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A B S T R A C T   

Vibrations of fuel assemblies are an important issue in the safe operation of nuclear reactors, because they can 
challenge the integrity of the fuel with potential for radioactive releases. Reactor neutron noise-based techniques 
for monitoring vibrations are valuable for core diagnostic since they are not intrusive and make use of ordinary 
neutron flux measurements from ex-core and in-core detectors. The application of these techniques involves the 
solution of inverse problems that require numerical simulations capable of estimating the reactor neutron noise, 
given a model of the vibrations. For this purpose, several novel reactor neutron noise solvers have been 
developed in the CORTEX project using either Monte Carlo or deterministic methods, such as the discrete or-
dinates method, the method of characteristics, and the diffusion approximation. In the current work, these 
solvers have been scrutinized by computing the neutron noise induced by vibrations of one or multiple fuel pins 
in a simplified UOX fuel assembly benchmark, via proper variations of macroscopic neutron cross sections. The 
comparison of these neutron noise solutions obtained from the different methods shows novel insights into the 
simulation of neutron noise induced by mechanical vibrations, such as the challenges posed by the Monte Carlo 
method, the impact of the angular discretization on the application of the discrete ordinates method, and the 
accuracy of the diffusion approximation assessed via the higher-order neutron transport methods.   

1. Introduction 

In normal operation of a nuclear reactor, it is of paramount impor-
tance to monitor the instantaneous state of the core in order to identify 
and promptly correct perturbations that might compromise safety. 
Among these perturbations, vibrations of fuel assemblies in the core 
induced by the coolant flow or coolant boiling are of particular concern, 
because they can lead to failures with potential for radioactive releases, 
via mechanical and local overheating phenomena. A possible approach 
for online monitoring of vibrations in the core is based on the analysis of 
reactor neutron noise, i.e., the stationary, small fluctuations in the 
neutron flux measurements obtained from the ex-core and in-core 
neutron detectors, e.g., see (Park et al., 2003) and (Tran et al., 2015). 
Neutron noise depends on the stochastic character of the nuclear fission 
chain process and neutron correlations, while reactor neutron noise is 
associated with the neutron flux in a nuclear reactor and includes the 
effect of perturbations that make the reactor properties fluctuate. In the 

current work, only the neutron noise arising from periodic spatial os-
cillations of specific regions within a neutron multiplying system is 
considered. 

For the analysis of reactor neutron noise, numerical simulations that 
reproduce the response of the system to the perturbations are often 
mandatory to solve the inverse problem, allowing the identification of 
the source of noise (e.g., a faulty fuel rod or fuel assembly) from a 
collection of measured signals. These simulations are usually based on 
diffusion theory because their computational cost is relatively cheap and 
because lower-order, coarse modelling is generally considered adequate 
for reactor neutron noise-based core diagnostics, e.g., see (Pázsit, 1992). 
However, diffusion-based approximations need to be verified and vali-
dated against, if available, experimental data and against reference so-
lutions produced with higher-order computational neutron transport 
methods. 

Neutron diffusion theory was used to model and calculate neutron 
noise induced by fuel assembly vibrations in previous research, e.g., see 
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(Chionis et al., 2020), (Vidal-Ferràndiz et al., 2020a), (Verma et al., 
2021), (Mylonakis et al., 2021), and (Vidal-Ferràndiz et al., 2022). These 
types of diffusion-based simulations with fuel assembly vibrations have 
never been evaluated against higher-order reference solutions. Thus, the 
paper presents a first-of-its-kind study in which diffusion methods are 
compared with higher-order transport methods via neutron noise 
problems with one or several fuel pins displaying mechanical vibrations 
in a simplified fuel assembly. The paper also gives novel insights into the 
challenges that must be considered when calculating reference solutions 
with Monte Carlo and deterministic transport methods in problems of 
neutron noise induced by mechanical vibrations. For the investigation, 
lower- and higher-order neutron noise solvers developed in the CORTEX 
project (Demazière et al., 2018) are used, namely the stochastic solver in 
the Monte Carlo code TRIPOLI-4® (Rouchon et al., 2019), the integro- 
differential transport lattice solver in APOLLO3® (Rouchon et al., 
2020), the discrete ordinates solver NOISE-SN (Yi et al., 2021), the 
diffusion-based solver CORE SIM+ (Mylonakis et al., 2021), and the 
diffusion-based framework FEMFFUSION (Vidal-Ferràndiz et al., 
2020a). 

These computational tools together with the Monte Carlo algorithm 
from Kyoto University (Yamamoto, 2013, and Yamamoto, 2018) were 
already compared for the simpler case of a fluctuation imposed to the 
material properties of a single fuel pin in the simplified fuel assembly, 
see (Vinai et al., 2021). The main conclusion of this previous study was 
that the diffusion and transport methods may provide similar results, 
although discrepancies were found close to the location of the pertur-
bation or where the material properties change abruptly. 

The paper is structured as follows. In section 2, the theoretical 
framework for reactor neutron noise simulations and the numerical 
solvers used in the work are introduced. In section 3, the specifications 
of the simplified fuel assembly are provided and two neutron noise 
problems with vibration of fuel pins are defined. In section 4, the 
modelling of the vibrations is discussed. In sections 5, the neutron noise 
calculated with the different solvers in the two problems is analyzed. In 
section 6, conclusions are drawn. 

2. Reactor neutron noise equations and solvers 

In a neutron-multiplying system, the spatial distribution of the 
neutron population and its time evolution may be determined with the 
multi-energy-group time-dependent neutron transport equation 
together with balance equations for the delayed-neutron precursors, i.e.: 

[
1
vg
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]
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In Eqs. (1) and (2), standard notation is used; ψ is the angular 
neutron flux, ϕ is the scalar neutron flux, and C is the concentration of 
delayed-neutron precursors. The subscripts g and g′ = 1,⋯,G denote the 
energy groups and q = 1,⋯,Q the families of precursors of delayed 
neutrons. 

The spatial distribution of the neutron population in static conditions 
is obtained from the combination between Eqs. (1) and (2), the time 
derivatives being set to zero and a factor 1/k added to compensate the 
fission production. Then, the static neutron flux ψg,0(r,Ω) satisfies the 
equation: 

[
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Equation (3) corresponds to an eigenvalue problem, whose largest 
eigenvalue has the physical meaning of the effective multiplication 
factor keff . 

In reactor neutron noise problems, the source of perturbation may be 
described as small fluctuations of the macroscopic neutron cross sections 
of the system under stationary conditions, which in turn induce small 
fluctuations in the neutron flux. The reactor neutron noise can be ob-
tained from the difference between the neutron flux calculated with Eqs. 
(1)–(2) and the static neutron flux calculated with Eq. (3). 

Solving the reactor neutron noise equations in the time domain is 
computationally expensive. A more convenient approach is to treat 
these equations in the frequency (Fourier) domain because it requires to 
run simulations only for the specific frequencies associated with the 
noise source. The frequency-domain reactor neutron noise equation can 
be derived as follows. The neutron flux, the concentration of precursors, 
and the nuclear cross sections in Eqs. (1)–(2) are modelled as the sum of 
a static mean value and a small, stationary fluctuating part. The other 
system parameters, including the effective multiplication factor keff , are 
assumed to be constant with respect to time. Equation (3) is subtracted 
from Eqs. (1)–(2), the second-order perturbation terms are neglected 
(the so-called “orthodox linearization”, see (Pázsit, 1984)), and a 
Fourier transform is performed on the time variable. The resulting 
equation reads as: 

[
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Equation (4) is a fixed-source problem whose solution yields the 
induced angular neutron noise δψg (and thus also the induced scalar 
neutron noise δϕg), which is a complex quantity. The parameter ω is the 
angular frequency of the perturbation and i is the imaginary unit. The 
term Sg(r,Ω,ω) in Eq. (4) is the neutron noise source and depends on the 
perturbation δΣ of the macroscopic cross sections, i.e.: 

Sg(r,Ω,ω) = − δΣt,g(r,ω)ψg,0(r,Ω)

+

∫
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+
1
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[
χp,q(r)

4π

(
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×
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g’ νδΣf,g’ (r)δϕg’ (r,ω)

(5) 

Equations (4)–(5) are the backbone of the frequency-domain neutron 
noise solvers implemented in TRIPOLI-4®, APOLLO3®, NOISE-SN and 
CORE SIM +. On the other hand, the time-dependent solver developed in 
FEMFFUSION, namely FEMFFUSION-TD, is based on the diffusion 
approximation of Eqs. (1)–(2). These solvers are briefly described below. 

2.1. The stochastic solver in TRIPOLI-4® 

A stochastic noise solver in the frequency domain has been imple-
mented in the development version of the Monte Carlo code TRIPOLI-4® 
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(Brun et al., 2015). The continuous-energy version of Eqs. (4)–(5) is 
solved by transporting particles carrying two statistical weights, one for 
the real part and one for the imaginary part of the noise field. Particle 
flights are sampled from an exponential distribution, as for the regular 
Boltzmann equation, whereas the collision events are modified by the 
presence of complex operators in the noise equations (an additional 
imaginary absorption cross section and a complex delayed neutron 
yield). Such terms are dealt with by correspondingly modifying the 
particle weights at each collision. A thorough description of the imple-
mented algorithms is available in (Rouchon et al., 2017) and (Rouchon 
et al., 2019). If required, the noise source term in the continuous-energy 
version of Eq. (5) is preliminarily computed by running a power itera-
tion (see Eq. (3)) and sampling from the frequency-dependent distri-
butions. Thanks to the continuous-energy treatment of particle 
transport, the noise solver of TRIPOLI-4® introduces almost no ap-
proximations and preserves thus the reference character of the usual 
Monte Carlo simulations. 

2.2. The IDT lattice solver in APOLLO3® 

A deterministic noise equation solver in the frequency domain has 
been implemented in IDT, the lattice solver in APOLLO3® (Schneider 
et al., 2016) based on the SN discrete ordinates method and on the 
method of short characteristics (MOSC). The standard iteration loops are 
applied to the fission source (but the production operator is now com-
plex, as shown in Eq. (4)) and to the scattering source as customary, and 
an iteration loop between the real and imaginary parts of the reactor 
neutron noise equation is added, see details in (Rouchon et al., 2020). 
Thus, the standard one-group transport solver methods can be used, and 
one can consequently benefit from all numerical methods already 
implemented in APOLLO3®. At present, the noise solver of IDT can deal 
with homogeneous Cartesian geometries. If needed, the noise source in 
Eq. (5) is computed by running a power iteration to solve Eq. (3). 

2.3. Noise-SN 

The solver NOISE-SN is based on the finite diamond difference 
method for the spatial discretization, the discrete ordinates method for 
the angular discretization, and the multi-energy group formalism. The 
Chebyshev-Legendre quadrature is used to construct the scalar neutron 
flux from the angular neutron flux. The iterative scheme is accelerated 
using a Coarse Mesh Finite Difference – CMFD technique. Considering a 
critical nuclear system with a perturbation described as small 

fluctuations of the macroscopic neutron cross sections, the solver first 
calculates the neutron flux and the multiplication factor associated with 
the static problem given by Eq. (3). Then the reactor neutron noise 
equations are solved in the frequency domain (see Eqs. (4)–(5)), so that 
the neutron noise is determined according to the prescribed neutron 
noise source and the estimated static solution. The numerical methods 
used in NOISE-SN and their implementation are described in (Yi et al., 
2021). 

2.4. Core SIM+

The reactor neutron noise simulator CORE SIM+ relies on a two- 
energy group diffusion model with one family of precursors of delayed 
neutrons. The numerical scheme can make use of uniform or non- 
uniform meshes for the spatial discretization of the neutron balance 
equations. The neutron noise source is modelled as small fluctuations of 
macroscopic neutron cross sections in a critical nuclear system, and the 
calculation of the induced neutron noise consists of two steps. In the first 
step, the static neutron equations (Eq. (3)) are solved via the power 
iteration method accelerated by Chebyshev polynomials or by a Jaco-
bian Free Newton-Krylov technique. In the second step, the reactor 
neutron noise equations are solved in the frequency domain (Eqs. (4)– 
(5)), using the static neutron flux and the multiplication factor previ-
ously evaluated and assuming no deviation of the perturbed system from 
criticality. The numerical solution of the linear systems generated from 
the power iteration algorithm and from the reactor neutron noise 
equations is given by the GMRES method combined with an ILU(0) or 
SGS preconditioner. A comprehensive discussion on the theory, nu-
merical methods, and architecture of CORE SIM+ is available in 
(Mylonakis et al., 2020) and (Mylonakis et al., 2021). 

2.5. Femffusion-TD 

FEMFFUSION is an open-source general time-domain code that sol-
ves the multigroup time-dependent neutron diffusion equation devel-
oped by Universitat Politècnica de València (UPV). This code uses a 
spatial discretization based on the continuous Galerkin Finite Element 
Method (FEM) and it can deal with any type of geometry (rectangular, 
hexagonal, or unstructured) and any problem dimension (1D, 2D and 3D 
problems). FEMFFUSION can solve different perturbations of the reactor 
steady state, e.g., rod ejection events. Also, it is possible to solve generic 
changes in the reactor inserted as a custom set of time-domain cross- 
sections. Recently, it was updated to simulate in the time domain and in 

Fig. 1. On the left: simplified UOX fuel assembly with one vibrating fuel pin (blue box) or with a central cluster of 8 vibrating fuel pins (black box); on the right: 
reference spatial grid for a fuel cell; fuel pins are in red and water region is in green, dimensions are in cm. 
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the frequency domain the effect of neutron noise perturbations such as 
generic absorbers of variable strength and mechanically vibrating fuel 
assemblies. This work includes the results of the time domain module 
(which is derived from Eqs. (1)–(2)). Neutron noise problems require 
that the numerical calculations are run using low error tolerances to 
accurately determine the small fluctuations in the neutron flux. The code 
is discussed in detail in (Vidal-Ferràndiz et al., 2020a) and is openly 
available, see (Vidal-Ferràndiz et al., 2020b). 

3. Description of the reactor neutron noise benchmark 

To verify and compare the noise solvers introduced above, two 
neutron noise benchmark problems are considered in this work, i.e., the 
case of the vibration of one fuel pin and the case of the vibration of a 
central cluster of 8 fuel pins within a 2-dimensional simplified UOX fuel 
assembly for pressurizer water reactors, see Fig. 1 (on the left). The 
system specifications are available in (Vinai et al., 2021) and summa-
rized in the following, so that the paper is self-contained. The fuel as-
sembly includes 264 homogeneous square homogeneous fuel pins and 
25 homogeneous water holes. The overall size is 21.58cm× 21.58cm, the 
size of the fuel pin is 0.7314cm× 0.7314cm, and the size of the water 
hole is 1.26cm× 1.26cm. The fuel assembly is surrounded by a water 
blade of thickness equal to 0.08cm. 

The reference spatial grid used in the deterministic calculations is 
such that the fuel pin is divided in cells with size of 0.18285cm ×

0.18285cm and the moderator associated with the fuel pin is divided in 
two identical layers of cells, see Fig. 1 (on the right). The boundary 
conditions are reflective. The nuclear data are generated with respect to 
two neutron-energy groups and one family of delayed neutron pre-
cursors, and neutron scattering is assumed to be isotropic. All the 
solvers, including the neutron noise solver in the Monte Carlo code 
TRIPOLI-4®, use the same set of macroscopic cross sections and neutron 
kinetics parameters, see Table 1. 

The vibrating fuel pins are assumed to periodically oscillate in the 
x-direction, with an amplitude of ±0.2cm and a frequency of 1Hz. 

4. Modelling of vibration of fuel pins 

Vibrations of fuel pins in the simplified assembly induce perturba-
tions of the macroscopic cross sections, which are needed to solve the 
time-dependent Eqs. (1)–(2) or to construct the source term defined by 
Eq. (5) and used in the frequency-domain Eq. (4). 

To illustrate the modelling of this type of perturbation used in the 

current work, a one-dimensional system is considered along the x-di-
rection and consists of two homogeneous regions separated by an 
interface whose position at rest is x0. The vibration of a region with 
respect to the other one is assumed to be such that the interface oscillates 
around x0 according to a time-dependent sinusoidal function with fre-
quency ω0 and amplitude ε, i.e., the displacement ε(t) of the interface 
from x0 is given by ε(t) = εsin(ω0t). Then the values of the macroscopic 
cross sections change consistently with the movement of the interface 
within the spatial interval between x0 − ε and x0 + ε. 

Although the discussion is focused on one vibrating interface, the 
effect of additional vibrating interfaces can be modelled in the same 
manner, by linear superposition. The approach can be straightforwardly 
extended to reactor noise simulations with homogenized nuclear fuel 
assemblies, allowing a faithful representation of the local nature of 
mechanical vibrations. In the context of commercial core simulators, an 
alternative strategy is given in (Chionis et al., 2020) and (Verma et al., 
2021), where sets of macroscopic cross sections are generated with 
respect to the variation of the water-gap associated with the vibrating 
fuel assembly and used to construct a homogenized noise source, which 
is however defined over regions larger than the actual location of the 
perturbation. 

The following summarizes the exact treatment in the Fourier space 
used for the Monte Carlo calculations, the ε/d approximation used for 
the deterministic calculations in the frequency domain, and the 
approach used for the time-dependent calculations. 

4.1. Exact model 

An exact model that describes the variations of macroscopic cross 
sections induced by a periodic vibration of an interface is discussed in 
(Rouchon and Sanchez, 2015) and (Zoia et al., 2021), and it is the basis 
for the Monte Carlo sampling method of the neutron noise source 
implemented in TRIPOLI-4®. Accordingly, the perturbation of the 
generic macroscopic cross section Σα at position x can be written as: 

δΣα(x,E, t) = ΔΣα(E)(H(x − x0) − H(x − x0 − εsin(ω0t) ) ) (6) 

In the equation above, ΔΣα is the difference between the macroscopic 
cross sections associated with the regions on the left and on the right of 
the interface, respectively, and H is the Heaviside step function. 

The perturbation δΣα(x, E, t) may be expanded in a Fourier series 
whose coefficients are determined using Eq. (6). Then, the Fourier 
transform is performed with respect to time to obtain the relationships in 
the frequency domain, i.e.: 

Table 1 
Nuclear data for the fuel assembly, group 1 is for the fast neutrons and group 2 is for the thermal neutrons.  

Data Symbol Homogeneous square fuel pin Homogeneous water hole and water blade 

Total cross section,  
group 1 (cm− 1) 

Σt1 0.3779  0.25411 

Total cross section,  
group 2 (cm− 1) 

Σt2 0.55064  1.2182 

Absorption cross section,  
group 1 (cm− 1) 

Σa1 0.025755  0.00079457 

Absorption cross section,  
group 2 (cm− 1) 

Σa2 0.15788  0.029316 

Fission cross section,  
group 1 (cm− 1) 

Σf1 0.0057671  0.0 

Fission cross section,  
group 2 (cm− 1) 

Σf2 0.10622  0.0 

Average number of neutrons per fission event ν 2.59068  0.0 
Scattering cross section,  

group 1 to group 2 (cm− 1) 
Σs12 0.00086471  0.028124 

Velocity,  
group 1 (cm. s− 1) 

v1 1.82304E + 07 

Velocity,  
group 2 (cm. s− 1) 

v2 4.13067E + 05 

Fraction of delayed neutrons (pcm) β 535 
Precursor decay time (s− 1) λ 0.0851  
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δΣα(x,E,ω) = ΔΣα(E)

×

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

cα,0(x, x0)δ(ω)

+
∑∞

n=1
cα,n(x, x0)

(
δ(ω − nω0) + δ(ω + nω0)einπ ), x0 < x ≤ x0 + ε

(
cα,0(x, x0) − 2π

)
δ(ω)

+
∑∞

n=1
cα,n(x, x0)

(
δ(ω − nω0) + δ(ω + nω0)einπ ), x0 − ε ≤ x < x0

0, otherwise

(7) 

In Eq. (7), δ(ω) and δ(ω ± nω0) are delta functions, and the Fourier 
coefficients are equal to: 

cα,0(x, x0) = π − 2arcsin
(x − x0

ε

)

cα,n(x, x0) = 2
sin(narccos((x − x0)/ε ))

n
e− inπ/2, n ≥ 1

(8)  

4.2. The ε/d method 

For the deterministic calculations in the frequency domain, the so- 
called ε/d method is applied (Pázsit, 1977). In the derivation, the 
Heaviside step function in Eq. (6) is expanded about (x − x0) as a Taylor 
series truncated at the first order and the Fourier transform is performed 
with respect to time. This allows expressing the perturbation of the 
generic macroscopic cross section Σα as: 

δΣα(x,E,ω) = ΔΣα(E)( − iπε)δ(x − x0)δ(ω − ω0) (9) 

As discussed in (Zoia et al., 2021), the spatial delta function in Eq. (9) 
may be approximated as δ(x − x0) ≅ 1/2ε for x ∈ [x0 − ε, x0 +ε], so that 
the model reads: 

δΣα(x,E,ω) =

⎧
⎪⎨

⎪⎩

− i
π
2

ΔΣα(E)δ(ω − ω0), with x0 − ε ≤ x ≤ x0 + ε

0, otherwise
(10)  

4.3. Time-dependent model 

The FEMFFUSION-TD simulations rely on an alternative approach, 
see (Vidal-Ferràndiz et al., 2020a). Given a fixed spatial grid and a fixed 

Fig. 2. Vibration of a single vibrating fuel pin; TRIPOLI-4® (blue and cyan), APOLLO3® without perturbed scattering distribution (red), and APOLLO3® with fully 
perturbed scattering term (black); imaginary part (top) and real part (bottom) of the fast and thermal neutron noise, along the horizontal line crossing the vibrating 
fuel pin, normalized by the maximum noise amplitude. 

P. Vinai et al.                                                                                                                                                                                                                                    



Annals of Nuclear Energy 181 (2023) 109521

6

time grid, the macroscopic cross sections associated with the computa-
tional cells that are directly affected by the movement of a vibrating 
interface are changed according to the actual position of the interface at 
each time step. Then, these macroscopic cross sections are a combina-
tion of the macroscopic cross sections of the two regions separated by 
the interface, weighted by the volumetric fractions of the two regions in 
the cells. 

5. Simulation results 

The solvers presented in section 2 are used to simulate the two 
neutron noise problems defined in section 3. The objectives of the 
analysis are to compare and verify stochastic and deterministic neutron 
noise transport solutions, to investigate the impact of the angular dis-
cretization on the neutron noise calculated with the discrete ordinates 
method, and to assess the accuracy of the diffusion approximation via 
the higher-order results. 

The effective multiplication factor and the neutron fluxes in the static 
configuration of the simplified fuel assembly were calculated with the 
solvers and compared in a previous work, see (Vinai et al., 2021). The 
conclusions were that the higher-order solvers agree in terms of both keff 
and static neutron flux, while the lower-order solvers (i.e., CORE SIM+

and FEMFFUSION-TD) overestimate keff (more than 1000 pcm) and un-
derestimate the neutron fluxes (maximum relative difference with 
respect to TRIPOLI-4® being around − 6% in the moderator region). 

For the simulations of the two neutron noise problems with deter-
ministic solvers, the reference spatial grid shown in Fig. 1 is refined near 
the boundaries of the vibrating fuel pins that are perpendicular to the 
x-direction. The refinement around these boundaries consists of several 
layers of computational cells with width of the order of 10− 2cm. This is 
necessary to better reproduce the spatial variation of the neutron flux 

arising from the small oscillation (whose maximum amplitude is 
±0.2cm) of the fuel pins. Monte Carlo simulations, on the other hand, are 
mesh-free and thus do not depend on these spatial refinements. 

5.1. Stochastic and deterministic neutron transport simulations 

As a first verification step, the stochastic and deterministic neutron 
transport approaches are compared for the case of a single vibrating fuel 
pin. For this purpose, the frequency-domain neutron noise solvers 
developed in TRIPOLI-4® and APOLLO3® are used. 

When building the neutron noise source for the frequency-domain 
calculations of the neutron noise induced by the vibration of the fuel 
pins, all the types of macroscopic neutron cross sections are perturbed 
around the left and right interface between the moving fuel pin and the 
moderator region, see Eq. (5) combined with Eqs. (7)–(8) or Eq. (10). 
The current modelling of the perturbation of the neutron scattering term 
in TRIPOLI-4®, because of the complexity of the implementation 
required for the sampling procedure, includes only the fluctuations of 
the microscopic scattering cross section and neglects the effect on the 
scattering distribution fs(E→E′

,Ω • Ω′), which gives the probability of a 
neutron with energy E and direction Ω to be scattered in dE′ about E′ and 
dΩ′ about Ω′. This simplification introduces an approximation in the 
sampling of the noise source since the scattering distribution is also 
expected to vary across the material interfaces. Bearing in mind the 
comparison with TRIPOLI-4®, two different neutron noise sources have 
been used for the APOLLO3® simulations. The first noise source relies 
on the perturbation of the scattering term via only the macroscopic 
scattering cross section, as in TRIPOLI-4®. The second noise source 
coincides with the definition in Eq. (5) and includes the perturbation of 
the scattering distribution. 

The TRIPOLI-4® and APOLLO3® results, corresponding to the 

Fig. 3. Case of one single vibrating fuel pin; comparison between APOLLO3® (top, with S32) and NOISE-SN (bottom, with S320); thermal noise absolute amplitude 
(left) and phase (right). 
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complex-valued neutron noise field along the horizontal line of the fuel 
assembly that crosses the vibrating fuel pin, are shown in Fig. 2. For a 
meaningful comparison, the real and imaginary parts are normalized 
with respect to the maximum amplitude of the complex neutron noise. 
The TRIPOLI-4® simulation has been run with 100 inactive cycles with 
60′000 neutrons per cycle in order to estimate the noise source using the 
power iteration, and with a total of 60′000 independent replicas to es-
timate the neutron noise resulting from the source. For APOLLO3®, the 
S32 approximation was used with a tolerance criterion for outer itera-
tions of 10− 6. 

For the imaginary part (top of Fig. 2), TRIPOLI-4® can predict values 
with good accuracy and its agreement with APOLLO3® (without 
perturbation of the scattering distribution) is good. On the contrary, the 
real part of the noise calculated with TRIPOLI-4® has a large statistical 
error and overall underestimates the one calculated with APOLLO3® 
(bottom of Fig. 2). This behavior stems from a combination of under- 
sampling and statistical convergence issues in the TRIPOLI-4® simula-
tion, which can be understood as follows. The particles generated from 
the noise source and transported according to the Monte Carlo proced-
ure carry complex statistical weights: the real and imaginary parts of 
these weights may be positive and negative, and the fact of adding 
stochastic contributions with alternating sign in each bin induces an 
extremely large variance and thus serious problems in statistical 
convergence. Moreover, the values of the statistical weights may be 
significantly unbalanced, since the real part of the noise source in the 
current case is much smaller than the imaginary part (see Eq. (7)–(8), 
where the main contribution is related to the fundamental frequency ω0 
and is imaginary), and this factor also applies to particles switching from 
real to imaginary values during the noise transport procedure. The 
combination of positive and negative weights and the large differences 
between the real and imaginary parts of the weights further introduces 

an apparent bias, which is mostly visible in the estimation of the real 
part of the noise. Future research will investigate the application of a 
method for weight cancellation that can improve the convergence of the 
algorithm and provide unbiased solutions with greatly reduced statis-
tical uncertainty (Belanger et al., 2022a). In addition, the APOLLO3® 
simulations using the two different noise sources (with and without 
scattering distribution perturbation) are close, which shows that 
neglecting the perturbation of the scattering distribution does not lead 
to abnormal behaviors (see lines in red and black in Fig. 2). However, a 
lower minimum and a higher maximum of the thermal imaginary part 
are found for the case in which the macroscopic scattering cross section 
is perturbed via both the microscopic cross section and the scattering 
distribution. 

5.2. Order of discrete ordinates 

To investigate the impact of the order of discrete ordinates used for 
the angular discretization, the frequency-domain neutron noise solver 
available in APOLLO3® with the S32 approximation and the frequency- 
domain discrete ordinates solver NOISE-SN with the S320 approxima-
tion are compared. The spatial computational grids for the two solvers 
are similar and differ somewhat in the x-direction mesh refinement of 
the regions over which the left and right physical boundaries of the 
vibrating fuel pins oscillate and thus the macroscopic cross sections are 
perturbed. The refinement of each of these regions consists of 10 layers 
of computational cells of width 0.04cm for NOISE-SN, and several layers 
of computational cells of different width, varying from 0.02cm to 
0.007cm, for APOLLO3®. The neutron noise source is modelled using 
Eqs. (5) and (10) and includes the same, full perturbation of the 
macroscopic scattering cross sections. 

In the noise problem corresponding to the vibration of a single fuel 

Fig. 4. Case of one single vibrating fuel pin; comparison between APOLLO3® (with S32) and NOISE-SN (with S320) along the horizontal line crossing the vibrating 
fuel pin; neutron noise amplitude (top, normalized to the maximum value) and phase (bottom) for the fast and thermal energy group. 
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pin, APOLLO3® and NOISE-SN agree well, despite the different order of 
discrete ordinates, e.g., see the spatial distributions of the thermal 
neutron noise calculated with the two solvers in Fig. 3 (the two noise 
amplitudes are in absolute terms and not normalized), and the neutron 
noise along the horizontal crossing the vibrating fuel pin in Fig. 4 (the 
noise amplitudes are normalized with respect to the maximum value, 
which is in the fast group). At the equilibrium points of the left and right 
boundaries of the vibrating fuel pin, the neutron noise amplitude is 
maximum. The amplitude of the fast noise is higher than the amplitude 
of the thermal noise, which is congruous with the fact that the static 
neutron flux and the neutron noise source are higher in the fast energy 
group. The spatial distribution of the noise is asymmetric, because of the 
vicinity of a water hole to the left boundary. The phase has the typical 
out-of-phase behavior (i.e., a shift of 180◦

) caused by a mechanical 
vibration. 

In the case of a central cluster of 8 vibrating fuel pins, the angular 
discretization requires a higher order of discrete ordinates to avoid 
numerical artifacts, i.e., the so-called ray effect. On the one hand, the 
S32 approximation (used in APOLLO3®) and the S320 approximation 
(used in NOISE-SN) calculate close neutron noise amplitudes without 
any major distortion, e.g., see the spatial distribution of the thermal 
neutron noise amplitude over the entire fuel assembly in Fig. 5 (where 
the amplitude is not normalized), and along the mid horizontal of the 
system that crosses the central cluster of vibrating fuel pins in Fig. 6 
(where the amplitude is normalized using the maximum amplitude). On 
the other hand, the neutron noise phase is particularly sensitive to the 
issue of ray effect (APOLLO3® and NOISE-SN with the S32 

approximation provide similar results, although not shown) and the 
S320 approximation is needed for an accurate estimation, see Fig. 7. 
Such an outcome is consistent with previous results obtained from 
simulations of neutron noise induced by an absorber of variable strength 
in a mini-reactor core, see (Yi et al., 2021). 

5.3. Assessment of diffusion-based simulations with respect to higher- 
order solutions 

The time-domain diffusion solver FEMFFUSION-TD and the 
frequency-domain diffusion solver CORE SIM+ are compared in the case 
of the vibration of one single fuel pin. The time-dependent reactor 
neutron noise from FEMFFUSION-TD is processed via a fast Fourier 
transform to determine the neutron noise amplitude and phase. The 
differences between the neutron noise calculated with the two diffusion- 
based solvers are negligible, e.g., see the results along the horizontal in 
the fuel assembly that crosses the vibrating fuel pin in Fig. 8. As an 
example of the spatial distribution of the neutron noise in the overall 
system, the FEMFFUSION-TD results are shown in Fig. 9 (where the 
noise amplitude is not normalized). Although the static flux and the 
neutron noise source are higher for the fast energy group, a higher 
neutron noise absolute amplitude is predicted in the thermal group. This 
is in contradiction with the results from TRIPOLI-4®, APOLLO3® and 
NOISE-SN, for which the fast noise absolute amplitude is higher, e.g., see 
Fig. 4. The neutron noise phase obtained from diffusion and from higher- 
order simulations are similar, e.g., see the thermal values over the fuel 
assembly in Figs. 3 and 9. 

Fig. 5. Case of a central cluster of 8 vibrating fuel pins; thermal neutron noise absolute amplitude obtained from APOLLO3® (left, with S32) and NOISE-SN (right, 
with S320). 

Fig. 6. Case of a central cluster of 8 vibrating fuel pins; fast (left) and thermal (right) neutron noise amplitude (normalized to the maximum value) obtained from 
APOLLO3® (with S32) and NOISE-SN (with S320), along the mid horizontal crossing the system. 
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To explain the discrepancy between diffusion and higher-order 
methods, the noise amplitudes calculated with CORE SIM+ and 
NOISE-SN along the horizontal that crosses the vibrating fuel pin are 
analyzed in detail, see Fig. 10 (where the amplitudes are normalized 
with respect to the Frobenius norm of the static neutron flux). Since 
linear theory is assumed to be valid, the neutron noise induced by the 
vibration of the fuel pin is estimated from the combination between two 
separate simulations, where the perturbation is specified only at the left 
boundary and only at the right boundary of the vibrating fuel pin, 
respectively. Such a procedure simplifies the convergence of the solu-
tion. In the case of CORE SIM+, the neutron noise obtained from each of 
the two separate simulations has higher amplitude in the fast group, 
however the result of the superposition gives a higher amplitude in the 
thermal group. The neutron noise sources constructed for CORE SIM+

and NOISE-SN are almost identical, so the differences in the calculated 
neutron noise arises from the specific approximations of the methods. 
Both solvers calculate the neutron noise as complex quantities in the 
frequency domain. Close to the location of the noise source, the real part 
of the neutron noise is relatively small and has a minor impact on the 
noise amplitude, while the imaginary part of the neutron noise is the 
dominant contribution and is shown in Fig. 11 (again, the values are 
normalized with the Frobenius norm of the static neutron flux). If only 
the perturbation at the left vibrating boundary is taken, the imaginary 
part at the location of the left vibrating boundary is maximum for the 
fast group and minimum for the thermal group (see blue lines in Fig. 11). 
These maxima and minima are less strong in the case of CORE SIM+. 
Still, at the left boundary and its surroundings, CORE SIM+ and NOISE- 
SN estimate relatively close imaginary values for the contribution from 
the perturbation at the right boundary alone (see red lines in Fig. 11). 

The investigation of the neutron noise around the right boundary leads 
to a similar outcome. Therefore, the different behavior of the neutron 
noise stems from the diffusion-based solvers giving inaccurate maxima/ 
minima at the locations of the vibrating boundaries and, in particular, 
not being able to predict the change of sign of the imaginary part for the 
thermal neutron noise in the vicinity of the noise source. This may be 
related to the expected smoothing effect of diffusion in reproducing 
steep variations of the neutron flux with respect to strong spatial in-
homogeneities, such as the local changes in cross sections caused by the 
vibration of a fuel pin in the moderator. 

Differences in value are also found farther from the locations of the 
perturbation, e.g., NOISE-SN predicts a higher noise amplitude than 
CORE SIM+ for x < 5cm and for x > 11cm along the horizontal 
crossing the vibrating fuel pin, see Fig. 10. In these regions of the system, 
the real part (although it is not shown) is as important as the imaginary 
part. 

Tests have been carried out to investigate different refinements of the 
spatial computational grid and different amplitudes of the vibration of 
the fuel pin, and they have led to the same conclusions. 

In the case of the central cluster of 8 vibrating pins, FEMFFUSION-TD 
and CORE SIM+ predict nearly identical neutron noise again. Then, the 
spatial distribution of the neutron noise calculated with FEMFFUSION- 
TD is taken as example, see Fig. 12. Two main inconsistencies are 
found with the results of the APOLLO3® and NOISE-SN transport cal-
culations, i.e., the neutron noise amplitude is higher in the thermal 
group (as for the problem with one single vibrating fuel pin) and the 
thermal noise phase has a shift next to the left and right boundaries of 
the fuel assembly (see the thermal phase in Fig. 3 and Fig. 12). 

Fig. 7. Case of a central cluster of 8 vibrating fuel pins; comparison between APOLLO3® (top row, with S32) and NOISE-SN (bottom row, with S320); fast (left) and 
thermal (right) neutron noise phase. 
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6. Conclusions 

Several novel reactor neutron noise solvers have been developed in 
the CORTEX project using different neutron transport methods, such as 
Monte Carlo, discrete ordinates method, method of characteristics, and 
diffusion theory. These solvers have been applied to simulate neutron 
noise induced by mechanical vibrations of one or multiple fuel pins in a 
2-dimensional simplified UOX fuel assembly, which are modelled as 
variations of macroscopic cross sections. Based on the comparisons be-
tween their respective results, the performances and issues associated 
with the different methods have been investigated, leading to three key 
findings for reactor neutron noise calculations. 

First, the stochastic noise solver in TRIPOLI-4® and the deterministic 
(transport-based) noise solver in APOLLO3® have been compared in the 
case of one single vibrating fuel pin and predict similar neutron noise 
fields within the assembly. The effect of including the perturbation of 
the scattering distribution probability has also been evaluated and has 
been shown to give slight differences. The real and imaginary parts of 
the statistical weights in the Monte Carlo calculation result from the sum 
of positive and negative contributions, and thus they are affected by 
large statistical uncertainty. Furthermore, because of the unbalance in 
value between the real and imaginary parts of the noise source associ-
ated with the vibration of fuel pins, the real part of the estimated 
neutron noise has bigger statistical errors and is biased with respect to 
the deterministic result. Work is then necessary to investigate a more 
efficient treatment of the complex weights in the Monte Carlo method 
for these types of neutron noise problems, and it will be discussed in a 

forthcoming paper specifically devoted to Monte Carlo methods for 
neutron noise simulations (Belanger et al., 2022b). 

Second, in the application of discrete ordinates methods and, in 
general, of transport-based methods modelling the neutron angular 
dependence, the balance between the resolution of the angular and 
spatial discretization is one of the crucial aspects. A too coarse angular 
grid with respect to the spatial grid may cause ray effect and thus yield 
an inaccurate solution. In this work, APOLLO3® and NOISE-SN have 
been used with different orders of discrete ordinates. The comparison 
has shown that the neutron noise induced by one single vibrating fuel 
pin over the fuel assembly can be predicted without significant numer-
ical distortion with a relatively low Sn approximation, while the prob-
lems involving several vibrating fuel pins require a higher order of 
discrete ordinates to avoid ray effect and obtain a well-converged 
solution. 

Third, the use of diffusion-based solvers might lead to significant 
discrepancies in comparison with reference transport-based solvers. 
Both the calculated static neutron flux and the strength of the neutron 
noise source are higher in the fast group, as expected. However, the 
calculated neutron noise amplitude is larger in the thermal group, which 
is not consistent with the results obtained from the higher-order solvers. 
According to the analysis carried out in the present work, this may be 
due to the limitation of diffusion in reproducing variation of the neutron 
flux with respect to strong spatial inhomogeneities, such as the local 
changes in cross sections caused by the vibration of a fuel pin in the 
moderator. For similar reasons, the prediction of the spatial distribution 
of the neutron noise phase may not be fully accurate in problems with 

Fig. 8. Case of one single vibrating fuel pin; comparison between FEMFFUSION-TD and CORE SIM+ along the horizontal line crossing the vibrating fuel pin; neutron 
noise amplitude (top, normalized to the maximum value) and phase (bottom) for the fast and thermal energy group. 
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clusters of several vibrating fuel pins. Further studies are needed to 
investigate this issue and its impact on reactor neutron noise simulations 
for more realistic reactor models, together with possible improvements 
for the diffusion approximation. 

The conclusions thus shed novel light on the use of higher-order 
transport methods to generate reference solutions for neutron noise 
problems with mechanical vibrations and on the possible limitations of 
diffusion-based methods which are commonly applied to simulate 
reactor neutron noise in nuclear power reactors. These findings 
contribute to improving the reliability of the new generation of noise 
solvers currently under development for the purpose of reactor safety. 
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Fig. 11. Case of one single vibrating fuel pin; normalized imaginary part of the neutron noise calculated with NOISE-SN and CORE SIM+ along the horizontal line 
crossing the vibrating fuel pin; fast energy group (top-left and zoom at top-right) and thermal energy group (bottom-left and zoom at bottom-right). 

Fig. 12. Case of a central cluster of 8 vibrating fuel pins; neutron noise absolute amplitude (top) and phase (bottom) calculated with FEMFFUSION-TD; fast (left) and 
thermal (right) energy group. 
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