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Abstract: We consider Lane—-Emden ground states with polytropic index 0 < g — 1 < 1, that is, minimizers of
the Dirichlet integral among L4-normalized functions. Our main result is a sharp lower bound on the L2-norm
of the normal derivative in terms of the energy, which implies a corresponding isoperimetric inequality. Our
bound holds for arbitrary bounded open Lipschitz sets Q ¢ R4, without assuming convexity.
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1 Introduction and main results
We are interested in sharp lower bounds on the normal derivative of minimizers of the variational problem

Ivul}
Aq(Q) ; e

= 1m > N (1.1)
ueCP(Q)\{0} ||u||Lq(Q)

Here 1 < g < 2 is a parameter and Q ¢ R? is a non-empty open set.

The most important cases are g = 2, where 1,(Q) is the bottom of the spectrum of the Dirichlet Laplacian
in Q, and g = 1, where 1;(Q) is the inverse torsional rigidity of Q. For general 1 < g < 2, the minimization
problem A,4(Q) arises in connection with ground state solutions of the Lane-~Emden equation with polytropic
index g - 1; see (2.3) below.

Some of the results discussed in this paper, most importantly a Brunn-Minkowski-type inequality for A,
(Theorem 1.3), are valid for arbitrary open sets Q. Others require some modest assumptions, namely that
the open set Q is bounded and has Lipschitz boundary. Under these assumptions, it is well known (see Sec-
tion 2 for references) that there is a non-negative minimizer of (1.1). (Strictly speaking, it is a minimizer of
the corresponding problem with C3°(Q) replaced by H},(Q).) By homogeneity, we can choose a minimizer to
be normalized in L(Q). If either 1 < g < 2 or if ¢ = 2 and Q is connected, then the non-negativity and the
normalization determine the minimizer uniquely. If g = 2 and Q has multiple connected components, then
there may be several such minimizers. In this case, all our statements are valid for any choice of minimizer.
In what follows, we denote a non-negative and normalized minimizer by ug q.
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Our main result is an isoperimetric-type inequality for the L2-norm of the normal derivative of the min-
imizer ug q at the boundary. In what sense the normal derivative should be understood when the boundary
is irregular is discussed in Section 2.2. Specifically, the result is the following theorem.

Theorem 1.1. Fix 1 < q < 2, let Q c R? be open and bounded with Lipschitz boundary, and define
2 -1
ag := (2 +d(— - 1)) .
q

ouga\? a1 Ag(Q)t+%
J(W) dH (X) > W’ (1.2)

Then

EYo)
where ugy,q is an L-normalized minimizer associated to A4(Q), % is the derivative of u in the direction of the
outward normal to 0Q, and B is the unit ball. Moreover, equality holds if Q is a ball.

In (1.2), dH9! denotes integration with respect to the (d — 1)-dimensional Hausdorff measure, which is
simply the surface measure on 0Q.
In the linear case, i.e. ¢ = 2, the inequality simplifies to

(20 a2 22

20
For g = 1, the inequality can equivalently be written as
aUQ 2 d-1 1 1--L
J (—> A1) > (d + 2)T(B) 7 T(Q) 7,

ov
20

where v denotes the torsion function of Q, that is, the unique solution of
-Avg =1 inQ,
vg=0 onoQ,
and T(Q) := - [ [Vug|? dx + 2 [, va dx = [,|Vval® dx denotes the torsional rigidity.
If O c RY is an open set of finite measure and Q* denotes an open ball with the same measure,

then a classical rearrangement argument (see, for instance, [24]) implies the Faber—Krahn-type inequality
Ag(Q) = A4(Q*). When combined with Theorem 1.1, one obtains the following isoperimetric inequality.

Corollary 1.2. Fix1 < q < 2 and let Q ¢ R? be open and bounded with Lipschitz boundary. Then

J(dl;?;o )2 AR (x) » j (%)2 dH*(x),
50 20+

with equality if Q is a ball.

As far as we know, Theorem 1.1 and Corollary 1.2 are new. In the special case where Q is convex and g = 2, the
inequality in Theorem 1.1, while not explicitly stated, can be deduced relatively easily from results proved in
Jerison’s work [20]. (Indeed, the corresponding inequality is written out in his analogous work on the capacity
problem for convex sets; see [19, Corollary 3.19].) Similarly, still assuming that Q is convex, the inequality
in Theorem 1.1 for g = 1 could be deduced from the work of Colesanti and Fimiani in [8]. The inequality, for
Q convex and for g € {1, 2}, appears explicitly in [6, Subsection 3.2]; see also [9] for related results in the
convex setting. Many of the above references are primarily concerned with generalizations of the Minkowski
problem to set functionals on convex sets. For the set functional A; with g = 2, this is treated in [20], and for
g=1and 1< g < 2, we refer to [8] and [27], respectively. Thus, what we accomplish here is to extend the
inequality to the full range 1 < g < 2 and, more importantly, to remove the convexity assumption.

The above works in the convex case use representation formulas for 14(Q) in terms of an integral of the
support function against certain measures on $¢°!. These formulas appear prominently in the assertions
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and proofs in the convex case. They do not have an analogue in the non-convex case. However, as we show
here, while these formulas are a convenient tool in the convex case, they are not essential for the proof of the
inequality in Theorem 1.1, and all relevant assertions can be proved without them. This leads to a number of
significant new difficulties that we need to overcome.

Our proof of Theorem 1.1 has two main ingredients, namely a Brunn—-Minkowski inequality for A; and the
computation of the derivative of the function t — A4(Q + ¢B) at t = 0. In the remainder of this introduction,
we discuss these two ingredients in some more detail and explain how they yield our theorem.

Before doing this, however, in order to motivate our arguments, let us recall how the classical isoperi-
metric inequality follows from the Brunn—-Minkowski inequality. The latter inequality states that, for any
non-empty compact sets Qg, Q; c R9and 0 < t < 1,

I(1-6)Qo + tQ1]7 = (1 - £)|Qol7 + t]Qq]7. (1.3)

Here and in what follows, | - | denotes the Lebesgue measure, and for Q, Q' ¢ R4, s > 0, sQ denote the dilation
of Q by s, and + denotes the Minkowski sum, that is,

sQ:={sx:xeQ} and Q+Q :={x+y:xeQ,yeQ'}.

By setting Q; = B, the unit ball in R4, and differentiating (1.3) with respect to t at t = 0, for sufficiently
regular sets, one obtains the classical isoperimetric inequality. In fact, for arbitrary sets, one arrives at an
isoperimetric inequality not for the perimeter but for the so-called lower outer Minkowski content defined by

SM,(Q) := litIE(i)r}f w

If Q is sufficiently regular, for instance, if 0Q is Lipschitz, then the lower outer Minkowski content agrees
with the perimeter of Q and one arrives at the classical isoperimetric inequality [12]. However, under what
geometric assumptions SM, and perimeter agree is not a trivial question.

Here we are interested in inequalities that arise by mimicking this argument for A, instead of the Lebesgue
measure. As we shall see, these set functions also satisfy Brunn—Minkowski-type inequalities. The main
issues that we need to deal with when carrying out this procedure are similar to those alluded to above;
namely, when can the differentiation be justified, and when does the derivative agree with the quantity we
aim to bound.

1.1 Outline of proof

We begin by discussing the first ingredient of our proof, namely a Brunn-Minkowski inequality for A,.

This inequality goes back to Brascamp-Lieb [2] in the case g = 2, Borell [1] for g = 1, and Colesanti [7] for

1 < g < 2. However, in these works, the inequality is stated under unnecessarily restrictive assumptions

on Q. In Section 3, we use a simple approximation argument to show that the Brunn—-Minkowski inequal-

ity remains valid under weaker assumptions on the geometry. Moreover, in the appendix, we show that

Colesanti’s characterization of the cases of equality for 1 < g < 2 is valid without any further assumptions.
Specifically, we deduce the following result.

Theorem 1.3. Fix1 < q < 2, let Qo, Q1 ¢ R be non-empty open sets, and set ag:=(2+ d(% - 1))_1. Then, for
allO<t< 1, :
Ag((1 = )Qo +tQ1) < (1 = OAG(Q0) ™% + tAg(Q1) %) @, (1.4)
where the right-hand side should be understood as zero if min{A4(Qo), A4(Q1)} = 0.
If 1 < g < 2, min{A4(Qo), A4(Q1)} > 0, and equality holds in (1.4) for some t € (0, 1), then there is an open,
bounded, convex set K ¢ RY such that Q¢ and Q1 agree with homothetic images of K up to sets of capacity zero.

Remark 1.4. Without additional geometric assumptions, the characterization of equality does not extend
to the case g = 2; this follows by considering sets with multiple connected components, for instance,
Qo = (0, D?U((2,3) x (0, ) ) and O, = (0, D%
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Our second ingredient concerns the derivative of t — A4(Q + tB) at t = 0. This is closely related to a Hadamard
variation formula. In general, if A is a real-valued set function, then one may ask how A behaves with respect
to perturbations around a given set Q. The most common manner in which to analyze such questions is to
compute the Fréchet derivative of the map @ — A(®P(Q)) at ® = 1, where @ is a diffeomorphism in a neigh-
borhood of Q. Formulas of this type are typically called Hadamard formulas.

However, the geometric perturbations Q + tB that appear in the Brunn—Minkowski formula in Theo-
rem 1.3 cannot in general be parametrized by a family of local diffeomorphisms. As such, our desired result
lies somewhat outside the standard theory. Our approach will be to first prove a Hadamard formula for A, (see
Section 4) and then show that, for Q with C! boundary, the curve Q + tB can be approximated well enough
by diffeomorphisms of Q to compute the desired derivative (see Section 5). Precisely, we prove the following
theorem.

Theorem 1.5. Fix 1 < q < 2 and let Q ¢ R? be open, bounded, and connected with C* boundary. Then

Ag(Q + tB) — A4(Q) _ j (()uq,g
- ov

lim

2
d-1
lim : ) d304-1(x),

0Q

where ugy,q is an L1-normalized minimizer associated to A4(Q), % is the derivative of u in the direction of the
outward normal to 0Q, and B is the unit ball.

A related Hadamard formula was proved in [18] in the case where Q is convex with C? boundary having
positive Gauss curvature. The proof in [18] depends on the convexity but, as we show here, the validity of the
result does not.

By combining Theorems 1.3 and 1.5, one readily deduces the inequality in Theorem 1.1 under the
assumption that Q has C! boundary. To obtain the result under the weaker assumption of Lipschitz bound-
ary, we need some rather deep results on the existence of the normal derivative due to Jerison and Kenig [21];
see also [28].

This concludes our sketch of the strategy of the proof of Theorem 1.1. We end this introduction by empha-
sizing that, for g = 2, our bounds concern the lowest eigenvalue of the Laplacian. For bounds for higher
eigenvalues, including those of variable coefficient operators, see, e.g., [13] and [22, Theorem 4.4]. These
bounds, however, do not have an isoperimetric character. For an isoperimetric upper bound on [[ug,ollzxq)
with k > g, see [17].

2 Preliminaries

2.1 The minimization problem A,(Q) and its minimizer

In this subsection, we discuss some aspects of the minimization problem (1.1) that we shall need later on.

Throughout we shall assume that Q c R, d > 2, is a non-empty open set. The results mentioned in the previ-

ous section are valid for d = 1 as well, but they can be easily reduced to the case of an interval, in which case

they are valid trivially. Therefore, in the remainder of this paper, we restrict ourselves to dimensions d > 2.
Clearly, A4 is invariant under translations, while under dilations, it obeys

1 -1
Ag(sQ) =5 W Ae(Q) foralls >0 withay = (2 + d(% - 1)) .

If Q=5 Qj, QjnQy =0 for j #j', then the quantity A,(Q) can be written in terms of the corresponding
quantities for the elements of the union, namely

(@) = (Y 2q(0)779)

j=1

_2q
q

ifl<g<2, and A(Q)= .iln/lz(Qj); (2.1)
]j=

see, e.g., [3]. We remark that, for g = 1, the first formula is nothing but the additivity of the torsional rigidity
under disjoint unions.
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We record a simple continuity property.
Lemma 2.1. Fix1 < g < 2 and let Q c RY be a non-empty open set. Let {Qj}j=1 be a sequence of open sets with
Qj ¢ Qjiq forallj > 1, and |, Qj = Q. Then
lim A4(Q)) = A4(Q).
j—oo

Proof. By monotonicity under set inclusions, 14(Q) < A4(Q;) for all j. To prove the reverse inequality, we argue

as follows. For any € > 0, there exists ¢ € C3°(Q) such that
Vel
Ng(@) > — D ¢
"(P"Lq(g)

Since supp ¢ is compact and dist(supp ¢, 0Q) > 0, it holds for j sufficiently large that supp ¢ c Q;. Conse-
quently, by the definition of 14(Q;),

2
Vol IVOILq,
5 = 3 > /\q(Qj) .
||(P"Lq(Q) "(p"L‘I(Q,-)

Thus, for any € > 0 and j sufficiently large, 14(Q) + € > 24(Q;) > A4(Q). Since £ > 0 was arbitrary, this proves
the lemma. O

Next, we turn our attention to the existence of a minimizer for the variational problem (1.1). For the charac-
terization of cases of equality in the Brunn—Minkowski inequality for A; (Theorem 1.3), it will be necessary
to work under less restrictive assumptions on Q than the boundedness and Lipschitz regularity needed for
our isoperimetric inequalities.

Assuming that 1,(Q) > 0, we deduce that the completion D})’Z(Q) of C3°(Q) with respect to the norm
u — |Vullr2¢q) is well-defined as a space of almost everywhere defined functions and continuously embedded
into L9(Q). Under this assumption, the infimum in (1.1) does not change when C§°(Q) is replaced by @(1),2 Q).
In what follows, slightly abusing notation, we call a function u in @é’Z(Q) a minimizer if

||vu||%2(0) = Aq(Q)"u”%q(Q) > 0.

If1 < g < 2, then the assumption A4(Q) > 0 implies already that the embedding @é’Z(Q) c L1(Q) is com-
pact (see [25, Theorem 15.6.2] and also [4]) and therefore a minimizer exists. Also, if |Q| < oo, then for any
1< g <2,onehasA4(Q) >0, DL2(Q) = H3(Q), and the above embedding is compact, so again, a minimizer
exists.

Whenever there is a minimizer, there is one that is non-negative and normalized in L9(Q). Throughout
the paper, ug4 o will denote a minimizer with the latter properties. When 1 < g < 2, there is a unique mini-
mizer with these properties. If Q is connected and q = 2, minimizers with these properties are again unique;
in the multiply connected case Q = J;,; Q; with connected, open, and pairwise disjoint sets Q;, we have
A2(Q) = minj»q A2(Q;) and any minimizer is given by a linear combination of the minimizers for the connected
components Q; satisfying 1,(Q) = A,(€;). In this context, we also mention that, for 1 < g < 2, we have

Ag(Q) \ 7

Ugo = <—> Ugo- 2.2)

q ]; Aq(Qj) q,82)

The following lemma proves a stability property of minimizers.
Lemma 2.2. Fix1 < q < 2 and let Q c R? be an open set with Ag(Q) > 0.1If g = 2, assume that |Q| < co and the

minimizer for A;(Q) is unique (up to a multiplicative constant). If {uj}j»1 c D(l)'z(Q) satisfies
IVu;li7

_ ]+W = Ag(Q),
J—eo ||uj||LG(Q)

then |ujll 3 o) lujl — ug,0 in Dy*(Q).
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Proof. Seti; = ||u,-||Z}(Q) [uj]. The sequence {&i;}j>1 is bounded in D-?(Q) and normalized in L9(Q). By passing
to a subsequence, we may assume that ii; converges weakly in D})’Z (Q). By the compactness of the embedding
Dé’z(Q) — L9(Q) (which, for g = 2, follows from |Q| < c0), this subsequence converges strongly in L(Q) to
some non-negative limit &i. By the sequential weak lower semi-continuity of the Dirichlet energy, we conclude
that u is a non-negative L?-normalized minimizer of the Rayleigh quotient (1.1). By the assumption on Q,
such minimizers are unique, and we conclude that i = ug4 o. Moreover, since ||Vﬂj||fz(g) =Ag(Q) + 0(1), we
conclude that 1; actually converges to ug,q in 9(1)’2((2) (see, for instance, [5, Proposition 3.32]). O

The minimizer ug,q solves the equation

{—Au =(Qui! inQ, (2.3)

u=0 on 0Q.
We now use elliptic regularity [11] to deduce further information on ug,q.

Lemma 2.3. Fix 1 < g <2 and let Q c R? be an open set such that Ag(Q) > 0 and such that there is a min-
imizer uq,q. Then ug,q € L*(Q) n Cj5.(Q). Moreover, if 1 < q < 2, then u > 0 in Q, and if q = 2, then in each
connected component of Q, either ug q = 0 or ug,q > 0.

Proof. We focus on the case 1 < g < 2, for the results are classical in the cases g = 1, 2 and obtained by simi-
lar, but simpler arguments. We write u = u4 . Using, for instance, the technique of Moser iteration, one can
infer that u € L*°(Q). In fact, there is a constant C, depending only on d, g, so that

d
lug,0;llLe() < CAq(Q;))2@a@ . (2.4)

This appears as [3, Proposition 2.5]. (The assumption there that the embedding D(l)’z (Q) c L9(Q) is compact is
not necessary for the proof.) Thus, by Riesz potential estimates, u € Cllo’c“(Q) for any a < 1. The local Lipschitz
continuity of u and the Holder-(g — 1)-continuity of t — t4~1 imply that u?-! e C?O’g‘l (Q). Thus, by Schauder
theory, u € C%971(Q) and the first equation in (2.3) holds classically.

We now show that, if 1 < g < 2, then u > 0 everywhere in Q, and if g = 2, then in each connected com-
ponent of Q, either u > 0 or u = 0. If we knew that u extended continuously to 0Q, these assertions would
be a consequence of the maximum principle, but since we do not make any assumptions on 0Q, we need to
argue differently. We first note that u (just like any other function in Clloc(Q)) satisfies, for any r > 0 and any
x € RY with dist(x, Q°) < r,

u(x) = |B,|™* J u(y)dy+r2|B,|‘1 J Vyk(¥>.Vu(y)dy.
B;(x) B,(x)

Here, for |z] < 1,

27Nn() + 47z - 471 ifd=2.

6]

— -1 -1 —d+2 -1_ 4-1 2 9-1 .
k(z) = {(d )N (d 2+ (27 - d Y22 -27Y) ifd #2,

Using the equation for u and the fact that k(z) = 0 for |z| = 1, one deduces that
-Xx
u(x) = |B,|™* j u(y) dy + Ag(Q)r?|B, | J k(yT)u(y)q_l dy.
B, (x) B, (x)

Assume now that u(x) = 0 for some x € Q. Then this identity, together with the non-negativity and continuity
of u, implies that u = 0 in B,(x). Thus, {x € Q : u(x) = 0} is both open and closed in Q, and therefore u van-
ishes in the connected component of Q containing x. This is the claimed assertion for g = 2. For 1 < g < 2,
we obtain a contradiction to (2.2).

Thus, we have shown that u is bounded away from zero on every compact set contained in Q. Using this

information, the regularity of u can be bootstrapped, and we finally obtain that u € C};.(Q). O

We finally mention that we often extend u,,q by zero to R? \ Q and consider the resulting function on R?. If
|Q < 0o, thenuy g € Hé(Q), and therefore its extension by zero belongs to H? (RY).
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2.2 The normal derivatives of ug o

Before moving on to our main argument, we show that the normal derivative of u, o makes sense as an
element of L2(0Q) under the assumption that Q is bounded with Lipschitz boundary.

If QO has C™%-regular boundary for some O < a < 1, then Schauder theory (see, for instance, [11, Theo-
rem 8.33]) implies that ug q € C 1""(5) and, in particular, its normal derivative on the boundary is defined in
the classical sense and the integral in Theorem 1.1 is well-defined.

To explain the meaning of the normal derivative in Theorem 1.1 for arbitrary bounded open Lipschitz
sets, let I’ denote the Newtonian kernel in R4 (see, e.g., [11]), that is,

_i =
() = 57 loglx|, d=2,
calx¥?,  d+2,

with a suitable constant ¢4, and define wg g := -14(Q) T * ugfé so that -Aw, g = Aq(Q)ug,}% in R4, Here ugf&
should be interpreted as 1 when g = 1. (As an aside, we note that, in this case, one could instead of w; q
consider w = -A; (Q)% € C®°(R%) and carry out the argument in the same manner.)

Since ug,q € L™ has compact support, we deduce from Riesz potential estimates that w, o € C La(Rr4) for
all a < 1 (see, for instance, [24, Theorem 10.2]). In particular, the normal derivative of wg, q is defined in the
classical sense, and it suffices to make sense of the normal derivative of the function vy q := ug,q — wg,q. Note
that this function satisfies

-Avg =0 in Q,
{ Vg, = —Wgq,o On 0Q.

The fact that the normal derivative of vy g is well-defined and belongs to L2(0Q) follows from the results of
Jerison—Kenig [21] and Verchota [28] (see also [26, Theorems 5.14.9 & 5.14.10]). Indeed, by these results,
Vug,q has non-tangential limits almost everywhere on 0Q, and the non-tangential maximal function of
[Vvg,al belongs to L2(0Q). Furthermore, the fact that ug,q vanishes on 0Q implies that the pointwise limit of
its gradient is almost everywhere normal to the boundary.

3 The Brunn—Minkowski inequality for A,(Q)

The topic of the current section is the first of the two key ingredients in our strategy for proving Theorem 1.1,
namely the Brunn—-Minkowski-type inequality in Theorem 1.3,

1

Ag((1 = 5)Qo +5Q1) < (1 - 5)Ag(Q0) ™% + sAg(Q1) %) .

This inequality is essentially due to Brascamp-Lieb [2] for g = 2, Borell [1] for g = 1, and Colesanti [7] for
1 < q < 2. However, the statements in these references are under slightly stronger assumptions than what we
state here. Indeed, Colesanti [7] assumes the sets Q, Q1 to be bounded with C2-regular boundary, Brascamp
and Lieb [2] impose that the sets be connected and have finite measure, and Borell [1] assumes the sets to
be bounded. That being said, deducing the inequality for arbitrary non-empty open sets from these results is
not difficult.

In [7], Colesanti characterized the cases of equality in the Brunn—-Minkowski-type inequality for A4 for
1 < g < 2 under the assumption that the sets are C? and bounded. As stated in Theorem 1.3, in this paper, we
will show that these additional assumptions on the sets are not necessary. Since this is somewhat technical
and not central to the core topic of this paper, we defer its proof to Appendix A.

Before we prove that the inequality for arbitrary non-empty open sets follows from the known results, we
note that Colesanti [7] and Borell [1] do not state their results in terms of A,(Q) but in terms of the quantity

F(Q) = j|va(x)|2 dx,
Q
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where i is the unique positive solution of the (perhaps simpler looking) PDE
! inQ,

-Au
u=0 on 0Q.

By multiplying the solution with a constant, one deduces that i = Aq(Q)ﬁuq,g, F(Q) = /lq(Q)TEZ, and the
inequality of Theorem 1.3 is equivalent to a corresponding inequality for F(Q). Colesanti’s (and Borell’s)
choice of working with F is more natural when g = 1 since the PDE is then the classical torsion problem. Our
formulation is adapted to also naturally encompass q = 2, where the PDE becomes linear and the dependence
on A, cannot be eliminated by multiplying by a constant.

Let us first treat the trivial case when min{A4(Qo), A4(Q1)} = 0. For any t € (0, 1), the set (1 - t)Qq + tQ1
contains rescaled and translated copies of both Qg and Q. Therefore, by domain monotonicity, translation
invariance, and scaling homogeneity of A4, it follows that A4((1 - £)Qo + tQ1) = 0.

3.1 Thecasegq =2

In the case g = 2, the inequality in Theorem 1.3 can be deduced from an inequality due to Brascamp and
Lieb [2]. Indeed, in that paper, they prove that, for open and connected sets Qg, Q1 C R4 with finite measure,

Tr(e!®0-9%%01) > (Tr(et?0)) ™5 (Tr(e1))* foralls € [0,1]and ¢ > 0. (3.1)

Taking the logarithms, dividing by ¢, and letting t — co, Brascamp and Lieb showed that inequality (3.1) and
the positivity of the spectral gap imply

Az((l—S)Qo+SQ1) < (1 —S)/\z(Qo)+S/12(Q1). (3.2)

Our next goal is to prove two things; first, that the assumption that Qg, Q1 are connected can dropped, and
second, that (3.2) implies the inequality in Theorem 1.3 with g = 2.
To deduce the statement for sets with multiple connected components, one can argue as follows.
Let Qo = Ujer, Q» Q1 = Ujer, @), with Q}n Q’i' =0 for i € {0,1} and (j,j') € (I; x I;) \ {j, j}. It holds that
A2(Q;) = minjer, A,(Q)). Since
(1-9Q+501 = ] [1-90)+sQ]], (3.3)
G,j"eloxI

the monotonicity under inclusion implies that
A ((1-8)Q0 +501) < min  Ap((1-s)Q) +sQ).
U.j")eloxIy

The desired inequality follows by applying the inequality for each of the pairs (Qj , Q’ll ). We emphasize that,
while the sets {Q]i}jE 1, are assumed to be disjoint, this is not generally the case for the sets in the union (3.3).

The fact that the a priori weaker inequality (3.2) implies the inequality in Theorem 1.3 with g = 2 can be
proved by the following argument (which is somewhat standard in the field, but we include it for complete-
ness). Set, forj =0, 1, wj := AZ(Q,-)%Q,- so that A, (w;) = 1. Then

(1-5)Q0 +5Q1 = (1 - $)A2(Q0) "2 +5A2(Q1)72)((1 - Hwo + Sw1)

with

. sha(Q1)"7
(1-35)A2(Qo) ™7 +5A2(Q1) 77
Thus, by the homogeneity of A, and applying (3.2) to (1 — S)wo + Sw1, we deduce

€ [0, 1].

A ((1 - $)Qo +5Q1) = ((1 - $)A2(Q0) "7 + 5A2(Q1)"2) A2 ((1 - §Hwo + Sw)
< (1= 8)A2(Q0) 7 +54,(Q1)77) 2.
This proves Theorem 1.3 for g = 2.
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3.2 The generalcase1 <g <2

We now prove that the assumptions of boundedness and regularity of the boundary of Qq, Q; can be dropped
in the works of Borell [1] and Colesanti [7]. The same argument removes the remaining assumption that the
measures of Qg, Qq are finite for g = 2.

Let Q c R? be open and non-empty. There are bounded open sets Q; with C*°-regular boundary such that
Qj ¢ Qj;q and U]- Q; = Q. By Lemma 2.1, l_imj_,oo Ag(Q;) = A4(Q). In particular, for Qo, Q1 as in Theorem 1.3,
there are smooth exhaustions {Q’O}jzl, {Q’1 }j>1 satisfying the assumptions of Lemma 2.1. For each j > 1 and
s € [0, 1], we have (1 -5)Qp +sQ1 > (1 - s)Q’O + sQ’l, and therefore, by the domain monotonicity of A; and
the validity of the Brunn—-Minkowski inequality for smooth sets,

1

Ag((1 = $)Qo +5Q1) < Ag((1 = ), +5Q)) < (1 = )A,(Q)) % + sA,(Q)) %) 7,

By Lemma 2.1, the claimed inequality follows by sending j — co.

4 A Hadamard variational formula for A,(Q)

In this and the next section, we provide the second key ingredient in the proof of our main result. Here, we
shall prove the following Hadamard variational formula for A4.

Theorem 4.1. Let1 < q < 2, let Q c R be an open set of finite measure, and assume that there is a unique non-
negative minimizer ug q for Ag(Q) which is normalized in L4(Q). Let @ ¢ CY(-T, T); WLo(R4; RY)), T > 0,
be such that, for all x € R, ®(0, x) = x and, for all t € (-T, T), the map ®(t,-): R? - R? is a bi-Lipschitz
homeomorphism of an open neighborhood of Q onto its image. Set ® = 9;®|;—o and let DD be the Jacobian
of ®. Then

lim Aq(D(t, Q) - 14(Q)
t—0 t

=-2 j Vug o - (D®)Vug o dx + J’<|qu,g|2 - qu(Q)uZ,Q)V - @ dx. (4.1)
Q Q 1
If, in addition, Q has Lipschitz boundary, then

Ag(@(t, Q) - A,(Q duga\?
lim a(d t)) al )=—J( '3‘1’9) v dHe1(x), (4.2)

0Q

where v denotes the outward pointing unit normal field on 0Q.

We recall from Section 2 that the assumption that there is a unique (up to a multiplicative constant) mini-
mizer for A4(Q) is automatically satisfied for 1 < g < 2. If g = 2, it is satisfied if and only if there is a unique
connected component Q; of Q = {J;,; Q; for which A,(Q;) is minimal. In particular, it is satisfied if Q is con-
nected.

For g = 2, the formula for the first variation of the eigenvalue is well known and due to Hadamard [23];
see, for instance, [15, Theorem 5.7.1] for a textbook presentation. Similarly, for ¢ = 1, a change of vari-
ables relates the first variation of A4(Q) to that of the torsional rigidity, which can be found, for instance,
in [15, equation (5.103)]. For 1 < g < 2, we have not been able to find the result in the existing literature.

In the cases g = 1, 2, our proof is different from the standard proof presented, e.g., in [15]. From a con-
ceptual point of view, these standard proofs establish, at the same time as establishing the differentiability
of A4(d(t, Q)), the differentiability of uy o«,q). The equation for the derivative of ug e,y is then used to
derive a formula for A4(®(t, Q)). Our approach completely bypasses the differentiability of ug ¢(¢,q). From
a technical point of view, the standard proof of Hadamard formulas for g = 1, 2 relies on the implicit func-
tion theorem, but it is not clear to us how to apply this because of the non-differentiability of u — u?! at
u = 0for 1 < g < 2. Instead, our argument has a variational character.

Lemma 4.2. Let Q and @ be as in Theorem 4.1. Then, for all sufficiently small |t|, there is a unique (up to
multiplication by a constant) minimizer for A, (®(t, Q)).
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Proof. Let Q = {J;,; Q; with disjoint, connected open sets Q;. Forall t € (-T, T), since ®(t, - ) is a homeomor-
phism, the sets @(¢, Q;) are disjoint, connected open sets. Since ®(¢, Q;) are connected, there is a unique nor-
malized, non-negative minimizer u>, o(t,q;) for A2(®(t, Qj)). Taking uz, o(¢,q;) ° O(t, ), Uz,9; ° O(t, - )1 as trial
functions in the variational characterizations of A, (Q;), 1, (D(¢, Q;)), one can prove that A, (D(t, Q;)) — 2,(Q))
as t — O for each j (for details see the proof of Theorem 4.1).

If Q has only finitely many connected components, then this implies the assertion. Indeed, the unique-
ness of a minimizer for A,(®(t, Q)) is equivalent to there being a single j for which the infimum over
A (D(t, Qj)) is achieved. If there is a unique minimizing jo at t = 0, then by the above convergence of
Ay (D(t, Qj)), the same jo is also minimizing for all |¢| sufficiently small.

If Q has infinitely many connected components, we need an additional argument to control its small
components. The assumption on @ implies that its Jacobian converges uniformly to 1 as ¢t — 0. Thus,
|D(t, Q))I/1Q;] — 1 uniformly in j. From this and the (not necessarily sharp) Faber-Krahn inequality (see,
e.g., [14]), we conclude that there is a T € (0, T) such that, for all j and all |¢| < Ty,

2

_ C _2
o (@(t, Q) = Cald(t, QI = SF1Qy174.
Thus, for the question whether A, (D(¢, Q;)) is attained at a unique j, it suffices to consider j with

2

Ca _ 1
7|Q]| d < EAZ(Q).
Since Q has finite measure, this is a finite number, and the proof can be concluded as before. O

Proof of Theorem 4.1. We abbreviate
Q) :=D(t, Q) and A(t) := A4(Q(b)).

According to our discussion in Section 2, for 1 < g < 2, the normalized, non-negative minimizers ug o of
A(t) are unique. The same is true for g = 2, provided |¢| is small, by the assumption of the theorem and
Lemma 4.2. We abbreviate u; := ug o). Define also v;: Q — R by v¢ := u¢ o O(¢, -). Since u; is non-negative
and normalized in LY(Q(t)), v; is non-negative and satisfies

Iu?]t dx=1 with J := |det(Dxd(t, ).
Q

Here and in what follows, we write D, ®(t, - ) for the Jacobi matrix of the map x — @(t, x). Since D, ®(t, - ) is
bounded, we have v; € Hj(Q) and

At) = J |Vug|? dx = JVUt “AVurdx  with  Ag = Ji(DxD(t, - ) (D D(t, - )™ 7.
Q(t) Q
After these preparations, we now start with the main argument. Since ug o ®(¢,-)! € Hé(Q(t)) and

Ut € H, (1) (Q), these functions can be taken as trial functions in the variational characterizations of A(t) and A(0),
respectively, which implies that

Vuo - AVuo dx Vuel? dx
<IQ R and /1(0)sfgl—t|

(Jy ulJe dx) (J vl dx)i

It follows from A; — 1 and J; — 1 in L* that

(4.3)

Vuo - AVuo d Vuo|* d
IQ(IMO ; ‘d u)oz X 1+ o(D){Tluq—ocli)f = (1 +0(1))A(0),
q UpJt ax)1 o Yo dX)1
Ifllv_tl); —(1+ 0(1))Iﬂvt—tvtzx = (1 + o(1)A(¢).

(JQ U? dX)E (_[Q U?]f dX)E
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Thus, we have shown that A(t) < (1 + 0(1))A(0) and A(0) < (1 + 0(1))A(t), and therefore A(t) — A(0). More-
over, we conclude that

s 2 _ . 2 _

Hm|Vuelz2q) = A(0) and  limfveliq) =1,

and therefore, by Lemma 2.2, v¢ — uo in Hy(Q).

With this information at hand, we return to (4.3), which we rewrite as
A(0) + tn(t) and A(0) < A(t) —~tn(t3 ’
1+ td(t))q (1 -td(t))e

where we used the normalizations of ug and v; and set

A(t) <

n(t) := JVuo (A - 1))Vup dx, it Jwt (t1(A¢ - 1))Vo, dx,

Q Q
) == jug (U - 1) dx, = j (e - 1) dx.
Q

The assumption D, ®(t,-) = 1 +tDD + o(t) in L2 (R?, R¥*4) implies that
t A1) > DO - (DP)T +V- D =: A4y in L®(R?, R>9),
t1Ji-1) > V-d=:J, in L°(RY, R).

(Of course, in the limit defining Ao, V - @ is identified with V - ® times the identity matrix.) This, together with
the fact that v; — ug in H(l)(Q) (and therefore also in L4(Q)), implies that

n(t) - ng and T7(t) - ng, whereng:= JVuo - AoVug dx,
Q

d(t) > dy and d(t) — dy, whered, := jug Jo dx.
Q

Thus, we have shown that

A < MO F 000 _ s t<no - 2/t(0)alo> +o(t),
(1 +tdo + o(t))7 q
Aoy < MO0+ 0 t(no - E/I(t)do) +0(6) = A~ ¢ no - zA(O)do) +o(D).
(1 - tdo + o(t))4 q q
We conclude that 1 A
D - 2000do + o)

that is, A is differentiable at O with derivative given by (4.1).

Assume now that Q has Lipschitz boundary. In order to bring the derivative into the form (4.2), we note
that, by elliptic regularity (Lemma 2.3), ug is smooth in Q. This, together with the existence of boundary
values of Vug discussed in Section 2, implies

do=-q J ugflcb -Vugdx = 10) J(Auo)CD Vuo dx
Q
. . d-1
“20) JVuo V(D - Vug) dx + —— /1(0) jv Vuo® - Vug dH (). (4.4)

For the first term on the right side, we use
. 1 . . .
Vug - V(D - Vi) = E(Vuo (DD + (DD)")Vug + D - V(|Vuol?))
and obtain, integrating by parts,

J Vug - V(D - Vug) dx = —%(no - j |Vuo|?v - d dﬂ-(d‘l(x)).
Q o0
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Inserting this into (4.4) and using Vug = aaiv"v on 0Q), we obtain
_ 4 (o %)2; i) LJ(%)Z.' d-1
do—zMO)<no j( S ) vt i) + s [(G0) v-dar
20 20

. q q ouo\% . 4
= 2200™ " 220 J(W) v ®aHT 0.
0Q

This implies the form (4.2) of the derivative and concludes the proof of Theorem 4.1. O

5 Approximation of the Minkowski sum for C? sets

The aim of this section is to prove Theorem 1.5, that is, for Q ¢ R? open, bounded, and connected with C!
boundary, we wish to show that

lim
t—0+ t

Ag(Q + tB) — A4(Q) _ J(aUq’Q

2
- ) dH1(x).

0Q

To achieve this, we shall argue that the Minkowski sum Q + ¢B can be approximated both from the interior and
exterior by the image of Q under a diffeomorphism. This, in turn, will allow us to apply the Hadamard varia-
tional formula in Theorem 4.1, which a priori does not cover the variation induced by taking the Minkowski
sum.

Define the signed distance function 6 by

80 (x) :=dist(x, Q) — dist(x, Q).

Here, we use the convention that §g is negative in Q and positive in Q€. Recall that, for any Q ¢ R4, it holds
that |V8q(x)| < 1 for almost every x € R%. Moreover, Q + tB is the sub-level set {x € R? : 64 (x) < t}. If V8q
is Lipschitz in a neighborhood of 0Q, the flow map associated with this vector field is a bijection from this
neighborhood onto its image. As such, if 6o was sufficiently regular in a neighborhood of 0Q to allow for
application of Hadamard’s variational formula with the associated flow map, the statement of Theorem 1.1
would follow in a straightforward manner. To handle boundaries of low regularity, we shall follow the same
idea but in combination with a mollification argument.

As seen in the previous section, a Hadamard variational formula is not so much dependent on the regu-
larity of Q as the regularity of the map ® € C((-T, T); Wioo(R4; RY)). Indeed, the Lipschitz assumption in
Theorem 4.1 is only used to justify the use of Green’s identities and to make sense of the normal derivative of
the minimizer as an element of L2(9Q). However, when it comes to the variational formula in Theorem 1.5,
the regularity of the perturbation is intimately connected with the regularity of the underlying set Q.

5.1 Construction of approximate mapping
For an open set Q c R?, g9 > 0, 1o > 0, we define @q: (-1, 1) x RY — R9 by

Dq(t, x) := CDS””‘)(t, X) =X+ tsad j (p(%)l[)(%)V@Q(X -y)dy
R4

=X+ tead I (p(%)l[)( 6?1?/) )V(SQ(y) dy =: x + tX(x),
R

where ¢ € C®([0, 1]) is non-increasing with ¢(1) = 0, ¢’ € C((0, 1)), and satisfies |$9~1| fol p(y)y?tdy=1,
while p € CP((-1, 1)) satisfies 0 < < 1and ¥ = 1in [-3, 3].

The key observation of this section is the following geometric result, which might be of independent
interest.
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Proposition 5.1. Let Q c RY be an open set, and define ®q = (DS”"O, X as above. Then
(@) for any €y > 0, if |t| is sufficiently small, then for any no > 0, the map ®q(t, -) is a diffeomorphism of R?
onto itself.
(b) Foranyeg,no >0andt € [0, 1),
Dq(t, Q) € Q+ tB.

(c) IfQis bounded, has C'-regular boundary, and 8, o > 0, then there is an &y > 0 small enough so that, for
all sufficiently small t > 0,
Do ((1+6)t,Q)> Q +tB.

(d) If Qis bounded, has C'-regular boundary, and 8, no > 0, then
[Dq - ViiLeoa) = IX = Viro@a) = 0g—0(1),

where ®q = 0;Dq|s—o and v denotes the outward pointing unit normal field on dQ.

Remark 5.2. The third and fourth part of the proposition do not extend to general Lipschitz sets. In fact, (c)
fails for planar polygons. Indeed, it is an easy computation to see that if Q ¢ R? is a polygon and 0 € 0Q is
a corner of interior angle 6, then | @ (¢, 0)| = £+/2 — 2 cos(6) for ¢ > 0 as long as the o ball around 0 contains
no other corner of Q. Thus, if 6 # 7 (a “flat corner”), this point is mapped to the interior of Q + t'B unless
t > c(0)t' with ¢(0) > 1. In particular, this proves that we cannot take § arbitrarily close to 0. Similarly, it is
proved by Hofmann, Mitrea, and Taylor [16] that, if we define, for Q ¢ R open and bounded,

P(Q) = inf{|X - Vl|ioq) : X € C°(dQ; RY), |X| = 1 0n 00},

then
p(Q) =0 & 0QisCl,

p(Q) < V2 = 9Qis Lipschitz.

In particular, this implies that the validity of (d) for X that is merely continuous on 0Q implies that 0Q is C*.
We note that the notion of Lipschitz sets used here (and frequently in the mathematics literature) is in [16]
referred to as strongly Lipschitz to distinguish it from the somewhat less commonly occurring notion of weakly
Lipschitz sets.

Proof of Proposition 5.1. For notational convenience, throughout the proof, we drop the subscript Q for the
mapping ®.

To prove the first claim, it suffices to prove that @ is injective. We argue by contradiction. Fix ¢, and let
X1, X2 besuch that x; # x; and ®(t, x1) = (¢, x3). Then, by the definition of ® and the fundamental theorem
of calculus,

i = xal =1dege] [ (0 "2) - (P22 (222 )wsac) o

&0 €0
Rd
1
- f1px1+ (1 —p)xa —yl\ X1 — X2 8a(y)
- ltle; J(J¢( - )22 dp Ju(222 )v8at) dy

-1 !
<ltleg” Call@ lloolx1 — X2,

where we used || < 1 and |[Vdq| < 1 almost everywhere. Clearly, this is a contradiction if |¢| is sufficiently
small.
To prove the second claim, it suffices to observe that |X(x)| < 1,

|X(x)|=85dH q)(%)lp(af’;()’)>vb‘ (Y)dy‘<€o J (IXSOyI)d L
R4 Rd

since || < 1, |V8q| < 1 almost everywhere and by the choice of normalization of ¢.
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To prove the remaining statements, we argue as follows. Fix §, no > 0 and a point x € 0Q such that the
outward pointing unit normal to 0Q at x is (0, ..., 0, 1). Without loss of generality, we may assume that
x = 0. Provided &y > 0 is small enough (depending only on Q), the set 0Q n B,,,(0) can be parametrized as
the graph of a function f € C1(R?"1), that is,

0Q N B2,y (0) = {(X', Xa) € B2gy(0) : xa = f(x')}.

By the Heine—Cantor theorem and the compactness of 0Q, there is a modulus of continuity w: (0, c0) - R
(non-decreasing with lims_,o w(6) = 0) independent of the choice of boundary point such that

IVF(X) - VEY) < w(x' =y']) forallx',y e R,
Therefore, for any k > 0, there is an g9 > 0 small enough (depending only on w) for which
00N B, (0)  {x e R : |xql < k|x|} =: €°.

Define the sets
ti={xeR?:xg>k|x|]} and € :={xeR?: x4 < —klx|}.

Note that C* N B¢, (0) c Q¢ and €~ N B, (0) c Q.
Assume that o > 2&p. Then, at our boundary point 0, we find

(O,...,0,1)-<D((1+6)t,0)2(1+6)t(0,...,0,1)-£5dJ (M)va () dy

IRd
-+ oy [ o'(2) 600 ay.
€0/ lyl
]Rd
We claim that Wl
gyt J ) ( y >|y|69(y) dy < -1+ 0(x), (5.1)
IRd

where the implicit constant depends only on d and the choice of ¢.
With estimate (5.1) in hand, we see that ®((1 + 6)t, - ) maps the origin into the set

A= Bisy(0)n{x e RY : xq > t(1 + 8)(1 + O(x))}.
If x is sufficiently small, we also have dist(4, 0Q) > t. Indeed,
{x € B148)(0) : dist(x, 0Q) < t} € {x = (X', x4) € B1:+5)(0) : |xal < V1 + k2t + kIX']},
which is disjoint from A, provided k is chosen sufficiently small. Thus, we have proved that
D((1+6)t,0) € (Q+tB)“.

As the choice of boundary point was arbitrary, we conclude that @((1 + 6)t, 0Q) ¢ (Q + tB). By the continuity
of ® and the fact that @ acts as the identity in the bulk of Q, the desired inclusion ®((1 + 6)t, Q) > Q + tB
follows. Similarly, bound (5.1), together with |X(x)| < 1, implies that 1 > v(x) - X(x) > 1 + O(x) uniformly for
all x € 0Q, and therefore | X — v|1~(3q) = O(x), proving the final claim of the proposition.

What remains to complete the proof of Proposition 5.1 is to prove (5.1). By splitting the integral, we can
estimate

J¢(M%H6WM-—I

R4

(Iyl) lyal dist(y, 0Q) dy

” (Iyl> [yal dist(y, aQ)dy+J (Iyl)yd&)( )dy
Qo

Iyl lyl

('y') Val gist(y, oe*) dy - j 0 ('y') Val gict(y, 067) dy + (e 1)
c-

vl

Iyl

-l
e+

-2 ”d(M)lM dist(y, 0€*) dy + 0(e2*1x%),
g /1yl
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where we used ¢’ < 0, the definition of 8q, |C° N B, (0)] < Kag , and the fact that, for y € € n B¢, (0), it holds

that dist(y, 0Q) < kep and % <K
By writing the remaining integral in spherical coordinates, we find

[le
€+

o YN lyal . N
(5) v dist(y, 0C™) dy
|‘P’(l)’c05(9)r[(5in(9), cos(8)) - (—x, V1 — x2) sin(0)? 241 d0 dn

=%

Ot—
S—

n
€

<p'(—>| cos(6)? sin(0)4~2n? d6 dn

= 1577

St
O ——_—n

N O

<p’< 1 )‘ cos(9)? sin(0)4~2n d6 dn
€0

_ |$d72|

Ot_“g)

>

0 PR
+ 892 (V1-Kk2 - 1) J
0

&o 90
5] o (2 s

0

0o

”(p’(gi)l cos(8)? sin(0)42n? d6 dn
0

0

00

1
d+1 + O(K€g+1),

(p’<£i>|nd dn + O(xed ™) = €0
0

=)

B |§d_1| J~
- 2d

where we set 0 := arccos(k). This proves estimate (5.1) and thus completes the proof of Proposition 5.1.

O

5.2 Proof of Theorem 1.5
By Proposition 5.1, for any 6, 7o > 0, there is an &9 > 0 so that, for ¢ > 0 small enough,

Dq(t,Q) < Q+tBcDo((1+6)¢t, Q).

By the monotonicity of A; under set inclusions, we conclude that

Ag(Dq(t, Q) — Ag(Q) - Ag(Q +tB) — A4(Q) - Ag(Da((1 + 6)t, Q) — A4(Q)
< 7 < 7 .

t

By Theorem 4.1,

Aq(@q(t, Q) - Ag(Q) oug 0 \? d-1
m __H = )X.vd% x),

li
t—0* t
0Q
— 2
m Ag(@a((1 +6)t, Q) ~ A4(Q) _ (1+6) J(al(;z]z/0> X-vdHd-(x).

li
t
20

t—0*

By sending €9 — 0, dominated convergence along with (d) of Proposition 5.1, we deduce
Ag(Q + tB) — A4(Q)

2
- J (a“‘“’) d%41(x) < liminf
ov t—0* t
o0 _ Ag(Q + tB) — A4(Q)
< lim sup
t—0* t
b} 2

<-(1+6) J (%) A% ().

0Q

Consequently, since 6 > 0 is arbitrary, this completes the proof of the theorem.
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6 Proof of Theorem 1.1

In this section, we prove our main result, Theorem 1.1. We will do this in several steps. In the first step,
we argue that it suffices to prove the theorem for Q open and connected. In the second step, we prove that,
under the additional assumption that Q has C! boundary, the inequality in Theorem 1.1 follows by combining
Theorems 1.3 and 1.5. Finally, in a third step, we show that the inequality for Q with Lipschitz boundary can
be deduced from the more regular case by a fairly standard approximation argument.

6.1 Reduction to connected sets

In this subsection, we prove that, if Q is an open set of finite measure and if Q = U]-E 1 Q) with open, connected,
and pairwise disjoint Q;, then the inequality of Theorem 1.1 for Q follows from the result applied to each
individual Q; separately. In particular, it suffices to prove Theorem 1.1 under the additional assumption that
Q is connected.

Casel1(g=2)

Let Q = ;¢ Oy as above, and assume that the statement of the theorem with g = 2 holds for Q; with j € J.
Without loss of generality, we assume that A,(Q;) < A4,(Qj1) for all j.

IfA2(Q1) < A2(Q32), then A,(Q) = 1,(Q1) and any associated eigenfunction u, g is an eigenfunction on Q4
(extended by zero to Q \ Q1). Therefore, the statement of the theorem for Q follows immediately from the
validity of the theorem for Q;.

If 1,(Q1) = A,(Qp,) for some maximal m > 2 (note that such an m exists by the argument in the proof of
Lemma 4.2), then A,(Q) = A2(Q1) = 12(Q;,) and any eigenfunction u; q is a linear combination of eigenfunc-
tions on {Q; }’"1 extended by zero. That s, if uy g is an L?-normalized eigenfunction associated to A, (Q), then
there are {a, T, with Z;:l a] =1suchthatu; g = Z):1 ajuz,o; where, for each j, Uz,q; is an L2-normalized
eigenfunction associated to A;(€;). Since the u; o, have disjoint support for different j, from the inequality of
Theorem 1.1 applied to each Q; separately, we deduce that

J(au_29> A1 (x) Zi j(auz Q‘) dH(x) > ZZa LEC) L = AZ(Q)Z

j
a % 5, £ ne et

which is the desired inequality for Q.

Case2(1<qg<2)

Fix1<g<2,letQ= U)-E J Q; as above, and assume that the statement of the theorem holds for each of the
sets Q; with j € J.
In this case, the normalized minimizers ug,o, Ug,q, are all unique. Moreover, by (2.1) and (2.2),

g e o A
Ag(Q) —;Aqm]) and “q’ﬂ(’”‘;@tqm])

>%uq,Qi(X)-

By the disjointness of the supports of the ug,qo,, we observe that

(o ) [ (052

20 30,

2
Ag(Q) 74 _a . _24 _2
> % Y (Ag(Qy) 7)) T ), (6.1)
jeJ
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By the definition of a; and since 1 < g < 2, we see that

2-q 2 2-q [ 1 )
T - - ) =1 1- ,1).
q ( *a 2—q) 2q+d2-q © d+2

Consequently, (6.1), the subadditivity of x — x* for 0 < @ < 1, and (2.1), (2.2) imply that

2
Oug,a\* a1 Ag(Q) 2 —oL - (Tray—52)
J(T) dH (X)ZW;(M(QJ za) !
00

Ag(Q) 77 -
> anq(B)aq (%Aq(gl) q
~ Aq(Q)1+aq
T a A (B)%’

2- 2
)—Tq(1+aq—fq)

which is the desired inequality.

6.2 Proof of Theorem 1.1 for C* sets

We are now ready to prove Theorem 1.1 under the assumption that the boundary of Q is C*.
Recall that B denotes the unit ball. Since

t t
aves-of(1- -5 )ar B,
tt 1+0 1+t +1+t

the homogeneity of 1, and the Brunn—Minkowski inequality of Theorem 1.3 imply that

Aq(Q+tB)=(1+t)_i[/1q<<1_%)QJrﬁB)—aq]—ﬁ

aq

<@+ (1- ﬁ)/tq(g)-“q + ﬁ/tq(s)-%]_

1

= (Ag(Q)™% + tAg(B)™%) @,

When combined with Theorem 1.5, we find

2 _
~ J(duq,g> dﬂ{d‘l(x) _ }ir% Ag(Q +tB) — A4(Q)

ov t
0Q 1
—Qq ~®g) ag _
<lim (Ag(Q)™% + tA4(B) %) Ag(Q)
t—0 t
~ Aq(Q)1+aq
T agAg(B)%’

which completes the proof of the inequality in Theorem 1.1 under the assumption that Q has C! boundary.
If Q is a ball of radius r, then Q + tB is a ball of radius r + t. Therefore, by homogeneity of A4, equality
holds for each t in the above application of the Brunn—Minkowski inequality. Consequently, when Q is a ball,
equality holds in the inequality of Theorem 1.1.
There is another way to deduce that equality holds for balls. Namely, for any bounded open set Q with
Lipschitz boundary, one has the Rellich—Pohozaev identity

(2 vt - 19,

0Q

see, e.g., [3, Proposition 2.9]. In particular, when Q is a ball, centered at the origin, then x - v is equal to the
radius of the ball and the Rellich-Pohozaev identity reduces to the equality case in Theorem 1.1.
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6.3 Approximation of Lipschitz sets from the inside by smooth sets

Fix1<g<2,andletQ c R4 be open, bounded, and connected with Lipschitz boundary.

Our goal is to prove the inequality in Theorem 1.1 by approximating Q from the inside by smooth sets
and proving that the involved quantities converge under this approximation.

Let {Q;};>1 be a sequence of open sets with C*°-regular boundary such that the following statements hold.
() QjcQjforallj>1andQ =J;; Q)
(ii) There are homeomorphisms Bj: 0Q — 90Q; such that

sup|x - Bj(x)| = 0j00(1)
x€0Q
and, for all x € 0Q, the B;j(x) converge to x non-tangentially.
(iii) There are § € (0, 1) and functions b;: 0Q — (6, %) such that, for all measurable w c 0Q,

ij(x)df}{d‘l(x)z j 341 (x)
w Bj(w)

and b; — 1 pointwise almost everywhere and in LP(0Q) forall 1 < p < oo,

(iv) Letv;(x) denote the outward pointing unit normal to 0Q; at x € 0Q;. The function 0Q > x — v;(B;(x)) con-
verges to v(x) pointwise almost everywhere and in LP (0Q) forall 1 < p < co. The corresponding statement
holds also for the locally defined tangent vectors.

The existence of a sequence {Q;};>1 satisfying (i)-(iv) is the content of [28, Theorem 1.12]. By Lemma 2.1, it

holds thatlim; o, A4(Q;) = 14(Q). Moreover, Lemma 2.2 implies that ug, o, converges to ug, o strongly in Hé Q).
By the results of Jerison-Kenig [21] and Verchota [28], the non-tangential maximal function of Vug g

belongs to L?(0Q). Therefore, by the dominated convergence theorem together with properties (iii) and (iv),

j (""_‘19)2 A3 (x) = lim j (";‘_39)2 dH (). (6.2)

ov j—ooo j
0Q 00

We claim that o )
Ugo — Uy
lim NM -0. (6.3)
j—oo ovj 12(09))

Before proving this statement, let us show how it implies Theorem 1.1.
By (6.2), the Cauchy-Schwarz inequality, (6.3), and Theorem 1.1 applied for the smooth sets Q;,

j—ooo
Yo} 00
Uy o \2
= lim I(ﬂ) d3c41(x)
j—oo an
N1+a 1+a
> lim sup Aq(Qy) % = Ag( Q)

j—oo agAq(B)% - anq(B)aq'

This is the inequality claimed in Theorem 1.1 for Q. Therefore, all that remains to complete the proof of the
theorem is to verify (6.3).
As in Section 2, let T be the Newtonian potential in R4, We set

wj i= =T # Ag(Quf o —Ag(Qug o 1,

and let v; be defined by
Ug,0 — uq,Q,. = Wj + Vj.

We will show that the analogue of (6.3) holds separately for w; and for v;.
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We begin with w; and use the fact that {ug,0,}j>1 is bounded in L*°(Q). This follows from inequality (2.4)
together with domain monotonicity of 4, using Q; ¢ Q. Consequently, w; are uniformly bounded in Cl: e *(R4)
for any a < 1 (see, for instance, [24, Theorem 10. 2]) By the Arzela-Ascoli theorem and passing to a subse-
quence, we can assume that w; converges in CloC (RY), forall a < 1, to some limit w. Since Ag(Qj) = A4(Q) and
Ug,q; — Ug,q in H (Q), an application of Young’s inequality (as in the proof of [24, Theorem 10.2]) implies

that w; — 0 in Ll(Q) consequently, w = 0. By convergence in C10C (R%) and properties (iii)—(iv), we deduce

that
aw,-
5] -0
j—ooll OV liL200))
This is the analogue of (6.3) for w;.
We now turn to v;. By construction, they solve
-Av; =0 in Qj,
Vj =Ugn—W o0noQ;.

Write vj := vj 1 — vj» with

{—Auj,l =0 in Q], resp {—AULZ =0 in Q],

Vj,1 = Ug,o ON an, Vj2 =W on an.

We will now use the results in [28] to argue that || %Lv’;f I 1200y 0fori =1, 2. This gives the analogue of (6.3)
for vj and therefore completes the proof.
By arguing as in the proof of [28, Theorem 2.1] (see also [21, Theorem 2]), we can bound

5
ov;j

L0y < ClIVevjiliLzoq;)

with a constant C that is independent of j. Here, V; denotes the tangential derivative on 0Q;. Since 0Q; is
smooth and ug o, wj € C~ La (09Q;)), Schauder theory implies that the boundary data are achieved in the clas-
sical sense, so we have V;vj 1 = Viug o and Vtu, 2 = Vswj on 0Q;. Since w; converges to zero in C1 "‘(IRd), we
have ||V, w;jl|z- ) — 0 and, consequently, || aé,z lz2(00; — O.

The fact that |V¢ug,allz200;) — O follows from (iv), the fact that Vu, o has a non-tangential limit that is
normal to the boundary almost everywhere on 0Q, the fact that the non-tangential maximal function of Vugy o
belongs to L?(9Q), and the dominated convergence theorem. Consequently, || "5’—3;1 lz2(00;) — O- This concludes
the proof.

A On equality in Theorem 1.3

In this appendix, we characterize the equality cases in the Brunn—Minkowski-type inequality of Theorem 1.3
in the case 1 < g < 2. That is, we will extend Colesanti’s result [7] for bounded open sets with C?> boundary
to arbitrary open sets.

Let Qp, Q1 be non-empty and open. For t € (0, 1), set Q; := (1 — t)Qq + tQ1. As shown at the beginning of
Section 3, if min{A4(Qo), A4(Q1)} = 0, then for all ¢ € (0, 1), one has A4(Q¢) = 0, and consequently, equality
holds in the inequality. Thus, the only case where one can hope to characterize Qg, Q1 yielding equality is
when neither A4(Qo) nor A4(Q1) is zero. If min{A4(Qo), A4(Q1)} > 0 but A4(Q¢) = 0, then clearly equality does
not hold in the inequality. To characterize equality cases, we can thus, without loss of generality, assume that
Ag(Qy) >0fori=0,1,t.

LemmaA.1. Fixqg € [1,2)and t € (0, 1). Let Qo, Q1 ¢ R9 be non-empty open sets. If 24(Q¢) > O, then the sets
Qo, Q1, and Q; are bounded.

Proof. If Qg and Q, are bounded, then so is Q. Therefore, it suffices to show that, if Qg or Q; is unbounded,
then A4(Q;¢) = 0. We argue by contradiction. Assume for definiteness that Qg is unbounded.
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Since Qg is unbounded, we can find a sequence {x,}n>1 C Qo such that |x,| + 1 7 < |Xni1| foreachn > 1.
Indeed, the sequence can be constructed by induction: pick an arbitrary point in Qg as x;. Given {Xn},, 1, the
set Qo \ B Xl (0) is non-empty since otherwise Q¢ would be bounded, and xy.1 can be chosen arbitrarily
in this set.

Fix y € Q4. Since Q; is open, there is an € € (0, 1] such that B.(y) c Q1. The set Q; contains

U Bee((1 = t)xn + ty).

n>1
By construction, |((1 — t)x, + ty) — ((1 — t)xpy + ty)| > t > te for each n # m, and thus the balls in the union
are disjoint. Using the monotonicity of A, under set inclusions and (2.1), we conclude that A4(Q;) = 0. O

With the above facts in hand, we are ready to prove the following result, which generalizes [7, Theorem 20].

LemmaA.2. Fixq € [1,2)andt € (0, 1). Let Qq, Q; C R4 be non-empty open sets. If A4(Q;) >0 fori=0, 1,t,
then for all (x,y) € Qo x Q,

Aq(Qt)’%uq,o[((l—t)X+ty)L5q > (1 - )A4(Qo) 7 uy, QO(X) 4+ tAg(Q1) Ty, ol(y)Tq

Proof. If Qg, Q1 are bounded sets with C? boundary (or convex), then the claimed inequality is shown in the
proof of [7, Theorem 20]; see also [7, Remark 22].

If Qp, Qq are as in the lemma, then by the previous lemma, Qg, Q1 are bounded. Consequently, there are
interior exhaustions {Q’ },>1 fori = 0, 1 such that Q’ is bounded and has C2-regular boundary, Q] cQ) e,
forallj > 1, and U]>1 Q Q;. By Lemma 2.1, we have /lq(Q’ ) — A4(Q;). Therefore, Lemma 2.2 1mp11es that
Ug,0l — Ug,0; mH Q).

For each j > 1, define Q’ =(1- t)Q’ + tQj Using the properties of Q] and the fact that Qg and Q; are
bounded, we easily see that Q] satisfies the assumptions of Lemma 2.1. Hence Lemmas 2.1 and 2.2 imply
that /Iq(Q ) = A(Q¢) and ug, o) — ug,q, in H (Qy).

By passing to a subsequence in j, we may assume that ug o/ (x) — ug,q,(x) for almost every x € Qo. Let
{xn}n>1 be a countable set of such points that is dense in Q. For fixed x € Qg, we can pass to a further subse-
quence so that ug,oi ((1 - £)X + ty) — ug,0,((1 - t)x + ty) and ug,g’ (y) — ug,q, (y) for almost every y € Q. By
a diagonal argument, we can pass to a subsequence in j so that, for each x,, and almost every y € Q4

Ug,0i (1= xn +ty) = uga (1 -t)xy +ty) and ugg (y) — ugo,(y).

Since the intersection of countably many sets of full measure is again a set of full measure, the convergence
above holds almost everywhere in Q; simultaneously for all n.

By applying the pointwise inequality of Colesanti to the sets in the exhaustion and by passing to the limit
in j, we conclude that, for each x, and almost all y € Q1,

_1 2-q _1 2-q _1 2-q
Ag(Qp) 2uq,Qt((l - B)xn +t)’) 2 2 (1-024(Q0) 2ug,q,(xn) 2 + tA5(Q1) 2uq,Qq(y) 2.

By elliptic regularity (Lemma 2.3), both sides of this inequality are continuous functions of y € Q1, and hence
it extends to all y € Q. Similarly, for fixed y € Q1, the continuity of both sides of the inequality as a function
of x,, implies that it extends also to all x € Qq. This completes the proof of Lemma A.2. O

Proof of Theorem 1.3. Equality cases for 1 < q < 2. Let Qg and Q4 be non-empty open sets with A4(Q;) > 0 for
i = 0, 1 and such that equality holds in (1.4). We continue to use the notation Q; = (1 — t)Qq + tQ; and recall
from the discussion at the beginning of this appendix that A4(Q;) > 0. Thus, by Lemma A.1, Q;,i=0, 1, t,
are all bounded.

By a simple rescaling argument as in the proof of [7, Theorem 11], we may assume that equality holds in
the multiplicative inequality

Ag(Q0)77 = Ag(Q0) 072 24(Q1)' 7.
We set
f=2(Q0) T ulq,,  8:=2(QD) T ulq,, h=AgQ)7ulq,.
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By Lemma A.2,

¢ forall (x, y) € Qo xQiandr:= Z;q

h((1-tx+ty) > [(1-f )" +tg(y)"] 2q

Thus, by the arithmetic-geometric means inequality,
h((1-tx+ty) = f0) " g(y)! forall (x,y) € Qo x Q.

Recall that we extend the function ug q,, i =0, 1, t, by zero to R4\ Q;. Consequently, f, g, h are functions
on R4, and we have
h((1 - Hx +ty) = f0)g(y)! forall (x,y) € RY x R,

We now use the Prékopa-Leindler inequality and the characterization of its cases of equality; see
[10, Theorem 12] and also [7, Theorem 21]. By this inequality, we deduce that

M@0 = [ hwaxs ([ rooax) ([ soax) - 1400 P A,

R4 R4 R4

Since, by assumption, we have equality here, we deduce from the characterization of equality in the Prékopa-—
Leindler inequality that there is a log-concave function F, as well as x, p > 0 and x’ ¢ RY, so that

f(x)=F(x) and g(x)=xF(nx+x') foralmostevery x ¢ RY.

We set U := {F > 0} and note that, by log-concavity of F, U is convex.
We claim that
QocU and |U\Qp|=0. (A.1)

For the proof, we will use the fact, shown in Lemma 2.3, that Qg = {f > 0}. Thus, if x € U\ Q¢, then we have
F(x) > 0 = f(x), and therefore such x belong to the zero measure set, where F and f do not coincide. This
proves the second assertion in (A.1). To prove the first one, we argue by contradiction and assume that there is
an xg € Qo with F(xo) = 0. By Hahn—Banach, there is an affine hyperplane passing through xo such that U lies
on one side of it. Thus, there is an affine halfspace H, containing x( on its boundary, where F vanishes. Since
Qo is open, the intersection Qg N H has positive measure, and forall x € Qg N H, one has 0 = F(x) < f(x). This
is a contraction, and the proof of (A.1) is complete.
Noting that {F(1- + x') > 0} = n71(U - x"), we obtain, by the same argument,

Qi cn Y (U-x") and |n7Y(U-x")\ Q| =0. (A.2)

Properties (A.1) and (A.2) imply that, up to sets of measure zero, Qp and Q; are homothetic copies of the
set U.

Since Q¢ and Q; are open and since the Minkowski sum is not affected by sets of measure zero being
removed from U, we deduce that Q; = (1 - £)Qq + tQ1 = (1 - )U + tn (U — x). In particular, the Brunn-
Minkowski-type inequality applied with Q¢ = Uand Q; = n~}(U - x) and the monotonicity of A; under inclu-
sions implies that

Ag(Q)™ = (1 - )Ag(U)™ + tAg(n™ (U = x)) ™ = (1 - )A4(Qo) ™% + tA4(Q1) .

Since the left-hand side is equal to the right-hand side by assumption, it must hold that 14(Qo) = A4(U) and
Ag(Q1) = }lq(n’l(U —x")). In particular, Ug,0, is a minimizer for A4(U), so by uniqueness of minimizers and
continuity (Lemma 2.3), ug,q, = Ug,u in U. If U\ Q¢ had positive capacity, then ug4 o, would have to vanish
on this set. But, by Lemma 2.3, ug4,y is nowhere vanishing in U, and so it follows that Q¢ agrees with U up to
a set of capacity zero. The same argument implies that the analogue statement for Q; holds. O

In the first inclusion in (A.2), one cannot expect equality in general. For instance, if Q is an open ball in R¢,
d > 2, witha point removed, then u, o, extends continuously to this point and assumes there a positive value,
while we have agreed to extend ug o, by zero to the complement of Q.
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