy of the carriers are conserved, and that is responsible for
the carrier thermalization. Since this process drives the carriers towards
a thermal distribution, we characterize the thermalization probe by a
thermal distribution of temperature T, and chemical potential pie_e.
These intensive properties are determined by imposing the Biittiker probe
conditions on the flows into the probe, namely

M=o, 1® =0 (3.6)
In particular, these conditions mirror the particle and energy conservation
of the carrier-carrier elastic scattering.

Electron-phonon probe (a = e-ph) is a Buttiker probe modeling the
electron-phonon scattering, in which the total number of carriers is
conserved, while the total carrier energy is not. In fact, hot carriers lose
their excess energy to the lattice through this mechanism, which causes
the carrier distribution to relax to the lattice temperature. Thus, the
relaxation probe is characterized by a thermal distribution in which the
temperature is fixed to be the environment temperature, and coincides
with the collector temperature, Tc_ pn, = Tto1. Indeed, the interaction with
the phonon lattice means that this probe is exchanging heat with that
phonon bath, which dominates over the heat exchanged with the other
terminals. This means that the relaxation probe is a pure voltage probe,
whose chemical potential jicpn is obtained by imposing the constraint on
the particle flow into it, namely

N E
1S =0, 18 #o. (3.7)

Again, these conditions mirror the particle conservation and the energy
loss happening in the carrier-phonon scattering.

Recombination reservoir (o = rec) accounts for the recombination process,
in which an electron-hole pair is annihilated and a photon is produced.
Unlike the injection reservoir, which describes the creation of carriers
from high-energy photons, namely photons of a high-temperature bath,
the recombination probe accounts for the carrier interaction with the
low-energy photons of the bath at the environment temperature. Indeed,
opposite to the injection reservoir, the recombination reservoir depletes
both the total number of carriers and the total carrier energy, thereby
reducing the resources available to the device. Therefore, this reservoir is
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characterized by a thermal distribution at the environment temperature,
which coincides with the collector temperature, Tiec = Teol, and zero
chemical potential, p..c = 0, which corresponds to the distribution of
carriers at equilibrium with the low-temperature photon bath.

The terminals considered are connected by a single-channel scatterer with
transmission probabilities D, g(E). These transmission probabilities account
for the strength of the various mechanisms described by the model, as well as
the presence of energy filters. Further details can be found in the appended
paper [III]. Additionally, we consider electron-hole symmetric systems, as
the one depicted in Fig. [3.4] such that the electron and hole transport are
completely equivalent and we can focus only on the electronic one. In this
symmetric picture, we set the energy lying at the middle of the absorber
bandgap to be the zero-energy reference, such that all chemical potentials fi,,
are measured starting from there. The electron-hole symmetry allows us to
treat transport through the whole device while focusing only on the electron
transport, simplifying the discussion of the model. However, many systems
are not electron-hole symmetric, see for instance Fig. In such a case it is
necessary to perform an analogous analysis of the hole transport, and combine
it with the electron transport to obtain the whole description of the device.
This analysis can again be done using the multi-probe model introduced in
paper [II1].

3.3.2 Performance quantifiers

Similarly to the thermoelectric heat engine, in paper [I1I] we characterize the
performance of the device through the power output and the efficiency. To this
end, we employ the scattering formalism to calculate the currents flowing in the
system, namely charge and energy current, which are given by Egs. and
, respectively. However, since we are now focusing only on the electronic
transport and the available states in the absorber start from the bottom of
the conduction band, which is located at the energy E¢/2, the integrals are
defined starting from such energy.

Similar to the heat engine, the power produced by the hot-carrier solar
cell in the electronic transport is then given by the current extracted by the
electronic collector multiplied by its chemical potential, namely

P= /‘LCOII(N)

col *

(3.8)

Notice that since we are considering the electron-hole symmetric case and we
fixed the zero-energy reference of the system, pico corresponds to the difference
between the collector chemical potential and the Fermi energy of the unbiased
device. The power generated by the combined electron and hole transport is
simply 2P.

This power is generated by the combination of multiple terminals. In
particular, while the sun reservoir provides all the resources to the device, the
electron-electron and electron-phonon probes can also be used in the power
production. In the latter chemical potentials are established, meaning that not
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only heat is used in the power production. Additionally, the combination of
multiple terminals can generate a nonequilibrium distribution of carriers. For
these reasons, we do not use the standard heat engine efficiency of Eq. ,
but instead we use the nonequilibrium free-energy efficiency to characterize the
device. This efficiency is defined as

P

free _

Mglobal = ——= =7 = 1, (3.9)
® - Za#col FOUCOI

where at the denominator lies the sum of the nonequilibrium free-energy currents
used in the power production. In particular, the nonequilibrium free-energy is
defined as

Fa;env = Ua - TenvSou (310>

where Ty, is the environment temperature, which in our case corresponds to
Teo1- This thermodynamic quantity represents the maximum amount of work
that can be extracted from a general nonequilibrium resource when it is put in
contact with a thermal bath at the temperature Ty, as detailed in App.
Then, it is clear that the efficiency of Eq. is always smaller than 1 due
to the second law of thermodynamics. In particular, since all the terminals
considered are characterized by a thermal distribution the nonequilibrium
free-energy current flowing into terminal o can be decomposed into two terms,
namely

- Foo dE Tcol
Fuca = [ G |- 0 ) > DasBIis(E) - 1o(E)

) (3.11)
= Z Fapicol = nccoalt,r;mtja + NaIéN)»
B

where ngg”m =1—1T,/Ts is the Carnot efficiency between the temperatures of
the terminals. The first term corresponds to the maximum heat resource that
can be converted into power, namely the heat current multiplied by the Carnot
efficiency. Instead, the second term corresponds to the maximum chemical
energy that can be converted to power and coincides with the product between
the particle current and the chemical energy carried by such particles, the
chemical potential p,. Unlike the power, the efficiency remains the same
when considering both electron and hole transport because both power and
nonequilibrium free-energy double.

Imposing the conditions and assumptions made on the terminals, which were
discussed previously, one finds that the nonequilibrium free-energy efficiency

reduces to
free P

nglobal = Carnot
_ncol,in Jsun

(3.12)

which corresponds to the heat engine efficiency normalized by the Carnot
efficiency. Indeed, the e-e and e-ph probes do not add resources into the
system, but only transform the initial heat resource provided by the injection
reservoir into a combination of heat and chemical or pure chemical resource,
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respectively. Instead, the recombination reservoir only depletes resources in
the system. Therefore, the only source of resources is the sun reservoir, and
everything that happens between the carrier injection and their extraction to
the collector can be understood as the manipulations of a heat engine that
allows for dissipation. For this reason the efficiency of Eq. (??) is a global
efficiency, namely an efficiency for the whole device that accounts for the all
the losses happening in it.

However, in many setups it is possible to act against only some of such loss
mechanisms, or even what are considered to be losses for the power production
may be used to perform other useful tasks [104], going against the idea of “loss”.
Consequently, it is useful to define a partial efficiency accounting exclusively
for the losses happening in a specific process. Hence, we introduce a partial
efficiency accounting only for the losses that happen during the final step of
power production, namely the carrier extraction. We define this efficiency as

P
- Za;écol Fa,col;col

free —
Theq =

<1, (3.13)

which contains, at the denominator, only the components of the nonequilibrium
free-energy currents, see Eq. , that directly contribute to the power
production. This novel performance quantifier was used in paper [III] to
compare the hot-carrier solar cell in different regimes. The application of the
model and the use of these performance quantifiers discussed will be presented
in Chapter
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Chapter 4

Noise in mesoscopic
conductors

This chapter discusses the core topic of papers [I] and [II], namely out-of-
equilibrium noise. In particular, we discuss the separation of noise into two
contributions: the shot and the thermal contributions. We focus on systems
described with the scattering formalism, discussed in Chapter [2| concentrating
on two-terminal setups in which both a temperature and a voltage bias are
present, as in the thermoelectric devices discussed in Chapter [3] Additionally,
we discuss systems in which there are also spin imbalances, and study the spin
current fluctuations in such systems. Shot and thermal noise in the presence
of voltage and temperature biases, as well as spin imbalances are investigated
in papers [I] and [II], which consider a particular case of out-of-equilibrium
noise, called delta-T" noise, and generalize it to the broader concept of noise in
absence of current.

4.1 Shot and thermal noise

Noise is usually considered detrimental because it hinders the accuracy of
measurements and the reliability of the device. Indeed, noise does not provide
additional information when the system considered is close to equilibrium,
where the fluctuation-dissipation theorem holds. To illustrate this, we consider
a famous instance of the this theorem: the Johnson-Nyquist noise, which is
given by

Sk = 4GkpT. (4.1)

Here, G is the electrical conductance defined in Eq. and T is the tem-
perature of the system. This noise has its roots in the thermal fluctuations
that affect the system, as hinted by the temperature on the right-hand side
of Eq. . Hence, we refer to noise generated by such kind of fluctuations
as thermal noise. The relation in Eq. means that the Johnson-Nyquist
noise does not provide additional information on the system. Indeed, one
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Figure 4.1: Illustration of noise components in a two-terminal system where
the left reservoir has finite temperature T1,, whereas the right reservoir is at
zero temperature, T = 0. (a): Thermal noise, which is generated by the
randomness in the thermal excitations of the electrons. (b): Shot noise, which
is generated by the randomness in the current partitioning at the scatterer.

could simply measure the conductance G and the temperature 1" of the system
directly, without measuring the current fluctuations.

However, this relation between fluctuations and dissipation only holds close
to equilibrium. In fact, when systems are out of equilibrium, the thermal noise
is generally modified and additional noise is observed on top of the thermal
noise. This noise is called shot noise, or partition noise, and has its origin in
the discreteness of the particle transported, in this case electrons. In particular,
the name partition is due to the separation of particles at an interface, for
instance a scatterer, placed along the direction of the current. This separation
introduces additional randomness in the current fluctuations because particles
not only may or may not be thermally excited, but also may or may not
be transmitted through the scatterer, as illustrated in Fig. Hence, shot
noise not only requires the system to be out of equilibrium, but also contains
additional information on the current statistics. In fact, shot noise has seen
many applications, ranging from the characterization of mesoscopic devices
[21] to the observation of fractional charges in the quantum Hall effect |22, 23].

Using the framework of scattering theory, as described in Chapter 2| we can
calculate the noise in a two-terminal device operating under arbitrary voltage
and temperature biases. Clearly, when calculating (or measuring) the noise,
both thermal and shot components contribute to the result. Therefore, the
separation of the total noise into these two contributions is done according
to physical principles. First of all, we define the shot noise as the additional
contribution that appear when the system is out of equilibrium. Therefore, the
shot noise component must vanish at equilibrium. Additionally, the thermal
noise depends crucially on the statistics of the particles emitted by a terminal.
In fact, if we consider the electrons emitted at a fixed energy from a terminal
such that on average the occupation number is (n) = f, we can write the
fluctuations in the number of electrons as

((n—(n)?) = (n?) — (n)* = (n) — (n)” = (1 ). (4.2)
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To obtain this we used the fermionic nature of electrons, which yields (n) = (n?)
due to the Fermi statistics. When the terminal is a reservoir at thermal equilib-
rium, f takes the form of the Fermi distribution, see Eq. . Additionally, as
one would expect, these fluctuations vanish when the reservoir’s temperature
approaches zero. Therefore, fluctuations of the kind f(1 — f) are typical of
thermal noise.

By contrast, shot noise crucially depends on the statistics of the particles
transmitted (or reflected) by the scatterer. Consider, for example, the case in
which a terminal emits electrons at a given energy with average occupation
number (n;,) = 1, namely electrons are always emitted. Then, these electrons
impinge on a scatterer and are either transmitted or reflected, with average
occupations (nt) = D and (ng) = 1 — D, respectively. Importantly, the correl-
ation between transmitted and reflected electrons is zero, namely (ntng) = 0,
because after the scattering one between nt and ng is always zero. Indeed,
each electron is either transmitted (np = 1, ng = 0) or reflected (nr = 0,
ng = 1). This allows us to calculate the fluctuations in the occupation number
of transmitted and reflected electrons, which read

(n) = (n1)* = (n}) — (nr)* = D(1 - D). (4.3)

Interestingly, the fluctuations induced by the randomness of the scattering
event have the same structure to the thermal one, namely z(1 — z) with z
a probability. However, instead of having the occupation probability f, the
partition fluctuations are determined by the transmission probability D.

Combining these considerations, we separate the noise obtained with the
scattering formalism into a thermal and a shot noise contribution. In particular,
for a two-terminal spin-degenerate system, the zero-frequency charge noise is
separated into thermal S} and shot S% contributions as follows

Sh(0) =L [4ED(E) 3 fulB)L- fa(E), (14)
a=L, R
540 =" [aEp@)1 - DENARE - fwBP.  05)

As wanted, the thermal contribution in Eq. contains the thermal fluctu-
ations f(1 — f) of both terminals and is finite at equilibrium. By contrast, the
shot contribution in Eq. contains the partition fluctuations D(1 — D) of
the scatterer and vanishes at equilibrium, namely when fi,(E) = fr(E) for all
energies.

While Egs. and are the thermal and shot contribution to the
charge current noise, this separation of the noise can be applied also to other
quantities, for instance heat and spin currents, as discussed in the following.

4.2 Heat and spin noise

Charge noise is the noise studied the most both theoretically and experimentally
because of its accessibility. Indeed, accurate measurements of charge currents
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Figure 4.2: (a): The thermometer measures the absorber temperature T' + §7,
which is affected by the fluctuations of the heat exchanged with the bath or
injection of hot-electrons. (b): Measurement setup including scanning electron
micrograph. The absorber (brown) is connected to two superconducting leads
(blue) acting as thermometer and injector. Source: [109].

can be achieved in particular in mesoscopic systems thanks to current amplifiers.
Nevertheless, access to fluctuations of other kinds of quantities can provide
further insights into the system investigated. In particular, here we consider
the fluctuations of heat currents and spin currents.

Heat current fluctuations reveal features that are not shown in charge noise
, and can be used as a tool to detect coherence and entanglement in
open quantum systems . Additionally, they are crucial in the fields of
stochastic and quantum thermodynamics, where fluctuations allow to prob-
abilistically violate the second law of thermodynamics, while fulfilling it on
average. However, measuring heat currents in quantum systems is challenging
because they are small in magnitude (ranging between 0.1 and 100 pW at
cryogenic temperatures) [107]. Nonetheless, indirect measurements of heat
flows have been performed by complete electrical characterization of the system.
For example, this can be done by detecting single electron transitions across
a junction in a single-electron box [108]. Recently, a direct measurement of
temperature fluctuations was performed at sub-Kelvin temperatures [109], in
the setup illustrated in Fig. These temperature fluctuations are directly
generated by the fluctuations of the heat current between the substrate thermal
bath and the sample observed (namely the absorber in Fig. . Therefore,
the possibility of accessing heat fluctuations allows further investigation of
out-of-equilibrium and quantum thermodynamics .

Similarly, spin currents are difficult to measure, but the fluctuations asso-
ciated with them can provide useful insights into the system. In particular,
the presence of spin currents modifies the charge current noise, which can
instead be easily detected. Such modifications can be used to measure the
spin injection efficiency from a ferromagnet , or to reveal information on
the relative orientation between ferromagnets and the spin relaxation
processes . Additionally, the charge current noise allows to detect spin
accumulations . This last application was recently proven experimentally
, albeit without exploring the regime in which only a pure spin current
flows in the system, namely when the charge current vanishes. Clearly, spin
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Figure 4.3: (a): Schematic setup used to measure the delta-T" noise in electron-
hole symmetric systems. The transmission probability D(E) = D is uniform, so
the temperature bias alone does not induce a charge current. The two terminals
are kept at the same chemical potential, u;, = pugr but have different temperat-
ures. (b): Experimental data of noise equivalent temperature Toise at different
contact temperatures, Thot (x-axis) and Tcolga (legend). Out of equilibrium, i.e.
when Tyt is not close to Tcold, the noise deviates from the Johnson-Nyquist
noise (blue) and instead approaches Tio In2 (red). Source:[57]

currents are crucial in the field of spintronics, and the information revealed by
fluctuations in spintronic devices can further boost the research in that field.

4.3 Delta-T and zero-current noise

The studies done in papers [I] and [II] stem from the notion of delta-T' noise.
This noise was recently measured for the first time in Ref. [24], and since then
other experiments [56| |57} {107} {116} [117] and theoretical studies [118-122] have
been performed. This kind of noise emerges when only a temperature bias is
imposed on the system, hence the name delta-T noise. In particular, these
first measurements have been performed in electron-hole symmetric systems, in
which a pure temperature bias does not induce any charge current. Therefore,
the delta-T noise is an instance of noise in absence of currents.

Spefically, the setups of many of such experiments can be schematically
pictured as in Fig. 4.3| (a), where a scatterer with uniform transmission probab-
ility D(F) = D makes the system electron-hole symmetric. Therefore, a pure
temperature bias does not generate any charge current. In fact, the charge
current carried by electrons flowing above the Fermi energy is balanced by the
one carried by the holes flowing below it. In such a setup the thermal noise
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contribution of Eq. (4.4)) becomes

;o 4e?

Sih = TD/{:B [TL + TR] , (4.6)
which is proportional to the sum of the contact temperatures. Additionally, if
the hot temperature is much larger than the cold one, we can approximate the
latter as the zero temperature. Here, we take without loss of generality the
right contact to be the colder one. The low temperature assumption simplifies
the calculations and allows us to approximate the shot noise contribution of

Eq. (4.5) as [21]

4 2
SL ~ %0(1 — D)kgTi,[2In2 —1]. (4.7)

In particular, if the scatterer is very opaque, namely the transmission probability
is small D < 1, the total noise contribution becomes

;82
S ~ TDkBTL ln 2. (48)
This result was shown experimentally in Ref. [57], the data of which is shown
in Fig. [4.3] where the noise is quantified in terms of the noise equivalent
temperature Thoise- 1his temperature corresponds to the temperature that
both contacts need to be at for achieving the same amount of equilibrium noise,

namely g2
St = —— Dl Txoise- (4.9)

Here, the transition between the near equilibrium regime and the out-of-
equilibrium regime is apparent: When the contact temperatures are close to
each other the fluctuation-dissipation theorem holds, and the noise equivalent
temperature coincides with the hot temperature. Instead, when the contact
temperatures differ greatly the noise equivalent temperature becomes Tyt In 2,
see Eq. (4.8). This additional noise is provided by the shot noise contribution.
Importantly, for the shot noise to emerge it is not required that a finite charge
current is present, but that the system is subject to an out-of-equilibrium
condition.

Papers [I] and [IT] enlarge the scope of inquiry around the delta-T" noise by
considering the more general noise in absence of currents. Indeed, the noise
in absence of currents allows us to consider systems that are not electron-hole
symmetric. In such systems the zero-current condition is generally achieved
by having both a temperature and a voltage bias. This allows us to study the
impact that the out-of-equilibrium condition has on the fluctuations in more
generic systems. In fact, this noise also allows us to generalize the delta-T
noise to other kinds of currents, like the heat and the spin currents described in
Sec. Having a vanishing average current is also favourable for comparing
the out-of-equilibrium noise with the fluctuation-dissipation theorem. In fact,
the latter holds at equilibrium, where the average currents vanish. Additionally,
the zero-current condition was shown to yield an out-of-equilibrium extension
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of the fluctuation-dissipation theorem for systems obeying the local detailed
balance principle [58]. Therefore, investigating this kind of noise provides a
better understanding of fluctuations in systems out of equilibrium.
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Chapter 5

Results

In the previous chapters we provided an introduction to the general scientific
context, as well as more detailed information about the formalism and the
setups considered in the appended papers. Additionally, the model proposed
in paper [III] was described in Sec. Therefore, the previous chapters
provide the basic background to understand the contents and the results of the
appended papers. This chapter gathers the main findings.

5.1 Shot noise in absence of currents

As discussed in Sec. to have a finite shot noise it is necessary for the system
to be out of equilibrium. Importantly, this condition can still be achieved
when the average current vanishes. The shot noise in absence of currents is
studied in papers [LII], and their results are discussed jointly in this section.
In particular, paper [I] focuses on the zero-frequency noise in charge and heat
transport. Paper [II] expands the studies on noise in absence of currents by
considering also spin currents, finite-frequency noise, and by improving the
results of paper [I]. These papers show that the heat shot noise can be arbitrarily
large even in the absence of an average heat current. In particular, we prove
that the heat fluctuations can be dominated by the shot noise. Additionally, in
spin-nondegenerate systems it is possible to achieve the zero-current condition
for charge and spin transport without any temperature bias. Therefore, when
the voltage bias or spin imbalance is much larger than the system temperature,
the thermal noise becomes neglible, and only the shot noise contributes the
fluctuations. Finally, in spin-degenerate systems, in which charge transport
is controlled through voltage and temperature biases, we prove that the zero-
current charge shot noise is always limited by its thermal counterpart. This
bound also holds on the finite-frequency shot noise, and limits the influence of
shot noise on the zero-current charge fluctuations generated using a temperature
bias.

37
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Figure 5.1: (a): Zero heat current condition achieved for the transmission
probability D(E) depicted. (b): Ratio between zero-frequency heat shot noise
and heat thermal noise when varying the parameters of the transmission. The
shot noise can be much larger than the thermal noise.

5.1.1 Heat current noise

We consider a spin-degenerate setup similar to those described in Chapter
illustrated in Fig. [5.1f(a), where only a temperature and a chemical potential
bias are present. In paper [I] we show that, for a Lorentzian transmission,
the heat shot noise is smaller than the heat thermal noise. However, this is
not the case for all types of conductors. In fact, in the same paper, it is also
demonstrated that, with an appropriate transmission, the shot noise can be
arbitrarily large while the thermal noise remains finite. The transmission used
in paper [I] to show this is rather mathematical, and does not have a direct
physical counterpart. Nonetheless, it illustrates the main features necessary
to obtain large heat shot noise, namely that the transmission should have
two transmission windows which are distant in energy. Paper [II] uses this
insight to show that the heat shot noise can become much larger than the
thermal noise in an experimentally feasible transmission, depicted in Fig.
(see appended paper [I1] for details). This transmission was shown in Ref. [123]
to be the two-terminal transmission for a quantum spin Hall edge coupled
to a small magnetic island with characteristic length and energy scales £ and
€, respectively. This setup allows to obtain heat shot noise much larger than
the thermal noise, as illustrated in Fig. b). Therefore, even in the absence
of an average heat flow, it is possible to achieve large heat shot noise. The
fundamental reason why this happens is that heat grows with the energy of
the transferred particle. In particular, while the heat current contains the heat
(E — u1.), the noise contains (E — ur,)?, which grows faster at large energies,
and thereby leads to larger contributions when the transmission windows are
distant in energy.
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I1=0

Figure 5.2: (a): Zero charge current condition achieved with the spin imbalance
o1, between the spin populations of the left contact. (b): Zero spin current
condition achieved without any spin imbalances, but with the chemical potential
difference Ay between the contacts.

5.1.2 Spin current noise

On the other hand, when considering spin currents, we consider spin-nondegenerate
systems. In particular, we allow the spin populations in each terminal to be
characterized by different distributions, that we indicate with f,,(F), where
a = L, R indicates the contact, while 7 =1, | indicates the spin. Electrons with
different spin in the same contact may have different chemical potentials .
We refer to this difference as spin imbalance. Spin transport is mediated by
electrons from the contacts undergoing scattering processes, which we assume
to be spin-conserving, such that the spins of an electron before and after the
scattering event coincide. Then, we calculate the zero-frequency noise of the
spin current generated in such a way, and serapate it into its thermal and shot
components, obtaining

Z /dE< TTh) D(E) Y far(B)1— far(B)], (5.1)

a=L,R

for the thermal noise, and

Z /dE( TTh) D-(E)[fu-(E) — fr-(E))?, (5.2)

for the shot noise. Here, the quantity in the round brackets is the spin carried
by the electrons, while D.(FE) is a spin-dependent transmission probability
preserving the particle spin.

Having different spin populations increases the control parameters of the
system, and makes it similar to a spinless four-terminal setup. These additional
control parameters allow to reach large shot noise in the absence of currents.
In particular, we consider now the case in which the contact temperatures are
equal and much smaller than the voltage bias between the contacts or the spin
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imbalances, such that we can approximate them with the zero temperature.
This means that the thermal noise contribution to the fluctuations are negligible
compared to the shot noise contributions. Additionally, we consider a uniform
and spin-independent transmission probability, namely D, (F) = D. Under
these conditions, we study the noise in absence of currents. First, we consider
the case in which there is no voltage bias between the contacts, but the
left contact has a finite spin imbalance oy, such that the spin populations
distributions are

fir(B) = fu(E + (=1)*"o1/2). (5-3)

Instead, the right contact as no spin imbalance. This configuration is illustrated
in Fig. and has no average charge current. Indeed, the charge current
carried by the spin-T electrons flowing above the Fermi energy is balanced
by the one carried by the spin-| electrons flowing below the Fermi energy.
Nonetheless, the total charge current noise is finite, and uniquely given by the
shot noise contribution, namely

I 2¢?
S°(0) = TD(l — D)ory.. (5.4)

Notably, the charge current noise is directly proportional to the spin imbalance
or,. Therefore, by measuring the charge current fluctuations in the absence of
average charge current it is possible to detect the presence of spin imbalances.

Instead, by considering the case in which there is no spin imbalance in
either contact, but there is a voltage bias between them inducing the chemical
potential difference Ay = pp, — pr, we reach an out-of-equilibrium setup in
which the average spin current vanishes. This setup is illustrated in Fig. [5.2(b),
and has clearly no net spin current because the contribution of the spin-1
electrons balances with the contribution of the spin-| electrons. Nonetheless,
the total spin current noise is finite, and reads

S%(0) = %D(l — D)Ap, (5.5)

which again coincides with the shot noise since the temperatures are low.
Similarly to the charge fluctuations in Eq. , also the spin fluctuations in
Eq. are directly proportional to the bias imposed on the system, in this
case the voltage bias Ap/(—e).

5.1.3 Charge current noise

We now consider the charge current fluctuations when the average charge current
vanishes. In particular, we study two-terminal, spin-degenerate setups in which
both a temperature and a voltage bias are present, as the thermoelectric devices
described in Chapter [3]

Unlike the previous cases of Secs. and[5.1.2] here the shot noise behaves
differently. In particular, in paper [I] we show that the charge shot noise is
always smaller than the thermal noise. We further improved upon this bound
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in paper [II], resulting in the following inequality chain on the zero-frequency
noise components:

SL(0) <0, -0, <0, +06., =50 (5.6)
where
2
Oue = " [ABD(E) fuye( )1 fue(E)] (57)

is the contribution to the thermal noise of the hot (h) or cold (c¢) contact.
Crucially, the bound in Eq. holds for any transmission probability D(E)
and any temperatures Ty, Tr, as long as the chemical potential difference is
chosen to satisfy the zero-current condition. Therefore, this bound between
shot and thermal noise is both general and fundamental. Interestingly, the first
inequality in Eq. , which was proven in paper [II], correctly recovers the
behavior of shot noise close to equilibrium. Indeed, when the temperatures of
the contacts are close together, their thermal noise contributions are similar,
namely O — O, = 0, making the shot noise vanishingly small compared to the
thermal noise.

Furthermore, in paper [II] we proved that even at finite frequency the
shot noise is bounded by the remaining noise contributions, which include the
thermal noise, albeit with a less strict bound and with an additional condition.
In fact, measuring the noise without loss of generality on the left contact, the
finite-frequency shot noise is limited by

Sh(w) < S

rest

(W) = R(w) — OL(w) < Sfegi (w), (5.8)

rest

as long as the current fluctuations are measured in the cold contact, namely
T1, < Tr. The terms introduced in Eq. are both frequency-dependent and
positive, see appended paper [II] for the details. Similarly to the zero-frequency
bound, the finite-frequency bound in Eq. holds for any transmission
probability D(E) and any temperatures satisfying 11, < Tr, as long as the
chemical potential difference is chosen to satisfy the zero-current condition.
The requirement of measuring the noise on the cold contact is due to the fact
that, at finite-frequency, the current correlators do not satisfy the noise power
conservation rules that stem from particle conservation [66], and noise depends
on where it is measured.

Interestingly, it is possible to overcome the first inequality in Eq. when
the noise is measured in the hot contact. Nonetheless, a numerical analysis
did not show any instance of finite-frequency shot noise being larger than the
remaining fluctuations even if the measurement is carried on the hot contact.
Therefore, we conjecture the charge shot noise to be always bounded under the
zero-current condition, for any transmission probability D(E), temperatures
T1,, Tr, and frequency w.
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5.2 Quantum transport in a hot-carrier solar
cell

In paper [III] we introduce the novel transport model and performance quanti-
fiers, discussed in Sec. to describe a hot-carrier solar cell. In particular, we
use Biittiker probes to mimic the effects of carrier-carrier and carrier-phonon
scattering, which lead to carrier thermalization and relaxation to the lattice
temperature, respectively. Additionally, we study the performance of the device
by considering, in addition to the power, a global and a partial efficiency, both
of which are based on the nonequilibrium free energy. By changing the balance
between the different loss mechanisms, the multi-probe model ranges among
different regimes, from the solar engine, in which there are no such losses, to
the conventional solar cell, in which all the carrier excess energy is lost to the
lattice. Between such regimes lie the cell exploiting thermalized hot-carriers,
in which the carriers take on a thermal distribution at a temperature higher
than the lattice, and the cell exploiting nonequilibrium hot-carriers, in which
the carriers take on a nonequiliubrium distribution. Interestingly, extracting a
nonequilibrium carrier distribution improves the performance of the device.

Nonetheless, if the carrier thermalization is fast, their distribution is thermal.
In this case, in paper [III] we prove that a boxcar-shaped transmission maximizes
the efficiency at any given power output, thereby extending the result of
Refs. [88,189] to systems in which both a temperature and a chemical potential
bias are used to generate power.

5.2.1 Regimes in the multi-probe model

The different contacts making up the multi-probe model are described in
Sec. [3:33] Transport between these terminals is mediated by a scatterer con-
necting them with transmission probabilities D, g(E) of tunneling from contact
B to contact . These transmissions regulate how often the corresponding
process happens. In particular, by choosing the transmission probabilities
appropriately, we can explore different regimes in which the device operates.
The regimes considered are illustrated in Fig. and are briefly explained
below (more details are found in appended paper [III]).

(a) The ideal solar engine is obtained when no loss mechanism happens. Then,
the carriers take on the a thermal distribution at the sun’s temperature
and the device operates as a thermoelectric heat engine.

(b) The cell exploiting thermalized hot-carriers is obtained when the carriers
are extracted after they thermalize between themselves through electron-
electron interaction, but before they lose all their excess energy to the
lattice through electron-phonon interaction. In this case the carriers
establish well-defined temperature higher than the lattice temperature
and a finite chemical potential, both of which are used to produce power.

(c) The conventional solar cell is obtained when the carriers relax to the
lattice temperature through electron-phonon interaction before being
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Figure 5.3: Schematic representation of the regimes of operation considered.
(a): Ideal solar engine in which there are no loss mechanisms. (b): Thermalized
hot-carrier solar cell, in which the extracted carriers have thermalized and
reached a well defined temperature T, and chemical potential pe . (c): Solar
cell, in which the extracted carriers have relaxed to the lattice temperature T¢,,
while having chemical potential pie.pn. (d): Nonequilibrium hot-carrier solar
cell, in which the extracted carriers are described by a nonthermal distribution,
in this case a combination of the former.
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extracted. In this case all the excess energy of the carriers is lost, and the
carriers take on the ambient temperature, but establish a finite chemical
potential, which is used to produce power.

(d) The cell exploiting nonequilibrium hot-carriers is obtained when the
device exploits the nonequilibrium nature of the hot carriers. To obtain
the nonequilibrium carrier distribution, all kinds of carriers are extracted
equally. In this case the carriers extracted by the collector do not exhibit
a well-defined temperature or chemical potential.

Unsurprisingly, the ideal solar engine produces more power and does so
with a better global efficiency compared to the other regimes. In fact, the
ideal solar engine does not have any loss mechanism. On the opposite, the
conventional solar cell has the lowest power output and global efficiency of the
regimes considered because it incurs in more losses. By contrast, the picture
is reversed for the partial efficiency. In fact, since the solar cell exploits cold
carriers to produce power, it extracts them more efficiently compared to the
other regimes, in which the carrier distributions are spread in energy. Both the
thermalized and nonequilibrium hot-carrier solar cells produce more power with
a higher global efficiency than the conventional solar cell because they do not
have as many losses. However, the use of a nonequilibrium carrier distribution
improves the power generated by the cell while operating at the same global
efficiency of the thermalized hot-carrier solar cell.

5.2.2 Best efficiency at a given power

The second major achievement of paper [III] is obtained when the device
exploits a thermal distribution, irrespective of the origin of its temperature and
chemical potential. Therefore, this covers the ideal solar engine, the thermalized
hot-carrier solar cell, and the conventional solar cell discussed previously. For
such regimes we prove that the boxcar-shaped transmission, defined as

1 for By < E< E4

0 otherwise ’ (5.9)

o(e) = {
maximizes the extraction efficiency at any given power output for an appropriate
choice of the initial (Ep) and final (E;) energy. This kind of transmission was
already recognized to be optimal for thermoelectric heat engines in Refs. |88,
89]. Here, we generalize it to systems in which also a chemical potential is
present, influencing the choices of Fy and FEj.

The proof is based on a variational analysis that can be found in paper [II1].
Importantly, the proof requires the carrier distribution to be thermal, thereby
excluding the nonequilibrium hot-carrier solar cell regime. Nonetheless, we
expect a boxcar with a suitable choice of width and position, or possibly a
combination of multiple distinct boxcars, to be optimal even for nonthermal
distributions.
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Conclusions

6.1 Summary

This thesis studies transport in out-of-equilibrium systems focusing on two
different aspects: the current fluctuations under out-of-equilibrium conditions,
and the effect of nonequilibrium (or nonthermal) distributions as a resource.

On the one hand, we investigate the current fluctuations in various meso-
scopic systems, with particular focus on thermoelectric devices. These fluctu-
ations become particularly interesting out of equilibrium, where the shot noise
contribution is finite, even if the average current vanishes. We find that, even
with vanishing average current, the heat shot noise can be arbitrarily large.
The same applies to both charge and spin shot noise in spin-nondegenerate sys-
tems. Instead, in spin-degenerate systems in which the zero-current condition
is achieved by means of a temperature and a voltage bias, we prove that the
charge shot noise is always smaller than the thermal one.

On the other hand, we analyze a hot-carrier solar cell, where we propose
a transport model to describe the main loss mechanisms happening. This
particular device combines the thermoelectric and the photovoltaic effects, and
its working principle relies on the fast carrier extraction, which can exploit
nonthermal carrier distributions. Therefore, we tackle the crucial task to
investigate the effects of nonequilibrium distribution on the performance of the
device. We find that the extraction of a nonequilibrium carrier distribution
indeed improves the power generated by the device. Nonetheless, if the carrier
distribution is thermal, we prove that the maximum efficiency at any given
power output is obtained using a boxcar-shaped transmission, see Eq. (5.9).

6.2 Outlook

The presented results lay the basis for a number of open questions, which are
briefly described in the following.

First, in Sec. a conjecture is presented, namely that the finite frequency
charge shot noise in absence of current is smaller than its thermal counterpart
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even when the noise is measured on the hotter contact. Proving this would
further reinforce the generality of the bound on charge shot noise in absence of
currents. Additionally, the results of paper [I] and [II] raise questions about
the existance of an analogous bound in interacting or bosonic systems, which
would be interesting to investigate in the future.

Concerning the hot-carrier solar cell analysis, on the other hand, the results
of paper [III] beg for an application of the model to realistic systems, like
devices based on nanowires heterostructures or 2D graphene sheet, and for a
deeper analysis of the nonequilibrium effects on the performance of the device.

These different aspects of out-of-equilibrium thermodynamics could also be
combined. In fact, studying the noise generated by nonequilibrium distributions,
for which the bound on shot noise is not guaranteed to hold, is interesting. For
example, fluctuations could be useful in distinguishing a “pure” nonequilibrium
resource, namely a reservoir described by a nonequibrium distribution, from
an “artificially” generated nonequilibrium distribution, namely a distribution
obtained by the mixing of thermal ones. In particular, the latter is what is con-
sidered in paper [III], as well as in Refs. [18] [19], where the nonequilibriumness
of a distribution is used to power a refrigerator.

Last, we mention that the bound obtained on shot noise is different from
the thermodynamic uncertainty relations. In fact, in our result, only the shot
and thermal current noise components appear, whereas in the thermodynamic
uncertainty relations the total current noise as well as the entropy production
and the average charge current do. Investigating whether a connection between
such inequalities exists or how they can be combined can provide further
insights into the out-of-equilibrium fluctuations.



Appendix A

Probability current and
current operators

The probability density n(x,t) of finding a non-relativistic particle around the
position x at time ¢ evolves according to

dn(z,t) = 0, [ (x, t)| = [0 (2, 8)]1b(z, t) + ¥ (2, 1) Ot (a, t),

= gy P20 (@ 0], 1) — 0" (. )", )] (A.1)
- % [0 (@, ) V(. t) — [V§* (z, 1) | (, 1)]

where the Schrodinger equation was used to determine the evolution of the
wavefunction v (x,t). The operator p is the momentum operator, which, in
the coordinate representation becomes proportional to the spatial derivatives,
namely p = —ihAV. The last line of Eq. highlights the structure of the
probability density evolution, which take the form of a continuity equation,
namely

on(z,t) + VI (x,t) = 0. (A.2)

Here J (x,t) is the probability current of the particle, and is defined as

J(x,t) = —% {7 (2, ) V(1) — [VY* (2, )]y (2, 1)} (A.3)

Using this quantum-mechanical notion of current we calculate the current
operators in the scattering formalism by substituting the particle field ¥, (7, t)
in place of the wavefunction ¢ (x,t). In particular, the currents flowing across
lead « are obtained by integrating the flow in the direction of the lead along the
direction perpendicular to the particle propagation, namely 7, . In particular,
using the shorthand notation e = ¢(E) and e’ = e(E’), for the charge current
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we have

fo= g s 8L 00,9000 0 9t

iqh XaiXh _i(E_E
= Y2 [y, dEdE’ Akail (—i(BE-E)t/hy
2m + Z \/hvhv (A.4)

Ly ) “ )
~ {—Zk [agl ik'x + ballefzk z:| |:aai677,ka: _ ba¢61k1:|

Zk/ |: IT Bg{i/e—ik/m] [&aie—ikm + Baieikm] } )

Now, the approximations done in Sec. allow us to greatly simplify the
calculations. Indeed, the orthonormality of y.;(F,r,) can then be used,
yielding a Kronecker delta ¢;. Additionally, when k = k&’ the annihilation and
creation operators simplify, and since hk(E) = mv(E) the particle velocities
disappear. For this cancellation to happen it is crucial that the propagation
happens in a one-dimensional lead. In the end, we get the simple formulation

in Eq. (2:6).

One can proceed in a similar fashion for the energy and spin currents, placing
the operator corresponding to the quantity of interested between W (r,t) (or
0,V (r,t)) and 0, W, (r,t) (or ¥, (r,t)). For example, the energy current is
obtained by considering the flow for the Hamiltonian H , which yields

[®) = f% dro [Wh(r, A0, Wa (r, 1) = [0.9](r, )] HWa(r,1)|

E+ E XaiX ip_p
= —" | dr dEdIE’ ( ) at’ i(E—FE )1‘,/h><
/ - 2 Jioho (A.5)

{—’Lk‘ [ AT zk T 4 b/T ,e—zk z {daie—ikw _ i)aieikx}

Zk/ |: /T 'z Bg_/efik/x} {&aieiikw + Baieikx} } )

(2

i’

Where we used H = H' to make the operator act on W, (r,t) and Ul (r,¢)
respectively.

As stated in the main text, when we also consider the spin of the particles, we
can include the corresponding index 7 in the reservoir index. In spin-degenerate
systems, this only adds a degeneracy factor (2 for electrons). However, we can
also use it to calculate spin transport quantities. In this case, the spin current
operator is obtained by considering the flow of the particle spin. For electrons,
this corresponds to the operator § = /g, /2, where 6, is the Pauli matrix, and
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Appendix B

Nonequilibrium free energy

Consider a closed system made of different subsystems, labeled with a. The
(average) total entropy production between the final and the initial state obeys
the second law of thermodynamics, namely

ASior = > AS, > 0. (B.1)

We consider one of the subsystems to be a large thermal reservoir, such that
its thermal state is not disturbed by the transformation. We refer to this
subsystem as the environment (env), which has a well defined temperature
Tenv. Applying the first law of thermodynamics to the environment, we obtain

TenvASenv = AUvenv - Wenv (B2)

where AU,y is the variation of internal energy of the environment, while W,
is the (positive) work performed on the environment reservoir. Using the total
energy conservation of the system, namely > AU, = 0, we can use the second
law in Eq. to obtain the thermodynamic maximum of the work performed
on the environment. Indeed, we rewrite the second law as

TenvAStot = Z (TenVASoz - AUa) - Wenv Z 0; (B3)

aFenv

from which we obtain

Wenv < - Z AFa;env = — Z (AUQ — TenvASa) . (B4)

aFenv aFenv

Here we have defined the thermodynamic quantity Fuenv = Uq — TenvSa, that
we call nonequilibrium free energy because of its similarities with the Helmholtz
free energy. In particular, since the nonequilibrium free energy only contains
the extensive quantities of subsystem « (the internal energy U, and the entropy
Sa), it does not require the subsystem « to be at local equilibrium. Therefore,
as the name suggests, the nonequilibrium free energy accounts also for the
possibility of using nonequilibrium resources to produce work.

o1
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