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Numerical analysis of coalescence-induced jumping droplets on superhydrophobic surfaces
KONSTANTINOS KONSTANTINIDIS
Department of Mechanics and Maritime Sciences
Division of Fluid Dynamics
Chalmers University of Technology

Abstract

Bio-inspired superhydrophobic surfaces are used in numerous technological applications
due to their self-cleaning ability. One of the several mechanisms reported in literature
and responsible for self-cleaning is the phenomenon of coalescence-induced jumping of
droplets from such surfaces. The phenomenon is observed for scales below the capillary
length and when gravity is negligible. Primary applications of this technology are on heat-
exchangers or any other that involve surfaces for which anti-icing and water-repellency
properties are desired. This thesis comprises two publications that involve high-fidelity
numerical investigations on fundamental features of the jumping droplets phenomenon
and focuses on two important aspects. The first one is a study on coalescing and jumping
of microdroplets (R < 10 µm). The differences in the jumping process (for example,
reduction of the merged droplet jumping velocity) are pointed out as a function of the
initial size of the droplets. Through an analysis of the energy budget, several degrees
of dissipation are found, which is attributed to a competition between viscosity and the
strong capillarity on the interface. The second publication focuses on the interaction of
the merged droplet with a superhydrophobic surface with hysteresis. It is found that
such a case has a reduced jumping velocity as compared to a no-hysteresis one. Using
a dynamic contact angle model is beneficial to capture the receding contact angle and
provide a more accurate estimation of the overall process. In this work, a combined
Immersed Boundary – Volume-of-fluid method with different contact angle models and a
Navier-slip boundary condition is used. The numerical framework has been extensively
validated.

Keywords: jumping droplets, coalescence, superhydrophobic, surfaces, contact angle, wet-
ting, hysteresis, self-cleaning, CFD, VOF, immersed boundary
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CFL – CourantFriedrichsLewy or Courant number
CICSAM – Compressive Interface Capturing Scheme for Arbitrary Meshes
CSF – Continuum Surface Force
MCL – Moving Contact Line
SIMPLEC – Semi-Implicit Method for Pressure Linked Equations-Consistent
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Nomenclature

n̂ unit interface normal vector (-)
fSF surface tension body force (kg·m−2·s−2)
n interface normal vector (m−1)
nw normal wall direction (m)
v velocity (m·s−1)
vwall slip velocity at wall (m·s−1)
Ki normalised kinetic energy in direction i (-)
Ktotal normalised total kinetic energy normalised (-)
Slg normalised surface energy in the liquid–gas interface (-)
v∗ averaged normalized vertical velocity of droplet (-)
v∗

jump normalized jumping velocity of droplet (-)
Acont Contact area to solid surface (m2)
cR Number of cells per radius (-)
fHoff Hoffman function for Kistler dynamic contact angle model (-)
Fpinning Pinning or adhesion force (N)
g gravitational acceleration (m·s−2)
p pressure (kg·m−1·s−2)
R or Ri radius of initial droplets (m)
Rc or Rend radius of merged droplet (m)
t time (s)
UCI normalized capillary-inertial velocity (-)
Greek Letters
α volume fraction (-)
∆τ normalized time step (-)
∆θ contact angle hysteresis (◦)
∆S normalised available surface energy for coalescence of droplets (-)
∆t time step (s)
∆x cell size (m)
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κ interface curvature (m−1)
λ slip length (m)
τ normalized time (-)
τCI normalized capillary-inertial time (-)
µ dynamic viscosity (kg·m−1·s−1)
ρ density (kg·m−3)
σ surface tension (kg·s−2)
θadv advancing contact angle (◦)
θdyn dynamic contact angle (◦)
θrec receding contact angle (◦)
Dimensionless numbers
Ca capillary number (-)
Oh Ohnesorge number (-)
Re Reynolds number (-)
We Weber number (-)
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1 Background – self cleaning in na-
ture and technological applications

Self-cleaning is the act of removing contaminants from a surface by water when no exter-
nal energy is mechanically directed to the purpose of cleaning. These contaminants can
be dirt particles of various shapes or colloids. The self-cleaning functionality has been
observed in various examples in nature and, because of its benefit, it has been a subject
of extensive research for potential use in technological applications. The most known
cases of surfaces which possess this ability are characterised by their liquid-repellency
and it is their particular surface patterns and textures that cause such a behaviour. For
contact angles above 150◦ these surfaces are termed superhydrophobic. In numerous
examples, spherical droplets are found on top of such surfaces. Droplet deposition, con-
densation or break-up from larger non-spherical liquid formations are only a few of the
cases representing interaction of droplets with superhydrophobic surfaces. Furthermore,
the surfaces are characterised by low adhesion of liquids and the drops tend either to
move rapidly on them or to rebound, when there are external energies present or when
there is prior inertia of the droplets.

1.1 Self-cleaning in nature

It has been established that numerous biological surfaces are facilitating their clean state
through the phenomenon of self-cleaning[1]. The lotus plant has been the most popular
among these cases, with its leaf remaining clean by removing dirt particles with droplets
rolling off them, a repeated behaviour termed the lotus effect[2]. It takes advantage
of the natural micro-sized structures on the surface that give it a superhydrophobic
behaviour. An example of the micro-structures that enhance superhydrophobicity of
the lotus leaf and facilitate dirt removal is given in Figure 1.1. Furthermore, insects
with large wings, like the cicada, need the wetting properties of a superhydrophobic
surface to remove contaminants such as particles or microorganisms[3]. They facilitate
a self-propelling behaviour of droplets from their surface (that overcomes gravity), a
phenomenon that had not been observed till only recently. In this way their wings retain
their wing-functionality. The self-cleaning process has been observed not only in rainy
environments, but in humid ones as well, where the droplets are formulated on top of
the wings due to condensation. Similar examples of self-cleaning have been observed for
mosquito eyes or for legs of the water-striders. After having observed the self-cleaning
capabilities of the mentioned examples in nature, the obvious task of research is to
identify the mechanisms that facilitate such a functionality. One of those mechanisms is
the subject of this thesis, but it is straightforward to first mention a couple of examples
of self-cleaning in technological applications.
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Figure 1.1: The lotus leaf (top-left) and the structure of its superhydrophobic sur-
face(bottom). The droplet(top-right) captures dirt particles before removing them, Ref.[2].

1.2 Self-cleaning in technological applications

Inspired by the relation between surface hydrophobicity and the phenomenon of self-
cleaning observed in nature, various designs of such surfaces have been proposed and
used in numerous technological applications. The technology has been further improved
in creating surfaces that possess limited or zero contact angle hysteresis. This suggests
that such surfaces do not exhibit pinning or have a zero sliding angle, so that droplets or
dirt particles can be immediately removed from an inclined surface. Another interesting
phenomenon is that degradation of these properties with time has been reported.

There is a considerable list of applications where superhydrophobic surfaces have been
tested and considered beneficial for facilitating self-cleaning. There is, for example, sound
experimental evidence of surfaces that promote anti-icing behaviour due to the rough-
ness of the superhydrophobic surfaces[4]. Moreover, building or textile materials[5] and
solar panels[6, 7] have been suggested to preserve a clean state through the self-cleaning
abilities attributed to superhydrophobicity.

Heat exchangers were one of the first applications involving superhydrophobic surfaces
and related to self-cleaning. An often-met feature of such units is drop-wise condensation
in condensers, a mechanism that enhances heat transfer[8]. In addition, heat exchangers
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Figure 1.2: Two examples of manufactured microstructures with pillars that are used for
improved drop-wise condensation by Ref.[12](top-right) and Ref.[13](bottom-right). Two
instants of drop-wise condensation are shown on a superhydrophobic surface of copper
coated with graphene at Ref.[14].

benefit from the presence of low adhesion on superhydrophobic surfaces, thus enabling
anti-fouling opportunities typically on their thin elongated tubes. A variety of studies
have been performed regarding the details of textured and heterogeneous surfaces that
promote drop-wise condensation, when they are exposed in saturated environments[9].
An example of such superhydrophobic surfaces is presented in Figure 1.2. The phe-
nomenon of coalescence-induced jumping droplets has been noticed for the first time
through a similar experiment involving condensation by Boreyko and Chen[10]. In that
work the authors looked at two or more droplets residing on a superhydrophobic surface,
where they approach, merge (the phenomenon also known as coalescing of droplets), and
finally are self-ejected from the surface. This is a mechanism that this thesis will mainly
focus upon, with more details to be discussed in Section 1.4. Finally, the anti-fouling
abilities of superhydrophobic surfaces have been tested in a limited number of studies,
that performed either experiments of removal of dirt particles and colloids or numerical
simulations that dealt with removal of contaminated droplets.[3, 11]
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1.3 Mechanisms for self-cleaning

Self-cleaning was initially analysed observing lotus-leafs, which inspired technological
applications to first understand the importance of superhydrophobic surfaces and then
to develop methods that highly improve the hydrophobicity of surfaces. As for the lotus-
leaf effect, self-cleaning is initiated by the presence of an external field (gravity) combined
with the low-adhesion energy between water and the leaf surface. As a result, the droplet
starts to move and rolls on top of the superhydrophobic surface, accumulating other
droplets and dirt particles by inertia until the moment the droplet-particles cluster rolls
off the side of the lotus leaf.

On the other hand, for the cases that droplets condensate on the cicada wings or on the
surfaces of heat exchangers, self-cleaning is facilitated by the removal of the droplets with
a different and fascinating removal mechanism. The mechanism is termed the coalescence-
induced jumping of droplets. Here, the process is initiated by the coalescence of droplets,
while their rapid expelling from the superhydrophobic surface is caused by the release
of the surface energy, in combination with some of the fundamental features behind the
interaction of droplets with the substrate (to be discussed in what follows). As argued in
Wisdom et al.[3], jumping droplets removed particles through the following mechanisms
i) floating, where a hydrophilic particle is first entrained by a single droplet before such a
conglomerate merges with other droplets (or conglomerates) and then jumps, ii) lifting, in
which the particle is captured at the interface of one of the drops or during the oscillations
of the coalescence of more droplets before the merged conglomerate jumps, and, lastly,
iii) by accumulation of smaller particles into a pack, created by the wetting of particles
from condensation and then the creation of liquid bridges with different particle clusters
followed by the initiation of jumping. In the next section we will look in more detail into
different stages of the coalescence-induced jumping of droplets.

1.4 Coalescence-induced jumping of droplets –
identification of different stages

Among the mechanisms that facilitate removal of particles from surfaces, we identify
coalescence-induced jumping droplets as a most promising one for various technological
applications. Our argument resides in a zero requirement for external energy to be pro-
vided to the system in order to facilitate self-cleaning. For example, horizontal substrates
would not be able to facilitate gravity for self-cleaning, in contrast to the jumping droplets.
The process starts with the coalescence of two or more droplets, while they are on top of a
superhydrophobic surface. It has been reported initially by Boreyko and Chen[10] when
the authors reported an out-of-plane movement upon coalescence of droplets, which were
nucleated from condensation on a cold superhydrophobic surface. Various numerical and
experimental investigations followed and uncovered a physical explanation of the process
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Figure 1.3: A sequence of stages of two droplets leading to a jumping of the merged droplet.
The stages include the liquid bridge expansion, various forms of oscillation of the merged
droplet and an eventual jumping. The entire sequence is numerically reproduced by a
combined VOF-immersed boundary framework used in this work.

and identified its different the stages.[15–19]. Coalescence is initiated with a formation
of a liquid bridge between the merging droplets. The numerical investigation of Liu et
al.[18] and the corresponding experiment with leidenfrost droplets by the same group[19]
pointed to the specific stages through which the jumping process of droplets undergoes,
as seen in Figure 1.3. The liquid bridge is initiated by the extremely high curvature that
appears at the interface near the point of coalescence. As the bridge expands, liquid
mass moves to the direction of the liquid bridge expansion, with the flow being mostly
governed by the forces of capillarity near the interface and inertia. The liquid bridge
impinges on the superhydrophobic surface and causes expansion of the initiated contact
area on the surface. The interaction of the liquid and solid in the vicinity of the triple
contact line is governed by the wettability of the surface, with the true values of the con-
tact angles and the dynamics of the moving contact line becoming significant factors.The
role of wettability be discussed in the next section.

The next stage of the jumping process, as the droplet-surface contact area expands on
the solid surface, corresponds to the effect of high contact angles with the inertia of
the droplet still interacting with the surface. This breaks the symmetry of the droplets
coalescence and causes redirection of the liquid mass outwards from the surface. After the
expansion reaches a maximum wetting area, the contact area decreases, with the merged
droplet retracting from the surface with a receding moving contact line. During the last
two stages of the entire process, the merged droplet oscillates between oblate and prolate
shapes in the xz- and yz-planes. There exists another significant observation near the end
of this retraction, before the merged droplet gets detached. Here, as the merged droplet
moves upwards, a deceleration (i.e. a decrease of the velocity) in the vertical direction is
noticed. It is argued that this phenomenon can be due to the effect of the contact angle or
a dissipation of the translational energy at the period that the air substitutes the liquid
volume between the merged droplet and the solid surface. During the shape oscillation
the contact area is minimised rapidly up to the moment of detachment of the merged
droplet from the surface. As the process is dominated by the capillary and inertial forces,
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it is due to the latter that a detachment occurs. Following the detachment, in the final
stage of the process, the merged droplet rises through the gas-phase, continuing its shape
oscillations damped by the viscosity. In the same time, there is a drag force acting on
the droplet, which leads to the stabilisation of the latter’s shape into a spherical one.

1.5 Theory of wetting and a connection to this work

Due to the existence of roughness on superhydrophobic surfaces, two situations have been
theoretically established and examined in numerous studies. The first one is a partial
wetting type[8], also referred to as the partial Wenzel wetting, where the liquid contact
area is fully wetting certain regions of the solid surface, while in the remaining locations
air voids are trapped between the liquid and the solid zones. The second situation is a
consistent existence of voids between all defects and surface textures, while the majority
of the liquid is situated on the tip or highest point of roughness textures. The defects
or similar features with a larger height related to the rest of the surface are typically
termed pillars. In any realistic superhydrophobic surface, the pillars become a resting
area on top of nano- or micro-structures of the surface, while the intermediate regions of
the solid and liquid zones are gas voids. For this situation, theoretical calculation of an
apparent contact angle has been introduced using the Cassie-Baxter theory[20], which
gives the equilibrium contact angle on the pillars. For the Cassie state, the relation that
returns the single apparent contact angle reads:

cos θapp,CB = f (1 + cos θeq) − 1 , (1.1)

with θapp,CB being the global apparent contact angle as would be found for a low hys-
teresis case and f the Cassie-Baxter parameter which is given as the projected area of
pillars divided by the projected contact area in a homogeneous plane.

The partial Wenzel wetting bases its theory on the normal Wenzel state that is observed
in wetting occasions where the whole area of a rough solid surface is in contact to the
liquid[21]. The apparent contact angle for the Wenzel state is calculated as:

cos θapp,W = rW cos θeq , (1.2)

with θapp,W being the global apparent contact angle as observed for a low hysteresis case,
θeq the equilibrium or Young’s contact angle and rW the Wenzel roughness parameter
which is given as the total surface divided by the projected contact area in a homogeneous
plane.

The Cassie-Baxter form of interaction of a droplet with a superhydrophobic surface is
usually treated with a high slip velocity on the solid surface or with the formation of a gas
layer between the liquid and solid zones. Note that here an existence of the contact-angle
hysteresis is fully neglected, which has been observed to be the cause for pinning and
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other dissipative behaviours of the contact line. Such a statement requires from us in the
current study to establish the ability of our modelling the variations of contact angle on
the grid-cell level. These variations could be also caused by the dynamic behaviour of
the contact angle, subjected to the contact line velocity or the presence of the imbalance
of the stresses (Young’s equation) in the contact line, when the contact angle differs from
the theoretical equilibrium angle of the system. However, the equilibrium contact angle
is defined as a feature of the surfaces when they are fully flat and homogeneous, otherwise
such a contact angle occurs in purely nanometre scales. At such length scales we consider
that the continuum approach breaks down and intermolecular dynamics are important
to account for.
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2 Objectives and Contributions of the
thesis

The primary objective of this work is to formulate, validate and use a trustworthy frame-
work to investigate numerically and in great resolution the process of coalescence-induced
jumping of droplets from superhydrophobic surfaces. This a considered a necessary step
before introducing the removal of particles into the overall numerical framework that
looks at fundamentals of the self-cleaning process.

2.1 Why are numerical investigations of self-cleaning
necessary?

It is essential to understand the mechanisms that support the process of self-cleaning on
different surfaces if we are to explore its potential use in various industrial applications.
Such surfaces are sometimes located in environments where their quality can be negatively
affected by, for example, fouling, icing or frosting. Such locations and components may
be difficult to reach and substitute, making it very cumbersome or even impossible to
test their performance experimentally.

In addition, we need to identify which geometrical parameter or substrate characteriza-
tion of a superhydrophobic surface could promote the self-cleaning process. In the same
manner, there is a need to recognise limitations in the design of specific surfaces and
to suggest possible improvements. It may become impractical to study experimentally
a wide range of geometrical parameters or features of the surfaces to identify the ones
that could lead to improvements in the self-cleaning. A sound point here is that, in con-
trast to numerical simulations, experiments are often limited with regards to how many
different superhydrophobic surfaces can be tested. Moreover, controlling and recording
the jumping process with the different levels of resolution reduces the possibilities of a
research outcome that identifies fundamental processes between the droplets and parti-
cles during their interaction, or, similarly, the interaction of the both of them with the
superhydrophobic surface, either in a molecular or a modelled form.

On the other hand, numerical investigations can be used to identify details that experi-
ments are restricted on informing. Therefore, for our research to uncover the fundamen-
tals behind how coalescing droplets can remove solid particles from surfaces, a series of
steps are required. These numerical investigations, as are presented in the current thesis
for the jumping droplets only, assure that the physics of such systems are fully understood
and recovered. Therefore, a thoroughly validated numerical framework is established in
this thesis that will be used in the second part of this project to perform simulations
of self-cleaning involving a number of particles and with multiple droplets. Additionally,
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the framework makes it possible for us to account for the interaction of droplets and
particles (either modelled or resolved) with the microstructures of a superhydrophobic
surface.

2.2 Jumping of equally-sized jumping droplets and
the existence of a cut-off radius

We start from the argument that it is highly improbable to attain any reliable information
on the process of self-cleaning involving particles and droplets that coalesce and jump,
without paying meticulous attention to fine details of the involved phenomena. In the
same manner, it is fair to say that it is problematic to even consider introducing particles
into the framework before the latter is thoroughly validated and trustworthy for jumping
droplets only. More specifically, a part of the physics that is vital in this case is the
interface transport and sharpness, for which we need a robust model that can maintain
a sharp interface and an accurate computation of the curvature between every time-step.
In addition, the high pressure jump at the interface for relatively small droplets requires
minimisation of the spurious velocities, that occur in the velocity field after applying the
conservation laws of mass and momentum. The smaller the size of the droplet, the greater
are the surface tension forces at the interface of the droplet, increasing the mentioned
numerical errors. These problems should be removed altogether or at least drastically
minimised in a framework capable of handling simulations of jumping droplets with sizes
of as low as 0.5 µm in radius. We note here that we work with droplets of 0.5-700 µm
in radius, a size for which gravity can be neglected and the length scale of the problem
remains smaller than the capillary length.

From the initial experimental observations of the jumping-droplets phenomenon, difficul-
ties have been outlined in capturing (both experimentally and numerically) the governing
time-scale of jumping at small scales. The time scale is given by the competing inter-
action between the surface tension and the inertial forces. The process of coalescence
and the liquid bridge dynamics, at length scales that are below the capillary length, are
governed by a capillary-inertial time scale tCI. Using the initial radius of the droplets as
the length scale of the flow, a capillary-inertial velocity is defined. The jumping velocity
of the droplets is often given for the different length scales normalised by the capillary-
inertial velocity. In fact the normalized jumping velocity happens to have the same value
with the square root of the Weber number, when velocity is set as the average jumping
velocity in the Weber number formula. This is pointed out because the Weber number
gives a relation between the inertial and the capillary forces in a system. The time scales
are decreasing with a power of 3/2 with the droplet radius decrease. As a result, for
droplet sizes approaching a few microns the process accelerates so much that it cannot
be captured by the frame capabilities of cameras in current experimental environments.
It was Boreyko[10] who first suggested that the jumping velocities of the merged droplet,
in relation to variations in the initial radius of the droplets, follow a capillary-inertial
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scaling and adhere to the velocity scales of the phenomenon. The capillary-inertial veloc-
ity is related with a power of −1/2 to the initial radius of the droplets. However, while
this scaling law suggests that the normalised velocity will be constant when reducing
the droplets size, a deviation was observed from this theory for droplets below 25 µm
in radius. The term microdroplets is sometimes used in the relevant literature for such
droplets. We thus identify henceforth in this thesis that the droplets of sizes R ≤ 10 µm
will be referred to as microdroplets. A limited number of studies focused on the causes
of the existence of the observed cut-off radius, with the dominating opinion suggesting
the interaction with sides of micro-structures as the main cause of energy dissipation and
a consequent reduction of the jumping velocity in comparison to the one theoretically
expected by the capillary-inertial scaling.

From a theoretical analysis, we see that for the decreasing droplet sizes the Ohnesorge
number increases (the number that relates the viscous forces to inertial and surface
tension ones), as the latter is inversely proportional to the droplet size. However the
fact that, for the investigated water droplets in this work, the Reynolds number Re
will be above 1, shows that inertia is still able to compete with and possibly overcome
the viscous forces. Moreover, the capillary number Ca (that relates the viscous forces
to the surface tension ones) is well below 1 for droplet sizes of as low as R = 0.2 µm,
hence the capillary forces are markedly exceeding the viscous dissipation. The two non-
dimensional numbers are proportional to the droplets velocity. Considering the velocity
scaling behaviour, the non-dimensional jumping velocity in the microdroplets range is
required to be at least a half of the mean jumping velocity that has been observed in the
previous experimental and numerical studies. These studies report a non-dimensional
jumping velocity v∗

jump ∼ 0.2 – 0.24 for droplets with R > 25 µm. Otherwise, for a half
of that velocity or lower, the drop in the Reynolds number will suggest that viscosity has
increased its influence in the process.

Following the initial studies exploring the jumping droplets, other experimental studies
that investigated surfaces with improved wetting properties suggested that droplets as
small as R = 0.5 µm seem to have been successfully ejected from the surface[22, 23].
With this we identify the theoretical capability of the jumping process to adhere to the
capillary-inertial scaling of the velocity in microdroplets. We therefore identify the need
to investigate the stages of the jumping in a numerical investigation, as well as the energy
variations in the domain for the kinetic, surface and viscous dissipation energies.

There are numerical studies which observed the continuation of validity of the mentioned
scaling law to droplets radii as small as 0.5 µm for surfaces that are modelled as flat[24].
On the other hand, Attarzadeh and Dolatabadi[25] is an example of a study that per-
formed simulations with pillars and observed different modes of interaction with the
structures for different initialising positions of two equally-sized droplets. However, the
exact interaction at the micro-scale is still not fully understood and, more importantly,
it cannot be generalised for different sizes of micro-structures or droplets. We remind
that the goal of this project is to eventually introduce particles (e.g. dirt) in our numeri-
cal framework, and that is why we support that giving a more fundamental explanation
behind this interaction will help us to estimate the maximum size of particles that can
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be expected to be removed by jumping droplets.

2.3 Jumping of microdroplets as a first focus in this
thesis

With this work it is identified the smallest scale for the phenomena of the capillary-
inertial regime to be still relevant for the jumping process. This is achieved by the
level of resolution which is used in this numerical investigation. The simulations of
jumping droplets on flat surfaces, even though they inherit a degree of simplification of
the problem and include an assumption that modifies the main idea of the influence of
roughness present on superhydrophobic surfaces, can still provide valuable information for
the phenomena. More specifically, it helps uncover the details of the behaviour of droplets
spanning all radius ranges of the capillary-inertial scaling. Using a basic formulation for
the boundary condition of the wall velocity and contact angles, our investigation gives
the smallest droplets size for which the numerical framework is still able to capture all
the stages of the jumping process and help with estimating the available energy that
would facilitate self-cleaning. The details of this study are given in Paper 1 of this thesis.

As a general comment here, it can be stated that the interaction of the contact line with
the surface and the special features of the superhydrophobic surface cause the prediction
of the moving contact line dynamics and of the true values of the contact angle to be a
great challenge. In order to not lose information, the interaction needs to be modelled
with respect to the geometrical features of a superhydrophobic surface and the physical
phenomena, captured theoretically and experimentally, that govern the movement and
stresses of a contact line. Only the behaviour of the contact line for the cells adjacent to
the wall will require a specific treatment, which is implicitly imposed in our framework
that accounts for the continuum physics of the fluids. More on this subject will be given
in the Methodology section.

2.4 Jumping droplets from superhydrophobic surfaces
with hysteresis as a second focus of the thesis

Superhydrophobic surfaces attribute their behaviour to the structures that control their
interaction with the fluids. These structures can be both manufactured in a textured and
precise manner or they could be coated in manners that would create random directions of
the normal surface to the wall, multiple and asymmetrical points of contacts and different
heights between the structures. In the case of biological surfaces, superhydrophobic
surfaces are mostly observed with such random patterns. The manufactured hierarchical
surfaces, on the other hand, are obtained by precise deposition of micro-structures, which
then undergo treatments that add an additional layer of random nanostructures on the
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solid surface. It is these nanostructures that are responsible for a certain degree of
hydrophobicity, with the larger micro-structures (from 0.5 µm and greater) that cause
the very high (superhydrophobic) contact angles. As a result, the surface demonstrates
superhydrophobicity only when the droplets reach a size comparable to the size of the
microstructures or larger[22, 23, 26].

The interaction of droplets with such structures has been mostly simulated using rectan-
gular pillars in 3D or in 2D simulations using randomised surfaces. The required level of
resolution would necessitate using computational cells much smaller than a micrometer,
something that would cause excessive computational cost, which, in turn, would make un-
feasible any systematic study involving variation of the governing parameters. Hence, a
connection of a superhydrophobic surface to the continuum domain is preferably achieved
by defining and obtaining the two angles responsible for hysteresis, the advancing contact
angle and the receding contact angle. These angle become available for any actual sur-
face by performing an experiment with a static droplet and measuring the contact angles
through enlarging and decreasing of the droplet volume. Moreover, it is straightforward
to find situations where hysteresis exists on the surface. The reasons for the existence
of the pinning effect, that is experimentally observed and which is caused by hysteresis,
could be a non-optimal superhydrophobic coating or pattern, problematic manufacturing
of the surface or even degradation of the surface that causes a superhydrophobic surface
to gradually lose its ability of a contact angle near 170◦ and the contact angle hysteresis of
nearly 0◦. Various dynamic contact angle models have been suggested and implemented
in numerous applications, and giving a full account about them is outside of the scope of
this thesis. We do find them important in order to control the sensitivity of the jumping
droplets process to the actual contact angles that the merged droplet experiences. The
values of such angles can be close to the advancing or receding contact angles observed
for a certain surface in a static experiment. However, due to the presence of high ve-
locities and acceleration in flow systems where inertia is strong, it is straightforward to
recognise that these values can be exceeded. For such a case, the numerical results do
not highlight the possible sensitivity of the jumping efficiency, a study which we have
decided to undertake in the scope of this project. A detailed analysis can be found in
Paper B of the thesis.

After adding the effect of superhydrophobic structures to the boundaries with a scheme
for imposing contact angles, we used a slip velocity for the interaction with the idealised
flat solid surface. The contact angle in various numerical cases in our work was imple-
mented through either a static formulation or a dynamic contact angle model, that can be
dependent on the flow parameters. Since we have in mind the interaction to general solid
structures (e.g. particles) as the next step, we have recognised a need to have a reliable
and flexible model that could handle both particles and superhydrophobic surface. Flows
around moving bodies can be modelled using a dynamic moving mesh around the body
or an immersed boundary method. The latter can be implemented in a structured mesh
with the existence of a solid body implicitly calculated. Therefore, the immersed bound-
ary method was chosen in order to account for correct calculations of forces on the solid
bodies or boundaries. The method uses a triangular surface mesh for the immersed body,
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but it does not require any refinement of the fluid cells as a function of the geometrical
characteristics of the body. The forces are evaluated from the average normal vector
of the unstructured faces on the body surface by using fictitious ("ghost") cells in the
solid phase. For our framework the grid is given by a hexahedral type octree mesh with
Adaptive Mesh Refinement (AMR), which allows for higher accuracy in the calculation
and transport of the surface tension forces in the vicinity of the interface. Therefore, we
use in this work a combined VOF-Immersed boundary that has a benefit of limiting the
computational time and following a single-mesh approach both for interfaces and for the
existence of movable or static solid surfaces.

2.4.1 Motivation for the organisation of research in this work

We emphasise here that the order of steps that should be taken to formulate a validated
and trustworthy numerical framework is of great importance to reach the goals of this
project. Wettability effects, capillarity and strong inertial forces are the driving forces
behind the studied type of the self-cleaning process. All our actions are designed in such
a way as to focus on the details of one of the mentioned physical phenomena, and after-
wards to create the entire framework in a building block approach. The capillary-inertial
effects are discussed in Paper A, whereas the behaviour of the interface-solid interaction
is addressed in Paper B with the detailed approach of modeling for superhydrophobic
surfaces with defects or other pinning phenomena that cause hysteresis and/or dynamic
behaviour of the contact line. With the conclusions of the analysis of the two papers pre-
sented in the thesis, we set up the possibility of carrying out simulations with jumping
droplets trapping and removing contaminants from a superhydrophobic surface.
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3 Methodology

3.1 Methods used in the thesis

The Volume-Of-Fluid method (VOF) together with the continuum surface force (CSF)
approach for introducing the surface tension force (Brackbill et al.[27]) is one of the Eu-
lerian techniques used to model a sharp interface in a continuum framework. It adds to
mass and momentum conservation laws a transport equation of a colour function that
locates the two phases, with the volume fraction being most often selected as that func-
tion. The method is popular both in academia and industry, as it typically requires less
computational time and user intervention as compared to methods which use Lagrangian
markers to represent the interface (e.g. the front-tracking method, Tryggvason et al.[28]).
Another Eulerian method is the level-set method that uses a smoothed Heaviside func-
tion across the interface to solve for its movement and to compute the curvature[29], thus
artificially diffusing the interface. The diffusive approach may lead to problem in mass
conservation. Similarly, the phase-field approach is a diffuse-interface method which uses
the chemical potential and solves the Cahn-Hilliard equation to introduce the inter-facial
forces[30].

The advantages of using VOF in our framework, that is part of the code IPS IBOFlow®,
we fully demonstrate in our publications. It is due to the ability to retain a sharp interface
throughout the whole process of coalescing, that enables the framework to introduce and
handle maximum refinement cells near the interface. With that resolution the framework
becomes able to capture the three-dimensional effects of the high curvature locations and
the transport of shape oscillations that are caused by its presence. This requires a highly
accurate estimation of the curvature. To this regard, smoothening of the gradient of the
volume fraction in the calculations for the curvature is used, as suggested by Brackbill
et al. in their original publication. Alternative methods that permit an acceptably
accurate estimation of curvature are the implementation of height functions and the
geometric reconstruction of the interface. Testing the functionality of such methods in
the research questions addressed in this work is certainly of potential interest. However,
we are confident with the validation procedures we have undertaken and consider our
current framework capable of reproducing the complex physics of jumping droplets in
the entire range of spatial and temporal scales we have been interested in.

Moreover, the developing of the framework has involved the implementation of the
balanced-force method to calculate the velocity at the faces of cells that are neighbour-
ing to the interface location[31]. This implementation and its combination with the
SIMPLEC segregated solver[32], as well as the CICSAM scheme[33] for the estimation
of the advective velocity in the colour function equation, introduced a greatly improved
estimation of the transport of interfaces at length-scales that often witness high spurious
velocities in other VOF implementations.
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The boundaries are modelled with an immersed boundary method. The mirrored IBM
(MIBM) (Mark et al.[34]) takes into account the ghost cells velocity in order to set the
exact required velocity at the wall. We have chosen a slip boundary condition at the
superhydrophobic surface, following the Navier slip boundary that connects the velocity
at the wall with the gradient of the velocity and the slip length. The slip length was
chosen to be as high as the size of the adjacent cell on the wall, in order to obtain the
best possible agreement with with the experimentally observed jumping velocity. We
have also verified that the chosen slip length gave grid-independent results. Furthermore,
the contact angle was imposed by setting the normal of the interface in the adjacent
cell of a solid body. Within the CSF method, the normal vector of the interface is
computed by the gradient of the volume fraction. For the cells which are adjacent to the
wall, multiple cells in the vicinity of the contact line were used to impose the contact
angle. This assumption is a fair one because the interface is not located in these cells
and the transport equation for the volume fraction is not highly affected by the imposed
direction of the gradient of the volume fraction in these cells. When the equation is
solved for the mentioned cells, it does not influence the volume fraction computed for
that cell, which should be a constant 0 or 1. The value of the contact angle was chosen
with either a static formulation or using two contact-angle models, the so-called quasi-
static that returns the advancing or receding value as taken from experimental data, or
a fully dynamic contact angle model. In this study the latter one is the Kistler model,
with an introduced modification in the correlated Hoffman equation[35] to account for
the high contact angles on a superhydrophobic surface. For the last two schemes, the
contact line velocity is required, which is computed by the tangential to the boundary
part of the velocity at the adjacent cells to the solid boundary. The details of the contact
angle implementation are described by Göhl et al.[36]. The method is also provided in
Paper B.

3.2 Validation of the numerical framework

The validation of the framework has been independently performed for both publications
in the thesis, in order to avoid any ambiguities related to its performance for each of the
research questions treated. The time- and grid-independence investigations presented in
the two papers eventually affirm a minimal influence to the results from slight variations
of the time-step or the cell size, with regards to the benchmark setup that had been
selected. We note here the connection between the slip length used in the Navier slip
boundary condition and the grid convergence. When performing a grid study, the slip
length was investigated according to the resulting jumping velocity. In other words, we
have opted for that length to be a function of the droplet radius targeting that the
jumping velocity remained constant. Alternative trials of grid convergence that were
performed with a slip length varying according to the smallest cell size, and in effect
keeping it equally proportional to the cell size, showed less consistency in the jumping
velocity.
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Figure 3.1: A validation case with three unequal droplets coalescing and jumping. Note
that a very good qualitative matching is obtained with experimental images by Yan et
al[37] (with permission). We demonstrate a strong ability of the framework to capture the
capillary effects for the interface and the merged droplet’s shape oscillations.

Among different validation studies presented in papers A and B, we have focused on
the correspondence of the phenomenological behaviour of the simulated merged droplets
to equivalent experimental cases. We have thus compared our simulation results with
recorded videos from experimental studies of other authors that focus on elucidating dif-
ferent stages of the jumping droplets process. One such example is the case of coalescing
of three unequal droplets and eventual jumping of a large merged one, see Fig. 3.1. The
figures on the top represent experimental recordings, whereas the bottom ones are snap-
shots from our simulations. The goal for the simulations is to capture shape oscillations
and the different stages of the process. We see that first the two larger droplets merge,
but also that during their coalescing a liquid bridge with a third droplet is formed. We
argue that the different shape deformations during the merging are well captured by
our simulations, with the latter also adhering to the non-dimensional time-scales of the
system. Moreover, the detachment of the final merged droplet appeared to take place
similarly for both cases, with a limitation that only a single frame was publicly available
from the experiment of Yan et al.[37]. This specific case demonstrates the abilities of our
simulation tool regarding the interface capturing and advection. This also shows that we
accurately represent the surface force near the interface, in an example where multiple
locations of strong capillary forces exist in the domain at the regions of high curvature.
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4 Selected results

This section will offer only some salient findings presented in the two papers of the thesis.
In Paper A a thorough investigation is presented for microdroplets (with R < 10 µm) of
the jumping velocity evolution, the energy budget and the final energy conversion of the
available surface energy to translational upwards motion. A connection to the Ohnesorge
non-dimensional number Oh is also presented with an intention to analyse up to what
extent are the viscous forces the sole contributor of the dissipation in the non-linearly
decreasing time-scales of the problem, as the radius of droplets decreases. A claim is made
that the capillary forces do not showcase the same linear decrease with the decrease of
the length scale of the problem, whereas the inertial forces do. This effect is noticed by
a more rapid decrease in the surface energy for the case of microdroplets in comparison
to larger droplets (R = 100 µm). It is suggested that the stronger influence of capillarity
near the high curvature locations (or points with apparent dimples) is considered a key-
factor for the more smoothed interface shape of the merged droplet for the microdroplet
(R = 1 µm) case, while the inertial effects on the interface seem to be minimised. The
analysis of the capillary number Ca and the Reynolds number Re introduces that inertia
should still counter-act the viscous forces, while capillary forces are expected to dominate
the physics of the problem.

The analysis of the energy budget from Figures 6 and 7 of the paper A brings into
our knowledge that the coalescence of microdroplets experiences less oscillations in the
transport of the kinetic energy than is the case for larger droplets. The re-distribution of
the energy in the different directions, when the merged droplet oscillates between different
oblate and prolate shapes, is documented with less noise but with a higher dissipation
of the kinetic energy, in regards to the total available energy that was released from the
surface energy of the initial droplets. These results are presented in Figure 4.1, where it
is pointed out that the normalized jumping velocity is decreased by nearly 25% between
the two droplet-size cases and that the energy conversion is down by 40%.

The second paper deals with the influence on the jumping process outcome of the modelled
modes of interaction between a droplet and a wall, when this interaction is implemented
through boundary conditions. We note an important effect of the type of contact-angle
formulation and implementation, as well as the ability of the framework to dynamically
adjust the contact-angle values. Therefore, several variations of the contact-angle formu-
lations are presented in paper B, with an intention of pointing out how such formulations
change the overall jumping droplets process and the jumping velocity when hysteresis
is effectively introduced in the simulation. To account for the hysteresis effect, contact
angles are implemented with the quasi-static method or with the Kistler model. Fig-
ure 4.2, found also in paper B, shows the changes of the jumping velocity with different
contact-angle representations and for droplets of different initial sizes (R = 200 µm to
12.5 µm). The hysteresis introduced is for a superhydrophobic surface from Mulroe et
al.[23], with a contact-angle hysteresis of ∆θ = 15◦.
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Figure 4.1: The kinetic energy for a droplet of A) R = 100 µm and B) for R = 1 µm. The
total kinetic energy of the merged droplet, shown together with the kinetic energy stored
separately in each direction to observe the oscillations. C) The release of the available
surface energy in the simulations of two droplet sizes. Observe considerably smoother
oscillations in the microdroplet case with a more rapid release of the surface energy.

The same figure shows that a relatively small decrease in the jumping velocity is present
for a no-hysteresis case for R ≤ 25 µm droplets, while a significantly increased reduction
is introduced for all droplet sizes when hysteresis is present. Between the two ways to
account for hysteresis, the Kistler model is showing a more pronounced decrease in the
jumping velocity, something that led us to carry out a detailed analysis in Paper B of the
advancing and receding movements of the contact line. We have observed that the nature
of the Kistler model permits a much lower contact angle to be imposed in a receding case.
As a result, during the detachment, where a rapid receding movement takes place, a
strong deceleration for the merged droplet was identified, causing the eventual decrease
in the jumping contact angle (compared to the case with the quasi-static method used).

Another significant observation in our results was that the merged droplet showed ability
to re-attach to the surface after initial detachment. This sequence of detachment–re-
attachment occurrences has been observed multiple times in certain cases during the
coalescing process. We have also established a connection between the jumping velocity
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Figure 4.2: The normalized jumping velocity for ve initial droplet radii (R between 12.5
and 200 µm). Note that the increasing degree of hysteresis leads to a signicant reduction
in the jumping velocity.

and the moments that the droplet detaches from the surface. The longer a merged droplet
would stay attached to the surface, while a retracting oscillation from the surface takes
place, the more reduction in the eventual jumping velocity is seen. An example of this
behaviour would be for the cases with smaller droplets (R = 25 µm) and with higher
hysteresis, where the jumping velocity was decreased up to the level that the velocity
was neutralised after the last detachment.
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5 Future prospects
The second part of the project will be focused on the interaction between the droplet
interface and a solid particle, with an intended outcome to remove the particle from
a superhydrophobic state. The plan for the first study case is to look at a droplet
spreading over a hydrophilic particle, while it sits on a superhydrophobic surface. Recent
developments in the field suggest that even for this case a bridge between the particle and
the droplet will be formed at the capillary-inertial scales and an out-of-plane movement
of the particle with the droplet can be observed.

Finally, a combination of the simultaneous coalescence of droplets and the interface cap-
turing a particle before the droplets jump will be the final goal for this project. Then,
a parametrization of surface properties will be investigated with numerous possible re-
search strategies, for example to model pillars or to test different dynamic contact angle
models and observe what cases would promise the best removal efficiency for particles of
random shapes and different sizes.
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6 Summary
In this thesis we have numerically studied a promising mechanism for self-cleaning that
can be used in numerous technological applications. The mechanism involves superhy-
drophobic surfaces and droplets that are coalescing and jumping. The goal was to create a
numerical framework that resolves in high resolution the important features of the droplet
jumping phenomenon, something we deemed necessary before introducing solid particles
(contaminants) in the framework. A first study, presented in Paper A, investigated jump-
ing of microdroplets and provided important insights into the physical mechanisms that
influence their jumping ability, with the focus on the energy budget.

We have shown that the framework is able to capture the surface tension force in the all
the studied configurations and with an accuracy that is parallel or superior to the most
highly reputed sharp interface codes. We have found that the transport and shape of the
interface agree very well with experimental findings related to coalescing and jumping
of droplets, showing a minimal loss of information. An investigation was also performed
of the influence of substantial hysteresis present on a superhydrophobic surface and the
contact-angle implementations on the dynamics of the jumping process. Among other
things, we have proven that the overall process efficiency and the final jumping velocity
of a merged droplet are as sensitive to the changes in the actual (i.e.true) contact-angle
values as some experimental investigations were suggesting. It is concluded that the
influence of the receding contact angle is substantial to the overall process performance,
which justifies that great attention should be paid in any high-fidelity simulations to
capturing its dynamic variations.
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Abstract

We develop a numerical framework for simulating the coalescence and jump-

ing of microdroplets on superhydrophobic surfaces. The framework combines

the volume of fluid (VOF) method with models for advancing and receding

contact angles on a number of superhydrophobic surfaces. We demonstrate

the temporal and spatial convergence of the framework and show agreement

between our numerical results and other experimental studies. The capillary-

inertial scaling is investigated together with the existence of a cut-off behav-

iour frequently observed in the lower size-range of that regime. We investigate

findings in some of the previous studies that the cut-off behaviour can be

attributed to viscosity effects and dissipation due to interaction with surface

microstructures. We exemplify specific features related to the jumping process

and the corresponding energy budget analysis when microdroplets coalesce

and jump. We have tested droplets of a radius as small as 0.5 μm that are still

jumping but recorded a decrease in the jumping velocity and the degree of

energy conversion compared to the jumping of larger droplets. We argue and

prove that strong capillary forces originating from the high curvature oscilla-

tions dissipate the energy of the system significantly faster in the case of

microdroplets.

KEYWORD S

contact angle, microdroplets, VOF–immersed boundary, wetting

1 | INTRODUCTION

The phenomenon of droplets jumping upon coalescence on
superhydrophobic surfaces has been relatively recently
observed.[1] It immediately attracted considerable research
focus, as no external energy is required in order for the drop-
lets to jump. The driving force behind the process is the
combination of strong capillary forces, which are present
during coalescence, and low adhesion to the surface,
which is observed in the case of superhydrophobic

surfaces.[2] The research activity related to jumping droplets
has been steadily increasing for the last decade, with applica-
tions being found in, among others, anti-icing and defrosting
technologies,[3–6] heat transfer from drop-wise
condensation,[7,8] and various self-cleaning mechanisms.[9–12]

Those technological applications are often inspired by
mechanisms that have been observed in nature and that
aim at providing benefits for animals and plants, such as
water-repellency or self-cleaning.[13] Suitable examples in
that manner are the lotus leaf[14,15] and the cicada wings.[16]
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Coalescence and jumping of droplets on superhydro-
phobic surfaces have been investigated both experimen-
tally and numerically. Studies agree that the properties of
surface microstructures[17,18] or the number of coalescing
droplets[19,20] are important factors in determining both
the likelihood and the overall efficiency of the entire pro-
cess. The jumping velocity follows the so-called capillary-
inertial scaling law for droplet sizes where gravity can be
deemed negligible.[1,2] Furthermore, while experimental
studies have often demonstrated the necessity of having
high droplet–surface contact angles for the jumping to
take place, less attention has been paid to the influence of
the hysteresis between the advancing and receding angles.
In most cases, such hysteresis has been minimal.[17] A
decrease in the value of the contact angle or an increase in
the hysteresis causes the contact behaviour to change from
a Cassie–Baxter to a partial Wenzel wetting one and a con-
sequent impediment of jumping.[18] The Young’s equation
determines the ideal equilibrium state in which the triple
contact line settles between gas, liquid, and solid
phases.[21] This equation expresses the force acting at the
liquid–solid interface, from which the adhesion energy is
often calculated. When a droplet moves, a three-phase
contact line is formed, and, as a consequence, there is a
well-known problem for a chosen numerical framework to
overcome the inability of the no-slip boundary condition
to correctly represent the contact line movement and the
induced stress singularity.[22–24] Various measures have
been suggested to overcome this problem, including the
so-called slip models and the Navier-slip boundary condi-
tion, the most popular among them.[22,25]

Moreover, there have been an increasing number of
numerical studies looking at fundamental phenomena
and characteristic features of the droplets jumping pro-
cess.[26,27] Liu et al.[28] identified four stages that the
merged droplet experiences during coalescence and
jumping: (i) a liquid bridge expansion, (ii) acceleration
upon impingement of the liquid bridge on a superhydro-
phobic surface, (iii) retraction of the merged droplet from
the surface until the moment of departure, and
(iv) deceleration of the merged droplet in air. Previous
numerical studies have also shown that the jumping
velocity follows the capillary-inertial scaling law.[28,29]

These studies predicted jumping of droplets for even
higher Ohnesorge numbers than did the early experimen-
tal works.[1] Here, it is worth noting that various multi-
phase flow frameworks have been used to study the
jumping of droplets. A number of them have used
continuum-based methods that focus on tracking or cap-
turing the interface movement,[29–32] volume of fluid
(VOF) probably being the most frequently used among
them.[33–36] Surface tension is treated as a body force at
the location of the interface, which categorizes VOF as a

sharp-interface method. Using VOF, Wasserfal et al.[37]

calculated 6% as the degree of energy conversion, the lat-
ter being defined as the amount of the released surface
energy related to the kinetic energy, and also mentioned
a reduction of that value when unequal droplets coalesce.
Attarzadeh and Dolatabadi[38] looked at the jumping of
droplets when the microstructures on a superhydropho-
bic surface were of sizes comparable to water droplets of
around 20 μm. In addition to continuum-based frame-
works, the meso-scale Lattice-Boltzmann approach has
also been frequently used[26,39,40] to capture the jumping
droplets process, with similar phenomena and stages of
the process identified as in continuum-based simulations.
Lastly, there have been studies using molecular dynamics
(MD) simulations, focusing on molecular interactions of
the droplets, the surrounding air, and the superhydro-
phobic surface.[41–43] The mentioned works dealt with
nanodroplets of the radius of up to 50 nm. The observed
behaviour of even small droplets was generally in line
with that obtained using the continuum-based
approaches with larger droplets.

The focus in most studies dealing with jumping drop-
lets has so far been on those with a radius greater than
10 μm, see, for example, works of Boreyko and Chen,
Nam et al. and Wen et al.[1,30,44] However, recent numeri-
cal and experimental studies have shown that jumping
can occur for much smaller droplets of radii as small as
5, 1, or even 0.5 μm.[2,45–47] We term such droplets micro-
droplets, and they represent the main focus of this work.
Microdroplets are of interest in numerous applications,
such as those dealing with heat transfer rates through
drop-wise condensation[48] and surfaces with antifogging
abilities.[49] In the experimental works of Cha et al.[45]

and Mulroe et al.,[46] the authors argued that the biggest
obstacle for microdroplets to jump is due to the size of
microstructures on superhydrophobic surfaces and their
arrangement pattern on the top of such surfaces. On the
other hand, there are both experimental[46] and numeri-
cal works[28,29,37] that confirm the jumping of droplets of
sizes less than 1 μm, and, as it will be seen in what fol-
lows, the present work also corroborates such observa-
tions. Note that one of the difficulties in the experimental
studies involving microdroplets can be a technical limita-
tion in the frame rate when capturing the moment of
jumping. In addition, the observed deviations for micro-
droplets in the velocity scaling from the capillary-inertial
regime are usually attributed to an increase in the viscous
dissipation.[1,50] As a result, the mentioned behaviour is
explained by introducing a viscous cut-off region, above
which the capillary-inertial law holds. This argument has
been challenged as mentioned previously, with adhesion
forces due to surface microstructures being considered of
greater importance.[51,52]

3518 KONSTANTINIDIS ET AL.
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Although the concept of a critical (minimum) size for
a droplet to jump has been discussed before, there is still
a lack of a systematic presentation of how the process of
jumping takes place for microdroplets (those ranging
from 500 nm to 10 μm will be the main focus of this
work). The present paper thus aims at filling this gap, by
formulating a comprehensive and trustworthy numerical
framework that is thoroughly validated and has full con-
trol of the numerical aspects of the simulation process.
We use a combined immersed boundary–VOF frame-
work, accompanied by a dynamic contact-angle model, to
investigate in detail and with sufficient resolution all the
stages of the microdroplets jumping process. Such an
approach is justified since experimental observations of
these phenomena can be hindered by the small time
scales of the process and whose capturing may become a
significant challenge. Consequently, the goals of the pre-
sent numerical simulations are (i) to find out whether
microdroplets are able to jump at all upon coalescence on
a number of tested superhydrophobic surfaces, (ii) to look
into the details of the liquid–solid interaction and how
the latter affects the jumping process, and finally, (iii) to
investigate whether the observed capillary-inertial scaling
law for larger droplets still holds for microdroplets, in
comparison to experimental data (and the reasons for
possible deviations). We do this by controlling both
numerical and physical aspects that may cause variations
in the jumping itself, the jumping velocity, and the
energy conversion process that makes the upwards move-
ment possible.

2 | METHODS

We make use of a combined immersed boundary–VOF
method, implemented in our in-house code IPS
IBOFlow®.[53] VOF is a single-fluid method that solves
the incompressible Navier–Stokes equations

r �v¼ 0,
∂ ρvð Þ
∂t

þv �r ρvð Þ¼�rpþr � μrvð Þþρgþ fSF ,
ð1Þ

where v represents the velocity field, P is the pressure, g
is the gravitational acceleration, fSF is the surface tension
force at the interface, ρ is the density, and μ is the
dynamic viscosity. In order to track the interface location,
a transport equation for the volume fraction is solved
additionally, which reads as follows

∂α

∂t
þv �rα¼ 0, ð2Þ

where α is the volume fraction. The density and dynamic
viscosity are volume averaged at the interface location,
wherever a cell is partly occupied by the two fluids.

To model the surface tension, the continuum surface
force (CSF) method[54] is used. A body force fSF that is
calculated for a computational cell at the interface is
given as

fSF ¼ σκn, ð3Þ

where σ is the surface tension, n is the interface normal
vector, and κ is the interface curvature.

The curvature is obtained by taking the divergence of
the interface unit normal vector bn as

κ¼�r � bn¼�r � n
kn k

� �
, ð4Þ

where the interface normal vector n in the centre of a cell
is calculated from the gradient of the volume fraction
field as n¼rα.

Adaptive mesh refinement is utilized in the neigh-
bouring regions of the interface and the solid surface. For
the latter, the refinement is limited to the region of the
surface around which the droplets are placed, in order to
reduce the computational cost. Adaptive mesh refine-
ment is implemented with a dynamically refined octree
mesh, which has been used in our previous works.[53,55]

The velocity and pressure fields are coupled with the help
of the segregated semi-implicit method for pressure
linked equations-consistent (SIMPLEC) algorithm.[56]

Additionally, we have implemented a balanced-
force method,[57,58] which modifies the Rhie–Chow
interpolation for face velocities[59] in co-located grid
arrangements. The method accounts for the presence
of surface tension when interpolating the velocities at
the faces in order to reduce spurious currents and pre-
vent pressure oscillations. It achieves that by improv-
ing the balance between surface tension and pressure
gradient forces.

The solid surface is modelled by triangulated objects
and the mirroring immersed boundary method.[53,60]

The method is second-order accurate and is used to
impose the local boundary conditions. It also enhances
the surface force calculations by including the local
boundary normal in the contact angle calculations.[55] A
Navier-slip boundary condition is used to remove the
stress singularity. The velocity of the liquid at the wall is
given by

vwall ¼ λ
∂v
∂nw

����
wall

, ð5Þ

KONSTANTINIDIS ET AL. 3519
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where vwall is the slip velocity at the wall, nw is the nor-
mal direction to the wall, and λ is the slip length, under-
stood as the distance from the boundary location to the
hypothetical no-slip point. We calculate the slip velocity
in the tangential direction and set it by the immersed
boundary condition at the solid boundary.

Finally, the contact angle is implemented according
to Göhl et al.[55] where a dynamic contact angle is
imposed depending on whether the contact line is
advancing or receding.

3 | VALIDATION OF OUR
NUMERICAL FRAMEWORK

In this section, we wish to demonstrate and confirm
the ability of our numerical framework to reproduce
all fundamental features of the actual jumping process.
Special attention is paid to identifying the exact move-
ment of the interface and the corresponding forces.
Moreover, we want to outline the difficulties and limi-
tations encountered by all numerical frameworks when
capturing the actual movement of the three-phase con-
tact line and the corresponding dynamics of the contact
angle. There is an additional challenge in correctly cap-
turing the adhesion of droplets to the superhydropho-
bic surface and the changes in the behaviour of the
contact line when the real geometry of the surface is
considered.

The contact angle hysteresis is important in this
process, and we focus more on that problem in what
follows. In a previous study, Göhl et al.[55] successfully
implemented and validated in IPS IBOFlow®, a
dynamic contact angle framework able to make use of
a number of different models for both advancing and
receding contact angles. In this work, we use this
framework to look specifically at the jumping of micro-
droplets on surfaces of different wettabilities and dem-
onstrate its ability to recover fundamental features of
jumping of larger droplets as well. In all the cases, we
report that the framework recreated the conditions of
the jumping process with a high accuracy, as the mass
of water droplets in the simulations was conserved suc-
cessfully. In addition, all fluid properties in the simula-
tions were given actual values for a water–air system at
20�C, which corresponds to a density ratio of
ρl=ρg ¼ 830, a viscosity ratio of μl=μg ¼ 55, and a surface
tension of σ¼ 0:0729 N=m.

We now demonstrate the temporal and spatial con-
vergence of our simulations. First, we present our moti-
vation for the chosen time step. Two levels of adaptive
interface refinements are used on the base grid, giving a
minimum cell size of 2.5 μm. The minimum cell size is

kept constant for the simulations presented in Figure 1.
The time step Δt remained constant throughout each
simulation, while the highest Courant number (CFL)
number related to each time step varies depending on the
maximum velocity. The time step Δt was varied from
2 �10�7 s down to 0:5 �10�7s. In this test case, the initial
droplets have a radius (R) of 100 μm, and the minimum
cell size corresponds to 40 cells per radius of the initial
droplets, which is the resolution suggested by our grid
convergence study. The vertical velocity of the jumping
droplet was chosen as the parameter to observe when
changing the simulation time step. In Figure 1, this veloc-
ity is normalized by the capillary-inertial velocity scale
UCI, whereas time is normalized by the capillary-inertial
time scale τCI.

The largest time step reveals the same evolution of
the average velocity as in the initial stage of the simula-
tion. The maximum velocity occurs at τ¼ 2:4, but the
merged droplet detaches itself at an earlier time and it
elevates at a higher velocity. The remaining simulations
presented in Figure 1 show converged behaviour with
respect to the time step. For the simulations with micro-
droplets, we will use a time step that follows the same
principle as the simulation with Δt¼ 1 �10�7 s, where
CFL was limited to values below 0.35. However, some
adjusting for the different sizes of the droplets in the
domain is needed. We want here to accommodate the
dependence of the compressive interface capturing
scheme for arbitrary meshes (CICSAM) scheme on the
CFL value, as this convective scheme relaxes the region
of the convective boundness criterion. The scheme is able
to accept CFL values of up to unity but switches to a dif-
ferent diffusive scheme for higher CFL values. It needs to
be taken into consideration that the velocity is constant
when it is normalized for the capillary-inertial regime.

FIGURE 1 Demonstration of time convergence of our

simulations. We note that the time convergence is achieved for a

time step of Δt¼ 2 �10�7 s or shorter. The initial radius of merging

droplets is 100 μm and CFL <0:7 for the simulation. CFL, Courant

number

3520 KONSTANTINIDIS ET AL.
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This results in having the same normalized time step Δτ
for all such simulations that is given by:

Δτ¼Δt=τ¼ 1 �10�7 sffiffiffi
ρl
σ

q
R

3
2

’ 0:051,

whereR¼ 100 μm, or similarly

Δt¼ 1 �10�7 sð Þ R
100 μmð Þ

� �3
2

:

To obtain the optimum grid size, we have again
looked at the test case of 100 μm droplets. The time step
is obtained from the previous time convergence study but
adjusted depending on the minimum cell size to keep the
same CFL number. The mesh is an octree-mesh, and the
size of the cells is adjusted by choosing the base cell size
and the number of refinement levels close to the inter-
face. The coarsest grid has a minimum cell size, Δx, of
6.67 μm, which corresponds to a resolution of 15 cells
across the initial droplet radius. To look at the required
spatial resolution, we have subsequently tested 30
(Δx¼ 3:33μm), 40 (Δx¼ 2:5μm), and, finally, 50
(Δx¼ 2:0μm) cells per R. Figure 2 shows the evolution of
the vertical velocity of the system for the different simula-
tions. The inset zooms the events close to the jumping
moment and the first oscillations of the merged droplet
while being elevated in the air. The Navier-slip boundary
condition was used with a given constant slip length lsl of
half the length of the cell size, which is lsl ¼ 1:0μm. The
slip length of half a cell size is often chosen in similar
studies.[61]

In Figure 2, it is revealed that the coarsest grid
(shown with the black dashed line) has missed the initial
behaviour of the liquid bridge expansion, while it over-
shoots the moment of the highest velocity, as well as the
peak. The remaining grid resolutions have the same evo-
lution of the coalescing stage. In the zoomed-in plot, it is
understood that the case of Δx¼ 3:33 μm has predicted
an earlier release from the superhydrophobic surface.
Therefore, a greater upwards velocity was preserved dur-
ing the stage of deceleration, and the droplet jumped
with a higher velocity. The two cases of finer refinements
showcase the same behaviour throughout the simulation,
and the jumping velocity is calculated to be within 0.8%
of each other. For these reasons, the spatial resolution of
the simulations in the remainder of the article will follow
the rule of 40 cells per radius of the initial droplets.

Finally, we continue the validation of our framework
by comparing the simulation results with experimental
results obtained by another research group. In Figure 3,
we present a series of experimentally obtained camera
images taken at different instants by Yan et al.,[17]

together with the corresponding snapshots from our sim-
ulations. The figure depicts the evolution of the process
of coalescing and jumping of two equal droplets with a
radius of 288 μm, which are placed on a superhydropho-
bic, nanostructured surface (Yan et al.[17] Figure 1B). The
advancing and receding contact angles are θadv ¼ 170:3 ∘

and θrec ¼ 167:7 ∘ , respectively. The resemblance of the
behaviour of the jumping droplets in all the phases of the
process is apparent in Figure 3. In the second comparison
from the top (t¼ 0:29ms), we show the liquid bridge
expansion. The qualitative analysis shows a good agree-
ment between the simulation and the experiment. A
slight variation in the times presented can be attributed
to possible errors in the image-capturing process. The fol-
lowing two snapshots present the impingement of the liq-
uid bridge on the surface and the formation of an oblate
droplet until the point when the contact line starts
retracting. We note that we accurately capture the oscilla-
tions of the shape of the merged droplet, which have
been captured by the experiment. Next, the snapshots at
approximately t’ 1.4 and 1.6 ms show moments just
before and right after the detachment of the merged
droplet from the surface. The oscillations are portraying
rapid shape changes during the detachment. As a result,
the captured image could incorporate a slight distortion,
which can be an effect of the limitation imposed by the
shutter speed. Nonetheless, we see that the shapes of the
merged droplets coincide, with the moment of detach-
ment predicted by our simulation with high precision.
Finally, the last two frames present the resulting droplets
elevating in the air, depicting similar shape oscillations
in the qualitative comparison of the two systems. In

FIGURE 2 Demonstration of spatial convergence of our

simulations. Adaptive mesh refinement is utilized, and the

minimum cell size is defined. Grid convergence is achieved for a

grid of 2.5 μm that corresponds to 40 cells per initial droplet radius.

The radius of initial droplets is 100 μm and CFL <0:35 for that

simulation. CFL, Courant number
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summary, we argue that the shapes of the droplets and
the overall analysis of the jumping process obtained by
our simulation highly agree with the published informa-
tion from the experimental study. This makes it possible
for us to now turn our attention to the main topic of our
paper, which is the coalescence and jumping of micro-
droplets on superhydrophobic surfaces.

4 | RESULTS AND DISCUSSION

We first simulate the jumping of 1 μm microdroplets
and present the snapshots of this simulation in
Figure 4, together with the equivalent ones for the case of
R¼ 100μm droplets and given for the same non-dimen-
sional time τ. The liquid bridge expands during the first
stage of coalescence for both cases (τ¼ 0:51). The merged
droplet obtains an oblate shape along the axis of droplets
initial centres (τ¼ 0:62). We observe the higher relative
curvature of the merged droplet for the 100 μm case. Such
a droplet exhibits a higher degree of expansion per radius
compared to the case of microdroplets. In both cases, the
liquid bridge hits upon the superhydrophobic surface and
the merged droplet expands its contact area up to a cer-
tain point (τ¼ 1:28). During this stage, the shape of the
microdroplet does not experience some of the features
that appear in the larger droplet case, such as oscillations
of the interface and formations of dimple shapes. The lat-
ter can be explained by the existence of strong inertial

forces that counteract the capillary forces at the interface.
The effect of capillarity is enhanced at areas of the inter-
face where the droplet is experiencing local maxima of
the curvature. In contrast, inertia does not produce the
same effect on the microdroplet, in which case the curva-
ture is retained lower. At τ¼ 1:75, the mass of the droplet
moves from the x-direction towards the y- and
z-directions (see Figure 4), with that movement being
impeded by the existence of the solid surface. Further-
more, the droplet begins retracting from the surface. The
interaction of momentum in the z-direction with the sur-
face will create an upwards motion that will reach a max-
imum vertical velocity around τ¼ 2:3 as it is shown in
Figure 5. It is interesting to point out that the peak veloc-
ity is attained slightly earlier for the microdroplet case.
Subsequently, the merged droplet experiences decelera-
tion, while the contact area with the surface continues to
reduce until the moment the droplet jumps. We note that
the detachment is experienced earlier by the larger drop-
let at τ¼ 2:5, while for the microdroplet, it takes place at
τ¼ 2:7. Specifically, a deceleration of 15% is observed for
the latter while the jumping velocity of the larger droplet
is only decreased by 4%. The deceleration phase spans
until moments after jumping, because of the existence of
a low-pressure area beneath the merged droplet and due
to oscillations. Following that phase, the jumping droplet
has obtained its travelling velocity through air. This
velocity differs for the two cases, as in the case of larger
droplets, the gravity and inertia will dictate the

FIGURE 3 Validation by

comparing our simulation results with

an experiment from Yan et al.[17]

Equally sized droplets of an initial

radius R¼ 288 μm are presented at

different instants throughout the

jumping process. The timestamps of the

simulation follow the values provided in

the experimental study. We observe a

high qualitative agreement of the

jumping behaviour between our

simulation and the experiment.
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movement, while for the microdroplets, the viscous
forces are most dominant. Note that the effect of viscous
forces is not equally dominant in the jumping of the two
types of droplets, since the time scales are dependent on
R3=2. In such cases, the accuracy of the numerical frame-
work becomes particularly important because it is what
makes it possible for us to gain an understanding of the
dissipative behaviour during and following the jumping
process.

It is also useful to look at the energy budget of the
process. Figure 6A,B depict the total kinetic energies
during the jumping of microdroplets and larger droplets,
respectively. For each case, the kinetic energies of the
velocity components are also presented in order to
understand in which direction the greater amount of
the released surface energy has been absorbed. In addi-
tion, the reduction in the surface energy, which is given
to the merged droplet due to the surface tension of
the water–air interface, is shown in Figure 7. At the
beginning of the merging process, the majority of the

FIGURE 4 Comparison between

different stages of jumping of droplets

with an initial radius of R¼ 100 μm (top

row in subfigures) and R¼ 1μm
(bottom row in subfigures). The

snapshots are made at instants that

correspond to equivalent non-

dimensional capillary-inertial time-

scales. Oscillations are less apparent in

the microdroplet case. We also note the

absence of high-curvature locations in

comparison to the R¼ 100μm case.

FIGURE 5 Evolution of the vertical velocity for the droplets

with R¼ 100 μm and R¼ 1μm. Time and velocity are normalized

with the capillary-inertial scales. There is a decrease in the jumping

velocity for the microdroplet, while the latter is launched at a later

moment than the larger one.
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released surface energy is transformed to kinetic energy
in the x-direction. A microdroplet is somewhat less effi-
cient in this process than a larger one, as a smaller per-
centage of its available energy transforms to the kinetic
energy. After the droplet goes through the initial stage
of expansion in the x-direction until τ¼ 1:3 and then
rapidly retracts up to τ¼ 2:0, the kinetic energy in the
system is experiencing a steep decrease. Such an observa-
tion implies that the energy in the system is stored as the
surface energy at either the interface or at the contact
area with the solid surface. It is noted that the merged
microdroplet during this process has experienced a
higher surface energy release in the initial stage of its

expansion on the superhydrophobic surface. This sug-
gests that either the energy could not be stored at the sur-
face due to extreme capillary forces at high curvature
areas or that it has already dissipated due to viscosity
after the initial phase, during which the released surface
energy is given as momentum in the system. Therefore,
viscosity is one of the assisting reasons that causes the
velocity of the capillary wave to decrease, before the lat-
ter could reach the low curvature area of the interface.

Even though the process as a whole is adhering to
the capillary-inertial regime by following the corre-
sponding velocity and time scales, the higher dissipated
energy in the microdroplet case could be attributed to
either viscous forces or the effect of the surface tension
that limits inertia at high curvature areas of the inter-
face. An explanation for the latter would be that the
peak capillary forces do not scale with R as the radius of
the droplets decreases, but with a power of n�1,
where n>1.

For the final energy that will be converted to upwards
motion, the efficiency is given by the percentage of the
available energy that is transformed to the translational
kinetic energy of the merged droplet in the vertical direc-
tion. The available energy in the system is the difference
between the energy of the initial interface area of the coa-
lescing droplets and the reduced surface energy of the
jumping merged droplet when the latter finally obtains a
spherical shape. For the case of the initial droplets of
100 μm, the energy conversion to the jumping motion
was calculated as 4.8%, while for the R¼ 1μm case, it
was obtained to be 2.8%. For even smaller initial droplets
of 0.5 μm, the conversion was 2.8%. The results signify
that the efficiency is markedly decreased for the jumping
of microdroplets, even though they still manage to be
expelled from the surface. Comparing the behaviour of

(A) (B)

FIGURE 6 Total kinetic energies (Ktotal) in the system normalized by the available released surface energy. The kinetic energies

computed by the direction components of the velocity (Ki) are superimposed. Figure (A) corresponds to the R¼ 100 μm droplets case and

figure (B) to droplets of R¼ 1μm. The maximum percentage of the available energy that was given as the kinetic energy in the system for the

microdroplets is significantly reduced compared to that in the larger droplet case.

FIGURE 7 Surface energies (Slg) for the R¼ 100 μm and

R¼ 1μm cases. The energies are computed from the interface area

of the water–air interaction and are normalized by the available

released surface energy for each case. A higher percentage of the

available energy has been released during the early jumping stage

for R¼ 1μm droplets.
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the kinetic and surface energies in Figures 6 and 7, it is
suggested that during the initial stage of merging, when
the liquid bridge expands and after its impingement on
the surface, the merged droplet extends its contact area
with the superhydrophobic surface. As a result, and com-
paring the two cases, the larger droplets receive a higher
percentage of the released surface energy in the form of
the total kinetic energy.

So far, we have established that microdroplets
coalesce and can effectively jump, although they do it
with a reduced jumping velocity and energy conversion
rate. Observations from these simulations may
appear contradicting to some of the previous experimen-
tal and numerical results, which emphasize that a
viscous cut-off is causing the merged droplet to adhere to
the surface.[1,51,52] The Ohnesorge number (Oh), given by
Equation (6), compares the viscous forces with the geo-
metric mean of inertial and capillary forces.

OhnesorgeOh¼ μ

ρσR
� Viscous forcesffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Inertia �Capillary
p ð6Þ

This nondimensional number shows that, for the vis-
cosity to completely dampen any effects arising from
high capillary forces during coalescence, it has to be
comparable to both surface tension and inertia. The
Weber number (We), given in Equation (7), informs us
of the relative importance of inertial forces to capil-
lary ones.

WeberWe¼ ρV 2R
σ

� Inertia
Capillary

ð7Þ

As it is seen in both our work and in previous studies, in
the capillary-inertial regime, the process follows a certain
scaling with regards to the velocity and time. With a con-
stant normalized jumping velocity v�jump, we have
We¼ v�jump

2, which is also a constant value. If v�jump is
approximately 0.24, as it has been observed for droplets
larger than 20 μm, then the Weber number becomes
We¼ 0:058. Such a low value shows the dominance of
capillary forces in this regime and that the two forces
scale the same way with regards to the governing length
scale of the system. The observation further suggests that
when the length scale is reduced and a decrease in the
non-dimensional velocity is observed, the Weber number
will decrease even further.

To complete this analysis, a thorough understanding
is required of the role of Reynolds (Re) and capillary
(Ca) non-dimensional numbers, which are defined as in
Equations (8) and (9), respectively.

Reynolds Re ¼ ρVR
μ

� Inertia
Viscous forces

ð8Þ

Capillary Ca¼ μV
σ

�Viscous forces
Capillary

ð9Þ

In the case of the jumping microdroplet with an initial
radius of 1 μm, the jumping velocity was v�jump ¼ 0:185.
This translates to Re ¼ 1:4 and Ca¼ 0:024,which for the
average velocity of the system indicates that the inertial
forces may still be of higher importance than the viscous
ones. It also indicates that at these length scales, the two
types of forces are of comparable magnitude. On the
other hand, the capillary forces are still some 40 times
greater than the viscous ones and dictate the behaviour
during coalescence. Since the Ohnesorge number can be
expressed as Oh¼

ffiffiffiffiffi
Ca
Re

q
, we argue that even though a cut-

off radius has been observed in previous studies, and as
long as the viscous forces are not dominant, the capillary
forces will overcome any effects from the viscosity. The
analysis suggests that a significant part of the surface
energy will be given as the kinetic energy to the system,
and the coalesced droplets will eventually jump. For these
reasons, as it will be shown later in the article, we inter-
pret the notion of a cut-off radius to be caused by the inter-
action of a droplet with a superhydrophobic surface and
the relative size of the microdroplets to the microstruc-
tures or nanostructures that exist on these surfaces.

( )

FIGURE 8 Normalized jumping velocities for the simulations

involving droplets of varying initial radius as a function of the

Ohnesorge number (log-scale). The red and black dashed lines

represent the trends (i.e., different slopes) on a logarithmic scale for

the jumping velocity of the larger- and microdroplets, respectively.

We note that the jumping speed declines faster for droplets with

radii corresponding to the Ohnesorge number of 0.03 and greater

(initial droplets of 20 μm as the onset of this behaviour) in

comparison to the larger droplets.
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Connecting our previous discussion on what happens
at such small scales to the corresponding Ohnesorge
numbers, simulations have been performed for droplets
of an initial radius ranging from 0.5 to 60 μm. The
obtained results for the jumping velocity are presented in
Figure 8, with respect to the Ohnesorge number and with
the sizes of the initial droplets indicated on the top of the
figure. We note that the calculated velocities decrease as
the radius decreases but observe a steeper decrease for
droplets smaller than 20 μm (corresponding to the Ohne-
sorge number of 0.03). Additionally, we compare our
results to experimental results for equivalent droplet sizes

by Enright et al.[2] In Figure 9, the jumping velocity of
the droplets is depicted, alongside the data from the men-
tioned experimental study and a curve that corresponds
to a constant normalized jumping velocity of v�jump ¼ 0:24.
The figure demonstrates the ability of our framework to
capture the behaviour of the jumping velocity that has
been observed in the experiment. The experimental
results were obtained for similar advancing and receding
contact angles (θadv ’ 170:2 ∘ and θrec ’ 166 ∘ ) with
nanostructures of up to 0.82 μm on the superhydrophobic
surface. The simulation results are provided with respect
to the merged droplets radius as the experimental study
suggested.

It is also of interest to explain how the jumping veloc-
ity is obtained from the simulations. The droplet is con-
sidered detached from the surface when all
computational cells adjacent to the surface are filled with
air. The evolution of the average velocity in the vertical
direction is given in Figure 10, and the point of detach-
ment is noted with an �-symbol. The velocity is plotted
for the cases of 1, 2, 5, and 10 μm of the coalescing drop-
lets. The linear decrease in the velocity is extrapolated
backwards to the moment of detachment in order to yield
the considered jumping velocity, v�jump, for the merged
droplet. The jumping velocities presented previously in
Figures 8 and 9 are extracted in the same way.

All our simulation cases of the jumping of microdro-
plets up to now have involved superhydrophobic surfaces
with a slight hysteresis and with very high contact angles.
The final part of our analysis is thus obtained by chang-
ing the surface wetting properties. We first simulate a

FIGURE 9 Jumping velocities for merged droplets of different

radius. The simulation results are compared to the experimental

data for jumping droplets by Enright et al.[2] The dashed curve

represents a constant jumping velocity of 0.24 UCI.

FIGURE 10 Normalized jumping velocities for four different

microdroplets obtained by the simulations. The solid lines

represent the average vertical velocity, and the crosses indicate the

jumping moments. The dashed lines show the linear decrease in

the velocity after detachment. The velocity is extrapolated

backwards to the point of detachment, giving the jumping velocity.

FIGURE 11 Simulations of jumping of 2 and 5 μm droplets on

surfaces with different wettabilities (smaller contact angles and a

more pronounced hysteresis). The contact angle values correspond

to the surfaces S1 and S2 in Mulroe et al.[46] The simulations were

performed using the minimum radius for which jumping was

observed in the experiments. The obtained results are then

compared to those with the base case contact angle values.
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case with a similar hysteresis but with lower advancing
and receding contact angles. We then proceed by looking
at the influence of a more pronounced hysteresis. For
that purpose, the previously shown results (that we here
term the base case) are compared with the simulations
that take the contact angle values from the experimental
study of Mulroe et al.[46] Two different surfaces from that
work are used, termed S1 and S2, and their wetting prop-
erties differ because of changes in surface microstructure.
For the surface S1, θadv ¼ 164:0 ∘ and θrec ¼ 159:7 ∘ , we
look at the jumping of 5 μm microdroplets, whereas for
S2, θadv ¼ 162:3 ∘ and θrec ¼ 159:9 ∘ , the jumping of 2 μm
microdroplets is investigated. In the cited experimental
work, the reported 2 and 5 μm droplets were the minimal
observed sizes of droplets that indeed jumped on S1 and
S2. In Figure 11, we compare the simulation results using
the mentioned droplet sizes from the two surfaces with
the results acquired using the surface properties of our
base case simulations. During the initial stage of the pro-
cess, the microdroplets on the S1 and S2 surfaces show a
more pronounced adhesive behaviour when the liquid
bridge expands, directing their mass towards the surface.
The relaxation of the effective contact angle in the system
from its initialization value, which was set as a mean of
the advancing and receding angles, to the receding value
for the start of coalescence, is the most probable cause of
this behaviour. In addition, the centre mass of the drop-
lets, in comparison with the base case, is located closer to
the surface due to the smaller contact angle. This results
in a stronger interaction of the liquid bridge with the
trapped air between the bridge and the surface. When the
liquid bridge impinges on the surface and the merged
droplet mass is accelerated upwards, a steeper increase in
the velocity is identified for the cases involving surfaces
S1 and S2. This behaviour continues until it results in a
higher maximum velocity. We notice this response for
both the 5 μm droplets on surface S1 and for the 2 μm
droplet case on S2. Such an observation is also in accor-
dance with the previously documented behaviour, both
experimentally[44,62,63] and numerically,[35,39,64] that ear-
lier the liquid bridge hits upon a surface during its expan-
sion phase, the higher is the reaction energy that the
merged droplet will obtain. That happens either when
there is a geometrical obstacle beneath the main direc-
tion of the liquid bridge expansion, or when the centre of
mass of the initial droplets is brought closer to the surface
(which in this case occurs because the initial contact
angle value of approximately 162∘ is lower than 169∘ for
the base case surface). After the peak of the upwards
velocity is reached, the droplet goes through another
adhesion phase with the receding behaviour, while it
takes longer to detach compared to the surface of the
base case simulations. When the merged droplet has

eventually detached, we observe a lower average jumping
velocity, but the same deceleration rate while airborne
for the simulations with different surfaces. It is important
to point out that for both 2 and 5 μm cases, the droplets
jumped with a smaller velocity, something that can most
likely be attributed to the smaller receding angle that
causes dissipation of energy before the merged droplets
are released.

In summary, we have shown that a carefully formu-
lated (with respect to the governing physics) and thor-
oughly validated numerical framework is able to predict
the jumping of droplets of a radius as small as 0.5 μm.
We have compared the behaviour of such microdroplets
with the jumping of larger droplets in the capillary-
inertial scaling regime that follows the constant normal-
ized jumping velocity. Finally, it has been shown that
capillary forces and viscous dissipation, to a lesser extent,
are indeed factors behind the lost likelihood of the jump-
ing of microdroplets, but in the present analysis, we point
out that the main reason behind the experimentally
observed existence of a cut-off radius is the surface-
droplet interaction with microstructures.

5 | CONCLUSIONS

In this work, we formulated and validated a numerical
framework for coalescence and jumping of microdroplets
(smaller than 10 μm) on superhydrophobic surfaces. The
combined VOF–immersed boundary framework involves
models for advancing and receding contact angles on a
number of superhydrophobic surfaces with different wet-
ting properties. We performed a series of simulations to
explain variations in the behaviour of the droplets whose
size is in the lower length-scale region of the capillary-
inertial scaling regime. We showed that microdroplets
can jump successfully, but, as compared to the jumping
of larger droplets (� 100μm), they do this with a
decreased normalized jumping velocity and a smaller
degree of the released surface energy converted to the
kinetic energy of an upwards movement.

Our temporal and spatial convergence studies moti-
vate using 40 cells per initial droplet radius and a con-
stant time step that assures that we always work with a
CFL smaller than 0.5. In all our simulation cases, we
used adaptive mesh refinement to improve accuracy near
the interface and the moving contact line. The frame-
work was further validated by presenting a good qualita-
tive agreement with the experimental evidence for all the
stages of the jumping process for R¼ 288 μm droplets.[17]

Our results showed that for 1 μm microdroplets, a
smaller degree of the total energy is given as kinetic
energy in the initial stage of the process, as compared to
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the jumping of larger droplets. During a droplet jumping
process, in general, it is known that a part of the kinetic
energy is returned to the surface energy and vice versa
during the oscillation of a coalesced droplet. We observed
that this exchange happens less efficiently in the case of
microdroplets. It is possible that viscosity is an important
mechanism behind dissipation, but we argue that
another important reason is that the peak capillary
forces at high curvature locations may not follow the
capillary-inertial scaling with a droplet radius. Instead,
they show an increased strength in comparison to those
during the jumping of larger droplets. For the jumping of
R¼ 100μm droplets, we calculated the degree of energy
conversion to an upwards movement to be approximately
5%. We showed that this number is generally reduced to
a half for microdroplets.

Through an analysis of the Ohnesorge number and a
comparison of the inertial and capillary forces as a function
of viscosity, we concluded not only that the capillary forces
are the main driving mechanism behind the microdroplets
jumping process but also that inertia is still an important
factor. In that sense, we note that the Reynolds number is
greater than unity, calculated with the average jumping
velocity at R¼ 100μm. Our findings are in contrast with
some previous studies, which suggest that viscous forces
are behind the existence of a cut-off region (a set of
values for which droplets of certain sizes can jump). We
argue instead that the dissipation that has been observed
at such scales in previous experimental studies is due to
interactions with microstructures on the surface.

We also presented the simulations of jumping
of microdroplets with an initial radius of as small as
R¼ 0:5 μm and compared their jumping velocities with
the experimental findings of another research group.[2]

The simulations accurately reproduced the experimental
observations even in the case of such small droplets.

Finally, we looked at the fundamentals of the micro-
droplet jumping process when a more pronounced hys-
teresis of contact angles is present not only on
superhydrophobic surfaces but also on surfaces with a
smaller degree of superhydrophobicity. For that purpose,
we ran the simulations of 2 and 5 μm droplets and proved
that, by considering the superhydrophobic surface as flat
and correctly assigning the corresponding contact angles,
the droplets will manage to jump with a reduction in
their velocity and small variations in the jumping process
(mostly in the form of a more pronounced adhesive
behaviour during the expansion of a liquid bridge).

NOMENCLATURE
bn unit interface normal vector (�)
fSF surface tension body force (kg � m�2 � s�2)

n interface normal vector (m�1)
v velocity (m � s�1)
vwall slip velocity at wall (m � s�1)
Ki normalized kinetic energy in direction i (�)

Ktotal normalized total kinetic energy normalized (�)
Slg normalized surface energy in the liquid–gas inter-

face (�)
v� averaged normalized vertical velocity of drop-

let (�)
v�jump normalized jumping velocity of droplet (�)
Ca capillary number (�)
g gravitational acceleration (m � s�2)
nw normal wall direction (m)
Oh Ohnesorge number (�)
p pressure (kg�m�1 � s�2)
R radius of initial droplets (m)
Rc radius of merged droplet (m)
Re Reynolds number (�)
t time (s)
UCI normalized capillary-inertial velocity (�)
We Weber number (�)

Greek letters
α volume fraction (�)
Δτ normalized time step (�)
Δt time step (s)
Δx cell size (m)
κ interface curvature (m�1)
λ slip length (m)
τ normalized time (�)
τCI normalized capillary-inertial time (�)
μ dynamic viscosity (kg � m�1 � s�1)
ρ density (kg � m�3)
σ surface tension (kg � s�2)
θadv advancing contact angle (�)
θrec receding contact angle (�)

Abbreviations
CFL Courant number
CICSAM compressive interface capturing scheme for

arbitrary meshes
CSF continuum surface force
SIMPLEC semi-implicit method for pressure linked

equations-consistent
VOF volume of fluid
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Droplets coalesce and jump from superhydrophobic surfaces, a result that stems from the dominance of capillary and
inertial forces and the presence of high contact angles. This phenomenon has been a subject of intensive numerical
research mostly for cases when the degree of hydrophobicity is described by a single contact-angle value (a static
contact angle). The introduction of various degrees of contact-angle hysteresis complicates the numerical modeling of
the jumping process due to the sensitivity of the results to the effective value of the contact angle. We have developed
and validated a comprehensive volume-of-fluid(VOF)–immersed boundary numerical framework that accounts for the
effect of hysteresis by focusing on the representation of actual (i.e. effective) values of contact angles. By comparing the
behavior of jumping droplets on superhydrophobic surfaces with several degrees of hysteresis (up to 15◦), we quantified
the influence of hysteresis on the jumping process and identified various stages of the merged droplet’s detachment and
re-attachment to the surface. The latter phenomena were observed in all our simulations with droplets of different
initial radii. In all the cases with hysteresis, the merged droplet eventually jumps, but we point out the decrease in the
jumping velocity as compared to cases with only a static contact angle imposed. Finally, by using the Kistler dynamic
contact-angle model, we demonstrate and quantify the importance of accurately capturing the dynamic receding contact
angle when droplets jump from superhydrophobic surfaces with various degrees of hysteresis.

I. INTRODUCTION

The main feature of hydrophobic surfaces is that they in-
herently resist the contact between a liquid and a solid sur-
face, resulting in a liquid-repellent behavior. The contact an-
gle created at the junction of the three phases, liquid, gas
and solid, is required to be above 150◦ in order for a sur-
face to be classified as superhydrophobic1. Minimization of
a liquid–solid contact area has been considered beneficial for
numerous applications involving heat-transfer with drop-wise
condensation2,3, anti-icing or defrosting coatings4–7, water-
repellent technology8, and self-cleaning surfaces9–13. Studies
also suggest that avoiding hysteresis, defined as the difference
between advancing, θadv, and receding, θrec, contact angles,
further promotes the use of superhydrophobic surfaces14,15

in the mentioned applications. However, in practice, the
presence of various types of heterogeneities, due to surface
roughness and/or wettability discontinuities, can cause devi-
ation from low hysteresis16–18. Superhydrophobic surfaces
are known for the existence of roughness patterns and het-
erogeneities caused by hierarchical microstructures (pillars)
or anisotropic textures1,19. In technological applications, such
surfaces are often inspired by natural water-repellent and self-
cleaning superhydrophobic surfaces13.

Hysteresis is caused by the pinning of the contact line (an
intersecting line for liquid, solid and gas phases) due to de-
fects existing on the surface20. The two characteristic angles
(advanced and receding ones) are often measured as the limits
between which an externally driven droplet remains pinned
on the surface16. When the contact line starts moving, the
dynamics of the Moving Contact Line (MCL) dictate the be-
havior of the interface and an apparent contact angle, θapp,

can be identified at macroscopic scales. The latter angle can
exceed the values of θadv and θrec. Understood from the phys-
ical phenomena at microscopic scales, but with a hydrody-
namic description still valid, a dynamic contact-angle model
is often formulated21,22. A notable characteristics of hystere-
sis is the pinning force which is defined as the additional
force required to remove a droplet from the surface, before
the contact area starts retracting. The force is computed as
Fpinning = 2σR(cosθadv−cosθrec), where σ is the surface ten-
sion of the liquid–gas interface and 2R is the droplet diameter
given as a reference length.20

Self-removing droplets from superhydrophobic surfaces
have recently gained attention, since the driving physics of
the process is capillarity, a free-energy source. More specifi-
cally, when two or more droplets coalesce, they tend to mini-
mize their surface energy, which connects to the minimization
of the interface area. The existence of a superhydrophobic
surface and its forced interaction with the merged droplet re-
sult in redirecting upwards the kinetic energy generated during
coalescence and cause the eventual jumping of the droplet23.
This phenomenon has been used for improving performances
of various technological applications, such as those involv-
ing condensation and self-cleaning of surfaces9,24. Numer-
ous experimental and numerical studies have focused on un-
derstanding the fundamental mechanisms behind the droplet
jumping process. The existence of low adhesion and high
contact angles, together with the negligible gravity force for
scales smaller than the capillary length, promote a swift de-
tachment from the surface, reducing the contact area during
the jumping process.25,26 In addition, studies identify distin-
guished stages of the process, which are the liquid bridge cre-
ation and expansion, its interaction with the superhydrophobic
surface, the oscillating shapes of the merged droplet resulting
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from coalescence, and the eventual jumping27,28. Boreyko and
Chen23 were the first to observe that condensing droplets can
be removed from a surface after coalescing and argued that
this phenomenon could significantly improve condensation.
The same study provided information on the jumping veloci-
ties following a capillary-inertial scaling for droplets of differ-
ent sizes and presented a cut-off radius for which the droplets
in the lower radius region deviate from it. Liu et al.27,29 com-
pared experimental findings of droplets jumping from Leiden-
frost surfaces with numerical simulations of droplets jumping
on superhydrophobic surfaces. The authors portrayed with
this comparison the existence of the already mentioned distin-
guished stages of the jumping process. Studies on dropwise
condensation showed the effect of microstructures on the early
release of droplets, which improved the heat transfer24,30–32.

A previous study pointed out that the jumping velocity was
reaching up to 0.21 vCI, where vCI is the characteristic ve-
locity associated with the capillary-inertial regime24. At this
velocity, energy efficiency in converting the available surface
energy to an upwards motion would correspond to 6%, but
there are published works that suggest improvements in the
efficiency of up to 8 times in the case of structures located
between the coalescing point and the surface33–36. However,
most studies suggest a certain range of jumping velocities
(v∗jump = 0.2 − 0.25 vCI)

24,26,37,38 and energy conversion rates

(from 3% up to 6%). Yan et al.39 performed a systematic
study of the differences in jumping resulting from different
surface structures, wettabilities and relative sizes of droplets.
Their findings suggested a maximum jumping velocity of 0.26
vCI for two droplets coalescing on a superhydrophobic surface
with nanoblade structures. For surfaces with microscale tex-
tures or wettability changes, the same authors identified vari-
ations in the jumping direction, and the jumping velocity re-
ported was generally scattered from the capillary-inertial scal-
ing and reduced for the biphilic surface.

Jumping of droplets on superhydrophobic surfaces has
also been investigated numerically. From the realm of
continuum-based techniques that focus on capturing or
tracking the interface, volume-of-fluid (VOF) was mostly
selected34,43,44,46,48–52 even though several other methods
were also used45,53–55. In addition, there are studies using
either a lattice Boltzmann framework40,41,56–58 or Molecu-
lar Dynamics59–61 with results that in principle showed the
same trends and observations as did the experiments and
continuum-based simulations. This matching of findings is re-
lated to the overall characteristics of the jumping process, but
also to the relevance of the proposed capillary-inertial scaling
law23. A comparative list for the jumping velocities , that are
obtained upon detachment and range in the main body of the
capillary-inertial region, given by both numerical and exper-
imental studies, is presented in Table I. The given values are
normalized by vCI =

�

σ/(Ri ρ).
There has been a relatively limited number of numerical

works that varied the value of the contact angle (often referred
to as the static or the equilibrium contact angle) and conse-
quently displayed a different velocity behavior for the droplets
during jumping44. This variation in the results demonstrates
the sensitivity of the problem and stresses the importance

of accurately modeling the dynamics of the Moving Con-
tact Line (MCL). The fact that the eventual jumping veloc-
ity is sensitive to the value of the contact angle, suggests
that the presence of hysteresis will indeed influence the en-
tire droplet jumping process and therefore necessitates that
a trustworthy contact–angle representation is considered dur-
ing implementation of boundaries. Cheng et al.54 looked at
this phenomenon and noted that, by varying the contact angle
and assuming constant values for θadv and θrec, the process
of jumping was mostly influenced by the value of the reced-
ing contact angle. We also note that the velocity results of a
no-hysteresis configuration reported in that study show differ-
ences as compared with the majority of the published numer-
ical results related to the evolution of the jumping velocity.
More specifically, the expected stages of the jumping process
were not clearly observed in the results. Another work by
Chen et al.45 used the generalized slip boundary condition to
connect the contact line velocity with a dynamic contact an-
gle, but the effect of hysteresis was investigated by varying a
slip parameter while not showing how the model compared to
a no hysteresis case. Nam et al.62 compared the jumping be-
havior of a hydrophobic and a superhydrophobic surface with
dynamic contact angles in order to identify dissipation of the
MCL due to hysteresis-induced pinning and viscosity. In an
experimental study, Cha et al.63 performed experiments with
superhydrophobic surfaces of different textures and with vari-
able contact angles and degrees of hysteresis. The authors
identified different minimum droplet sizes for the jumping to
take place and pointed to pinning and no-jumping observa-
tions as the outcomes of an increased droplet–surface adhe-
sion in the cases with a more pronounced hysteresis. A noble
guess for the adhesion effect, which has also been mentioned
previously62, would be that a higher degree of hysteresis per-
mits lower receding angles to occur when the droplet retracts
from the surface. The adhesion force to the surface should
also reduce the efficiency of the jumping process63. Experi-
ments have not yet reported the actual values that the apparent
contact angle obtains during the stages of droplet coalescence
and jumping on superhydrophobic surfaces. This statement
represents a limitation when promoting the use of a certain
tested dynamic contact angle model. Instead, those values are
often provided from experimental studies as the θadv and θrec

from initial arrangements of droplets before initiation of the
contact line movement. Finally, another study by Attarzadeh
and Dolatabadi43, which investigated numerically the effect
of microstuctures on superhydrophobic surfaces, mentions the
use of θadv and θrec as upper and lower limits of their contact-
angle implementation. For a flat surface without such struc-
tures, the Δθ was selected to be around 3◦. For the heteroge-
neous surface with rectangular pillars, the same authors used
the Kistler dynamic contact-angle model with a static contact
angle as input. However, there were no investigations for sce-
narios with higher degrees of hysteresis.

Our interest in this work is mainly inspired by the possi-
bilities of tuning and improving superhydrophobic surfaces
through simulations that are capable of predicting the effec-
tive (i.e.truly acting) values of contact angles. We note that
such an analysis is possible even when surfaces are modeled
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Coalescence-induced jumping of droplets from superhydrophobic surfaces — the effect of contact-angle hysteresis 3

TABLE I: List of the reported numerical and experimental jumping velocities of merged droplets on superhydrophobic surfaces.

Numerical
Authors Liu et

al.27
Farokhirad

et al.40
Liu et
al.41

Khatir et
al.38

Wang et
al.42

Attarzadeh and
Dolatabadi43

Wasserfall
et al.44

Vahabi et
al.34

Chen et
al.45

Li et
al.46

Normalized
jumping vel.[-] 0.20 0.20 0.18 0.18−0.20 0.18−0.23 0.20 ∼ 0.25 0.20 0.22 0.22

Experimental
Authors Boreyko

and Chen23
Liu et al.28 Enright et

al.24
Kim et al.37 Khatir et

al.38
Mouterde et

al.47
Wang et

al.26
Yan et al.39

Normalized
jumping vel.[-] 0.19 0.21 ∼ 0.21 0.23 0.16−0.19 0.17−0.25 ∼ 0.20−0.24 0.26

as flat surfaces, i.e. when heterogeneities are not explicitly a
part of the computational domain. For that purpose, it is only
important that the simulations are able to correctly model the
physics of a droplet–surface interaction and predict scenar-
ios when dynamic contact angles are affecting the jumping
process. The acquired knowledge can be used to tailor super-
hydrophobic surfaces to, for example, facilitate and promote
jumping for specific droplet sizes that are considered advan-
tageous for certain applications and that would not jump on
every superhydrophobic surface32,63,64. Additionally, we can
use the suggested numerical framework to identify the exact
tuning characteristics that would help to minimize the adhe-
sion force. This would increase the energy conversion rate of
the merged droplet’s upwards motion. Numerous applications
will also benefit from monitoring and controlling the effect
of hysteresis since the observed contact angles on newly de-
signed superhydrophobic surfaces are related to the potential
overall efficiency of the jumping process with a framework
that handles the contact-angle hysteresis by paying special at-
tention to fine details of the Moving Contact Line (MCL) dy-
namics. However, we point out the absence of credible proof
that a certain dynamic contact-angle model would in general
behave more accurately than any of the ones typically pre-
sented in literature, without limiting our discussion to just the
implementations relevant for our work. Additionally, we ar-
gue that the representation and implementation of the actual
contact angles become more challenging but also more im-
portant, because the outcome of the whole process is highly
sensitive (as we will show in what follows) to the droplets’
interaction with the surface. For making possible optimiza-
tion of the properties of a superhydrophobic surface through
numerical simulations and in order to achieve a high degree
of accuracy when predicting the dynamics of the MCL, spe-
cial treatment is required in the numerical framework to deal
with the existence of the stress singularity at the MCL65–67.
For that purpose, we use in this work the frequently suggested
Navier slip boundary condition68,69 and implement it in the
way as described in Section II.

Although a specific behavior of jumping droplets on sur-
faces with hysteresis has already been observed experimen-
tally, there is still a lack of numerical analyses that focus on
the details of the droplet–surface interaction and the contact
line movement in such cases. Moreover, there is still a limited

number of studies that provide detailed explanation and quan-
tification of the changes in the jumping behavior that the pres-
ence of hysteresis may cause. The present work is an attempt
to fill that gap and, for that purpose, we use the in-house mul-
tiphase flow solver IPS IBOFlow R�. The solver is based on
a comprehensive combined VOF–immersed boundary frame-
work and includes several dynamic contact-angle models and
a Navier slip model, as presented and validated by Göhl et
al.70. To understand the behavior of jumping droplets on su-
perhydrophobic surfaces with a significant hysteresis present,
realistic values for θadv and θrec from selected experimen-
tal works are used and variations in the degree of hysteresis
are performed to identify limitation points. For the contact-
angle implementation, our idea has been to increase gradually
the complexity with which hysteresis is both introduced and
modeled on the studied superhydrophobic surfaces. We thus
start with an implementation of fixed advancing and receding
contact–angle values using the quasi-static scheme, and con-
tinue with an example of a selected dynamic contact-angle
model. In summary, we aim at identifying, understanding and
quantifying a range of behaviors for jumping droplets when
different degrees of hysteresis are present. For that purpose,
we carry out a systematic numerical investigation on how the
presence of hysteresis affects the jumping process by looking
at the detailed physics of the contact angles and the MCL, and
the influence of the radii of the involved droplets.

II. METHODOLOGY AND CONFIGURATION

A. Methods

The numerical computations were performed with the in-
house flow solver IPS IBOFlow R� that is based on a com-
bined volume-of-fluid (VOF)–immersed boundary method71.
It solves the incompressible Navier–Stokes equations:

∇ ·v = 0 ,

∂ (ρv)

∂ t
+v ·∇(ρv) =−∇p+∇ · (µ∇v)+ρ g+ fSF , (1)

where v gives the velocity vector field, P the pressure, ρ and
µ is the density and dynamic viscosity of the fluid, g is the
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Coalescence-induced jumping of droplets from superhydrophobic surfaces — the effect of contact-angle hysteresis 4

gravitational acceleration and fSF is the surface tension force
at the interface.

VOF is a sharp interface-capturing method and includes a
transport equation for the volume fraction field to capture the
interface location, which reads:

∂α

∂ t
+v ·∇α = 0 , (2)

where α is the volume fraction. Additionally, to obtain the
fluid properties for a volume cell, density and viscosity are
computed by the volume average of the properties for the two
fluids as following:

ρ = α ρ1 +(1−α)ρ2 , (3)

µ = α µ1 +(1−α)µ2 . (4)

The coupling of pressure and velocity is performed with the
help of the segregated SIMPLEC method72 and the discretiza-
tion is performed on a co-located grid. For the volume fraction
equation, Equation (2), discretization of the advective part is
performed according to the higher order differencing scheme
CICSAM73. It is a fully conservative and bounded scheme
that ensures sharpness of the interface during its advection.

The continuum surface force method (CSF)74 is used for
the surface tension body force fSF , where the force is given
from the interface geometry and the surface tension property
as

fSF = σκn , (5)

where σ is the surface tension between liquid and gas, κ is the
interface curvature and n the interface normal vector.

The unit normal vector n̂ for the interface is computed from
the gradient of the volume fraction, whereas the curvature is
obtained from the divergence of n̂:

n̂ =
n

knk
=

∇α

k∇αk
, (6)

and then the curvature is calculated as

κ =−∇ · n̂. (7)

To capture the location of the Moving Contact Line and
model the angle of the interface, the following approach is
used: for numerical implementation of the contact angle we
follow our previous work.70. For the implementation of hys-
teresis with different advancing and receding contact angles,
the quasi-static model is used that imposes the apparent con-
tact angle by recognizing a receding or advancing movement
in accordance to the computed contact line velocity. In ad-
dition, we use the Kistler dynamic contact–angle model and
the value of the imposed dynamic contact angle θdyn in the
cells near the solid surface and in proximity to the location
of the contact line is given as follows: it is known that the
Kistler’s law, as it is also known, applies the Hoffman func-
tion fHo f f

75,76, which is a correlation to experimental data,
when the contact line velocity is to be calculated. When using
the Kistler model, the value of the contact angle for a static

arrangement is required, which is the same as the quasi-static
θadv and θrec values for the corresponding contact line move-
ment. In this study, we thus adopt that the angle for a station-
ary contact line in the Kistler model is given by the advancing
or receding contact angles, as they are available from experi-
mental studies. Then a modification of the Hoffman function
was performed following a study on both advancing and re-
ceding contact angles, which demonstrated that, for surfaces
with very high contact angles77, the Kistler model is still able
to capture the behavior of the reported experimental data76.
The equation reads

θdyn = fHo f f

�

Ca+ f−1
Ho f f (θst)

�

, (8)

where fHo f f (x) =

cos−1

�

1− 2tanh

�

5.16

�

x

1+ 0.332x0.99

�0.62
��

. (9)

As all solution variables are stored at the cell centers, a
Balanced-Force method78,79 is used to improve the accuracy
of the properties calculated at the faces. This method includes
the forces and a time derivative in the velocity interpolation,
making the forces and the pressure gradients balanced at cell
faces. The result is a more accurate and stable estimation for
the face velocities, reducing the spurious currents and oscilla-
tions due to pressure instabilities.

Boundary conditions are formulated using the mirroring
immersed boundary method (MIBM)71,80 that makes it possi-
ble to describe solid surfaces with triangulated objects. MIBM
is a second-order accurate method that sets the velocity field
at the boundary by mirroring the velocity field. The method
is used to set the local boundary condition on the structured
octree-background grid. For the contact line, the method sim-
plifies the surface force calculations when considering the
local boundary normal vector needed when implementing a
contact-angle model70.

For the velocity at the three-phase boundary, a slip effect
is assumed and modeled with the Navier slip boundary condi-
tion to remove the MCL stress singularity problem. Following
the implementation of the immersed boundary method in our
previous publications70,81, the slip velocity is computed in the
tangential direction and imposed by the immersed boundary
condition in the equation of MIBM that reads

~vext +~vghost

2
=~vIB,slip , (10)

where~vIB,slip is the computed velocity to be set at the bound-
ary for which the tangential slip velocity vslip has been added,
~vext is the velocity at the nodes of the fluid and ~vghost is the
velocity at the fictitious nodes of the domain that are occupied
by the body mass.

B. Configuration of the simulations

We design our simulations in three Cartesian dimensions
with a flat plane representing the superhydrophobic surface
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Coalescence-induced jumping of droplets from superhydrophobic surfaces — the effect of contact-angle hysteresis 5

FIG. 1: Representation of A) the physical model used in our
work and B) the grid set-up and refinement for a case for

which the minimum cell size is 1/40 of Ri. (40 cells per Ri

for which the boundary conditions are imposed. The frame-
work has the ability to vary the number of droplets and their
sizes. In addition, it connects the grid creation and the domain
dimensions to the radius of the smallest droplet. The size of
the domain is 10Ri×8Ri×6Ri, scaling to the smallest droplet
initial radius Ri, as represented in Figure 1A).

The grid is automatically created with an octree grid that
uses Adaptive Grid Refinement (AGR). The method is set-
ting a selected level of refinement to the interface between
the fluids, as well as to the liquid-solid boundary. The AGR
method monitors the interface at every time step and, depend-
ing on movements of the interface, updates the grid if needed.
It sets at least 6 cells of the highest refinement level stretch-
ing away from the interface (see also Figure 1B). These cells
are selected to have a size proportional to Ri. For example,
when a certain grid is said to have 20 cells per Ri (cR), where
Δx = Ri/cR, this expression implies that the cells near the in-
terface have a cell size corresponding to 1/20 of the droplet
radius. The same principle of course holds for other grid res-
olutions.

The choice of a time step in a problem with a high influence
of capillary and inertial forces needs to take into account the
dominating time scales for the jumping droplets phenomenon.
The time is given as the normalized time τ which is scaled by
the capillary-inertial time scale tCI and hence the time step Δt

should be smaller than tCI =
�

R3
i ρ/σ. In addition, the time step

needs to respect the time-step constraint related to capillary
waves:

Δt ≤

�

(ρ1 +ρ2)Δx3

4πσ
, (11)

as derived by Brackebill et al.74 or the equivalent one sug-
gested by Denner and van Wachem82 for a static case of op-
positely coming waves:

Δt ≤

�

(ρ1 +ρ2)Δx3

2πσ
. (12)

Additionally, the time step choice must comply with the
Courant number (CFL) condition. For different droplet radii,
the average normalized jumping velocity is considered con-
stant v∗jump = U , as has been shown by several previous

FIG. 2: Time convergence study of the average upwards
velocity in time, normalized by the capillary-inertial scales.

The radius of the initial droplets is 25 m.

works27,40. The velocity in the capillary-inertial regime scales
with vCI =

�

σ/(Ri ρ). So the actual average jumping ve-
locity should be v jump = U vCI. When a default case is set
up for the system with Δtde f being the time step and Δxde f =
Ri,de f /cR,de f , we have the Courant number computed as

CFLde f = CFLconst =
v jump Δtde f

Δxde f

. (13)

To reach a constant CFL when the radii of the initial droplet
or the cell size vary, the time step needs to be adjusted so as

Δt = CFLconst
Δx

v jump

. (14)

By substituting in Equation (14) the definitions for v jump and
Δxde f , the time step of a simulation with different Ri or grid
resolution should follow:

Δt = Δtde f

�

Ri

Ri,de f

� 3
2 cR,de f

cR

. (15)

III. VALIDATION

We demonstrate time convergence of our framework by fol-
lowing the jumping of two equally-sized droplets of Ri = 25
m and using three time steps for the simulations, Δt = 2.5E-8
s, 1.25E-8 s and 0.625E-8 s, that correspond to maximum
CFL values of approximately 0.55, 0.30 and 0.15, respec-
tively. Figure 2 shows the evolution of the velocity profile
with time τ and velocity v∗ normalized by the corresponding
scales tCI and vCI, respectively. The lines show an identical ve-
locity evolution for the different time steps, as no observable
difference between them is identified. That would in theory
permit us to use the largest time step of the three cases for
all our simulations. However, due to an excess increase in
the number of inner iterations for reaching the same solution
residual, doubling the time step is not accompanied by halv-
ing the computational cost and, as a result, the medium time
step of Δt = 1.25E-8 s was selected for use throughout this
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Coalescence-induced jumping of droplets from superhydrophobic surfaces — the effect of contact-angle hysteresis 6

FIG. 3: Grid convergence study of the average upwards
velocity in time, normalized by the capillary-inertial scales,
for three different grid configurations for Ri = 25 m. The

cases involving 30 and 40 cells per Ri demonstrate
convergence of the jumping velocity behavior.

work. Moreover, the selected time step case returned values
for the Courant number that do not exceed 0.5 for all the sim-
ulations performed in this study. Restricting CFL preserves a
sharper estimation of the interface from the CICSAM method,
which will retain the same approach for computing convective
coefficients in the volume fraction transport equation.

To achieve and prove grid convergence, it is needed to un-
derstand the behavior of the slip length lsl that is used in the
formulation of the Navier slip boundary condition. A series
of tests were performed to identify the sensitivity of the simu-
lations to the grid resolution. Studies show that in several ap-
plications the slip length is highly dependent on the cell size
of the cells in the vicinity of the solid surface83,84. For the
jumping droplets case, the slip length can be also associated
with the radius or another characteristic length of the system,
e.g. the height of superhydrophobic microstructures. There-
fore, we tested two methodologies to identify how grid con-
vergence and the outcome of the jumping process are affected
by the choice of a slip length. By varying the cell size, we
observed that in the cases when the slip length was adjusted
to a half of the cell size, grid convergence was partly achieved
but with a distinct separation between the jumping droplet ve-
locities. Second, when the slip length was kept constant in
relation to the droplet radius, convergence was achieved con-
sistently in the jumping velocities with a better agreement of
the final result. The general behavior of the system was sim-
ilar for all the simulations, but to our understanding, the slip
length is an important parameter to identify the instant when
the droplet is released from the solid surface.

We present the results from the simulations with 20, 30 and
40 cells per Ri, with a slip length of lsl = 310 nm and Ri = 25
m. In Figure 3 the cases of 30 and 40 cells per Ri show con-
vergence, while the case of 20 cells per Ri does not yield the
same result. For the remaining simulations in this paper, the
resolution of 40 cells per Ri is selected. The proposed grid
configuration is benefiting from the use of two levels of re-
finement close to the interface. To keep an acceptable size
of the cells in the regions that exclude the interface and the

FIG. 4: Obtained jumping velocities from the simulations
with different droplet radii Ri as compared to experimental

data by Yan et al.39. Both sets of values are normalized with
the corresponding velocity capillary-inertial scale vCI.

Moving Contact Line (termed base cells), only a single level
of refinement is suggested for use in a coarser grid. For the
case of 30 cells per Ri, the base cells in the far domain are
smaller than for the 40 cells per Ri case, increasing the com-
putational cost in the less significant regions of the domain in
the far-field of the interface.

We also compared the results of our simulations to experi-
mental results of the jumping velocity. In Figure 4 data from
Yan et al.39 are presented for the jumping velocity measured
upon detachment, normalized by the capillary-inertial veloc-
ity scale vCI for different initial droplet radii Ri. The men-
tioned study provides consistent measurements of the jumping
velocity that follows the capillary-inertial scaling. The simu-
lations were performed using advancing and receding contact
angles θadv = 170.3◦ and θrec = 167.7◦ that correspond to the
measured values of the homogeneous superhydrophobic sur-
face in the experiment. A good agreement of the jumping
velocities is noticed, with the numerical results overall cap-
turing the behavior observed in the experiment. The trend of
the normalized jumping velocity to remain constant over Ri

for the capillary-inertial scaling is clearly demonstrated in our
simulations. The estimated jumping velocity is lower only
by less than 5% compared to the experimental mean value.
We seem to marginally underpredict the exact value of the ex-
perimental results, for which the reasons can be various. We
argue that one of the reasons could be because we cannot be
entirely certain regarding the fluid properties or the reported
droplets radii in the experiments. It is to be noted here that
the slip length used in the simulations was equal to the size of
a wall cell, in the 40 cells per Ri grid, for the simulation case
with initial droplets of size Ri = 288 m. This approach returns
a physical value of lsl = 7.2 m and the chosen setting gave
the best agreement to the experiment for our jumping veloc-
ity, while such a high slip length is in line with the observed
properties of superhydrophobic surfaces19.

An extra emphasis is now given to demonstrate the adaptiv-
ity and high fidelity of our framework, by performing a three-
droplet simulation of jumping of unequally-sized droplets.
The aim here is to reproduce in detail all the stages of this

T
hi

s 
is

 th
e 

au
th

or
’s

 p
ee

r 
re

vi
ew

ed
, a

cc
ep

te
d 

m
an

us
cr

ip
t. 

H
ow

ev
er

, t
he

 o
nl

in
e 

ve
rs

io
n 

of
 r

ec
or

d 
w

ill
 b

e 
di

ffe
re

nt
 fr

om
 th

is
 v

er
si

on
 o

nc
e 

it 
ha

s 
be

en
 c

op
ye

di
te

d 
an

d 
ty

pe
se

t.

P
L

E
A

S
E

 C
IT

E
 T

H
IS

 A
R

T
IC

L
E

 A
S

 D
O

I:
 1

0
.1

0
6
3
/5

.0
1
1
8
6
4
5



Coalescence-induced jumping of droplets from superhydrophobic surfaces — the effect of contact-angle hysteresis 7

FIG. 5: Comparison of different stages of the coalescing and
jumping of three unequal droplets, provided by our

simulations and experiments by Yan et al (with
permission).39. The images from experiments are always

given above the corresponding simulation ones. The droplet
sizes are indicated in the bottom of the figure.

process as shown in the experimentally obtained images pre-
sented by Yan et al.39. We have estimated the radii of the
initial droplets as R1 = 235 m, R2 = 268 m and R3 = 293 m
by analyzing the published figure and the suggested scaling
from the authors. Time-instants are presented with the simu-
lation results matching the experimental images in Figure 5.
An exceptionally close agreement is demonstrated between
the complex droplets’ oscillation features appearing in the ex-
periment and the video produced by our simulation. In detail,
the initial process of the two larger droplets coalescing and
the smaller one remaining still is unambiguously recognized
in both the simulation and the experiment. At the moment
when the smaller droplet starts its own coalescence with the
resulting droplet, the expansion of the liquid bridge seems to
agree for the two cases, as does the general shape of the two
pre-merged droplets. Next, the expansion in the lengthwise di-
rection and the liquid bridge formation are captured properly.
The two recognizable features(lump-shaped formations) from
the pre-merged droplets and the smaller droplet exist in all the
instants following up to the point when the smaller droplet
merges to the already formed bigger formation. The nipple
formation has been accurately modeled by the simulation and
at the correct time scales. When the jumping occurred, only a
single instant was provided in the experimental study, which
our simulation managed to predict as well. Therefore, we ar-
gue that the overall behavior of the jumping process for the
three unequal droplets has been captured with very good pre-
cision. Consequently, we recognize the ability of our frame-
work to capture the behavior of strong inertial and capillary
effects that exist in the jumping droplets phenomenon.

We finally provide a validation case that reflects the nuances
that the presence of hysteresis brings to a jumping droplets
process. We first note that a general lack of significant quan-
tity of experimental data on such surfaces (and especially on
the parametric details that such studies could uncover) ren-
ders comparisons between experiments and numerical simu-
lations far from straightforward. In our work, we have cho-
sen to rely on a qualitative comparison with an experimental
video provided as Video S4 in the supplementary informa-
tion of Yan et al.85. The reported surface had a hysteresis of
Δθ = 17◦, with θadv = 162◦ and θrec = 145◦, and the radius of
droplets of Ri = 156 m. In Figure 6 a set of instances extracted
from that video are compared to our simulation with the same
contact-angle values. The contact-angle model used for the
simulation in this case was the quasi-static model, which was
found to have a similar pinning moment at the fifth instant (at
t = 9.9 ·10−4 s) shown in the figure. We point to the nucleation
of tiny droplets in the experiments, as the surface was reported
to be cooled. The existence of these droplets does not affect
the experimentally identified stages of the jumping droplets
process. We recognized in our simulations the same patterns
in the oscillations and formations of the merged droplet as
those in the experiment. Hence, we consider our numerical
framework validated also for dealing with superhydrophobic
surfaces with various degrees of hysteresis present, in addition
to being able to capture the shape oscillations caused by the
dominance of capillary and inertial forces.
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Coalescence-induced jumping of droplets from superhydrophobic surfaces — the effect of contact-angle hysteresis 8

FIG. 6: Validation case of droplets jumping from a
superhydrophobic surface with hysteresis present, as
provided by a video recording from Yan et al. (with

permission)85. The images from the experiments are given
above the corresponding simulation ones, and instants from
the simulation are provided that match the recording video
timing suggested from the authors of the cited experimental
study. Droplet sizes are indicated in the bottom of the figure.

IV. RESULTS AND DISCUSSION

To understand the influence of contact-angle hysteresis on
the jumping process, we have carried out a series of simula-
tions with various degrees of hysteresis and under different
operating conditions. A qualitative point of comparison and
a starting point in our analysis is to create numerical cases
in accordance with existing experimental studies of droplets
jumping from superhydrophobic surfaces with non-negligible
degrees of hysteresis. Following the study of Mulroe et al.32

that reported on the jumping ability of droplets with differ-
ent radii from tuned superhydrophobic surfaces, we have se-
lected a surface with a high degree of hysteresis as our base
case. For the presented surface, designated as S3 in Mulroe
et al.32, the values of θadv = 162◦ and θrec = 147◦ are pro-
vided. A minimum reported radius, termed a cut-off radius of
droplets that indeed jumped on the S3 surface, was approxi-
mately 25 m. We recreated such a case with equal droplets
and first used the quasi-static contact-angle model to study
the Moving Contact Line. A simulation with a static contact
angle of θ = (θadv + θrec)/2 was also performed in order to
understand how a simplified modeling approach for the con-
tact angle would influence the jumping process. The two cases
confirmed coalescing and jumping from the surface, but sig-
nificant differences were observed. The results are presented
by a plot of the normalized velocity evolution in Figure 7. Ad-
ditionally, five instants of the two simulated cases are shown

in the figure. We note that the stage of the liquid bridge expan-
sion and the initial oscillations are captured similarly for the
two cases. As depicted at instant I, the contact area with the
solid surface is roughly the same, as well as the shape of the
merged droplet. It can be also observed that during the liq-
uid bridge expansion the initial contact area of the droplets
reduces, causing a receding behavior at the contact line of
the two initial droplets with the solid surface. While it later
reaches roughly the same average upwards velocity, the sim-
ulation with hysteresis has a higher degree of initial attraction
towards the surface, probably caused by the enforcement of
the receding contact angle "sticking" the two initial droplets to
the solid surface. This θrec is reduced by 7◦ compared to the
value of the static contact angle imposed in the no-hysteresis
case, where the contact angle is given by its equilibrium value.
As expected from the literature, at instant II the droplet in a
no-hysteresis case detaches from the surface. In contrast, the
droplet with the hysteresis present retains contact with the sur-
face due to the action of the receding contact angle (note the
difference in the droplet–surface contact area at instant II for
the two cases in Figure 7). Following a period where the ve-
locity keeps decreasing for the hysteresis case, at instant III

the merged droplet was also detached from the surface. It is
noted that the shape of the droplet shows characteristic varia-
tions compared to the elevated no-hysteresis case. At instant
IV the merged droplet for the simulation with hysteresis re-
attaches to the surface during a shape oscillation, in which
the droplet elongates in the vertical direction and the interface
hits the solid surface. Contact angles are re-applied and the
velocity of the merged droplet decreases. The re-attachment
is an important finding, contrasting the experience of jumping
droplets on no-hysteresis surfaces, where the merged droplet
just elevates into the air. At instant V, the merged droplet in
the hysteresis case has a significantly different shape moments
before detaching for the second time. Eventually, the droplet
elevates with the reduced upwards velocity to that it possessed
at the point of the final detachment. The droplet in the no-
hysteresis case never experienced re-attachment and kept el-
evating with a constant velocity, while experiencing damping
shape oscillations.

Next, we looked at the sensitivity of the simulations to
slight variations of θadv and θrec. In addition to our base case,
two more cases were tested with i) a halved hysteresis with
Δθ = 7◦ and ii) lowering θadv and θrec by 4◦. In Figure 8A)
the velocities of these three cases are presented. Figure 8B)
shows the corresponding calculated contact angles imposed
in the vicinity of the MCL, averaged for the different cells.
The case i) with a reduced hysteresis showed an increased
jumping velocity but the same general behavior of the com-
ing detachment–re-attachment–detachment cycle as the base
one. For case ii) with the reduced contact angles, the merged
droplet was unable to jump. The experienced average velocity
is below zero, as the droplet finally detaches during a retrac-
tion of the MCL caused by the shape oscillation. Since the
droplet decelerated during the contact with the surface, it ob-
tained a negative velocity, with the direction being towards
the wall. The contact-angle values show that for the base
case the process was initiated with the receding contact an-
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Coalescence-induced jumping of droplets from superhydrophobic surfaces — the effect of contact-angle hysteresis 9

FIG. 7: The influence of hysteresis on fundamental features
of droplets jumping from superhydrophobic surfaces. A) The

normalized upwards velocities for the hysteresis- and
no-hysteresis cases are plotted as a function of

non-dimensional time, while the crosses (×) and circles (◦)
represent the moments where detachment and re-attachment

occur correspondingly. B) Five instants from both
simulations are presented. For each pair, the no-hysteresis
case is depicted above the corresponding hysteresis one. A

significant reduction in the jumping velocity and a temporary
re-attachment for the droplets with the hysteresis present is
observed. Note the difference in the droplet–surface contact

area at instant II for the two cases. Droplet sizes are indicated
in the bottom of the figure.

gles in most locations of the interface. Following the moment
when the liquid bridge hits the surface, the droplet expands
on the solid surface and the advancing angles dominate. At
that point, high acceleration is observed. Before detachment
for the cases with the applied hysteresis, the imposed angles
switched twice between the receding and advancing angles.

FIG. 8: A) Velocity evolution of three cases with a
substantial hysteresis: the base case (the dashed red line)

with Δθ = 15◦, the test case i) (the blue line) with a reduced
hysteresis (Δθ = 7◦) and the test case ii) (the black line) with

lower contact angles imposed while preserving Δθ = 15◦.
The initial droplet radius in all the cases is Ri = 25 m. The
crosses (×) and circles (◦) represent the moments where
detachment and re-attachment occur. B) Variations of the

contact angle with time for the three cases, averaged for the
length of the contact line. The differences in contacts of the
droplets with the superhydrophobic surface are observed, as
well as the decrease in the jumping velocity as the degree of

hysteresis increases and/or θ decreases.

The jumping occurred for the base case and the test case i).
After this, the merged droplet was re-attached with a slight
time difference between the two cases, at which point an ad-
vancing behavior was observed before ultimately switching
to a mostly receding one and finally jumping. The test case
ii) with the lower contact angles showcased similar variations
for the contact angle, caused by the shape oscillations of the
merged droplet, and eventually the droplet was detached at a
later stage. Additional information is given in Figure 8B) on
the enhanced attraction of the initial droplets mass toward the
solid surface, during the liquid bridge expansion stage. The
receding values are dominating the initial stage and the influ-
ence in the negative velocity is more prominent for higher hys-
teresis situations. Moreover, the maximum upwards velocity
of the merged droplets is roughly the same, which proves that
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Coalescence-induced jumping of droplets from superhydrophobic surfaces — the effect of contact-angle hysteresis 10

FIG. 9: Effect of radius of the initial droplets on the velocity
for cases with different degrees of hysteresis ( A) Δθ = 15◦

with θadv = 162◦ and θrec = 147◦, and B) Δθ = 7.5◦ with
θadv = 158◦ and θrec = 151◦ ). The non-dimensional

upwards velocity of the droplets is compared for five droplet
radii. The moments of detachment and re-attachment are

pointed with crosses (×) and circles (◦) respectively for each
simulation. We notify the trend for the decrease in the

jumping velocity as the droplet radius reduces.

θadv is a less important factor to the eventual jumping velocity
compared to the value for θrec.

We have seen so far that the presence of hysteresis signif-
icantly changes the nature of the jumping process from su-
perhydrophobic surfaces. An interesting question is now the
role of the size of initial droplets. In our previous work81 it
was shown that droplets as small as Ri = 10 m demonstrate
the same non-dimensional velocity as do larger droplets, with
only gravity becoming a factor of variation in the latter case.
Therefore, we have performed a series of simulations with
varying droplet radii in which contact angles were given ac-
cording to the base case (Δθ = 15◦). Figure 9A demonstrates
the non-dimensional velocities for Ri = 12.5 – 200 m, which
show for all the cases the previously identified re-attachment–
detachment phenomenon that follows the initial detachment
stage. The jumping velocity decreases for each size reduc-

tion. This finding emphasizes that, as the relevance of in-
ertia decreases related to the viscous forces in the system,
the droplet will stay attached longer to the surface. Conse-
quently, a longer contact will result in more dissipation of
energy due to interaction with the superhydrophobic surface,
which in the numerical investigation is partly caused by the
viscous stresses at the Moving Contact Line (MCL). To iden-
tify the sensitivity of that result to the contact-angle values,
the hysteresis was reduced to a half of that of the base case
(Δθ = 7◦, the same as presented in Figure 8) for all the dif-
ferent sizes and the results are presented in Figure 9B. It is
noted that for Ri ≥ 100 m the droplet is detaching from the
surface only once and retains the jumping velocity of the first
detachment, in line with the known behavior of cases without
hysteresis. For Ri ≤ 50 m the double detachment is observed
for both configurations, although a higher jumping velocity is
noticed for the cases with a lower degree of hysteresis. The
decreased velocity in the cases with higher hysteresis is ex-
plained by the greater adhesion force (Fpinning), as the merged
droplet remains longer in contact with the surface.

After having observed the effects of hysteresis when Δθ
increases, we looked at the influence of the initial radii (Ri)
of the coalescing droplets on the jumping velocity. In de-
tail, we have tested four Δθ (0◦, 3◦, 7◦ and 15◦) with five
cases of initial droplet radii (Ri = 12.5,25,50,100 and 200
m). The jumping velocities are presented in Figure 10. We
note that the jumping velocities decrease steadily for droplets
smaller than Ri ≤ 50 m. Such a trend is particularly visible
for the cases with Δθ = 7 and 15◦, where the influence of a
receding contact angle hinders the self-jumping of droplets of
progressively smaller radii. On the other hand, the jumping
velocity is much less sensitive to changes in droplet radii for
no-hysteresis and small-hysteresis cases (0◦ and 3◦). A slight
drop, as observed at Ri ≤ 25 m, follows the trends reported
in the literature for numerical studies of jumping of micro-
droplets on superhydrophobic surfaces81. There can be two
additional conclusions from the same figure. The first one
is that the highest degree of hysteresis showed a significant
decrease in the jumping velocity for all the radii investigated.
Second, there is a significant jump in the decrease of the jump-
ing velocity of the case of Δθ = 7◦ when Ri lowers from 50
to 12.5 m. Our understanding is that, considering also the re-
sults from Figure 9, the jumping droplet misses a chance of
detaching while a retraction stage is recorded for Ri ≤ 25 m,
and therefore it decelerates and has a re-attachment at a later
stage, which causes the significant loss of the upwards kinetic
energy.

As the next step in our study, we looked at the significance
of using dynamic contact angles in the simulations. We fo-
cused on being able to dynamically adjust the contact angle
during its implementation in the cells near the solid surface
and in proximity to the contact line location. For this study,
θdyn is dependent on the computed contact line velocity and
the model chosen for obtaining θdyn is the Kistler model75,
which utilizes the Hoffman correlation function for apparent
contact angles in advancing liquids. The same model has also
been used when a contact line is receding. A modification of
the Hoffman function was implemented following a previous
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Coalescence-induced jumping of droplets from superhydrophobic surfaces — the effect of contact-angle hysteresis 11

FIG. 10: Collected numerical results for v∗jump over five
different initial droplets radii, Ri. The increasing hysteresis
leads to a significant reduction in the jumping velocity. This
trend is especially pronounced for all the Ri in the highest

hysteresis case and for Ri ≤ 50 m for the medium hysteresis
case (e.g. for Δθ = 7.5◦).

study on both advancing and receding contact angles, which
proved that for surfaces with very high contact angles77 the
Kistler model is still able to capture the behavior of the pub-
lished experimental data76. We remind the reader that when
using the Kistler model, the value of the contact angle for
a static arrangement is required, which is the same as the
quasi-static θadv and θrec values for the corresponding contact
line movement. In our case, the values of θadv = 162◦ and
θrec = 147◦ were used as input when implementing the dy-
namic contact-angle model. The simulations were performed
for two initial droplet radii, Ri = 25 m and Ri = 200 m, and
the normalized velocity profiles are shown in Figure 11. For
comparison, we present the results obtained using the quasi-
static contact-angle model in the same figure. The veloc-
ity decreased for both sizes when using a dynamic model,
as the contact period of the merged droplet with the surface
lasted longer. For the case of Ri = 200 m with the quasi-
static contact-angle model, the merged droplet demonstrated
an early detachment–re-attachment sequence, which was not
seen in the dynamic contact-angle case, where the merged
droplet remained in contact with the solid surface at that point.
Afterwards, the larger droplet in the dynamic contact-angle
model case displayed a delayed final detachment compared
to the quasi-static contact-angle one, which resulted in a de-
crease of the jumping velocity of more than 25 %. A similar
behavior of a longer contact and the later release was identi-
fied for the smaller droplet case, where the use of the dynamic
contact-angle model showed a single occurrence of detach-
ment and a highly reduced jumping velocity compared to the
quasi-static contact-angle case (the difference being more than
40 %). We remind the reader here that using the quasi-static
contact-angle model already represented a significant step in
reducing the jumping efficiency when hysteresis was consid-
ered.

Following the results for droplets of Ri = 25 m, in Figure 12
the averaged contact-angle values along the MCL are given

FIG. 11: The normalized velocity using two contact-angle
models: the quasi-static model (the dashed lines) and the

Kistler dynamic model (the solid lines) for two initial droplet
radii Ri. The crosses (×) and circles (◦) represent the

moments where detachment and re-attachment occur. The
normalized velocity plots illustrate how the use of different
models affects the upwards velocity of the droplets. The use
of the Kistler model results in the lower jumping velocity for

both Ri.

for the two different contact-angle models at each time step.
We note how the dynamic contact angle decreases differently
in the periods when a more pronounced receding movement
of the contact line is observed. The receding contact angle of
the dynamic model is lower than the one from the static θrec

during the retraction stages of the merged droplet. This adjust-
ment causes the merged droplet to avoid detachment at τ ∼ 3.4
in contrast to the quasi-static model case, while it also delays
the final detachment of the droplet. This slight variation in the
averaged receding contact angle of almost 2◦, during the time
where the contact line velocity is high, demonstrates varia-
tions in possible outcomes of the jumping process and its ef-
ficiency. These variations reveal the importance of applying
the effective (i.e. truly acting) contact angle and deciding on
the choice of parameters that affect the dynamic contact angle,
which for our study was the contact line velocity. Note that,
in general, there can be other possibilities for such parameters
(that were not considered in this study), such as the existence
of pillars or partial wetting instabilities (e.g. changes from
Wenzel to Cassie–Baxter wetting types).

The choice of a dynamic contact-angle model leads to vari-
ations in the velocity evolution and the dependence on the
effective receding contact angle in the system. For a more
systematic study on how the mentioned phenomena vary for
droplets of different sizes, the two contact-angle models were
employed in the simulations involving five initial droplet radii
(Ri = 12.5,25,50,100 and 200 m). The results were com-
pared to the equivalent simulations with the static contact an-
gle at θst = 154◦, which is the mean of the θadv and θrec for
the superhydrophobic surface investigated in this study. The
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Coalescence-induced jumping of droplets from superhydrophobic surfaces — the effect of contact-angle hysteresis 12

FIG. 12: Comparison of the averaged contact angle
implemented along the contact line in the cases of the two
contact-angle models for Ri = 25 m. The crosses (×) and
circles (◦) represent the moments where detachment and

re-attachment occur. The use of the Kistler model led to a
deviation of the receding contact-angle value that is imposed
at the merged droplet. As a result, a longer period of contact

to the solid surface was noted.

results are presented in Figure 13. The significant decrease in
the jumping velocity, that was already recognized between the
cases involving the static and quasi-static contact-angle repre-
sentations in Figure 10, was further exaggerated by an extra
negative offset, proportional to Ri, when the dynamic contact-
angle model was used. More specifically, the jumping velocity
obtained by the Kistler model for Ri ≤ 25 m droplets is only
10−15 % of the jumping velocity for an ideal superhydropho-
bic surface without hysteresis present. It can be concluded
that the presence of a cut-off radius of around Ri ∼ 25 m, as
recorded by Mulroe et al.32 for the actual surface, is more real-
istically captured by the simulations with the quasi-static and
the Kistler contact-angle model, in contrast to the simulations
using the static contact angle. We note here that the Kistler
dynamic contact-angle model depends on a relatively limited

FIG. 13: The jumping velocity as a function of initial droplet
radii (Ri) when three contact-angle models were tested. For a

surface with a present contact-angle hysteresis, the static
contact angle will overpredict the jumping velocity v∗jump.

FIG. 14: A) Contact area evolution and B) the contact-line
length evolution for the merged droplet on the

superhydrophobic solid surface. Three different
contact-angle implementations with the same equilibrium
angle θ = 155◦ and the initial droplet radii Ri = 25 m. A

higher value of the contact area before the late detachment
can be observed when stronger hysteresis is imposed. The
contact line follows the same trend, despite a "spike" when

the liquid bridge hits the surface.

number of properties, such as the contact line velocity and the
liquid properties. Other formulations are always possible, i.e.
different models can be tested to find correlations that a cer-
tain dynamic model can have to a specific superhydrophobic
surface.

We have seen that many of the fundamental attributes ob-
served when droplets jump from superhydrophobic surfaces
with hysteresis are directly linked to specific features of the
interaction of the merged droplet with a solid surface in such
cases. We thus present the contact area evolution Acont ob-
tained by different simulations in Figure 14A) to uncover even
more subtle effects that are caused by enforcing the contact-
angle hysteresis. The variations of contact areas with time are
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Coalescence-induced jumping of droplets from superhydrophobic surfaces — the effect of contact-angle hysteresis 13

FIG. 15: The sum of the total kinetic energy and the available
surface energy from the interface, normalized by the ideal

available surface energy (see Results and Discussion section
for more details). Three different cases of contact-angle
representations are plotted vs. normalized time τ with

Ri = 25 m. The difference in the final combined energy
between the static contact-angle representation and the

quasi-static and Kistler models reveals a higher dissipation
for the latter cases.

presented in the figure of the cases with a static contact angle,
the quasi-static and the Kistler dynamic contact-angle mod-
els. It is shown that, even though the initial evolutions of the
contact areas during coalescence are not identical, the liquid
bridge impingement and the maximum upwards acceleration
bear qualitative similarities for the three cases. However, there
are subtle differences that explain a different dynamics of the
jumping process in the three cases. We see that a minimiza-
tion of the contact area in the static contact-angle case occurs
in a rapid manner, while for the quasi-static and Kistler mod-
els the contact area slows down in reducing and, around the
normalized time of τ ≃ 3.5, it starts increasing again. At that
moment, the merged droplet starts expanding or re-attaches
itself to the surface before a subsequent final retraction and
jumping. The length of the contact line which is given in Fig-
ure 14B) follows the same trend. A rapid increase at the same
instant was observed for the cases that impose hysteresis in
the system, and is caused by the liquid bridge hitting the sur-
face. The total contact line was already longer in the hystere-
sis cases when that event occurs, something that is attributed
to the smaller receding contact angle of the initial spherical
droplets when they were in contact with the solid surface.

An increase in the length of the contact line, that was pre-
viously observed for the case with the dynamic contact-angle
model, can be directly connected to the presence of higher
total stresses in the system. These stresses are exerted from
the liquid in the vicinity of the contact line. They cause a
higher dissipation of the energy in the system and are at-
tributed to the viscous effect arising from the interaction of
the moving interface with the solid surface. To observe the

increase in the dissipated energy, we have decided to com-
bine the total kinetic energy Ktot and the available surface en-
ergy ΔSavail , which is the difference between the instant in-
terface area Ainter and the final interface area of the merged
droplet Aend , multiplied by the gas-liquid surface tension σ
(ΔSavail = (Ainter −Aend)×σ ). We add the two energies and
normalize them with the ideal surface energy ΔSideal of the
system, which is the difference between the surface energy
of the interface of two initial spherical droplets with Ri (in
this case Ri = 25 m) and the resulted merged spherical droplet
with a final radius Rend . From the equation for the total area of
spheres, ΔSideal is given as ΔSideal = 4π(2×R2

i −R2
end)×σ .

The results from the combined kinetic and interface energy are
given in Figure 15. We understand that the remaining compo-
nent of the energy budget is completed by the unknown values
of the dissipated energy due to viscosity Evis and the surface
energy of the contact area between the liquid droplet and the
solid surface Scont = Aσls, for which we know that it will be
zero after jumping (σls is the surface tension between liquid
and the solid surface). The key point in the presented results is
given in the final phase of the simulations, where the droplets
belonging to all the cases have jumped from the surface. The
combined kinetic and surface energy has been more reduced
for the cases with hysteresis, with a more prominent reduc-
tion for the case with the Kistler model used. Moreover, when
we include in the analysis the contact area of Figure 14A)
for the period that the merged droplet in the hysteresis cases
is in contact with the surface, between τ ≃ 2.7 − 3.4 and
τ ≃ 3.8 − 5.1, we observe that such cases showcase reduced
energy in Figure 15. A part of this energy is recovered during
detachment of the merged droplet, but as the analysis of the
final combined energy suggested, the energy is reduced more
for the cases with hysteresis.

Finally, we demonstrate different wetting behaviors ob-
served from the quasi-static and the dynamic contact-angle
models, following the coalescence of two droplets (Ri = 25
m) at τ = 1.58. In Figure 16 the contact line is presented in a
top view and colored by the local contact angle imposed along
the MCL for each model. The contact line velocity vectors
are also depicted. The vector arrows are scaled and colored
by their magnitude, and are tangential to the solid surface.
At the investigated instant, the contact line of the two simu-
lations shows an advancing movement in the y-direction and
a receding movement in the x-direction. The contact area is
significantly increased for the dynamic model (depicted right).
However, only the length in the x-direction is increased in re-
lation to the one when the quasi-static model is used (left),
while the length in the y-direction of the contact area is the
same. Taking into consideration that the receding angle is
some 3◦ lower for the dynamic model, it permits us to point
out the correlation of the lower receding angle to the larger
wetting area. In addition, the contact-line velocity in the x-
direction is higher for the simulation with the dynamic model,
which is most likely caused by the higher curvature of the
interface near the contact line junction. These outcomes ex-
emplify the highlights of the current study, that the jumping
process can be highly sensitive to the local contact angle on
superhydrophobic surfaces with substantial hysteresis. There-
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Coalescence-induced jumping of droplets from superhydrophobic surfaces — the effect of contact-angle hysteresis 14

FIG. 16: Outline of the contact area of the merged droplet for the quasi-static contact-angle model (left) and the Kistler
dynamic contact-angle model (right), colored by the imposed contact-angle value. We have added vector arrows of the contact
line velocity scaled and colored by their magnitude. A significant increase in the contact area is observed, while correlation of

the receding movement and the length in the movement’s direction is acknowledged.

fore, modeling similar cases requires sufficient understanding
of the contact-line interaction with the geometrical features of
these surfaces.

V. CONCLUSIONS

We primarily focused in this paper on the influence of the
contact-angle hysteresis on fundamental features of the jump-
ing process of coalescing droplets on superhydrophobic sur-
faces, and therefore paid special attention to both representing
and numerically implementing effective values of the contact
angles acting on such surfaces. A combined VOF–immersed
boundary method was used, with an emphasis on the accu-
rate prediction of the Moving Contact Line (MCL) and on
the formulation of the corresponding boundary conditions for
the contact angles. A series of simulations were performed
with static contact angles and dynamic contact-angle models
for two equally-sized droplets and with several different ini-
tial droplet radii. The first outcome of this investigation is
that hysteresis causes a delayed merged-droplet release and
that it reduces the jumping velocity. Even more importantly,
we have identified and explained in detail various forms of
events involving droplet detachment and re-attachment to the
surface. We have shown that such events depend on the degree
of hysteresis for the modeled superhydrophobic surface, with
the pinning behavior considerably enhanced when hysteresis
was present.

We first demonstrated the temporal and spatial conver-
gence of our numerical framework. The significance was
pointed out of carefully selecting an appropriate slip length,
as a measure to deal with the contact-line stress singularity.

Furthermore, we have tested our framework on the exper-
imentally well-documented case of coalescing and jumping
of three unequally-sized droplets39, and provided great qual-
itative agreement with experimentally obtained images of all
relevant stages of the jumping process. We also showed that
we could very well match quantitative results of the jump-
ing velocities over a range of droplet radii. Finally, we have
validated our framework with the reported experiments car-
ried out on a superhydrophobic surface with the hysteresis
present85.

The presence of hysteresis further highlights the differences
in the jumping process when different contact-angle represen-
tations and models are used. We first compared the case in-
volving a static contact angle and the one with a quasi-static
contact-angle model, with the latter using the values of the ad-
vancing and receding contact angles. We followed an experi-
mental study32, with a reported superhydrophobic surface that
predicted the existence of a cut-off radius for the jumping to
take place and that is about the size of the simulated droplets.
The use of the quasi-static contact-angle model demonstrated
a longer period of contact for the merged droplet and the sur-
face, while the jumping velocity was less than a half com-
pared to that when using the static contact-angle. Moreover,
the initial detachment of the merged droplet and its subsequent
re-attachment to the surface were repeatedly observed, while,
eventually, an event of self-ejection occurred.

Two additional investigations with slight variations in the
values of the advancing and receding contact angles, together
with using a range of different initial droplet radii, portrayed
the sensitivity of the simulations to the applied contact angles.
Especially after varying the size of the initial droplets, we have
observed sequences of detachment and re-attachment, while
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the final jump took place with a delay in the cases with a
higher degree of hysteresis. Similarly, for the smaller droplets
the jumping velocity was observed to decrease, with the mo-
ment of jumping being increasingly delayed.

Finally, we used the Kistler dynamic contact-angle model
to establish the relevance of using the actual (i.e. effective or
truly acting) values of contact angles when studying the jump-
ing process. We compared the obtained results with those
when a static contact angle and the quasi-static contact-angle
model are used. An investigation of the energy conversion
process and the dissipated energy caused by hysteresis was
also performed. The analysis supported the conclusion that a
dynamic receding contact angle impeded the jumping process,
as the jumping velocity became highly reduced or even neu-
tralized for all the tested initial droplet radii. In addition, the
duration of the merged droplet–surface contact and the expe-
rienced contact area were increased when the dynamic model
was used.
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