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Abstract

The inverse linear-quadratic optimal control problem is a system identification problem whose aim is to recover the quadratic
cost function and hence the closed-loop system matrices based on observations of optimal trajectories. In this paper, the
discrete-time, finite-horizon case is considered, where the systems are also assumed to be indistinguishable. The latter means
that the observations are in terms of “snap shots” of all systems at different time instants, but what is not known is “which
system moved where” for consecutive observations. This absence of linked optimal trajectories makes the problem challenging.
We first show that this problem is globally identifiable. Then, for the case of noiseless observations, we show that the true
cost matrix, and hence the closed-loop system matrices, can be recovered as the unique global optimal solution to a convex
optimization problem. Next, for the case of noisy observations, we formulate an estimator as the unique global optimal solution
to a modified convex optimization problem. Moreover, the statistical consistency of this estimator is shown. Finally, the
performance of the proposed method is demonstrated by a number of numerical examples.

Key words: Inverse optimal control, Linear quadratic regulator, System identification, Closed-loop identification,
Time-varying system matrices, Convex optimization, Semidefinite programming.

1 Introduction

First proposed in [16], Inverse Optimal Control (IOC)
is an inverse problem whose aim is to reconstruct the
cost function and predict the closed-loop system’s be-
haviour, based on knowledge of the underlying system
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dynamics and observations of the system. The problem
can be categorized as a system identification problem
where the system is assumed to be governed by an opti-
mal control model with known structure, and hence it is
a so-called gray-box system identification problem [21,
p. 13]. IOC problems are of great interest, not least due
to the fact that many processes in nature have been ob-
served to be optimal with respect to some criteria [1].
“Reverse-engineering” the systems’ objective function
not only enables us to understand how their decisions
are made, but also provides a way to predict and im-
itate their behaviours. For example, the IOC problem
has found applications in human motion analysis [5, 34],
robot locomotion [27], robot manipulation [14, 24], sys-
tems biology [32] and machine learning [7, 18].

Nevertheless, for some scenarios with multiple individ-
uals, such as human crowds, bacteria, bird flocks, and
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schools of fish, the observation data is naturally collected
by observing all the individuals simultaneously in dis-
crete time, for instance via video cameras. Due to the
similarity between the individuals and the fact that pop-
ulation is often huge, it is often too expensive or simply
impossible to track each individual in the group. Un-
der such conditions, the individuals can be assumed to
be homogeneous and “indistinguishable”. This “indis-
tinguishablility” means that we can not tell “which indi-
vidual system goes where” for consecutive observations.
“Reverse-engineering” the objective function for such in-
dividual systems is challenging due to the fact that:

(1) The control input measurement is usually not avail-
able. Moreover, the “indistinguishable” character-
istics means that the individual systems’ optimal
trajectories are not available. Therefore, the exist-
ing IOC methods, such as [4, 14, 25, 35–37], that
minimizes the difference between the observed and
expected optimal trajectories, or minimizes the vio-
lation of optimality conditions, can not be applied.

(2) The structural identifiability under such “indistin-
guishable” observations is not guaranteed. In par-
ticular, given observed data for optimal “indistin-
guishable” individual systems, there is a priori no
guarantee that there aren’t different objective func-
tions or closed-loop systems that corresponds to it.

(3) The observations are usually contaminated by noise
due to limitations of experiments and measuring
methods. The identification methods should be sta-
tistically consistent and robust to observation noise
in order to provide an accurate estimate of the ob-
jective function or the closed-loop system.

On the other hand, the Linear-Quadratic (LQ) opti-
mal control formulation is one of the most commonly
used optimal control methods in practice. Due to its
simplicity, it is often used to approximate complex con-
trol problems and optimal behaviours [8, 13, 31]. It is
therefore not surprising that the inverse LQ optimal
control problem (with distinguishable observations) has
been studied in different settings and in various de-
grees of generality; see, e.g., [2, Sec. 5.6], [6, Sec. 10.5]
for the continuous-time infinite-horizon case, [19, 20]
for the continuous-time finite-horizon case, [29] for the
discrete-time infinite-horizon case, and [17, 35–37] for
the discrete-time finite-horizon case, respectively. More-
over, although the inverse LQ optimal control problem
can be seen as a special case of the IOC problem for
general nonlinear systems [9, 17, 25, 26, 28, 30], the spe-
cial structure of the LQ formulation allows for precise
answers to structural identifiability, and in the finite
time horizon case for the identification of a linear time-
varying system from a limited amount of data. Further,
to the best of our knowledge, the IOC problem for “in-
distinguishable” systems has not been considered in
existing literatures.

In this work, we consider the linear-quadratic discrete-

time finite-horizon IOC problem with indistinguishable
observations. In particular, we assume that each sys-
tem is governed by a discrete-time finite-horizon Lin-
ear Quadratic Regulator (LQR). Moreover, in this ini-
tial work on “indistinguishable” systems, we also assume
that there is no interaction between the systems. This
is a simplifying assumption which we intend to relax in
the future. In the current work, we focus on studying
how to tackle this “indistinguishability” issue in the ob-
servations. The goal is to develop an inverse LQ optimal
control algorithm for an external observer that can be
used to identify the “microscopic individual’s” objective
function using “macroscopic indistinguishable” observa-
tions. More precisely, the main contributions are:

(i) We show that the corresponding model structure
is strictly globally identifiable.

(ii) In the case of exact measurements, we formulate
a convex optimization problem and prove that the
unique globally optimal solution is the quadratic
cost term of interest.

(iii) In the case of noisy observations, we formulate an
estimator of the sought quadratic cost term as the
unique globally optimal solution to a modified con-
vex optimization problem. Moreover, we also show
that this estimator is (asymptotically) statistically
consistent. The latter means that the estimate con-
verges to the true parameter value as the number
of systems tends to infinity.

The article is organized as follows: in Section 2, we for-
mulate the problem, specify the model structure, and
show that the model structure is strictly globally identi-
fiable. Section 3 investigates the inverse problem in the
absence of measurement noise, and we formulate a con-
vex optimization problem whose unique global optimal
solution coincides with the parameters of interest. In
Section 4, we adapt the results of the previous section to
the case when the observations have measurement noise.
In particular, it is shown that the unique global optimal
solution of the modified stochastic optimization prob-
lem is a statistically consistent estimator. Next, discus-
sions regarding some general numerical difficulties with
the discrete-time finite-horizon LQ IOC problem are in-
cluded in Section 5, and in Section 6, we present the nu-
merical results. Finally, the article is concluded in Sec-
tion 7.

Notation: The following notation is utilized throughout
the article: Sn denotes the set of n×n symmetric matri-
ces, and Sn+ denotes the set of symmetric n×n matrices
that are positive semidefinite. For symmetric matrices,
G1 � G2 denotes the Loewner partial order of G1 and
G2, namely, G1 −G2 ∈ Sn+. Moreover, G1 � G2 denotes
that G1 − G2 is strictly positive definite; see, e.g., [11,
Sec. 7.7]. ‖ · ‖F denotes the Frobenius norm, and 1 de-
notes an all-one vector with appropriate length. Further-
more, we use italic bold font to denote stochastic ele-
ments. Finally, we denote

∏m
k=1Ak = AmAm−1 . . . A1.
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2 Problem formulation, model structure, and
identifiability

Suppose that each observed system i (i = 1, . . . ,M)
is governed by the following discrete-time finite-horizon
LQR:

min
xi
1:N

,ui
1:N−1

xiTN S̄x
i
N +

N−1∑
t=1

(
xiTt Q̄x

i
t + uiTt R̄u

i
t

)
(1a)

s.t. xit+1 = Axit +Buit, t = 1, . . . , N − 1, (1b)

xi1 = x̄i. (1c)

The systems are assumed to be homogeneous, namely,
they have the same dynamics as well as the same ob-
jective functions. For the sake of simplicity, as stated in
the Introduction, in this work we assume there is no in-
teractions between the systems. We intend to relax this
assumption in future work. We will also assume that
S̄ = Q̄ and R̄ = I throughout this paper. It is further as-
sumed that A is invertible, that B has full column rank,
and that (A,B) is controllable. The rationality of mak-
ing the assumption that A is invertible lies in the fact
that discrete-time systems are often obtained by sam-
pling of a continuous-time systems. More precisely, if Â
is the system matrix of the continuous-time system and
∆t > 0 is the sample period, then the system matrix
A = exp(Â∆t) of the sampled discrete-time systems is
always invertible [37].

The optimal control input sequence ūi1:N−1 of (1) is given

by ūit = K̄tx
i
t, t = 1, . . . , N − 1, where

K̄t = −(BT P̄t+1B + I)−1BT P̄t+1A,

and P̄2:N is the solution to the following discrete-time
Riccati Equation (DRE):

P̄t = AT P̄t+1A+ Q̄−
AT P̄t+1B(BT P̄t+1B + I)−1BT P̄t+1A,

t = 2 : N − 1

P̄N = Q̄. (2)

For the problem of LQ IOC for indistinguishable sys-
tems, which is considered in this paper, the goal is to
recover the matrix Q̄ in the objective function given
the knowledge of (possibly noisy) state observations.
However, note that since the systems are indistin-
guishable, this means that the observations at dif-
ferent time instants are unpaired. More precisely, let
Xt := [x1

t , . . . , x
M
t ] be the state of M systems following

the dynamics in (1), then the observations are modelled
as {

Y φt

}N
t=1

=
{[
x
φt(1)
t , . . . , x

φt(M)
t

]}N
t=1

,

where φt : {1, . . . ,M} 7→ {1, . . . ,M}, t = 1, . . . , N , are

unknown permutations (the superscript φ in Y φt is used
to emphasizes the fact that the observations are shuf-
fled). Nevertheless, φ1(·) can, without loss of generality,
be assumed to be the identity mapping since the order-
ing of the initial states does not matter. Therefore we
will henceforth restrict our attention to the set {φt}Nt=2.

Problem 1 (IOC for indistinguishable LQ systems)

Given the unpaired state observations {Y φt }Nt=1 ofM sys-
tems that are governed by (1), recover the corresponding
parameter Q̄ in the objective function.

Before we continue, we would like to first discuss the
identifiability of such problem. According to the defini-
tion of identifiability in [21, Def. 4.5, 4.6], the identifiabil-
ity is a property of the model structureM itself and have
nothing to do with any concrete data, where the model
structureM is a parameterized collection of models that
describes the relations between the input and the out-
put signal of the system [22]. Hence, as a pre-step, we
need to first define the underlying model structure M
of Problem 1.

In Problem 1, we see the initial values of the trajectories

as the “input signal”, and {Y φt }Nt=2 as the “output sig-
nal”. Note that any permutation φt(·) can be uniquely
represented by a permutation matrix Pt ∈ P, where

P := {P ∈ {0, 1}M×M |P1 = 1, PT1 = 1},

i.e., the set of 0-1-matrices with exactly one element that
is one in each row and in each column. Post-multiplying
any matrix with such a permutation matrix results in

a matrix with permuted columns. Therefore, Y φt can be
represented as

Y φt = XtPt, t = 2, · · · , N,

and hence, for the system output it holds that

Y φt =

(
t−1∏
k=1

Acl(k;Q)X1

)
Pt. (3)

where Acl(k;Q) is the closed-loop system matrix at time
instant k that is generated by LQR (1) using the cost
matrix Q. By using the property of the vectorization
operator [10, Lem. 4.3.1], vectorizing the above equation
we have that

vec(Y φt ) =

[
PT
t ⊗

t−1∏
k=1

Acl(k;Q)

]
vec(X1).

Thus, we have the following definition of the model struc-
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tureM for Problem 1:

M(Q, {Pt}Nt=2) := {Mt(Q,Pt)}Nt=2

= {PT
t ⊗

t−1∏
k=1

Acl(k;Q)}Nt=2.

Next, we adopt the definition of identifiability in [21,
Def. 4.6, 4.7]. More precisely in our case:

Definition 2.1 (Identifiability) M is globally identi-

fiable at (Q′, {P ′
t}Nt=2) ∈ Sn+ ×PN−1

t if it holds that

M(Q, {Pt}Nt=2) =M(Q′, {P ′
t}Nt=2), Q ∈ Sn+,Pt ∈ P

=⇒ Q = Q′,Pt = P ′
t, ∀ t = 2, . . . , N.

M is strictly globally identifiable if it is globally identifi-
able at all Q′ ∈ Sn+,P ′

t ∈ P.

Proposition 2.1 IfN ≥ n+1, then the model structure
M(Q, {Pt}Nt=2) is strictly globally identifiable.

PROOF. Let (Q′, {P ′
t}Nt=2) ∈ Sn+ × PN−1, and as-

sume thatM(Q, {Pt}Nt=2) =M(Q′, {P ′
t}Nt=2) for some

(Q, {Pt}Nt=2) ∈ Sn+ × PN−1. Therefore, Mt(Q,Pt) =
Mt(Q

′,P ′
t) for t = 2, . . . , N . On the other hand, recall

that any permutation matrix Pt is a 0-1 matrix with
exactly one element that is one in each row and column.
This means that for all t, Mt(Q,Pt) is composed of

all-zero and
∏t−1
k=1Acl(k;Q) sub-matrix blocks. Together

with the fact that Mt(Q,Pt) = Mt(Q
′,P ′

t) for t =

2, . . . , N , it implies that Pt = P ′
t and

∏t−1
k=1Acl(k;Q) =∏t−1

k=1Acl(k;Q′) holds for t = 2, . . . , N . Hence, by induc-
tion Acl(t;Q) = Acl(t;Q

′) holds for all t = 1, . . . , N − 1.
Now, if N ≥ n + 1, this implies that Q = Q′ [37,
Theorem. 2.1]. This gives the global identifiability of
M(Q′, {P ′

t}). Finally, since (Q′, {P ′
t}Nt=2) was arbitrar-

ily chosen from Sn+ ×PN−1,M(Q′, {P ′
t}Nt=2) is strictly

globally identifiable. 2

As a final note in this section, we observe that by iden-
tifying Q̄ we implicitly also identify {Pt}Nt=2. More pre-
cisely, if Q̄ is identified, then by solving the forward prob-
lem (1), the estimates of each system’s trajectory can
be easily obtained; pairing these estimates with the data
gives the permutations. Moreover, as will be shown next,
it turns out that Q̄ can be identified without explicitly
identifying the permutations.

3 IOC for indistinguishable systems in the
noiseless case

After justifying the identifiability of the problem, we
now investigate the IOC problem for indistinguishable

systems in the noiseless case, namely, it is assumed that

yit = x
φt(i)
t , ∀ t and i. More precisely, we construct the

IOC algorithm for indistinguishable observations as a
convex optimization problem. However, before present-
ing the optimization problem, let us first sketch the main
idea behind it. To this end, we first note that the opti-
mal solution to the forward problem (1) is characterized
by the DRE (2). However, this is a nonlinear equation
in P̄t, and in order to tackle to problem we first relax it
to a nonlinear inequality, namely

P̄t � AT P̄t+1A+ Q̄−
AT P̄t+1B(BT P̄t+1B + I)−1BT P̄t+1A,

t = 2 : N − 1

P̄N = Q̄.

In particular, this relaxation means that for any system
trajectory {xit}Nt=1, we have that for t = 1, . . . , N − 1

0 ≤xiTt
(
AT P̄t+1A+ Q̄−

AT P̄t+1B(BT P̄t+1B + I)−1BT P̄t+1A− P̄t
)
xit.

Summing the above inequality, both for t = 1, . . . , N − 1
and i = 1, . . . ,M , taking traces on both sides, and using
that the trace operator is invariant under cyclic permu-
tation of the elements, we get the inequality

0 ≤
N−1∑
t=1

tr
[(
AT P̄t+1A+ Q̄−

AT P̄t+1B(BT P̄t+1B + I)−1BT P̄t+1A− P̄t
)
XtX

T
t

]
.

In fact, for trajectories that are optimal to (1), the above
inequality is an equality. Therefore, to make the relax-
ation as tight as possible, we are interested in making
the right hand side of the above inequality as small as
possible. Finally, also note that

Y φt Y
φT
t =

M∑
i=1

x
φt(i)
t x

φt(i)T
t =

M∑
i=1

xitx
iT
t = XtX

T
t , (4)

where the second equality follows since the order of the
elements in the sum does not matter. This means that
XtX

T
t can be computed from the observed, indistin-

guishable data.

To elaborate on the above idea, we first define the ob-
jective function as

H(Q, {Pt}) := − tr(P1Y
φ
1 Y

φT
1 )

+ tr(PNY
φ
NY

φT
N ) +

N−1∑
t=1

tr(QY φt Y
φT
t ) (5)
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and construct the following optimization problem to re-
construct Q:

minimize
Q∈Sn+,
{Pt∈Sn+}

H(Q, {Pt}) (6a)

subject to

[
BTPt+1B + I BTPt+1A

ATPt+1B ATPt+1A+Q− Pt

]
� 0,

t = 1, . . . , N − 1, (6b)

PN = Q. (6c)

This is a semidefinite programming problem, and hence
a convex optimization problem, that can be solved using
standard numerical solvers, e.g., [23]. Before we show
that solving this optimization problem actually gives the
correct estimate Q̄ as unique optimal solution, we first
present three lemmas that are useful for future analysis.

Lemma 3.1 (Persistent excitation) If Y φ1 Y
φT
1 � 0,

then it holds that Y φt Y
φT
t � 0,∀ t = 2, . . . , N .

PROOF. By using the property xit+1 = Acl(t; Q̄)xit, as
well as (4), it follows that

Y φt+1Y
φT
t+1 =

M∑
i=1

xit+1x
iT
t+1

= Acl(t; Q̄)

(
M∑
i=1

xitx
iT
t

)
ATcl(t; Q̄).

Since for all Q ∈ Sn+, Acl(t;Q) is invertible for all t =
1, . . . , N − 1 [37], and since positive definiteness is in-
variant under congruence [11, Obs. 7.1.8], by induction
the statement follows. 2

Remark 3.1 The “persistent excitation” condition

Y φ1 Y
φT
1 � 0 is equivalent to that there are n linearly in-

dependent initial values xi1 amongst all M initial values.

Lemma 3.2 For any feasible solution (Q, {Pt}Nt=1) to
(6), it holds that

H(Q, {Pt}) +

M∑
i=1

N−1∑
t=1

‖ūit‖2 ≥ 0,

where {ūit}N−1
t=1 is the optimal control input sequence in

(1) that corresponds to the “true” matrix Q̄ and the tra-
jectory {xit}Nt=1.

In particular, note that {ūit}N−1
t=1 in Lemma 3.2 has noth-

ing to do with the decision variable (Q, {Pt}) of the
optimization problem. Therefore, the lemma effectively

shows that the objective function H is bounded from
below on the feasible set in (6).

PROOF. Since {Pt}Nt=1, Q is feasible, it is clear that
Pt ∈ Sn+, ∀ t = 1, . . . , N and hence BTPt+1B + I �
0,∀ t = 1, . . . , N − 1. Moreover, since (6b) holds, by
positive semidefiniteness of the Schur complement [11,
p. 495] it holds that

ATPt+1A− Pt +Q−ATPt+1B(BTPt+1B + I)−1

×BTPt+1A � 0. (7)

IntroducingKt := −(BTPt+1B+I)−1BTPt+1A, we can
re-write the above matrix inequalities as

(A+BKt)
TPt+1(A+BKt)− Pt +Q+KT

t Kt � 0,

t = 1, . . . , N − 1.

Rearranging the terms, we have

ATPt+1A− Pt +Q � −KT
t B

TPt+1A

−ATPt+1BKt −KT
t (BTPt+1B + I)Kt. (8)

On the other hand, for the i’th trajectory, consider the
following term

J it = xiTt+1Pt+1x
i
t+1 − xiTt Ptxit + xiTt Qx

i
t + ‖ūit‖2, (9)

where ūit is the control input that corresponds to Q̄ and
the trajectory {xit}Nt=1 in the forward problem (1). Using
the fact that xit+1 = (A + BK̄t)x

i
t and ūit = K̄tx

i
t, it

holds for (9) that

J it =

xiTt
[
(A+BK̄t)

TPt+1(A+BK̄t)− Pt +Q+ K̄T
t K̄t

]︸ ︷︷ ︸
=:Ht

xit.

Expanding the terms of Ht, we have

Ht = ATPt+1A− Pt +Q+

K̄T
t B

TPt+1A+ATPt+1BK̄t + K̄T
t (BTPt+1B + I)K̄t,

and using the matrix inequality (8) we get that

Ht � (10)

−KT
t B

TPt+1A−ATPt+1BKt −KT
t (BTPt+1B + I)Kt

+ K̄T
t B

TPt+1A+ATPt+1BK̄t + K̄T (BTPt+1B + I)K̄t.

Recalling that Kt = −(BTPt+1B + I)−1BTPt+1A and
using the fact that

K̄T
t B

TPt+1A

= K̄T
t (BTPt+1B + I)(BTPt+1B + I)−1BTPt+1A

= −K̄T
t (BTPt+1B + I)Kt,

5



and that

KT
t B

TPt+1A

= KT
t (BTPt+1B + I)(BTPt+1B + I)−1BTPt+1A

= −KT
t (BTPt+1B + I)Kt,

the matrix inequality (10) can be further rewritten as

Ht � 2KT
t (BTPt+1B + I)Kt −KT

t (BTPt+1B + I)Kt

− K̄T
t (BTPt+1B + I)Kt −KT

t (BTPt+1B + I)K̄t

+ K̄T
t (BTPt+1B + I)K̄t

= (Kt − K̄t)
T (BTPt+1B + I)(Kt − K̄t).

Hence it holds that

J it = xiTt Htx
i
t

≥ xiTt (Kt − K̄t)
T (BTPt+1B + I)(Kt − K̄t)x

i
t. (11)

On the other hand, recall that Y φt =
[
x
φt(1)
t , · · · , xφt(M)

t

]
.

Therefore, it follows that

tr(PtY
φ
t Y

φT
t ) = tr(Pt

[
x
φt(1)
t , · · · , xφt(M)

t

]
x
φt(1)T
t

...

x
φt(M)T
t

)

= tr

(
Pt

(
M∑
i=1

x
φt(i)
t x

φt(i)T
t

))
=

M∑
i=1

x
φt(i)T
t Ptx

φt(i)
t

=

M∑
i=1

xiTt Ptx
i
t, t = 1, . . . , N. (12)

Similarly, it also holds that tr(QY φt Y
φT
t ) =

∑M
i=1 x

iT
t Qx

i
t,

t = 2, . . . , N . Together with (9) and (11), we therefore
have that

H(Q, {Pt}) +

M∑
i=1

N−1∑
t=1

‖ūit‖2 =

M∑
i=1

N−1∑
t=1

‖ūit‖2+

N−1∑
t=1

{
tr(Pt+1Y

φ
t+1Y

φT
t+1)− tr(PtY

φ
t Y

φT
t ) + tr(QY φt Y

φT
t )

}

=

N−1∑
t=1


M∑
i=1

xiTt+1Pt+1x
i
t − xiTt Ptxit + xiTt Qx

i
t + ‖ūit‖2︸ ︷︷ ︸

=Ji
t


≥
N−1∑
t=1

{
M∑
i=1

[
xiTt (Kt − K̄t)

T (BTPt+1B + I)(Kt − K̄t)x
i
t

]}
≥ 0, (13)

which proves the statement. 2

Lemma 3.3 Suppose that Q̄ is the true parameter that

is used to generate the observations {Y φt }Nt=2 with un-

known permutations, that {ūit}N−1
t=1 , for i = 1, . . . ,M ,

is the corresponding optimal control signal, and that{
P̄t
}N
t=1

is the corresponding solution to the DRE (2).

Then
(
Q̄,
{
P̄t
}N
t=1

)
is an optimal solution to (6), and

H(Q̄, {P̄t}) +
∑M
i=1

∑N−1
t=1 ‖ūit‖2 = 0.

PROOF. Since
(
Q̄,
{
P̄t
}N
t=1

)
satisfies DRE (2), (7)

as well as (6c) holds, and therefore (6b) holds for(
Q̄,
{
P̄t
}N
t=1

)
. Thus

(
Q̄,
{
P̄t
}N
t=1

)
is a feasible solution

to (6).

Next, since xit+1 = (A + BK̄t)x
i
t and ūit = K̄tx

i
t, it

follows that

xiTt+1P̄t+1x
i
t+1 − xiTt P̄txit + xiTt Q̄x

i
t + ‖ūit‖2

=xiTt
[
(A+BK̄t)

T P̄t+1(A+BK̄t)− P̄t + Q̄

+ K̄T
t K̄t

]
xit

=xiTt
[
AT P̄t+1A−AT P̄t+1B(BT P̄t+1B + I)−1BT P̄t+1A

+ Q̄− P̄t
]
xit = 0,

which means that H(Q̄, {P̄t}) +
∑M
i=1

∑N−1
t=1 ‖ūit‖2 = 0.

Finally, by Lemma 3.2 we know that H(Q, {Pt})+∑M
i=1

∑N−1
t=1 ‖ūit‖2 ≥ 0 for all feasible solutions. Since∑M

i=1

∑N−1
t=1 ‖ūit‖2 is a constant, and since the lower

bound is reached by (Q̄,
{
P̄t
}N
t=1

), the latter is an opti-

mal solution to (6). 2

Now we are ready to present the main theorem for the
noiseless case.

Theorem 3.1 Assume that N ≥ n + 1, Y φ1 Y
φT
1 � 0,

and let (Q∗, {P ∗t }Nt=1) be an optimal solution to (6). Then
Q∗ = Q̄, where Q̄ is the “true” parameter that is used to

generate {Y φt }Nt=2 with unknown permutations.

PROOF. By Lemma 3.3, we know that
(
Q̄,
{
P̄t
}N
t=1

)
is an optimal solution to (6). What remains to show is
the uniqueness.

Since
(
Q∗, {P ∗t }Nt=1

)
is an optimal solution, it must

be feasible, thus (13) also holds for
(
Q∗, {P ∗t }Nt=1

)
.

Moreover, by the assumption that Y φ1 Y
φT
1 � 0 and

Lemma 3.1, it holds that Y φt Y
φT
t � 0, ∀ t = 2, . . . , N ,

and hence there exists a strictly positive definite matrix

(Y φt Y
φT
t )

1
2 such that Y φt Y

φT
t = (Y φt Y

φT
t )

1
2 (Y φt Y

φT
t )

1
2

6



[11, p. 440]. LettingK∗t := −(BTP ∗t+1B+I)−1BTP ∗t+1A,
by further term manipulation in (13), we have

H(Q∗, {P ∗t }) +

M∑
i=1

N−1∑
t=1

‖ūit‖2 ≥

N−1∑
t=1

{
M∑
i=1

[
xiTt (K∗t − K̄t)

T (BTP ∗t+1B + I)(K∗t − K̄t)x
i
t

]}

=

N−1∑
t=1

{
tr
[
(K∗t − K̄t)

T (BTP ∗t+1B + I)(K∗t − K̄t)Y
φ
t Y

φT
t

]}
=

N−1∑
t=1

{∥∥∥(BTP ∗t+1B + I)
1
2 (K∗t − K̄t)(Y

φ
t Y

φT
t )

1
2

∥∥∥2

F

}
≥ 0.

As stated in Lemma 3.3, the lower bound zero in the

above inequality is reached by
(
Q̄,
{
P̄t
}N
t=1

)
, and it also

holds that H(Q∗, {P ∗t }Nt=1) +
∑M
i=1

∑N−1
t=1 ‖ūit‖2 = 0

since
(
Q∗, {P ∗t }Nt=1

)
is also an optimal solution. There-

fore, since all terms in the above sum are nonnegative,
it must hold that∥∥∥(BTP ∗t+1B + I)

1
2 (K∗t − K̄t)(Y

φ
t Y

φT
t )

1
2

∥∥∥
F

= 0,

⇔ (BTP ∗t+1B + I)
1
2 (K∗t − K̄t)(Y

φ
t Y

φT
t )

1
2 = 0,

⇔ K∗t − K̄t = 0, t = 1, . . . , N − 1

since (BTP ∗t+1B + I)
1
2 and (Y φt Y

φT
t )

1
2 are invertible.

The above argument shows that K∗t = K̄t for all

t = 1, . . . , N − 1. Nevertheless, note that {K∗t }N−1
t=1

is not the control gain that is generated by Q∗

using DRE (2). Instead, it is defined by K∗t =
−(BTP ∗t+1B + I)−1BTP ∗t+1A, for t = 1, . . . , N − 1,

where (Q∗, {P ∗t }N−1
t=1 ) is an optimizer of (6). Hence

the result from [37, Theorem 2.1] can not be di-
rectly applied to show that Q∗ = Q̄. Nevertheless, to
show the latter, first note that we can always write
P ∗t = P̄t + ∆Pt, t = 1, . . . , N , and Q∗ = Q̄ + ∆Q, for
some symmetric matrices ∆Q and ∆Pt, for t = 1, . . . , N .
Since both (Q∗, {P ∗t }Nt=1) and (Q̄, {P̄t}Nt=1) are optimal
solutions to (6), they must have the same optimal value,
and hence

H(Q∗, {P ∗t }Nt=1)−H(Q̄, {P̄t}Nt=1) = 0

=⇒ − tr(∆P1Y
φ
1 Y

φT
t ) + tr(∆PNY

φ
NY

φT
N )

+

N−1∑
t=1

tr(∆QY φt Y
φT
t ) = 0, (14)

where we have used the linearity of the trace operator.

On the other hand, it holds that

K∗t = −(BTP ∗t+1B + I)−1BTP ∗t+1A

⇐⇒ (BTP ∗t+1B + I)K∗t = −BTP ∗t+1A

⇐⇒ BTP ∗t+1(A+BK∗t ) = −K∗t .

Since K∗t = K̄t,∀ t = 1, . . . , N − 1, A + BK∗t = A +
BK̄t = Acl(t; Q̄), and by the fact that Acl(t; Q̄) is in-
vertible for all t = 1, . . . , N − 1 [37], it follows that

BTP ∗t+1 = −K∗t Acl(t; Q̄)−1 = −K̄tAcl(t; Q̄)−1 = BT P̄t+1

=⇒ BT∆Pt+1 = 0,∀ t = 1, . . . , N − 1. (15)

Next, since (Q∗, {P ∗t }Nt=1) is feasible, (7) also holds for
(Q∗, {P ∗t }Nt=1). This means that

AT (P̄t+1 + ∆Pt+1)A− (P̄t + ∆Pt) + (Q̄+ ∆Q)

−AT (P̄t+1 + ∆Pt+1)B[BT (P̄t+1 + ∆Pt+1)B + I]−1

BT (P̄t+1 + ∆Pt+1)A � 0, t = 1, . . . , N − 1

P̄N + ∆PN = Q̄+ ∆Q.

On the other hand, since (Q̄, {P̄t}Nt=1) satisfies (2), by
also using (15) we get that

AT∆Pt+1A−∆Pt + ∆Q � 0, t = 1, . . . , N − 1, (16)

∆PN = ∆Q. (17)

Using (15), we can further manipulate the terms of (16)
and get

(A+BK̄t)
T︸ ︷︷ ︸

Acl(t;Q̄)

∆Pt+1 (A+BK̄t)︸ ︷︷ ︸
Acl(t;Q̄)

−∆Pt + ∆Q � 0,

∀ t = 1, . . . , N − 1

=⇒ XT
t Acl(t; Q̄)T∆Pt+1Acl(t; Q̄)Xt −XT

t ∆PtXt

+XT
t ∆QXt � 0,

=⇒ XT
t+1∆Pt+1Xt+1 −XT

t ∆PtXt +XT
t ∆QXt � 0,

=⇒ tr(∆Pt+1Xt+1X
T
t+1)− tr(∆PtXtX

T
t )

+ tr(∆QXtX
T
t ) ≥ 0, t = 1, . . . , N − 1,

=⇒ tr(∆Pt+1Y
φ
t+1Y

φT
t+1)− tr(∆PtY

φ
t Y

φT
t )

+ tr(∆QY φt Y
φT
t ) ≥ 0, t = 1, . . . , N − 1, (18)

where Xt = [x1
t , · · · , xMt ], and where we also used

that tr(∆PtY
φ
t Y

φT
t ) = tr(∆PtXtX

T
t ) and that

tr(∆Pt+1Y
φ
t+1Y

φT
t+1) = tr(∆Pt+1Xt+1X

T
t+1).

Summing (18) from t = 1 to N − 2, we have

tr(∆PN−1Y
φ
N−1Y

φT
N−1)− tr(∆P1Y

φ
1 Y

φT
1 )

+

N−2∑
t=1

tr(∆QY φt Y
φT
t ) ≥ 0. (19)
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In view of (14) and (19), we have that

0 =− tr(∆P1Y
φ
1 Y

φT
1 ) + tr(∆PNY

φ
NY

φT
N )

+

N−1∑
t=1

tr(∆QY φt Y
φT
t )

=− tr(∆P1Y
φ
1 Y

φT
1 ) + tr(∆PN−1Y

φ
N−1Y

φT
N−1)

+

N−2∑
t=1

tr(∆QY φt Y
φT
t )− tr(∆PN−1Y

φ
N−1Y

φT
N−1)

+ tr(∆PNY
φ
NY

φT
N ) + tr(∆QY φN−1Y

φT
N−1)

≥− tr(∆PN−1Y
φ
N−1Y

φT
N−1) + tr(∆PNY

φ
NY

φT
N )

+ tr(∆QY φN−1Y
φT
N−1)

=− tr(∆PN−1XN−1X
T
N−1) + tr(∆PNXNX

T
N )

+ tr(∆QXN−1X
T
N−1)

Since XN = Acl(N − 1; Q̄)XN−1 and by also using (15),
from the equation above it follows that

0 ≥ tr
[(
Acl(N − 1; Q̄)T∆PNAcl(N − 1; Q̄)−∆PN−1

+ ∆Q
)
XN−1X

T
N−1

]
= tr

[
(AT∆PNA−∆PN−1 + ∆Q)XN−1X

T
N−1

]
.

Since XN−1X
T
N−1 is positive definite (by Lemma 3.1),

it follows that AT∆PNA − ∆PN−1 + ∆Q � 0. To-
gether with (16), we can therefore conclude that
AT∆PNA−∆PN−1 +∆Q = 0. Using (15), we therefore
have that Acl(N−1; Q̄)T∆PNAcl(N−1; Q̄)−∆PN−1 +
∆Q = 0, which implies that − tr(∆PN−1XN−1X

T
N−1)+

tr(∆PNXNX
T
N ) + tr(∆QXN−1X

T
N−1) = 0. There-

fore, summing (18) from t = 1 to N − 3 and re-
iterating the above analysis, we can conclude that
AT∆PN−1A−∆PN−2 +∆Q = 0. Doing this recursively,
we have that

AT∆Pt+1A−∆Pt + ∆Q = 0, t = 1, . . . , N − 1. (20)

Equipped with (20), we can use the same argument as in
the proof of [37, Theorem 2.1] to conclude that ∆Q = 0.
Thus Q∗ = Q̄, i.e., the optimal solution of (6) is unique
and hence the theorem follows. 2

Before proceeding, we make a few remarks about the
formulation in (6). As will be seen later, these remarks
naturally hold also in the case of noisy observations.

Remark 3.2 The optimization problem (6) can also be
applied to the IOC problem for “distinguishable” systems,
i.e., when the trajectories of the systems are available.
Nevertheless, as one can see from (6), in this formula-
tion of the problem there is no fundamental difference

between IOC problems for “distinguishable” and “indis-
tinguishable” systems.

Remark 3.3 The size of the variables and the number
of variables and constraints in the optimization problem
(6) only depends on the size of the state space, n, and the
length of the time horizon, N , respectively. In particular,
the overall size of the problem (6) is independent of the
number of systems,M . The only quantity that scales with

M is the computations of the outer products Y φt Y
φT
t ,

t = 1, . . . , N . The latter scales linearly in M and can be
done before solving the optimization problem. Therefore,
the problem can be efficiently solved for scenarios with a
large number of systems.

4 IOC for indistinguishable systems in the noisy
case

Next, we extend the results to the case of noisy observa-
tions of the unpaired states. In particular, we show that
a modified version of (6) gives a statistically consistent
estimate. To this end, let (Ω,F ,P) be a probability space
which carries random vectors xi1 ∈ Rn, {vit ∈ Rn}Nt=1,
for i = 1, . . . ,M . Based on that, the following assump-
tions are made for the rest of the paper.

Assumption 1 (I.I.D. random variables) The ran-
dom vectors xi1 ∈ Rn, {vit ∈ Rn}Nt=1, for i = 1, . . . ,M ,
are all independent. Moreover, random vectors xi1 ∈ Rn,
for i = 1, . . . ,M , are identically distributed, and the
random vectors vit ∈ Rn, for t = 1, . . . , N and i =
1, . . . ,M , are identically distributed. Finally, E[vit] = 0,
and cov(vit,v

i
t) := Σ is a priori known, where ‖Σ‖F <∞.

Assumption 2 (Stochastic persistent excitation)
It holds that cov(xi1,x

i
1) � 0, where E[‖xi1‖2] <∞.

Assumption 3 (Bounded parameter) The “true”
Q̄ that governs the systems lives in a compact set
S̄n+(ϕ) = {Q ∈ Sn+ : ‖Q‖2F ≤ ϕ}, for some 0 < ϕ <∞.

Our goal is to seek the “true” Q̄ in S̄n+(ϕ). Note that in
practice, we can set ϕ arbitrarily large if there is no prior
knowledge on the norm bound of possible Q.

Equipped with the stochastic problem set-up, let the ini-
tial value xi1 be a realization of xi1. Then the optimal
state trajectory and optimal control input of the “for-
ward” optimal control (1) can be seen as mappings from
Ω to Rn and Rm, respectively. This means that the states
and control signals are in fact stochastic variables, which
are parameterized by Q and implicitly determined by

{x̄it(ω)}Nt=2, {ūit(ω)}N−1
t=1 = (21){

arg min J
(
{xit(ω)}Nt=2, {uit(ω)}N−1

t=1 ; Q̄,xi1(ω)
)

subject to (1b), (1c),
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for all ω ∈ Ω, and where J is the cost function in (1a).
From now on, we omit the “bar” and simply write {xit}
to denote the corresponding optimal state for the sake
of brevity. Next, we assume that the noisy observations
of a state is given by x̃it = xit + vit, and that the ob-

served data thus take the form Y φ
t = [y1

t , . . . ,y
M
t ] =

[x̃
φt(1)
t , . . . , x̃

φt(M)
t ]. Written in a form similar to (3), the

measured output can be expressed as

Y φ
t = (Xt + Vt) Pt =

((
t−1∏
k=1

Acl(k; Q̄)X1

)
+Vt

)
Pt,

where Xt = [x1
t , . . . ,x

M
t ] and Vt = [v1

t , . . . ,v
M
t ]. This

together with Assumption 1 implies that the columns of

Y φ
t are I.I.D. A calculation similar to (12) then shows

that

E
[
tr
(
QY φ

t Y φT
t

)]
= E

[
tr
(
QXtX

T
t

)]
+M tr (QΣ)

where Σ is the covariance of the noise. In particular, the
last equality holds since xit =

∏t−1
k=1Acl(k; Q̄)xi1, and

hence xit is a stochastic variable that is independent of
vit, for t = 1, . . . , N and i = 1, . . .M . Similar expressions
hold for the other terms in (5), and based on this we
consider the problem

minimize
Q∈S̄n+(ϕ),

{Pt∈Sn+}

E
[
HY
S (Q, {Pt})

]
(22a)

subject to (6b) and (6c), (22b)

where

HY
S (Q, {Pt}) :=

1

M

[
− tr(P1Y

φ
1 Y φT

1 )

+ tr(PNY φ
NY φT

N ) +

N−1∑
t=1

tr(QY φ
t Y φT

t )

+M
(

tr (P1Σ)− tr(PNΣ)− (N − 1) tr(QΣ)
)]
. (22c)

In particular, note that by a direct calculation it follows
that the cost function (22a) can be written as

E
[
HY
S (Q, {Pt})

]
=

1

M
E
[
− tr(P1X1X

T
1 )

+ tr(PNXNXT
N ) +

N−1∑
t=1

tr(QXtX
T
t )
]
. (23)

With this, we can now prove the following result akin
Theorem 3.1.

Proposition 4.1 Let Q̄ be the true parameter in (21),

and let
{
P̄t
}N
t=1

be the corresponding solution to the DRE

(2). Under Assumptions 1, 2, and 3, if N ≥ n+ 1, then(
Q̄,
{
P̄t
}N
t=1

)
is the unique optimal solution to (22).

PROOF. Since (23) holds, by adapting the arguments
in the proof of Lemma 3.2 it follows that

E[HY
S (Q, {Pt})] +

1

M

M∑
i=1

N−1∑
t=1

E
[
‖ūit‖2

]
≥ 1

M

M∑
i=1

N−1∑
t=1

E
[
xiTt (Kt − K̄t)

T (BTPt+1B + I)(Kt − K̄t)x
i
t

]
=

1

M

N−1∑
t=1

tr
[
(Kt − K̄t)

T (BTPt+1B + I)(Kt − K̄t)E
[
XtX

T
t

]]
≥ 0, (24)

where ūit is the stochastic optimal control input signal
of the system i at time instant t. Next, by using (24)
and following along the lines of the proof of Lemma 3.3,
it can be seen that

(
Q̄, {P̄t}

)
is an optimal solution to

(22), and that

E
[
HY
S (Q̄, {P̄t})

]
+

1

M

M∑
i=1

N−1∑
t=1

E
[
‖ūit‖2

]
= 0. (25)

Therefore, what remains is to show the uniqueness of
the optimal solution. To this end, by Assumption 2 the
covariance matrix cov(xi1,x

i
1) is strictly positive defi-

nite, and therefore the second-order moment of the ini-
tial value E[xi1x

iT
1 ] = cov(xi1,x

i
1) + E[xi1]E[xi1]T � 0.

By the fact that Acl(t;Q) is invertible for all Q ∈ Sn+, it
holds that

E[xitx
iT
t ] =

[
t−1∏
k=1

Acl(k;Q)

]
E[xi1x

iT
1 ]

[
1∏

k=t−1

ATcl(k;Q)

]
� 0,

cf. Lemma 3.1, and hence E[XtX
T
t ] � 0. Now suppose

that there exists some other (Q∗, {P ∗t }) that is also op-
timal to (22). By (24), (25), we have

0 = E[HY
S (Q∗, {P ∗t })] +

1

M

M∑
i=1

N−1∑
t=1

E
[
‖ūit‖2

]
≥ 1

M

N−1∑
t=1

tr
[
(K∗t − K̄t)

T (BTPt+1B + I)

× (K∗t − K̄t)E
[
XtX

T
t

] ]
=

1

M

N−1∑
t=1

∥∥∥(BTPt+1B + I)
1
2 (K∗t − K̄t)E

[
XtX

T
t

] 1
2

∥∥∥2

F

≥ 0,
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which together with the fact that E[XtX
T
t ] � 0 implies

that

(BTPt+1B + I)
1
2 (K∗t − K̄t)E

[
XtX

T
t

] 1
2 = 0,

for t = 1, . . . , N − 1. The latter in turn implies that

K∗t − K̄t = 0,∀ t = 1, . . . , N − 1,

where K∗t denote the same expression as the one in the
proof of Theorem 3.1. To this end, following the same
analysis as in the proof of Theorem 3.1, we can conclude
that Q∗ = Q̄ and hence the statement holds. 2

Since the distribution of the initial values xi1 and the
additive noise vit are not known, we can not express the
expected value of the objective function (22c) explicitly
and hence it is not possible to solve (22) directly. There-
fore, we derive an empirically estimate of the expecta-
tion based on the observations. To this end, first recall
that due to Assumption 1, yit are I.I.D for i = 1, . . . ,M .
This means that we can rewrite the cost (22a) as

E
[
HY
S (Q, {Pt})

]
=

E
[
− tr(P1y1y

T
1 ) + tr(PNyNyTN ) +

N−1∑
t=1

tr(Qyty
T
t )
]

+ tr (P1Σ)− tr(PNΣ)− (N − 1) tr(QΣ), (26)

where, for t = 1, . . . , N , yt is a random variable with the
same distribution as yit for i = 1, . . . ,M . This means
that an empirical estimate of the expectation of (22c)
can be obtained as

E

[(
−yT1 P1y1 + yTNPNyN +

N−1∑
t=1

yTt Qyt

)]

≈ 1

M

M∑
i=1

(
−yiT1 P1y

i
1 + yiTN PNyiN +

N−1∑
t=1

yiTt Qyit

)
.

Based on this, we formulate the estimation problem

minimize
Q∈S̄n+(ϕ),

{Pt∈Sn+}

HY
E (Q, {Pt}) (27a)

subject to (6b) and (6c), (27b)

where

HY
E (Q, {Pt}) :=

1

M

[
− tr(P1Y

φ
1 Y φT

1 )

+ tr(PNY φ
NY φT

N ) +

N−1∑
t=1

tr(QY φ
t Y φT

t )
]

+
(

tr (P1Σ)− tr(PNΣ)− (N − 1) tr(QΣ)
)
. (27c)

The problem (27) defines the estimator, and for a given

realization {Y φt }Nt=1 of the stochastic variables {Y φ
t }Nt=1,

it can be solved in order to obtain an estimate. In
particular, we use the notation HY

E (Q, {Pt})|Y =Y to
denote the cost function (27c) evaluated at a particular
realization. We now want to show that this estimator
is in fact (asymptotically) statistically consistent. How-
ever, note that since we approximate the expected value
in the objective function by the empirical average, the
objective function changes and hence the “bounded-
from-below” argument (24) does not necessarily hold
for HY

E (Q, {Pt})|Y =Y on the domain

D := {Q ∈ S̄n+(ϕ), {Pt ∈ Sn+} : (6b), (6c)}. (28)

This issue needs to be addressed in order to make (27)
well-posed. This is an important first step towards show-
ing that the estimator is statistically consistent.

Lemma 4.1 The domain D in (28) is compact, and
HY
E (Q, {Pt})|Y =Y is bounded on D .

PROOF. Consider the domain D and recall that, by
the property of Schur complement, (7) holds on the fea-
sible domain (6b) and (6c). Since the Frobenius norm is
monotone with respect to the Loewner partial order, it
holds that

‖Pt‖F ≤
‖ATPt+1A+Q−ATPt+1B(BTPt+1B + I)−1BTPt+1A‖F

By the Cauchy-Schwarz and the triangular inequality,
we have that

‖Pt‖F ≤ ‖A‖2F · ‖Pt+1‖F + ‖Q‖F (29)

+ ‖A‖2F · ‖B‖2F · ‖Pt+1‖2F · ‖(BTPt+1B + I)−1‖F .

Next, since Pt ∈ Sn+, it holds that BTPtB + I � I,

and hence that (BTPtB + I)−1 � I [11, Cor. 7.7.4].
By monotonicity of the Frobenius norm with respect
to the Loewner partial order, it therefore follows that
‖(BTPtB+I)−1‖F ≤ ‖I‖F =

√
n. Now, since ‖Q‖2F ≤ ϕ

andPN = Q, using this together with (29), it follows that
‖PN−1‖F is bounded. Recursively applying this back-
wards for the time indices t, it follows that ‖Pt‖F is
bounded for all t = 1, . . . , N . This implies that the do-
main D is compact. Finally, since HY

E (Q, {Pt})|Y =Y is
continuous, it is bounded on D . 2

Remark 4.1 Note that Assumption 3 is critical in the
proof of Lemma 4.1. In fact,HY

E (Q, {Pt})|Y =Y might not
be bounded from below if we only assume Q ∈ Sn+. To see

this, assume that there exists a realization {Y φt } of {Y φ
t }

such that Y φ1 Y
φT
1 −MΣ = 0 and Y φt Y

φT
t −MΣ ≺ 0,

t = 2, . . . , N . Let (Q, {Pt}) satisfies DRE (2), and note
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that then (αQ, {αPt}) also satisfies DRE (2) for any
positive α. Therefore, (αQ, {αPt}) ∈ D ′ for all α > 0,
where D ′ =

{
Q ∈ Sn+, {Pt ∈ Sn+} : (6b), (6c)

}
, and hence

the latter is not a bounded set. Moreover, as α → ∞ it
holds that

HY
E (αQ, {αPt})|Y =Y =

1

M

[
− tr

(
αP1(Y φ1 Y

φT
1 −MΣ)

)
+ tr

(
αPN (Y φNY

φT
N −MΣ)

)
+

N−1∑
t=1

tr
(
αQ(Y φt Y

φT
t −MΣ)

)]
→ −∞,

hence HY
E (αQ, {αPt})|Y =Y is not bounded from below

on D ′.

Next, we show that the “Uniform Law of Large Num-
bers” holds for HY

E (Q, {Pt}).

Lemma 4.2 (Uniform law of large numbers)
Under Assumption 1, 2 and 3, it holds that

sup
(Q,{Pt})∈D

∣∣HY
E (Q, {Pt})− E

[
HY
S (Q, {Pt})

] ∣∣ a.s.→ 0,

as M →∞.

PROOF. It is clear that HY
S (Q, {Pt}) is continuous

with respect to {Y φt }Nt=1 and therefore it is a measur-

able function of {Y φt }Nt=1 for each Q and {Pt}. On the
other hand, Assumption 2 implies that E[‖xit‖2] < ∞
for i = 1, . . . ,M [37, cf. the proof of Theorem 4.1]. By
Assumption 1, we have E[‖vit‖2] < ∞. Since xit is inde-
pendent of vit, and since E[vit] = 0, it follows that

E[‖yit‖2] = E[(xit + vit)
T (xit + vit)] = E[‖xit‖2] + E[‖vit‖2]

<∞.

In addition, from Lemma 4.1, we know that there ex-
ists constants {ϕ̄t}Nt=1 such that for all (Q, {Pt}) ∈ D
we have that ‖Pt‖F ≤ ϕ̄t. Using the form of (22a) given
in (26), by the Cauchy-Schwarz and the triangular in-

equality it therefore holds that

HY
S (Q, {Pt})

= − tr(P1y1y
T
1 ) + tr(PNyNyTN ) +

N−1∑
t=1

tr(Qyty
T
t )

+ tr(P1Σ)− tr(PNΣ)− (N − 1) tr(QΣ)

≤
∣∣yT1 P1y1

∣∣+
∣∣yTNPNyN

∣∣+

N−1∑
t=1

∣∣yTt Qyt
∣∣

+ |tr(P1Σ)|+ |tr(PNΣ)|+ (N − 1) |tr(QΣ)|

≤ ‖y1‖2‖P1‖F + ‖yN‖2‖PN‖F +

N−1∑
t=1

‖yt‖2‖Q‖F

+ ‖P1‖F ‖Σ‖F + ‖PN‖F ‖Σ‖F + (N − 1)‖Q‖F ‖Σ‖F
≤ ϕ̄1(‖y1‖2 + ‖Σ‖F ) + ϕ̄N (‖yN‖2 + |Σ‖F )

+ ϕ

N−1∑
t=1

(‖yt‖2 + ‖Σ‖F ) := d({yt}),

and it is clear that E[d({yt})] <∞ since E[‖yit‖2] <∞.
Therefore, by [12, Thm. 2] the result follows. 2

We are now ready to prove the main result of this section.

Theorem 4.1 (Statistical consistency) Suppose
that (Q∗M , {P ∗t,M}Nt=1) is an optimal solution to (27)

when observing M systems. Then Q∗M
p→ Q̄ as M →∞,

where Q̄ is the true parameter used in the objective
function of “forward” problem (21).

PROOF. The theorem is proved by showing that all
the conditions in [33, Thm. 5.7] are satisfied. To this
end, the first condition follows from Lemma 4.2, since
convergence a.s. implies convergence in probability [15,
Lem 3.2]. Next, the second condition holds since by
Proposition 4.1 the optimal solution to (22) is unique,
together with the fact thatD is compact (see [33, p. 46]).
Therefore, all conditions in [33, Thm. 5.7] are satisfied,
and the statement hence follows. 2

5 On numerical ill-conditioning

Proposition 2.1 shows that the model is globally iden-
tifiable, and Theorem 3.1 shows that the optimization
problem (6) has a unique optimal solution at the “true”
Q̄. Hence, in theory the latter can be recovered by solv-
ing the optimization problem. Nevertheless, recovering
this optimal solution turns out to be numerically diffi-
cult, in particular for certain problem instances - this
will be demonstrated with examples in Section 6. Here,
we argue that this has to do with an intrinsic numerical
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ill-conditioning of the inverse problem for these problem
instances.

To this end, recall that Pontryagin’s Maximum Princi-
ple (PMP) gives a necessary and sufficient condition for
optimality in the forward problem (1). Namely, {xt}Nt=1

and {ut}N−1
t=1 are the optimal trajectory and control sig-

nal of (1), respectively, if and only if there exists adjoint
states {λt}Nt=2 such that

λt = ATλt+1 +Qxt, t = 2, . . . , N − 1, (30a)

λN = QxN , (30b)

ut = −BTλt+1, t = 1, . . . , N − 1. (30c)

Based on (30a)–(30b), we can write a linear system of
equations for the adjoint variables of the ith system,
namely

I −AT

I
. . .

. . . −AT

I



λi2
...

λiN


︸ ︷︷ ︸

=:λi

= (I ⊗Q)


xi2
...

xiN


︸ ︷︷ ︸
=:xi

2:N

.

Solving this for the adjoint variables gives

λi =



I AT (AT )2 · · · (AT )N−2

I AT · · · (AT )N−3

. . .
. . .

...

I AT

I


(I ⊗Q)xi2:N ,

and substituting the latter into (30c) we obtain

−


ui1
...

uiN−1


︸ ︷︷ ︸

=:ui

= (IN−1 ⊗BT )λi

=



BT BTAT BT (AT )2 · · · BT (AT )N−2

BT BTAT · · · BT (AT )N−3

. . .
. . .

...

BT BTAT

BT


︸ ︷︷ ︸

=[S2Γ,··· ,SNΓ]=S(IN−1⊗Γ)

(IN−1 ⊗Q)xi2:N ,

(31)

where S := [S2, · · · ,SN ], SN := Im(N−1), SN−k ∈
Rm(N−1)×m(N−1) is a block-matrix with identity matri-
ces of size n× n on the kth upper block-diagonal, and

Γ :=
[
(A)N−2B (A)N−3B · · · B

]T
.

Using (31) and the fact that

xit =
[
At−2B · · · AB B

] [
uiT1 , · · · , uiTt−1

]T
+At−1xi1,

we have

xi2:N =


B 0 · · · 0 0

AB B · · · 0 0
...

...
...

...

AN−1B AN−2B · · · AB B


︸ ︷︷ ︸

=(IN−1⊗ΓT )ST

ui +


A

A2

...

AN−1


︸ ︷︷ ︸

=:Ã

xi1,

= − (IN−1 ⊗ ΓT )STS(IN−1 ⊗ Γ)(IN−1 ⊗Q)︸ ︷︷ ︸
=:F(Q)

xi2:N + Ãxi1

=⇒ (I(N−1)n + F (Q))xi2:N = Ãxi1

Since (1) has a unique solution, I(N−1)n + F (Q) is in-

trinsically invertible. Therefore, (I(N−1)n + F (Q))−1Ã
is another representation of the same model structure as
M(Q, {Pt}Nt=2), if the former is also combined with the
permutation matrices {Pt}Nt=2; for the sake of brevity
we omit the details.

From above, it can be seen that the model structure is
identifiable at Q̄ if and only if

Υ:=
{

Im(∆Q) | ∆Q ∈ Sn, Q̄+ ∆Q ∈ Sn+
}
∩Ker(Γ)={0}.

(32)

Assuming that the system (A,B) is controllable implies
that the controllability matrix

Γn =
[
(A)n−1B · · · AB B

]T
has full column-rank, and hence that Ker(Γ) = {0}. The
latter, in turn, means that (32) is fulfilled. Nevertheless,
in practice, if Γ is ill-conditioned, the kernel of Γ can be
“expanded” from a numerical perspective. In this case
we can have Γ∆Q ≈ 0 for some ∆Q that is not close
to zero, and the set Υ might numerically not be the
singleton {0}. Thus, it is possible that

(I(N−1)n + F (Q̄+ ∆Q))−1Ã ≈ (I(N−1)n + F (Q̄))−1Ã

for some feasible ∆Q that is not close to zero. There-
fore, when the controllability matrix is ill-conditioned,
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we might have very similar models that corresponds to
very different Q’s. In general, we expect that it will be
numerically challenging to recover the “true” Q̄ in these
settings, regardless of which method is used. However,
although it might be numerically difficult to recover Q̄
in these circumstances, the proof of Lemma 3.3 ensures
that the control gains corresponding to Q̄+∆Q numeri-
cally coincides with the “true” control gain, which is suf-
ficient for predicting the systems’ behaviors. Finally, a
similar argument holds in the case of noisy observations.

6 Numerical experiments and discussions

In this section, we present a number of numerical ex-
periments, performed on a number of different discrete-
time systems, to illustrate the properties of the pro-
posed algorithm. In particular, the discrete-time systems
are all generated by sampling continuous-time systems

ẋ = Âx+ B̂u via A = eÂ∆t and B =
∫∆t

0
eÂtdtB̂, where

the sampling period ∆t = 0.05.

All numerical examples are run on a Dell OptiPlex7080
with Intel(R) Core(TM) i7-10700 CPU and 32GB of
RAM. The solutions are obtained by implementing the
optimization problems in Matlab using YALMIP [23]
and solving them using MOSEK [3].

6.1 Noiseless case

In this experiment, the dimension of the system is set
to n = 3, and m = 1. More specifically, we randomly
generate system matrices Â ∈ R3×3 and B̂ ∈ R3×1 with
entries drawn from a normal distribution with mean
value zero and standard deviation one, i.e., with entries
drawn from the distribution N (0, 1). These are then
sampled to generate discrete-time systems, as described
above. Moreover, the “true ”Q̄ is randomly generated
as Q̄ = GGT , where G ∈ R3×3 with entries drawn
from N (0, 1). We let Q̄ ∈ S̄3

+(5); any randomly gen-

erated Q̄ would be discarded if it does not belong to
S̄3

+(5) and another random Q̄ would be generated. In

this way, 500 random triplets (A,B, Q̄) are generated.
For each such random triplet, we set the time horizon to
N = 20 and generate M = 15 random starting points
xi1. The latter are drawn from a uniform distribution on
[−10, 10] × [−10, 10] × [−10, 10]. The forward problem
(1) is solved for each starting point, and the noiseless
data is then used to solve the optimization problem in
(6), except that the cost function is scaled with 10−4

in order to give a better numerical scaling for the prob-
lem. While this does not change any analytic properties,
the obtained optimal solutions were observed to have
a smaller relative error in general. The results are pre-
sented in Fig. 1 and Fig. 2.

The lower plot in Fig. 1 illustrates the absolute value
of the scaled objective function value at the theoretical

optimal solution (Q̄, {P̄t}), together with the absolute
value of the difference between the objective function
value at (Q̄, {P̄t}) and at the solution (Qest, {Pt,est})
obtained with the solver. As can be seen, the difference
is in general several orders of magnitude smaller than
the optimal value of the cost function, despite the fact
that the obtained Qest is sometimes relatively far from
Q̄ (cf. upper plot in Fig. 1). This indicates that the cost
function is “flat” in a region around the optimal solu-
tion, which makes the “true” Q̄ hard to recover numer-
ically with high accuracy. We believe that this is highly
related to the fact that the controllable matrix is very
ill-conditioned (the condition numbers of which varies
from 2.899× 102 to 7.439× 105). Mitigation of this nu-
merical difficulties is left for future work.

Nevertheless, as can be seen from Fig. 2, the correspond-
ing control gain and closed loop system matrix are well-
recovered, which serves the purpose of “predicting the
system’s behaviour”. In fact, the latter is in general re-
covered with better accuracy than the former. This in-
dicates that for certain systems, a larger mismatch in Q
can still give small mismatches in the control gains and
the closed-loop system matrices. Hence it is harder to
identify Q numerically in these cases. Since the control
gain and the closed loop system are time-varying, the
smallest and largest relative error over all time points
are shown in Fig. 2.

The fact that the closed-loop system matrix in general
seems to be better recovered than Q̄ seems to indicate
that the “flatness” of the cost function for certain prob-
lem instances is (at least partly) related to the discussion
in Section 5. Namely, that for certain problem instances,
substantially different Q’s can give rise to very similar
closed-loop system matrices.

6.2 Noisy case

Next, we illustrate the statistically consistency of the
method. This is done on a dynamical system which
does not have a numerically ill-conditioned controlla-
bility Gramian. More specifically, the continuous-time
dynamics is given by

Â =

[
0 0

0 0

]
, B̂ =

[
1 0

0 1

]
,

which is the kinematic dynamics of a point mass that
moves on a two-dimensional plane. In fact, the condition
number of the controllability Gramian for this dynamical
system is 1. Moreover, for any Q̄ � 0, this is a model for
the simplified setting of “non-interacting” individuals
moving towards a common goal at the origin. We intend
to extend this to interacting individuals in the future.

The “ true” Q̄ is generated as described in Section 6.1,
and we set the time horizon to N = 20. We then gener-
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Fig. 1. The upper plots shows a (normalized) histogram of
the relative error in the estimate Qest obtained with noiseless
data, as described in Section 6.1. The lower plots shows
the absolute value of the (scaled) gobally optimal objective
function value, as well as absolute value of the difference
between the globally optimal objective function value and
the objective function value in the obtained estimate.

ate M = 4+10(k−1) random starting points xi1, drawn
from a uniform distribution supported on [−10, 10] ×
[−10, 10] × [−10, 10], for k = 1, . . . , 500. For each sys-
tem, the forward problem (1) is solved, and noise is
added on the obtained optimal states (including the ini-
tial state). The additive noise is drawn from a multi-
variate zero-mean normal distribution with covariances
matrix drawn from a Wishart distribution of degree 2,
i.e., with same number of degrees of freedom as the di-
mension of the state space. The Wishart distribution
has a random covariance generated as 0.02GGT , where
each element in G ∈ R2×2 was drawn from N (0, 1). In
total, this gives 500 noisy data sets with a varying num-
ber of systems, for a fixed triplet (A,B, Q̄). Moreover,
the signal-to-noise ratio (SNR) in the data sets varies
between 27.8035 and 32.1798 dB. 2 For each data set,
the problem (27) is solved, using the corresponding cost

function H
(Y ,M)
S (Q, {Pt})|Y =Y . The results are shown

in Fig. 3 and Fig. 4.

2 The SNR in a data set is computed as the mean of the
SNR for all trajectories in that data set, where the SNR of
a trajectory is computed as the sum of the squared norm of
all states divided by the sum of the squared norm of all noise
realizations.

Fig. 2. Histograms (normalized) of the relative error in the
estimates of the closed-loop system matrix Acl(t, Qest) and
the gain Kt, obtained from noiseless data as described in
Section 6.1. Since the quantities are time-varying, the largest
and smallest relative errors are shown.

Fig. 3 and the upper plot in Fig. 4 show the relative
error of obtained estimates Qest, Kt, and Acl(t, Qest).
As in the previous example, since the control gain and
the closed loop system are time-varying, the smallest
and largest relative error over all time points are shown.
Moreover, the thick dashed lines are averages calculated
over a sliding window of length 31, centered around the
corresponding point. 3 From this “trend lines” it can be
observed that the error in general decreases with increas-
ing M , in line with the statistical consistency of the esti-
mate as proved in Theorem 4.1. Although the decreasing
trend line seems to “flatten out” as M increases, this is
a visual effect that disappears if the same experiment is
run with larger values of M .

Finally, from the lower plot in Fig. 4 we see that, as
expected from Remark 3.3, the time to solve the corre-
sponding optimization problem does note scale with the
number of systems M . 4

3 Observe that this means that for data sets k = 1, . . . , 15,
the average is computed over the index set {1, . . . , k + 15},
and thus over a shorter window. An analogous observation
holds for k = 485, . . . , 500.
4 The solving times are returned by YALMIP.
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Fig. 3. Relative error of the control gains and closed-loop
system matrices as a function of the number of systems M .
The estimates are obtained using noisy data, as described in
Section 6.2, and the dotted lines are averages over a sliding
window of length 31. Since the quantities are time-varying,
only the largest and smallest relative errors are shown.
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Fig. 4. The upper plot shows the relative error of Q, akin
to the relative errors in Fig. 3. Moreover, the lower plot
shows the time it took (in seconds) to solve the corresponding
optimization problem.

7 Conclusions

In this work we have considered the linear-quadratic in-
verse optimal control problem in discrete time and with
finite time horizon, but where the observed systems are
indistinguishable. In the case of exact measurements of

the states, we show that the true parameter Q̄ can be
recovered as the unique globally optimal solution to a
semidefinite programming problem. Moreover, the size
of this convex optimization problem is independent of
the number of systems observed, and the formulation is
thus suitable also for scenarios with a large number of
systems. Furthermore, in the case of noisy state obser-
vations the optimization problem is modified, and a sta-
tistically consistent estimator is obtained as the unique
globally optimal solution to another semidefinite pro-
gramming problem. However, from numerical simula-
tions it seems that that for certain problem instances
the cost functions in both semidefinite programs are rel-
atively flat around the globally optimal solutions, and
hence accurate estimates of the parameters are difficult
to recover. Nevertheless, estimates of the time-varying
control gains and closed-loop system matrices are ob-
tained with higher accuracy. An analysis of numerical
ill-conditioning of the problem seem to suggest that this
could be linked to the fact that for certain problem in-
stances, different Q’s can give rise to similar close-loop
system behaviour. An important open question is there-
fore if and how the numerical conditioning of the esti-
mators can be improved.
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