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Multidimensional Constellation Shaping for Coherent
Optical Communication Systems
Ali Mirani
Photonics Laboratory
Department of Microtechnology and Nanoscience - MC2
Chalmers University of Technology

Abstract

To overcome the increasing demands for Internet traffic, exploiting the
available degrees of freedom in optical communication systems is neces-
sary. In this thesis, we study how constellation shaping can be achieved
in various dimensions and how various shaping schemes affect the whole
performance in real systems. This thesis investigates the performance of
constellation shaping methods including geometric shaping and proba-
bilistic shaping in coherent fiber-optic systems.

To study geometric shaping, we explore multidimensional lattice-
based constellations. These constellations provide a regular structure
with fast and low-complexity encoding and decoding. We show the pos-
sibility of transmitting and detecting constellations with a size of more
than 1028 points, which can be done without a look-up table to store the
constellation points. Moreover, we experimentally realize our proposed
multidimensional modulation formats in long-haul optical communica-
tion systems.

Finally, we investigate the performance of probabilistically shaped
quadrature amplitude modulation and compare it with uniform cross
quadrature amplitude modulation in the presence of transmitter im-
pairments, and with uniform quadrature amplitude modulation in links
where higher-order modulation formats co-propagate with on-off keying
wavelength channels.

Keywords: optical communications, coherent receiver, constellation
shaping, multidimensional modulation format, probabilistic shaping, ge-
ometric shaping, lattice-based constellations, Voronoi constellation
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CHAPTER 1

Introduction

Nowadays, part of the world’s education system is carried out online
through video streaming platforms [1] and it has become common that
institutions offer fully online or hybrid courses. Companies that do not
depend on physical interaction and the presence of their employees have
shifted to work remotely and have online meetings. People are using
social media and video calls more than anytime before. All these online
communications have challenged the Internet network to connect people
in the whole world together with the best quality possible [2,3], e.g., high
bandwidth video streaming. This emphasizes the importance of optical
communication systems which are the main backbone and infrastructure
of the global Internet network [4]. Without improvements in optical
communication systems, the Internet would not have been able to meet
the global demands to transmit and access more data.

1.1 History

A starting point for modern optical communication systems dates back
to the inventions of lasers [5,6] and low-loss optical fibers [7] after 1960.
The invention of the laser brought the opportunity of utilizing a coherent
and monochromatic light source to transmit information. In 1960, the
first solid ruby laser was invented by Theodore Maiman [8]. The first
continuously operating gas laser was invented [9] by Ali Javan et al.,
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Chapter 1. Introduction

at Bell Labs in 1961. In 1962, the first semiconductor diode laser was
fabricated [10] by Robert N. Hall and coworkers at the General Electric
Research and Development Center. Optical fibers were used during the
1960s for gastroscopy [11] despite high attenuation and a short length.
Later, more efforts were made to reduce impurities and reduce the fiber
losses from 20 dB/km in 1970 [12] to today’s less than 0.2 dB/km at
infrared wavelength region near 1.55 µm [7, 13, 14]. Demonstrations of
commercial fiber optical transmission during the 1970s to transmit data
rates of Mbit/sec over a few kilometers were another huge step for the
communication community and industry [15,16].

Another important breakthrough in optical communication was the
invention of the erbium-doped fiber amplifier (EDFA) in the 1980s [17].
The EDFA eliminated the optical-electrical-optical repeaters, by ampli-
fying the signal directly in the optical domain and decreasing the cost
and complexity of long-haul transmission links [18]. Moreover, because
of the high bandwidth of EDFAs separate wavelength channels could be
simultaneously amplified and higher data rates transmitted in the same
fiber [19].

Studied in the 1980s, coherent receivers were another milestone for
optical communication systems. Because of the hardware complexity,
they were forgotten under the shadow of optical amplifiers for almost 20
years [20]. In 2005, a coherent receiver was used to detect a polarization-
multiplexed quadrature phase-shift keying (QPSK) signal in a wavelength-
division multiplexing (WDM) system followed by digital signal process-
ing (DSP) to improve the sensitivity and phase estimation [21]. This
created a widespread interest in coherent optical communication sys-
tems again since it brought access to the full optical field to increase
the spectral efficiency (SE) by employing multi-level modulation for-
mats [22].

All the previous developments have been responsible to increase the
data rate and transmission reach in optical communication systems. One
question that remains is the ultimate capacity of the optical fibers. In
1948, Shannon showed that for a linear communication channel with an
additive Gaussian noise source, the channel capacity C is determined by
the available bandwidth W and the signal-to-noise ratio (SNR) through
C = W log2(1 + SNR) [23]. However, the optical channel is not an
additive white Gaussian noise (AWGN) channel in all operation regimes.
For optical channels, many efforts have been made to close the gap be-
tween the achievable information rate and the channel capacity in lin-
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1.2. Thesis overview

ear regime [24] and to find an estimate for the actual nonlinear capac-
ity [25–27].

1.2 Thesis overview

The focus of this thesis is on investigating the performance of constel-
lation shaping methods to improve the achievable information rate and
power efficiency in coherent optical communication systems. Two main
approaches are geometric shaping (GS) [28, 29] and probabilistic shap-
ing (PS) [30, 31], where the geometry and the probability distribution
of constellation points are modified to improve the performance com-
pared to quadrature amplitude modulation (QAM) formats, respectively.
These methods are mainly designed for the linear AWGN channel and
their performance needs to be evaluated over the nonlinear fiber channel.

The papers included in this thesis are investigating these constella-
tion shaping methods. In [Paper A-B], the performance of the lattice-
based geometric shaping method is explored in the AWGN and nonlinear
fiber channels, and fast and low-complexity modulation and demodula-
tion algorithms are presented. Constellation sizes with more than 1028

points are simulated without any look-up tables to store them and more
than 38% reach improvement is shown compared to 4-QAM. In [Pa-
per C], physical realizations of multidimensional Voronoi constellations
are investigated experimentally and compared over the nonlinear fiber
channel. Constellations up to 32 dimensions and spectral efficiencies of
4 bits/symb/dimension-pair are demonstrated. In [Paper D], we study
fiber links based on phase-insensitive amplifiers and phase-sensitive am-
plifiers both in simulation and experiment. The best QAM formats in
low signal-to-noise ratio in these links are identified and their perfor-
mances are quantified. In [Paper E], the performance of probabilistically
shaped constellations is compared with the cross-QAM formats in the
presence of digital-to-analog converter (DAC) and Mach-Zehnder mod-
ulator (MZM) impairments without any digital pre-compensation. We
demonstrate that cross-QAM outperforms PS-QAM by a factor of up to
4 in symbol error rate and higher achievable information rates, at the
same source entropy and optimal electrical signal powers. Finally, in
[Paper F], the probabilistically shaped QAM formats are compared with
uniform QAM in hybrid systems where on-off keying (OOK) formats are
co-propagating with the higher-order modulation formats.
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Chapter 1. Introduction

1.2.1 Thesis outline

The outline of this thesis is as follows. In chapter 2, the basic build-
ing blocks of a coherent communication system are introduced including
the transmitter and the receiver impairments. Different channel models
are presented for the fiber channel and the required signal processing
algorithms are discussed to compensate for the transceiver and channel
distortions. In chapter 3, the modulation formats with their properties
and the possible parameters to compare different formats together are
introduced. Chapter 4 discusses the constellation shaping methods in-
cluding both probabilistic and geometric shaping. In chapter 5, physical
realizations of multidimensional modulation formats are discussed over
available dimensions in optical communication systems. Finally, in chap-
ter 6, the future outlooks are presented and chapter 7 outlines the main
results in the appended papers.
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CHAPTER 2

Coherent Fiber-Optic Communication Systems

The developments of the global Internet are mainly due to the improve-
ments in fiber links that connect continents, with more than thousands
of kilometers of length [32–34]. Early demonstrations of optical links
could carry information at Mbits/sec [35], however, today’s networks
have Tbits/sec capacity [36]. Multiple technologies including lasers, opti-
cal amplifiers, and high-speed electrical transceivers have made coherent
optical communication systems the main infrastructure in the long-haul
transmission of today. Combined with advanced DSP, coherent systems
can achieve high SE [37] and be robust against channel impairments [38].
These benefits have made coherent systems dominant for long-haul net-
works and they are currently attracting more attention to be used in
short-reach networks as well [39].

In this chapter, some of the essential building blocks of a point-
to-point coherent communication system are investigated including the
transmitter, fiber channel, and receiver.

2.1 Transmitter

In this section, the basic components of optical transmitters are intro-
duced including discrete-time signal processing, transforming discrete-
time data to a continuous analog electrical signal, and finally converting
the electrical signal to the optical domain. A block diagram of the trans-
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Chapter 2. Coherent Fiber-Optic Communication Systems

Source
Source
encoder

Channel
encoder

Constellation
mapping

Pulse
shaping

Pre-compensation

Figure 2.1: The building blocks to transform the source messages to a
discrete-time signal. From left to right, different arrows indicate
message (green), bit (orange), discrete-time discrete-amplitude
(blue), and discrete-time continuous-amplitude (black) informa-
tion.

mitter side components is given in Fig. 2.1.

2.1.1 Digital domain

As shown in Fig. 2.1, in the first step, source messages are passed through
the source encoder to remove the redundant information and generate
an efficient bit stream representation. For instance, if the source outputs
are the 26 English letters, instead of presenting each letter with 5 bits, it
is possible to represent each letter based on their occurrence probability.
The letters with higher probability will be presented with fewer bits and
the letters with lower probability need more bits. This way, on average,
less than 5 bits would be required to show the source outputs [40].

After source coding, the bits are affected by the channel encoding
block. The channel coding makes sure that the transmission will be
highly reliable by adding redundant bits [41].

The next step after preparing the bits is mapping them to symbols.
These symbols are members of a set which is called a constellation. There
are different ways to represent the symbols, e.g., complex numbers, com-
plex vectors, or multidimensional real vectors [42, 43]. Each symbol c
is labeled by a string of bits as b0b1 · · · bm−1. Then, these symbols are
transmitted over their corresponding time slot, polarization, frequency,
or spatial mode.

Usually, the combination of channel coding and constellation map-
ping with an additional shaping block is used to perform constellation
shaping either to change the probability distribution or Euclidean geom-
etry of the constellation. More details about constellation shaping are
discussed in chapter 4.

In the next step, discrete-time discrete-amplitude symbols c are car-
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2.1. Transmitter

ried by a discrete-time continuous-amplitude pulse h(t), i.e.,

s(t) =
∑
i

ci · h(t− iT ), (2.1)

where h(t) is the pulse shaping function and i is the time index. Since
using square-shaped pulses in the transmission is physically impractical,
other forms of pulse shaping are required. In order to satisfy the Nyquist
intersymbol interference criterion, usually, the raised cosine pulse shap-
ing is used to transmit the symbols [44, Chap. 7]. To improve noise
cancellation, this can also be done by using a root-raised-cosine (RRC)
filter in the transmitter and another RRC in the receiver [45, Chap. 9].
Then, the bandwidth of the signal can be controlled by the RRC filter.
The transfer function and the time domain impulse response of these
filters are given as [46,47]

HRC(f) =


T : 0 ≤ |f | ≤ 1−β

2T
T
2

{
1 + cos

[
πT
β

(
|f | − 1−β

2T

)]}
: 1−β

2T ≤ |f | ≤ 1+β
2T

0 : |f | > 1+β
2T

(2.2)

hRC(t) =
sin (πt/T )

πt/T

cos (πβt/T )

1− 4β2t2/T 2
(2.3)

HRRC(f) =


√
T : 0 ≤ |f | ≤ 1−β

2T√
T sin

(
π(1+β−2|f |T )

4β

)
: 1−β

2T ≤ |f | ≤ 1+β
2T

0 : |f | > 1+β
2T

(2.4)

hRRC(t) =
2β

π
√
T

cos ((1 + β)πt/T ) + sin ((1− β)πt/T ) / (4βt/T )

1− 16β2t2/T 2
.

(2.5)

In these equations, β is the roll-off factor that can control the bandwidth
of the filter and it shows the excess bandwidth beyond the Nyquist band-
width of 1/(2T ) where T is the symbol duration.

Finally, signal processing can also be done to pre-compensate the
chromatic dispersion [48] and/or mitigate the nonlinear response of the
fiber [49]. Moreover, the non-ideal transfer function of the transmitter
components can be compensated before transferring the data to electri-
cal and optical domains [50]. These non-ideal responses are discussed
in the following sections. After pre-compensation, the discrete-time
continuous-amplitude signal is ready to be converted to a continuous-
time electrical waveform.
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Chapter 2. Coherent Fiber-Optic Communication Systems

DAC
filter

DAC RF
amplifier

MZM

MZM
filter

Laser

Figure 2.2: The building blocks to transform the discrete-time signal to an
optical waveform. The RF amplifier amplifies the electrical signal.
From left to right, different arrows indicate a discrete-time signal
(dashed black), a continuous-time electrical signal (black), and
an optical waveform (red).

2.1.2 Digital-to-analog converter

After the source and channel coding, constellation bit mapping, pulse
shaping, and pre-compensation algorithms in the discrete-time domain,
the data is ready to be converted to the continuous-time analog electrical
domain by the DAC. The DAC is a component that converts the discrete-
time signal into a continuous-time analog electrical waveform. It has a
finite resolution in terms of discrete output signal levels. A sampling
clock and a reference voltage are other essential parts of the DAC [51,52].

Usually, the input to the DAC is normalized between −1 and 1 and
the finite resolution of the DAC quantizes the input between specific
levels which correspond to the resolution. This can be represented as

x = Q(x) + nq, (2.6)

where Q(·) gives the quantized value of the input to the DAC and nq is
called the quantization noise with a uniform distribution whose variance
depends on the DAC resolution. The range of each interval which takes
the same value at the DAC output is equal to ∆ = (1− (−1))/2b =
21−b where b is the DAC resolution. The quantization noise distribution
is given by f(nq) = (1/∆) · rect(∆ · nq) where rect(·) is a rectangular-
shaped pulse with unit amplitude and unit domain around 0.

Other DAC impairments are the limited operation bandwidth and
electrical noise and jitter. Usually, the DAC frequency response is mod-
eled as a Bessel function [53,54]. These effects reduce the effective num-
ber of bits (ENOB) which is used to represent the signal.

8



2.1. Transmitter

2.1.3 Mach-Zehnder modulator

Converting the electrical signal after the DAC to the optical domain is
the last step in the transmitter. As shown in Fig. 2.2, the electrical
signal at the output of the DAC is amplified by an electrical amplifier
to provide enough electrical power. The amplified signal is then fed into
an optical modulator which is responsible to change the optical carrier-
envelope according to this electrical signal. The optical modulator that
is typically used in optical communication systems is the MZM.

An MZM is able to modulate the amplitude of the optical field, how-
ever, combining two MZMs with a π/2 phase-shift in one of the arms en-
ables creating two orthogonal signals in which the amplitude and phase
of the optical carrier can be modulated simultaneously. Performing the
same procedure over two orthogonal polarization components of the op-
tical carrier provides a four-dimensional space, in which each dimension
is controlled and modulated by an MZM [55].

The relation between the output optical power and the input elec-
trical signal of the MZM is described by a sinusoidal function. This
nonlinear behavior can distort the signal if the input electrical signal has
high power and is not pre-compensated in the digital domain. Usually, in
the digital domain, an inverse sinusoidal function is applied to linearize
the performance of the overall system [56].

The bandwidth limitation is another non-ideal characteristic of the
MZM which is mainly described by a Gaussian filter with a limited band-
width [57].

2.1.4 Laser

The carrier in the optical communication systems is a light wave that is
generated through the process of stimulated emission. The light source
at the output of the laser is considered to be more coherent than other
light sources in time and space. In coherent communication systems, it
is required to have one laser at the transmitter to carry the information
signal and one laser at the receiver as the local oscillator to provide the
phase reference to detect the relative variations of the received signal.
The output of a laser is however not an ideal sinusoidal wave with a
well-defined amplitude and phase. Because of the random spontaneous
emissions during the process of photon generation, there are random
fluctuations in the output power and carrier phase. The single-mode
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laser output is then described by a wave amplitude

E(t) = (A+∆A(t)) · sin(ω0t+ ϕ0 +∆ϕ(t)), (2.7)

where ∆A(t) and ∆ϕ(t) are the fluctuations of amplitude and phase in
continuous time notation, respectively. Also, A, ϕ0, and ω0 indicate
the amplitude, initial phase, and angular frequency of the light. For
simplicity, ϕ0 is usually considered equal to zero and ∆A is assumed
to be negligible because of the feedback control systems. However, the
remaining phase perturbations of the received signal are accumulated
and result in a phase noise which is described by a Wiener process [58].
In this model, the kth transmitted symbol is affected by a phase rotation
of

ϕ(kT ) = ϕ((k − 1)T ) + θ(kT ) =

k−1∑
m=0

θ(mT ), (2.8)

where θ(m) are independent Gaussian random variables with zero mean
and variance σ2

θ = 2π∆νT , with T indicating the time between the sam-
ples and ∆ν corresponding to the total transmitter and local oscillator
laser linewidths.

The laser linewidth can be measured with different methods. One
way is to beat the laser output with a delayed version of itself in a
coherent receiver [59]. The delay line is selected to provide uncorrelated
phase variations in the detectors and needs to be much larger than the
coherence time (1/∆ν) of the laser. After detecting the photo-current
with a high-speed oscilloscope, signal processing techniques can be used
to estimate the laser linewidth. An example setup for this method is
shown in Fig. 2.3. In this setup, the laser is split into two arms. The
polarization controllers are used to align the polarization states of the
fields and an acousto-optic modulator (AOM) shifts the frequency up to
avoid low-frequency noise in the spectrum.

2.2 Receiver

As shown in Fig. 2.4, on the receiver side, the inverse operations of the
transmitter are applied. First, the optical signal needs to be converted
to the electrical domain by the front-end block and then the electrical
signal is sampled by the analog-to-digital converter (ADC) to generate
the discrete-time signal. Non-ideal responses of the receiver components

10
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Figure 2.3: Phase noise measurement setup using a coherent receiver.
AOM: acousto-optic modulator.
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Figure 2.4: Block diagram of the optical receiver. The lines with number
indicate 4 real-valued signals.

and some of the fiber impairments, e.g., chromatic dispersion and fiber
nonlinearity, can be compensated in the first DSP block. In the next
block, matched filtering is applied to improve the SNR of the received
signal. Other channel impairments are compensated in the second DSP
block and are briefly discussed in this section. Finally, based on the re-
ceived samples, the most probable transmitted constellation points are
selected in the decision block and demapped to generate the correspond-
ing bit stream. In the end, channel decoding is done to correct and find
the possible errors and source decoding generates the received messages
from the bits.
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Figure 2.5: Block diagram of a front-end for a dual-polarization system.

2.2.1 Optical front-end

In modern communication systems where phase and amplitude modu-
lations are used together to achieve higher SEs, a coherent receiver is
required which consists of a local oscillator as a phase reference. The
coherent receiver includes several parts shown in Fig. 2.5. First, the
received optical signal and local oscillator are split into two orthogo-
nal polarizations. Then, for each polarization, the signal and local os-
cillator are mixed in a 90◦ hybrid. Then, these combined signals are
detected by balanced photodetector (PD), which helps to suppress the
local oscillator noise and provide larger signal power than single-branch
receiver [60, Chap. 2]. Finally, the electrical signal is sampled using an
ADC and is ready to be processed in the discrete-time domain.

2.2.2 Digital signal processing

In coherent communication systems, the most important impairments
which are compensated in the discrete-time domain are the transceiver
components non-ideal responses, fiber channel chromatic dispersion, tim-
ing recovery, frequency offset estimation, polarization mixing, phase track-
ing, and fiber nonlinearities.

Transmitter impairments can be pre-compensated in the digital do-
main before transmission. However, compensating for these impairments
in the receiver side has also been studied which might result in channel
noise enhancement compared to the pre-compensation techniques [61].
Coherent receiver impairments can also be mitigated digitally. One fa-
mous algorithm which improves the distorted signal because of quadra-
ture imbalance is the Gram-Schmidt orthogonalization [62] procedure
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which fixes any potential non-orthogonality of the in-phase and quadra-
ture (IQ) components because of imperfections in hybrids, phase shifters,
photodiodes, or even transmitters.

Chromatic dispersion can be compensated either in the optical do-
main [63] or the digital domain [64]. In the digital domain, the signal
passes through an all-pass filter with a response that approximates

H(z, ω) = exp(jω2β2z/2), (2.9)

or in the time domain

h(z, t) =

√
j

2πβ2z
exp(−jt2/(2β2z)), (2.10)

where β2 is the group-velocity dispersion parameter, and z is the trans-
mitted distance.

Timing recovery is the recovery of the correct symbol timing, i.e.,
estimating the optimal time instant to sample in the middle of the signal
to capture the received symbols. Garner’s feedback algorithm [65] is an
example of low complexity time estimation for timing recovery.

In the front-end block, intradyne detection of the received signal by
combining with a local oscillator leaves a residual continuous frequency
component in the signal. After sampling, this impairment causes a linear
phase wander in the received symbols and is usually compensated by
removing the data modulation from the signal and finding the highest
peak in the Fourier transform of the signal [66].

In order to compensate for polarization mixing and phase tracking,
pilot-based DSP has been applied in this thesis. The structure of the
pilot symbols and payloads are shown in Fig. 2.6. The pilot symbols
are usually selected from a QPSK constellation and are known to the
receiver. In the receiver, the received symbols are compared with the
known transmitted symbols and their differences are used to estimate
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Figure 2.7: Multi-span fiber-optic channel model with inline optical ampli-
fication. The Nspan indicates the number of spans. The fiber
length in each span is L and the total propagation distance is
Nspan · L.

the channel. Phase pilot symbols are inserted periodically in the frame
to track the phase rotations [67].

There are also nonlinear compensation techniques that mitigate the
fiber nonlinear effects. Digital backpropagation is one of the methods
which has been widely investigated [68]. It is based on the split-step
Fourier method (SSFM) and the deterministic effects of the fiber channel
which are described by the nonlinear Schrödinger equation (NLSE) are
compensated. Drawbacks for this approach are the high computational
complexity to solve the NLSE with inverse parameters (−α, −β2, and
−γ) and the access to the complex signal over the whole bandwidth.

2.3 Fiber-optic channel

In an optical communication system, the main medium in which the
light propagates to transfer the signal is the fiber link. The fiber consists
of a cylindrical core surrounded by a ring-shaped cladding with a lower
refractive index to confine and guide the light through the fiber. The
main principle for light propagation inside the fiber is the total internal
reflection at the boundary of the core and cladding. Depending on the
core diameter, a discrete set of modes can propagate inside the fiber. For
a single-mode fiber, the core diameter is usually 5-15µm and the cladding
diameter is typically 125µm. To protect the bare fiber, a polymer coating
with 250µm diameter is added to cover the cladding. In a single-mode
fiber, the core and cladding are made of Silicon dioxide (SiO2) and they
are doped with other materials such as germanium dioxide to change the
refractive index [69].

Other types of fibers are coupled or uncoupled multi-core, multi-

14



2.3. Fiber-optic channel

mode, and few-mode fibers. Uncoupled multi-core fibers consist of sev-
eral independent cores inside the cladding which are separated enough
to eliminate the coupling between the cores. These fibers can be viewed
as parallel single-mode fibers, therefore, conventional transceivers can be
utilized. However, due to the separation between the cores, the cladding
size might increase which affects the bending stress that they can tol-
erate. On the other hand, coupled multi-core fibers, provided denser
packing of the cores inside the conventional cladding at the expense of
coupling between the cores. Therefore, in the receiver, multiple-input
and multiple-output (MIMO) signal processing is required. Multi-mode
fibers are used in short-reach applications combined with vertical-cavity
surface-emitting lasers because of cost and energy efficiencies [70]. Few-
mode fibers are similar to multi-mode fibers, however, unlike multi-mode
fibers, each mode is modulated with a different signal and they will re-
quire MIMO signal processing to compensate for the mode coupling and
recover the original signal in the receiver.

Below, some of the fiber impairments which have been considered in
this thesis are introduced.

2.3.1 Fiber Losses

The optical power in a fiber decreases as the light propagates across the
length. This power loss or attenuation is denoted by α in the units of
Np/km. In this unit, the power loss in the fiber is described as

dP

dz
= −αP, (2.11)

where P is the average optical power and z is the propagation distance.
For a fiber with length L and input and output optical power of Pin and
Pout the attenuation coefficient in dB/km is

α[dB/km] = −10

L
log10

Pout

Pin
= −10

L
log10 e

−αL = 4.343α, (2.12)

where in a typical transmission fiber, α ≈ 0.2 dB/km.
One of the main reasons for fiber losses is the Rayleigh scattering.

Randomly located molecules and local fluctuations in the fiber refractive
index during manufacture cause the light to scatter in all directions.
This intrinsic loss indicates the ultimate loss coefficient for fibers which
is proportional to λ−4 where λ is the light wavelength. Another loss
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Band Wavelength

O band 1260 nm - 1360 nm
E band 1360 nm - 1460 nm
S band 1460 nm - 1530 nm
C band 1530 nm - 1565 nm
L band 1565 nm - 1625 nm
U band 1625 nm - 1675 nm

Table 2.1: Optical communication wavelength bands.

factor in fiber is the material absorption due to the small impurities
such as OH ions [71, Chap. 1].

In a single-mode fiber, the wavelength regions are divided into six
bands shown in Table 2.1. Among them, C and L bands are usually
used for long-haul communication since their losses are minimized around
0.2 dB/km and amplifiers exist to compensate for the losses.

2.3.2 Chromatic dispersion

The effective index of a mode n(ω) is not constant over all wavelengths.
This wavelength dependency results in different propagation speeds for
different frequency components of the signal. In the frequency domain,
this corresponds to a phase shift which depends on the propagation
distance. Therefore, in a dispersive fiber, the time-domain signal can
broaden. This pulse broadening causes inter-symbol interference and
limits the minimum pulse duration and the maximum data rate unless
it is compensated.

In the wave optics description of light, each fiber mode has a propa-
gation constant β(ω). Taylor expanding β around the angular frequency
ω0 can provide dispersion parameters according to

β(ω) = n(ω)
ω

c
= β0 + β1(ω − ω0) +

1

2
β2(ω − ω0)

2 + · · · , (2.13)

where c is the speed of light in vacuum and

βm =

(
dmβ

dωm

)
ω=ω0

, m = 0, 1, 2, · · · . (2.14)

In equation (2.13), β0 and β1 are propagation constant and inverse group
velocity, respectively, and β2 is known as the group-velocity dispersion
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parameter and is given in the units of ps2/km. The dispersion parameter
D for the fiber is related to β2 and is given by

D = −2πc

λ2
β2, (2.15)

and usually is reported in the units of ps/(km·nm). Typical values of D
in standard fibers are in the range of 15-18 ps/(km·nm) near 1.55 µm.

2.3.3 Fiber Kerr nonlinearities

Due to the very small area of the fiber core, even small optical powers
can create very high intensities which can change the properties of fiber
including the refractive index. The effective index of a mode, n, is not
only a function of frequency ω but also the intensity of light that is
propagating inside the fiber, i.e., n = n(ω, |E(t)|2) where E(t) is the
electric field amplitude in time. This relation causes a phase distortion
on the light which depends on the signal power. This phase distortion can
be generated from the signal itself (self-phase modulation) or the other
signals in a different frequency, polarization, or propagation direction
(cross-phase modulation).

2.3.4 Optical amplifiers

In modern long-haul optical communication systems, the optical sig-
nal undergoes optical amplification to compensate for fiber losses in the
link. Optical amplifiers are a key enabling technology to pave the way
for WDM systems. Because of their wide bandwidth, they are able to
amplify many wavelength channels simultaneously, directly in the opti-
cal domain, which was not possible with the old optical-electrical-optical
repeaters.

One of the most widely used optical amplifiers is the erbium-doped
fiber amplifier. The fiber inside these amplifiers is doped with the rare-
earth element erbium so that it can absorb pump photons in one fre-
quency (980 or 1480 nm) and emit photons at other frequencies through
a process known as stimulated emission. Usually, an external laser pumps
the high-energy light into the fiber amplifier to excite the erbium atoms.
The input signal to the amplifier which can be in the wavelength range
of 1530-1620 nm stimulates excited atoms to emit photons at the same
wavelength. This procedure amplifies the weak input signal and boosts
its power.
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However, this amplification is not noiseless. Because of the spon-
taneous emission of the excited erbium ions, usually, photons with a
random phase, frequency, and polarization state rather than the input
signal’s are generated which reduces the signal quality at the output of
the amplifier. These photons are incoherent with the input signal and
will be amplified similarly to the input signal. Therefore, this additive
noise is called amplified spontaneous emission (ASE) noise.

The power spectral density of the ASE noise is given by

ρ(ν) = 2nsphν (G(ν)− 1) , (2.16)

where G(ν) is optical gain at optical frequency ν, nsp is the spontaneous
emission factor, h is the Planck’s constant, and the factor of 2 indicates
the two orthogonal polarization states. The power of the noise over the
bandwidth B = νmax − νmin is calculated as

PASE =

∫ νmax

νmin

ρ(ν)dν, (2.17)

and if the bandwidth is narrow enough to consider a flat power spectral
density around ν0, the noise power is

PASE ≈ 2nsphν0 (G(ν0)− 1)B. (2.18)

2.3.5 Additive white Gaussian noise channel

A simple approximation for the long-haul optical channels is the AWGN
channel. The relation between the input X and output Y of this channel
is given by

Y = X+ Z (2.19)

where X and Y can denote multidimensional vectors. In Fig. 2.1 and 2.4,
the input X indicates data after the constellation mapping block, and
output Y represents the data before decision block. The random vector
Z models the noise and has a multidimensional Gaussian distribution
expressed by

Z ∼ N (0,Σ), (2.20)

with a zero mean vector and the covariance matrix of Σ = σ2I where σ2

is the noise variance per dimension and I is the identity matrix [72].
The sources of Gaussian noise for the AWGN approximation of fiber

channel are mainly the in-line optical amplifiers with the power given in
(2.18).
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2.3.6 Nonlinear Schrödinger equation

A detailed model of the lightwave propagation over the fiber link is given
by solving Maxwell’s equations for a cylindrical waveguide. Under the
assumptions of slowly varying envelope, weak higher order nonlinearities
and dispersion, instantaneous nonlinear response and low fiber losses,
the final differential equation is known as the NLSE [71] described by

∂E

∂z
= −α

2
E − i

β2
2

∂2E

∂t2
+ iγ|E|2E, (2.21)

where E(z, t) is the light pulse envelope at distance z and time t which
is measured in a reference frame moving with the pulse at the group
velocity νg = 1/β1, α is the loss, β2 is the group velocity dispersion, and
γ is the nonlinear coefficient defined as γ = 2πn2/(λAeff) with nonlinear
Kerr parameter n2 and the effective mode area Aeff. The Aeff depends
on the mode transverse distribution which is related to the core radius
and core-cladding index difference. In Fig. 2.7, E(0, t) and E(L, t) are
the input and output of the fiber channel, respectively, where L is the
fiber length.

For a dual polarization signal, the NLSE can be extended to the
Manakov equations [73,74]

∂Ex

∂z
= −α

2
Ex − i

β2
2

∂2Ex

∂t2
+ i

8

9
(|Ex|2 + |Ey|2)Ex, (2.22)

∂Ey

∂z
= −α

2
Ey − i

β2
2

∂2Ey

∂t2
+ i

8

9
(|Ex|2 + |Ey|2)Ey, (2.23)

where Ex(z, t) and Ey(z, t) are the pulse envelopes for two orthogonal po-
larizations. The factor 8/9 comes from the averaging due to the random
birefringence along the fiber [73].

In order to solve the NLSE or Manakov equations, the SSFM is usu-
ally used [71]. This method separates the linear and nonlinear operations
in the main partial differential equation and solves them separately in
frequency and time domains, respectively, with small step sizes to con-
trol the error caused by this splitting. However, using a small step size
increases the computational complexity and can make this method very
time-consuming [75].

To reduce the complexity of the SSFM, many efforts have been made
to approximate the nonlinear fiber channel. Among them, the Gaussian
noise (GN) model has been proposed and widely used because of its
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Figure 2.8: Experimental realization of long-haul transmission links using a
recirculating loop. Tx and Rx indicate the transmitter and re-
ceiver sides, respectively. PD is a low-bandwidth photodetector
to monitor the optical power in the loop.

simplicity [76]. This model assumes that the interaction of fiber nonlin-
earities and chromatic dispersion results in an additive Gaussian noise
for the received signal. This model requires a long-haul link without in-
line dispersion compensation. During propagation, chromatic dispersion
spreads the signal and due to nonlinearity, the signal interacts with itself
continuously. According to the central limit theorem, the summation of
many independent random variables results in a random variable with a
Gaussian distribution which motivated (2.19). It has been shown that
the power spectral density of this noise depends on the transmitted signal
power via a cubic relationship [77]. Finally, in the receiver, the quality
of the signal is reduced due to both the in-line amplifier noise and the
additive Gaussian noise of the dispersion and nonlinearity interaction.

2.3.7 Long-haul transmission experiments

Submarine optical links can range from hundreds of kilometers to thou-
sands of kilometers. Investigating the transmission performance over
these long-haul links in the lab without a recirculating loop would be
very expensive. A recirculating loop consists of an optical loop switch to
guide the optical signal in to and out of the loop, a timing control unit,
and a few spans of fiber inside the loop. This configuration is shown in
Fig. 2.8.

The loop switch consists of two fiber-coupled AOMs, one placed out-
side the loop to define the loop time and the other one placed inside the
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loop to define the recirculating time. Since the AOM introduces a fre-
quency shift (known as the Doppler frequency shift) to the optical signal,
either this frequency shift should be compensated [78] or a no-shift AOM
device should be used inside the loop. The two AOMs are operating at
opposite operation modes, i.e., while one is passing the optical signal,
the other one is blocking.

The control unit generates 3 main signals. One signal is sent to the
AOMs indicating the loop duration and the recirculating time. A second
signal is sent to the loop-synchronized polarization scrambler (LSPS) to
scramble the polarization. Finally, the third signal is sent as a trigger
signal to the high-speed oscilloscope to capture the signal at a specific
round-trip time. These signals are shown in Fig. 2.9 (a), (b), and (c),
respectively. A low bandwidth PD is used after the loop to monitor the
optical power in each round trip inside the loop. The output signal of
the PD is shown in Fig. 2.9 (d). The oscillation in optical power is due
to the power variations at the input of the EDFAs due to switching of
the AOMs.

Other essential components of a recirculating loop are multiple spans
of fiber followed by EDFAs to compensate for the span losses. By in-
creasing the number of spans (Nspan) inside the loop, fewer round trips
are required to achieve a specific transmission distance. Therefore, the
optical signal-to-noise ratio (OSNR) reduction due to the loop compo-
nents, e.g., wavelength selective switch (WSS), AOM, and 3 dB coupler,
will be reduced.

Besides the fiber spans and loop switch, an EDFA is required to
compensate for the loop component losses, and a LSPS is needed to
avoid any accumulated polarization-dependent losses. After the fiber
spans and EDFAs, a WSS is used to remove the out-of-band noise and
compensate for any gain-tilt due to the cascaded amplifiers in the loop.
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Figure 2.9: RF signals to control and monitor the loop.
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CHAPTER 3

Modulation formats

In early optical communication networks, intensity-based modulation
formats were dominant because of the low-complexity transmitter and
receiver configurations [79]. These noncoherent formats are usually re-
ferred to as intensity modulation with direct detection (IM/DD) since
they do not require a separate phase reference to be detected and the
variation of the light intensity is captured by a PD. Modulation formats
that fall in this category are on-off keying and pulse-amplitude modula-
tions. Together with WDM technology, noncoherent formats were able to
provide sufficient performance in terms of reach and rate approximately
until 2010. However, when even higher data rates were in demand, the
SE and sensitivity of these modulation formats became a limiting factor
for further improvements.

In order to overcome these limitations, coherent detection in the 4-
dimensional (4D) space of light has been developed. Modulating ampli-
tude, phase, polarization, wavelength, time, and spatial mode of the op-
tical signal provide more degrees of freedom to achieve multidimensional
modulation formats [80]. By designing modulation formats in multidi-
mensional space, high SEs can be achieved with higher sensitivity than
lower dimensionality modulation formats [81,82].

Today, coherent detection combined with DSP is able to compen-
sate for most of the link impairments digitally rather than using physi-
cal hardware [83]. This fact has reduced the hardware implementation
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complexity of coherent detection significantly and has made it a pre-
ferred solution for long-haul communication links compared to IM/DD
approaches, which are used in short-haul and low-cost links. Because
of coherent detection, which provides access to higher dimensions of the
optical signal, we can design modulation formats to improve their sen-
sitivity and make them more robust to link impairments including the
transmitter, receiver, and fiber channel [84,85].

In this chapter, we introduce the basic definitions for modulation
theory including the multidimensional representation. Then, the most
common metrics used to compare modulation formats are presented.

3.1 Basic definitions

An intermediate step in a communication link is mapping the binary
bits to a set of waveforms, which can modulate a carrier to transmit
information over a channel. The coefficients of these waveforms create a
multidimensional vector ck called a symbol. All possible symbols gener-
ate a constellation C = {c0, c1, · · · , cM−1} with M symbols. The average
energy of the constellation is given by

Es =

M−1∑
i=0

P (ci) ∥ci∥2 , (3.1)

where P (ci) is the probability of symbol ci, ∥ci∥2 is the symbol en-
ergy and ∥·∥ is the Euclidean norm of a multidimensional vector. For a
constellation with uniform probability distribution, (3.1) is simplified to
Es = (1/M)

∑M−1
i=0 ∥ci∥2.

The constellation entropy is defined as

H(C) = −
M−1∑
i=0

P (ci) log2 P (ci), (3.2)

which is the average number of bits required to represent one symbol. For
constellations with a uniform probability distribution, H(C) = log2M ,
and the average energy per bit is Eb = Es/ log2M .

Another property of the constellation is the Euclidean distance be-
tween the constellation points dij = ∥ci − cj∥, whose minimum value
dmin gives the performance of the constellation at high SNR.

The geometrical representation of the transmitted information using
multidimensional vectors brings us the possibility of looking into denser
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packing which—at the same dmin—provides reduced constellation energy
Es. This topic is known as sphere packing [86].

3.2 Figures of Merit

In this section, we introduce parameters that can be used to compare the
properties of modulation formats or their performance over a channel.

3.2.1 Spectral efficiency

For a constellation C with M symbols in N dimensions and uniform
probability distribution, the SE is defined as

β =
log2M

N/2
, (3.3)

and has the unit of bits per symbol per dimension-pair [87]. This param-
eter measures the SE for an uncoded transmission system. In fiber-optic
communication, usually, a single polarization of light is considered as a
pair of dimensions because each polarization can support two IQ com-
ponents.

Another definition for SE is the transmitted rate over a specific band-
width.

SE =
Rb

B
, (3.4)

where Rb is the channel bit rate, and B the occupied frequency band-
width of the channel. In this case, the unit is defined as bits per second
per Hertz.

3.2.2 Symbol and bit error rate

The symbol-error rate (SER) and bit-error rate (BER) are metrics to
show the performance of the transmission over a given channel and de-
note the probability of errors in received symbols or bits that have hap-
pened during the transmission. For probabilistically shaped modulation
formats, in order to calculate the SER, the maximum a posteriori de-
coding rule has been applied in [Paper E], and the symbol decision rule
is given in [Paper E, equation (4)]. For equiprobable constellations with
maximum likelihood (ML) estimation, using pairwise error probability
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and the so-called union bound [45, Chap. 4], the SER in the AWGN
channel is bounded from above by

SER ≤ 1

M

M−1∑
i=0

∑
j ̸=i

1

2
erfc

(
dij

2
√
N0

)
, (3.5)

where erfc(x) = (2/
√
π)

∫∞
x exp (−t2)dt is the complementary error func-

tion and N0/2 is the variance of the Gaussian noise in each dimension.
For high SNR, the terms with dij = dmin dominate and the SER is
bounded by

SER ≤̃ τ̄

2
erfc

(
dmin

2
√
N0

)
, (3.6)

which ≤̃ means an approximate upper bound that approaches the true
value as N0 goes to zero. Here, τ̄ = (1/M)

∑M−1
i=0 τi, where τi is the

number of neighbors at the minimum distance from symbol ci.
The BER depends on the bit labeling of the symbols as well. There

are various ways to assign bit labels to constellation points. In this thesis,
the focus is on the natural binary and Gray labeling for QAM formats.
An example of these two labelings is shown in Fig. 3.1. The SER and
BER of QAM formats over the AWGN channel are shown in Fig. 3.2.

3.2.3 Asymptotic power efficiency

For the AWGN channel, at high SNRs, the SER is approximated by
the union bound in (3.5) which includes the error probability terms that
are based on the minimum Euclidean distance transitions (dmin), i.e.,
erfc(dmin/(2

√
N0)). Therefore, the high-SNR approximation in (3.5) is

a monotonically decreasing function of [42]

d2min

4N0
=

P

RbN0
γ =

Eb

N0
γ, (3.7)

where γ = d2min/(4Eb) is defined as the asymptotic power efficiency
(APE), Eb is the average energy per bit, Rb is the bit rate, and P is
the average transmitted power. The parameter γ depends on the con-
stellation geometry. For binary phase-shift keying (BPSK), QPSK, and
dual-polarization (DP) QPSK, the APE is equal to 0 dB. The sensitivity
penalty is defined as 1/γ and shows the performance penalty compared
to BPSK, QPSK, or dual polarization QPSK for high SNR [42].
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Figure 3.1: The natural and Gray labelings for 64-QAM constellations. The
top black color indicates the Gray labeling and the bottom red
color shows the natural binary labeling.
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Figure 3.2: The SER and uncoded BER performance of QAM formats with
a uniform probability distribution over the AWGN channel. The
BER is for Gray-mapped constellations.
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Figure 3.3: The SE vs APE (γ) for QAM and SP-QAM formats.

As an example, in Fig. 3.3, the relation between the SE and APE
is shown for two groups of modulation formats, i.e., QAM and 4D set-
partitioning (SP)-QAM [88,89]. The SP-QAM is generated from the 4D
QAM, which is a subset of Z4 lattice with a hypercube boundary, by
removing every second point. Another way of constructing SP-QAM is
by extension using integer lattice in {Z4∪(Z4+ 1

2)}, which is equivalent to
D4 lattice. Therefore, SP-QAM is a subset of D4 lattice with a hybercube
boundary. The analytical expression for SE and APE for QAM and SP-
QAM are [90]

QAM : γ =
3SE

2(2SE − 1)
, SE/2 is integer (3.8)

SP-QAM : γ =


3SE

2(SE+0.5)−1
, SE + 0.5 is even

3SE
2(SE+0.5)−0.5

, SE + 0.5 is odd
(3.9)

3.2.4 Mutual information

Since around 2010, soft-decision forward error correction (SD-FEC) schemes
have become popular in the optical communication society because of
their improved performance [91]. This improvement comes at the ex-
pense of higher complexity than hard-decision forward error correction
(HD-FEC). In contrast to the HD-FEC decoder, which works with the
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Figure 3.4: The MI and GMI performance of QAM formats over the AWGN
channel. The Shannon limit is defined as log2(1 + Es/N0).

estimated symbols or bits, the SD-FEC decoder depends on the soft infor-
mation such as the likelihood of the received information. Therefore, for
the SD-FEC decoder, there is not a direct relation between pre-forward
error correction (FEC) and post-FEC BERs [92,93]. A better metric for
SD-FEC is the mutual information.

Assuming a discrete memoryless channel with multidimensional input
vector X, output vector Y in RN , and channel transition probability
density function of fY|X, the mutual information (MI) is calculated as

MI = I(X;Y) = E
[
log2

fY|X(Y|X)

fY(Y)

]
= E

[
log2

fX,Y(X,Y)

fX(X)fY(Y)

]
=

∫
RN

∫
RN

fX,Y(x,y) log2
fX,Y(x,y)

fX(x)fY(y)
dxdy

=

∫
RN

∫
RN

fX(x)fY|X(y|x) log2
fY|X(y|x)
fY(y)

dxdy

=
∑
x∈C

P (x)

∫
RN

fY|X(y|x) log2
fY|X(y|x)
fY(y)

dy, (3.10)

where the fX and fY are the marginal distributions of the input and
output and fX,Y is the joint distribution. Since the input constellation
points are discrete, the continuous integral over the input can be replaced
with a discrete summation in the last step.

Instead of calculating the multidimensional integrals in (3.10), one
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Chapter 3. Modulation formats

can use the Monte-Carlo method to approximate the MI as

MI ≈ 1

K

K∑
i=1

log2
fY|X(yi|xi)

fY(yi)
, (3.11)

where (xi, yi) are K independent realization pairs, and xi is drawn from
C and transmitted through the simulated memoryless channel fY|X to
generate yi.

For a channel with input X, symbol label of b0b1 · · · bm−1, and output
Y, the mutual information can be expanded as

I(X;Y) = I(b0, b1, · · · , bm−1;Y)

= I(b0;Y) + I(b1;Y|b0) + · · ·+ I(bm−1;Y|b0, b1, · · · , bm−2).
(3.12)

In this equation, each term provides a binary-input channel and a
binary code can be applied for error correction. This is referred as a
multi-stage decoder where lower-index bit levels provide side information
for decoding of higher level bits [94]. However, this scheme comes at the
expense of latency, memory to store channel output, and an individual
code for each sub-channel.

Similar to the BER, the generalized mutual information (GMI) de-
pends on the bit labeling of the constellation points. The GMI is defined
as an achievable information rate for a bit-wise decoder. Bit-wise decoder
splits the decoding process into two stages, where first, soft information
on the bits (logarithmic likelihood ratios) is calculated in a demapper,
and then, one or multiple binary soft-decision (SD) decoder is used [95].
If we neglect the side conditioning in (3.12), the result will be known as
the GMI

GMI = I(b0;Y) + I(b1;Y) + · · ·+ I(bm−1;Y) =

m−1∑
i=0

I(bi;Y). (3.13)

A more general definition for GMI is given by equation (12) in [93].
In [Paper D], we use the GMI performance metric to study the best
QAM formats in fiber links based on phase-insensitive or phase-sensitive
amplifiers.

Generally, the MI is always greater than the GMI and the rate loss
is due to the suboptimal bit-wise decoder. For Gray-labeling, this rate
reduction has been shown to be very small [96]. The MI and GMI for
QAM formats are shown in Fig. 3.4 over the AWGN channel.
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3.2. Figures of Merit

Normalizing the GMI with the number of transmitted bits per symbol
results in the normalized generalized mutual information (NGMI), i.e.,

NGMI =
1

m
GMI =

1

m

m−1∑
i=0

I(bi;Y). (3.14)

For a nonuniform source, the NGMI is defined as [97,98]

NGMI = 1− H(X)−GMI

log2M
. (3.15)

The NGMI can be used to predict the post-FEC BER in SD systems
without implementing the encoder and decoder. Such predictions have
been shown in [92] for different coding schemes and code rates. In [Pa-
per C], we use NGMI to compare multidimensional modulation formats
with QAM at different SEs.
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CHAPTER 4

Constellation Shaping

The recent increasing demands for higher data rates in communication
systems have forced the system designers to operate closer to channel
capacity than before [99]. To achieve this goal, the source is optimized
to maximize the mutual information between the input and output of
the channel [100]. In information theory, this optimization is called con-
stellation shaping and it is defined as finding energy-efficient methods for
the communication system to improve the performance compared with
the conventional QAM formats [101]. The horizontal gaps in the MI and
GMI plots shown in Fig. 3.4 are the shaping gains that can be achieved
compared with QAM formats.

In a simple approximation of the fiber-optic communication link
showed in chapter 2, the optical fiber channel is assumed as an AWGN
channel where the main source of noise is the amplified spontaneous emis-
sion noise from the optical amplifiers in the link. It has been shown that
for an AWGN channel, under an average power constraint, the capac-
ity achieving source distribution is the continuous Gaussian probability
density function [102]. Therefore, the constellation distribution used in
real systems should approximate the Gaussian distribution for the trans-
mitted symbols.

Two main classifications of constellation shaping methods are PS
and GS [98]. PS uses a nonuniform distribution over a regular, low-
dimensional constellation such as QAM, whereas GS refers to a nonrect-
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Chapter 4. Constellation Shaping

angular constellation, often multidimensional, with a uniform distribu-
tion [Paper B]. PS tries to achieve the AWGN channel capacity under
an average power constraint by approximating a discrete Gaussian dis-
tribution for the input constellation. On the other hand, GS tries to re-
arrange the constellation points inside an approximately N -dimensional
hypersphere boundary rather than a hypercube boundary to increase the
energy efficiency as described in [103].

4.1 Probabilistic Shaping

The capacity of a communication channel under an average power con-
straint P is achieved by optimizing the mutual information over all dis-
tributions on the input that satisfy the power constraint [104], i.e.,

C = max
fX:E[∥X∥2]≤P

I(X;Y), (4.1)

where C is the channel capacity with the optimum fX and I denotes
the mutual information. However, finding the optimum distribution is
not always possible and sometimes the channel itself is mathematically
complicated, e.g., the nonlinear optical fiber channel [25].

The PS is a method to employ source distributions other than the uni-
form distribution to increase the transmission information rate [30]. In
an AWGN channel, the continuous Gaussian distribution maximizes the
mutual information between the input and output of the channel under
the constraint of limited input average power and results in the famous
Shannon capacity formula [23]. However, continuous input distributions
are not practical in real communication systems since the information
unit, i.e., bits, are discrete and transmitting them over a channel requires
discrete alphabets from a fixed set C. Under the conditions of discrete
and fixed input source alphabets with an maximum average power P ,
a discrete (or sampled) Gaussian distribution optimizes the MI in the
AWGN channel [105].

Let the positive scalar ρ denote a constellation scaling of a fixed
constellation C. Furthermore, the probability of generating each symbol
x in C is given by [30]

P (x) =
1∑

x′∈C
exp(−ν

∥∥x′∥∥2) exp(−ν ∥x∥2), (4.2)
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4.1. Probabilistic Shaping

(a) ν = 0 (b) ν = 2.69

Figure 4.1: Uniform and probabilistically shaped 64-QAM at the same SNR
with 6 and 5 bits/symbol source entropy, respectively. The color
bar shows the normalized probability of occurrence.

where ν is the positive shaping factor [106] to control the source entropy
and energy. For ν = 0, the probability distribution becomes uniform and
for ν > 0, the constellation points will have a nonuniform probability.
Increasing ν causes the inner points of the constellation to have higher
probability than the outer constellation points as shown in Fig. 4.1. For
each choice of ν, there exists a scaling ρ that fulfills the average-power
constraint with equality. The MI between the input and output of the
channel depends on the shaping factor ν, the scaling factor ρ, and the
SNR. In fact, it has been shown that for every SNR, there is an optimum
ν and ρ which maximizes the MI over the AWGN channel [107].

Choosing the optimized shaping factor at each SNR will change the
source entropy at the corresponding SNR. On the other hand, setting
the shaping factor to a fixed value for all SNRs will result in a source
with a fixed source entropy. The effect of applying a constant shaping
factor or optimizing the shaping factor at each SNR is shown in Fig. 4.2.

Different schemes have been suggested for the implementation of PS,
and the one which has got most attention in the optical communications
community is the probabilistic amplitude shaping (PAS). The PAS ap-
plies coding and shaping in an independent structure with separate opti-
mizations, which reduces the problem of burst errors and shaping distor-
tion compared with other realizations of PS [98]. In Fig. 4.3, the block
diagram of a common realization of a PAS transmitter and receiver is pre-
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Figure 4.2: Effect of changing the shaping factor ν on the MI of the trans-
mitted and received symbols. The setup includes a discrete-time
memoryless AWGN channel and linearly scaled QAM input with
distribution in (4.2).

sented [108]. In the transmitter, the splitter divides the input bit stream
into two branches. The top branch is fed into the distribution matcher
which generates a group of amplitudes based on the desired probabil-
ity distribution, e.g., the Gaussian distribution. This amplitudes are
labeled in the Gray mapping block and generate another stream of bits.
Together with the bottom branch, these bits are encoded by a systematic
FEC encoder. After FEC encoding, the number of bits should be equal
to the number of amplitudes after the distribution matcher. After the
FEC encoder, the bits {bi} are used to form the sign bits using (−1)bi

mapping and generate one dimension of the constellation. With the same
procedure in the other dimension, the probabilistically shaped QAM can
be generated. In the receiver, the received dimension is decoded to gen-
erated the desired reliability metric for bits, which is fed into to the FEC
decoder. Then, the inverse of shaping is applied to recover an estimate
of the transmitted bits.

36



4.2. Geometric Shaping

Distribution
matcher

Gray
mapping

FEC
encoder

0 → +1
1 → −1

QAM
constellation

Sp
lit
te
r𝑏!

𝑏"

𝐼

𝑄

𝐗

(a) Transmitter

FEC
decoder Sp

lit
te
r

Gray
demapping

Inverse
distribution
matcher

C
om
bi
ne
r 𝑏"!

𝑏""

𝐼$

𝑄"

Bit-metric
decoder

𝐘

Sp
lit
te
r

(b) Receiver

Figure 4.3: The transmitter and receiver block diagram for the PAS scheme
with independent IQ components [108].

4.2 Geometric Shaping

Similar to PS, GS is also used to mimic the Gaussian distribution by an-
other approach. Rather than changing the probability of generating each
constellation point, for GS the probability of the constellation points is
uniform; however, to shape the constellation, the position of constellation
points in the Euclidean space is changed compared with the conventional
cubic structures (QAM formats), which are widely used in communica-
tion systems. It has been shown that a high-dimensional, approximately
spherical constellation with uniform distribution has a one-dimensional
projection that is approximately Gaussian [103] .

Recently, GS has been investigated by optimizing the position of the
constellation points in an irregular structure in two-dimensional space
to optimize a metric such as GMI [109]. This approach becomes compli-
cated as the number of constellation points or dimensionality increases,
and because of the irregular and spherically distributed points, a look-up
table is usually required to store the coordinates of the symbols.

Another method, which is in focus for this thesis, is multidimensional
geometric shaping [103]. In this approach, instead of looking into irregu-

37



Chapter 4. Constellation Shaping

lar structures in Euclidean space, we use multidimensional lattice struc-
tures, which provide regular points set in the multidimensional space [86].
Lattices in multidimensional space can provide both shaping and coding
gain with respect to cubic constellations with cubic boundaries. The
shaping gain is achieved by a boundary which is closer to a hypersphere
in the multidimensional space and coding gain comes from the denser
packing of the points. The shaping gain shows the reduction in average
energy required by a constellation bounded by R compared to that which
would be required by a constellation bounded by an N -dimensional cube
of the same volume. The coding gain is defined as the reciprocal of the
number of constellation points per unit volume [44, Chap. 5].

Below, some of the known N -dimensional lattices are introduced.

• Cubic (integer) lattice
This lattice is the famous structure from which the conventional
QAM format is extracted with a hyper-cubic boundary. Generally,
it is described as

ZN =
{
(x0, x1, · · · , xN−1)

T | xi ∈ Z
}
, (4.3)

where Z is the set of integer numbers, and T is the transpose op-
eration.

• Hexagonal lattice
This lattice is famous in 2 and 3 dimensions since it provides the
optimum lattice packing in these dimensions. It can be described
by

AN =

{
(x0, x1, · · · , xN )T | xi ∈ Z,

∑
i

xi = 0

}
. (4.4)

• Checkerboard lattice
A chess board can be considered as an example for this lattice in
2 dimensions. This lattice is described as

DN =

{
(x0, x1, · · · , xN−1)

T | xi ∈ Z,
∑
i

xi ≡ 0 (mod 2)

}
.

(4.5)
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Figure 4.4: Example of lattices in 2 dimensions, (a) cubic, (b) hexagonal,
and (c) checkerboard lattice. The basis vectors are shown in red
arrows.

• Gosset lattice
This lattice is defined in 8-dimensional space and it is described
as [110]

E8 =

{
x = (x0, x1, · · · , x7)

T | x ∈ D8

⋃
(D8 +

1

2
)

}
. (4.6)

• Barnes–Wall lattice
The Barnes–Wall lattice is a d-dimensional lattice that exists when
d is a power of 2. In this work, it is defined in 16-dimensional space
and can be constructed based on the first-order Reed–Muller code
of length 16 [86, Chap. 4].

• Leech lattice
This lattice is defined in 24-dimensional space and it provides the
densest lattice packing in 24 dimensions [111]. There are many
descriptions for this lattice [86, Chap. 24].

Examples of the first three lattices in 2 dimensions are shown in
Fig. 4.4. Beside these descriptions, the points in a lattice can be easily
generated using its generator matrix G. The generator matrix consists of
linearly independent column vectors called basis vectors [g0,g1, · · · ,gN−1].
Therefore, a lattice can be generated by

Λ = {z0g0 + z1g1 + · · ·+ zN−1gN−1 | zi ∈ Z} =
{
Gz | z ∈ ZN

}
. (4.7)

As defined in (4.7), lattices are infinite sets of points. In order to use
them as a modulation format, a finite number of points inside a specific
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Table 4.1: Shaping and coding gains of multidimensional lattices [112, Tab. I],
[44, Tab. 5.3]

Lattice ZN A2 D4 E8 BW16 Λ24

γc (dB) 0 0.62 1.51 3.01 4.52 6.02
γs (dB) 0 0.17 0.37 0.65 0.86 1.03

boundary should be selected. For instance, QAM formats are the points
selected from Z2 within a square boundary. Other types of boundaries
rather than the cubic boundary are circular boundary and the scaled
Voronoi region. Constellation mapping and demapping using circular
boundaries are difficult and usually require look-up tables to store the
constellation points. Due to complexity and gain factors, the focus of
our work has been on the scaled Voronoi region. The Voronoi region of
a lattice is defined as the set of all points in RN which are closer to the
all-zero vector than any other lattice points. This region is closer to a
hypersphere boundary compared to a hypercube boundary, and therefore
it can provide shaping gain.

The APE of a constellation is related to both shaping and coding
gains which are separable at high SEs. For lattices, these gains are [44,
Chap. 5]

γs(R) =
1

12

N · V (R)1+2/N∫
R ∥r∥2 dr

(4.8)

γc(Λ) =
d2min

V (Λ)2/N
, (4.9)

where V (R) stands for the volume of the shaping region R, and V (Λ) is
the fundamental lattice volume, which is equal to the Voronoi region of
any lattice points. The shaping and coding gain of various lattices are
given in Table 4.1

The encoding of bits to the constellation points inside the scaled
Voronoi region and decoding from them have been discussed in detail in
[Paper B].
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CHAPTER 5

Physical Realization of Multidimensional Formats

In order to transmit information using multidimensional constellations in
an optical communication system, information bits should be mapped to
the physical dimensions of an optical signal. Intrinsically, an optical sig-
nal in a single-mode fiber has 4 physical dimensions at each wavelength
and time slot, i.e., two orthogonal polarizations with IQ components
in each of them. Multi-mode/multi-core fibers provide an extra degree
of freedom in modes/cores to realize multidimensional formats. In this
chapter, we investigate the possible practical realization of multidimen-
sional modulation formats over the multidimensional space of optical
signals.

5.1 Available physical dimensions

In optical communication links, the optical field at the output of the
transmitter into the fiber channel can be modeled as

E(t) =
∑
p

∑
q

√
Pp,q(t)e

j(
2πc0
nλp,q

t+ϕp,q(t))
sp,q(t), (5.1)

where s is the normalized complex envelope with a time-dependent am-
plitude and phase over the two orthogonal polarization states. The P ,
λ, and ϕ indicate the power, wavelength, phase of the optical carrier.
Indices p and q show the number of different wavelength channels that
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Figure 5.1: (a) Examples of fibers to realize the spatial dimension (b) Avail-
able physical dimensions in one mode/core of a fiber. Different
colors indicate different wavelengths. At each wavelength, two
orthogonal polarizations and IQ components can be used.

are propagating together and the number of cores/modes in the fiber,
respectively, as shown in fig. 5.1. The c0 and n are the speed of light in
vacuum and the refractive index of the fiber, respectively.

In each core and wavelength, the complex envelope is described by a
complex vector

s(t) =
∑
k

ck · h(t− kT ), ck =

[
Ikx + jQk

x

Iky + jQk
y

]
, (5.2)

where I and Q are real numbers indicating the IQ components of the
electrical field, respectively. The x and y stand for the two orthogonal
polarization states. Also, k indicates the time slot in which the data is
transmitted and h(t) is the pulse shaping function with duration T and
unit average energy.

In Eq. (5.1) and (5.2), the degrees of freedom which can be used
to modulate an optical signal in a multi-core fiber are IQ components,
polarizations, time slots, wavelengths, and cores/modes. In each core,
wavelength, and polarization component, the corresponding complex en-
velope can be geometrically represented in the Cartesian coordinate sys-
tem, where one axis is used to present the real part of the complex
number (I) and the other axis shows the imaginary part (Q).

Alternatively, the combinations of all available IQ components, po-
larizations, wavelengths, spatial modes, and time slots can be considered
orthogonal dimensions. In this approach, the transmitted signal is rep-
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resented as

E(t) =
∑
k

N−1∑
d=0

ck,dΦd(t− kTts), (5.3)

where the real vector ck = [ck,0, ck,1, · · · , ck,N−1] is the kth transmitted
symbol, N is the dimensionality, Tts is total duration of the occupied
time slots to realize each multidimensional symbol, and {Φd(t)} is the
set of all possible combinations of dimensions including IQ components,
polarization, wavelengths, spatial modes, and time slots. The combina-
tion of these dimensions generates a set whose elements are orthogonal
to each other, not only in time but also in frequency, polarization, space,
and quadrature components, i.e.,

1

T

∫ T

0
Φd(t)Φ

∗
d′(t)dt = δd,d′ , (5.4)

where δ is the Kronecker delta function, and ∗ is the conjugate operation.

5.2 2D projection

Grouping the N -dimensional constellation into pair of dimensions (2D
projection) can be done in different combinations. For example, in
Fig. 5.2, we present two grouping of dimensions resulting in different
2D projections by combing pairs of real dimensions together. These
realizations can generate different number of levels or different probabil-
ity distribution for each group which can affect the performance of the
physical realization.

After the 2D projection, each 2D group can be realized over a time
slot in each polarization, wavelength, and spatial mode. These physical
realizations can provide different performances depending on the DSP
algorithm that is used in the receiver to compensate the channel and
transceiver impairments. A detailed discussion about the comparison of
different physical realization is presented in [Paper C].

5.3 Physical realization

In an experimental setup, multidimensional formats are implemented by
DACs and MZMs. One possible realization of these formats is shown in
Fig. 5.3 over a single-mode fiber channel. In this case, IQ components
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Figure 5.2: (a) and (b) Two random 2D projections of a 16D modulation for-
mat based on the Barnes–Wales lattice. The bars on the top and
the right side of the constellations shows the overall normalized
histogram of the symbols in the constellation.

and polarizations create a 4D space and the rest of the constellation
dimensions are implemented over time slots. The main impairments over
the fiber channel are the polarization mixing, dispersion, attenuation,
and self-phase modulation (SPM) due to Kerr effect.

In another realization shown in Fig. 5.4, constellation dimensions are
mapped to different wavelengths in a WDM system. In this scenario,
multiple wavelengths can be used to reduce the usage of consecutive
time slots and therefore reducing the delay time to send a multidimen-
sional symbol. On the other hand, this scheme comes with increased
hardware complexity and synchronization between different wavelengths
compared ot Fig. 5.3. In addition to the channel impairments in the
single wavelength realization case, cross-phase modulation (XPM) and
four-wave mixing (FWM) can affect the performance of the system.

Another possible method for future systems will be space-division
multiplexing (SDM), shown in Fig. 5.5, where the spatial dimension to-
gether with WDM systems are deployed together. In this case, cross-talk
between the modes or cores can degrade the performance.
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Figure 5.3: Single carrier transmission over a single-mode fiber. In this case,
the multidimensional constellations are realized over two polariza-
tions, IQ components, and multiple time slots in a single carrier.
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Figure 5.4: Multi-wavelength transmission over a single-mode fiber. Constel-
lation dimensions are divided into 4D groups, each one realized
over an optical carrier. Consecutive time slots can be used if N/4
is greater than the number of wavelengths.

Figure 5.5: Multi-wavelength transmission over a multi-mode/core fiber.
Spatial dimensions together with wavelengths, polarization, time
slots, and IQ components are used to carry multidimensional sym-
bols.
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CHAPTER 6

Future outlook

In this chapter, some future related topics to this thesis are discussed.

Multidimensional geometric shaping can be further investigated in sce-
narios including:

Gausian-noise (GN) and enhanced-GN (EGN) models valida-
tion for Voronoi constellations
To reduce the simulation time of the SSFM in long-haul fiber transmis-
sion, validating the GN and EGN models for Voronoi constellation will
not only speed-up the performance estimation of constellations but also
give a better insight on the higher-order moments behavior of these con-
stellations.

Performance with both the transmitter and channel impair-
ments
In this thesis, only the optical fiber channel impairments has been consid-
ered for the geometrically shaped constellations. Because of the non-ideal
components of the transmitter in real systems, e.g., DAC and MZM, geo-
metrically shaped constellation could perform differently because of their
peak-to-average power ratio.
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The MI and GMI metrics
Because of high dimensionality and constellations sized for Voronoi con-
stellations (VCs), the computation of MI and GMI is very time con-
suming. Exploring low-complexity methods to estimate these metrics
is an interesting research topic for future works. Moreover, designing
multilevel coding (MLC) schemes can help to improve the performance
of VCs combined with SD-FEC compared to QAM formats.

Efficient bit labeling
The performance of lattice-based constellations has been investigated in
terms of BER in this thesis and natural and quasi-Gray bit labeling have
been used to label the symbols. Investigating a more efficient bit labeling
for these constellations by applying machine learning techniques can be
considered for more improvements.

Comparison with probabilistic shaping methods
A comprehensive comparison between multidimensional geometric shap-
ing and probabilistic shaping can determine the advantages and disad-
vantages of each methods in different operation regimes. Implementation
complexity of these methods is also an important aspect which can affect
the power consumption of the optical systems.
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CHAPTER 7

Summary of papers

Paper A
Lattice-based geometric shaping
European Conference on Optical Communication (ECOC), Brussels, Bel-
gium, Dec 2020.

In this paper, lattice-based constellations have been investigated, but
here in terms of SER without considering the bit labeling. The multi-
dimensional constellations have been realized using frequency, polariza-
tions, and IQ components. We demonstrate more than 78% transmission
reach and 4.5 dB power improvements compared to uniform QAM for-
mats at the same normalized symbol error rate.

Paper B
Low-complexity geometric shaping
Journal of Lightwave Technology, vol. 39, no. 2, pp. 363-371, Jan 2021.

In this paper, we have investigated the performance of multidimen-
sional geometric shaping based on lattices. Fast and low-complexity
algorithms have been used to make the transmission and detection of
high-cardinality constellations possible. Simulations have been done over
the linear AWGN and nonlinear fiber optic channels using the split-step
Fourier method. Two low-complexity bit labeling approaches have been
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studied to explore the uncoded BER. Over the nonlinear fiber chan-
nel, we demonstrate more than 38% reach improvements compared to
4-QAM.

Paper C
Physical realizations of multidimensional Voronoi constellations
in optical communication systems
submitted to Journal of Lightwave Technology, Nov 2022.

In this paper, physical realizations of multidimensional VCs are inves-
tigated both in simulations and experiments, and compared over the
nonlinear fiber channel. Constellations up to 32 dimensions and spectral
efficiencies of 4 bits/symb/dimension-pair are demonstrated. We show
approximately similar performances between different physical realiza-
tions of VCs.

Paper D
Capacity of phase-sensitively preamplified optical links at low
signal-to-noise ratio
European Conference on Optical Communication (ECOC), Basel, Switzer-
land, Sep 2022.

In this paper, we study fiber links based on phase-insensitive amplifiers
and phase-sensitive amplifiers both in simulation and experiment. The
best QAM formats in low signal-to-noise ratio in these links are identi-
fied and their performances are quantified.

Paper E
Comparison of uniform cross QAM and probabilistically shaped
QAM formats under the impact of transmitter impairments
European Conference on Optical Communication (ECOC), Dublin, Ire-
land, Sep 2019.

In this paper, the impact of transmitter impairments including the DAC
and MZM are explored for probabilistically shaped QAM and cross-QAM
constellations. The fiber channel is considered as an AWGN channel. We
demonstrate that cross-QAM outperforms PS-QAM by a factor of up to
4 in symbol error rate and higher achievable information rates, at the
same source entropy and optimal electrical signal powers.
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Paper F
Performance of probabilistic shaping coherent channels in hy-
brid systems
International Conference on Transparent Optical Networks (ICTON),
Bari, Italy, July 2020.

In this paper, the performance of probabilistically shaped QAM formats
is compared with uniform QAM in links where higher order modulation
formats co-propagate with legacy OOK channels. The results show that
increasing the number of OOK channels, increases the nonlinear effects
on the coherent channels and the performance of uniform QAM formats
degrade faster compared to probabilistically shaped QAM.
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