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Optical and transport properties of doped monolayer semiconductors are dominated by trions, which are three-
particle compounds formed by two electrons and one hole or vice versa. In this work, we investigate the trion-
phonon interaction on a microscopic footing and apply our model to the exemplary case of a molybdenum
diselenide (MoSe2) monolayer. We determine the trion series of states and their internal quantum structure by
solving the trion Schrödinger equation. Transforming the system into a trion basis and solving equations of
motion, including the trion-phonon interaction within the second-order Born-Markov approximation, provides
a microscopic access to the trion dynamics. In particular, we investigate trion propagation and compute the
diffusion coefficient and mobility. In the low density limit, we find that trions propagate less efficiently than
excitons and electrons due to their stronger coupling with phonons and their larger mass. For increasing densities,
we predict a drastic enhancement of diffusion caused by the build-up of a large pressure by the degenerate trion
gas, which is a direct consequence of the fermionic character of trions. Our work provides microscopic insights
into the trion-phonon interaction and its impact on trion transport in atomically thin semiconductors.

DOI: 10.1103/PhysRevB.106.115407

I. INTRODUCTION

Atomically thin semiconductors, with the prominent ex-
ample of transition metal dichalcogenide (TMD) monolayers,
have emerged in the last years both as a platform for in-
vestigating fundamental many-particle quantum phenomena
as well as a promising candidate for novel optoelectronic
applications [1–5]. The strong Coulomb interaction in these
materials favours the formation of excitons—tightly bound
electron-hole pairs—which dominate optics, dynamics, and
transport properties in undoped TMDs [2,3]. In most mate-
rials, however, doping appears either unintentionally due to
impurities [6] or intentionally via e.g. a gate voltage [7,8].
In the p (n) doping regime, the photoexcited electron-hole
pairs bind to doping charges and form positive (negative)
trions—three-particles complexes consisting of two electrons
(holes) and one hole (electron). Thus, in presence of doping,
trions are expected to govern optical and transport properties
of TMDs.

So far, experimental and theoretical studies of doped
TMDs have focused mostly on investigating optical proper-
ties. It has been found that the optical absorption is highly
tunable with doping and is dominated by Fermi polarons
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[9–15]. Moreover, the rich landscape of bright, dark and ex-
cited trion states has been observed in optical absorption and
emission spectra [16–25] and partially understood with dif-
ferent theoretical approaches [15,24–27]. Other studies have
explored the dynamics of trion formation [28], recombination
[29], and valley depolarization [16,30]. More recently, trion
propagation has been also investigated, reporting a relatively
fast [31,32] and long [33,34] diffusion, as well as thermal [35]
and electric [36] drift.

While trion-phonon scattering is expected to be important
for charge transport in TMDs at low and even moderate trion
densities, only recently the interaction between trions and
phonons has been approached [37,38]. In particular, trion
cooling in MoSe2 monolayers due to scattering with acoustic
phonons has been reported [38], providing a quantitative es-
timate of the trion-phonon scattering rate in these materials.
The characterization of trion-phonon scattering is essential
for understanding trion thermalization, cooling, and transport,
which play a crucial role in potential applications exploiting
the large oscillator strength of excitons and the nonzero charge
of trions. Despite the importance of trion-phonon interaction,
little is known about the microscopic nature of such a com-
plex process where a three-particle compound interacts with a
phonon.

In this work, we investigate the trion-phonon interaction
and its impact on trion propagation in TMD monolayers
[cf. Fig. 1(a)], with particular focus on the influence of the
trion substructure and its fermionic nature. Solving the trion
Schrödinger equation, we obtain a microscopic access to the
trion eigenstates and their internal quantum structure. With the
calculated trion wave functions we evaluate the trion-phonon
coupling strength and investigate trion diffusion. In compar-
ison with excitons and single electrons, we find that trion
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FIG. 1. (a) Illustration of trion-phonon interaction in a TMD
monolayer. Trion configuration in the (b) electron-hole and
(c) exciton-electron picture for a MoSe2 monolayer. The blue (red)
shaded area illustrates the mostly 1s (2s/2p) exciton character of
the ground (excited) trion state. Note that the energy axes Ex and
Ee are different and the relative position of electron and exciton
bands cannot be compared. (d) Trion eigenstates consisting of the
ground (blue) and excited (red) bound states as well as the scattering
continuum. A trion can scatter within its center-of-mass dispersion
by absorbing or emitting a phonon (cf. orange arrow).

diffusion at low densities is rather slow because of the strong
coupling with phonons and the large trion mass. Interestingly,
we predict a considerable enhancement of the trion diffusion
at low temperatures and high densities due to the build-up of
a large pressure gradient by the degenerate trion gas.

II. MICROSCOPIC MODEL

We consider a molybdenum diselenide (MoSe2) mono-
layer, which exhibits maxima and minima of the spin-split
valence and conduction bands at the K and K ′ high-symmetry
points of the Brillouin zone [cf. Fig. 1(b)]. Due to the small
electron-hole mass imbalance in this material, trions with
positive and negative charge will share similar properties.
Therefore it is sufficient to study only one trion species. In
this work, we consider n-doped TMD samples, where trions
are formed by two electrons and one hole, cf. Fig. 1(b).

We develop a microscopic model to describe trion dynam-
ics and, in particular, address the trion-phonon interaction.
The hallmark of our model is the trion Hamiltonian, which
allows us to describe the dynamics of the trion occupation
by exploting Heisenberg’s equation of motion. While the
derivation of the trion Hamiltonian is thoroughly presented in
Appendix A, here we summarize the main steps. The starting
point is the Hamilton operator of the electron-hole system

depicted in Fig. 1(b),

H =
∑

k

(
E e

ke†
kek + E e’

k e′†
k e′

k + Eh
k h†

khk

)

+
∑
kk′q

Vq
(
e†

k+qe′†
k′−qe′

k′ek − e†
k+qh†

k′−qhk′ek

−e′†
k+qh†

k′−qhk′e
′
k

)
, (1)

including the Coulomb interaction Vq between charges. Here,
the operators e(′ )

k and hk annihilate a K (′ ) electron and a K

hole with the momentum k and single-particle energies Ee(′ )
k

and Eh
k , respectively. We expand the electron/hole creation

and annihilation operators in the Fock subspace of single
trions—in analogy to the method used in Refs. [39,40] to
describe excitons. Next, we transform the system into the
exciton-electron picture depicted in Fig. 1(c) by expanding
electron-hole creation/annihilation operators into an exciton
basis. This allows us to resolve the excitonic character of
trion states. Finally, we expand the appearing exciton-electron
creation/annihilation operators into a trion basis and obtain
the Hamilton operator for a free trion,

Ht,0 =
∑
λQt

(
ελ

t + h̄2Q2
t

2Mt

)
T †

λ,Qt
Tλ,Qt

. (2)

This Hamiltonian describes trions with the energy ελ
t +

h̄2Q2
t /(2Mt ) [cf. Fig. 1(d)], where Mt = Mx + me and Mx =

me + mh are the trion and exciton masses, respectively. The
electron/hole effective masses, me = 0.5m0, mh = 0.6m0, are
taken from ab initio calculations [41]. In Eq. (2), we have
introduced the trion annihilation (creation) operators T (†)

λ,Qt

which destroy (create) a trion at the eigenstate λ with the
center-of-mass momentum Qt. These operators are defined as
T †

λ,Qt
= ∑

νk ψλ
νkX †

νQx
e′†

ke
, where ψλ

ν,k is the wave function of
the trion state λ with the relative exciton-electron momentum
k. The different excitonic quantum numbers contributing to
the trion are denoted with the index ν. The operator X (†)

νQx
e′(†)

ke

destroys (creates) an exciton at state ν with the momentum
Qx = βxQt − k and an electron at the K ′ valley with the mo-
mentum ke = βeQt − k, where βe = me/Mt and βx = Mx/Mt.
The exchange interaction splitting singlet and triplet states
[17,25,42] is beyond the scope of this work but can be prin-
cipally incorporated into our theory. Note also that the trion
picture considered here is equivalent to the Fermi-polaron
picture at sufficiently low densities [11,38].

The trion eigenenergies ελ
t and wave functions ψλ

ν,k are
obtained by solving the three-body Schrödinger equation in
exciton-electron basis,(

εν
x + h̄2k2

2mx-e

)
ψλ

ν,k +
∑
μq

Ṽ νμ
q ψλ

μ,k+q = ελ
t ψλ

ν,k. (3)

This equation describes the eigenstates formed by an exciton-
electron compound and is completely analogous to the
Schrödinger equation for two electrons and one hole. The first
term in Eq. (3) accounts for the relative motion of the
Coulomb-bound electron-hole pair with the exciton binding
energy εν

x , along with the relative motion of a noninteract-
ing exciton-electron compound with the relative mass mx-e =
Mxme/Mt. The second term describes the Coulomb interaction
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between the exciton and the electron with the matrix element
Ṽ νμ

q = Vq 〈ν|(eiαhq·r − e−iαeq·r )|μ〉 and leads to a mixing of
exciton states, i.e., a polarization of the exciton within the
trion. Here αe,h = me,h/Mx has been introduced and Vq cor-
responds to the Coulomb potential in the TMD for which we
have adopted the model from Ref. [43] that accurately repro-
duces the screening dependence of the trion binding energies.

The main goal of our study is to model the trion-phonon
interaction. To this end, we transform the electron-phonon and
exciton-phonon interaction into a trion basis and obtain the
trion-phonon Hamiltonian (cf. Appendix B for more details),

Ht-p =
∑

Qtqλλ′
Gλλ′

t,q T †
λ,Qt+qT

λ′,Qt

(
bq + b†

−q

)
, (4)

with phonon annihilation (creation) operators, b(†)
q , and the

trion-phonon matrix element,

Gλλ′
t,q =

∑
kνμ

ψλ′∗
μ,k

(
Gνμ

x,qψ
λ
ν,k+βeq + δνμge

qψ
λ
ν,k−βxq

)
, (5)

which describes a trion transition from λ′ to λ with the
momentum transfer q due to the emission or absorption
of a phonon. We have introduced the exciton-phonon and
electron-phonon matrix elements, Gνμ

x,q and ge
q, respectively.

The electron-phonon coupling is treated in a deformation-
potential approach, where the potentials for electrons and
holes are assumed to be similar and are fitted to match
the experimentally measured exciton linewidth in Ref. [44]
(see details in Appendix B). The first and second terms in
Eq. (5) correspond to the exciton-phonon and electron-phonon
coupling strengths, respectively, summed over all possible
transitions with the momentum transfer q and weighted by the
wave function overlap between initial and final trion states.
We note already here that we focus on the low tempera-
ture regime where intravalley scattering via long-wavelength
acoustic phonons is the only relevant channel. The extension
of Eq. (4) to several phonon modes and multiple valleys is
straightforward.

III. TRION EIGENSTATES

In order to investigate trion-phonon interaction, we first
need to determine the trion eigenstates and their internal
quantum structure. Thus we solve the trion Schrödinger equa-
tion for the negatively charged trion [cf. Fig. 1(b)] and plot the
computed series of trion eigenstates in Fig. 2(a). Details for
the treatment and numerical solution of Eq. (3) can be found
in the Appendix C. We find that the ground state lies 17 meV
below the 1s exciton energy [purple dot in Fig. 2(a)], which
is in good agreement with previous theoretical studies [15,43]
but lower than the experimentally reported values between 25
and 30 meV [9,38,45]. This discrepancy has been suggested
to originate from a vacuum gap between the TMD and the sur-
rounding materials [45] or from the polaronic enhancement of
the effective masses [43]. Above the 1s exciton energy, we find
a continuum of trion states displaying a quadratic relation with
the trion quantum number λ, which is a characteristic feature
of scattering states [27]. While most of these states describe
exciton-electron scattering, we identify one state with a clear
bound nature located 16 (8) meV below the 2s (2p) exciton
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FIG. 2. Trion eigenstates in hBN-encapsulated MoSe2 mono-
layer. (a) Trion eigenenergies vs. eigenstate number λ, with the
ground (higher) bound state marked by a purple (red) dot and the
trion continuum states denoted in orange. The 1s, 2p, and 2s exciton
binding energies are shown as a reference. (b) Trion probability
distribution Pλ

k as a function of the relative exciton-electron mo-
mentum k for the ground and the higher bound trion state, as well
as for an exemplary continuum state denoted with an orange dot
in part a. (c) Probability distribution for the trion (exciton) ground
state as a function of the exciton-electron (electron-hole) separation.
(d) Excitonic weights pλ

ν (i.e., probability that the exciton within the
trion state λ is occupying the state ν) for the three considered trion
states.

state [red dot in Fig. 2(a)]. This higher bound state has been
experimentally observed in optical spectra [18,20,21,23], and
has also been theoretically predicted [15,27].

To better understand the nature of trion states, we ex-
ploit the calculated trion wave functions. First, we compute
the probability distribution for the exciton-electron relative
momentum, Pλ

k = ∑
ν |ψλ

ν,k|2, which is shown in Fig. 2(b)
for the ground and higher bound states, as well as for an
exemplary continuum state denoted with an orange dot in
Fig. 2(a). While the bound state probabilities are centered at
k = 0, the probability for the continuum state is peaked at
a nonzero value corresponding to the momentum at which
the exciton and the electron move apart from each other.
These characteristic features reflect the bound and scattering
nature of the respective states. The higher bound state is
more confined than the ground state in momentum space, cf.
Fig. 2(b). This means that the exciton-electron separation is
larger, i.e., the higher state is less bound. Furthermore, the
ground trion state is more extended than the 1s exciton in
real space, cf. Fig. 2(c). Concretely, the ground state trion
probability distribution exhibits an average exciton-electron
distance of

√
〈r2〉 = 2.5 nm, while the 1s exciton displays an

average electron-hole separation of 1.3 nm.
We further analyze the substructure of the trion states

by evaluating the excitonic weights, pλ
ν = ∑

k |ψλ
ν,k|2, which
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describe the probability that the exciton (within the trion state
λ) is in the state ν. The excitonic weights of 1s, 2s, 2p, and
all the other exciton states are shown in Fig. 2(d) for the three
trion states that have been discussed above. We find that the
ground trion state (purple bars) has mostly 1s exciton char-
acter [as illustrated in Fig. 1(c)], with a small but significant
2p contribution. This mixing of 1s and 2p states describes the
polarization of the exciton due to the Coulomb potential of
the additional electron. The attraction between the resulting
dipole and the electron is the main contribution to the trion
binding energy. Nevertheless, we note that considering only 1s
and 2p states is far from sufficient for obtaining a converged
trion binding energy.

The exemplary trion continuum state (orange bars) dis-
plays a full 1s exciton character. Thus these states describe
a 1s exciton that scatters with an electron. Although not
shown here, the trion continuum states above the 2p and 2s
exciton energies equivalently display a 2s and 2p character,
as discussed in Ref. [27]. The higher bound trion state (red
bars) has been denoted in literature as 2s trion because it
appears in optical spectra close to the 2s exciton resonance
[15,18,20,21], and 2p trion because its eigenenergy lies right
below the 2p exciton resonance [27]. Here, we find that this
state is dominated by the 2p and 2s exciton states [as illus-
trated in Fig. 1(c)], with a sizable contribution of other states.
The similar 2p and 2s character of this state results from the
strong s-p coupling and the energetic proximity of the 2p and
2s exciton resonances.

IV. TRION-PHONON INTERACTION

We now investigate the trion-phonon interaction and how
it is influenced by the trion substructure. In the following, we
focus on the ground trion state, considering only intra-state
transitions mediated by long-wavelength acoustic phonons
since these are the most efficient processes at low tempera-
tures where trions are stable. At higher temperatures, optical
phonons become relevant and can mediate the dissociation of
bound trions into the exciton-electron continuum.

In Fig. 3(a), we show the absolute squared value of the
trion-phonon matrix element, Eq. (5), as a function of momen-
tum transfer. We evaluate separately the electron-phonon and
exciton-phonon terms in Eq. (5) (orange and red lines, respec-
tively). The slope at small q directly reflects the coupling with
phonons and is given by the deformation potential of each
quasi-particle, which is smaller for electrons than for excitons
(as for the latter it is given by the sum of the electron and hole
contributions). At higher momenta, the wave function overlap
between initial and final trion states,

∑
k ψλ∗

μ,kψ
λ
ν,k+q, becomes

significantly reduced (cf. the inset) and, in consequence, tran-
sitions involving a large momentum transfer are inhibited.
Note that the coupling strength for the 1s exciton-phonon
interaction (dashed blue line) extends to larger momenta, re-
flecting the longer range of the 1s exciton wave function in
momentum space. The purple line in Fig. 2(a) shows the total
trion-phonon coupling strength, which is slightly more pro-
nounced and decays much faster than the 1s exciton-phonon
coupling. Moreover, we find that the trion-phonon interaction
is dominated by transitions involving 1s initial and final exci-

(a)

(b) (c)

FIG. 3. Trion-phonon interaction. (a) Trion-phonon coupling
strength as a function of momentum transfer q explicitly showing
the single electron and exciton contributions. The 1s exciton-phonon
coupling strength is also shown for comparison (dashed blue line).
The inset illustrates the wave function overlap between initial and
final states. (b) Trion-phonon scattering rates as a function of kinetic
energy at 5 and 20 K. The corresponding rates for 1s exciton-phonon
scattering are plotted with dashed lines. (c) Temperature-dependent
phonon-induced spectral broadening of the trion and 1s exciton
states.

ton states (ν, μ = 1s), reflecting the 1s character of the exciton
within the ground trion state [cf. Fig. 2(d)].

Next, we use the calculated coupling strength to evalu-
ate the trion-phonon scattering rates, which are crucial for
modeling and understanding trion thermalization, propaga-
tion, and cooling, among other processes. The trion-phonon
Hamiltonian in Eq. (4) is analogous to an electron-phonon
Hamiltonian. Moreover, the trion operators obey fermionic
commutation relations at sufficiently low densities (see Ap-
pendix A). Therefore we can derive an equation of motion for
the trion occupation and find the trion-phonon scattering rates
in second-order Born-Markov approximation analogously to
the case of electrons using the density matrix formalism
[46,47]. Assuming low trion densities, the expression for the
(out-) scattering rate reads

	Qt = 2π

h̄

∑
q±

|Gt,q|2η±
q δ(EQt+q − EQt ± h̄�q), (6)

where η±
q = nq + 1

2 ± 1
2 with nq being the phonon number

(Bose-Einstein distribution), EQt = h̄2Q2
t /(2Mt ) is the trion

kinetic energy, and �q = s|q| is the acoustic phonon fre-
quency with the sound speed s taken from Ref. [48]. Note that
we restrict the initial and final trion state λ = λ′ to the ground
state.

In Fig. 3(b), we show the trion-phonon scattering rates as a
function of trion kinetic energy at two different temperatures.
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At 5 K, the phonon number nq is small and, in consequence,
scattering is dominated by spontaneous emission. Phonon
emission is only allowed above a threshold for the trion kinetic
energy at which energy and momentum conservation of the
scattering process is fulfilled. Below this threshold (i.e., at
the bottom of the center-of-mass dispersion), scattering is
dominated by phonon absorption and is thus suppressed due to
the small number of phonons (cf. dip in the solid purple line).
On the other hand, at 20 K the phonon number is sufficiently
large so that phonon absorption and stimulated emission dom-
inate. In principle, these two processes contribute equally to
the scattering rate, resulting in a rate that is independent on
the kinetic energy of the initial trion state. Nevertheless, scat-
tering at high kinetic energies involves transitions with a large
momentum transfer, which are inhibited due to the reduced
wave function overlap between initial and final states [cf.
Fig. 3(a)]. This manifests as a weakening of the scattering rate
at higher kinetic energies [cf. red line in Fig. 3(b)]. This effect
is much less pronounced for excitons (cf. dashed lines), which
exhibit a flatter scattering rate reflecting the larger momentum
extension of the exciton-phonon coupling. Moreover, exciton-
phonon scattering is significantly weaker than trion-phonon
scattering due to the smaller exciton mass and the smaller
coupling elements with long-wavelength acoustic phonons.
We note here that a larger trion binding energy (closer to
the experimental values) would result in a larger momentum
extension of the trion-phonon coupling and thus in a flatter
trion-phonon scattering rate.

The scattering rate 	Q determines the energetic broad-
ening of the state with momentum Q. In particular, the
exciton-phonon scattering rate at the light cone (Qx ≈ 0)
is responsible for the broadening of exciton resonances in
optical spectra [49,50]. While the broadening of the trion
peak in optical spectra additionally involves the electron re-
coil effect [38], we here evaluate the impact of phonons. In
Fig. 3(c), we plot the phonon-induced broadening of the state
with zero center-of-mass momentum for trions and excitons
as a function of temperature. As the trion-phonon scattering
is stronger, it results in a significantly larger broadening,
reaching 3.5 meV at 50 K compared to 1 meV for excitons.
The linear dependence on temperature is characteristic of
scattering with long-wavelength acoustic phonons [49]. Trion-
phonon scattering has been reported to be responsible for the
cooling of trions [38]. Based on the models from Refs. [38,51]
but including the trion form factor (wave function overlap),
we find trion cooling times in the range of 4–10 ps for tem-
peratures up to 50 K (see Appendix D). The good agreement
with experimental measurements in Ref. [38] supports the
predictive character of our microscopic theory. Another work
has investigated the cooling of free electrons in MoSe2 and
obtained a cooling time of 70 ps [52]. The larger cooling
time of free electrons compared to trions is consistent with
the smaller electron mass and weaker coupling with phonons.

V. TRION DIFFUSION AND MOBILITY

Now, we investigate the impact of the internal quantum
structure and fermionic character of trions on trion diffusion
and mobility. The diffusion coefficient can be derived from
our microscopic approach in a relaxation time approximation

(b)

(a)

FIG. 4. Trion diffusion and mobility. (a) Temperature-dependent
trion diffusion coefficient in the low-density limit (purple) and for
trion densities of 1 × 1011 cm−2 (orange) and 4 × 1011 cm−2 (red).
The low-density 1s exciton diffusion coefficient is shown in light-
blue. (b) Trion, 1s exciton, and electron mobilities as a function of
temperature.

[53] and reads

D = − 1

2A

∑
Q

τQv2
Q

∂ρQ

∂EQ

∂μt

∂nt
, (7)

with the crystal area A, the relaxation time τQ (see Appendix E
for details), the trion group velocity vQ = h̄Q

Mt
, the trion oc-

cupation probability in thermal equilibrium ρQ, the trion
chemical potential μt, and the trion density nt = A−1 ∑

Q ρQ.
In the low density limit where the trion occupation is small,
ρQ follows a Boltzmann distribution, the diffusion coefficient
then reads [54] D = (2ntA)−1 ∑

Q τQv2
QρQ, and the relaxation

time is given by the out-scattering rate, τQ = 	−1
Q . We eval-

uate the trion diffusion coefficient in this regime and obtain
approximately 1 cm2/s at temperatures around 5–10 K [cf.
Fig. 4(a)]. Compared to excitons (approx. 4.5 cm2/s), trions
thus exhibit a considerably slower diffusion reflecting their
stronger scattering with phonons and their larger mass (i.e.,
smaller group velocity). At higher temperatures, D increases
slightly because of the weakening of the scattering rate at the
thermally occupied higher energies [cf. Fig 3(b)], reaching 1.6
(4.8) cm2/s for trions (excitons) at 60 K. We note here that
this increase might be counteracted by quantum interference
effects [55,56] that are beyond the scope of this work. More-
over, a larger trion binding energy closer to the experimental
values would result in an even less pronounced increase
of the diffusion coefficient, although the low-temperature
value would remain unchanged as it does not depend on the
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extension of the trion wave function. We also note that Eq. (7)
can be easily extended to account for multiple valleys. This
scenario would be relevant for trion diffusion at higher tem-
peratures, especially in tungsten-based TMDs which exhibit a
rich multi-valley band structure [54].

While the calculated diffusion coefficient for excitons
agrees well with experimental measurements [44], the re-
ported value for trions in literature is 4-5 cm2/s at 5 K
[32], i.e., 4–5 times larger than our prediction. While this
discrepancy might be partially explained by the presence of
nonequilibrium distributions at such low temperatures, the
influence of unpaired electrons or excitons, or perhaps even
by the inclusion of electron-hole exchange in the model [57],
we show here that the impact of the fermionic nature of trions
via Pauli blocking can lead to a drastic enhancement of the
diffusion coefficient at low temperatures. We now consider
large trion occupations where ρQ follows a Fermi-Dirac dis-
tribution. In this scenario, the relaxation time is not given
by the out-scattering rate anymore, but by the sum of in-
and out-scattering rates including Pauli blocking [53] (see
Appendix E). More importantly, the filling of states with low
kinetic energy will force the occupation of higher states at
elevated densities, thus resulting in an enhanced propagation
as the higher states have a larger group velocity. Indeed, we
find a drastic increase from 1 cm2/s in the low-density limit
to 4 cm2/s for nt = 4 × 1011 cm-2 at T = 5 K. This effect is
more prominent at low temperatures, where the trion occupa-
tion is higher. At even larger densities, we expect trion-trion
interactions to play an important role via repulsive drift [36]
and by creating additional scattering channels.

The enhancement of diffusion due to Pauli blocking is a
result of the elevated pressure of the degenerate Fermi gas
formed by trions. The current density at T = 0 K reads (as-
suming a constant τQ = τ ) j = − τ

Mt
∇P, where P = 1

2 ntEF

is the pressure of a 2D degenerate Fermi gas with Fermi
energy EF (see Appendix E). Thus trion diffusion is driven
by a pressure gradient. This is true also for small occupa-
tions, where the pressure instead follows the ideal gas law,
P = ntkBT . Note that we can recover the first Fick’s law,
j = −D∇nt, where D = τ

Mt
EF for the degenerate trion gas at

0 K and D = τ
Mt

kBT for the nondegenerate (i.e., low density)
gas at finite T . This expression clearly shows that the diffusion
coefficient should increase linearly with the Fermi level.

Contrary to excitons, trions have an electric charge and
can therefore generate a current in the presence of an electric
field. This has important technological implications, e.g. the
conductivity σ in photoexcited doped materials can have a
significant contribution from trions [60]. The capability of
these three-particle charge carriers to be accelerated by the
electric field is given by the trion mobility μ̃t = σt/nt, which
is related to the diffusion coefficient via [53] μ̃t = D(nt

∂μt

∂nt
)−1.

The mobility is a measure for the resistance of a particle to be
accelerated by an external potential gradient, and therefore is
also meaningful for excitons in, e.g., inhomogeneous strain
[58] or spatially varying transverse electric fields [59]. In
Fig. 4(b), we plot the trion mobility for different trion den-
sities and compare it to the exciton and electron mobilities.
First of all, we note that the mobility depends very weakly
on the density. This is in agreement with the expression

μ̃t = τ/Mt, which is expected both at small and large occupa-
tions assuming a constant τ (see Appendix E). Therefore the
density only influences the mobility via the relaxation time,
resulting in a slight increase of μ̃ due to the Pauli blocking
of scattering channels. Second, the mobility decreases with
temperature, following the decrease in the relaxation time,
τ ∝ 1/T . Finally, we find that the trion mobility is five times
(two orders of magnitude) lower than the exciton (electron)
mobility. Concretely, around 10 K we obtain mobilities of
1 × 103, 5 × 103, and 1 × 105 cm2/Vs for trions, excitons,
and electrons, respectively. The low mobility of trions com-
pared to single electrons manifests as a negative differential
conductivity in optical-pump THz-probe experiments [60].
While the trion mobility has not been directly determined
in experiments, the phonon-limited mobility has been esti-
mated to be about 2 × 103 cm2/Vs at low temperatures from
linewidth measurements in MoTe2 [61]—in good agreement
with our predictions. Note that defects and dielectric inhomo-
geneities might play an important role and considerably lower
the mobility of TMD samples. Therefore our results should be
considered as an upper limit for the trion mobility which could
be reached in clean samples with a homogeneous dielectric
background [62,63].

VI. CONCLUSIONS

We have developed a microscopic approach to describe
trion dynamics in atomically thin semiconductors. The ener-
gies and wave functions of trions are obtained by solving the
trion Schrödinger equation. We resolve the internal quantum
structure of bound and continuum trion states and investigate
their interaction with phonons for the exemplary case of a
MoSe2 monolayer. We find that trions exhibit a stronger cou-
pling to phonons compared to excitons and as a result are
characterized by a slower spatial propagation. Interestingly,
we predict a drastic enhancement of the trion diffusion at low
temperatures for increasing densities. This effect is a direct
consequence of the fermionic character of trions and can be
understood in terms of the large pressure of the degenerate
Fermi gas of trions. Our work provides microscopic insights
on trion-phonon interaction and trion propagation, which are
interesting from a fundamental perspective but also highly
relevant for technological applications.

While we have focused on MoSe2, we expect our findings
to be qualitatively similar in other atomically thin semi-
conductors at low temperatures, although the exact numbers
will depend on material-specific parameters such as effective
masses, dielectric screening, phonon energies and deforma-
tion potentials. Furthermore, our microscopic approach can be
extended to account for electron-hole exchange and to model
different aspects of trion dynamics, including valley depo-
larization, trion-trion interactions, and nonequilibrium trion
propagation phenomena analogous to the phonon wind [64]
and the Seebeck effect [35,65] that have been predicted and
observed for excitons.
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APPENDIX A: TRION HAMILTONIAN

In this section, we derive the trion Hamiltonian starting
from the electron-hole picture and we introduce the trion
Schrödinger equation. The derivation is divided into four
parts. First, we introduce the Hamiltonian in electron-hole
basis. Then, we expand the electron and hole creation and
annihilation operators in the Fock subspace that contains ex-
actly two electrons and one hole, i.e., a single trion. Then, we
introduce the exciton-electron basis and, finally, we transform
into a trion basis.

1. Hamiltonian in electron-hole basis

We consider a system of interacting electrons and holes
where electrons can occupy states in the conduction band at
the K or K ′ symmetry points and holes can occupy states in
the valence band at the K point [see Fig. 1(b) in the main text].
We thus introduce hole and electron annihilation (creation)
operators h(†)

k , e(†)
k , e′(†)

k , where e and e′ operate on conduction-
band states at the K and K ′ valleys, respectively. We note here
that K and K ′ electrons are distinguishable since they have
opposite spin. The Hamilton operator of this system reads

H =
∑

k

(
E e

ke†
kek + E e’

k e′†
k e′

k + Eh
k h†

khk

)

+
∑
kk′q

Vq
(
e†

k+qe′†
k′−qe′

k′ek − e†
k+qh†

k′−qhk′ek

−e′†
k+qh†

k′−qhk′e
′
k

)
. (A1)

The first line corresponds to quasi-free electrons and holes
in the lattice, with E ξ

k being the band energy of the particle
species ξ = e, e’, h described in an effective mass approxi-
mation with parameters from Ref. [41]. The second and third
lines describe the Coulomb interaction between distinguish-
able electrons and holes with the monolayer potential Vq taken
from Ref. [43]. Interactions between indistinguishable parti-
cles (e.g., terms like e†e†e e ) have been neglected, since they
give rise to scattering and energy renormalization effects that
only become relevant at increased trion densities. Moreover,
electron-hole exchange, which is known to slightly alter the
exciton dispersion and lift the degeneracy between singlet and
triplet trions [42], has been disregarded.

2. Expansion of operators in Fock space

We will now expand our electron and hole creation and
annihilation operators in terms of a three-particle (K electron,
K ′ electron, K hole) operator. For this purpose, we have taken
the approach used for excitons in Refs. [39,40] and extended

it to describe trions. The unit operator in Fock space reads

1 = |0〉 〈0|
+

∑
k

(
e†

k |0〉 〈0| ek + e′†
k |0〉 〈0| e′

k + h†
k |0〉 〈0| hk

)

+
∑
k1k2

(
e†

k1
e′†

k2
|0〉 〈0| e′

k2
ek1

+ e†
k1

h†
k2

|0〉 〈0| hk2
ek1

+e′†
k1

h†
k2

|0〉 〈0| hk2
e′

k1

) + . . . (A2)

Here |0〉 denotes the ground state where the valence band is
fully occupied and the conduction band is empty. We have
written in the expression above only the terms that we will
need later. The remaining terms are irrelevant in our case, as
they are only important at high densities or in the presence of
unpaired particles. We will later demand that the number of
K electrons, K ′ electrons, and K holes in the system is equal.
This assumption allows us to formulate a trion Hamiltonian
and provide insights into the physics of trions.

We will introduce the unit operator between creation and
annihilation operators in order to write our Hamiltonian in
terms of three-particle electron-electron-hole (e-e’-h) opera-
tors, T̂ †

k1k2k3
= e†

k1
e′†

k2
h†

k3
. We provide here two examples of

this expansion:

e†
k1
1ek2

=
∑
k3k4

e†
k1

e′†
k3

h†
k4

|0〉 〈0| hk4
e′

k3
ek2

=
∑
k3k4

T̂ †
k1k3k4

T̂k2k3k4
, (A3)

e†
k1

e′†
k2
1e′

k3
ek4

=
∑

k5

e†
k1

e′†
k2

h†
k5

|0〉 〈0| hk5
e′

k3
ek4

=
∑

k5

T̂ †
k1k2k5

T̂k4k3k5
. (A4)

Note that, first, we have only considered terms of the form
e†e′†h† |0〉 〈0| he′e which fulfill our restriction that there are
exactly three different particles, and second, we have used
|0〉 〈0| = 1 − . . . [39] and disregarded the terms beyond 1

that would describe trion-trion interactions and are only rel-
evant at high densities.

3. Hamiltonian in exciton-electron basis

Now, we consider the Hamiltonian in the electron-hole
picture, Eq. (A1), and apply the expansion described in the
previous section. We obtain

H =
∑

k1k2k3

(
E e

k1
+ E e’

k2
+ Eh

k3

)
T̂ †

k1k2k3
T̂k1k2k3

+
∑

k1k2k3q

Vq
(
T̂ †

k1+q,k2−q,k3
− T̂ †

k1+q,k2,k3−q

−T̂ †
k1,k2+q,k3−q

)
T̂k1k2k3

. (A5)

In principle, we could now diagonalize the Hamiltonian
by expanding T̂ †

k1k2k3
in the eigenbasis of the three-body

Schrödinger equation associated to the considered trion. How-
ever, it is advantageous to first expand it in the exciton
eigenbasis [66,67], in which a part of the Hamiltonian con-
taining the energies of the K electron (e) and the K hole (h) as
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well as their Coulomb interaction becomes diagonal. Thus we
write

T̂ †
k1k2k3

=
∑

ν

φν
αhk1−αek3

T̃ †
ν,k1+k3,k2

, (A6)

where αξ = mξ /Mx and Mx = me + mh. φν
kx

is the wave
function of the exciton state ν with electron-hole relative
momentum kx and fulfills the Wannier equation,

h̄2k2
x

2mx
φν

kx
−

∑
q

Vqφ
ν
kx+q = εν

xφ
ν
kx

, (A7)

with mx = memh/Mx being the exciton reduced mass and
εν

x the exciton binding energy. We have also introduced the
exciton-electron creation operator T̃ †

ν,Qx,ke
, which creates an

exciton at state ν with electron-hole center-of-mass momen-
tum Qx and an electron with momentum ke. Note that one
can also express the exciton-electron operator as T̃ †

ν,Qx,ke
=

X †
ν,Qx

e′†
ke

, where X †
ν,Qx

is the exciton creation operator.
Applying the expansion into exciton basis to Eq. (A5) leads

to the exciton-electron Hamiltonian,

H =
∑

Qxkeν

[(
εν

x + h̄2Q2
x

2Mx
+ h̄2k2

e

2me

)
T̃ †

ν,Qx,ke

+
∑
μq

Ṽ νμ
q T̃ †

μ,Qx+q,ke−q

]
T̃

ν,Qx,ke
. (A8)

The interaction between electrons and holes appears now as
an exciton-electron interaction with the matrix element

Ṽ νμ
q = Vq 〈ν|(eiαhq·r − e−iαeq·r)|μ〉

= Vq

∑
kx

φν∗
kx

(
φ

μ

kx+αhq − φ
μ

kx−αeq

)
. (A9)

4. Hamiltonian in trion basis

We now expand the exciton-electron operators in trion
basis, i.e.,

T̃ †
ν,Qx,ke

=
∑

λ

ψλ
ν,βeQx−βxke

T †
λ,Qx+ke

, (A10)

with βe = me/Mt, βx = Mx/Mt, where Mt = Mx + me is the
trion total mass. Here T †

λ,Qt
creates a trion at state λ with

center-of-mass momentum Qt, and ψλ
ν,kt

is the wave function
of the trion state λ with exciton-electron relative momentum
kt and exciton state ν. This wave function fulfills the following
trion Schrödinger equation,(

εν
x + h̄2k2

t

2mx-e

)
ψλ

ν,kt
+

∑
μq

Ṽ νμ
q ψλ

μ,kt+q = ελ
t ψλ

ν,kt
, (A11)

where mx-e = Mxme/Mt is the exciton-electron reduced mass
and ελ

t is the trion eigenenergy. Writing Eq. (A8) in trion basis
finally leads to the trion Hamiltonian,

H =
∑
λQt

(
ελ

t + h̄2Q2
t

2Mt

)
T †

λ,Qt
Tλ,Qt

. (A12)

We note that the trion operators fulfill fermionic anticommu-
tation relations in the low-density limit,{

Tλ,Qt
, T †

λ′,Q′
t

} = δλ,λ′δQt,Q′
t

(A13){
T (†)

λ,Qt
, T (†)

λ′,Q′
t

} = 0. (A14)

In principle, the anticommutator {T
λ,Qt

, T †
λ′,Q′

t
} should also

contain corrections of the form T †T which would be relevant
at high densities and would influence trion-trion scattering and
energy renormalization. Since we consider sufficiently low
densities throughout this work, we can disregard these cor-
rections and treat trions as purely fermionic quasi-particles.

APPENDIX B: TRION-PHONON HAMILTONIAN

The Hamilton operator describing the interaction between
acoustic phonons and the electron and hole species considered
here reads

Ht-p =
∑
kq

(
ge

qe†
k+qek + ge’

q e′†
k+qe′

k + gh
qh†

k+qhk

)

× (
bq + b†

−q

)
, (B1)

where gξ
q =

√
h̄

2ρ�qA Dξ
q is the electron-phonon matrix ele-

ment, ρ is the material’s mass density, �q is the phonon
frequency, A is the crystal area, and Dξ

q is the deformation
potential. Note that the phonon coupling for holes is related
to that of valence band electrons via gh

q = −gv
q. In principle, a

phonon mode index should appear in the Hamiltonian above.
However, we consider here only one effective acoustic phonon
mode. For long-wavelength acoustic phonons, Dξ

q = D̃ξ |q|,
with D̃ξ exhibiting the same sign for electrons and holes
[68] and thus reflecting the nonpolar nature of the inter-
action. In particular, we consider D̃e ≈ D̃h [48] and obtain
|D̃e| = 1.4 eV by fitting [69] the acoustic phonon contribu-
tion to the experimentally measured exciton linewidth [44].
The acoustic phonon frequency is given by �q = s|q| where
s = 4.1 × 105 cm/s [48].

In order to write this Hamiltonian in trion basis, we proceed
as in Sec. A. First, we transform into exciton basis and obtain
the trion-phonon Hamiltonian in the exciton-electron picture,

Ht-p =
∑

Qxkeqνμ

(
Gνμ

x,qT̃ †
ν,Qx+q,ke

+ δνμge
qT̃ †

ν,Qx,ke+q

)

× T̃μ,Qx,ke

(
bq + b†

−q

)
. (B2)

Here Gνμ
x,q = ∑

kx
φ

μ∗
kx

(ge
qφ

ν
kx+αhq + gh

qφ
ν
kx−αeq) is the exciton-

phonon matrix element [49]. Transforming the exciton-
electron operators into trion basis leads to the trion-phonon
Hamiltonian,

Ht-p =
∑

Qtqλλ′
Gλλ′

t,q T †
λ,Qt+qTλ′,Qt

(
bq + b†

−q

)
, (B3)

with the trion-phonon matrix element,

Gλλ′
t,q =

∑
ktνμ

ψλ′∗
μ,kt

(
Gνμ

x,qψ
λ
ν,kt+βeq + δνμge

qψ
λ
ν,kt−βxq

)
. (B4)

This matrix element has two terms. The first one corresponds
to exciton-phonon interaction and the second one describes

115407-8



TRION-PHONON INTERACTION IN ATOMICALLY THIN … PHYSICAL REVIEW B 106, 115407 (2022)

electron-phonon interaction. Note that for the electron term,
the exciton indices ν and μ must be the same, i.e., no excitonic
transition occurs.

APPENDIX C: QUASI-1D TRION SCHRÖDINGER
EQUATION

The trion Schrödinger equation (A11) is numerically
too demanding to be solved. Nevertheless, similar to the
Wannier equation, its complexity can be significantly reduced
by eliminating the angular degree of freedom of the relative
momentum. We consider the following ansatz for the trion
wave function,

ψλ
ν,k = eiLλνθk ψ̃λ

ν,|k|, (C1)

allowing us to separate the radial and angular momentum
coordinates. A similar approach has been taken in Ref. [15],
where the wave function has been expanded in a Fourier series
in angular coordinates. We introduce our ansatz in Eq. (A11),
multiply by e−iLλνθk , integrate over θk, and rename q = k′ − k,
obtaining(

εν
x + h̄2|k|2

2mx-e

)
ψ̃λ

ν,|k|

+ 1

2π

∫ 2π

0
dθk

∑
μk′

Ṽ νμ

k′−ke−iLλνθk eiLλμθk′ ψ̃λ
μ,|k′|

= ελ
t ψ̃λ

ν,|k|. (C2)

In order to evaluate the integral over θk, we first note that
Ṽ νμ

q = ei(mμ−mν )θqṼ νμ

|q|x̂, which can be found by using the sep-
aration of variables for the exciton wave function, φν

k =
eimν θk φ̃ν

|k|, with mν being the exciton angular quantum num-
ber. We further note that |k′ − k|eiθk′−k = |k′|eiθk′ − |k|eiθk .

Introducing these in Eq. (C2), shifting θk′ → θk′ + θk, and
evaluating the integral over θk yields a nonzero term only
when Lλν − Lλμ = mμ − mν . Hence, the separation ansatz
Lλν = lλ + m̃ν yields m̃ν − m̃μ = mμ − mν , which is fulfilled
if m̃ν = −mν . After evaluating the θk integral, the trion
Schrödinger equation becomes effectively one-dimensional,
in the sense that it depends on the radial component of k but
not on its direction. The trion Schrödinger equation now reads(

εν
x + h̄2|k|2

2mx-e

)
ψ̃λ

ν,|k|

+
∑
μk′

Ṽ νμ

|k′−k|x̂[F (|k|, |k′|, θk′ )](mμ−mν )ei(lλ−mμ )θk′ ψ̃λ
μ,|k′|

= ελ
t ψ̃λ

ν,|k|, (C3)

where

F (|k|, |k′|, θk′ ) = |k′|eiθk′ − |k|√
|k|2 + |k′|2 − 2|k||k′|cosθk′

.

We numerically solve Eq. (C3) for lλ = 0 (s-type trion) con-
sidering 7 bound exciton states and the exciton continuum
with mν = 0,±1,±2,±3. This large amount of states is nec-
essary to obtain a converged trion binding energy.

In order to model a realistic hBN-encapsulated MoSe2

monolayer, we consider the effective masses [41] me =

0.5m0, mh = 0.6m0, as well as the material-specific Coulomb
potential from Ref. [43] with TMD thickness d = 0.6 nm and
polarizability χ = 7.1d/(2π ), along with the hBN dielectric
constant [70] εhBN = 4.5.

APPENDIX D: PHONON-INDUCED TRION COOLING

In the main text, we evaluate trion cooling times. Here,
we present the model that describes the cooling due to
trion-phonon scattering. The quantity that describes energy
dissipation is the cooling power, Q = A−1 ∑

q h̄�qṅq, i.e., the
rate at which the trions transfer their excess energy into the
thermal bath of phonons. Here, nq = 〈b†

qbq〉 is the phonon
number. We follow the derivation in Ref. [51] and find

Q = 2π

h̄A

∑
Qq

h̄�q|Gt,q|2[nq(T ) − nq(TL)]

× [ρQ(T ) − ρQ+q(T )]δ(EQ+q − EQ − h̄�q), (D1)

where T and TL are the trion and lattice temperatures, re-
spectively, ρQ is the trion occupation which we assume to
be in thermal equilibrium, and EQ = h̄2Q2/(2Mt ) is the trion
kinetic energy. Here we have dropped the trion state index λ,
since we consider only the trion ground state. At sufficiently
low densities, high temperatures, and disregarding the impact
of trion and exciton wave function overlaps, one recovers the
expression from Ref.[38], i.e., Q/nt = τ−1

c kB(T − TL), with
the cooling time τ−1

c = 2m2|2De + Dh|2/(ρ h̄3) and the trion
density nt. Here, instead, we evaluate Eq. (D1) without fur-
ther approximations for temperatures ranging from 5 to 50 K
and densities up to 4 × 1011 cm−2 and compute the effective
cooling time as τc = ntkB(T − TL)/Q. We obtain values in
the range of 4-10 ps, in good agreement with experimental
measurements [38].

APPENDIX E: DIFFUSION COEFFICIENT AND MOBILITY

We derive equations for the diffusion coefficient D and
mobility μ̃ of trions following Ref. [53] and obtain

D = − 1

2A

∑
Q

τQv2
Q

∂ρQ

∂EQ

∂μ

∂nt
, (E1)

μ̃ = − 1

2Ant

∑
Q

τQv2
Q

∂ρQ

∂EQ
, (E2)

with the crystal area A, the relaxation time τQ, the trion
group velocity vQ = h̄Q/Mt, the trion occupation in thermal
equilibrium ρQ, the trion chemical potential μ, and the trion
density nt = A−1 ∑

Q ρQ. We introduce here the relaxation
time, which does not appear in the main text,

τ−1
Q =

∑
Q′

[	QQ′ρQ′ + 	QQ′ (1 − ρQ)], (E3)

where

	QQ′ =
∑
±

2π

h̄
|Gt,q|2η±

q δ(EQ′ − EQ ± h̄�q)

is the scattering matrix with q = Q′ − Q and η±
q = nq + 1

2 ±
1
2 . We evaluate the equations for D and μ̃ without further
approximation and plot the results in Fig. 4 in the main text.
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In addition, in order to get a better understanding of trion
diffusion and mobility, we discuss how D and μ̃ behave in
limiting cases. At low occupations, the relaxation time reads
τ−1

Q = ∑
Q′ 	QQ′ , which is the out-scattering rate that we have

introduced in the main text.
We now derive the diffusion coefficient at T = 0 K to show

the effect of the degeneracy pressure. For this purpose, it is
convenient to recover the expression for the current and as-
sume τQ = τ . We thus have j(r) = −τ/(2A)

∑
Q v2

Q∇ρQ(r).
At 0 K the trion distribution follows ρQ = 1 if |Q| < QF or 0
otherwise, where QF = 2

√
πnt is the radius of the 2D Fermi

sphere. We then obtain

j(r) = − τ h̄2

16πM2
t
∇[

Q4
F(r)

] = − τ

2Mt
∇[nt(r)EF(r)]

= − τ

Mt
∇P(r), (E4)

where in the last step we have identified the pressure of a
2D degenerate Fermi gas. The pressure is calculated with
P = −∂U/∂A keeping the total number of particles fixed,
where U = ∑

|Q|�QF
h̄2Q2/(2Mt ) is the total energy of the

trion system.
In the following, we argue that we expect the mobility

to be μ̃ ≈ τ/Mt at low and high densities, as stated in the
main text. As before, we assume τQ = τ . For high densi-
ties, we take the limit T = 0 K to simplify the problem.
Taking D = EFτ/Mt from our result above and using the
relation μ̃ = D(∂EF/∂nt )−1/nt we find μ̃ = τ/Mt. Thus we
do not expect the mobility to depend on density beyond
the density-dependence of τ . Furthermore, at low densities
and finite temperatures, where ρQ is well described with a
Boltzmann distribution, the mobility can be simplified to μ̃ =
τ 〈v2

Q〉 /(2kBT ), where 〈v2
Q〉 = ∑

Q v2
QρQ/(ntA) = 2kBT/Mt

following the equipartition principle. Thus we again obtain
μ̃ = τ/Mt.
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