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a b s t r a c t

The inverse linear-quadratic optimal control problem is a system identification problem whose aim
is to recover the quadratic cost function and hence the closed-loop system matrices based on
observations of optimal trajectories. In this paper, the discrete-time, finite-horizon case is considered,
where the agents are also assumed to be homogeneous and indistinguishable. The latter means that
the agents all have the same dynamics and objective functions and the observations are in terms of
‘‘snap shots’’ of all agents at different time instants, but what is not known is ‘‘which agent moved
where’’ for consecutive observations. This absence of linked optimal trajectories makes the problem
challenging. We first show that this problem is globally identifiable. Then, for the case of noiseless
observations, we show that the true cost matrix, and hence the closed-loop system matrices, can be
recovered as the unique global optimal solution to a convex optimization problem. Next, for the case
of noisy observations, we formulate an estimator as the unique global optimal solution to a modified
convex optimization problem. Moreover, the statistical consistency of this estimator is shown. Finally,
the performance of the proposed method is demonstrated by a number of numerical examples.

© 2022 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

First proposed in Kalman (1964), Inverse Optimal Control (IOC)
s an inverse problem whose aim is to reconstruct the cost func-
ion and predict the closed-loop system’s behaviour, based on
nowledge of the underlying system dynamics and observations
f the system. The problem can be categorized as a system iden-
ification problem where the system is assumed to be governed
y an optimal control model with known structure, and hence
t is a so-called gray-box system identification problem (Ljung,
999, p. 13). IOC problems are of great interest, not least due
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nc-nd/4.0/).
to the fact that many processes in nature have been observed
to be optimal with respect to some criteria (Alexander, 1996).
‘‘Reverse-engineering’’ the agents’ objective function not only
enables us to understand how their decisions are made, but also
provides a way to predict and imitate their behaviours. For ex-
ample, the IOC problem has found applications in human motion
analysis (Berret, Chiovetto, Nori, & Pozzo, 2011; Westermann, Lin,
& Kulić, 2020), robot locomotion (Mombaur, Truong, & Laumond,
2010), robot manipulation (Jin, Kulić, Lin, Mou, & Hirche, 2019;
Menner, Worsnop, & Zeilinger, 2021), systems biology (Tsiantis,
Balsa-Canto, & Banga, 2018) and machine learning (Finn, Levine,
& Abbeel, 2016; Köpf, Inga, Rothfuß, Flad, & Hohmann, 2017).

Nevertheless, for some scenarios with multiple agents, such
as human crowds, bacteria, bird flocks, and schools of fish, the
observation data is naturally collected by observing all the agents
simultaneously in discrete time, for instance via video cameras.
Due to the similarity between the agents and the fact that the
population is often huge, it is often too expensive or simply
impossible to track each individual in the group. Under such
conditions, the agents can be assumed to be homogeneous and
‘‘indistinguishable’’. This ‘‘indistinguishablility’’ means that we
rticle under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-
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annot tell ‘‘which agent goes where’’ for consecutive obser-
ations. ‘‘Reverse-engineering’’ the objective function for such
gents is challenging due to the fact that:

(1) The control input measurement is usually not available.
Moreover, the ‘‘indistinguishable’’ characteristics means
that the agents’ optimal trajectories are not available.
Therefore, the existing IOC methods, such as Aswani, Shen,
and Siddiq (2018), Jin et al. (2019), Molloy, Ford, and
Perez (2018), Yu, Li, Fang, and Chen (2021), Zhang, Li
and Hu (2019) and Zhang, Umenberger and Hu (2019),
that minimizes the difference between the observed and
expected optimal trajectories, or minimizes the violation
of optimality conditions, cannot be applied.

(2) The structural identifiability under such ‘‘indistinguish-
able’’ observations is not guaranteed. In particular, given
observed data for optimal ‘‘indistinguishable’’ agents, there
is a priori no guarantee that there are not different objec-
tive functions or closed-loop systems that corresponds to
it.

(3) The observations are usually contaminated by noise due
to limitations of experiments and measuring methods. The
identification methods should be statistically consistent
and robust to observation noise in order to provide an ac-
curate estimate of the objective function or the closed-loop
system.

On the other hand, the Linear-Quadratic (LQ) optimal con-
rol formulation is one of the most commonly used optimal
ontrol methods in practice. Due to its simplicity, it is often
sed to approximate complex control problems and optimal be-
aviours (Fridovich-Keil, Ratner, Peters, Dragan, & Tomlin, 2020;
i et al., 2019; Toumi, Malhamé, & Le Ny, 2020). It is therefore
ot surprising that the inverse LQ optimal control problem (with
istinguishable observations) has been studied in different set-
ings and in various degrees of generality; see, e.g., Anderson
nd Moore (2007, Sec. 5.6) and Boyd, El Ghaoui, Feron, and
alakrishnan (1994, Sec. 10.5) for the continuous-time infinite-
orizon case, Li, Yao, and Hu (2020) and Li, Zhang, Yao, and Hu
2018) for the continuous-time finite-horizon case, Priess, Con-
ay, Choi, Popovich, and Radcliffe (2014) for the discrete-time

nfinite-horizon case, and Keshavarz, Wang, and Boyd (2011),
u et al. (2021), Zhang, Li et al. (2019) and Zhang, Umenberger
t al. (2019) for the discrete-time finite-horizon case, respec-
ively. Moreover, although the inverse LQ optimal control prob-
em can be seen as a special case of the IOC problem for general
onlinear systems (Hatz, Schloder, & Bock, 2012; Keshavarz et al.,
011; Molloy et al., 2018; Molloy, Ford, & Perez, 2020; Pauwels,
enrion, & Lasserre, 2016; Rouot & Lasserre, 2017), the special
tructure of the LQ formulation allows for precise answers to
tructural identifiability, and in the finite time horizon case for
he identification of a linear time-varying system from a lim-
ted amount of data. Further, to the best of our knowledge, the
OC problem for ‘‘indistinguishable’’ homogeneous agents has not
een considered in existing literature.
In this work, we consider the linear-quadratic discrete-time

inite-horizon IOC problem with indistinguishable observations.
n particular, we assume that each agent is governed by the same
iscrete-time finite-horizon Linear Quadratic Regulator (LQR).
oreover, in this initial work on ‘‘indistinguishable’’ homoge-
eous agents, we also assume that there is no interaction between
he agents. This is a simplifying assumption which we intend to
elax in the future. In the current work, we focus on studying
ow to tackle this ‘‘indistinguishability’’ issue in the observations.
n particular, this means that different trajectories of agents
which all follow the same dynamics) are observed, but such

rajectories are ‘‘indistinguishable’’ in the sense that the matching

2

between each state observation and the corresponding agent
is not available. The goal is to develop an inverse LQ optimal
control algorithm for an external observer that can be used to
identify the homogeneous agents’ common objective function
using ‘‘indistinguishable’’ observations. More precisely, the main
contributions are:

(i) We show that the corresponding model structure is strictly
globally identifiable.

(ii) In the case of exact measurements, we formulate a convex
optimization problem and prove that the unique globally
optimal solution is the quadratic cost term of interest.

(iii) In the case of noisy observations, we formulate an esti-
mator of the sought quadratic cost term as the unique
globally optimal solution to a modified convex optimiza-
tion problem. Moreover, we also show that this estimator
is (asymptotically) statistically consistent. The latter means
that the estimate converges to the true parameter value as
the number of agents tends to infinity.

The article is organized as follows: in Section 2, we formu-
late the problem, specify the model structure, and show that
the model structure is strictly globally identifiable. Section 3
investigates the inverse problem in the absence of measurement
noise, and we formulate a convex optimization problem whose
unique global optimal solution coincides with the parameters of
interest. In Section 4, we adapt the results of the previous section
to the case when the observations have measurement noise. In
particular, it is shown that the unique global optimal solution
of the modified stochastic optimization problem is a statistically
consistent estimator. Next, discussions regarding some general
numerical difficulties with the discrete-time finite-horizon LQ IOC
problem are included in Section 5, and in Section 6, we present
the numerical results. Finally, the article is concluded in Section 7.

Notation: The following notation is utilized throughout the article:
Sn denotes the set of n × n symmetric matrices, and Sn

+
denotes

the set of symmetric n×n matrices that are positive semidefinite.
For symmetric matrices, G1 ⪰ G2 denotes the Loewner partial
order of G1 and G2, namely, G1 − G2 ∈ Sn

+
. Moreover, G1 ≻ G2

denotes that G1−G2 is strictly positive definite; see, e.g., Horn and
Johnson (2013, Sec. 7.7). ∥ · ∥F denotes the Frobenius norm, and 1
denotes an all-one vector with appropriate length. Furthermore,
we use italic bold font to denote stochastic elements. Finally, we
denote

∏m
k=1 Ak = AmAm−1 . . . A1.

2. Problem formulation, model structure, and identifiability

Suppose that each observed agent i (i = 1, . . . ,M) is governed
by the following discrete-time finite-horizon LQR:

minimize
xi1:N , ui1:N−1

xiTN S̄xiN +

N−1∑
t=1

(
xiTt Q̄ xit + uiT

t R̄ui
t

)
(1a)

subject to xit+1 = Axit + Bui
t , t = 1, . . . ,N − 1, (1b)

xi1 = x̄i, (1c)

where A, Q̄ , S̄ ∈ Rn×n, B ∈ Rn×m, and R̄ ∈ Rm×m. The agents
are assumed to be homogeneous, namely, they have the same
dynamics as well as the same objective functions. This means
that the difference between the agents is only their initial values.
For the sake of simplicity, as stated in the Introduction, in this
work we assume there is no interactions between the agents.
We intend to relax this assumption in future work. We will also
assume that S̄ = Q̄ and R̄ = I throughout this paper. It is further
assumed that A is invertible, that B has full column rank, and that
(A, B) is controllable. The rationale for making the assumption

that A is invertible lies in the fact that discrete-time systems are
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ften obtained by sampling of continuous-time systems. More
recisely, if Â is the system matrix of the continuous-time system
nd ∆t > 0 is the sample period, then the system matrix
= exp(Â∆t) of the sampled discrete-time systems is always

nvertible (Zhang, Umenberger et al., 2019).
The optimal control input sequence ūi

1:N−1 of (1) is given by
¯ it = K̄txit , t = 1, . . . ,N − 1, where
¯t = −(BT P̄t+1B + I)−1BT P̄t+1A,

and P̄2:N is the solution to the following discrete-time Riccati
Equation (DRE):

P̄t = AT P̄t+1A + Q̄ − AT P̄t+1B(BT P̄t+1B + I)−1BT P̄t+1A,

t = 2, . . . ,N − 1

P̄N = Q̄ . (2)

For the problem of LQ IOC for indistinguishable agents, which
is considered in this paper, the goal is to recover the matrix
Q̄ in the objective function given the knowledge of (possibly
noisy) state observations. However, note that since the agents are
indistinguishable, this means that the observations at different
time instants are unpaired. More precisely, let Xt := [x1t , . . . , x

M
t ]

be the state at time t of M agents following the dynamics in (1),
then the observations are modelled as{
Y φ
t

}N
t=1

=

{[
xφt (1)
t , . . . , xφt (M)

t

]}N
t=1

,

where φt : {1, . . . ,M} ↦→ {1, . . . ,M}, t = 1, . . . ,N , are unknown
permutations (the superscript φ in Y φ

t is used to emphasizes the
fact that the observations are shuffled). Nevertheless, φ1(·) can,
without loss of generality, be assumed to be the identity mapping
since the ordering of the initial states does not matter. Therefore
we will henceforth restrict our attention to the set {φt}

N
t=2.

Problem 1 (IOC for Indistinguishable LQ Homogeneous Agents).
Given the unpaired state observations {Y φ

t }
N
t=1 ofM homogeneous

agents that are all governed by (1), recover the corresponding
parameter Q̄ in the objective function.

Before we continue, note that in the formulation in Problem 1
we assume that we have data from the entire planning horizon
N of the forward problem (1). This means that (implicitly) we
assume that the planning horizon N is known. Next, we would
like to discuss the identifiability of such problem. According to
the definition of identifiability in Ljung (1999, Def. 4.5, 4.6), the
identifiability is a property of the model structure M itself and have
nothing to do with any concrete data, where the model structure
M is a parameterized collection of models that describes the
relations between the input and the output signal of the sys-
tem (Ljung & Chen, 2013). Hence, as a pre-step, we need to first
define the underlying model structure M of Problem 1.

In Problem 1, we see the initial values of the trajectories as the
‘‘input signal’’, and {Y φ

t }
N
t=2 as the ‘‘output signal’’. Note that any

permutation φt (·) can be uniquely represented by a permutation
matrix Pt ∈ P , where

P := {P ∈ {0, 1}M×M
| P1 = 1, PT1 = 1},

i.e., the set of 0-1-matrices with exactly one element that is one in
each row and in each column. Post-multiplying any matrix with
such a permutation matrix results in a matrix with permuted
columns. Therefore, Y φ

t can be represented as

Y φ
t = XtP̄t , t = 2, . . . ,N,

where P̄t is the true (unknown) permutation, and hence for the
system output it holds that

Y φ
t =

(
t−1∏

Acl(k; Q̄ )X1

)
P̄t . (3)
k=1

3

where Acl(k; Q̄ ) is the closed-loop system matrix at time instant
k that is generated by LQR (1) using the cost matrix Q̄ . By using
the property of the vectorization operator (Horn & Johnson, 1994,
Lem. 4.3.1), vectorizing the above equation we have that

vec(Y φ
t ) =

[
P̄T

t ⊗

t−1∏
k=1

Acl(k; Q̄ )

]
vec(X1).

This is a valid input–output relation for any Q ⪰ 0 and {Pt}
N
t=2 ⊂

P . Thus, we have the following definition of the model structure
M for Problem 1:

M(Q , {Pt}
N
t=2) := {Mt (Q , Pt )}Nt=2

= {PT
t ⊗

t−1∏
k=1

Acl(k;Q )}Nt=2.

Next, we adopt the definition of identifiability in Ljung (1999, Def.
4.6, 4.7). More precisely in our case:

Definition 2.1 (Identifiability). M is globally identifiable at
(Q ′, {P ′

t}
N
t=2) ∈ Sn

+
× PN−1

t if it holds that

M(Q , {Pt}
N
t=2) = M(Q ′, {P ′

t}
N
t=2), Q ∈ Sn

+
, Pt ∈ P

H⇒ Q = Q ′, Pt = P ′

t , ∀t = 2, . . . ,N.

M is strictly globally identifiable if it is globally identifiable at all
Q ′

∈ Sn
+
, P ′

t ∈ P .

Proposition 2.1. If N ≥ n + 1, then the model structure
M(Q , {Pt}

N
t=2) is strictly globally identifiable.

Proof. Let (Q ′, {P ′
t}

N
t=2) ∈ Sn

+
× PN−1, and assume that

M(Q , {Pt}
N
t=2) = M(Q ′, {P ′

t}
N
t=2) for some (Q , {Pt}

N
t=2) ∈ Sn

+
×

PN−1. Therefore, Mt (Q , Pt ) = Mt (Q ′, P ′
t ) for t = 2, . . . ,N .

On the other hand, recall that any permutation matrix Pt is a
0–1 matrix with exactly one element that is one in each row
and column. This means that for all t , Mt (Q , Pt ) is composed
of all-zero and

∏t−1
k=1 Acl(k;Q ) sub-matrix blocks. Together with

the fact that Mt (Q , Pt ) = Mt (Q ′, P ′
t ) for t = 2, . . . ,N , it

implies that Pt = P ′
t and

∏t−1
k=1 Acl(k;Q ) =

∏t−1
k=1 Acl(k;Q ′)

holds for t = 2, . . . ,N . Since Acl(t;Q ) is invertible for all t =

1, . . . ,N − 1 (Zhang, Umenberger et al., 2019), by induction
Acl(t;Q ) = Acl(t;Q ′) holds for all t = 1, . . . ,N − 1. Now, if N ≥

n + 1, this implies that Q = Q ′ (Zhang, Umenberger et al., 2019,
Theorem. 2.1). This gives the global identifiability ofM(Q ′, {P ′

t}).
Finally, since (Q ′, {P ′

t}
N
t=2) was arbitrarily chosen from Sn

+
×PN−1,

M(Q ′, {P ′
t}

N
t=2) is strictly globally identifiable. □

As a final note in this section, we observe that by identifying
Q̄ we implicitly also identify {P̄t}

N
t=2. More precisely, if Q̄ is

identified, then by solving the forward problem (1), the estimates
of each agent’s trajectory can be easily obtained; pairing these
estimates with the data gives the permutations. Moreover, as will
be shown next, it turns out that Q̄ can be identified without
explicitly identifying the permutations.

3. IOC for indistinguishable agents in the noiseless case

After justifying the identifiability of the problem, we now
investigate the IOC problem for indistinguishable homogeneous
agents in the noiseless case, namely, it is assumed that yit = xφt (i)

t ,
∀t and i. More precisely, we construct the IOC algorithm for
indistinguishable observations as a convex optimization problem.
However, before presenting the optimization problem, let us first
sketch the main intuition behind it.

To this end, we first note that the optimal solution to the
forward problem (1) is characterized by the DRE (2). However,
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he latter is a nonlinear equation in P̄t , and in order to tackle to
roblem we first relax it to a linear matrix inequality (LMI). To
o so, note that since Q̄ ∈ Sn

+
we know that {P̄t}Nt=1 ⊂ Sn

+
, and

ence it follows that BT P̄tB+ I ≻ 0, ∀t = 1, . . . ,N . Moreover, the
expression AT P̄t+1A + Q̄ − AT P̄t+1B(BT P̄t+1B + I)−1BT P̄t+1A − P̄t is
actually the Schur complement of

F̄t :=

[
BT P̄t+1B + I BT P̄t+1A
AT P̄t+1B AT P̄t+1A + Q̄ − P̄t

]
,

namely, F̄t\(BT P̄t+1B + I), which is well-defined since BT P̄t+1B +

I has full rank. By properties of the Schur complement (see,
e.g., Horn & Johnson, 2013, p. 495), if we let F̄t ⪰ 0 for t =

1, . . . ,N−1, this is equivalent to relaxing the DRE into the matrix
inequality

AT P̄t+1A − P̄t + Q̄ − AT P̄t+1B(BT P̄t+1B + I)−1BT P̄t+1A ⪰ 0. (4)

On the other hand, introducing K̄t := −(BT P̄t+1B + I)−1BT P̄t+1A,
the above relaxation can be further written as

(A + BK̄t )T P̄t+1(A + BK̄t ) − P̄t + Q̄ + K̄ T
t K̄t ⪰ 0.

Now, pre- and post-multiply on both sides of the above inequality
with the state vector xit , we get that

xiTt+1P̄t+1xit+1 − xiTt P̄txit + xiTt Q̄ xit + ∥ūi
t∥

2
≥ 0,

for t = 1, . . . ,N − 1, since xit+1 = (A + BK̄t )xt and ūi
t = K̄txit .

Summing the above inequality from t = 1 to N − 1, and using
that the trace operator is invariant under cyclic permutation of
the elements, we get that

− tr(P̄1xi1x
iT
1 ) + tr(P̄NxiNx

iT
N ) +

N−1∑
t=1

tr(Q̄ xitx
iT
t ) + ∥ūi

t∥
2

≥ 0.

Summing this inequality over i, and using the property that

Y φ
t Y

φT
t =

M∑
i=1

xφt (i)
t xφt (i)T

t =

M∑
i=1

xitx
iT
t = XtX

T
t , (5)

we get that

− tr(P̄1Y
φ

1 Y
φT
1 ) + tr(P̄NY

φ

N Y
φT
N )

+

N−1∑
t=1

(
tr(Q̄ YtY

φT
t ) +

M∑
i=1

∥ūi
t∥

2
)

≥ 0.

The above inequality is only derived for the ‘‘true’’ parameters Q̄
and {P̄t}Nt=1 (in which case it is in fact an equality since (4) is an
equality in this case), but as we shall see shortly (Lemma 3.1)
the inequality is in fact true for all parameters Q ∈ Sn

+
and

{Pt}Nt=1 ⊂ Sn
+

such that

Ft :=

[
BTPt+1B + I BTPt+1A
ATPt+1B ATPt+1A + Q − Pt

]
⪰ 0,

t = 1, . . . ,N − 1, (6a)

PN =Q . (6b)

Therefore, let us define the domain

D := {Q ∈ Sn
+
, {Pt ∈ Sn

+
}
N
t=1 : (6) holds}, (7)

and the function H : D ↦→ R as

H(Q , {Pt}) := − tr(P1Y
φ

1 Y
φT
1 )

+ tr(PNY
φ

N Y
φT
N ) +

N−1∑
t=1

tr(QY φ
t Y

φT
t ). (8)

For this function, we have the following properties:
4

Lemma 3.1. For any (Q , {Pt}Nt=1) ∈ D , it holds that

H(Q , {Pt}) +

M∑
i=1

N−1∑
t=1

∥ūi
t∥

2
≥ 0,

where {ūi
t}

N−1
t=1 is the optimal control input sequence in (1) that cor-

responds to the ‘‘true’’ matrix Q̄ and the trajectory {xit}
N
t=1. Moreover,

let
{
P̄t
}N
t=1 be the solution to the DRE (2) that corresponds to Q̄ . Then

H(Q̄ , {P̄t}) +
∑M

i=1
∑N−1

t=1 ∥ūi
t∥

2
= 0.

Proof. Since {Pt}Nt=1, Q is feasible, it is clear that Pt ∈ Sn
+
,

∀t = 1, . . . ,N and hence BTPt+1B + I ≻ 0, ∀t = 1, . . . ,N − 1.
Moreover, since (6a) holds, by positive semidefiniteness of the
Schur complement (Horn & Johnson, 2013, p. 495) it holds that

ATPt+1A − Pt + Q − ATPt+1B(BTPt+1B + I)−1BTPt+1A ⪰ 0. (9)

Introducing Kt := −(BTPt+1B + I)−1BTPt+1A, we can re-write the
above matrix inequalities as

(A + BKt )TPt+1(A + BKt ) − Pt + Q + K T
t Kt ⪰ 0, t = 1, . . . ,N − 1.

Rearranging the terms, we have

ATPt+1A − Pt + Q ⪰ − K T
t B

TPt+1A

− ATPt+1BKt − K T
t (B

TPt+1B + I)Kt . (10)

On the other hand, for the i’th trajectory, consider the following
term

J it = xiTt+1Pt+1xit+1 − xiTt Ptxit + xiTt Qxit + ∥ūi
t∥

2, (11)

where ūi
t is the control input that corresponds to Q̄ and the

trajectory {xit}
N
t=1 in the forward problem (1). Using the fact that

xit+1 = (A + BK̄t )xit and ūi
t = K̄txit , it holds for (11) that

J it = xiTt
[
(A + BK̄t )TPt+1(A + BK̄t ) − Pt + Q + K̄ T

t K̄t
]  

=: Ht

xit .

Expanding the terms of Ht , we have

Ht = ATPt+1A − Pt + Q

+ K̄ T
t B

TPt+1A + ATPt+1BK̄t + K̄ T
t (B

TPt+1B + I)K̄t ,

nd using the matrix inequality (10) we get that

t ⪰ − K T
t B

TPt+1A − ATPt+1BKt − K T
t (B

TPt+1B + I)Kt

+ K̄ T
t B

TPt+1A + ATPt+1BK̄t + K̄ T (BTPt+1B + I)K̄t . (12)

ecalling that Kt = −(BTPt+1B + I)−1BTPt+1A and using the fact
hat
¯ T
t B

TPt+1A = K̄ T
t (B

TPt+1B + I)(BTPt+1B + I)−1BTPt+1A

= − K̄ T
t (B

TPt+1B + I)Kt ,

nd that
T
t B

TPt+1A = K T
t (B

TPt+1B + I)(BTPt+1B + I)−1BTPt+1A

= − K T
t (B

TPt+1B + I)Kt ,

he matrix inequality (12) can be further rewritten as

t ⪰ 2K T
t (B

TPt+1B + I)Kt − K T
t (B

TPt+1B + I)Kt

− K̄ T
t (B

TPt+1B + I)Kt − K T
t (B

TPt+1B + I)K̄t

+ K̄ T
t (B

TPt+1B + I)K̄t

= (Kt − K̄t )T (BTPt+1B + I)(Kt − K̄t ).

ence it holds that
i
t = xiTt Htxit ≥ xiTt (Kt − K̄t )T (BTPt+1B + I)(Kt − K̄t )xit . (13)
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n the other hand, recall that Y φ
t =

[
xφt (1)
t , . . . , xφt (M)

t

]
. Therefore,

t follows that

tr(PtY
φ
t Y

φT
t ) = tr

(
Pt
[
xφt (1)
t , . . . , xφt (M)

t

]⎡⎢⎣xφt (1)T
t
...

xφt (M)T
t

⎤⎥⎦)

= tr

(
Pt

(
M∑
i=1

xφt (i)
t xφt (i)T

t

))
=

M∑
i=1

xφt (i)T
t Ptx

φt (i)
t

=

M∑
i=1

xiTt Ptxit , t = 1, . . . ,N. (14)

Similarly, it also holds that tr(QY φ
t Y

φT
t ) =

∑M
i=1 x

iT
t Qxit , t =

2, . . . ,N . Together with (11) and (13), we therefore have that

H(Q , {Pt}) +

M∑
i=1

N−1∑
t=1

∥ūi
t∥

2
=

M∑
i=1

N−1∑
t=1

∥ūi
t∥

2

+

N−1∑
t=1

{
tr(Pt+1Y

φ

t+1Y
φT
t+1) − tr(PtY

φ
t Y

φT
t ) + tr(QY φ

t Y
φT
t )
}

=

N−1∑
t=1

⎧⎪⎪⎨⎪⎪⎩
M∑
i=1

xiTt+1Pt+1xit − xiTt Ptxit + xiTt Qxit + ∥ūi
t∥

2  
= J it

⎫⎪⎪⎬⎪⎪⎭
≥

N−1∑
t=1

{
M∑
i=1

[
xiTt (Kt − K̄t )T (BTPt+1B + I)(Kt − K̄t )xit

]}
≥ 0, (15)

which proves the first part of the statement.
Finally, by the arguments that lead up to (8) we know that the

lower bound is reached by (Q̄ ,
{
P̄t
}N
t=1). □

In particular, note that {ūi
t}

N−1
t=1 in Lemma 3.1 has nothing to

do with the variable (Q , {Pt}). Therefore, the lemma effectively
shows that the function H is bounded from below on the domain
D and that the lower bound is attained by the ‘‘true’’ parameters
(Q̄ ,

{
P̄t
}N
t=1). Therefore, we construct the following optimization

problem to reconstruct Q :

minimize
Q , {Pt }Nt=1

H(Q , {Pt}) (16a)

subject to (Q , {Pt}Nt=1) ∈ D. (16b)

This is a semidefinite programming problem, and hence a convex
optimization problem, that can be solved using standard numeri-
cal solvers, e.g., Löfberg (2004). We know that Q̄ and {P̄t}Nt=1 is an
optimal solution to the problem. Next, we show that it is unique.
For this, we need the following result:

Lemma 3.2 (Persistent Excitation). If Y φ

1 Y
φT
1 ≻ 0, then it holds that

Y φ
t Y

φT
t ≻ 0, ∀t = 2, . . . ,N.

Proof. By using the property xit+1 = Acl(t; Q̄ )xit , as well as (5), it
follows that

Y φ

t+1Y
φT
t+1 =

M∑
i=1

xit+1x
iT
t+1 = Acl(t; Q̄ )

(
M∑
i=1

xitx
iT
t

)
AT
cl(t; Q̄ ).

Since for all Q ∈ Sn
+
, Acl(t;Q ) is invertible for all t = 1, . . . ,N −

1 (Zhang, Umenberger et al., 2019), and since positive defi-
niteness is invariant under congruence (Horn & Johnson, 2013,
Obs. 7.1.8), by induction the statement follows. □
5

Remark 3.1. The ‘‘persistent excitation’’ condition Y φ

1 Y
φT
1 ≻ 0 is

equivalent to that there are n linearly independent initial values
xi1 amongst all M initial values.

Now we are ready to present the main theorem for the noise-
less case.

Theorem 3.1. Assume that N ≥ n + 1, Y φ

1 Y
φT
1 ≻ 0, and let

(Q ∗, {P∗
t }

N
t=1) be an optimal solution to (16). Then Q ∗

= Q̄ , where
Q̄ is the ‘‘true’’ parameter that is used to generate {Y φ

t }
N
t=2 with

unknown permutations.

Proof. By Lemma 3.1, we know that
(
Q̄ ,
{
P̄t
}N
t=1

)
is an optimal

solution to (16). What remains to show is the uniqueness.
Since

(
Q ∗, {P∗

t }
N
t=1

)
is an optimal solution, it must be feasible,

thus (15) also holds for
(
Q ∗, {P∗

t }
N
t=1

)
. Moreover, by the assump-

tion that Y φ

1 Y
φT
1 ≻ 0 and Lemma 3.2, it holds that Y φ

t Y
φT
t ≻ 0,

∀t = 2, . . . ,N , and hence there exists a strictly positive definite
matrix (Y φ

t Y
φT
t )

1
2 such that Y φ

t Y
φT
t = (Y φ

t Y
φT
t )

1
2 (Y φ

t Y
φT
t )

1
2 (Horn &

Johnson, 2013, p. 440). Letting K ∗
t := −(BTP∗

t+1B+ I)−1BTP∗

t+1A, by
urther term manipulation in (15), we have

(Q ∗, {P∗

t }) +

M∑
i=1

N−1∑
t=1

∥ūi
t∥

2

≥

N−1∑
t=1

{
M∑
i=1

[
xiTt (K ∗

t − K̄t )T (BTP∗

t+1B + I)(K ∗

t − K̄t )xit
]}

=

N−1∑
t=1

{
tr
[
(K ∗

t − K̄t )T (BTP∗

t+1B + I)(K ∗

t − K̄t )Y
φ
t Y

φT
t

]}
=

N−1∑
t=1

{(BTP∗

t+1B + I)
1
2 (K ∗

t − K̄t )(Y
φ
t Y

φT
t )

1
2

2
F

}
≥ 0.

As stated in Lemma 3.1, the lower bound zero in the above
inequality is reached by

(
Q̄ ,
{
P̄t
}N
t=1

)
, and it also holds that

H(Q ∗, {P∗
t }

N
t=1)+

∑M
i=1
∑N−1

t=1 ∥ūi
t∥

2
= 0 since

(
Q ∗, {P∗

t }
N
t=1

)
is also

n optimal solution. Therefore, since all terms in the above sum
re nonnegative, it must hold that(BTP∗

t+1B + I)
1
2 (K ∗

t − K̄t )(Y
φ
t Y

φT
t )

1
2


F

= 0,

⇐⇒ (BTP∗

t+1B + I)
1
2 (K ∗

t − K̄t )(Y
φ
t Y

φT
t )

1
2 = 0,

⇐⇒ K ∗

t − K̄t = 0, t = 1, . . . ,N − 1

since (BTP∗

t+1B + I)
1
2 and (Y φ

t Y
φT
t )

1
2 are invertible.

The above argument shows that K ∗
t = K̄t for all t = 1, . . . ,N−

. Nevertheless, note that {K ∗
t }

N−1
t=1 is not the control gain that is

enerated by Q ∗ using DRE (2). Instead, it is defined by K ∗
t =

(BTP∗

t+1B + I)−1BTP∗

t+1A, for t = 1, . . . ,N − 1, where
Q ∗, {P∗

t }
N−1
t=1 ) is an optimizer of (16). Hence the result from Zhang,

menberger et al. (2019, Theorem 2.1) cannot be directly applied
o show that Q ∗

= Q̄ . Nevertheless, to show the latter, first
note that we can always write P∗

t = P̄t + ∆Pt , t = 1, . . . ,N ,
nd Q ∗

= Q̄ + ∆Q , for some symmetric matrices ∆Q and ∆Pt ,
or t = 1, . . . ,N . Since both (Q ∗, {P∗

t }
N
t=1) and (Q̄ , {P̄t}Nt=1) are

ptimal solutions to (16), they must have the same optimal value,
nd hence

(Q ∗, {P∗

t }
N
t=1) − H(Q̄ , {P̄t}Nt=1) = 0,

hich implies that

− tr(∆P1Y
φ

1 Y
φT
t ) + tr(∆PNY

φ

N Y
φT
N ) +

N−1∑
tr(∆QY φ

t Y
φT
t ) = 0, (17)
t=1
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here we have used the linearity of the trace operator. On the
ther hand, it holds that

∗

t = −(BTP∗

t+1B + I)−1BTP∗

t+1A

⇐⇒ (BTP∗

t+1B + I)K ∗

t = −BTP∗

t+1A

⇐⇒ BTP∗

t+1(A + BK ∗

t ) = −K ∗

t .

Since K ∗
t = K̄t , ∀t = 1, . . . ,N − 1, A + BK ∗

t = A + BK̄t = Acl(t; Q̄ ),
and by the fact that Acl(t; Q̄ ) is invertible for all t = 1, . . . ,N −

1 (Zhang, Umenberger et al., 2019), it follows that

BTP∗

t+1 = −K ∗

t Acl(t; Q̄ )−1
= −K̄tAcl(t; Q̄ )−1

= BT P̄t+1

H⇒ BT∆Pt+1 = 0, ∀t = 1, . . . ,N − 1. (18)

Next, since (Q ∗, {P∗
t }

N
t=1) is feasible, (9) also holds for (Q ∗,

{P∗
t }

N
t=1). This means that

AT (P̄t+1 + ∆Pt+1)A − (P̄t + ∆Pt ) + (Q̄ + ∆Q )

− AT (P̄t+1 + ∆Pt+1)B[BT (P̄t+1 + ∆Pt+1)B + I]−1

× BT (P̄t+1 + ∆Pt+1)A ⪰ 0, t = 1, . . . ,N − 1

P̄N + ∆PN = Q̄ + ∆Q .

On the other hand, since (Q̄ , {P̄t}Nt=1) satisfies (2), by also using
(18) we get that

AT∆Pt+1A − ∆Pt + ∆Q ⪰ 0, t = 1, . . . ,N − 1, (19)

∆PN = ∆Q . (20)

Using (18), we can further manipulate the terms of (19) and get

(A + BK̄t )T  
Acl(t;Q̄ )

∆Pt+1 (A + BK̄t )  
Acl(t;Q̄ )

−∆Pt + ∆Q ⪰ 0, ∀t = 1, . . . ,N − 1

H⇒ XT
t Acl(t; Q̄ )T∆Pt+1Acl(t; Q̄ )Xt − XT

t ∆PtXt + XT
t ∆QXt ⪰ 0,

H⇒ XT
t+1∆Pt+1Xt+1 − XT

t ∆PtXt + XT
t ∆QXt ⪰ 0,

H⇒ tr(∆Pt+1Xt+1XT
t+1) − tr(∆PtXtXT

t ) + tr(∆QXtXT
t ) ≥ 0,

H⇒ tr(∆Pt+1Y
φ

t+1Y
φT
t+1) − tr(∆PtY

φ
t Y

φT
t ) + tr(∆QY φ

t Y
φT
t ) ≥ 0,

t = 1, . . . ,N − 1, (21)

where Xt = [x1t , . . . , x
M
t ], and where we also used that

tr(∆PtY
φ
t Y

φT
t ) = tr(∆PtXtXT

t ) and that tr(∆Pt+1Y
φ

t+1Y
φT
t+1) =

tr(∆Pt+1Xt+1XT
t+1).

Summing (21) from t = 1 to N − 2, we have

tr(∆PN−1Y
φ

N−1Y
φT
N−1) − tr(∆P1Y

φ

1 Y
φT
1 )

+

N−2∑
t=1

tr(∆QY φ
t Y

φT
t ) ≥ 0. (22)

In view of (17) and (22), we have that

0 = − tr(∆P1Y
φ

1 Y
φT
1 ) + tr(∆PNY

φ

N Y
φT
N ) +

N−1∑
t=1

tr(∆QY φ
t Y

φT
t )

= − tr(∆P1Y
φ

1 Y
φT
1 ) + tr(∆PN−1Y

φ

N−1Y
φT
N−1) +

N−2∑
t=1

tr(∆QY φ
t Y

φT
t )

− tr(∆PN−1Y
φ

N−1Y
φT
N−1) + tr(∆PNY

φ

N Y
φT
N ) + tr(∆QY φ

N−1Y
φT
N−1)

≥ − tr(∆PN−1Y
φ

N−1Y
φT
N−1) + tr(∆PNY

φ

N Y
φT
N ) + tr(∆QY φ

N−1Y
φT
N−1)

= − tr(∆PN−1XN−1XT
N−1) + tr(∆PNXNXT

N ) + tr(∆QXN−1XT
N−1)

ince XN = Acl(N − 1; Q̄ )XN−1 and by also using (18), from the
quation above it follows that
6

0 ≥ tr
[(

Acl(N − 1; Q̄ )T∆PNAcl(N − 1; Q̄ ) − ∆PN−1 + ∆Q
)

× XN−1XT
N−1

]
= tr

[
(AT∆PNA − ∆PN−1 + ∆Q )XN−1XT

N−1

]
.

Since XN−1XT
N−1 is positive definite (by Lemma 3.2), it follows

that AT∆PNA − ∆PN−1 + ∆Q ⪯ 0. Together with (19), we can
therefore conclude that AT∆PNA − ∆PN−1 + ∆Q = 0. Using
(18), we therefore have that Acl(N − 1; Q̄ )T∆PNAcl(N − 1; Q̄ ) −

∆PN−1 + ∆Q = 0, which implies that − tr(∆PN−1XN−1XT
N−1) +

tr(∆PNXNXT
N ) + tr(∆QXN−1XT

N−1) = 0. Therefore, summing (21)
from t = 1 to N − 3 and reiterating the above analysis, we
can conclude that AT∆PN−1A − ∆PN−2 + ∆Q = 0. Doing this
recursively, we have that

AT∆Pt+1A − ∆Pt + ∆Q = 0, t = 1, . . . ,N − 1. (23)

Equipped with (23), we can use the same argument as in the proof
of Zhang, Umenberger et al. (2019, Theorem 2.1) to conclude that
∆Q = 0. Thus Q ∗

= Q̄ , i.e., the optimal solution of (16) is unique
and hence the theorem follows. □

Before proceeding, we make a few remarks about the formu-
lation in (16). As will be seen later, these remarks naturally hold
also in the case of noisy observations.

Remark 3.2. The optimization problem (16) can also be applied
to the IOC problem for ‘‘distinguishable’’ agents, i.e., when the
trajectories of the agents are available. Nevertheless, as one can
see from (16), in this formulation of the problem there is no fun-
damental difference between IOC problems for ‘‘distinguishable’’
and ‘‘indistinguishable’’ agents.

Remark 3.3. The size of the variables and the number of
variables and constraints in the optimization problem (16) only
depends on the size of the state space, n, and the length of the
time horizon, N , respectively. In particular, the overall size of the
problem (16) is independent of the number of agents, M . The
only quantity that scales with M is the computations of the outer
products Y φ

t Y
φT
t , t = 1, . . . ,N . The latter scales linearly in M and

can be done before solving the optimization problem. Therefore,
the problem can be efficiently solved for scenarios with a large
number of agents.

4. IOC for indistinguishable agents in the noisy case

Next, we extend the results to the case of noisy observations
of the unpaired states. In particular, we show that a modified
version of (16) gives a statistically consistent estimator. To this
end, let (Ω,F,P) be a probability space which carries random
vectors xi1 ∈ Rn, {vi

t ∈ Rn
}
N
t=1, for i = 1, . . . ,M . Based on that,

the following assumptions are made for the rest of the paper.

Assumption 1 (I.I.D. Random Variables). The random vectors xi1 ∈

Rn, {vi
t ∈ Rn

}
N
t=1, for i = 1, . . . ,M , are all independent. Moreover,

random vectors xi1 ∈ Rn, for i = 1, . . . ,M , are identically
distributed, and the random vectors vi

t ∈ Rn, for t = 1, . . . ,N
and i = 1, . . . ,M , are identically distributed. Finally, E[vi

t ] = 0,
and cov(vi

t , v
i
t ) := Σ is a priori known, where ∥Σ∥F < ∞.

Assumption 2 (Stochastic Persistent Excitation). It holds that
cov(xi1, x

i
1) ≻ 0, where E[∥xi1∥

2
] < ∞.

Assumption 3 (Bounded Parameter). The ‘‘true’’ Q̄ that governs
the agents lives in a compact set S̄n

+
(ϕ) := {Q ∈ Sn

+
: ∥Q∥

2
F ≤ ϕ},

for some 0 < ϕ < ∞.
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Our goal is to seek the ‘‘true’’ Q̄ in S̄n
+
(ϕ). To this end, we define

a domain D(ϕ) similar to D in (7), namely,

D(ϕ) := {Q ∈ S̄n
+
(ϕ), {Pt ∈ Sn

+
}
N
t=1 : (6) holds}. (24)

Note that in practice, we can set ϕ arbitrarily large if there is no
prior knowledge on the norm bound of possible Q .

Equipped with the stochastic problem set-up, let the initial
value xi1 be a realization of xi1. Then the optimal state trajec-
tory and optimal control input of the ‘‘forward’’ optimal control
(1) can be seen as mappings from Ω to Rn and Rm, respec-
tively. This means that the states and control signals are in fact
stochastic variables, which are parameterized by Q and implicitly
determined by

{x̄it (ω)}Nt=2, {ū
i
t (ω)}N−1

t=1 = (25){
argmin J

(
{xit (ω)}Nt=2, {u

i
t (ω)}N−1

t=1 ; Q̄ , xi1(ω)
)

subject to (1b), (1c),

for all ω ∈ Ω , and where J is the cost function in (1a). From
now on, we omit the ‘‘bar’’ and simply write {xit} to denote the
corresponding optimal state for the sake of brevity. Next, we
assume that the noisy observations of a state is given by x̃it =

xit + vi
t , and that the observed data thus take the form Y φ

t =

[y1
t , . . . , yM

t ] = [x̃φt (1)
t , . . . , x̃φt (M)

t ]. Written in a form similar to
(3), the measured output can be expressed as

Y φ
t = (X t + V t) P̄t =

((
t−1∏
k=1

Acl(k; Q̄ )X1

)
+ V t

)
P̄t ,

where X t = [x1t , . . . , xMt ] and V t = [v1
t , . . . , v

M
t ]. This together

with Assumption 1 implies that the columns of Y φ
t are I.I.D. A

calculation similar to (14) then shows that

E
[
tr
(
QY φ

t Y
φT
t

)]
= E

[
tr
(
QX tX T

t

)]
+ M tr (QΣ)

where Σ is the covariance of the noise. In particular, the last
equality holds since xit =

∏t−1
k=1 Acl(k; Q̄ )xi1, and hence xit is a

stochastic variable that is independent of vi
t , for t = 1, . . . ,N and

i = 1, . . . ,M . Similar expressions hold for the other terms in (8),
and based on this we construct the problem

minimize
Q , {Pt }Nt=1

E
[
HY

S (Q , {Pt})
]

(26a)

subject to (Q , {Pt}Nt=1) ∈ D(ϕ), (26b)

where

HY
S (Q , {Pt}) :=

1
M

[
− tr(P1Y

φ

1Y
φT
1 )

+ tr(PNY
φ

NY
φT
N ) +

N−1∑
t=1

tr(QY φ
t Y

φT
t )

+ M
(
tr (P1Σ) − tr(PNΣ) − (N − 1) tr(QΣ)

)]
. (26c)

In particular, note that by a direct calculation it follows that the
cost function (26a) can be written as

E
[
HY

S (Q , {Pt})
]

=
1
M

E
[
− tr(P1X1X T

1)

+ tr(PNXNX T
N ) +

N−1∑
t=1

tr(QX tX T
t )
]
. (27)

ith this, we can now prove the following result akin Theo-
em 3.1.
7

Proposition 4.1. Let Q̄ be the true parameter in (25), and let{
P̄t
}N
t=1 be the corresponding solution to the DRE (2). Under Assump-

tions 1, 2, and 3, if N ≥ n + 1, then
(
Q̄ ,
{
P̄t
}N
t=1

)
is the unique

optimal solution to (26).

Proof. Since (27) holds, by adapting the arguments in the proof
of Lemma 3.1 it follows that

E[HY
S (Q , {Pt})] +

1
M

M∑
i=1

N−1∑
t=1

E
[
∥ūi

t∥
2]

≥
1
M

M∑
i=1

N−1∑
t=1

E
[
xiTt (Kt − K̄t )T (BTPt+1B + I)(Kt − K̄t )xit

]
=

1
M

N−1∑
t=1

tr
[
(Kt − K̄t )T (BTPt+1B + I)(Kt − K̄t )E

[
X tX T

t

]]
≥ 0, (28)

here ūi
t is the stochastic optimal control input signal of the

gent i at time instant t . Next, by using (28) and following along
he lines of the proof of Lemma 3.1, it can be seen that

(
Q̄ , {P̄t}

)
s an optimal solution to (26), and that[

HY
S (Q̄ , {P̄t})

]
+

1
M

M∑
i=1

N−1∑
t=1

E
[
∥ūi

t∥
2]

= 0. (29)

Therefore, what remains is to show the uniqueness of the optimal
solution. To this end, by Assumption 2 the covariance matrix
cov(xi1, x

i
1) is strictly positive definite, and therefore the second-

order moment of the initial value E[xi1x
iT
1 ] = cov(xi1, x

i
1) +

E[xi1]E[xi1]
T

≻ 0. By the fact that Acl(t;Q ) is invertible for all
Q ∈ Sn

+
, it holds that

E[xitx
iT
t ] =

[
t−1∏
k=1

Acl(k;Q )

]
E[xi1x

iT
1 ]

[
1∏

k=t−1

AT
cl(k;Q )

]
≻ 0,

cf. Lemma 3.2, and hence E[X tX T
t ] ≻ 0. Now suppose that there

exists some other (Q ∗, {P∗
t }) that is also optimal to (26). By (28),

(29), we have

0 = E[HY
S (Q

∗, {P∗

t })] +
1
M

M∑
i=1

N−1∑
t=1

E
[
∥ūi

t∥
2]

≥
1
M

N−1∑
t=1

tr
[
(K ∗

t − K̄t )T (BTPt+1B + I)(K ∗

t − K̄t )E
[
X tX T

t

]]
=

1
M

N−1∑
t=1

(BTPt+1B + I)
1
2 (K ∗

t − K̄t )E
[
X tX T

t

] 1
2

2
F

≥ 0,

which together with the fact that E[X tX T
t ] ≻ 0 implies that

(BTPt+1B + I)
1
2 (K ∗

t − K̄t )E
[
X tX T

t

] 1
2 = 0,

for t = 1, . . . ,N − 1. The latter in turn implies that

K ∗

t − K̄t = 0, ∀t = 1, . . . ,N − 1,

where K ∗
t denote the same expression as the one in the proof of

Theorem 3.1. To this end, following the same analysis as in the
proof of Theorem 3.1, we can conclude that Q ∗

= Q̄ and hence
the statement holds. □

Since the distribution of the initial values xi1 and the additive
noise vi

t are not known, we cannot express the expected value of
the objective function (26c) explicitly and hence it is not possible
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o solve (26) directly. Therefore, we derive an empirical estimate
f the expectation based on the observations. To this end, first
ecall that due to Assumption 1, y i

t are I.I.D. for i = 1, . . . ,M .
This means that we can rewrite the cost (26a) as

E
[
HY

S (Q , {Pt})
]

= E
[
− tr(P1y1y

T
1) + tr(PNyNy

T
N ) +

N−1∑
t=1

tr(Qyty
T
t )
]

+ tr (P1Σ) − tr(PNΣ) − (N − 1) tr(QΣ), (30)

where, for t = 1, . . . ,N , yt is a random variable with the same
distribution as y i

t for i = 1, . . . ,M . This means that an empirical
estimate of the expectation of (26c) can be obtained as

E

[(
−yT

1P1y1 + yT
NPNyN +

N−1∑
t=1

yT
t Qyt

)]

≈
1
M

M∑
i=1

(
−y iT

1 P1y i
1 + y iT

N PNy i
N +

N−1∑
t=1

y iT
t Qy i

t

)
.

Based on this, we formulate the estimation problem

minimize
Q , {Pt }Nt=1

HY
E (Q , {Pt}) (31a)

subject to (Q , {Pt}Nt=1) ∈ D(ϕ), (31b)

where

HY
E (Q , {Pt}) :=

1
M

[
− tr(P1Y

φ

1Y
φT
1 )

+ tr(PNY
φ

NY
φT
N ) +

N−1∑
t=1

tr(QY φ
t Y

φT
t )
]

+
(
tr (P1Σ) − tr(PNΣ) − (N − 1) tr(QΣ)

)
. (31c)

he problem (31) defines the estimator, and for a given realiza-
ion {Y φ

t }
N
t=1 of the stochastic variables {Y φ

t }
N
t=1, it can be solved

n order to obtain an estimate. In particular, we use the notation
Y
E (Q , {Pt})|Y=Y to denote the cost function (31c) evaluated at a
articular realization. We now want to show that this estimator
s in fact (asymptotically) statistically consistent. However, note
hat since we approximate the expected value in the objective
unction by the empirical average, the objective function changes
nd hence the ‘‘bounded-from-below’’ argument (28) does not
ecessarily hold for HY

E (Q , {Pt})|Y=Y on the domain D(ϕ). This
ssue needs to be addressed in order to make (31) well-posed.
his is an important first step towards showing that the estimator
s statistically consistent.

emma 4.1. The domain D(ϕ), defined in (24), is compact, and
Y
E (Q , {Pt})|Y=Y is bounded on D(ϕ).

roof. Consider the domain D(ϕ) and recall that, by the property
f Schur complement, (9) holds on the feasible domain (6a) and
6b). Since the Frobenius norm is monotone with respect to the
oewner partial order, it holds that

Pt∥F ≤ ∥ATPt+1A + Q − ATPt+1B(BTPt+1B + I)−1BTPt+1A∥F

y the Cauchy–Schwarz and the triangular inequality, we have
hat

Pt∥F ≤ ∥A∥
2
F · ∥Pt+1∥F + ∥Q∥F

+ ∥A∥
2
F · ∥B∥2

F · ∥Pt+1∥
2
F · ∥(BTPt+1B + I)−1

∥F . (32)

Next, since Pt ∈ Sn
+
, it holds that BTPtB + I ⪰ I , and hence

that (BTPtB + I)−1
⪯ I (Horn & Johnson, 2013, Cor. 7.7.4). By

monotonicity of the Frobenius norm with respect to the Loewner
T −1
partial order, it therefore follows that ∥(B PtB + I) ∥F ≤ ∥I∥F =

8

√
n. Now, since ∥Q∥

2
F ≤ ϕ and PN = Q , using this together with

(32), it follows that ∥PN−1∥F is bounded. Recursively applying
this backwards for the time indices t , it follows that ∥Pt∥F is
bounded for all t = 1, . . . ,N . This implies that the domain
D(ϕ) is compact. Finally, since HY

E (Q , {Pt})|Y=Y is continuous, it
is bounded on D . □

Remark 4.1. Note that Assumption 3 is critical in the proof of
Lemma 4.1, since we can thus optimize over D(ϕ) instead of D . In
fact, HY

E (Q , {Pt})|Y=Y might not be bounded from below if we only
impose Q ∈ Sn

+
. To see this, assume that there exists a realization

{Y φ
t } of {Y φ

t } such that Y φ

1 Y
φT
1 − MΣ = 0 and Y φ

t Y
φT
t − MΣ ≺ 0,

t = 2, . . . ,N . Let (Q , {Pt}) satisfies DRE (2), and note that then
(αQ , {αPt}) also satisfies DRE (2) for any positive α. Therefore,
(αQ , {αPt}) ∈ D for all α > 0, and thus D is not a bounded set.
Moreover, as α → ∞ it holds that

Y
E (αQ , {αPt})|Y=Y =

1
M

[
− tr

(
αP1(Y

φ

1 Y
φT
1 − MΣ)

)
+ tr

(
αPN (Y

φ

N Y
φT
N − MΣ)

)
+

N−1∑
t=1

tr
(
αQ (Y φ

t Y
φT
t − MΣ)

)]
→ −∞,

ence HY
E (αQ , {αPt})|Y=Y is not bounded from below on D .

Next, we show that the ‘‘Uniform Law of Large Numbers’’ holds
or HY

E (Q , {Pt}).

emma 4.2 (Uniform Law of Large Numbers). Under Assumptions 1,
and 3, it holds that

sup
Q ,{Pt }Nt=1)∈D(ϕ)

⏐⏐HY
E (Q , {Pt}) − E

[
HY

S (Q , {Pt})
] ⏐⏐ a.s.

→ 0,

s M → ∞.

roof. It is clear that HY
S (Q , {Pt}) is continuous with respect to

Y φ
t }

N
t=1 and therefore it is a measurable function of {Y φ

t }
N
t=1 for

ach Q and {Pt}. On the other hand, Assumption 2 implies that
[∥xit∥2

] < ∞ for i = 1, . . . ,M (Zhang, Umenberger et al.,
019, cf. the proof of Theorem 4.1). By Assumption 1, we have
[∥vi

t∥
2
] < ∞. Since xit is independent of vi

t , and since E[vi
t ] = 0,

t follows that

[∥y i
t∥

2
] = E[(xit + vi

t )
T (xit + vi

t )] = E[∥xit∥
2
] + E[∥vi

t∥
2
] < ∞.

n addition, from Lemma 4.1, we know that there exists constants
ϕ̄t}

N
t=1 such that for all (Q , {Pt}Nt=1) ∈ D(ϕ) we have that ∥Pt∥F ≤

¯ t . Using the form of (26a) given in (30), by the Cauchy–Schwarz
nd the triangular inequality it therefore holds that

Y
S (Q , {Pt}) = − tr(P1y1y

T
1) + tr(PNyNy

T
N ) +

N−1∑
t=1

tr(Qyty
T
t )

+ tr(P1Σ) − tr(PNΣ) − (N − 1) tr(QΣ)

≤
⏐⏐yT

1P1y1

⏐⏐+ ⏐⏐yT
NPNyN

⏐⏐+ N−1∑
t=1

⏐⏐yT
t Qyt

⏐⏐
+ |tr(P1Σ)| + |tr(PNΣ)| + (N − 1) |tr(QΣ)|

≤ ∥y1∥
2
∥P1∥F + ∥yN∥

2
∥PN∥F +

N−1∑
t=1

∥yt∥
2
∥Q∥F

+ ∥P1∥F∥Σ∥F + ∥PN∥F∥Σ∥F + (N − 1)∥Q∥F∥Σ∥F

≤ ϕ̄1(∥y1∥
2
+ ∥Σ∥F ) + ϕ̄N (∥yN∥

2
+ |Σ ∥F )

+ ϕ

N−1∑
(∥yt∥

2
+ ∥Σ∥F ) := d({yt}),
t=1
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nd it is clear that E[d({yt})] < ∞ since E[∥y i
t∥

2
] < ∞. Therefore,

by Jennrich (1969, Thm. 2) the result follows. □

We are now ready to prove the main result of this section.

Theorem 4.1 (Statistical Consistency). Suppose that (Q ∗

M , {P∗

t,M}
N
t=1)

is an optimal solution to (31) when observing M agents. Then Q ∗

M
p

→

Q̄ as M → ∞, where Q̄ is the true parameter used in the objective
function of ‘‘forward’’ problem (25).

Proof. The theorem is proved by showing that all the condi-
tions in van der Vaart (1998, Thm. 5.7) are satisfied. To this
end, the first condition follows from Lemma 4.2, since conver-
gence a.s. implies convergence in probability (Kallenberg, 1997,
Lem 3.2). Next, the second condition holds since by Proposi-
tion 4.1 the optimal solution to (26) is unique, and since by
Lemma 4.1 the set D(ϕ) is compact; see van der Vaart (1998,
p. 46). Therefore, all conditions in van der Vaart (1998, Thm. 5.7)
are satisfied, and the statement hence follows. □

5. On numerical ill-conditioning

Proposition 2.1 shows that the model is globally identifiable,
and Theorem 3.1 shows that the optimization problem (16) has
a unique optimal solution at the ‘‘true’’ Q̄ . Hence, in theory
the latter can be recovered by solving the optimization prob-
lem. Nevertheless, recovering this optimal solution turns out to
be numerically difficult, in particular for certain problem in-
stances — this will be demonstrated with examples in Section 6.
Here, we argue that this has to do with an intrinsic numer-
ical ill-conditioning of the inverse problem for these problem
instances.

To this end, recall that Pontryagin’s Maximum Principle (PMP)
gives a necessary and sufficient condition for optimality in the
forward problem (1). Namely, {xt}Nt=1 and {ut}

N−1
t=1 are the optimal

trajectory and control signal of (1), respectively, if and only if
there exists adjoint states {λt}

N
t=2 such that

λt = ATλt+1 + Qxt , t = 2, . . . ,N − 1, (33a)

λN = QxN , (33b)

ut = −BTλt+1, t = 1, . . . ,N − 1. (33c)

Based on (33a)–(33b), we can write a linear system of equations
for the adjoint variables of the ith agent, namely⎡⎢⎢⎢⎢⎣
I −AT

I
. . .

. . . −AT

I

⎤⎥⎥⎥⎥⎦
⎡⎢⎣λi

2
...

λi
N

⎤⎥⎦
  

=: λi

= (I ⊗ Q )

⎡⎢⎣xi2
...

xiN

⎤⎥⎦
  
=: xi2:N

.

olving this for the adjoint variables gives

i
=

⎡⎢⎢⎢⎢⎣
I AT (AT )2 · · · (AT )N−2

I AT
· · · (AT )N−3

. . .
. . .

...

I AT

I

⎤⎥⎥⎥⎥⎦ (I ⊗ Q )xi2:N ,

and substituting the latter into (33c) we obtain

−

⎡⎢⎣ ui
1
...

ui
N−1

⎤⎥⎦
  

= (IN−1 ⊗ BT )λi
=: ui

9

=

⎡⎢⎢⎢⎢⎣
BT BTAT BT (AT )2 · · · BT (AT )N−2

BT BTAT
· · · BT (AT )N−3

. . .
. . .

...

BT BTAT

BT

⎤⎥⎥⎥⎥⎦
  

= [S2Γ ,...,SNΓ ] = S(IN−1⊗Γ )

(IN−1 ⊗ Q )xi2:N , (34)

here S := [S2, . . . , SN ], SN := Im(N−1), SN−k ∈ Rm(N−1)×m(N−1)

s a block-matrix with identity matrices of size n × n on the kth
pper block-diagonal, and

:=
[
(A)N−2B (A)N−3B · · · B

]T
.

sing (34) and the fact that

i
t =

[
At−2B · · · AB B

] [
uiT
1 , . . . , uiT

t−1

]T
+ At−1xi1,

e have

i
2:N =

⎡⎢⎢⎣
B 0 · · · 0 0
AB B · · · 0 0
...

...
...

...

AN−1B AN−2B · · · AB B

⎤⎥⎥⎦
  

= (IN−1⊗Γ T )ST

ui
+

⎡⎢⎢⎣
A
A2

...

AN−1

⎤⎥⎥⎦
  

=: Ã

xi1,

= − (IN−1 ⊗ Γ T )STS(IN−1 ⊗ Γ )(IN−1 ⊗ Q )  
=: F (Q )

xi2:N + Ãxi1

H⇒ (I(N−1)n + F (Q ))xi2:N = Ãxi1

Since (1) has a unique solution, I(N−1)n + F (Q ) is intrinsically in-
ertible. Therefore, (I(N−1)n + F (Q ))−1Ã is another representation
f the same model structure asM(Q , {Pt}

N
t=2), if the former is also

ombined with the permutation matrices {Pt}
N
t=2; for the sake of

brevity we omit the details.
From above, it can be seen that the model structure is identi-

fiable at Q̄ if and only if

Υ :=
{
Im(∆Q ) | ∆Q ∈ Sn, Q̄ + ∆Q ∈ Sn

+

}
∩ Ker(Γ ) = {0}. (35)

ssuming that the system (A, B) is controllable implies that the
ontrollability matrix

n =
[
(A)n−1B · · · AB B

]T
as full column-rank, and hence that Ker(Γ ) = {0}. The latter,

in turn, means that (35) is fulfilled. Nevertheless, in practise, if
Γ is ill-conditioned, the kernel of Γ can be ‘‘expanded’’ from
a numerical perspective. In this case we can have Γ ∆Q ≈ 0
for some ∆Q that is not close to zero, and the set Υ might
umerically not be the singleton {0}. Thus, it is possible that

I(N−1)n + F (Q̄ + ∆Q ))−1Ã ≈ (I(N−1)n + F (Q̄ ))−1Ã

or some feasible ∆Q that is not close to zero. Therefore, when
he controllability matrix is ill-conditioned, we might have very
imilar models that corresponds to very different Q ’s. In general,
e expect that it will be numerically challenging to recover the

‘true’’ Q̄ in these settings, regardless of which method is used.
owever, although it might be numerically difficult to recover

¯ in these circumstances, the proof of Lemma 3.1 ensures that
he control gains corresponding to Q̄ +∆Q numerically coincides
ith the ‘‘true’’ control gain, which is sufficient for predicting the
gents’ behaviours. Finally, a similar argument holds in the case
f noisy observations.
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. Numerical experiments and discussions

In this section, we present a number of numerical experi-
ents, performed on a number of different discrete-time systems,

o illustrate the properties of the proposed algorithm. In par-
icular, the discrete-time systems are all generated by sampling
ontinuous-time systems ẋ = Âx + B̂u via A = eÂ∆t and B =
∆t
0 eÂtdtB̂, where the sampling period ∆t = 0.05.
All numerical examples are run on a MacBook Pro with Apple

1 eight-core CPU and 16 GB of RAM. The solutions are obtained
y implementing the optimization problems in Matlab using
ALMIP (Löfberg, 2004) and solving them using MOSEK (MOSEK
pS, 2019).

.1. Noiseless case

In this experiment, the dimension of the system is set to n = 3,
nd m = 1. More specifically, we randomly generate system
atrices Â ∈ R3×3 and B̂ ∈ R3×1 with entries drawn from a
ormal distribution with mean value zero and standard deviation
ne, i.e., with entries drawn from the distribution N (0, 1). These
re then sampled to generate discrete-time systems, as described
bove. Moreover, the ‘‘true’’ Q̄ is randomly generated as Q̄ = GGT ,
here G ∈ R3×3 with entries drawn from N (0, 1). We let Q̄ ∈

S̄3
+
(5); any randomly generated Q̄ would be discarded if it does

not belong to S̄3
+
(5) and another random Q̄ would be generated.

In this way, 500 random triplets (A, B, Q̄ ) are generated. For each
such random triplet, we set the time horizon to N = 20 and
generate M = 15 random starting points xi1. The latter are drawn
from a uniform distribution on [−10, 10]×[−10, 10]×[−10, 10].
The forward problem (1) is solved for each starting point, and the
noiseless data is then used to solve the optimization problem in
(16), except that the cost function is scaled with 10−4 in order to
give a better numerical scaling for the problem. While this does
not change any analytic properties, the obtained optimal solu-
tions were observed to have a smaller relative error in general.
The results are presented in Figs. 1 and 2.

The lower plot in Fig. 1 illustrates the absolute value of the
scaled objective function value at the theoretical optimal solu-
tion (Q̄ , {P̄t}), together with the absolute value of the difference
between the objective function value at (Q̄ , {P̄t}) and at the
solution (Qest , {Pt,est}) obtained with the solver. As can be seen,
the difference is in general several orders of magnitude smaller
than the optimal value of the cost function, despite the fact that
the obtained Qest is sometimes relatively far from Q̄ (cf. upper
plot in Fig. 1). This indicates that the cost function is ‘‘flat’’ in a
region around the optimal solution, which makes the ‘‘true’’ Q̄
hard to recover numerically with high accuracy. We believe that
this is highly related to the fact that the controllability matrix
is very ill-conditioned (the condition numbers of which varies
from 2.899 × 102 to 7.439 × 105). Mitigation of this numerical
difficulties is left for future work.

Nevertheless, as can be seen from Fig. 2, the corresponding
control gain and closed loop system matrix are well-recovered,
which serves the purpose of ‘‘predicting the agent’s behaviour’’.
In fact, the latter is in general recovered with better accuracy
than the former. This indicates that for certain systems, a larger
mismatch in Q can still give small mismatches in the control
gains and the closed-loop system matrices. Hence it is harder to
identify Q numerically in these cases. Since the control gain and
the closed-loop system are time-varying, the smallest and largest
relative error over all time points are shown in Fig. 2.

The fact that the closed-loop system matrix in general seems
to be better recovered than Q̄ seems to indicate that the ‘‘flatness’’
10
Fig. 1. The upper plots shows a (normalized) histogram of the relative error in
the estimate Qest obtained with noiseless data, as described in Section 6.1. The
lower plots shows the absolute value of the (scaled) globally optimal objective
function value, as well as absolute value of the difference between the globally
optimal objective function value and the objective function value in the obtained
estimate.

of the cost function for certain problem instances is (at least
partly) related to the discussion in Section 5. Namely, that for
certain problem instances, substantially different Q ’s can give rise
to very similar closed-loop system matrices.

6.2. Noisy case

Next, we illustrate the statistical consistency of the method.
This is done on a dynamical system which does not have a numer-
ically ill-conditioned controllability Gramian. More specifically,
the continuous-time dynamics is given by

Â =

[
0 0
0 0

]
, B̂ =

[
1 0
0 1

]
,

which is the kinematic dynamics of a point mass that moves on
a two-dimensional plane. In fact, the condition number of the
controllability Gramian for this dynamical system is 1. Moreover,
with the corresponding discretized system matrices (A, B), for any
Q̄ ≻ 0 the forward problem (1) describes an agent that moves
towards the origin. Hence, a group of homogeneous agents that
are all governed by (1) is a model for the simplified setting of
‘‘non-interacting’’ agents moving towards a common goal at the
origin. As mentioned in the introduction, in the future we intend
to extend the work to interacting agents.

The ‘‘true’’ Q̄ is generated as described in Section 6.1, and we
set the time horizon to N = 20. We then generate 49953 random
starting points xi1, drawn from a uniform distribution supported
on [−10, 10] × [−10, 10]. For each agent, the forward problem
(1) is solved, and noise is added on the obtained optimal states
(including the initial state). The additive noise is drawn from
a multi-variate zero-mean normal distribution with covariances
matrix drawn from a Wishart distribution of degree 2, i.e., with
the same number of degrees of freedom as the dimension of the
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Fig. 2. Histograms (normalized) of the relative error in the estimates of the
closed-loop system matrix Acl(t,Qest ) and the gain Kt , obtained from noiseless
data as described in Section 6.1. Since the quantities are time-varying, the largest
and smallest relative errors are shown.

state space. The Wishart distribution has a random covariance
generated as 0.02GGT , where each element in G ∈ R2×2 was
rawn from N (0, 1). The trajectories are then divided into groups
f size M = 3+50(k−1), for k = 1, . . . , 1000, where each larger
roup contains all the trajectories of a smaller group. For the fixed
riplet (A, B, Q̄ ), the above process is repeated for 100 times so
hat, in total, we get 100 noisy data sets with a varying number
f agents in each. Moreover, the signal-to-noise ratio (SNR) in
he data sets varies between 29.2479 and 29.3767 dB.2 For each
ata set and each trajectory number M , which varies from 3 to
9953, the problem (31) is solved, using the corresponding cost
unction H (Y ,M)

S (Q , {Pt})|Y=Y . That means that for each fixed M ,
e get 100 estimates of Q̄ , and from these 100 estimates we
alculate the mean and the standard deviation of the relative
rror ∥Qest − Q̄∥F/∥Q̄∥F . The result, as a function of M , is shown
n Fig. 3.

From the upper plot in Fig. 3 we see that both the mean and
he standard deviation of the relative error of the estimates de-
reases with increasing M , in line with the statistical consistency
f the estimate as proved in Theorem 4.1. Moreover, in the log–
og plot of the mean and the standard deviation of the estimates
.s. M , we can see that the relation is approximately linear. Fitting
log-linear model to the data, i.e., fitting an affine function to

he logarithmic data, we get that Mean of relative error ≈

(M−0.53) and Standard deviation of relative error ≈

(M−0.51). The corresponding lines are also shown in Fig. 3.
he orders are close to −0.5, and hence we suspect that the
onvergence rate is O(M−0.5) and that

√
M(QM − Q̄ ) is asymp-

totically normal, just like most M-estimators such as maximum

2 The SNR in a data set is computed as the mean of the SNR for all trajectories
n that data set, where the SNR of a trajectory is computed as the sum of the
quared norm of all states divided by the sum of the squared norm of all noise
ealizations.
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Fig. 3. The upper plot shows the mean and standard deviation of the relative
error of Qest as a function of the number of agents. The estimates are obtained
using noisy data, as described in Section 6.2. Moreover, the lower plot shows
the time it took (in seconds) to solve the corresponding optimization problem.

log-likelihood (van der Vaart, 1998, p. 51). Further analysis of this
is left for future work.

Finally, from the lower plot in Fig. 3 we see that, as ex-
pected from Remark 3.3, the time to solve the corresponding
optimization problem does note scale with the number of agents
M .3

7. Conclusions

In this work we have considered the linear-quadratic inverse
optimal control problem in discrete time and with finite time
horizon, but where the observed homogeneous agents are indis-
tinguishable. In the case of exact measurements of the states,
we show that the true parameter Q̄ can be recovered as the
unique globally optimal solution to a semidefinite programming
problem. Moreover, the size of this convex optimization problem
is independent of the number of agents observed, and the formu-
lation is thus suitable also for scenarios with a large number of
agents. Furthermore, in the case of noisy state observations the
optimization problem is modified, and a statistically consistent
estimator is obtained as the unique globally optimal solution
to another semidefinite programming problem. However, from
numerical simulations it seems that for certain problem instances
the cost functions in both semidefinite programmes are relatively
flat around the globally optimal solutions, and hence accurate
estimates of the parameters are difficult to recover. Nevertheless,
estimates of the time-varying control gains and closed-loop sys-
tem matrices are obtained with higher accuracy. An analysis of
numerical ill-conditioning of the problem seem to suggest that
this could be linked to the fact that for certain problem instances,
different Q ’s can give rise to similar close-loop system behaviour.
n important open question is therefore if and how the numerical
onditioning of the estimators can be improved.
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