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Abstract

The aims of this work are to elucidate the effects that bulk solids properties

have on the effective drag experienced by large spheres immersed in an emul-

sion of group-B solids under minimum fluidization conditions and to analyze

the ways in which the different suspensions react towards different applied

shear rates. To investigate this, magnetic particle tracking was applied to

resolve the trajectory of falling-sphere measurements in which the size, den-

sity, and sphericity of the bulk solids were varied as well as the size and den-

sity of the spherical tracers. The resulting experimental scope included both

rising and sinking tracers as well as full segregation and in-bed stagnation of

the tracers. The set-up provided highly resolved tracer trajectories, from which

the drag experienced by the sphere can be calculated. For sinking tracers, the

results showed that an increase in bulk solids size, angularity, and density

reduced the terminal velocity of the sphere. This effect correlated well with the

bed expansion and Hausner ratio, indicating that a reduced void space among

the bulk solids is the main reason for the increase in motion resistance. At

lower shear rates, namely, during the de-acceleration towards the stagnant

state, beds of larger, more angular, or denser bulk solids yield lower levels of

shear stress. The angle of repose of the bulk solids correlated with the rate at

which the emulsion thins with increasing shear rate. For rising tracers, shear

stress did not show any significant dependency on the properties of the bulk

solids.
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1 | INTRODUCTION

Gas–solids fluidized bed (FB) units, which are widely
used in reactive and thermal processes, involve as a key

aspect the transfer of mass, momentum, and heat
between the fluidized emulsion of gas and bulk solids
and the reactive particles immersed in the emulsion. The
efficiency of the overall fluidized-bed process depends to
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a large extent on the possibility to control the mixing of
the immersed particles (which are typically larger and of
different density than the bulk solids) through momen-
tum transfer with the bed. This is the case of FB applica-
tions in thermal conversion of solid fuels
(e.g., combustion, gasification, and pyrolysis), calcination
of metal particles, and the separation of larger solids in
segregators.[1] Yet, observations from operating FB units
(particularly under bubbling conditions) indicate maldis-
tribution of the immersed particles,[2] and it is not obvi-
ous how to reduce such inhomogeneities through design
improvements or, in existing plants, by means of process
control and/or feedstock pre-treatment.

Despite the many industrial applications that involve
the presence of larger particles immersed in a FB of smal-
ler particles (e.g., solid fuel conversion, drying, coating,
and separation), there is a lack of understanding of the
momentum exchange that occurs between these large
particles and the solids suspension. This knowledge gap
hinders the establishment of fully reliable descriptions of
the mixing. Thus, much of the design and scale-up of
such FB processes is empirical. As the basis for mathe-
matical modelling of fluid-dynamic phenomena in FB
units, there is a need to characterize the rheologic proper-
ties of the bed in terms of the momentum transfer with
immersed larger particles through an effective drag force.
Professor J. R. Grace was early to discuss the analogy
between liquids and dense FBs and proposed assigning a
viscosity to the FB.[3] He called for the need to measure
the shear stresses developed in FBs and their relationship
with the movement of bubbles and the stability of the
bed. The shear stress studies existing at that moment and
summarized by Grace in his early paper were mainly
based on theoretical deductions and observation of the
shapes and behaviour of the bubbles. With the recent
development of time-resolved measurement techniques,
it should be possible to get further experimental insights
into the shear stresses, and thereby the effective viscosity
in the dense region of FBs, which remains still a rela-
tively unexplored aspect of fluidization.

The well-established two-phase flow theory for gas–
solids fluidization proposes a division of the gas flow into
two parts: the flow maintaining the dense phase in-
between bubbles under minimum fluidization and the
visible bubble flow, that is, the flow in excess of mini-
mum fluidization.[4] However, at high fluidization veloci-
ties applying to group B and D solids (for which the
dense phase can be assumed to remain at minimum flu-
idization conditions), a throughflow of gas through the
bubbles has been observed,[5] which is required in order
to close the mass balance while not overestimating the
bed expansion due to the bubbles. Thus, minimum fluidi-
zation conditions are of special interest and remain the

basis of studies of many fluid dynamic phenomena in
bubbling FBs, which can be combined with studies on
the macroscopic movement of the gas–solids emulsion[6]

to offer a full description of the mixing of solids
immersed in a FB. Several authors have attempted to
derive the drag on immersed larger objects imposed by
gas–solids emulsions under minimum fluidization (yield-
ing particle volume fractions typically around 0.6).[3,7–12]

These investigations have offered a theoretical analysis of
the flow of such emulsions around immersed particles
and shown that:

• While the assumption that a gas FB (as a homoge-
neous emulsion) exhibits Newtonian behaviour
(invariable proportionality between the shear stress
and the applied shear rate) has been inferred[3] or
assumed[13,14] in some studies, more precise measure-
ments have challenged this assumption and proposed
alternative models, which indicate both a plastic
behaviour (varying rate of the change in shear stress
with shear rate) and a yield stress (non-zero shear
stress at zero shear rate).[15–18]

• Immersed-body-type studies are often used in the anal-
ysis of fluids. Although they provide reliable informa-
tion about flow parameters (particularly at near-zero
shear rates), it should be noted that the movement of a
non-Newtonian fluid around a body is non-viscometric
(the shear stress and shear rate are not uniform),
which means that the results can only be directly
related to local phenomena.[7] The results from falling-
sphere measurements are complementary (and not
necessarily comparable) to those obtained using
methods in which the fluid (e.g., capillarity measure-
ments) or the emulsion (e.g., rotating cylinders) is not
perturbed.[18,19]

In addition, extensive research has been carried out
on other multiphase systems. Liquid-solids FBs are often
treated as Newtonian fluids; Gibilaro et al.[13] have sum-
marized the major developments in such systems. How-
ever, several groups[20–22] have reported complex effects
of the suspension rheology that, to some extent, can be
seen as analogous to the emulsion of gas–solids FBs.
Investigation of drilling slurries and polymer emulsions
not only have increased our understanding of the time-
dependence of viscosity and the presence of the yield
stress in liquid–solids suspensions but also have demon-
strated the impacts of particle concentration, size, and
shape on the rheology of the emulsion. Most of these
effects have been compiled in key publications, such as
those of Kamal and Mutel,[23] Coussot,[24] and Willenba-
cher and Georgieva.[25] The field of granular flows has
similarly contributed to a better understanding of the
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bulk solids dynamics in dense suspensions[26–28] and
their interactions with immersed bodies. Despite this
accumulated knowledge, the study of the flow properties
of gas–solids FBs is still incipient, with much remaining
to be discovered.

A recurrent challenge in studies of gas–solids flows is
the lack of experimental techniques that are sufficiently
accurate to capture the key flow features occurring at
shorter lengths and time scales. As a consequence, these
investigations are typically limited to using general
assumptions, such as Stokes’ law,[14,29] and complement-
ing the low resolution of experimental data with model-
ling.[30,31] Fortunately, magnetic particle tracking[32] has
recently made it possible to track an immersed particle
accurately, and it has been proven to be a consistent tool
for studying the effective drag on a sphere immersed in a
gas–solids emulsion at minimum fluidization.[33]

The above-cited study[33] has revealed the non-
Newtonian character of the emulsion when acting on
immersed spheres and provided evidence of viscoplastic
characteristics at low shear rates, which have found their
best fit in the original rheology model of Herschel–Bulk-
ley.[34] In similarity to other viscoplastic models
(described in, e.g., work by Chhabra[7] and Coussot[24]),
the Herschel–Bulkley model considers a yield stress
(shear stress at zero shear rate) and a non-linear increase
in the shear stress as the shear rate grows, characterized
by the consistency term (analogous to viscosity) and the
flow index (a measure of shear-thinning). Further, for
high values of the shear rate, measurements by Köhler
et al.[33] have also shown a decrease in the shear stress
down to the value of the yield stress, which suggests
eventual changes in the distribution of solids in the emul-
sion (e.g., local increase in concentration).

With a better understanding of the general character-
istics of the drag exerted on immersed spherical particles
by the gas–solids emulsion at minimum fluidization,
questions have arisen concerning the impacts of the
properties of the bulk solids. For other types of suspen-
sions, such as slurries and colloids,[23–25] the solids prop-
erties are reported to influence the capacity of the solids
to rearrange in the suspension and thereby on
the characteristics of the momentum exchange between
the suspension and the moving object. In the case of gas–
solids fluidization, bulk solids are primarily characterized
by their size, density, and sphericity.

The aim of the present work is to extend current
understanding of the momentum exchange between a
gas–solids emulsion at minimum fluidization and an
immersed sphere that is larger than the bulk solids. For
this, the present work uses the experimental methodol-
ogy developed by Köhler et al.[33] to gain insights into
how the properties (size, sphericity, and density) of the

bulk solids impact the effective drag force established
between a gas–solids emulsion at a minimum fluidization
and a larger immersed particle. Particular attention is
paid to terminal conditions, namely, when the immersed
sphere reaches a constant non-zero velocity or stagnates
within the emulsion. For the analysis, we combine mea-
surements with magnetic particle tracking (since such
experiments give high levels of accuracy and resolution)
with force balances that include expressions for the drag
force. The scope of this study is limited to spherical
tracers immersed in a gas–solids emulsion at minimum
fluidization velocity (air is used as gas and Geldart group
B[35] solids as bulk material, which is typically used in
the thermal conversion of solid fuels).

2 | THEORY

The original falling-sphere method for estimating viscos-
ity in viscous fluids involves different spherical tracers
with defined sizes and densities being released in a stand-
pipe filled with the fluid of interest. In a viscous fluid that
is homogeneous and at rest, the free movement of a
sphere released inside is governed by vertical forces,
mainly gravity and drag.[7,24] Therefore, only the analysis
of vertical movements is relevant. The time required for
the sphere to sink through the standing fluid is measured
based on the assumption that the sphere will reach a ter-
minal velocity, namely, a constant velocity, during its
movement inside the fluid. In this way, the effects of a
non-Newtonian rheology, such as velocity variations (and
possible stagnation) of the sphere, are not resolved by the
method. Thus, being able to measure the instant velocity
of the sphere throughout its trajectory allows one to solve
the force balance in the vertical direction for every posi-
tion of the sphere and to extract detailed information
about the effective drag acting on the particle at different
velocities (corresponding to different shear rates). By
modifying the size and density of the sphere, the shear
rate can be varied and the dependency on the size ratio
of the bulk solids to the sphere can be explored.

Under minimum fluidization conditions, the homoge-
neous concentration of bulk solids enables an analogy to
be drawn between the gas–solids emulsion and a liquid.
Thus, the force balance for a sphere moving in the
z (vertical) direction can be written:

mp
duz
dt

¼
X

F¼FGþFBþFDþFV ð1Þ

where mp and uz are the mass and the vertical velocity of
the sphere, respectively, and t is time. FG is the gravity
term, FB is the buoyancy term, FD is the drag term, and
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FV is the virtual mass term.[36] Wall effects are expected
to play a minor role for Reynolds numbers up to �100 as
applied in this work[37] and are, therefore, neglected in
this analysis. Thus, with the assumption of the gas–solids
emulsion at minimum fluidization (for which the gas
phase drag and the virtual mass force have been found to
be 3–4 orders of magnitude smaller than those of the
other forces),[33] the force balance in Equation (1) yields:

π

6
D3
pρp

duz
dt

¼ π

6
D3
p ρp�ρem

� �
gþπ

8
D2

pCDρem uem�uzj j2

ð2Þ

where Dp and ρp are the diameter and density of the
sphere, correspondingly. ρem corresponds to the density
of the emulsion, g is the gravitational acceleration, CD is
the drag coefficient, and uem is the velocity of the gas–
solid emulsion resulting from the net vertical flow of bulk
solids induced by the movement of the tracer. Thus, since
the bed surface remains constant while the tracer is
immersed into the gas–solids emulsion, an ascending
tracer implies by continuity that the gas–solids emulsion
moves downwards, and vice versa. Using the continuity
equation, the velocity at any given time of the bulk solids
in the emulsion surrounding the tracer can be calcu-
lated as:

uem ¼� D2
p

D2
b�D2

p

� �uz ¼�λuz ð3Þ

where Dp is the diameter of the bed container. This veloc-
ity is accounted for in the calculations, although the dis-
placement of the emulsion caused by the immersion of
the tracer particle has been found to have a minor
impact.[33] The density of the emulsion can be deter-
mined based on the mass of bed material mb, and the vol-
ume occupied by the bed at minimum fluidization, as
shown in Equation (4):

ρem ¼ εmfρgþ 1� εmfð Þρs ≈
mb

AbLmf
ð4Þ

where εmf is the voidage of the bed at minimum fluidiza-
tion, ρg is the density of the gas, ρs is the density of the
bed solids, Ab is the cross-sectional area of the container,
and Lmf is the height of the bed under minimum fluidiza-
tion conditions. With these considerations and given a
trajectory of the tracer, the drag coefficient can be solved
from Equations (2)–(4), and the shear stress can be calcu-
lated from Equation (5). Note that the assumption of neg-
ligible emulsion velocity (λ=0) considerably simplifies
the expression. Given the use of different sphere sizes

(which allow the achievement of different shear rates),
direct comparison of the drag force across different exper-
iments is not suitable for analysis. Nevertheless, calculat-
ing the shear stress offers a way to normalize the results
with respect to the geometry of the immersed body. In
addition, using the surface area of the immersed sphere
(thus, the emulsion-tracer contact area) in the calculation
of the shear stress gives the obtained stress values rele-
vance for both the tracer and the emulsion.

τ¼FD

As
¼ 1
8
CDρem 1� λð Þ2u2z ¼

1
6
Dp g ρem�ρp

� �
þduz

dt
ρp

� �

ð5Þ

For the evaluation of the shear rate, the definition of
characteristic shear rate suggested by Chhabra[7] is used,
that is, urel=Dp

, where urel is the relative velocity of the
tracer to the bulk solids velocity. This parameter is often
used to analyze falling particle experiments and normal-
izes the slip velocity with the characteristic length of the
momentum transfer (here, the size of the immersed parti-
cle, which relates to the thickness of the fluid-dynamic
boundary layer). In this way, the precise measurement of
the velocity of the tracer while it moves freely inside the
fluid (here, the gas–solids emulsion) allows one to calcu-
late both the shear rate and shear stress at every position,
thereby revealing details of their relationship.

For non-Newtonian fluids that exhibit a yield stress, a
commonly used strategy to study the relationship
between stress forces and gravitational forces is to nor-
malize the shear stress according to the tracer buoyancy,
reading:

Y ¼ τ

gDp ρem�ρp

� � ð6Þ

In this way, the dependency on the sphere’s proper-
ties is removed and the net ratio of stress to gravitational
forces can be analyzed. Consequently, the yield gravity
parameter Y 0, namely, the normalized shear stress at
zero shear rate, can be defined. This parameter is often
used to discuss the static equilibrium of spheres in visco-
plastic media.[7] Scrutiny of Equation (5) reveals that the
normalized shear stress at equilibrium equals to 1

6; thus, a
normalized shear stress fluctuating around this value
indicates a prevalence of the yield stress, while values
above and below 1

6 indicate dominant stress and net gravi-
tational effects, respectively.

The effective viscosity is defined as the ratio of the
average shear stress over the surface area of the object to
the shear rate:
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τ¼ μeff _γ ð7Þ

This relation can take different forms that define the
rheologic behaviour of the fluid (here, a gas–solids FB
under minimum fluidization), with the simplest
being Newtonian fluids for which the viscosity is con-
stant. However, for complex fluids, there is a

dependency of the variation in shear stress on the
shear rate, which has been described by different
models (summarized in the study by Chhabra[7]). One
of these models is the Herschel–Bulkley model,
expressed by Equations (8) and (9), which has been
shown to correctly describe a gas–solid emulsion at low
shear rates[33]:

TABLE 1 Selected bulk bed materials and their principal physical properties

Glass beads
250–300

Glass beads
150–180

Glass
beads
125–150

Bronze
75–125

Sand
125–150

Glass beads
75–125

Alumina
75–125

Sand
75–125

Bulk solids
properties

Particle size μm 250–300 150–180 125–150 75–125 125–150 75–125 75–125 75–125

Density kg/m3 2486 2486 2486 8471 2655 2486 1540 2655

Sphericity - 1 1 1 1 0.75 1 0.85 0.75

Angle of repose � 25.98 26.48 27.40 23.88 35.35 29.51 29.22 36.07

Bed properties Bulk density kg/m3 1436 1448 1457 5149 1387 1438 925 1372

Bed voidage at rest - 0.285 0.428 0.428 0.389 0.479 0.434 0.419 0.479

Bulk density at mf kg/m3 1407 1345 1324 5144 1346 1346 847 1349

Bed voidage at mf - 0.434 0.459 0.467 0.393 0.493 0.459 0.450 0.492

umf m/s 0.0604 0.0170 0.0123 0.0257 0.0170 0.0075 0.0045 0.0128

Tapped bulk density kg/m3 1561 1565 1578 5487 1591 1548 1011 1579

Hausner ratio - 1.087 1.080 1.083 1.065 1.148 1.077 1.092 1.151

Variation Size x x x - - x - -

Density - - - x - x x -

Sphericity - - x - x x - x

FIGURE 1 Spherical tracers used in the present study, displayed with their net densities in the different beds at minimum fluidization.

The tracer names indicate their diameters in mm. Neutral buoyancy is indicated by a dashed line.
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τ¼ τH0 þk _γn for τ> τH0 ð8Þ

_γ¼ 0 for τ< τH0 ð9Þ

where k is the consistency index, which gives an indica-
tion of the resistance of the fluid to flow; n is the
flow-index, which gives an indication of how fast the
resistance to flow changes with the shear rate; and τ0 is
the so-called ‘yield stress’, the initial stress that must be
exceeded for the fluid to flow. For n = 1 and τ0 = 0, the
fluid is Newtonian, while shear-thinning fluids (n < 1)
that exhibit a yield stress (τ0 > 0) are termed ‘viscoplas-
tics’. A recent study[33] has revealed that the drag of a
gas–solids emulsion on immersed larger spheres at shear
rates <5 s�1 adopt viscoplastic behaviour and that can be
ably described by Equations (8) and (9) with the fitting
Y 0 ¼ τ0

gDp ρem�ρpð Þ¼ 0:167, k0 ¼ 0:032, and n0 ¼ 0:501.

3 | METHODOLOGY

3.1 | Characteristics of bulk particles
and tracer spheres

Table 1 presents the properties of the bulk solids used in
this work. A bed of each of these materials, subjected to
minimum fluidization was used to perform a set of falling
sphere experiments, in which every time a single mag-
netic tracer sphere was tracked by magnetic tracking. A
systematic selection of bulk solids within the Geldart
group B solids[35] was carried out by varying the particle
size, density, and sphericity so as to analyze the resulting
drag on the spheres with dependency on these properties.
Sphericity of the bulk solids was estimated as the square
of the circularity, which was determined by image analy-
sis on microscopic pictures of the different bed materials.
As bulk solids, the bed materials were characterized with
respect to: the angle of repose (i.e., the steepest angle of
descent relative to the horizontal plane to which the
solids can be piled without slumping); bulk density;
tapped bulk density (bulk density obtained by mechani-
cally tapping the sample until no further volume change is
observed, a property that reports on the degree of compres-
sion of the material when vigorously tapped)[38]; and the
bed properties under minimum fluidization (expanded voi-
dage and superficial gas velocity). The angle of repose is
an indicator of the internal friction and flowability of the
particulate material, while the other properties provide
information about the void space in the emulsion. These
properties are used later in the analysis of the results. The
sets of beds used for each of the comparisons (particle size,
density, and sphericity) are indicated in the lower part of

the table (‘variation’). Solids samples are prepared by siev-
ing, thus the particle size values provided in Table 1 corre-
spond to minimum and maximum sizes. The particle size
distributions used are intentionally selected to be narrow
to facilitate a stable state of minimum fluidization over the
whole gas–solids suspension, which is especially challeng-
ing for group B solids.

To apply a wide range of shear rates, this work used
12 spherical tracers (falling sphere) of different sizes and
densities. These consisted of magnetic material, so as to
allow the following of the tracer by means of a magnetic
tracking system. The tracers are presented in Figure 1,
together with their sizes and density. Since the density of
the solids suspension depends on the properties of the
bulk solids, the same spherical tracer exhibits a different

FIGURE 2 Experimental setup, depicting the fluidized bed

and magnetic tracking system.
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net buoyant density, and these values are differentiated
on the plot by the use of different colours. The neutral
buoyant density is indicated with a dashed line, indicat-
ing that tracer points lying below this line are expected to
sink in the bed, while those above the line are expected
to rise. It should be noted that although tracer 206 was
slightly negatively buoyant in most of the beds, it did not
sink in those beds but remained on the bed surface as a
consequence of the yield stress.

3.2 | Experimental setup and procedure

The selected bulk solids were fluidized with pressurized
air at room temperature under atmospheric pressure in a
tube (with an inner diameter of 0.074 m). The unit was
equipped with a high-resolution magnetic tracking sys-
tem[39] that uses five sensors, each consisting of three
anisotropic magneto resistance (AMR) sensors, as
depicted in Figure 2. This system was used to measure

FIGURE 3 Examples of velocity profiles of the three behaviours identified from experiments plotted against the vertical location relative

to a reference height (the starting point of the tracer, the stagnation height, or close to the bottom distributor, respectively): rising tracer,

(sinking and) stagnating tracer, and (sinking and) non-stagnating tracer. The direction of the trajectory is indicated with arrows. Data

cropping for the sinking tracers are indicated.

FIGURE 4 Rheograms corresponding to a tracer (here, T205) during a non-stagnating trajectory in different bulk materials (here, glass

beads of different mean sizes). (A) Absolute variables. The centre of mass (average value) is indicated with the ♦ symbol and dashed lines.

(B) Normalized variables. The normalized yield gravity parameter is indicated with a dashed line.

GUÍO-P�EREZ ET AL. 7



and resolve the trajectory of the spherical magnetic
tracers, as they rose or sank inside the bed. The porous
air distributor plate was designed to ensure a sufficiently
high pressure drop to yield a homogeneous spatial and
temporal distribution of the air flow, which together with
the small cross-section of the bed contributes to enable
stable operation under minimum fluidization conditions.

The mass of bulk solids was selected to achieve a
height of about 17–18 cm at minimum fluidization,
which matched the volume optimized for the tracking
method. Depending on the tracer density in relation to

the emulsion density, the tracers would either sink or rise
(as presented in Table 1), and the experimental procedure
was varied as follows.

• For sinking tracers. After an initial test, if the tracer is
found to accomplish a steady sinking trajectory in the
given bed, the following procedure is used: after vigor-
ous fluidization for a period of 60 s, the fluidization
velocity is slowly decreased and set to the correspond-
ing value of umf . Then, the tracer is held directly above
the bed surface and released.

FIGURE 5 Rheograms corresponding to a tracer (here, T104) during a stagnating trajectory in different bulk materials (here, glass beads

of different mean sizes). (A) Absolute variables. The centre of mass (average values) is indicated with a diamond symbol (♦). (B) Normalized

variables. The maximum normalized shear stress is indicated with a plus sign (+), and the normalized yield gravity parameter is indicated

with a dashed line. (C) Filtered normalized shear stress versus shear rate. Fitting to Equations (8) and (9) is indicated as curves.

8 GUÍO-P�EREZ ET AL.



• For rising tracers. Similarly, for tracers that are less
dense than the bed, and having first confirmed that
the tracer can accomplish a steady ascendant trajec-
tory, the following procedure is used: the tracer is held
at the bottom of the container with the help of a thin
wire while the bed is fluidized. After 60 s of vigorous
fluidization, the fluidization velocity is slowly
decreased and set to the corresponding value of umf .
The gas flow is stopped for 2 s to remove the wire, and
then restarted to allow the free rising of the tracer.

The absence of bubbles during the tests contributed to
the undisturbed, thus, almost perfectly vertical trajectories
of the tracers. From visual observations in connection to
the injection of the tracer, it was not possible to detect any
general impact on the fluidization state of the bed beyond
local defluidization in the immediate tracer vicinity (ear-
lier referred to as the de-fluidized hood in literature)[14] or
the occasional observation of very small bubbles. The
effect of these local phenomena is implicit in the tracer
velocity measured and thus accounted for in the calculated
effective drag values, as discussed in earlier work.[33] The
use of a large bed diameter would have the advantage of
reducing the risk of wall effects and minimizing the dis-
placement of the emulsion when the tracer is injected.
However, in order to keep the high resolution and accu-
racy of the tracking system, and because (as explained in
Section 2.) the displacement of the emulsion caused by the
immersion of the tracer particle was previously found to
be negligible (study in the same unit),[33] the current set

up is considered to provide the good conditions for the
experiments. Note that the short measurement times and
the vigorous fluidization previous to each experiment
favour the state of homogeneous fluidization for all tests.
For each combination of tracer and bulk solids, a mini-
mum of 10 repetitions was carried out. Results regarding
statistical robustness are presented in the next section.

3.3 | Identified behaviours

During the experiments, three behaviours were identified
that could be used to classify the results. For the sinking
trajectories, two behaviours were observed: non-stagnat-
ing, for which the tracer sinks all the way down to the air-
distributor plate, and stagnating, for which the tracer
comes to a stop at some point in the bed. The third behav-
iour, rising, corresponds to the tracers that are released
from the bottom of the bed. In Figure 3, typical velocity
profiles for the three behaviours are presented, plotted
against the vertical location of the sphere relative to a ref-
erence position with a definition specific to each behaviour
group (see the left-hand illustration in Figure 3). As exem-
plified by the data in Figure 3, rising tracers (which start
up at the bottom of the bed) exhibit lower velocities during
most of their trajectory in the bed compared to sinking
tracers, which in turn, after being released, undergo a
strong acceleration and then slow down rapidly to zero
velocity when stagnating at an intermediate height or
when stopping at the bottom of the bed.

FIGURE 6 Rheograms corresponding to a tracer (here, T209) during a rising trajectory in different bulk materials (here, glass beads of

different mean size). (A) Absolute variables. The centre of mass (average values) is indicated with a diamond symbol (♦) and dashed lines.

(B) Normalized variables. The curves are filtered using a moving average. The normalized yield gravity parameter is indicated with a

dashed line.
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3.4 | Data processing and analysis tools

Tracer trajectories are obtained from the tracking sys-
tem at a frequency of 200 Hz. These are filtered by
applying an 8-point (40 ms) moving average filter to
remove noise related to the detection system. The trajec-
tory data are then used to calculate the velocity and
acceleration in the vertical direction. As this work stud-
ies the drag force imposed on fully immersed particles,
the part of the trajectory close to the bed surface is
removed from the analysis to ensure full immersion of
the tracer and to disregard particle entrance or emersion
effects (for sinking and rising behaviours, respectively).
For the experiments in which the sphere reaches the
bed bottom, the abrupt stop caused by the impact on the

distributor plate is also removed. This trajectory crop-
ping is illustrated in Figure 3.

From the cropped trajectory data, the shear stress
(urel=Dp

) and shear rate (from Equation (5)) along the
tracer trajectory are calculated. By plotting the shear
stress (in absolute, τ, and normalized terms, Y ) against
the shear rates of the three above-described behaviours,
some preliminary observations can be made, and the data
processing and result analysis applied for each of these
behaviours can be described.

• Non-stagnating tracers: The achievement of a constant
velocity is evidenced by data-points that are concen-
trated in a relatively small region (Figure 4A); this is, a
narrow range of shear stress and shear rates. Note that
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these data clouds provide evidence of the achievement
of a dynamic equilibrium by exhibiting normalized
shear stress values that oscillate around the yield
gravity parameter, Y 0 ¼ 0:167, in other words, balan-
cing the drag forces with the net gravitational forces
(Figure 4B). This type of behaviour is analyzed by cal-
culating the centre of mass (average) and standard
deviation in both axes of the data cloud. These aver-
age values are used to calculate the effective viscosity
experienced by the particle (see Equation (7)), with
an example indicated by the dashed lines in
Figure 4A. A minimum of three repetitions ensures
an error of close to 5%, while 10 repetitions often
allow for an error of about 3%.

• Stagnating tracers: These are also characterized by
initially yielding a somewhat constant sinking veloc-
ity but later deaccelerating, so as to stagnate eventu-
ally in the bed. The initial dynamic equilibrium
produces a cluster of data that oscillates around the
maximum shear rate and the yield stress value, as
shown in Figure 5A. This dynamic equilibrium is dis-
rupted as the tracer stagnates, appearing in the plot
as increases in the shear stress and normalized shear
stress (Y >Y 0) that end in a static equilibrium at zero
velocity (zero shear rate), namely, the yield stress τ0
or the yield gravity parameter Y 0, respectively. This
type of behaviour is analyzed by calculating the cen-
tre of mass of the cloud data corresponding to the ini-
tial dynamic equilibrium (Figure 5A; i.e., similarly to
the previous case) and by calculating the maximum
stress reached during stagnation (indicated with a
plus sign on the normalized shear stress in
Figure 5B). The part of the stagnation curve in
Figure 5B that shows a positive second derivative is
then fitted to the Herschel–Bulkley model
(Equations (8) and (9)) (see example in Figure 5C).
For this purpose, the filtered data obtained from each
of the tracers exhibiting stagnation in a given bed are
collected, and a single fitting is applied in the range
of shear rates that lies below the maximum of the
normalized shear stress. The model parameters are
used for the analysis in Section 4.

• Rising tracers: These tracers exhibit a velocity with
gradually amplified fluctuations (as the tracer moves
upwards), although it always remains positive (see
Figure 3). This results in a fluctuating increase of the
shear rate while the values of the shear stress oscillate
around the yield stress value (Figure 6A). For such a
behaviour, a moving average was applied in order to
filter out the fluctuations and reveal the general trend
of the normalized shear stress (Figure 6B), which lies
just below the yield gravity parameter indicated with a
dashed line.

4 | RESULTS AND DISCUSSION

The difference in the motions of the sinking and rising
tracers reported in Section 3.4 agrees to some extent
with the observations made by Chhabra[7] regarding
bubbles rising inside non-Newtonian fluids, which indi-
cates that the ascendant movement occurs following a
spiral pattern in which lateral movement has a relevant
contribution and that the shear-thinning or shear-
thickening is not evident (on the contrary, the drag
tends to show a standard Newtonian curve). An imbal-
ance in the non-vertical forces originating from wake
shedding the sphere presumably causes the characteris-
tic fluctuating behaviours, but no conclusive analysis
has been carried out on the mechanism governing this
behaviour. The rheogram curves obtained for rising
tracers exhibit the absence of significant shear-thinning
or shear-thickening (Figure 7B), and the filtered nor-
malized shear stress curves obtained from experiments
with rising tracers remain almost invariable of changes
in the bulk solids despite the strongly differing proper-
ties of these.

For sinking tracers, the impacts of the physical prop-
erties (size, density, and sphericity) of the bulk solids are
reported below, considering both non-stagnating and
stagnating behaviours (see Figure 4). The effect of varia-
tion of the effective viscosity under the conditions of
dynamic equilibrium on the bulk solids properties is eval-
uated and compared to the variation in other properties
of the bed material, such as the bed density (tapped, at
rest and at minimum fluidization) and the angle of

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

F
lo

w
 i

n
d
ex

, 
n
 (

-)

C
o
n
si

st
en

cy
 i

n
d
ex

, 
k
 (

s-n
)

k

n

FIGURE 8 Fitted values of the (consistency and flow indices

as in Equations (8) and (9)) of the normalized shear stress for beds

of different bulk particle sizes.

GUÍO-P�EREZ ET AL. 11



repose. Furthermore, the influence of the bed material
properties on the drag force at low shear rates is analyzed
in terms of the parameters of fitting to the Herschel–
Bulkley model (Equations (8) and (9)), that is, the consis-
tency and flow indices.

Regarding the dynamics of the tracer before slowing
down to stagnation, it oscillates around an equilibrium
velocity (corresponding to the circular pattern in
Figure 5A for the finest bed materials) rather than exhi-
biting a constant velocity. This unstable dynamic equilib-
rium is at some point broken, and the tracer initiates its
path to stagnation. The data do not offer any clear trends
in number of oscillations or in the location in the bed
that allow for further description of the conditions
required for the transition between equilibrium states.
Thus, the factors yielding to that of the dynamic equilib-
rium (i.e., the circular patterns in the rheograms) are

broken and tracer stagnation starts are matters for fur-
ther investigation and are left outside the scope of the
present work. Yet, given the high repeatability of the
measurements (see Figure 3 as an illustration), the results
presented in this work can be considered representative.

4.1 | Effect of bulk solids size

Glass beads in different particle size distribution ranges
were used to analyze the effects that the bulk solids size
has on the flow characteristics of the bed. Figures 4–6
present typical results obtained from this variation. As
exemplified in Figures 4 and 5, smaller bulk solids result
in higher shear rates under the conditions of dynamic
equilibrium for any given tracer. This yields lower effec-
tive viscosities for beds with smaller solids sizes, as
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presented in Figure 7A. In addition, the results obtained
show consistent quantitative agreement when comparing
5, 8, and 10 mm tracers, which indicates the absence of
significant wall effects. However, as explained below, the
values for the effective viscosity of the 20 mm tracers
may indicate a possible limiting effect of the walls on the
rearrangement of the bulk solids.

This higher resistance to movement of an immersed
sphere appears to be related to the capacity of the bulk
solids to migrate inside the emulsion, as indicated by the
bulk properties presented in Figure 7B. As reported by
other groups,[14,40,41] a FB with highly confined bulk solids
(reflected by a void fraction similar to that at repose) will
have more restrictions with respect to the recirculation of
the bulk solids and will, therefore, exhibit more inertial
effects. This is also reflected in the slightly higher values of
the Hausner ratio obtained with increased mean particle
size of the bulk solids. Even though the smaller angles of
repose measured for larger bulk solids sizes indicate a
greater ability of these materials to flow (that is, less cohe-
sion and interlocking among particles and, therefore, an
expected smaller resistance to the movement of an
immersed body), the weak expansion of the bed from
response to minimum fluidization conditions indicates a
greater lack of free space in the bed of larger solids, which
represents an additional obstacle to the migration of the
solids of the emulsion. In turn, this results in a higher
resistance to the movement of an immersed object. The
smaller the size of the sphere (more similar to the bulk
solids size) the less relevant this effect becomes. Moreover,
the faster the sphere moves (note that in the same bed, a
denser tracer always travels faster due to its higher nega-
tively buoyant force), the more difficult it becomes for the
bulk solids to reorganize inside the emulsion, which
results in higher effective viscosities.

For stagnating trajectories, the increase in shear stress
with shear rate at low shear rates becomes stronger for
smaller bulk solids, as presented in Figure 5C. Figure 8
presents the values of k and n (Equation (8)) obtained
from fitting the data to the Herschel–Bulkley model. It
shows that a bed composed of smaller solids imposes a
stronger resistance to the movement of the sphere when
the latter approaches a zero-shear rate (zero velocity), that
is, the stagnation is more abrupt. However, the flow index
appears to be more stable in response to the variation of
the bulk solids size. Note that the consistency term follows
a trend similar to that exhibited by the angle of repose.

4.2 | Effect of bulk solids sphericity

To explore the effect of bulk solids sphericity, glass beads
(rounded solids) were compared with sand (angular solids),

with both materials having similar densities. Two different
size fractions were tested to confirm the consistency of the
results. The results unequivocally indicate higher viscosities
for less-rounded bulk solids (Figure 9A). This is in line with
the lower bed expansion and higher Hausner ratio detected
for the beds with less-rounded solids (Figure 9B). The avail-
ability of void space for the bulk particles to move allows
the bed to exhibit a lower effective viscosity on a sphere that
moves at a relatively high velocity.

The results obtained for the stagnating trajectories are
shown in Figure 10. For a given solids size, the consistency
index is lower for a bed of sand than for a bed of glass
beads. This means that the stagnation within the glass
beads occurs with a sharper decrease in the shear rate
than it does for the sand. The angle of repose for sand par-
ticles is notably higher than for glass beads. Thus, the
apparent higher degree of interlocking and possibly more
intense friction effects exhibited in sand at repose do not
seem to result in a higher viscosity of the emulsion when
the tracer approaches zero velocity. The flow index shows
a tendency to increase when the sphericity of the bulk par-
ticles decreases, which is in line with the higher values for
the angle of repose reported for sand particles.

4.3 | Effect of the bulk solids density

For the comparison of the beds with different bulk solids
densities, equivalent tracers were selected, namely, tracers
with similar buoyant densities. The effective viscosity
values calculated based on the conditions of dynamic
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equilibrium are presented in Figure 11A. Increases in the
density of the bulk solids result in higher effective viscosi-
ties. Denser bulk solids exert a stronger resistance towards
the movement of the sphere as it enters the bed, which is
related to the higher inertia of the denser solids, as well as
to the reduced void space available for the solids to
migrate as the sphere sinks (note the weaker expansion of
the bed from the fixed to minimum fluidization state, and
the lower Hausner ratio).

For the stagnating behaviour, only tracers of 10 mm
in diameter could be compared among the beds with dif-
ferent bulk solids densities (T101 for the bed of bronze
particles and T105 for the beds of glass beads and

alumina particles). As shown in Figure 12, denser bulk
solids yield lower values for the consistency and flow
indexes (especially the latter). While the decrease in the
consistency index is not very significant, the decrease in
the flow index is particularly interesting, as it was
scarcely influenced by the size and sphericity of the bulk
solids. The flow index correlates with the difference
between the bed density at minimum fluidization and at
rest, the Hausner ratio, and the angle of repose. Thus,
the rate at which this resistance imposed by the emul-
sion to the movement of a sinking object decreases fas-
ter with increases in the shear rate, as the bulk solids
grow in density.
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5 | CONCLUSIONS

More than 50 years after the pioneering work of Professor
J. R. Grace, which proposed to assign a viscosity to the FB,
we have used a state-of-the-art magnetic particle tracking sys-
tem to investigate the influences of bulk solids size, spheric-
ity, and density of Geldart group B solids on the momentum
exchange between a dense gas–solids suspension and
immersed larger spherical tracers. The details of the tracer-
bed momentum transfer for cases with different tracers and
bed materials are discussed with the help of rheograms, and
the results from the different cases are characterized by an
effective viscosity governing the momentum transfer under
dynamic equilibrium conditions. Values of this effective vis-
cosity characterizing this momentum transfer are derived
from resolved analysis of the shear stress exerted on the
tracer at different slip velocities. The shear stress for all the
experiments, especially for the case of rising tracers, is char-
acterized by a strong yield stress and a moderate contribution
from the shear stress that originates from the shear rate.

In the case of rising spheres, the normalized shear
stress was found to be slightly lower than the yield grav-
ity parameter, regardless of the shear rate or the proper-
ties of the bulk solids. This strongly non-Newtonian
behaviour of the drag from the bed at minimum fluidiza-
tion is also observed for sinking tracers, which exhibit
non-monotonic dependencies between the shear stress
and shear rate. This yields two equilibrium states for a
given tracer, an unstable equilibrium fluctuating around
a falling terminal velocity and a stable equilibrium repre-
sented by the stagnation of the falling sphere in the bed.

Higher values of the bulk particle size and density, as
well as lower values for the sphericity, are found to
increase the effective viscosity of the bed on the sphere at
high shear rates. These observations relate to the lower
bed expansion and, thus, the consequent stronger restric-
tion on the migration of bulk particles in the emulsion.
The Hausner ratio is found to represent a suitable param-
eter for the qualitative characterization of bulk material
in terms of drag on larger spheres, as it consistently pro-
vides qualitative trends opposite to the measured values
of the effective viscosity.

The relationship between shear stress and shear rate
at velocities close to zero (sphere stagnation) shows visco-
plastic behaviour, regardless of the properties of the bulk
solids. Smaller, more rounded, and lighter bulk solids
make up the emulsions that yield higher levels of shear
stress. Still, the emulsion thins more slowly with the
increase in shear rate for denser and more-rounded parti-
cles, which correlates to a certain extent with the lower
angle of repose. Thus, greater flowability of the bulk
solids in repose is an indication of a faster thinning of the
fluidized emulsion. Data from different beds and tracers
were, therefore, fitted to the Herschel–Bulkley model,
yielding values for the consistency and flow indices.

NOMENCLATURE
Symbols
Ab cross-sectional area of the bed container (m2)
As superficial area of the tracer sphere (m2)
CD drag coefficient (�)
Dp diameter of the tracer sphere (m)
Db diameter of the bed container (m)
FB buoyancy force (N)
FD drag force (N)
FG gravity force (N)
FV virtual mass force (N)
g gravitational acceleration (m/s2)
k consistency index in the Herschel–Bulkley model

(1/s)
k0 consistency index in the Herschel–Bulkley model

for normalized shear stress (1/s)
Lmf height of the bed under minimum fluidization con-

ditions (m)
mb mass of the bed (kg)
mp mass of the trace sphere (kg)
n flow-index in the Herschel–Bulkley model (�)
n0 flow-index in the Herschel–Bulkley model for nor-

malized shear stress (�)
t time (s)
uem velocity of the emulsion (m/s)
uz vertical velocity of the tracer sphere (m/s)
umf minimum fluidization velocity (m/s)
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urel relative velocity of the tracer to the bulk solids
velocity (m/s)

Y normalized shear stress (�)
Y 0 yield gravity parameter in the Herschel–Bulkley

model (�)
Greek letters
ρp density of the tracer sphere (kg/m3)
ρg density of the gas (kg/m3)
ρs density of the bed solids (kg/m3)
ρem density of the emulsion (kg/m3)
εmf voidage of the bed at minimum fluidization (�)
_γ shear rate (1/s)
φ particle sphericity (�)
λ ratio of sphere velocity to emulsion velocity (�)
τ shear stress (Pa)
τ0 yield stress (Pa)
μeff efficient viscosity (Pa s)
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