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A B S T R A C T

A coupled multi-scale (macro–micro) model is developed to predict non-linear elasto-plastic behavior of short
fiber reinforced composites. At the microscopic level, a recently proposed micro-mechanical model, developed
based on a two-step orientation averaging approach, is used. A wide range of micro-structural parameters,
including matrix and fiber constitutive parameters, fiber volume fraction and fiber aspect ratio, can be
accommodated in the model. Different interactions including Voigt, Reuss and a self-consistent assumption are
considered in the model. This micro-mechanical model is then incorporated in a Finite Element model of the
macro-scale problem, enabling coupled macro–micro simulations of real-life structures/specimens. Numerical
examples and comparisons with experimental data, taken from literature, show that the model gives good
predictions. Besides, several strategies and techniques are employed to improve the computational efficiency of
the model. These techniques include replacing originally utilized trapezoidal integration (for fiber orientations
and calculation of the Eshelby tensor) with more efficient integration schemes, and using a more efficient
method for data storage. Comparisons of the computational efforts shows that these improvements substantially
decreased the computational cost of the model.
1. Introduction

Short fiber reinforced composites (SFRCs) can be processed rather
easily, and complicated geometries can be produced using e.g. injec-
tion molding [1]. These materials also have interesting mechanical
properties, in comparison to pure polymers. Thus, they are becoming
more and more popular for different industries, including the car in-
dustry [2,3], which are strongly dependent on numerical simulations in
the design processes. As a consequence, it is necessary to have powerful
simulation tools, capable of quantitative prediction of the mechanical
behavior of SFRCs.

SFRCs have different micro-structural properties which affect their
macro-mechanical response [4,5]. As a result, to analyze the general
material behavior, it is required to use micro-mechanical models that
consider the effect of the micro-structure on the macro-structural be-
havior in a quantitative and physically-based manner. Micro-
mechanical models are typically classified to two categories of mean-
field and full-field models. In mean-field models, average quantities are
considered in microstructural constituents, and analytical relations are
typically obtained for the average response of the whole microstructure.
Mean-field models are generally developed using classical mean-field

∗ Corresponding author.
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theories such as those by Eshelby [6], Hashin and Shtrikman [7,8],
Hill [9], Budiansky [10], and Mori–Tanaka [11], among others. On the
other hand, in full-field models also microscopically varying (displace-
ment) fields are accounted for. In these models, equilibrium equations
are solved using different numerical techniques such as Finite Element
Method (FEM) [12–15] or Fast Fourier Transform (FFT) [16,17].

With different kinds of micro-mechanical models, it is possible to
obtain the behavior of different materials (see e.g. [18–22]) at a single
material point. However, to analyze a full-scale structure/specimen, multi-
scale models are required, where coupled macro–micro simulations
are conducted simultaneously and in a nested fashion. The modeling
approach considers the stress–strain relationship at each macroscopic
point as the relation between the homogenized stress (volume averaged
over a micro-mechanical material sample) and the macroscopic strain
at the particular macroscale location (applied to the micro-mechanical
model).

A large number of coupled multi-scale models are developed for
different kind of materials and different applications (see e.g. [23–25]).
In fact, multi-scale modeling is quite relevant for SFRCs, the manu-
facturing (e.g. through injection molding) often results in a varying
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Fig. 1. Schematic representation of the micro-mechanical model used in this study [5].
iber orientation distribution throughout one and the same part. Points
loser to the mold surface get a more aligned orientation with the flow
irection (see e.g. [26,27]). As it gets further away from the mold
urface, fibers have a less preferred orientation with the flow.

In this study, a coupled multi-scale model, combining FEM (at the
acro-level) and a micro-mechanical model (at the micro-level) is de-

eloped for short fiber reinforced composites. The FEM package PyFEM
resented by de Borst et al. [28] is used for the macroscopic scale,
nd the micro-mechanical model proposed by Mirkhalaf et al. [20] is
sed at the microscopic scale. In the micro-mechanical model, three
lobal–local interaction assumptions are used, namely Voigt, Reuss
nd self-consistent assumptions. In order to improve the computational
fficiency of the model, the originally utilized trapezoidal integra-
ion scheme, for orientation distribution, is replaced with the Bazant
scheme [29] which results is considerable improvement of the model
efficiency and computations time. Also, the computational cost of the
calculation of the Eshelby tensor (for the self-consistent interaction)
is considerably reduced by employing an efficient scheme developed
by Mengmeng et al. [30]. Moreover, a new strategy for data storage
is adopted which decreases the required memory for heavy simula-
tions. With the proposed model, it is possible to have computation-
ally efficient full-scale analysis of structures/specimens (manufactured
from short fiber reinforced composites) while considering a variety of
micro-structural properties.

The remainder of this paper is structured as follows. Section 2
explains very briefly the micro-mechanical model used in this study.
Section 3 details the proposed coupled multi-scale model. The computa-
tional efficiency of the model is also investigated in Section 3. Section 4
describes the adopted techniques to make the model computationally
efficient. Results, obtained with the proposed model, and discussions
are given in Section 5. Finally, Section 6 summarizes the output of this
study and gives some concluding remarks.

2. Micro-mechanical model

In this section, the micro-mechanical model developed by Mirkhalaf
et al. [20], used at the microscopic level of the proposed model, is
briefly explained. The model is developed on an Orientation Averaging
platform, based on the study by Advani and Tucker [31]. Two configu-
rations are distinguished: a global configuration at the composite level,
and a local configuration at the UC level. These two configuration are
related by a transformation (rotation):

𝐞𝐿𝑖 = 𝐑 ⋅ 𝐞𝑖, (1)

where, 𝐞𝑖 and 𝐞𝐿𝑖 represent the global and local orthonormal base
vectors, respectively. A schematic representation of the model is shown
in Fig. 1. In this model, There are two homogenization steps which
are described in Sections 2.2 and 2.3. Before performing these two
homogenization steps, it is needed to define a global–local interaction
in order to obtain the strain state of each UC as a function of composite
strain state. These interactions are explained briefly in Section 2.1.

2.1. Interaction assumptions

In this study, three global–local interactions, including Voigt (uni-
form strain), Reuss (uniform stress) and self-consistent assumptions are
considered.
2

2.1.1. Voigt interaction
Based on this assumption, all UCs experience the same strain at the

global configuration which is equivalent to the composite strain:

𝛥𝜺U = 𝛥𝜺C, (2)

where 𝛥𝜺U and 𝛥𝜺C represent the incremental UC strain at the global
configuration and the incremental composite strain, respectively. The
local components of the strain increment for each UC is obtained by

𝛥𝜺𝐿𝑈 = 𝐑(𝐩) ⋅ 𝛥𝜺𝐶 ⋅ 𝐑𝑇 (𝐩) =
[

𝐑(𝐩) ⊗ 𝐑(𝐩)
]

∶ 𝛥𝜺𝐶 . (3)

The Voigt assumption results in the upper bound prediction of stiffness.

2.1.2. Reuss interaction
The Reuss interaction implies that all UCs experience the same

stress:

𝝈𝑈 = 𝝈𝐶 . (4)

As a result, the local components of the UC stress are obtained by

𝛥𝝈𝐿𝑈 = 𝐑(𝐩) ⋅ 𝛥𝝈𝑈 ⋅ 𝐑𝑇 (𝐩) =
[

𝐑(𝐩) ⊗ 𝐑(𝐩)
]

∶ 𝛥𝝈𝑈 . (5)

The incremental local components of the UC strain are then given by

𝛥𝜺𝐿𝑈 = (C𝐿𝑈 )
−1 ∶ 𝛥𝝈𝐿𝑈 , (6)

where C𝐿𝑈 is the UC stiffness tensor at the local coordinate system. The
Reuss assumption results in the lower bound of stiffness prediction.

2.1.3. Self-consistent interaction
The Voigt and Reuss interactions are strong assumption which may

result in unrealistic predictions. This is partially due to the fact that in-
teraction between neighboring fibers is neglected in these assumptions.
Therefore, a self-consistent interaction is also developed in which fiber
interactions are implicitly taken into account. Using this assumption
implies that each of the unit cells is embedded in an equivalent homoge-
neous medium. Using the self-consistent interaction, the UC incremental
strain is obtained by

𝛥𝜺𝑈 =
[

I + E ∶
(

[

C𝑆𝐶𝐶
]−1 ∶ C𝑈 − I

)]−1
∶ 𝛥𝜺𝐶 , (7)

where I is the fourth order identity tensor, E is the fourth order Eshelby
tensor which is a function of stiffness tensor, C𝑆𝐶𝐶 is the composite
stiffness tensor using the self-consistent assumption, and C𝑈 is the UC
stiffness tensor at the global coordinate system. We note that, in order
to facilitate the analytical evaluation of the Eshelby tensor, the effective
medium representing the UC is considered uniform inside an ellipsoid
inclusion embedded in the globally effective (homogenized) composite.
The resulting composite stiffness tensor is given by

C𝑆𝐶𝐶 = ∮ C𝑈 ∶
[

I + E ∶
(

[

C𝑆𝐶𝐶
]−1 ∶ C𝑈 − I

)]−1
𝜓(𝐩)d𝐩. (8)

It should be noted that there is no explicit solution for Eq. (8) and an
iterative procedure is used to solve the equation. Once the composite
stiffness is obtained, the UC incremental strain is calculated using
Eq. (7), and then, the local incremental UC strain is given by

𝛥𝜺𝐿𝑈 = 𝐑(𝐩) ⋅ 𝛥𝜺𝑈 ⋅ 𝐑𝑇 (𝐩) =
[

𝐑(𝐩) ⊗ 𝐑(𝐩)
]

∶ 𝛥𝜺𝑈 . (9)

For more details about the self-consistent interaction, an interested
reader is referred to [5].
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2.2. First homogenization step

First a Unit Cell (UC) including a single fiber surrounded by the
matrix material is defined. The homogenized properties of the UC is
obtained using Finite Element Analysis ((b) to (c) in Fig. 1). Then,
a surrogate constitutive model is calibrated using applied strain -
homogenized stress data from FEA conducted on the UC.

In particular, the surrogate model is an elasto-plastic model with
simplified transverse isotropy for both elasticity and Hill’s yield crite-
rion. The linear elastic stiffness tensor of the material model is given
by

Ce
𝑈 = Ce,iso

𝑈 +(𝐶−1) (2𝐺 + 𝐿) 𝐀 with Ce,iso
𝑈 = 2𝐺I+𝐿 (𝐈⊗ 𝐈) and 𝐀 = 𝐩⊗𝐩,

(10)

where the tensor Ce,iso
𝑈 represents the isotropic linear elasticity stiffness

tensor, the scalars 𝐺 and 𝐿 are the Lamé parameters, and the parameter
𝐶 is the additional parameter (compared to standard isotropic elastic-
ity) which characterizes the reduced transverse isotropic elasticity. The
second and fourth order identity tensors are represented by 𝐈 and I,
respectively. The fiber orientation is given by 𝐩 which is defined using
two angles in a spherical coordinate system [31].

Furthermore, following [32,33], a mean-stress independent trans-
versely isotropic version of Hill’s yield function is used as

𝛷𝑈 (𝐬𝑈 , 𝜀
𝑝
𝑈 ) = 𝐬𝑈 ∶ G𝑈 ∶ 𝐬𝑈 − 𝛼

(

𝜀𝑝𝑈
)

, (11)

where, 𝐬𝑈 is the deviatoric stress tensor, 𝛼
(

𝜀𝑝𝑈
)

is an isotropic harden-
ing function, and the fourth order tensor G𝑈 is defined by

G𝑈 = (𝐴+2𝐵) I+(5𝐴+𝐵−2𝐹 )𝐀⊗𝐀+(𝐹 −𝐴−2𝐵)
[

𝐈 ⊗ 𝐀 + 𝐀 ⊗ 𝐈
]

.

(12)

The operator ⊗ represents a non-standard open product.1 Parameters
𝐴, 𝐵 and 𝐹 are dependent on the normal and shear yield stresses of the
UC (see more details in [20]). The isotropic hardening function 𝛼(𝜀𝑝) is
assumed to be non-linear and given by

𝛼(𝜀𝑝𝑈 ) = 1 +𝐻1𝜀
𝑝
𝑈 +𝐻2(𝜀

𝑝
𝑈 )

2 +𝐻3(𝜀
𝑝
𝑈 )

3, (13)

where 𝜀𝑝𝑈 is the accumulated effective plastic strain and 𝐻1, 𝐻2 and 𝐻3
represent the hardening parameters.

Remark 1. In this work, plasticity is considered as the driving mech-
anism of non-linearity, and other phenomena such as matrix-fiber
debonding are not considered. Interfacial debonding can in principle
be included in the finite element simulations using a cohesive zone
interface. In that case, it will most likely be required to extend the
surrogate model so that the model can capture this damage mechanism
properly.

2.3. Second homogenization step

In the second step ((c) to (d) in Fig. 1), the composite homoge-
nized properties are obtained considering the orientation distribution
of fibers and using the UC homogenized properties approximated by the
elasto-plastic surrogate model. In this process, two coordinate systems
are considered: a global coordinate system at the composite level, and
a local coordinate system at the UC level. The orthonormal base vectors
for these systems 𝐞𝑖 and 𝐞𝐿𝑖 define the coordinate system transformation
matrix 𝐑:

𝑅𝑖𝑗 = 𝐞𝐿𝑖 ⋅ 𝐞𝑖, (14)

1 The index notation for the non-standard open product (⊗) is given by
(𝐀⊗𝐁) = 𝐴 𝐵 .
3

𝑖𝑗𝑘𝑙 𝑖𝑘 𝑗𝑙
Fig. 2. Schematic representation of the coupled multi-scale model.

The composite stress at each macroscopic location is computed in an
incremental fashion. Thus, the stress at a new time instance is given by
an incremental update of the stress from the previous time instance. To
derive the incremental update, we start by noting that we can obtain
the stress of each UC (in the local coordinate system and using the
surrogate model). The UC stress components at the global coordinate
system are then given by

𝝈𝑈 = 𝐑𝑇 {𝐩} ⋅ 𝝈𝐿𝑈 ⋅ 𝐑{𝐩} =
[

𝐑𝑇 {𝐩} ⊗ 𝐑𝑇 {𝐩}
]

∶ 𝝈𝐿𝑈 , (15)

where 𝐩 is a unit vector representing the fiber orientation. To obtain
the total composite stress, volume averaging of the UC stress over the
volume of the RVE is performed:

𝝈𝐶 = ∫𝛺

[

𝐑𝑇 {𝐩} ⊗ 𝐑𝑇 {𝐩}
]

∶ 𝝈𝐿𝑈 𝜓{𝐩}𝑑𝐩, (16)

where 𝜓 {𝐩} is the probability distribution function of orientation [31].
With Eq. (16), the components of the composite stress at the global
coordinate system are defined. However, as we seek to result in an
incremental updating scheme of the stress, we consider the time deriva-
tive of Eq. (16) under the assumption that no rotation of fibers occur
during deformation, whereby the stress-rate is obtained as:

�̇�𝐶 = ∫𝛺

[

𝐑𝑇 (𝐩) ⊗ 𝐑𝑇 (𝐩)
]

∶ �̇�𝐿𝑈 𝜓(𝐩)d𝐩. (17)

Thus, the incremental stress reads:

𝛥𝝈𝐶 = ∫𝛺

[

𝐑𝑇 (𝐩) ⊗ 𝐑𝑇 (𝐩)
]

∶ 𝛥𝝈𝐿𝑈 𝜓(𝐩)d𝐩, (18)

where 𝛥𝝈𝐿𝑈 is the incremental UC stress at the local configuration.
For a more elaborated discussion on the micro-mechanical model

and its implementation in an incremental framework, the reader is
referred to Mirkhalaf et al. [20].

3. Coupled multi-scale model

In this section, the proposed coupled multi-scale model is explained
and the computational efficiency of the model is investigated.
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Fig. 3. Flow chart of the implementation of the coupled model.
.1. Coupling

In the coupled multi-scale model, the constitutive behavior of each
acroscopic point (each integration point in the FE context), is deter-
ined by the micro-mechanical model (instead of by a conventional

ontinuum constitutive law). Fig. 2 shows a schematic figure repre-
enting the coupled multi-scale model. First, the macroscopic model
s constructed based on a user-supplied mesh file. In this mesh file,
4

the node coordinates, the element connectivities, and the boundary
conditions are described. Then, the micro-mechanical parameters in-
cluding fiber orientation distribution, interaction assumption (Voigt,
Reuss or self-consistent) and the material properties for the surrogate
constitutive model (representing the macroscale mode UC response),
are given to the model. Now that all required information are available,
the macroscopic strain (strain at each FE integration point) is calculated
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Fig. 4. Finite element mesh of the coupled multi-scale simulations on a polypropylene/flax SFRC.
Fig. 5. Calculation time of (a): micro-mechanical simulations with the different interactions for a Polyamide/glass SFRC, and (b): coupled multi-scale simulations with different
interactions for a polypropylene/flax SFRC.
Fig. 6. Visualization of integration points on a unit sphere, (a): 5000 random orientations on the unit sphere, (b): Bazant 21 × 2 scheme points on the unit sphere, (c): Bazant
61 × 2 scheme points on the unit cell.
by the FE formulations and is passed to the micro-mechanical model.
Then, the microscopic strain (each UC strain) is determined using the
macroscopic strain and based on the interaction assumption. Once the
microscopic strain is known for each UC, the UC stress is calculated
using the surrogate constitutive model. Next, the micro-mechanical
model homogenizes the stresses (obtained for all UCs) and returns
this stress tensor (macroscopic stress at the integration point) to the
macroscale. The FEM code goes to the next integration point and the
same procedure is followed. Fig. 3 shows a flow chart representing
different steps of the coupled multi-scale model.

Remark 2. The Finite Element equations are solved with an explicit
time-stepping algorithm. The advantages of using such a solver instead
of an implicit solver for non-linear problems are that no iterations are
needed (with e.g., Newton–Raphson technique) and that difficulties
to achieve convergence are circumvented. The drawback is that more
time-steps are needed.
5

3.2. Investigating computational cost of the model

In this section, the computational efficiency of both the micro-
mechanical model, and more importantly, the coupled multi-scale
model are investigated. Micro-mechanical simulations are performed
for a Polyamide matrix composite reinforced with short glass fibers,
considering 5000 randomly distributed fibers (unit cells). This material
is explained more detailed in Section 5. A uniaxial strain of 1.75% is
imposed in 175 load increment.

Also, the computational cost of the coupled model is investigated
using a Polypropylene matrix composite reinforced with flax fibers. For
each macroscopic integration point, again the same number of fibers
and the same orientation of the fibers are considered. This material is
also explained in Section 5. The FE mesh of the analyzed sample is
shown in Fig. 4.

The dimensions of the FE model are: length = 125 mm, width =
12.5 mm, thickness = 1.5 mm. The original sample size is length =
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Fig. 7. Young’s modulus and its standard deviation for different number of random
orientated fibers.

Fig. 8. Micro-mechanical stress–strain curves for the polyamide/glass SFRC with
different interaction assumption.

250 mm, width = 25 mm, thickness = 3 mm [36], but due to the
symmetric loading conditions, it suffices to only model one eighth
of the sample. The sample is spatially discretized with 210 3D solid
elements with 8 integration points. A macroscopic strain of 2% is
applied in 40 load increments. Fig. 5 shows the calculation time for
the aforementioned simulations.

4. Improving computational efficiency of the model

As it was shown in Section 3.2, conducting simulations, particularly
using the coupled model, are computationally heavy. Hence, in this
study, some techniques are employed to improve the computational
efficiency of the model. In the micro-mechanical model, two integra-
tions are carried out: (i) over the fibers orientation distribution, and (ii)
for calculation of the Eshelby tensor. Performing these computational
integrals make the coupled multi-scale model very heavy. In the fol-
lowings, more efficient approaches are described to replace the original
integration schemes.

4.1. Improving the speed of integrations

Several authors have used the integration approach developed by
Bazant et al. [29] for predictions of material behavior (see e.g [37–
40]). Hereafter, this approach is referred to as the Bazant scheme. The
Bazant scheme evaluates the integral on the unit sphere to a summation
of the integrand evaluated at specific points multiplied with associated
weights (similar to the Gauss quadrature). These points are determined
by dividing the surface into polyhedral elements with a high degree of
6

symmetry and individual areas 𝛥𝐴𝑖, and then calculating the centroid
of these element areas. The points used in the scheme are the centroid
points together with points which lay on the edges of the element areas.
Some combinations of points are symmetric to all three coordinate
planes, this combination of points are used in the so-called orthogonal
scheme. In the proposed model in this study, three Bazant schemes will
be used: (I): Bazant 21 × 2 orthogonal scheme, (II): Bazant 21 × 2
scheme, (III): Bazant 61 × 2 scheme. These schemes replace the random
orientated points by 42 or 122 specifically placed points over unit
sphere. In Fig. 6, 5000 random points and the Bazant 21 × 2 scheme
can be seen. It should be noted that, using fewer number of orientations
not only reduces dramatically the amount of required calculations, but
also helps for storage of internal variables. For each fiber, the local
stresses, local strains, local stiffness tensor, the rotation tensor, and the
plastic strains are needed to be stored. When fewer fibers are used, the
memory required to store the internal variables becomes significantly
lower, which makes the model more efficient.

4.2. Improving the speed of Eshelby tensor computations

In the micro-mechanical model, for using the self-consistent in-
teraction, it is required to calculate the Eshelby tensor (see [5,20]).
To obtain this Eshelby tensor, an integral over the unit sphere is
performed, which is computationally expensive. Mengmeng et al. [30]
developed an efficient and optimal scheme for the numerical evaluation
of this Eshelby tensor based on the dimension of the inclusion. In
this study, the Eshelby tensor formulation uses an aspect ratio of
a unit sphere which is not necessarily the most appropriate choice.
However, it should be emphasized that the actual UC aspect ratio was
already considered in the computational homogenization simulations to
obtain the UC homogenized response. For the case of unit aspect ratio,
the model derived by Mengmeng et al. [30] advises evaluating the
integration over the unit sphere via the Lebedev 974 point scheme [41].
The Lebedev quadature is similar to the Bazant scheme. The grid points
are derived in such a way that they lie on the surface of the sphere
and to be invariant under the octahedral rotation group with inversion.
Depending on the order of the Lebedev scheme, a combination of points
is chosen and used in this scheme.

In this work, an Eshelby tensor for anisotropic medium, first devel-
oped by Lebensohn et al. [42], is used. In this tensor, the fourth order
stiffness tensor is related to the Eshelby tensor via an auxiliary tensor.
The auxiliary tensor T is obtained by evaluating the integral:

T =
𝑎1𝑎2𝑎3
4𝜋 ∫

2𝜋

0

{

∫

𝜋

0
F(𝜃, 𝜙) sin𝜙𝑑𝜙

}

𝑑𝜃 (19)

Here, 𝜃 and 𝜙 are spherical angles on the unit sphere. Currently, the
integral is solved with the trapezoidal rule where the sphere is split into
7200 points and numerically evaluated. A more computational efficient
method of solving this equation is using the Lebedev quadrature. The
auxiliary tensor T can be solved via the Lebedev quadrature as:

T𝑖𝑗𝑘𝑙 = 𝑎1𝑎2𝑎3
𝑁
∑

𝑝=1
𝑤𝑝[𝑓 (𝜃𝑝, 𝜙𝑝)]𝑖𝑗𝑘𝑙 , (20)

where 𝑎1, 𝑎2 and 𝑎3 are the dimension of the inclusion, 𝑝 is the point
on the unit sphere, 𝑁 is the total amount of points, 𝑤𝑝 is the weight
corresponding to point 𝑝 and 𝜃 and 𝜙 are the angles describing the
point. The function 𝐹 (𝜃, 𝜙) relates the homogenized UC behavior to the
ellipse as:

[𝐹 (𝜃𝑝, 𝜙𝑝)]𝑖𝑗𝑘𝑙 =
𝑧𝑗𝑧𝑙𝐴𝑖𝑘

[(𝑎1𝑧1)2 + (𝑎2𝑧2)2 + (𝑎3𝑧3)2]3∕2
, (21)

where 𝐴 is a tensor relating the homogenized UC material properties
to the inclusion and 𝑧 is a vector describing the angles of the point:

𝑧 =
⎡

⎢

⎢

cos 𝜃 sin𝜙
sin 𝜃 cos𝜙

⎤

⎥

⎥

. (22)

⎣ cos 𝜃 ⎦
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Fig. 9. Stress–strain curve of the micro-mechanical response with 5000 random orientations, Bazant 21 × 2 scheme and Bazant 61 × 2 scheme for, (a): Voigt interaction, (b):

Self-consistent interaction, (c): Reuss interaction.
Fig. 10. Computational time of the micro-mechanical model for 5000 random fibers,
Bazant 61 × 2 scheme and Bazant 21 × 2 scheme.

Eq. (20) is evaluated as follows:

𝑇𝑖𝑗𝑘𝑙 =𝑎1𝑎2𝑎3{𝑤(𝐴1)
6
∑

𝑝=1
[𝐹 (𝐴1

𝑝)]𝑖𝑗𝑘𝑙 +𝑤(𝐴
2)

12
∑

𝑝=1
[𝐹 (𝐴2

𝑝)]𝑖𝑗𝑘𝑙

+ 𝑤(𝐴3)
8
∑

𝑝=1
[𝐹 (𝐴3

𝑝)]𝑖𝑗𝑘𝑙 +
𝑁1
∑

𝑞=1
𝑤(𝐵𝑞)

2
∑

𝑝=1
4[𝐹 (𝐵𝑞𝑝 )]𝑖𝑗𝑘𝑙

+
𝑁2
∑

𝑞=1
𝑤(𝐶𝑞)

24
∑

𝑝=1
[𝐹 (𝐶𝑞𝑝 )]𝑖𝑗𝑘𝑙 +

𝑁2
∑

𝑞=1
𝑤(𝐷𝑞)

48
∑

𝑝=1
[𝐹 (𝐷𝑞

𝑝)]𝑖𝑗𝑘𝑙}. (23)
7

Fig. 11. Comparison of the evaluation of the Eshelby tensor in the self-consistent
interaction with the Lebedev quadrature and the trapezoidal scheme.

In this equation, 𝐴1, 𝐵1, 𝐵, 𝐶, 𝐷, 𝑁1 and 𝑁2 are parameters of the
Lebedev quadrature. Depending on order, some of these parameters can
be zero, resulting in a more efficient evaluation.

Remark 3. In the micro-mechanical model discussed in Section 2,
the (internal) variables are stored in the memory of the random-access
memory of the computer. For usage on only the micro-mechanical
model, this is a computationally efficient approach because the amount
of stored data is low. On the other hand, for the coupled multi-scale
model, this approach to store data becomes unfeasible (at least for a
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Table 1
Constitutive properties of the matrix and reinforcements of the polyamide/glass SFRC.

Fibers Matrix

Parameter 𝐸𝑓 (GPa) 𝜈𝑓 (-) 𝐸𝑚 (GPa) 𝜈𝑚 (-) 𝜎𝑦 (MPa) K (MPa) 𝑅∞ (MPa) m (-)
Value 76 0.22 3.1 0.35 25 150 20 325
Fig. 12. Comparison of computational time for the numerical evaluation and the
Lebedev quadrature of the Eshelby tensor.

Fig. 13. Stress–strain curves obtained from the coupled multi-scale model, and
experimental results taken from [34].

Fig. 14. A comparison of the stress–strain curves obtained from the coupled multi-scale
model and the micro-mechanical model.
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Table 2
Material properties used for the polyamide/glass SFRC.
Material property Value

Volume fraction 𝜇 0.22
Young’s modulus 𝐸 3.85 [GPa]
Poisson’s ratio 𝜈 0.34
𝑘 1.93
𝑅𝑦 6.52
𝜎𝑦0 33.03 [MPa]
𝐻1 493.52
𝐻2 15.00
𝐻3 10.07

personal computer) due to the large amount of data. To clarify, the
internal variables for each UC are (i): The accumulated plastic strain (a
scalar value for each UC), (ii): The UC specific local tangent stiffness
tensor (a 6 × 6 matrix in Voigt form for each UC), (iii): The stress tensor
for each UC (a 6 × 1 matrix in Voigt form), (iv): The strain tensor (a
6 × 1 matrix for each UC). Thus, a huge amount data should be stored.
In this work, a different strategy for handling these data is adopted. A
text file is created on the computer hard drive and the data is stored in
the file. In the micro-mechanical model, at the start, the file is read and
the variables are temporarily saved in memory. During the calculations
in the micro-mechanical model, internal variables are changed and at
the end, before the resulting stress is returned to the macroscale, these
variables are saved to the text file. Then, the same procedure is followed
for the next integration point.

5. Results and discussion

This section presents the results obtained from the coupled multi-
scale model. In addition, the effects of the adopted techniques with the
purpose to lower the computational cost of the model are investigated.
Also, comparisons to experimental results are conducted. Two different
SFRCs are used in the numerical examples, (i): Polyamide matrix rein-
forced with short glass fibers, and (ii): Polypropylene matrix reinforced
with short flax fibers. In the polyamide/glass composite, glass fibers
are considered elastic and matrix material is elastoplastic and follows
J2 plasticity with isotropic linear–exponential hardening:

𝑅(𝜀𝑝) = 𝐾𝜀𝑝 + 𝑅∞
[

1 − exp(−𝑚𝜀𝑝)
]

, (24)

where 𝜀𝑝 is accumulated plastic strain, 𝐾, 𝑅∞ and 𝑚 are material
parameters. The matrix and reinforcements constitutive properties are
given Table 1 (see more details in [20,35]).

As a result, the parameters for the surrogate model for each com-
posite is given in Table 2 and Table 4, respectively. For the polyamide/
glass SFRC, Mirkhalaf et al. [20] showed that the proposed UC is
representing the response of the unidirectional composite well. It is
however recommended, for a generic SFRC with arbitrary matrix and
fiber, to use a unidirectional RVE so that the interactions between
fibers are taken into account, and the representativeness of the results
is assured.

To obtain a representative number of UCs for simulations of the
polyamide/glass SFRC, a sensitivity analysis is conducted. Fig. 7 shows
the deviation in the Young’s modulus for different number of random
orientated UCs (fibers). Considering the obtained results, a number
of 5000 fibers is considered for the micro-mechanical simulations of
the polyamide/glass SFRC. A maximum strain of 1.75% is applied in
175 increments. Fig. 8 shows the obtained stress–strain curves using
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Fig. 15. Contour plot of the stress distribution (in the loading direction) in the FE model.
Fig. 16. Contour plot of the displacement field in the FE model.
Fig. 17. Computational time of the coupled model for 5000 random fibers and Bazant
21 × 2 scheme with the Voigt, self-consistent and Reuss interaction.

different interaction assumptions. As expected, the Voigt and Reuss in-
teractions give the upper and lower bound of the stress–strain response,
respectively and the self-consistent response is obtained between the
two bounds.

5.1. Different integration schemes for orientation distribution

A comparison is then made between different integration schemes
for incorporating the effect of the orientation distributions, i.e. trape-
zoidal integration and the Bazant schemes. Fig. 9 shows a comparison
between the obtained stress–strain curves for (a) the Voigt interaction,
(b) the self-consistent interaction and (c) the Reuss interaction. The
figure shows that the results obtained using the Bazant schemes are in
a good agreement with those obtained using the trapezoidal integration
(to be considered as a reference case). The main advantage from using
the Bazant schemes is, however, the considerable decrease in com-
putational effort. Fig. 10 shows the computational time for the three
considered interactions with the three different orientation methods. It
9

is seen that using the Bazant schemes results in a remarkable improve-
ment in terms of computational time, specially for the Voigt and Reuss
interactions. Also, for the self-consistent interaction, the computational
time has been reduced using the Bazant schemes. It should, however, be
noted that for this example the calculations of the Eshelby tensor is still
carried out using the original numerical integration scheme presented
in Section 4.2.

5.2. Different integration schemes for calculation of the Eshelby tensor

A comparison is also performed between the trapezoidal and Lebe-
dev integration schemes for the calculation of the Eshelby tensor. As
before, the polyamide/glass SFRC is considered for this comparison.
The 15th order Lebedev quadrature is used which has 86 points on
the unit sphere. For computing the volume averaging considering the
fiber orientation distribution, the Bazant 21 × 2 scheme is used for both
simulations.

Fig. 11 shows a comparison between the obtained stress–strain
curves using the two integration schemes. It should be noted that a
higher order quadrature will result in more accurate results, however,
at the expense of an increasing computational cost. Fig. 12 shows the
calculation times for the two approaches for obtaining the Eshelby ten-
sor. It is seen that the Lebedev quadrature reduces the computational
burden of the model by approximately 50%.

5.3. Comparison to experimental results

Comparisons to experimental results are also conducted. Coupled
multi-scale simulations are carried out for the polypropylene/flax SFRC,
and the obtained results are compared to experimental results taken
from [34]. Based on Modniks and Andersons [34,43], micro-graphs of
cross-sections of the composites showed the fiber orientation distribu-
tion was reasonably random. Hence, 3D random distribution of fibers
is considered in the simulations.

Flax fibers are considered elastic, and the polypropylene matrix
is modeled as an elasto-plastic material using the Ramberg–Osgood
model. In a uniaxial loading condition, stress and strain are related
by [34]:

𝜀 = 𝜎
(

1 + 𝑎
(

𝜎
)𝑛−1

)

, (25)

𝐸 𝜎0
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Fig. 18. FE mesh with fibers orientation highlighted: (a) the ‘backside’ of the FE mesh with in purple the fibers aligned along the backside (in-plane) and in blue rotated with
15 degrees (to compensate the radius in the sample), (b) the ‘front side’ of the FE mesh with in yellow the fibers aligned with the top surface (out-of-plane), in red turned 15
degrees and in black the fibers orientated via the Bazant 21 × 2 scheme.
Fig. 19. Planar and preferentially oriented distribution of fibers of the polyamide/glass SFRC taken from [20] reproduced after [35].
Table 3
Constitutive properties of the matrix and reinforcements of the polypropylene/flax SFRC [34].

Fibers Matrix

Parameter 𝐸𝑓 (GPa) 𝜈𝑓 (-) 𝐸𝑚 (GPa) 𝜈𝑚 (-) 𝜎0 (MPa) a (-) n (-)
Value 69 0.15 1.6 0.4 16 0.235 5.44
Table 4
Material properties for polypropylene/flax SFRC, taken
from [20].
Material property Value

Volume fraction 𝜇 0.13
Young’s modulus 𝐸 1.99 [GPa]
Poisson’s ratio 𝜈 0.39
𝑘 2.77
𝑅𝑦 47.74
𝜎𝑦0 19.98 [MPa]
𝐻1 131.16
𝐻2 11.97
𝐻3 10.04

where, 𝐸 is the Young’s modulus and 𝑎, 𝜎0 and 𝑛 are the model
parameters. The constitutive properties of the matrix and reinforce-
ments are given in Table 3 (see more details in [34]). As mentioned
above, the material parameters, for the surrogate constitutive model,
are taken from [20] and given in Table 4. The macroscopic sample
dimensions are taken from [36], and the FE model shown in Fig. 4 is
used. Furthermore, a macroscopic strain of maximum 2% is applied in
40 load increments.

The obtained stress–strain figures from the coupled multi-scale
model are shown in Fig. 13 together with experimental results taken
from [34]. It is seen that the self-consistent results match reasonably
well with the experimental results, even though the stress is slightly
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overestimated in the non-linear regime. This is however in line with
the micro-mechanical simulations, and as pointed out by Mirkhalaf
et al. [20], the assumption of matrix-fiber perfect bonding is probably
not completely realistic for this material.

In the non-linear regime, fluctuations are seen for all three consid-
ered interaction assumptions. These fluctuations are due to using an
explicit solver in combination with relatively large load (increment)
steps. The explicit solver is an approximate solution algorithm and is,
in the non-linear regime, sensitive to load steps.

Fig. 14 shows a comparison between the results obtained from the
coupled multi-scale model and the results from the micro-mechanical
model. The observed small difference between the predictions of the
two models is due to different orientations i.e., the utilized 5000 fiber
orientations are randomly created distributions and are not exactly
the same for all simulations. The contour plot of the stress and
deformation distributions in the FE model are shown in Fig. 15 and
16, respectively. It should also be mentioned that the plastic strain of
all UCs are also stored and can be accessed during and at the end of
simulation. The computational time of all the coupled simulations are
shown in Fig. 17. It is seen that the adopted strategies and techniques
for improving the computational efficiency of the model remarkably
reduced the computational cost of the model, in particular for the
Voigt and Reuss interactions. The computational efficiency is reduced
by 99%, 48.6% and 98.9% for the Voigt, self-consistent and Reuss
interactions, respectively.
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Fig. 20. Comparison of the non-linear elastoplastic stress–strain curve with the planar and preferentially orientated distributed fibers and considering different amount of UCs.
The stress–strain curves are obtained with the coupled model on a single 3D 8 integration point element. (a) Voigt interaction. (b) Self-consistent interaction. (c) Reuss interaction.
The graphs show clearly that the predictions have very small influence of the number of UCs.
Fig. 21. Contour plot of the stress distribution (in the loading direction) in the FE
model with the Voigt interaction.

5.4. Coupled simulations with a varying fiber orientation distribution

To showcase the capabilities of the multi-scale model to account
for a macroscopically varying fiber orientation distribution, a fic-
titious injection molded dog-bone-shaped specimen is simulated. A
Polyamide/glass SFRC is considered for the coupled simulations (see
Table 2 for material properties). The injection flow is considered in the
longitudinal direction. Thereby, it is assumed that along the surface,
fibers are aligned with the flow direction and in the core of the
specimen, orientation of fibers is assumed to be completely random.

Due to existing symmetries, again only one eighth of the sample is
simulated. The sample is spatially discretized with 1100 3D elements
with 8 integration points. Fig. 18 shows the used FE mesh with the
different fiber orientations at different parts of the specimen. The
‘backside’ of the sample is the outer layer which corresponds with the
skin layer and the fibers are aligned with the flow direction (in-plane).
The inner layer is the ’front side’ in the sample which corresponds with
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the core, where close to the surface, the fibers are aligned with the
flow (out-of-plane) and away from the surface, the fibers are randomly
distributed. Points close to the surface are described with a planar pref-
erentially orientated distribution following [20], reproduced after [35].
Fig. 19 shows the preferentially planar orientation distribution of fibers.

For the preferential orientation distribution, first, a sensitivity anal-
ysis is conducted to assess the dependency of the coupled model to the
number of UCs (considered with the trapezoidal integration scheme)
using a single 3D element with 8 integration points. Fig. 20 shows
the obtained stress–strain curves using different interaction assump-
tions. Since the amount of UCs have a very small influence, 100
UCs are considered to be sufficient (for the elements with planar
preferential orientation) for the coupled simulations of the dog-bone
specimen. It should be emphasized that for other SFRCs with differ-
ent matrix/reinforcements and/or different orientation distributions,
a considerable dependency on the number of UCs might be observed
and hence, an independent sensitivity analysis should be conducted to
obtain a representative number of UCs.

The elements in the core layer are considered with random 3D
orientations and are modeled with the Bazant 21 × 2 scheme (at the
micro level).

A macroscopic strain of 2% is applied in 40 load increments. The
contour plot of the stress (in the loading direction) in the FE model
is shown in Fig. 21. The figure shows a stress concentration in the
elements where the fibers are aligned in the loading direction, which
is expected.
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6. Concluding remarks

Parts fabricated from short fiber reinforced composites typically
posses different fiber orientations at different points. To analyze the
mechanical performance of such parts, a multi-scale model is needed
where the micro-structural characteristics are considered at the sub-
scale level. Therefore, in this study, a coupled multi-scale model was
developed to predict the elasto-plastic behavior of these materials. The
Finite Element Method was used at the macro-level and an orienta-
tion averaging micro-mechanical model was used at the micro-level.
Further, the macroscopic FE equations were solved using an explicit
time-stepping algorithm.

At the micro-level, three different global–local interactions namely,
Voigt, Reuss and self-consistent assumptions were used. As expected,
the multi-scale model showed to be computationally expensive. In
order to reduce the computational burden of the model, the orig-
inally used trapezoidal integration schemes were replaced by more
efficient integration approaches. The Bazant integration scheme was
used for random orientation distributions and the Lebedev integration
approach was used for the calculation of the Eshelby tensor. The
results show that there is a substantial computational speed-up if these
more efficient integration schemes are adopted. In fact, the modified
model, in which the two efficient integration procedures are adopted,
showed a remarkably improved computational efficiency, particularly
for the Voigt and Reuss interactions which have been improved by 99%
and 98.8%, respectively. The self-consistent interaction is improved by
48.6%.

In conclusion, this model enables full-scale analysis of real-life struc-
tures, fabricated from SFRCs, in a computationally feasible manner. It
is also emphasized that a variety of fiber orientation distributions (as
observed in actual injection molded SFRC parts) can be conveniently
accommodated by the proposed model.
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