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2Department of Physics, Chalmers University of Technology, SE-412 96 Göteborg, Sweden

3School of Physics and Center of Excellence in High Energy Physics and Astrophysics,
Suranaree University of Technology, Nakhon Ratchasima 30000, Thailand

4Department of Physics, University of Mandalay, 05032 Mandalay, Myanmar

(Received 5 September 2022; accepted 14 October 2022; published 4 November 2022)

The energy levels of light hypernuclei are experimentally accessible observables that contain valuable in-
formation about the interaction between hyperons and nucleons. In this work we study strangeness S = −1
systems 3,4

� H and 4,5
� He using the ab initio no-core shell model (NCSM) with realistic interactions obtained from

chiral effective field theory (χEFT). In particular, we quantify the finite precision of theoretical predictions that
can be attributed to nuclear physics uncertainties. We study both the convergence of the solution of the many-
body problem (method uncertainty) and the regulator and calibration-data dependence of the nuclear χEFT
Hamiltonian (model uncertainty). For the former, we implement infrared correction formulas and extrapolate
finite-space NCSM results to infinite model space. We then use Bayesian parameter estimation to quantify the
resulting method uncertainties. For the latter, we employ a family of 42 realistic Hamiltonians and measure the
standard deviation of predictions while keeping the leading-order hyperon-nucleon interaction fixed. Following
this procedure we find that model uncertainties of ground-state � separation energies amount to ≈20 (100) keV
in 3

�H ( 4
�H, He) and ≈400 keV in 5

�He. Method uncertainties are comparable in magnitude for the 4
�H, He 1+

excited states and 5
�He, which are computed in limited model spaces, but otherwise are much smaller. This

knowledge of expected theoretical precision is crucial for the use of binding energies of light hypernuclei to
infer the elusive hyperon-nucleon interaction.

DOI: 10.1103/PhysRevC.106.054001

I. INTRODUCTION

One of the main goals of hypernuclear physics is to es-
tablish a reliable link between the low-energy properties of
hypernuclei and the underlying nuclear and hyperon-nucleon
(YN) interactions. Unlike in the nuclear sector, with its
vast database of measured nucleon-nucleon (NN) scattering
observables, the experimental data on YN scattering are un-
fortunately poorer both in quality and quantity. Scattering
experiments with hyperons are rather difficult to perform due
to their short lifetime. Consequently, bound states of light
hypernuclei play an essential and complementary role for
our understanding of YN interactions. Over the past decades,
the structure of hypernuclei has been extensively studied
worldwide—at international facilities such as J-PARC, Jlab,
CERN, BNL, and KEK—providing a great deal of precise
information on binding energies, as well as excitation spectra
and even transition strengths [1–9].
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These experimental efforts have been accompanied, and
often driven, by equally vigorous theory developments. In
the past, several phenomenological approaches have been em-
ployed to study hypernuclei, such as the shell model for p-
and sd-shell hypernuclei [10–15], various cluster [16–19] and
mean-field models [20–24], as well as recent advanced quan-
tum Monte Carlo calculations with simplified microscopic
interactions [25–27]. Very importantly, so-called ab initio
methods—capable of solving the many-body Schrödinger
equation with controllable approximations—have emerged
very recently [28–31]. Such methods utilize realistic hypernu-
clear Hamiltonians that are typically constrained to describe
NN and YN interactions in free space, and can include three-
body forces. Employing such interactions, the energy levels
of A = 3, 4 light hypernuclei have been calculated by solv-
ing Faddeev and Yakubovsky equations already in [32,33].
The rapid advancements in theoretical many-body techniques,
as well as increased computing power, have recently paved
the way to extend ab initio studies from s shell up to the
p-shell hypernuclei using the no-core shell model (NCSM)
approach [28–30,34,35]. This approach therefore provides an
essential cornerstone which allows us to asses the perfor-
mance of available microscopic hypernuclear Hamiltonians
by confronting them with the precise data from hypernuclear
spectroscopy. Ab initio calculations have already been proved
to be a powerful tool, e.g., to reveal deficiencies in available
YN interaction models [28], as well as to elucidate some of the
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long-standing question in hypernuclear physics, such as the
charge symmetry breaking (CSB) [36–38] and the so-called
hyperon puzzle in dense nuclear matter [39]. Furthermore, the
use of ab initio methods promises an opportunity to perform a
rigorous quantification of theoretical uncertainties. Showcas-
ing such efforts is the main goal of the present paper.

A prerequisite for ab initio hypernuclear structure calcula-
tions is the Hamiltonian, constructed from particular models
of nuclear and hypernuclear interactions. The state of the art
theory of nuclear forces employs SU(2) chiral effective field
theory (χEFT) formulated in terms of pions and nucleons as
the relevant degrees of freedom. It incorporates the under-
lying symmetries and the pattern of spontaneous symmetry
breaking of QCD [40–42]. The fast pace of development in
this field is reflected in the recent emergence of a plethora
of different nuclear interaction models [43–47]. Similarly, the
development of YN interactions has a rich history of phe-
nomenological models based on the quark model [48–50] and
boson-exchange potentials [51–55]. In recent years; however,
effective field theory (EFT) methods have been applied in
the strangeness baryon-baryon sector as well. Here, the pseu-
doscalar π , K , and η mesons together with the SU(3) octet
baryons �, �, and � are the relevant degrees of freedom.
Hyperon-nucleon forces have been constructed employing
SU(3) χEFT at leading order (LO) [56] and next-to-leading
order (NLO) [57,58], as well as using an alternative scheme
developed in [59,60]. Alternatively, at very low energies,
even the pionic degrees of freedom can be integrated out,
resulting in the so-called pionless EFT [61,62] which has
been successfully applied to study light nuclei [63] and even
hypernuclei [64,65]. At the same time, lattice-QCD calcula-
tions are expected to provide direct information on nuclear
and hypernuclear interactions in the near future. Especially in
the strangeness sector, where the experimental information is
scarce or does not exist, lattice QCD could provide valuable
theoretical information [66,67].

The Hamiltonian itself is the main source of uncertainty in
calculations of light hypernuclei. The YN interaction is rather
poorly constrained by the sparse YN scattering database, in
addition to suffering from large experimental uncertainties.
As a result, YN interaction models differ already at the level of
phase shifts, and this ambiguity leads to substantial uncertain-
ties in predictions of hypernuclear observables [28,58,68]. On
the other hand, this situation offers an opportunity to utilize
bound-state observables of light hypernuclei to constrain the
YN interaction [38]. In order for such a program to be success-
ful it is important to study all relevant sources of uncertainty
that enter when solving a many-body problem with both nu-
cleonic and hyperonic degrees of freedom. In particular, the
remnant freedom in the construction of realistic NN and NNN
interactions represents an additional source of model uncer-
tainty that enters in the prediction of hypernuclear properties.
Furthermore, the solution of the many-body problem using
a truncated NCSM basis implies a method uncertainty that
might become large for increasing mass number.

The main purpose of this work is to quantify the theoretical
precision of relevant hypernuclear observables that can be
attributed to nuclear model and method uncertainties. More
specifically, we study light � hypernuclei 3,4

� H, 4,5
� He using

the NCSM with realistic Hamiltonians derived from χEFT.
We quantify both the theoretical model uncertainties due to
the nuclear Hamiltonian and the method errors from the so-
lution of the many-body problem in truncated bases. For the
former we employ a family of 42 NNLOsim realistic Hamil-
tonians obtained from χEFT [43] and study the sensitivity of
the choice of interaction model on the hypernuclear binding
energies. For the latter we implement infrared (IR) correction
formulas to extrapolate the finite-space NCSM results to infi-
nite model space, and we use Bayesian parameter estimation
to quantify the resulting method uncertainties.

The article is organized as follows: In Sec. II we first intro-
duce the Jacobi-coordinate NCSM (here denoted Y-NCSM)
for hypernuclear systems with particles of unequal masses.
We also demonstrate the equivalence between the Y-NCSM
harmonic oscillator (HO) basis truncation and IR/ultraviolet
(UV) cutoff scales, and we introduce the realistic nuclear and
YN interactions from χEFT. In Sec. III, we generalize the
nuclear IR correction formulas [69] to hypernuclei and present
a novel Bayesian parameter inference method to extrapolate
the Y-NCSM calculations to infinite model spaces. Results for
ground- and excited-state energies of 3,4

� H, 4,5
� He hypernuclei

are presented in Sec. IV and the consequences of our findings
are discussed in Sec. V.

II. METHOD

A. The hypernuclear no-core shell model

We employ the ab initio NCSM [70] to solve the many-
body Schrödinger equation. This nuclear technique was
extended recently to light hypernuclei [29]. In particular, we
use the translationally invariant formulation of NCSM which
involves a many-body HO basis defined in relative Jacobi co-
ordinates [71]. For completeness, we provide a short summary
of the Y-NCSM method in the following, but refer to Ref. [29]
for details.

Y-NCSM calculations start with the Hamiltonian for a
system of nonrelativistic nucleons and hyperons (� and �)
interacting by NN , three-nucleon (NNN), and YN interactions:

H =
A∑

i=1

�p2
i

2mi
+

A−1∑
i=1

VYN,iA + �M

+
A−1∑

1�i< j

VNN,i j +
A−1∑

1�i< j<k

VNNN,i jk. (1)

The masses mi, momenta �pi, and indices i, j, k correspond to
the nucleonic degrees of freedom for i, j, k � A − 1 and for
i = A to hyperons. Since the YN interaction model employed
in this work explicitly takes into account the strong-interaction
�N ↔ �N transitions, the �-hypernuclear states are coupled
with �-hypernuclear states. To account for the mass differ-
ence of these states, the mass term

�M =
∑
i�A

mi − M0 (2)
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is introduced in the Hamiltonian (1). Here, M0 is the reference
mass of a hypernuclear system containing only nucleons and
a � hyperon.

The Jacobi-coordinate formulation fully exploits the sym-
metries of the Hamiltonian to decouple the center-of-mass
(CM) motion and to construct angular-momentum and isospin
coupled HO basis states. In Y-NCSM, several different equiv-
alent sets of Jacobi coordinates are employed. The set

�ξ0 = 1√
MA

A∑
i=1

√
mi�xi,

�ξi =
√

Mimi+1

Mi+1

(
1

Mi

i∑
j=1

√
mj �x j − 1√

mi+1
�xi+1

)
, (3)

where

Mi =
i∑

j=1

mj, �xi =
√

mi

mN
�ri, (4)

with �ri the particle coordinates and mN the nucleon mass, is
particularly suitable for construction of the HO basis which is
antisymmetric with respect to exchanges of nucleonic degrees
of freedom. In this set, the coordinate �ξ0 is proportional to
the CM coordinate of the A-body system and the coordinates
�ξi, for i = 1, . . . , A − 1, are proportional to the relative posi-
tion of baryon i + 1 with respect to the CM of the i-nucleon
cluster. Once the single-particle coordinates and momenta in
the Hamiltonian (1) are transformed into coordinates (3), the
kinetic energy term splits into a part depending only on the
CM coordinate �ξ0 and a part depending only on the intrinsic
coordinates {�ξi}A−1

i=1 ,

A∑
i=1

−h̄2

2mi

�∇2
ri

= −h̄2

2mN

A−1∑
i=0

�∇2
ξi
. (5)

This, together with translational invariance of VNN , VNNN , and
VYN , allows us to separate out the CM term and thus decrease
the number of degrees of freedom. As a result, the A-body
HO basis states associated with Jacobi coordinates (3) with
total angular momentum J and isospin T can be constructed
as

|(· · · ((a1, a2)J3T3, a3)J4T4, . . . , aA-1)JT 〉 . (6)

Here, |ai〉 ≡ |ni(lisi ) jiti〉 are HO states associated with coor-
dinates �ξi, where ni, li, si, and ti are the radial, orbital, spin,
and isospin quantum numbers, respectively. The parentheses
in (6) indicate the coupling of angular momenta and isospins.
The quantum numbers Ji and Ti (i = 3, . . . , A) are angular
momentum and isospin quantum numbers of i-baryon clus-
ters (with JA ≡ J and TA ≡ T ). Additionally, the HO wave
functions depend on a single HO frequency ω which is a free
model-space parameter in Y-NCSM calculations.

Using Eq. (5) it is straightforward to evaluate the ma-
trix elements of the intrinsic kinetic energy between the HO
states (6) as〈

A∑
i=1

−h̄2

2mi

�∇2
ri

− −h̄2

2mN

�∇2
ξ0

〉
=

A−1∑
i=1

〈−h̄2

2mN

�∇2
ξi

〉
. (7)

Since the HO potential transforms and separates into CM and
intrinsic parts in the same way as the kinetic energy,

A∑
i=1

1

2
miω

2�r 2
i =

A−1∑
i=0

1

2
mNω2�ξ 2

i , (8)

the matrix elements in Eq. (7) can be simply evaluated as

〈−h̄2

2mN

�∇2
ξi

〉
=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

h̄ω
2

√
(n′

i + 1)
(
n′

i + li + 3
2

)
for n′

i = ni − 1,

h̄ω
2

(
2ni + li + 3

2

)
for n′

i = ni,

h̄ω
2

√
(ni + 1)

(
ni + li + 3

2

)
for n′

i = ni + 1.

(9)

Here, the primed (nonprimed) indices correspond to the ini-
tial (final) state and the matrix elements are diagonal in all
quantum numbers of the state (6) except for ni.

The set of Jacobi coordinates (3) and the associated basis
states are, however, not convenient for the evaluation of two-
and three-body interaction matrix elements. In order to eval-
uate the interaction matrix elements, different sets of Jacobi
coordinates are more suitable [29].

Note that the basis states (6) are not antisymmetric with
respect to exchanges of all A-1 nucleons. To construct a
physical basis, fulfilling the Pauli exclusion principle, the
states (6) have to be antisymmetrized. In Y-NCSM, this is
typically achieved by diagonalization of the antisymmetrizer
operator between the states (6). The matrix elements of the
antisymmetrizer, together with extensive discussion of the
antisymmetrization procedure can be found in Refs. [29]
and [71].

Y-NCSM calculations are performed in a limited model
space with finite number of basis states to represent the Hamil-
tonian as a finite matrix to be diagonalized. For a basis formed
by the states (6), the size of the model space is restricted
by allowing only states with the total number of HO quanta
restricted by

A−1∑
i=1

(2ni + li ) � Nmax + N0 ≡ N tot
max, (10)

with N0 the number of HO quanta in the lowest state allowed
by symmetries. For 3

�H, 4
�H, 4

�He, and 5
�He N0 = 0. Y-NCSM

calculations are variational with respect to the size of the
model space and thus converge to exact results for Nmax →
∞.

B. Infrared and ultraviolet scales

The finite size of the Y-NCSM basis leads to model-space
corrections for observables, such as energies, computed in
the Y-NCSM basis. This truncation of the oscillator space in
terms of Nmax and h̄ω can be recast into associated IR and UV
length-scale cutoffs [72–74]. Only recently, precise values of
the IR and UV length scales were identified for the NCSM
basis [75], which employs a total energy truncation, as in (10).
The key insight in this case was that the finite oscillator space
is, at low energies, equivalent to confining particles by an
infinite hyper-radial well, the radius of which then determines
the IR length of the corresponding NCSM basis.
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Here we generalize the scheme in [75] from nuclear NCSM
to hypernuclear Y-NCSM and extract the IR length by equat-
ing the lowest eigenvalues of the intrinsic kinetic energy
operator in the Y-NCSM basis and in a D = 3(A − 1) dimen-
sional well with an infinite wall at hyper-radius LIR.

Note that employing the mass-scaled relative Jacobi coor-
dinates {�ξi}A−1

i=1 from (3) eliminates the explicit dependence
of the noninteracting Hamiltonian on the unequal nucleon
and hyperon masses and introduces a common (arbitrary)
mass scale mN ; see Eq. (5). It is thus convenient to introduce
hyper-spherical coordinates with the (squared) hyper-radius
ρ2 =∑A−1

i=1
�ξ 2

i and hyper-radial states |ρ Gᾱ〉, where G is the
grand angular momentum and ᾱ labels all other partial-wave
quantum numbers. This leads to the noninteracting hyper-
radial Schrödinger equation

−[∂2
ρ − L(L + 1)/ρ2

]
ψG(ρ) = Q2ψG(ρ), (11)

where L = G + (D − 3)/2 and Q2 = 2mN E/h̄2 is the total
squared momentum. Imposing a Dirichlet boundary condition
on ψG at ρ = LIR completely determines the spectrum{

Q2
i

} = {L−2
IR Xi,L | i ∈ Z

}
(12)

by the hyper-radius LIR, the ith zero Xi,L of the Bessel function
JL+ 1

2
(Qρ), and a minimal value of L discussed below.

To obtain the kinetic energy spectrum in the Y-NCSM
basis, we can expand the three-dimensional HO states (6)
in hyper-radial HO basis states |NGᾱ〉. Here N is the nodal
quantum number of the hyper-radial coordinate ρ and the
transformation is diagonal in N tot

max = 2N + G. Matrix ele-
ments of the Y-NCSM kinetic energy operator between the
hyper-radial HO states are diagonal in G and ᾱ and can be
evaluated as in Eq. (9). The resulting spectrum can be written
as {

h̄ω

2
Ti,L
(
N tot

max

)}
, (13)

where Ti,L(N tot
max) denotes the needed dimensionless eigenval-

ues, and the smallest permitted eigenvalue is driven by the
smallest value of L allowed by the symmetries of the wave
function.

By equating the lowest eigenvalues in (12) and (13) we
obtain the intrinsic IR length scale

LIR = b
X1,L√
T1,L

, (14)

where b = √
h̄/(mNω) is the HO length and

L = Gmin + 3(A − 2)

2
. (15)

Gmin is the lowest value of the grand angular momentum in the
relative coordinate system determined by the sum of relative
orbital angular momenta which can couple with spins to yield
the ground-state parity and angular momentum J [75]. From
the duality of the HO Hamiltonian under the exchange of
position and momentum operators, the UV scale of the HO
basis can be identified [76] as

�UV = X1,L
b
√

T1,L
= 1

b2
LIR. (16)

FIG. 1. Comparison of the discrete kinetic energy spectra for
A = 3, 4, 5 hypernuclei in the Y-NCSM and in the corresponding
D = 3(A − 1) dimensional hyper-radial well (HRW). In each case,
the spectrum is plotted in units of the smallest eigenvalue.

Compared to the purely nuclear systems, the coupling to
the �-hypernuclear states and the incomplete antisymmetry
of the states only increases the degeneracy of the spectrum
and modifies the minimal value of L. See the Supplemental
Material of Ref. [75] for tabulated values. Note, however,
that the effective hard-wall radius of Y-NCSM at ρ = LIR

applies to the mass-scaled relative Jacobi coordinates (3) and
not to the physical particle separations. In fact, the physical
separation between the hyperon (particle A) and the (A − 1)
nucleon cluster is

�rsep = 1

A − 1

∑
i�A−1

�ri − �rA =
√

mN

μA,A−1

�ξA−1, (17)

where μA,A−1 ≡ MA−1mA/MA is the reduced mass of the
hyperon-(A − 1) nucleon system. The associated separation
momentum would be

ksep = 1

h̄

√
2μA,A−1Esep, (18)

where Esep is the separation energy.
As a verification of the relevant IR length scale, we com-

puted the kinetic energy spectra for A = 3, 4, 5 hypernuclei in
a Y-NCSM basis truncated at Nmax = 10 and the correspond-
ing 3(A − 1)-dimensional infinite hyper-radial wells. Their
close similarity is demonstrated in Fig. 1. In each case, we
plot the eigenvalues Ti in units of the lowest eigenvalue T0

to remove the proportionality of the entire spectrum to the
inverse square of an underlying length scale.

C. Interactions

A main focus of this work is to explore the importance
of nuclear physics uncertainties. For this purpose we employ
the family of 42 different NNLOsim interactions [43,77] that
are based on χEFT for nuclear systems up to next-to-next-
to-leading order (NNLO). At this order, which is employed
here, the nuclear interaction includes NN as well as NNN
forces. The 26 low-energy constants (LECs) of this interac-
tion are optimized to simultaneously reproduce NN as well
as πN scattering cross sections, the binding energies and
charge radii of 2,3H and 3He, the quadrupole moment of
2H, and the Gamow-Teller matrix element associated with
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the beta-decay of 3H [77]. Each NNLOsim potential is asso-
ciated with one of seven different regulator cutoffs �NN =
450, 475, . . . , 575, 600 MeV. In addition, the database of ex-
perimental NN scattering cross sections used to constrain the
respective interaction was also varied. To be precise, it was
truncated at six different maximum scattering energies in
the laboratory system T max

Lab = 125, 158, . . . , 257, 290 MeV.
A detailed description of the NNLOsim interactions and the
optimization protocol is given in Ref. [43]. The 42 different
parametrizations of the nuclear interaction at this NNLO order
give equally good descriptions of the relevant set of calibra-
tion data in the nucleonic sector. Applying all of them within
the ab initio description of light hypernuclei will allow us
to expose the magnitude of systematic model uncertainties
that stems from the truncated EFT description of the nuclear
interaction.

For the YN interaction we use the coupled-channel Bonn-
Jülich SU(3)-based χEFT model constructed at LO [56].
At LO, VYN consists of pseudoscalar π , K , and η meson
exchanges, together with baryon-baryon contact interaction
terms. The meson-baryon coupling constants and the form of
the contact interaction is constrained by the SU(3) flavor sym-
metry. The interaction is regularized in momentum space by
a smooth regulator, f (p′, p) = exp[−(p4 + p′4)/�4

YN ], with
momentum cutoff �YN ranging from 550 to 700 MeV . Unless
otherwise specified we are using �YN = 600 MeV. At LO,
there are five free parameters (LECs), which were determined
from the fits to the measured low-energy YN scattering cross
sections, additionally conditioned by the existence of a bound
3
�H state with Jπ = 1

2
+

[56].
The NNLOsim NN and Bonn-Jülich LO YN interactions are

constructed in particle basis, rather than isospin basis. To eval-
uate the corresponding matrix elements between good-isospin
HO states we use the prescription described in Ref. [29]. This
procedure gives excellent agreement with particle-basis cal-
culations, as demonstrated in Ref. [29], where the difference
between total energies calculated in particle and isospin bases
was found to be a few keV for A = 3, 4 hypernuclei. In the
following, we neglect this small contribution to the method
uncertainty.

III. BAYESIAN APPROACH TO INFRARED
EXTRAPOLATION

A. Infrared extrapolation formalism

Having established the IR and UV length scales of the
Y-NCSM basis in Sec. II B, we will employ an IR extrapola-
tion formalism [78] to extract the infinite-model-space energy
eigenvalue, E∞, from results, E (LIR i ), computed at truncated
bases

E (LIR ) = E∞ + a0 exp (−2κ∞LIR ), (19)

where LIR = LIR(A, Nmax, h̄ω) [75]. In addition, there will be
UV corrections to the computed energies. These errors can
be minimized by inferring the extrapolation parameters using
computational results obtained at large and fixed �UV [69].
Specifically, we will work at fixed �UV = 1200 MeV, which
provides a good compromise between the performance of

FIG. 2. The ground-state energy E and the extrapolation distance
�EIR introduced in Eq. (21) for 3

�H at fixed Nmax as a function of
the UV scale �UV. The results at fixed �UV are obtained using GP
interpolation as described in the text. The UV dependence of the
extrapolation distance for smaller model spaces (upper panel) and the
region of the variational minimum at very large model spaces (lower
panel) indicates that 1000 � �UV � 1200 MeV is a good choice for
performing IR extrapolation.

reliable extrapolation and the minimization of UV corrections,
as demonstrated in Fig. 2. Note that h̄ω can be tuned for
fixed Nmax to set different UV scales. Here we used Gaus-
sian process (GP) regression (with an RBF kernel) [79] to
interpolate in HO frequency for fixed Nmax. The training data
was composed of computed results at even, integer values of
h̄ω ∈ [6, 40] MeV. With this setup, and using the GPy mod-
ule [80], we find that the standard deviation for a predicted
energy is less than 0.5 keV at any (interpolated) value of h̄ω.

Subleading IR corrections to Eq. (19), here denoted
�EIR,NLO, are proportional to exp (−2κ∞LIR )/(κ∞LIR ) as
demonstrated in the two-body case [81]. In many-body sys-
tems, further corrections from additional separation channels
are expected to be of the order of exp (−2ksepLIR ), [69],
where ksep is the relevant momentum scale. However, the latter
corrections will be suppressed in the present cases since the
�-separation threshold is much below other decay channels.

In practice, we will have computational results up to some
largest model space that translates into a maximum IR length,
LIR,max. We define

�LIR ≡ LIR − LIR,max, (20)

and replace the extrapolation factor a0 that appears in Eq. (19)
with a new parameter

�EIR ≡ a0 exp (−2κ∞LIR,max). (21)

This transformed parameter corresponds to the size of the
LO IR energy correction for our largest model-space result.
Furthermore, we introduce a random variable εNLO that is
expected to be of natural size and that will provide a stochastic
model for the NLO energy correction. Consequently, we have
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the extrapolation model

E (LIR ) = E∞ + �EIR exp (−2κ∞�LIR )

×
(

1 + εNLO

κ∞(LIR,max + �LIR )

)
. (22)

We also note that the κ∞ parameter is related to the lowest
separation energy threshold of the many-body system [69].
From the asymptotic form of the wave function

exp (−kseprsep) = exp (−κ∞ξA−1), (23)

and assuming that the lowest separation energy is well below
the second lowest one, we get that κ∞ from the fit should be
related to ksep by

κ∞ =
√

mN

μA,A−1
ksep = 1

h̄

√
2mN Esep, (24)

where we have used the relations in Eqs. (17) and (18). In the
following we will use κ

exp
sep (κ th

sep) to denote the momentum as-
sociated with the lowest experimental (theoretical) separation
threshold energy while κ∞ will always be the fit parameter.
Higher-order corrections, such as the effects of other separa-
tion channels, will in practice lead to κ∞ � κ th

sep.

B. Bayesian inference

The application of the extrapolation model (22) be-
comes an inference problem that we tackle using a
Bayesian approach. Our Y-NCSM computations for a
specific Hamiltonian provide a set of N energies D =
{E (LIR,1), E (LIR,2), . . . , E (LIR,max)} obtained in different
model spaces (corresponding to IR cutoffs LIR,1 < LIR,2 <

· · · < LIR,max). We will assume that the corresponding vec-
tor of NLO errors, �εNLO, is normally distributed pr( �εNLO) =
N (0, �). The specification of the covariance matrix � will
involve additional model parameters. With �α the vector of
model parameters (IR extrapolation model plus statistical
error model), this assumption implies that the data likeli-
hood pr(D | �α) becomes a normal distribution. As mentioned,
the stochastic variable(s) εNLO are expected to be of natural
size, which we express as Cov(εNLO(LIR,i ), εNLO(LIR,i )) =
ε̄2 with ε̄ of order unity. Furthermore, we expect that the
NLO correction is a rather smooth function of LIR, which
we translate into an assumption of positive correlations 0 <

Cov(εNLO(LIR,i ), εNLO(LIR,i+1))/ε̄2 < 1. We adopt a rather
simple model for this correlation structure that involves a
single unknown parameter ρ describing the correlation co-
efficient between two subsequent model space results. The
expected decay of the correlation strength with increasing IR
distance is here implemented by assigning a Toeplitz structure
to the correlation matrix

C =

⎛
⎜⎜⎜⎜⎜⎝

1 ρ ρ2 · · · ρN−1

ρ 1 ρ · · · ρN−2

ρ2 ρ 1
...

...
...

. . .

ρN−1 ρN−2 · · · 1

⎞
⎟⎟⎟⎟⎟⎠. (25)

We note that the N × N covariance matrix � is determined by
the two parameters ε̄ and ρ.

The calibration of all model parameters �α =
{E∞,�EIR, κ∞, ε̄, ρ} is an inference problem that we
approach using Bayes’s formula

pr(�α |D) ∝ pr(D | �α)pr(�α). (26)

The probability density function (PDF) on the left-hand side
of Eq. (26) is the posterior, which is proportional to the prod-
uct of the likelihood PDF for the data (conditional on model
parameters) and the prior PDF for the parameters. We will
usually refer to these PDFs as just posterior, likelihood, and
prior, respectively.

The first step is then to formulate our prior beliefs for the
model parameters.

C. Priors for model parameters

First we note that the original parametrization of the ex-
trapolation formula (19) is characterized by a very strong
correlation between model parameters a0 and κ∞ [69]. Using
the transformed parameters �EIR and κ∞, we expect to find
more independent constraints. In fact, we will make no prior
assumption of correlations and will assign full factorization

pr(�α) = pr(E∞)pr(�EIR )pr(κ∞)pr(ε̄)pr(ρ). (27)

Our choices of priors for E∞, �EIR, and κ∞ are guided by
studies of the Nmax and h̄ω dependence of our results. At this
stage we focus on HO frequencies close to the variational
minimum rather than the large values that are used for the IR
extrapolation model inference. The key output of this prestudy
is (Evar,�EIR,max), where Evar is the (approximate) variational
minimum and �EIR,max is a very generous estimate for the
maximum extrapolation distance. Furthermore, we use Evar to
compute a very rough estimate of the separation energy and

the associated momentum scale κ th,var
sep =

√
2E th,var

sep mN/h̄. We
can now specify conservative prior bounds implemented via
uniform distributions

pr(E∞) = U (Evar − �EIR,max, Evar + δEvar ), (28)

pr(�EIR ) = U (0,�EIR,max), (29)

pr(κ∞) = U
(

κ th,var
sep

3
, 3κ th,var

sep

)
, (30)

where δEvar = 0.1 MeV adds extra flexibility to allow for
possible UV errors at low HO frequencies.

Concerning the error model parameters ε̄ and ρ, we assign

pr(ρ) = U (0.01, 0.99), (31)

pr(ε̄) = f (α = 1.5, β = 1.0), (32)

where the former encapsulates our expectation that correla-
tions will be positive but of unknown strength, and the latter is
a weakly informative inverse gamma distribution. This partic-
ular parametrization gives a main strength for natural values
(the probability mass for ε̄ < 2.0 is 0.8) while still allowing
for larger values via a significant tail.
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FIG. 3. The ground-state energy of 3
�H as a function of the HO

frequency and Y-NCSM model space Nmax. Results obtained with
NNLOsim(�NN = 500 MeV, T max

Lab = 290 MeV) at a subset of fixed
Nmax = {16, 24, 40, 50, 60, 70} are indicated by filled symbols con-
nected by thin solid lines. Dashed lines indicate fixed UV scale
�UV = {1000, 1100, 1200, 1300, 1400} MeV. The benchmark IR
extrapolation shown in Fig. 4 is performed with the GP-interpolated
data indicated by open circles.

D. MCMC sampling

Having specified the likelihood for the calibration data
and the priors for the parameters we are in a position to
collect samples from the posterior PDF (26) using Markov
Chain Monte Carlo (MCMC) methods. Here we use the affine
invariant MCMC ensemble sampler emcee [82] using up to
100 walkers with 50 000 iterations per walker following 5000
warmup steps.

We check the performance and consistency of our Bayesian
approach to IR extrapolation by first studying the 3

�H
system. Here we can perform calculations in very large
model spaces up to Nmax = 70 and we have extracted a
well-converged variational minimum Evar = −2.385 MeV for
the NNLOsim(�NN = 500 MeV, T max

Lab = 290 MeV) interac-
tion [83]. For testing purposes, we limit the IR extrapolation
data to Nmax � 24. We determine the prior by studying the
behavior near the variational minimum, and we select calibra-
tion data for the likelihood that has fixed �UV = 1200 MeV;
see Fig. 3. This implies an extrapolation distance of almost
500 keV, as seen in Fig. 4, and we find that a simple maximum
likelihood estimation (MLE) fit to the data (with NLO errors
as inverse weights) fails to capture the large-LIR behavior
(red dashed line) and severely underestimates the converged
binding energy. In contrast, the Bayesian approach provides
extrapolation model samples (gray band) that are consistent
with the calibration data. The median (inferred 68% credi-
ble interval) for E∞ is −2.31 ([−2.43,−2.26]) MeV (black
symbol with error bar), which encompasses the variational
minimum (green dash-dotted line).

For 4
�H and 4

�He 0+ states we are able to reach Nmax = 20,
and the extrapolation distance is less than 100 keV . As
will be shown in Sec. IV the extrapolation uncertainty is
just ≈10 keV. We also compute the 1+ states in these A = 4
hypernuclei, but we are then limited to Nmax = 16. The ex-
trapolation distance is around 400 keV and, as we will show,
the associated uncertainty becomes ≈100 keV.

The most challenging calculation is for 5
�He with com-

putations limited to Nmax � 10 and results not yet close to

FIG. 4. Bayesian IR extrapolation of the ground-state energy for
3
�H with NLO errors. A truncated data set (Nmax = 16–24) with fixed
�UV = 1200 MeV is used for the extrapolation. The posterior IR
model prediction is represented by the band that shows the median
(black line) and the 68% credible region. The median and 68% cred-
ible interval for the E∞ parameter is shown by the black marker with
error bar. The green dashed line indicates the variational minimum
obtained at Nmax = 70, h̄ω = 9 MeV [83]. The red line shows a
maximum-likelihood fit to the data inversely weighted by the NLO
errors.

convergence. The variational minimum in this model space
is Evar = −33.48 MeV, while the IR model calibration data
extend down to −33.19 MeV . The parameter posterior for
the Bayesian extrapolation analysis is shown in Fig. 5. We
note the slightly asymmetric mode for E∞, with a long neg-
ative tail, and its anticorrelation with �EIR, which is quite
expected. The magnitude of the NLO error is smaller than
the prior assumption. The correlation coefficient is not that
well constrained, but has its main support for rather strong
correlations. The bivariate distribution pr(ε̄, ρ |D) indicates
that strongly correlated errors allow for a larger NLO correc-
tion which is also expected since the summed penalty in the
likelihood decreases with increasing correlation.

The priors and posteriors for all extrapolation parameters
for the ground-state energies of 3,4

� H and 4,5
� He and the 1+

excited states of 4
�H, He are summarized in Table III in the

Appendix.

IV. NUCLEAR PHYSICS UNCERTAINTIES

A. Binding and � separation energies

Energy levels of light hypernuclei are experimentally
accessible observables that are sensitive to details of the un-
derlying YN and nuclear interactions. Yet, one can naively
expect that calculated � separation energies—obtained as the
differences of the binding energies of hypernuclei and their
core nuclei—should be insensitive to the choice of nuclear
interaction. In fact, such a rather weak residual dependence
of � separation energies in A = 3, 4 hypernuclei was found
already in Faddeev calculations [33] using a limited set of
phenomenological NN interactions and, more recently, also in
NCSM calculations using χEFT NN interaction models [31].
However, our initial analysis for 3

�H in Ref. [83] indicated that
this dependence may be significantly larger.

In this work we therefore carry out a comprehensive sys-
tematic study of the variation of the binding and � separation
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FIG. 5. Bayesian extrapolation results for 5
�He with the NNLOsim(�NN = 500 MeV, T max

Lab = 290 MeV) nuclear interaction and the Bonn-
Jülich LO YN interaction, computed at Nmax = 4–10 and fixed �UV = 1200 MeV. Energies are in MeV and κ∞ in fm−1. The median and
the 68% equal-tail credible interval are indicated with vertical black dashed lines for the marginal distributions on the diagonal. The prior
distributions are shown by red dashed lines while the variational estimate for the energy is shown by a green solid line in the upper left panel.
The contour lines for the bivariate distributions indicate 39%, 68%, 86% probability masses.

energies of light hypernuclei resulting from the uncertainties
in NN and NNN potentials. In order to quantify this model
uncertainty, we employed the NNLOsim family of nuclear
interactions [43], specifically designed for such tasks [83–85].
In addition, we make use of the Bayesian approach to IR
extrapolation from Sec. III to determine the accompanying
method uncertainty, associated with the solution of the many-
body problem in a truncated Y-NCSM model space. Results
of this technique for the ground states of 3,4

� H and 4,5
� He are

represented in Fig. 6 by posterior PDFs of the extrapolated

binding energies (first column) as well as LO and NLO IR
corrections (second column) and κ∞ (third column) using
a single NNLOsim nuclear interaction with �NN = 500 MeV
and T max

Lab = 290 MeV. We note that the precision of the in-
ferred energy, that is represented by the width of the PDF
for E∞, depends critically on the extrapolation distance, i.e.,
the magnitudes of the IR corrections. We also confirm the
relation between the κ∞ fit parameter and the (theoretical)
separation momentum κ th

sep (here obtained with the median
value for E th

sep) as discussed in Sec. III A. All inferred
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FIG. 6. Posterior PDFs for the extrapolated energies (first col-
umn) as well as LO and NLO IR corrections (second column)
and κ∞ (third column) with the NNLOsim(�NN = 500 MeV, T max

Lab =
290 MeV) interaction for 3,4

� H and 4,5
� He. The variational minimum

energies, Evar, are shown by green vertical lines in the first column
while the theoretical separation momenta, κ th

sep, are shown by purple
vertical lines in the final column. The priors are indicated by blue
dashed lines.

parameters of the IR extrapolation are summarized in Ta-
ble III in the Appendix, including also the 1+ excited states
in 4

�H, He and prior distributions. There, we characterize
the posteriors of the parameters by the median value of the
distribution plus the 68% and 95% credible intervals. The
half-width of the 68% credible region, quantifying the extrap-
olation (method) uncertainty, ranges from 1 (10) keV for the
ground states of 3

�H ( 4
�H, He), to 100 keV for the excited

1+ states in 4
�H, He and 200 keV in 5

�He. These numbers
are obtained with the NNLOsim(�NN = 500 MeV, T max

Lab =
290 MeV) interaction. We note (see Fig. 7) that the extrapola-
tion uncertainty becomes larger with increasing �NN regulator
cutoff. The main limitation in precision originates in the
computation restriction, constraining the feasible size of the
Y-NCSM model space truncation Nmax.

Having assessed the method error, we apply the IR extrap-
olation for all nuclear interactions in the NNLOsim family.
The � separation energies for all 42 interactions are shown in
Fig. 7 for 4

�H (open circles) and 4,5
� He (filled circles) ground

and excited states. The data correspond to the medians from
the Bayesian IR extrapolation while the error bars for the
seven T max

Lab = 290 MeV NNLOsim interactions with different
�NN indicate the 68% credible region from the IR extrapola-
tion. We use the variance, σ 2(NNLOsim ), of predictions for
E th

sep obtained with the full NNLOsim family to quantify the

FIG. 7. Separation energies for 4
�H (open circles) and 4,5

� He
(filled circles) ground and excited states for the family of NNLOsim

interactions. The data correspond to the medians from the Bayesian
IR extrapolation. The 68% credible region from the IR extrapolation
is indicated by the error bar for the seven T max

Lab = 290 MeV interac-
tions in the NNLOsim family.

uncertainty connected to the choice of nuclear Hamiltonian.
The resulting model uncertainties

σmodel ≡ [σ 2(NNLOsim )]1/2, (33)

as well as the method uncertainties from the IR extrap-
olations, are summarized in Table I for all hypernuclear
states studied in this work. The model uncertainties remain
significant despite the fact that the method uncertainties be-
come comparable (or even larger) in magnitude for 5

�He
and the 1+ excited states of 4

�H, He. It should be noted
that each interaction in the NNLOsim family gives slightly
different binding energy for 4He [43], which is taken into ac-
count when computing the separation energies. For example,
the NNLOsim(�NN = 500 MeV, T max

Lab = 290 MeV) interac-
tion gives E (4He) = −28.10 MeV [77]. We also note that
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TABLE I. Separation energies (in MeV) for light hypernu-
clei. Experimental data are compared with the ab initio result of
this work (E th

sep) obtained with NNLOsim(�NN = 500 MeV, T max
Lab =

290 MeV). The 68% credible interval (CI), shown as distances from
the median in the next to final column, corresponds to the uncertainty
of the extrapolation procedure. The model discrepancy in the final
column (σmodel) is an estimate of the nuclear-interaction uncertainty.
The model discrepancy is here quantified by the standard deviation
of predictions obtained with the full NNLOsim family; see Eq. (33).

E th
sep

System E exp
sep Ref. median 68% CImethod σmodel

3
�H 0.165(44) [86] 0.166 [−0.001, +0.001] 0.02
4
�H 2.157(77) [87] 2.78 [−0.01, +0.01] 0.08
4
�He 2.39(3) [1] 2.76 [−0.01, +0.01] 0.08
5
�He 3.12(2) [1] 6.03 [−0.28, +0.18] 0.36
4
�H; 1+ 1.067(80) [87] 1.75 [−0.12, +0.10] 0.07
4
�He; 1+ 0.984(50) [88] 1.71 [−0.13, +0.10] 0.07

a direct comparison of σmodel with previous studies, such
as those in Refs. [31,33], could be misleading. Usually re-
ported is the total spread of � separation energies obtained
by using a very limited set of nuclear interactions. More-
over, NCSM calculations might additionally suffer from an
undesired dependence on the flow parameter of the similarity
renormalization group (SRG) transformation applied in order
to speed up the convergence. In this work we do not use
SRG transformations but rather make an effort to quantify the
method uncertainty associated with the convergence.

Finally, it should be stressed that all many-body com-
putations discussed so far have been performed with fixed
YN regulator cutoff �YN = 600 MeV. The Bonn-Jülich LO
YN interaction is known to result in a noticeable cutoff
dependence of separation energies in light A = 3, 4 hypernu-
clei [68], as well as heavier systems using SRG-evolved YN
interactions [29,31]. We find that the 5

�He binding energy,
in particular, is sensitive to the choice of �YN . As shown in
Table II, larger values of �YN seem to give a better agreement

TABLE II. Separation energies for 5
�He with different reg-

ulator cutoffs for the LO YN interaction. The nuclear interac-
tion (NN+NNN) is fixed as NNLOsim(�NN = 500 MeV, T max

Lab =
290 MeV). The Bayesian extrapolations are performed at fixed
�UV = 1200 MeV including NLO IR errors as described in Sec. III.
Median values from the sampled PDFs are shown for the extrap-
olation distance �EIR and E th

sep. Furthermore, the 68% and 95%
credibility intervals for E th

sep are shown in the last two columns as
distances from the median. All values are in MeV.

E th
sep

�YN �EIR median 68% CImethod 95% CImethod

550 0.72 7.33 [−0.20, +0.13] [−0.55, +0.30]
600 0.93 6.03 [−0.28, +0.18] [−0.75, +0.41]
650 1.23 4.79 [−0.37, +0.25] [−0.94, +0.56]
700 1.56 3.82 [−0.46, +0.33] [−1.11, +0.69]

with the experimental separation energy shown in Table I, but
are also associated with a larger extrapolation uncertainty. A
more complete study of this sensitivity is left for future work
and should possibly also include higher-order descriptions
of the YN interaction. We note that most few-body calcula-
tions employing various YN interaction models that reproduce
ground-state � separation energies of lighter, A � 4, hypernu-
clei yield too large 5

�He � separation energy. See Ref. [64] for
an overview of available calculations and a discussion of this
issue within pionless EFT and the implications of the strength
of three-body YNN interactions for neutron-star matter. The
uncertainty quantification presented here should be relevant
in the resolution of this puzzle.

B. Charge symmetry breaking

Unlike in nuclei, the amount of CSB in hypernuclei is
substantial as it originates in the strong YN interaction. While
heavily suppressed in 3

�H with T = 0, it manifests itself in the
� separation energy differences of the A = 4 4

�H, He mirror
hypernuclei,

�Esep

(
4
�H, He; Jπ

) = Esep

(
4
�He; Jπ

)− Esep

(
4
�H; Jπ

)
. (34)

The large �E exp
sep( 4

�H, He; 0+) = 0.233(92) MeV and negligi-
ble �E exp

sep( 4
�H, He; 1+) = −0.083(94) MeV CSB effects in

4
�H, He ground and excited states, respectively, were reaf-
firmed recently by precision measurements [88,89]. These
observations provide unique information on the charge depen-
dence of the YN interaction. Given that low-energy �p cross
sections are poorly known and �n scattering data do not exist,
the currently available chiral YN interaction models [56,57]
have assumed isospin symmetry. Leading CSB terms were
only recently incorporated into the chiral NLO YN interac-
tion and constrained to reproduce the measured � separation
energy differences in 4

�H, He [38].
Here we quantify the precision of theoretical predic-

tions for �E th
sep(

4
�H, He; Jπ ), considering both model and

method uncertainties. This effort reveals the potential of
this observable to constrain the charge dependence of the
YN interaction. The sensitivity of the � separation en-
ergy differences to the nuclear interaction model in 0+
and 1+ states of 4

�H, He is shown in Fig. 8, using the
charge-symmetric LO YN (�YN = 600 MeV) interaction. The
�E th

sep(
4
�H, He; Jπ ) were obtained using the median values

of extrapolated � separation energies, E th
sep( 4

�H, He; Jπ ), for
all 42 interactions in the NNLOsim family. The small resid-
ual CSB splittings, �E th

sep(
4
�H, He; 0+) ≈ −0.015 MeV and

�E th
sep(

4
�H, He; 1+) ≈ −0.038 MeV, are due to the increased

Coulomb repulsion in 4
�He compared to its 3He core [90]

and the �N intermediate-state mass differences in kinetic
energy terms [33,91]. These results are consistent with pre-
vious calculations using different χEFT nuclear interaction
models [37,92]. Since the � separation energies in 4

�He and
4
�H are strongly correlated for each of the NNLOsim interac-
tions, the model uncertainty, quantified by the variance of their
differences, is very small, σmodel ≈ 0.002 (0.003) MeV for the
0+ (1+) state.
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FIG. 8. Difference of ground- and excited-state � separation
energies in 4

�He and 4
�H for the family of NNLOsim interactions,

calculated using the charge-symmetric LO YN (�YN = 600 MeV) in-
teraction. The data corresponds to the medians from the Bayesian IR
extrapolation. The error bars, shown for the seven T max

Lab = 290 MeV
interactions in the NNLOsim family, represent a conservative estimate
of the uncertainty obtained from the uncertainties of the separation
energies assuming correlated method errors (correlation coefficient
r = 0.9; see text for details).

The uncertainty from the extrapolation procedure, indi-
cated by the error bars in Fig. 8, is larger than the model
uncertainty. This is particularly true for the 1+ states for
which our computations are limited to Nmax � 16. Based on
a correlation study of 4

�H, He energies at different Nmax, we
have estimated a correlation coefficient r = 0.9 between the
4
�H, He extrapolation errors. This correlation implies that the
corresponding error in the difference of the two extrapolated
energies becomes a factor

√
10 smaller than with zero cor-

relation (where the total error would be the square root of the
quadratic sum). We note that an assignment of uncorrelated er-
rors would in fact have been a much stronger assumption. The
resulting method uncertainties are on the order of σmethod ≈
0.005 (0.05) MeV for the 0+ (1+) state. In the future, it will be
important to perform similar uncertainty quantification studies
with YN interaction models incorporating CSB terms.

V. SUMMARY AND OUTLOOK

In this work we have used the ab initio Y-NCSM method
to study light hypernuclei up to 5

�He using realistic chiral
interactions as the only simulation input. In particular, we
have made a significant effort to quantify relevant nuclear
uncertainties, which we define as those that are related to

the truncation and calibration of the nuclear interaction model
plus the error that can be associated with the finite precision
of the many-body solver. Quantitative knowledge of these
uncertainties is critical for future research efforts in which
hypernuclear structure data is used to constrain the elusive YN
interaction.

The following are the main findings and conclusions of this
study:

(i) A comprehensive study of nuclear interaction model
uncertainties in hypernuclear observables. We used
the NNLOsim family of 42 realistic nuclear Hamil-
tonians [43] to study the sensitivity of hypernuclear
binding energies to the calibration and regularization
of the nuclear interaction. We found that the model
uncertainty in the relevant � separation energies
ranges from 20 (100) keV in 3

�H ( 4
�H, He) to a few

hundred keV in 5
�He.

(ii) Significance of theoretical uncertainty quantification
for constraining YN interaction models. We argued
that the finite theoretical precision can be quantified
and need to be taken into account in future efforts
where spectra of light hypernuclei are used to con-
strain YN interaction models.

(iii) The IR length scale of the truncated Y-NCSM basis
was here established using both analytical and nu-
merical arguments. This allowed us to apply rigorous
IR corrections to extract model-space converged re-
sults.

(iv) Development of a Bayesian IR extrapolation frame-
work. We have developed and used a fully Bayesian
framework to perform the IR extrapolation of Y-
NCSM results. This allowed the inclusion of both LO
and NLO IR corrections in the analysis, introducing
various nuisance parameters with prior expectations
but conditional on computed data. The method was
validated for 3

�H and used to obtain converged re-
sults for light hypernuclei using the full family of
NNLOsim interactions. This (extrapolation) method
uncertainty ranges from 1 (10) keV for the ground
states of 3

�H ( 4
�H, He) to 100 keV for the excited

1+ states in 4
�H, He and 200–300 keV in 5

�He with
the main limitation in precision originating in the
computation restriction in Nmax.

(v) The handling of correlated IR errors. In particular, we
presented and applied a simple, stochastic model for
the IR corrections that allows to capture correlations
between results obtained at different IR length scales.
This approach was critical in order not to overesti-
mate the extrapolation errors. Furthermore, it can be
straightforwardly applied to other IR extrapolation
studies.

(vi) Theoretical precision of the CSB energy level split-
tings in 4

�H, He. We verified that the � separation
energies in 4

�H, He are strongly correlated and that
these correlations considerably reduce the theoreti-
cal uncertainties of the CSB energy level splittings.
In particular, we showed that the model uncertainty
is very small, σmodel ≈ 0.002 (0.003) MeV, for the
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TABLE III. Prior and posterior distributions for the parameters used in the Bayesian infrared extrapolations of the ground state energies of
3,4
� H and 4,5

� He and the 1+ excited states of 4
�H, He. The prior bounds for all parameters (except ε̄) are given in the rows labeled “prior”. For

ε̄ we use a weakly informative inverse gamma distribution for which we present the 95% credible interval. The posteriors are summarized by
the median value of the distribution plus the 68% and 95% credible intervals. The theoretical separation momenta, obtained from the medians
of the binding energies, are shown in the final column for comparison with κ∞ (see Sec. III A).

System E∞ �EIR ε̄ ρ κ∞ κ th
sep

3
�H prior [−2.44, −2.29] [0.00,0.05] [0.21,9.27] [0.01,0.99] [0.03,0.26]

posterior median −2.391 0.007 0.28 0.98 0.13 0.09
68% CI [−2.391, −2.390] [0.006, 0.008] [0.20, 0.36] [0.97, 0.99] [0.12, 0.13]
95% CI [−2.392, −2.389] [0.005, 0.008] [0.15, 0.48] [0.94, 0.99] [0.12, 0.14]

4
�H prior [−11.48, −11.08] [0.00,0.30] [0.21,9.27] [0.01,0.99] [0.12,1.08]

posterior median −11.26 0.08 0.31 0.93 0.48 0.37
68% CI [−11.27, −11.25] [0.07, 0.09] [0.19, 0.52] [0.71, 0.98] [0.46, 0.51]
95% CI [−11.29, −11.24] [0.06, 0.11] [0.13, 0.94] [0.24, 0.99] [0.42, 0.54]

4
�He prior [−10.72, −10.32] [0.00,0.30] [0.21,9.27] [0.01,0.99] [0.12,1.08]

posterior median −10.48 0.08 0.30 0.93 0.48 0.36
68% CI [−10.49, −10.47] [0.07, 0.10] [0.19, 0.51] [0.72, 0.98] [0.46, 0.50]
95% CI [−10.51, −10.46] [0.06, 0.12] [0.13, 0.93] [0.25, 0.99] [0.42, 0.53]

5
�He prior [−35.48, −33.38] [0.00,2.00] [0.21,9.27] [0.01,0.99] [0.17,1.53]

posterior median −34.13 0.93 0.50 0.63 0.81 0.54
68% CI [−34.40, −33.95] [0.75, 1.23] [0.29, 0.96] [0.25, 0.89] [0.73, 0.88]
95% CI [−34.95, −33.73] [0.54, 1.74] [0.18, 2.08] [0.05, 0.97] [0.62, 0.98]

4
�H;1+ prior [−10.62, −9.77] [0.00,0.75] [0.21,9.27] [0.01,0.99] [0.09,0.78]

posterior median −10.23 0.36 0.40 0.79 0.48 0.29
68% CI [−10.34, −10.14] [0.26, 0.48] [0.23, 0.77] [0.36, 0.96] [0.41, 0.55]
95% CI [−10.53, −10.04] [0.18, 0.66] [0.15, 1.62] [0.07, 0.99] [0.32, 0.66]

4
�He;1+ prior [−9.97, −9.12] [0.00,0.75] [0.21,9.27] [0.01,0.99] [0.09,0.81]

posterior median −9.43 0.37 0.40 0.78 0.47 0.29
68% CI [−9.55, −9.33] [0.28, 0.51] [0.23, 0.76] [0.36, 0.96] [0.40, 0.55]
95% CI [−9.76, −9.23] [0.18, 0.68] [0.15, 1.62] [0.07, 0.99] [0.31, 0.66]

0+ (1+) state. This precisely measured observable is
therefore sensitive to properties of the YN interaction,
such as its poorly known charge dependence.

(vii) Excessive � separation energy in 5
�He. We have

confirmed that the Bonn-Jülich LO YN(�YN =
600 MeV) yields too large � separation energy in
5
�He. However, we also found a large sensitivity of
this observable to the �YN cutoff. Larger values of
�YN seem to give a better agreement with the exper-
imental value. Taking into account the considerable
theoretical method and model uncertainties, we do
not find a strong signal of deficiencies in the Bonn-
Jülich LO YN interaction.
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APPENDIX: BAYESIAN INFERENCE PARAMETERS

See Table III for prior and posterior distributions for the
parameters used in the Bayesian infrared extrapolations of the
ground-state energies of 3,4

� H and 4,5
� He and the 1+ excited

states of 4
�H, He.
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