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Development of blade element momentum (BEM)

method for hydropower

H Abedi , C I Uribe, J Fahlbeck and H Nilsson

Division of Fluid Dynamics, Department of Mechanics and Maritime Sciences, Chalmers
University of Technology, SE-412 96, Gothenburg, Sweden

E-mail: hamidreza.abedi@chalmers.se

Abstract. The BEM method is extensively used for analyzing the aerodynamic performance
of wind turbines and marine propellers. It is computationally fast and is easily implemented
while it can give fairly accurate results. Application of the BEM method to predict the forces
acting on rotor blades for a model scale axial shaft-driven Counter-Rotating Pump-Turbine
(CRPT) is investigated. Some modifications have been proposed to adopt the classical BEM
method for CRPT machine and the results are validated against results from Computational
Fluid Dynamics (CFD). The results display that the proposed modifications can improve the
loading predicted by BEM. However, the improvements are more pronounced in pump mode
rather than turbine mode.

1. Introduction
The imbalance between supply and demand in an electrical system can be treated by different
techniques ranging from electrical power stations to store surplus electricity at low demand
instances and release at high demand periods. Pumped Hydro Storage (PHS) can be an
appropriate solution for electric load balance which can be done using Reversible Pump-Turbines
(RPTs). Various numerical modeling techniques with different levels of complexity and accuracy
may be used to simulate the flow through RPTs. For design purpose, numerous simulations
covering an extensive range of operating conditions must be performed. Computational Fluid
Dynamics (CFD), solving the Navier-Stokes equations for the flow around the rotor blades, is
known as the most accurate but computationally most expensive method. Therefore, it is of
interest to develop a computationally faster method by reducing the flow complexity.

Today, an engineering model based on the Blade Element Momentum (BEM) method is
extensively used for analyzing the aerodynamic performance of wind turbines. It is known
as the improved model of the Rankine-Froude momentum theory [1, 2], which was the first
model to predict inflow velocities at the rotor. Compared to the high-fidelity CFD models, the
BEM method is less accurate because of several assumptions and simplifications. However, it is
computationally much cheaper than CFD and is still useful as an engineering method to predict
the loads on the rotor blades. In this paper, the classical BEM method is adapted to assess
the performance of a Counter-Rotating Pump-Turbine (CRPT) in terms of the total thrust T ,
torque Q and power P for any combination of incoming volumetric flow q and rotational speed
of the rotors n. The results are validated against CFD simulations. Figure 1 demonstrates a
schematic view of a CRPT machine with two counter-rotating runners inside the guiding pipe
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where water can flow in any direction depending on the prescribed operating modes (pump or
turbine).

Figure 1. Schematic of CRPT concept including runner 1 (blue) and runner 2 (green).

2. Methods
2.1. Classical Blade Element Momentum (BEM) Theory
The classical Blade Element Momentum (BEM) Method was introduced by Glauert [3] in 1935
to design and analyse rotor blades. The BEM method combines the Blade Element Theory
and the Momentum Theory [4, 5]. In the BEM method, forces acting on a blade element are
estimated as the forces on an airfoil of the same cross-section (using tabulated two-dimensional
airfoil data) which advances through the fluid with the uniform velocity at an angle of attack
along with 1D momentum theorem. According to 1D axial momentum theory, based on the
ideal representation of the rotor blades the so-called actuator disk [4], the differential form of
the thrust and the torque acting over an annular cross section area dA = 2πrdr within the
actuator disk can be computed by

dT = 2ρU2
0a(1− a)dA = 4πρU2

0a(1− a)rdr, (1)

where r, dr and U0 are the radial distance of any annular element of the rotor blade, thickness
of annular element and freestream velocity, respectively. The axial induction factor a represents
a percentage of the axial flow decelerated at the rotor plane with respect to the far upstream
flow. By extending the axial momentum theory to involve the effects of the rotational motion of
the actuator disk rotating with the angular velocity using the general momentum theory [6], an
expression for the differential torque is obtained. The angular momentum balance in an annular
element of the rotor blade gives the differential torque written as

dQ = ruθdṁ = 4πρU0Ωa
′(1− a)r3dr, (2)

where dṁ = ρuR2πrdr and a′ denote the differential mass flow passing through the disk region
and tangential induction factor, respectively. The axial (a) and tangential (a′) induction factors
are obtained from axial and angular momentum balance in an annular element of the rotor
blade, respectively [4]. Employing blade-element theory, which assumes that each rotor blade
element operates independently of all other elements, thrust (due to axial loading) and torque
(due to tangential loading) on the control volume of thickness dr can be written as

dT = ZFndr =
1

2
ρZcV 2

relCndr , Cn = Cl cos(ϕ) + Cd sin(ϕ). (3a)

dQ = rZFtdr =
1

2
ρZcV 2

relCtdr , Ct = Cl sin(ϕ)− Cd cos(ϕ), (3b)
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where Z, Fn, Ft, c, Cn and Ct are the number of blades, axial force to the rotor plane (per blade
element length), tangential force to the rotor plane (per blade element length) to the rotor plane,
the local blade chord, 2D axial force coefficient and 2D tangential force coefficient, respectively.
The 2D axial and tangential force coefficients are composed by the projections of lift and drag
coefficients per blade length to the respective directions where ϕ is the flow angle defined as the
angle between the local relative velocity and the rotor plane. The lift Cl and drag Cd coefficients
per blade length depend on local airfoil profile and they are computed using 2D airfoil data as
a function of angle of attack α and Reynolds number (Re). The relation between the local flow
angle and local angle of attack is given by ϕ = α + β where β is the sum of local twist angle
θt and the pitch angle θp given by β = θp + θt. Moreover, The Re number of an airfoil profile
is defined as Re = Vrelc/ν where ν and c denote the kinematic viscosity of fluid and the chord
length of an airfoil, respectively.

Figure 2 displays the velocity triangle formed locally at a cross-section of a rotor blade for
the turbine configuration which results in new expressions for equations 3a and 3b as

Figure 2. Turbine velocity triangle at the rotor plane [4].

dT =
1

2
ρZc

U2
0 (1− a)2

sin2(ϕ)
Cndr, (4a)

dQ =
1

2
ρZc

U0 (1− a) Ωr (1 + a)

sin (ϕ) cos (ϕ)
Ctdr, (4b)

By combining equation 1 with equation 4a and equation 2 with equation 4b, the final expressions
for the axial and tangential induction factors can be written as

a =
1

4 sin2(ϕ)

σCn
+ 1

, a′ =
1

4 sin(ϕ) cos(ϕ)

σCt
− 1

, (5)

where σ = Zc/2πr denotes the local solidity as the portion of the annular area covered by the
blades. The momentum theory can be extended to take into account the finite number of rotor
blades by introducing the tip loss factor F proposed by Glauert [3]. This results in the following
relations used for the axial and tangential factors as

a =
1

4F sin2(ϕ)

σCn
+ 1

, a′ =
1

4F sin(ϕ) cos(ϕ)

σCt
− 1

. (6)

F =
2

π
cos−1(exp(−f)) , f =

Z(Rtip − r)

2r sin(ϕ)
. (7)
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In the BEM method, the assumption of no radial dependency for different annular elements
makes us evaluate each blade section separately using an iterative method. For propellers, the
same procedure as above, is used to obtain axial and tangential factors. The only difference
for the propeller is that the axial flow velocity accelerates while it passes through the rotor.
Contrary to the turbine, the induced tangential velocity at the rotor plane of a propeller has
the same sign of rotation as the rotor blades.

2.2. Modification of BEM Method for CRPT Concept
Since the CRPT concept is enclosed by a confined tunnel or pipe, the conservation of mass gives a
constant axial velocity flowing from upstream to downstream runners. Therefore, a deceleration
of axial velocity introduced by the axial induction factor a in the classical BEM equations is no
longer valid and it is assumed to be zero (a = 0). For the present CRPT machine (see figure 1),
in pump mode the flow passes rotor 1 first whereas in the turbine mode, the flow passes rotor
2 first. For both operating modes, the incoming axial velocity U0 does not change across the
runners and it is assumed to be constant. The rotational speeds of the runners (Ω1 and Ω2) can
also be different. Moreover, the tangential induction factors at each runner i.e., a′1 and a′2 are
different and must be calculated.

Figures 3 and 4 demonstrate the velocity triangle at the rotor plane of runners 1 and 2
in the pump and turbine modes, respectively. In both operating modes, the incoming flow for
the upstream runner is swirl free whereas for the downstream rotor it includes swirl induced
by the upstream runner. Therefore, a new expression of tangential induction factor a′d for the
downstream runner must be introduced to take the upstream swirl into account.

Figure 3. Velocity triangles of CRPT in pump mode.

Figure 4. Velocity triangles of CRPT in turbine mode.

For this purpose, a linear interpolation approach as used in the classical BEM method for
the induced tangential velocity at the rotor is used. This can be expressed as
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uθ,R = uθ,u +
(uθ,d − uθ,u)

2
= uθ,u +

∆uθ
2

, (8)

where uθ,u, uθ,d, uθ,R denote the tangential velocities before, after and at the rotor plane,
respectively. Equation 8 can be re-written by replacing the upstream tangential velocity as
uθ,u = −2a′uΩur and the tangential velocity at the downstream rotor as uθ,R = a′dΩdr yielding
the change of tangential velocity across the rotor as ∆uθ = 4a′uΩur + 4a′dΩdr. Therefore, the
balance of angular momentum of an annular ring element can be re-written as

dQd = r∆uθdṁ = r(4a′uΩur + 4a′dΩdr)ρU02πrdr. (9)

Equating equation 9 with the angular momentum obtained from the classical BEM theory
(equation 4b) gives a modified induction factor for the downstream rotor as

a′d =
2k′a′u

Ωu
Ωd

− 1

−4F sin(ϕd) cos(ϕd)

σCt
− C

, (10)

where C = 1 and C = −1 are taken for the pump mode and turbine mode, respectively. Another
modification for the CRPT concept, with respect to the original BEM method, is related to the
static pressure discontinuity occurring across the rotor plane either as the pressure drop (for a
turbine) or pressure jump (for a pump). The static pressure difference across the rotor plane in
pump and turbine operational modes can be derived by subtraction of the total pressure before
and after the rotor as

∆ps =

{
ρg∆H − ρu2θ/2 for pump,

ρg∆H + ρu2θ/2 for turbine,
(11)

where ∆H and uθ denote the total head difference and the flow tangential velocity after the
rotor plane, respectively. The correction terms (which are then added to equations 3a and 3b)
for the thrust and torque can be obtained by projecting of the static pressure difference at each
blade element along the rotor given by

dTcorr = ∆ps cos(β)cdr , dQcorr = ∆ps sin(β)cdr, (12)

where β and c denote the twist angle and chord length of the blade element, respectively.

3. Numerical setup for Counter-Rotating Pump-Turbine machine
The numerical setup for the modified BEM method and CFD simulation of a CRPT as the
validation case is explained in this section. RPTs based on the Francis turbine design, are widely
used in the pumped-storage power plants [7]. However they have shown a limited performance in
low-head scenarios where the height difference between both reservoirs is small. An axial shaft-
driven CRPT configuration as displayed in figure 1 may be an alternative in such cases [8]. It
can perform better than a conventional single rotor configuration for a wider range of operating
conditions [9].

As seen in figure 5, in pump mode, the flow goes from left to right (runner 1 is the upstream
runner) whereas in turbine mode, the flow goes from right to left (runner 2 is the upstream
runner). In this study, a scaled CRPT model with runners diameters of 276 mm is used where
runner 1 and runner 2 have eight and seven blades, respectively. In addition, each runner can
rotate with different rotational speeds covering a broad range of operating conditions.
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(a) (b)

Figure 5. Flow and runner rotational directions, (a) pump and (b) turbine modes.

3.1. BEM Simulation Set-up
In the BEM method, the rotor blades are introduced as a collection of 2D airfoil profiles stacked
at different radial positions along the pitch axis. In this study, to extract the airfoil profiles,
each runner is divided into nine different profiles along the radial direction where the first profile
is located near the hub and the last profile near the shroud. In the BEM calculations, the blade
can be divided into a number of blade elements (In this study, the blade is divided into ten
equally distributed blade elements where runner 1 and runner 2 have eight and seven blades,
respectively). Therefore, the aerodynamic properties of any evaluation point along the blade
can be obtained by interpolation between the blade profiles for a given angle of attack and
Reynolds number. The extracted 2D profiles for both runners have special shapes, and there
is no information about the lift (Cl) and drag (Cd) coefficients as a function of angle of attack
(α) used in the BEM calculation. Therefore, a tabulated 2D airfoil table for each profile of the
runners at different Reynolds number must be provided. This has been done through numerous
steady-state CFD simulations using OpenFOAM-v1912 for moderate angle of attacks ranging
from −15 to 15 degrees where the steady-state assumption is still valid. For higher angle of
attacks, the Viterna extrapolation method has been used.

3.2. CFD Simulation of CRPT (Validation Case)
The developed BEM method for the CRPT concept is validated against incompressible CFD
simulations using OpenFOAM (version FOAM-extend 4.1). This version allows for the use of a
mixingPlane interface and the solver used is MRFSimpleFoam for steady-state simulation using
multiple reference frames. Figure 6 displays the geometry used in the CFD simulation including
both runners separated by a given distance. The interface located between the rotors is a
mixingPlane interface computing circumferential averaged quantities. In addition, cyclic GGI
boundary conditions on the sides are used to reduce the computational time while considering
periodicity of the runners.

Figure 6. Schematic of runners 1 and 2 in the coupled CFD simulation set-up.
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In the numerical simulations, the SIMPLE algorithm is used to couple pressure and velocity.
To account for turbulence, the two equation eddy viscosity model k-ω SST (shear stress
transport) turbulence model is employed. All variables are discretized using schemes of 2nd

order accuracy, except for the turbulent variables k and ω where the 1st order accurate upwind
scheme is used. The flow velocity is specified at the inlet of the computational domain, and a
fixed pressure at the outlet.

4. Results and discussions
The developed BEM method is used to compute the blade loading, resulting in torque Q and
thrust T for each runner, in both pump and turbine operating modes. The ratio of rotational
speeds of runners 1 and 2 is assumed to be constant as Ω2/Ω1 = 0.75 for all simulations.
Moreover, the results are presented using thrust coefficient CT and power coefficient P at various
tip-speed ratios TSR (commonly used in wind power application) and they are defined as

CT =
T

1

2
ρAU2

0

, CP =
P

1

2
ρAU3

0

=
QΩ

1

2
ρAU3

0

, TSR =
ΩRtip

U0
. (13)

where T , P , Q, A, U0, Ω and Rtip denote the rotor thrust, rotor power, rotor torque, rotor
area, upstream flow velocity and rotor (runner) radius, respectively. The thrust and torque of a
rotor are computed by integrating the normal and tangential force at each blade element along
the rotor, respectively. To study the impact of the tip loss factor F introduced in the classical
BEM equations (see equation 6) and the extra loading due to the static pressure difference (see
equation 12), four different types of BEM simulations are performed. They are labeled as BEM,
CORR, BEM noF and CORR noF. The BEM case represents the original BEM method with Prandtl
tip loss correction factor whereas in the BEM noF case, the Prandtl tip loss correction factor is
neglected. Similarly, the CORR case stands for the classical BEM modified by the extra loading
because of the static pressure difference across the runners. Finally, CORR noF case is obtained
by omitting the Prandtl tip loss correction factor in the CORR case.

4.1. Pump Mode
In pump mode, as seen in figure 5(a), the flow direction is from left to right, first passing through
runner 1 followed by runner 2. Runner 1 rotates in the clockwise direction whereas runner 2
rotates in the opposite direction, looking in the flow direction.

Figure 7 shows the thrust CT and power CP coefficients for various operating conditions
expressed by the tip-speed ratio TSR for the upstream runner 1. As seen, neglecting the tip loss
factor F in the BEM method increases the overall blade loading in both normal and tangential
directions resulting in higher thrust and power coefficients, respectively.

For the downstream rotor, figure 8 displays the thrust CT and power CP coefficients at
different tip-speed ratios. All BEM-based simulation cases predict a higher loading compared
with the CFD simulations. However, both BEM and CFD simulations demonstrate similar
trends for varying tip-speed ratios.

4.2. Turbine Mode
Contrary to the pump mode, as seen in figure 5(b), in the turbine mode the flow direction is
from right to left. Runner 1 and runner 2 rotate clockwise and anti-clockwise, respectively while
looking in the flow direction.

Figure 9 presents the thrust CT and power CP coefficients, obtained from the BEM and
CFD simulations, for the upstream runner in the turbine operating mode. Similar to in pump
mode, the modified BEM method including the static pressure correction term (indicated by
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Figure 7. Power and thrust coefficients at various tip-speed ratios for runner 1 in pump mode.
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Figure 8. Power and thrust coefficients at various tip-speed ratios for runner 2 in pump mode.

CORR) increases the rotor loading. Moreover, neglecting the tip loss factor F (indicated by noF),
similar to the pump mode, increases both thrust and power coefficients.
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Figure 9. Power and thrust coefficients at various tip-speed ratios for runner 2 in turbine mode.

For the downstream runner in turbine mode, as seen in figure 10, the trend between the CFD
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and BEM approaches is in a fairly good agreement, although the magnitude differs. Furthermore,
the negative thrust and power coefficients occurring at higher tip-speed ratio implies infeasible
operating conditions.
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Figure 10. Power and thrust coefficients at various tip-speed ratios for runner 1 in turbine
mode.

5. Conclusions
A successful implementation of the classical BEM method to predict the performance of a
Counter-Rotating Pump-Turbine (CRPT) machine was presented. The results show that the
modified BEM method can follow the same trend as CFD with some margin. In pump mode,
neglecting tip loss factor F for both the upstream and downstream rotors increases the loading.
In addition, the proposed correction that takes the static pressure difference across the runners
into account increases the loading, especially for the downstream runner. This leads to an
overestimation of the forces acting on the runners compared with the CFD results. In turbine
mode, the offset between the BEM and CFD methods for the upstream runner is higher than in
pump mode, where the BEM method predicts lower loading. In turbine mode, except for high
tip-speed ratio, it was also shown that neglecting the tip loss correction factor F can increase
the loading for the upstream runner. For the downstream runner, for a certain range of TSR,
there is a fairly good agreement between the BEM and CFD results.
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