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Abstract

We consider the problem of counting lattice points contained in domains in R defined
by products of linear forms. For d > 9 we show that the normalized discrepancies in
these counting problems satisfy non-degenerate Central Limit Theorems with respect
to the unique SL,; (R)-invariant probability measure on the space of unimodular lattices
inRY. We also study more refined versions pertaining to “spiraling of approximations”.
Our techniques are dynamical in nature and exploit effective exponential mixing of
all orders for actions of diagonalizable subgroups on spaces of unimodular lattices.

Keywords Counting problems - Central limit theorems - Exponential mixing of all
orders

Mathematics Subject Classification Primary 11K60 - 11N45; Secondary 37A25 -
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1 Introduction

Let A be a lattice in R?, and let (€27) be an increasing family of Borel subsets of
R with finite volumes tending to infinity as 7 — oo. A fundamental problem in the
Geometry of Numbers is to estimate the number of points in A which are contained
in Q7. Under mild regularity conditions, one can usually show that

Vol(Q7)

ANQp| =~
| 7l Vol(RY/A)

n o(Vol(QT)) as T — o0,
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In this paper we study the corresponding discrepancy function defined by

Vol(Q7)

(1.1)

When the domain Q7 is a T-dilation of a region  C R? with piecewise smooth
boundary, one can easily prove that

Dr(A) = 0A<V01(QT)1’]/‘1), (12)

(see the book [21] for many results of this form), and this estimate is the best possible in
this generality. However, the estimate has been improved for certain particular classes
of domains. A well-studied setting is when the domain €2 has non-vanishing curvature.
In this case, Hlawka [16] has shown that

Dr(A) = OA(Vol(QT)‘*Z/w“)) (1.3)

These bounds have been subsequently improved by a number of people (see, for
instance, [17] for a survey).

In this paper we shall be interested in asymptotic behaviour (T — o00) of the
discrepancy function Dy (A) for "generic" lattices A. The following two questions
naturally arise in this setting:

(1) what is the asymptotic "generic" growth of Dy (A)?
(ii) do suitably normalized discrepancy functions converge in distribution?

Concerning Question (i): it turns out that the estimate (1.2) can be improved for generic
lattices. The first striking result in this direction was established by W. Schmidt [25].
He proved that for a every increasing family of Borel sets Q27 as above and almost
every lattice A,

Dr(A) = OAyg(Vol(QT)l/“g) foralle > 0.
However, the exact asymptotic behavior of Dr(A) for generic lattices is still quite
mysterious, and it turns out that the answer depends very sensitively on the shape of

the domains. For instance, Hardy, Littlewood [16] and Khinchin [20] discovered that
when Q7 is a T-dilation of a generic compact polygon in R2, then

Dy (Z%) = 05<(logVol(QT))l+£> forall & > 0.
This exhibits a striking difference with the estimate (1.3) for strictly convex domains.
Skriganov [28] established a far-reaching generalization of this estimate. He showed
that when Q7 is a dilation by a factor 7' of a compact polyhedron in R¢, then for
almost every unimodular lattice A,

Dr(A) = OA’,s((logVol(QT))d_Hs) for all € > 0.
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It is not known whether the above bound is optimal. Another well-studied example is
the case when the domains Q7 are the Euclidean balls in R In this case, it was shown
by Kelmer [18] that for any exponentially growing sequence 7; — oo and almost all
lattices A,

Dr.(A) = oA,g(Vol(QT,)‘*(d“)/(zd”E) forall & > 0.

Concerning Question(ii) above: several results have been proved for certain partic-
ular families of lattices. For instance, it was discovered by Beck that the distributions
of suitably normalized discrepancy functions are asymptotically Gaussian. We refer
to a survey [2] and a monograph [3] for a comprehensive exposition of these results.
Beck considered the domains

QT::{(x,y)eR2 : x2—2yze(a,b),0<x<T,y>O}

and translated lattices A, = 7% + (w, 0) with 0 < w < 1 and showed that there
exists an explicit o > 0 such that

1

o~ 2m

:
Leb({w € (0. 1) : Vol(Q7)~12Dy (Ay) < £)) —> / 2% 4t asT > 0. (1.4)
—0oQ

While this approach seems to work for domains defined by more general indefinite
integral binary quadratic forms, it was not clear whether this result could hold in higher
dimensions since its proof was based on properties of continued fraction expansions for
quadratic irrationals. Furthermore, Beck points out that there are essential difficulties
in extending his work to higher dimensions related to the long-standing Littlewood
Conjecture.

Levin [22] investigated the discrepancy function of the family of lattices of the
form

Ag = diag(ay, ..., a0) 'O, a=(ai,...,aq) € (0, )9,

where O is a fixed lattice in R arising from an order in a totally real number field. He
showed that for the boxes Qy := [~N1, N1] X - - - X [=Ng, Ny], suitably normalized
discrepancy functions Dy (A,) are asymptotically Gaussian as Ny - - - Ny — 00, with
a € (0, l)d considered random. Since the results [2, 3, 22] treat only very particular
lattices arising from orders in number fields, one may wonder whether this behavior
occurs for truly generic lattices. We will address this question in the present paper.

One should also mention the ground-breaking works of Dolgopyat, Fayad [8, 10]
(see also the survey [9]), generalizing Kersten [19], about the discrepancy of distribu-
tion for toral translations. Using our terminology, these results can be interpreted in
terms of discrepancy functions for the family of lattices given by

Ay = {01 +ury, o oxgog Fug_1y.y) s (&1L Xa—1,y) € Z%) with 0 <uy, ..., ug—1 < 1.

) Birkhauser
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and certain families of domains Q7 (8) depending on additional parameters 6. It is
shown in [8, 10] that the corresponding discrepancy for |A, N Q7 ()| after a suitable
normalization converges in distribution as T — oo, with (u, #) considered random.
It should be noted that the obtained limit distributions in [8, 10] are different from the
Normal Law. Further related results about distribution of Diophantine approximants
were proved in [11] and [7].

1.1 Main results

Let Li,....,Ls : RY - R be linearly independent linear forms and N (x) :=
L1(x)---Lg(x).Foraboundedinterval I C RT and T > 0, we consider the domains

Qr():={xeR!: N(x)el and 0 < Li(x),..., La(x) < T}.

We write X for the space of unimodular lattices in R? equipped with the unique
SL;(R)-invariant probability measure p. The following result provides an analogue
of (1.4) for u-generic unimodular lattices:

Theorem 1.1 Let Dy denote the discrepancy function for Qr(I). If d > 9, then

—12)20(1)?

u({A € X : Vol(r)~2Dp(A) < g}) — dt asT — oo,

1 3
o (D21 /—oo ‘
forall & € R, where
>\ Leb(p?Ingl)

1
1? =
7 @ MZZI piq7Leb(D)

Remark 1.2 We explain in Sect. 4.1 that one may, without loss of generality, prove
Theorem 1.1 in the special case when L;(x) = x; fori = 1,...,d.

Athreya, Ghosh and Tseng [1] studied the related problem of "spiraling" of Dio-
phantine approximants which involves counting the lattice points in the domains

X
{3 e R RS xl vl e T, L EB 0<lxl<T, 0<y<T},
X

defined for an interval / ¢ R and a Borel subset B C S?~!. Our method allows us
to analyze the distribution of the error term for this counting problem.

Theorem 1.1 is a special case of Theorem 1.3 below, which deals with the following
general setting. For k > 2 and positive integers djy, . . ., di, we set

d=(d,,...,dy) and d=d|+---+dp,

and define Sy := HI;:l S4=1 where S9! denotes the unit sphere in RY, endowed
with the standard Euclidean inner product, with the convention that $° = {—1, 1}.

W Birkhauser
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The corresponding norm on R% will be denoted by || - ||, the spherical measure on
S9—1 will be denoted by «;, and we set

K=K ® QK. (1.5

Let us also fix rotation-invariant smooth metrics on each % ~1 with d = 2.1fd; =1,
we endow SO = {—1, 1} with the discrete distance. If B C Sy is a Borel setand ¢ > 0,
we denote by B, the e-thickening of B with respect to the products of the chosen
metrics. We say that a Borel set B C Sy has a smooth boundary if

k(Bg) — k(B) < &, for all small enoughe > 0,
where the implicit constants are independent of ¢.

Letnow L; : RY — R, j =1,...,k, be linear maps such that (L1, ..., Lg) is
a bijection of RY. We define

Li(2) Li(2) )

k
N@ =]]IL;@I% and = e
(2) 1_[ L@ and §(z) (IILl(Z)ll 1L @)l

j=1

(1.6)

Given a bounded interval / C (0, 00), a Borel set B C Sy and T > 0, we consider
the domains

Qr(,B):={zeR?: N el, ) eBand0<|Li@D,..., Lyl < T} (1.7)

Our main result is the following:
Theorem 1.3 When k > 2 and d > 9, the discrepancy functions for the sets Qr (I, B)

satisfy,

;L({A € X : Vol(Qr)~'2Dr(A) < g}) — P20 gy G T s oo,

1 &
o(I, B)N2mw /_oo

forall & € R, where

00 d d
w87 = L 3 L)) (14 180S0,

@\ 4= plgtLeb() k(B)

Theorems 1.1 and 1.3 have been announced in [5] for d > 4. However, it turned
out that the technical part of our argument works only for d > 9.

In the next section, we summarize the main steps of the proof of Theorem 1.3. Our
argument can be roughly divided into two parts that involve:

e a construction of a suitable approximation for the counting function (Sect. 4),
e analysis of such approximations (Sect. 3).

) Birkhauser
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1.2 Concerning novelty

We want to stress that the approximation of the counting function in this paper is
very different from, and much more involved than, the approximation employed in
our previous paper [7]. In the latter paper, the domains in which the lattice points were
counted could be perfectly tiled by a fixed subgroup of diagonal matrices, thus essen-
tially reducing the question whether a Central Limit Theorem holds, to (an unbounded
version of) the setting in [6].

In this paper however, the relevant domains in which we wish to count, are foliated
by lower-dimensional subsets, which all admit nice tilings by (higher rank) diagonal
subgroups of matrices, but these subgroups depend in a non-trivial way on the leaf
in the foliation. We can approximate the counting function on each of these leaves,
and bunch the resulting approximations together into a functional tiling (see Sect. 2
for more details). This functional tiling is an integral of averages of a parameterized
family of smooth functions over yet another parameterized family of subgroups of
diagonal matrices. Each of these parameterized averages can in principle be analyzed
using the techniques from [6, 7], but that is not enough.

The issue is that the parameterized family of smooth functions in the averages is
not bounded in the relevant parameter (even after the cuspidal cut-offs), which causes
serious problems in our cumulant machinery, more specifically in our analysis of
"clustered tuples". To circumvent this, we need to make use of some special features
of the geometry at hand (see Sect. 3.5.2).

2 Outline of the proof

Our argument will involve analysis on the space X of unimodular lattices in RY,
which can be considered as a homogeneous space X >~ SL;(R)/SL;(Z). The space
X supports a unique SL,; (R)-invariant probability measure, which we shall denote by
w throughout the paper.

Given a bounded Borel measurable function f : RY — R with bounded support,
its Siegel transform f: X — Ris defined by

fla) = Z f(z), forAeX.

ze A\{0}

According to Siegel’s Mean Value Theorem [27], if f is Riemann integrable, then

/fdu=/ f @) dz, 2.1
X R4

where we normalise the Lebesgue measure dz on R? so that the unit cube is assigned
volume one.

W Birkhauser
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Suppose that Q7 is a bounded Borel set in R, which does not contain the origin.
Then, with the above notations,

Q7 N Al = Ta, (A) and Vol(Q7) = / ey di, 22)
X
so that
Dr(A) = Ty (A) — f oy di.
X

In the setting of Theorem 1.3, these formulas can be rewritten further. In what follows,
we retain the notation used there. In particular, we have fixed k > 2 and d > 3, as
well as a k-tuple d = (dy, ..., dy) of positive integers with d = dy + - - - + di. We
have chosen a bounded interval / C (0, c0) and a Borel set B C Sy with a smooth
boundary. We denote by Q27 = Q7 (I, B) the sets defined in (1.7). There is no loss of
generality in assuming that the maps L ; are the standard coordinate projections (see
Sect. 4.1). Then the domains 27 can be conveniently foliated by the level sets

Lz :={ze€ RY : N(z) =s and £(z) = g}, fors € Iand§ € B,

which are invariant under the subgroup A < SL;(R) of diagonal matrices of the form

| k-1
. —= > dju; _
a(u) :=Diag (e”‘ Iy, ey, ..., ey e % Lj=1diuj Idk), foru e RF=1, (2.3)

We note that A ~ R¥~! since
a(w)ya(w) =a(u +v) forallu,v e R,

The initial idea of our approach is that the level sets L ¢ can be tessellated, using the
action of a discrete subgroup of A on R?. Unfortunately, the domains 7 themselves
do not possess such simple tilings. However, it turns out that each of the intersections
Q7NL; ¢ has atiling where tiles and the discrete subgroup depends on the parameters s
and T (butnot on the parameter £ ). We will show that the indicator functions xq, canbe
approximated by suitable integrals of varying functional averages. These “functional
tilings” stem from the above tilings for different values of s and & and are constructed
using the following data:

e A collection of finite measure spaces (Y7 ;, x7 ;) indexed by 7 > O and i in a
finite set Z,

e A collection of bounded Borel functions fr; : R4 x Yr; — [0,00) with T > 0
andi € 7,

e A collection of finite subsets Q(y;) of A with y; € Yr ;.

) Birkhauser
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The corresponding “functional tiling” is given by
Fr@=Y [ | X s | deioo. ferzerl @4
ieZ Y1 \ae0r,i(m)

We shall show that for a suitable choice of the data, Fr provides an approximation for
the characteristic function xq, in the sense that

Ixer — Fr|, = o( Vol(2r)'/?) as T — co.
Assuming this, we can then write

Xar —vol(Qr)  Ra, —Fr  Fr—[yFrdu [y (Fr —Xo,)dn
Vol(Q7)1/2 — Vol(Qr)!/2 Vol(Q7)1/2 Vol(Q7)1/2

)

where the first and third term on the right hand side tend to zero in the L' (u)-norm.
Thus, the distributional limit of D7 (A) is the same as the distributional limit of the
sequence of functions

Y7 (A) := Vol(Qy)~ /2 (fT(A)—/ Fr du>.
X

The significance of this observation is that Siegel transforms of functional tilings like
Fr can be investigated using homogeneous dynamics techniques.

Since averages of this form also arise in other arithmetic problems, we will analyze
their behavior in an abstract axiomatic setting (cf. assumptions (I.a)—(I.c) and (IL.a)-
(I.c) below). This analysis will be carried out in Sect. 3. Our main result here is
Theorem 3.19. Notably, it shows that when certain basic norm estimates for functions
fr.i hold, the distributional convergence of Y7 (A) holds provided that the variance
IY7llL2(x) converges. Next, in Sect. 4 we construct an approximation for xq, of
the form (2.4) satisfying our assumptions (I.a)—(I.c) and (I.a)—(IL.c). Once such an
approximation is available, our main result will be a corollary of Theorem 3.19.

3 Analysis of general functional tilings

In this section we consider a family of functions F7 on R? defined by a “func-
tional tiling” as in (2.4). Our goal is to analyze the asymptotic behavior of the sums
fT NEDY ZEA\(0) Fr(z) forlattices A in R?. We will formulate several assumptions
on the objects defining Fr and then in the next section demonstrate that the developed
framework does apply to our setting.

We hope that the axiomatic approach outlined in this paper can be used in other
counting problems as well. Our main result here is Theorem 3.19, which establishes
the Central Limit Theorem for (fr), with respect to the measure (.

W Birkhauser
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3.1 Some remarks about the axioms

The goal of this section is to describe a general approach for proving Central Limit
Theorems for Siegel transforms of functional tilings (F7) of the form (2.4). Our
approach is based on two sets of assumptions on the data

&, (Yr,isk70), fr,i> Qi)

The first set of assumptions are labelled I.a,1.b,I.c and are described in Sect. 3.2, while
the second set of assumptions are labelled I1.a, IL.b, II.c and are described in Sect. 3.4.

The first set of assumptions simply describes the objects in the data that make up
the functional tiling. The key point here is that the functions fr; are smooth in the
first variable and supported in a fixed compact subset of R¥ (in particular, the Siegel
transform of f7 ;(-, y;) is well-defined and smooth for every y; € Yr ; and for all
iel.

The second set of assumptions is deeper. The first two assumptions (II.a and II.b)
are concerned with the finite subsets Q7 ;(y;). Roughly speaking, Il.a requires that
Qr,i are well-separated subsets of the group A described in the previous subsection,
while IL.b takes this assumption a bit further, namely that there is a sequence (Q7 ;)
(independent of y; € Y7 ;) and a family of quasi-isometric embeddings B ; (-, y;) of
R¥=1into itself such that Or.i(yi) = ,BT,,‘(QT,,‘, vi). These two assumptions will be
useful when we estimate the contribution to cumulants of (truncations of) F, T.i( vi)
coming from separated tuples (Sect. 3.5.1)

The remaining assumption II.c is the most technical one. It is used to control the
contribution to cumulants of (truncations of) Fr coming from clustered tuples (Sect.
3.5.2). Roughly speaking, the idea behind this assumption can be explained as follows.
By IL.b, the y;-dependence of the map fr; is rather mild, and, up to bounded error,
Pr.i is close to a map ET, ; which is independent of y;. The essence of the assumption
IL.c is that the sums in functional tilings like (2.4) can be estimated from above by
sums over subsets which are independent of y;. Although this assumption probably
can be weakened, it holds in the setting that we are interested in, and it simplifies a lot
of the upper estimates of integrals involving products of the fr ;’s.

3.2 Functional averages and their truncations

Let Z be a finite set. For T > 0 and i € Z, we consider:

(La) finite measure spaces (Y7 ;, «r ;) satisfying supy ; k7 (Y1 ;) < 00,

(I.b) bounded Borel functions fr; : RY x Y7, — [0, 00) such that for y; € Yr;,
the map x > fr;(x, y;) is smooth, and supported in a compact set X C R,
independent of T, i, and y;,

(I.c) aset-valued map y; — Q7 ;(y;) from Y7 ; into the set of finite subsets of the
subgroup A < SL;(R) of diagonalizable matrices of the form a(u) defined in
(2.3) such that

sup | Q7. (yi)| < Vr
iyi

) Birkhauser



12 Page 10 of 44 M. Bjérklund, A. Gorodnik

with a parameter V7 satisfying Vr — coas T — oo.

For f € C¥ (R?), let 3 f denote the partial derivative of f with respect to the
k-th coordinate fork = 1,...,d. If B = (B, ..., Bq) is a multi-index, we set dg f =

8{91 . ~85df, and define

I fllcr = max [[0g flloo, forp =1, 3.1
1BI<p

where |B| = B1 + - + Ba.
We use the notations

Mr = max /Y | fr.iCoyi) | o dier i (o). (3.2)
Mr g := max e d | fr.iCoyd) | o (3.3)

Given the data in (I.a)—(I.c), we consider the family of functions given by

Fr@) =Y /Y | 2 fritazoyn | deri. forzeRY (4

iel aeQr.i(yi)

and their Siegel transforms

fr(m:ny_ Yo FritaA.y) | deri(y). forAeX. (35)

ieT acQr,i(yi)

Our goal is to show that under suitable assumptions the functions

Yr(A) := VT_I/2 (I?T(A) - /X Fr dM)

converge in distribution. One of the difficulties here is that Siegel transforms (even
for bounded Borel functions with bounded support) are not bounded. Nonetheless,
they are typically only large on sets of very small p-measure and belong to L” (X) for
p < d (see Lemmas 3.2 and 3.3 below). Here and later in the paper we always assume
that d > 3 so that the Siegel transforms are L’-integrable. This makes it possible
to efficiently approximate a Siegel transform by bounded functions on X whose L”-
distance from the original Siegel transform is small. To make this approximation
precise, we shall use a family of compactly supported cutoff functions 7 : X — [0, 1]
with L > 0, constructed in [7, Lemma 4.11] such that for every compact set K C R?
and f € C(K), we have

| 70 ooy <K LIS Nl (3.6)

W Birkhauser
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Furthermore, for every ¢ > 0,

|7 =m0l ke L0 flloo and [ £ =00 20 <x.e L flloo,
(3.7)

where the implicit constants are independent of L.
We introduce a parameter L7 — oo, which will be specified later, and introduce
the functions ¢ ; : X x Y7 ; — [0, 00) defined by

o1 i (A, yi) i= fri(A, yinr,(A), for A € Xandy; € Y7,

which provide compactly supported truncations of the functions fr i (-, ¥i). We then
consider

Dr(A) =) > eritah,y) | deri(y), for A € X.
ieZ 1T \aeQr.i(n)

The following lemma shows that this function approximates the Siegel transform Fr
if the parameter L7 grows fast enough.

Lemma 3.1 Iffor some ¢ > 0,

L;’UHHS VTl/2 My —0 asT — oo, 3.8)
then

[ Fr— <I>T||L2(X) =0 (VTl/z) as T — oo.

Similarly, if

L;‘”He VTI/2 Mr — 0 asT — oo, (3.9)
then

1/2

||fT—®T||L1(X) =0<VT ) as T — oo.

Before we proceed to the proof of this lemma, we discuss its relevance to our
arguments so far. We wish to prove convergence in distribution for the functions

Yr =V 2 (Br— or) + vy <<I>T —/ o7 d,u) + VT‘”Z/ (o7 = Fr)du.
X X

If Lt is chosen as in (3.9), then the first and third term of the right hand side tend to
zero in the L'-norm, whence Y7 converges in distribution to a continuous measure if
and only if the functions

) Birkhauser
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vy = v, 2 (@T—/ <I>po,) (3.10)
X

do. In the upcoming subsections, we will analyse this type of sequences.

Proof of Lemma 3.1 By construction, we have

HFT - <1>THL2(X) < Z/ II( fT,i(-, yi)oa)(l—np, Oa)HLz(X) dir i (yi)-
iel ’ueQT,(»,

Since the measure p is A-invariant, the inner terms are independent of a € Q7 ; (yi),
whence

”FT CDT”LZ(X) = Z/ |QT1()’1)| ||le( yl)(l TILT)||L2(X) dKTl(yl)

ieZ

By the assumption (I.b), the supports of the functions x — fr ;(x, y;) are all contained
in a fixed compact set X C R4 , independent of 7', i and y;. Hence, by (3.7),

—d/2
| 7ri Gy =m0y O 2y <o Le 0N fri G yi)llos forall yi € Y.

Furthermore, by the assumption (I.c), we have |Qr ;(y;)| < Vr, so that we conclude
that

|Fr = @1 | gy, i L7 vy (Z / I friC, yl)noodxrl(y,)).

ieZ

This implies the first part of the lemma, and the proof of the second part is similar.
O

3.3 Sobolev norms and mixing estimates

In order to obtain quantitative estimates on correlations, we need to control the smooth-
ness of the functions. Our main tool for this purpose are Sobolev norms, which we
now introduce. First note that every Y in the Lie algebra sl;(R) of SL;(R) induces a
differential operator Dy on C*°(X) by

d
(Dy@)(A) = E<p(e”A) li—o for smooth functions gon X.

More generally, if we fix a basis Yi,..., Y, of sl;(R) with m = d* — 1, and if
Y is a monomial in the universal enveloping algebra of sl;(R) with respect to this
basis, say ¥ = Yl'“ Y,Z’” for non-negative integers 7y, ..., 1, then we define
D, := Dy --- Dy", and refer to the integer |5| := 11 + - - + ny as the order of
Dy, where n = (171, ..., ). We write C2°(X) for the space of compactly supported
functions ¢ such that all the derivatives D¢ exist.

W Birkhauser
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Let A € X. We say that a linear subspace V < R is A-rational if V N A is a lattice
in V. If V is A-rational, we denote by da (V) the volume of V/V N A. We define

a(A) =sup{da(V)"' : V < R?isA — rational}.

It can readily be checked that « is a proper function on X, and that for every compact
set C C SLy(R), there is a constant A¢ > 0 such that

AEla(A) <a(gA) < Aca(A), forallg e CandA € X. 3.11)

Before we introduce Sobolev norm, we mention important properties of the «-function
in relation with Siegel transforms.

Lemma3.2 ([26], Lemma 2) If f : R?Y — R is a bounded function with bounded
support, then

| 70| <supp(ry @M flloo,  forall A € X.

The following estimate is also well-known (see e.g. [13, Lemma 3.10]):
Lemma3.3 [, a”du < oo forevery p <d.

The following norms were introduced and studied by Einsiedler, Margulis and
Venkatesh [12].

Definition 3.4 (Sobolev norms)Letq be apositive integer. For ¢ € C2°(X), its Sobolev
norm S, () of order q is defined as

12
Sq(p) == Z (/;( IadD,,<p|2du) )

nl<q

The explicit expression of the norm S, will not be important in our paper. Instead
we shall use as black boxes, the following properties of the norms, established in [12]
and in our previous paper [7].

Proposition 3.5 ([12], Subsect. 3.7) For all sufficiently large q,

(i) Sq(9) Kq Sqg+1(@) and ¢l L= (x) Kq Sq(@) for all ¢ € CZ(X).
(ii) for some p = 1, we have S;(0192) K¢ Sq+p(@1)Sq+p(@2), for all o1, ¢> €

CX(X).
(iii) there exists o4 > 0 such that S, ((p o a(u)) K4 €% llael Sq (), forall u € Rk
where a(u) is defined in (2.3) and || - || is the £>°-norm on RF=1,

For our next proposition, we need some notation and preliminary results. First, we
recall some further properties of the cut-off functions 1 constructed in [7]:
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Proposition 3.6 ([7], Lemma 4.11) There exists a constant ¢ > 0 such that
suppnz C {a <cL}, forall L >0,

andforallg > 1, f € C®°(R?), and L > 0,

Sup H Dy (f "L)HLOC L Ssup(rr.g Ll flica.
nl<q (X)

Remark 3.7 The second inequality in Proposition 3.6 is not explicitly stated in [7].
However, Lemma 4.11 in [7] tells us that | D0y [|Lx) <; 1, so the inequality in
the proposition above follows after iterated use of the product rule for derivatives, in
combination with Lemma 3.2 and the fact that the supports of the functions Dy are
still contained in {«¢ < L} for every n (where the implicit constants are independent
of L and 7).

The following corollary concerning Sobolev norms of truncated Siegel transforms
is now immediate.

Corollary 3.8 Forallg > 1, f € C®*(R?), and L > 0,

Se(Fne) <supp(rr.g LM Fllca

We also record the following corollary for future references. It is immediate from
the inequalities in (3.11) and the first part of Proposition 3.6.

Corollary 3.9 For every compact set C C SLy(R), there is a constant B¢ > 0 such
that

nL o8 < Xja<BeL} forallg € CandL > 0.

Recall that A >~ R¥~! via the map u — a(u) defined in (2.3). Let us throughout
the rest of the section denote by || - || the £*°-norm on R¥~!. The following theorem
is a special case of [4, Theorem 1.1]. Roughly speaking, this theorem asserts that if
¢ € C°(X), then the family u > @(a(u)-) consists of "almost independent" random
variables, at least if the u’s are far apart.

Theorem 3.10 (Theorem 1.1 in [4]) For every r > 2, there exist g > 1 and §, > 0
such that for all g > q,, ¢1, ..., ¢ € CZ(X), and ul® o u e REEL

r . (m) B r
‘/x (Elwm a(u )) dp r};[l/x(pmdu

Theorem 1.1 in [4] is formulated for general r-tuples of elements in G = SL;(R),
and not just for r-tuples in A. Furthermore, in the version in [4], the min;  j-expression
is applied to differences with respect to an invariant Riemannian metric on G. The
restriction of any such metric to A is quasi-isometric to the £*°-distance on R¥~!, and
the resulting constants are assumed to have been absorbed in §, and by the «-sign.

,
_ in; () —y ()
<<r,q e Sr min j [l V) —u | 1_[ Sq ((ﬂm)

m=1
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3.4 Cumulants

We review the notion of cumulants, and a classical CLT-criterion due to Frechet and
Shohat. In this subsection (X, @) can be a general probability measure space.

Definition 3.11 (Cumulants) Fix r > 2. Given ¢y, ..., ¢, € L>(X), we define their
cumulant cum, (g1, . . ., @) of order r by

cumpy(@r. -0 = ) DPT (fxl"[goidu),

PePir IeP iel

where 3},] denotes the set of partitions of the set [r] = {1, ..., r}. Given ® € L*°(X),
we define its r-cumulant cum, (®) by

cum,(®) := cump (P, ..., D).

Remark 3.12 1t is clear that cumg, is multi-linear in the functions ¢y, ..., ¢, and if
one of them is a constant function, then cumy,j(¢1, . .., ¢,) = 0 (see e.g. [23, Subsect.
3.1]). In particular,

cump (@1, ..., ) = cumy (gol —/ ®1 d,u,...,(pr—/ go,d,u)
X X

and

cum, (Cb —/ <I>du> = cum, (D).
X

Furthermore, the 2-cumulant of ® is just the p-variance of .

The main property of cumulants that makes them valuable to us in this paper is
summarized in the following CLT-criterion by Frechet and Shohat, which can be
deduced from their results in [14]. It is essentially the classical method of moments
tailored for (distributional) convergence to the normal distribution.

Proposition 3.13 (Frechet—Shohat’s cumulant criterion) Let (W7) be a sequence of
real-valued, bounded and measurable functions on X such that

° fX ‘-IJT d/L = 0,
o the limit 0% := limy ”‘I’T”izm
e cum,(V7r) — Oforallr > 3.

exists and is finite,

Then the p-distributions of Wt converge in the sense of distribution to the Normal
Law with mean zero and variance o (the case o = 0 is interpreted as convergence
in the sense of distributions to the Dirac measure at Q).
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Remark 3.14 There are no explicit mentioning of cumulants in the paper of Frechet and
Shohat, so in particular Proposition 3.13 is not directly featured there. A more modern
(and explicit) exposition of cumulants can be found in [23], although our formulation
of Proposition 3.13 is not explicit there either. However, it is noted in [23, Subsect. 3.2]
that camulants of random variables can be expressed in terms of moments (and vice
versa). By the classical method of moments, to prove that the p-distributions of W7
converges in the sense of distributions to the centered Normal Law with variance o>
it suffices to check that all moments (or cumulants) of W with respect to i converge
(as real numbers) to the moments (or cumulants) of the centered Normal Law with
variance o 2. Since cumulants of a random variable can be expressed as logarithmic
derivatives of the Fourier transform of the corresponding probability distribution (see
e.g.[23, Subsect. 3.1]), it follows after some straightforward computations that Normal
Laws are characterized as those probability distributions whose cumulants of order
r > 3 all vanish (at least within the class of distributions that are uniquely determined
by their moments).

In order to apply this proposition, we have to analyze the cumulants cum, (V7).
This task will be carried out in the next section.

3.5 Estimating cumulants of orderr > 3

Let W7 be defined by (3.10). Our goal is to show that under suitable additional con-
ditions,

cum,(¥Y7) — 0 as T — oo
for all » > 3. Since

cum, (Wr) = V; /% cum, (ch —/ D du> =V, cum, (®7),
X

this is equivalent to

cum, (d7) = o (V;/z) as T — 00. (.12)
Let us from now on fix r > 3. For each r-tuples i = (iy,...,i,) € ", we set
Yri=Yr; x---xYr,; and «r; :=«k7; Q@ - QKT i,

and for y = (y1,...,y,) € Yr i, we set

Or,i(y):=071,i;(y1) X -+ x 07, (yr).

W Birkhauser
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We write elements of Q7 ; (y) asu = @D, u™)y. Using the multi-linearity of the
cumulants, we see that cum, (®7) can be written as

Z _/ Z Cum[r] ((pT,il(" )’])Oa(“(l))s“' v‘pT,ir(" yr)oa(u(r))) dKT’l’(y)
ieZr MY ueQr i (y)

We shall make the following additional assumptions regarding the data defining the
function ®7. Throughout this section, | - || denotes the £*°-norm on R*~! and B(x, y)
the ball with respect to this norm.

(I.a) There exist finite sets éT,i C R*=! satisfying:

e forally > 1
|07, N B, )| < v, (3.13)

where the implicit constants are independent of u, T', and i.
e max; |Qr ;| < Vr with a parameter V7 satisfying Vr — ocoas T — oo.

(ILb) There exist Borel maps Br.; : R¥=! x Y7 ; — R¥~! such that
071, (i) = Br.i(Or.i. yi)

satisfying:

e there exist c1, ¢ > 0, independent of T, such that for all u, v € Q’T)i,

min_inf inf |Bri(u, yi) = Brj(v, y)| = cillu —vll =2, (3.14)

i,j yi€YriyjeYr
o there exist maps fr; : RF=1 5 Rk=1 guch that for all u € Or.i,

sup sup | Br.i(u. yi) — Br.iw)] < oc. (3.15)
T yieXr,;

(ILc) For the functions fr ; from (I.b), there exist Borel functions i ; : R4 x Yri—
[0, co0) such that

fr.i(aBr.i(u, yi)z, yi) < hr (Q(ETJ )z, yi)

forall u € éT,,-, yi € Yri,and z € R?. We further assume that the family of
the functions

Hr i(z) ;:/ hti(z, yi) dier i (yi)
Yr

is uniformly bounded, and there exists a fixed compact set K’ C R4 such that
supp(Hr ;) C K’
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forall T and i.

Remark 3.15 We note that the condition (I.c) from Sect. 3.2 follows immediately from
condition (II.a) and the first part of condition (IL.b).

With this new notation, we set

Err,i(y) = Z cump;] (‘/’T,i| ¢ yip) oa(Br,i, @y, yi))s o1, Coyin) o a(Br i, @\, yi,))) ,

ueQr,;

where éT,; = QT,,-I X oo X QT,,'V. Then

cum, (br) = Y Erri)dir i) (3.16)
ielr Yr,

For y > 0, we define the r-diagonal y-neighborhood A,(y) by
Ar(y) = {(u“), ™y e ®Y L u) —u®) <y forall j, k]
We split the sum defining E, 7 ; into two subsums subdivided with respect to the set

A, (y). Namely, we choose a parameter yr , — 00, which will be specified later, and
write

where Eﬁl)T ; (¥) denotes the sum over clustered r-tuples

> cumyy] (‘ﬂT,il Covipoa(Br @M. yiD). - or i Gy oa(Br i @, .Vir))) . (3.17)
EEQ‘T,LQAr(VT,r)

and ,.,52)T ;(¥) denotes the sum over separated r-tuples:

Z cumy,| (‘ﬂT,il (s .Vil)ou(ﬁr.il (u(')’y[l))’ ot Covin) oa(Br, (u(r),}'ir ))) (3.18)
ueQy ;NAF(yr )¢

The aim in the upcoming subsections is to find conditions on the parameters yr , and

L7 such that for every i = (iy,...,i,) € I,
/Y” 2"} )| diri () = o (V;/Z) as T — oo, (3.19)
and
b 2% ,0)| =0 (V;/z) as T — oo. (3.20)

Together with the assumption (I.a) in Sect. 3.2, these estimates imply (3.12).
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3.5.1 Analysis of the separated tuples

Now we prove the estimate (3.20) involving separated tuples. The crucial ingredient
here is the estimates on higher-order correlations (Theorem 3.10), which allows us to
establish an estimate on cumulants following our approach from [6].

We recall the estimate from Proposition 3.5(iii) that for every ¢ > 1, there exists
o4 > 0 such that

Sq(poa)) <4 ™IS, (p)  forall g € C°(X) andu € R~
We may without loss of generality assume that the map ¢ — o is increasing. Fur-
thermore, we may also assume that the map r + §, in Theorem 3.10 is decreasing.
In particular, without loss of generality we can assume that
8 <roy, forallg,r>1. (3.21)
The following lemma is a corollary of the main technical results from our work [6].

Lemma 3.16 There is an integer q» > 1, such that for every integer q > qy, there exists
a constant ¢, 4 > 0, with the property that for every y > 0 and for all ¢1, ..., ¢, €
CX(X) and u® o u e RET i

max ||u(j) - u(k)|| > Cr gV
J#k a”
we have
-
Jeump) (g1 0a@®), .. gy 0 a@™)| g e T Syt
j=1
Proof The proof follows the argument in [6, Sec. 6.4]. Let us fix r > 2, ¥ > 0 and

an integer ¢ > 1. We define parameters fyo = 0, Bi,..., B, recursively by ;416, —
3royB; = y. Then because of (3.21),

0<pr <31 <Ba<-<PBro1 <3Br—1 <Br.
It is also clear from the recursive definition that
Br < CrqV (3.22)

for a constant ¢, 4 > 0. Combining [6, Prop. 6.1] and [6, Prop. 6.2], we conclude that
there is an integer ¢, such that if ¢ > ¢,, then

,
Jeumpy (91 0a@®), ... gr oa@™)| <y e TS0,
Jj=1
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for all uM, ..., u" e RF=! such that max ;4 [u") — u®| > .. Together with
(3.22), this proves the lemma. m]

Now we apply Lemma 3.16 to estimate & £Z)T ;» and deduce a criterion for (3.20).

From now on ¢, denotes the integer from Lemma 3.16.

Proposition 3.17 Let g, be as in Lemma 3.16 and suppose that the parameters Lt
and yr ., are chosen so that for some q > q,

ng(d+l) V;/z e—C])/T,r/Cr,q M;,q — 0’ as T — 00, (323)

where c\ is the positive constant in condition (I11.b), and c, 4 is given by Lemma 3.16.
Then, for everyi = (iy,...,iy) € L,

sup ‘Ef)”(y)] =0 (V;/z) , asT — oo.
YEYT,i N

Proof We first note that if V), ..., u®) belongs to QT,L N Ar(yr.r)¢, then by con-
dition (IL.b), for all i,,, i,, € Z,

187, @™, vi,) = Briy @™, yi) | > c1yrr — c2,

forall y;, € Y7, andy;, € Yr ;. Applying Lemma 3.16 with y defined by ¢| yr,, —
¢2 = ¢r gy, we deduce that

’Cllm[r] (fpr,i. oa(Br., ™, vi)), - ori oa(Br., @, yi,-)))’

is estimated by

,
Lra e~ C1VT.r/Crg 1_[ Sy (@100,

m=1
where we in the last <-sign have absorbed the e~¢2/r.4-factor. We recall that
or.i(A, yi) = fri(A, ydnL, ().
By Corollary 3.8,

Sqler.iC.y)) <K q L‘%H | fr.iC. yi)HCq,
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where K C R? is a fixed compact set which contains all of the supports of the functions
x — fr.i(x, y;) as y; ranges over Y7 ;. We conclude that

,
- ~ — - d+1
sup |E%7 ;0] <0 kg (I [ |QT,I-,,,|> emeralong LD

yE T.i m=1

= Vi e C1rTrlera LrT(dH)M;’q.
This implies the proposition. O
3.5.2 Analysis of the clustered tuples
Next, we deal with the clustered tuples. Our analysis here is one of the main novelties of
this paper. We stress that we do not assume that the maps 7 +— || f7 ;|| are bounded
(otherwise, our analysis could have been carried out as in [6]). This is also where the
assumption (IL.c) becomes crucial. This condition says roughly that the «7 ;-integrals

of fr ; are bounded functions. The main purpose of this subsection is to explain how
this "bounded on average"-condition can be used to derive (3.19).

Proposition 3.18 Suppose that the parameters Lt and yr , satisfy for some ¢ > 0,
LY d+e V1 r/2 (r DE=D 0, asT — . (3.24)

Then,
—~(1 r/2
/Y uf,;l(y)|dKT)£(y)=0(VT/>, as T — oo.
T

Proof Expanding the definition of the cumulant in (3.17), we deduce that

Q iNAF (v, ) 1eP kel

|“£l>rl(y)| & max Z I1 f (l_[ T, zk( (Br.ip * \ik))/\,)'ik)) dun).  (3.25)
We recall that
or.i (A, yi) = fr.i(A, ydnL, (A).
By condition (II.c), there exist Borel functions At ; : RY x Yr.; — [0, 00) such that

Froi(a(Br.iu, y))z, i) < hri(a(Br,i )z, i),

forall u € éT,i, zeR? and yi € Yr,;. Hence, setting

h(z) == Sup/ hr.i(z, yi)der i (yi),
T,i JY7;
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we deduce that

f fT,i(a(,BT,i(”» YO)A, yi) drr i (yi) = Z / frila(Br.iGu, i)z, yi) der i (vi)
Y7 zeA\{0} Y7
< h(a(Br.iw)A).

We recall that according condition (Il.c), the function 4 is uniformly bounded and its
support is contained in a fixed compact set. In particular, it follows from Lemma 3.2
that

h(A) < a(A), forall A € X. (3.26)
By condition (II.b), there is a fixed compact set C C A such that
a(Bri(u,yi) — Briw) eC, forallu e O,y € Yri, and T > 0.
By Corollary 3.9, there is a constant B = B(C) > 0 such that
NLy © 8 < Xe<B Ly} forallTandg € C,
whence

Ly (a(Br.i, y))A) = ey (a(Br.i(u. i) — Br.i))a(Br.i)A)
< Xia=p Ly} (@(Br.i()A) .

Combining the above estimates, we conclude that
/ or.,i (a(Br.i(u, y))A, yi) diri(yi) < ¥ (G(ET,i(u))A),
Yr,i

where Y7 is defined by
U (A) == h(A) X{a<B L} (A), for A e X. (3.27)

Therefore, we deduce from (3.25) that

|87 10 dir () < max > 1 f (H vr (a(Br,ikw(“))A)) du(n). (3.28)

L uelr iNAr(yr ) 1€P kel
We observe that it follows from (3.26), (3.27), and Lemma 3.3 that
sup [Y7| = O(Lt) and |[Y¥7lirr(x) = Op(1) for p <d. (3.29)
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In particular, it also follows that for p > d,

I¥rlLrx)y = Opyq (LlT_q/p> forall g < d.

According to the general Holder inequality, for exponents p; € (1, oo] satisfying

Y l/pe=1,
/. (1"[ vr (a(Br ,k<u<k>>)A)) dn(a) = [T |vr oalBri@®)| o = TTWT Iz
kel kel & kel
Therefore, when || < d,
f (H vr (a(Bri ™) A )) du(r) = 0(),
X \ker
and when |I| > d,
/ (]‘[ vr (a(Bri@®)A )) dp) = 0, (LY177) foralle > 0,
X \ker
We conclude that for every partition P,
I/ (H vr (a(Bra@®))a )) du(n) = 0, (L),
1eP?X \kel

and from (3.25),
/ B )| dir i () e |Ori 0 A (yr )| LT
YT,L

Since

107 N A(yr)| < Z l_[ |Or.i, N{v:

MEQT,il k=2
it follows from condition (II.a) that
}QT: NA(yr)| < VTV(k Ho=h,

whence

(k 1)(7' l)Lr d+€

cX (y)‘ dxr.i(y) <re VTVys

/;T,i
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for all & > 0, which implies the assertion of the proposition. O

3.6 Main result

In this section, we finally prove convergence in distribution of the functions

wmpﬂwﬂﬁwm—/ﬁd@,
X

where
Em=2f S Fritan,y) | deri(n).
ez YT acQr,i(yi)
We recall that the data in this formula satisfy the conditions (I.a)—(I.c) and (IL.a)-(II.c).
We further put an additional condition on the norms of the functions f7 ;, using the
notation introduced in (3.2)—(3.3).

The main result of Sect. 3 is the following theorem:

Theorem 3.19 Suppose that

o There exists 6y > O such that
0o
My =0 (V).
o forq > 1, there exists 0, > 0 such that
0‘1
Mrq =0 (v}").
o The limit
= li T
o Ti)moo I T||L2(x)

exists and is finite.

If d > 4(1 + 0y), then the functions Y1 on (X, ) converge in distribution to the
Normal Law with variance o.

Proof We shall use Proposition 3.13. We recall that by Lemma 3.1, the functions Fr
can be approximated by functions

Or(A) = Z/ Yo eritan, ) | diriOn,

iez JYTi a€Qr,i(yi)
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so that

” Fr— o7 ”LZ(X) =0 (VTm) :

This implies that the functions
—1/2
V() = V; (cDT(A)— / ¢Tdu>
X
satisfy

frr -

L2(X)

Then, in particular, lim7_, o |7 || L2(x) = 0. It also follows that if W7 converges
in distribution to the Normal Law, so does Y7. Hence, it remains to verify that the
conditions of Proposition 3.13 hold for the functions W7, namely, that

cum, (Wr) = VT_r/2 cum,(®7) — 0 forall r > 3.

Since the later cumulant can be expressed as (3.16), this will follow from Proposi-
tions 3.17 and 3.18.

Now it remains to choose the parameters L7 and yr , so that the conditions in
Lemma 3.1, Propositions 3.17, and 3.18 are satisfied. To do this, we shall take

Ly =Vy and yr, = M,logVr, (3.30)

where p and M, are positive real numbers, which will be chosen later. The condition
(3.8) in Lemma 3.1 is satisfied if p is chosen so that for some ¢ > 0

Vﬁ(_d/HHS)H/HQO =0,

or equivalently, if

14 26y

T 31
T d-2-2 (3-31)

I

We write g, for the index introduced in Lemma 3.16 and fix an integer ¢ > ¢g,. The
condition (3.23) in Proposition 3.17 is satisfied if

Vpr(d+1)+r/2—%+r€q

T — 0

)

which can always be arranged by choosing M, large enough, depending on r, p, d.
Finally, the condition (3.24) in Proposition 3.18 is satisfied if we choose the constants
p and M, such that for some ¢ > 0,
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V]{)(r—d+£)+l—r/2(Mr log V)~ D&=D _, .
This holds provided that
p(r—d+e¢e)<r/2—1. (3.32)

Hence, it is sufficient to choose p so that both (3.31) and (3.32) hold for all » > 3.
This is possible provided that

1 4 26y
d—2—2¢

_ 1

< =.

P=3

Since ¢ > 0 is arbitrary, this argument works provided that d > 4 4 46,. O

Remark 3.20 In order to proceed with the proof above it is sufficient to have that

HTT - \yT‘ (3.33)
LI(X)
and
Jim 17| 25, = o (3.39)

According to Lemma 3.1, condition (3.33) holds under assumption (3.9). This assump-
tion is weaker than (3.8), so that we can replace (3.31) by the assumption

14 26y

0

Then the argument can be carried out when d > 2(1 + 6p), provided that we can
establish (3.34) independently.

4 Proof of the main theorem

In this section, we prove our main theorem (Theorem 1.3). We recall that our goal is
to analyze the lattice counting function for the domains

Qr=Qr(,B)={zeR?: N €el, &()€B and 0 < [L1 @I, ..., 1Lkl <T}. (4.1)

Ultimately, we will construct an approximation of the characteristic function xq, by
functional averages of the form (2.4) and show that these functional averages satisfy
the assumptions of Theorem 3.19, so that Theorem 1.3 will be a consequence of
Theorem 3.19. This is a tedious and rather technical task, so it might be beneficial for
the reader to first take a look in Sect. 4.7, where the main objects of the section are
summarized, and the most important verifications are indexed.
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4.1 A basic reduction

Let L; : RY — R% with j = 1,...,k, I C (0,00), and B C Sy be the objects
defining the sets 27. We also consider the basic domains

Q0. B):={zeR! | N €I, z) € Band 0 < |zll,.... |zl < T}, (4.2)
where
k 21 2k
N@ =]]llzjI¥ and £():= <— - —) . (4.3)
il lzill 2kl
Then Q7 = L™! (Q(}) for the invertible linear map L = (Lq, ..., Lx). Let us write

L = cLg with ¢ € R* and det(Ly) = 1. Then
Qr = Ly (sgn(@)le|™1Q%(1, B)) = Ly (25(lcI 7' 1, sgn(c) B)).
Therefore, for any lattice A,

|ANQr| = |Lo(A) N Q% (|1, sgn(c) B)

and
Vol(2%-(le| "1, sgn(c) B)) = Vol (Q%.(1, B)).

Since the measure on the space of lattices is invariant under Ly, it is sufficient to
analyze the distribution of the function A — |A N Q(}| — Vol(Q(%).

From now on we assume that the sets Qr = Qr (I, B) are defined by (4.2), where 1
is a non-empty bounded interval in (0, 00), and B is a Borel subset of Sy with positive
measure.

4.2 A coodinate system

The sets Q27 are more conveniently studied in a different coordinate system which we
now introduce. We use notations

d._ 115 nd; D O
Ry = | |j:1R A0} and Sy := | |j:IS T
Let
. md k—1 .
7R — R R xS0 2 (u(2),5(2), £(2)), 4.4)
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where
u(z) := (logllz1ll, ..., logllzx—11D ,

k
5(z) :=logN(z) = Y _d;log |iz;ll.
j=1

(. wm
@)= (nz]u’“" ||zk||)'

It is readily checked that the map 7 is equivariant with respect to the group A defined
in (2.3) in the following sense:

w(a(u)z) = u(z) +u,s(z),&(z)), forallu e R landx € ]R%, 4.5)

and that the inverse map ! is given by

N u, s, &) = (eulglv s etE E(S_Z-I;;l' djllj)/dkfk) : (4.6)

If one computes the Jacobian of this inverse map, the following lemma emerges:

Lemma 4.1 For every bounded Borel function f : R¥~1 x R x Sq — R with bounded
support,

1
/]Rd f(r(2))dz = a./g /R( " f(u,s,é)du) e’ dsdi(§).
* d

Here dz denote the volume element on RY which assigns volume one to the unit cube,
du is the volume element on R™Y such that the unit cube in R¥=1 has volume one,
and the measure k is defined in (1.5).

Let us now write out the set Q7 in (u, s, £ )-coordinates. We define
Ar :=m(Qr) CRT xR x Sg,
. . . ood
and given a point z in R}, we set

u=uz)=u,...,up-1), s=s), &§=E&(~).
Then z € Qr if and only if
k—1
selogl, £€e€B, uj<logT,...,up—1 <logT, S—Zdjuj<dklogT.

J=1
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We now set v; = u; —logT for j =1,...,k — 1. Then, the above conditions on u
are equivalent to

k—1
Vi,...,V—1 <0 and Zdjvj > —(dlogT —s). “.7)
j=1
For s < dlogT, we let 67 (s) denote the diagonal (k — 1) x (k — 1)-matrix whose

diagonal elements 67 ;(s) are given by

dlogT —s

Z , forj=1,...,k—1.

ST’j(s) =

We note that since the interval [ is bounded, the inequality s < d log T is satisfied for
allx € Q7 (I, B) when T > ¢*P?()/4_Then (4.7) can be re-written as

k—1
min 87;(s)"'v; <0 and Y 87 () vy > —1,
J i

Let
Se= ) e B iy <0 Y h > _1} 4.8)
and
vr :=(logT,...,logT).
We conclude that
Ar =m(Qr) ={(u,5,8) : selogl, §€B, uecdr(s)Si+vr} (49

when T > SUp(D/d,

4.3 Volume and variance computations

The above parametrization of Q7 leads, in particular, to an an easy computation of its
volume, and the mean and the variance of the Siegel transforms YQT.

Lemma 4.2 There exists a polynomial Py p such that
Prp(0) = e (I, B+ 0(* ),

where
k—1

dy---dy

ck-1(1, B) = Leb() Volk—1(S1) k(B),
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such that
Vol (Qr (1. B)) = P1.p(logT),

forall T > ¢soP(D/d,

Proof 1t follows from (4.9) and Lemma 4.1 that

B
Vol(R27) = «(B) Vol _ (5T(S)81 + UT) e ds
dj. log 1
B dlogT — s)k1
_ B sy [ AoeT =

log 1 dy - di—

If we expand the inner parenthesis and integrating term-wise, we deduce that
Vol(27) = Py, p(log T') for the polynomial

B dt — s)k-1
P p(t) = % Vol (s [ 9= s g

log 1 di---di-1
The leading term of this polynomial is cx_1 (1, B)t*~! with

k—1

k(B) Volk,1($1)/ eSds = d k(B) Volg_1(S1) Leb([),
log I dy---dy

k—1
dy---dg

ck—1(I, B) =

which finishes the proof of the lemma. O

From (2.2), we also obtain that

f Ry du = Pr.p(ogT) = co1(1. B)(log TV + 0 ((log T)*2).
X

To compute the variance of the Siegel transform, we need the following

Theorem 4.3 (Rogers’ mean-square value theorem, [24]) Letd > 3 and let f : RY —
R be a bounded and non-negative Borel measurable function with bounded support.
Then f € L*(X) and

~ ~\? 1
- d dp = — d —qz)d
(7= [ Fan) an= i p!qzl%d rwasadst [ roaree i),

where ¢ denotes the Riemann zeta-function.

For a future reference, we also note that a straightforward application of the Cauchy-
Schwarz inequality to the expression in Theorem 4.3 yields the following corollary:
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Corollary4.4 If d > 3 and f : R? — R is a bounded and non-negative Borel
measurable function with bounded support, then

£(d/2)?
¢(d)

171720 < 1413 +2 112,

Now using Theorem 4.3, we compute the variance:

Corollary 4.5

0_2 — i fX (YQT - fx YQT)Z du _ 1 i Leb (pdl ﬂqdl)

1m =
T—00 Vol(27) £(d) ot piq? Leb(I)
BN—-B
(Hu),
k(B)
Proof By Theorem 4.3,
- -~ 2, _ 1 -1 -1 -1 -1
/X(XQT—/XXQT) = p’qu<Vol(p QrNg~'er) + Vol(p~ler N —¢ QT)).

If we split this sum into sums over {p = g} and {p # ¢} and use the symmetry of p
and ¢g and the formula Vol(q_1 Qr) = q‘d Vol(27) for every g > 1, we see that this
sum can be written as

2 (o) 1 g—1
Vol(@q) + VoIl 1 =) + -0 37 -5 3 (Vol (R N (a/p)@r) + Vol (@7 N —(a/P)R1) ).
g=1 p=1

We observe that for ¢, T > 0, I C (0, 00), and B C Sy,
+cQr (1, B) = Q.7 (c?I, £B),
andfor 71, T» > 0, I1, I C (0, 00), and By, By C Sy,
Q7 (11, B1) N Q7 (12, B2) = Qmin(ry, 1) (11 N 12, B1 N By).
Hence, we deduce from Lemma 4.2 that for every ¢ > 1,

© i Yol@r NEeRp) L Vol (7 (I Nc?l,BN£B))  Leb(I Ncdl) k(BN+£B)
Kk+(c) = 11 —_— = 11 —
* T—00 Vol(Q7) T—00 Vol(Q7) Leb(/) «(B)
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Then since we are assuming that d > 3, we can apply the Dominated Convergence
Theorem to conclude that the limit o2 exists and

00 —1
) k(BN —B) 2 14
* + — s
«(B) 2(d) q; ¢ & (k+(q/p) +K-(q/p))
o0 q—1 d 3
= 1+ind Leb (1N (q/p)?1) (1 k(BN B))

¢(d) q Leb(1) k(B)

q=1 p=1

This implies the stated formula. O

4.4 Tessellations of the sets Q7 (/, B)

In this subsection, we construct, for all large enough T, a functional tiling of the
indicator function xq, using the coordinate system introduced in the previous section.
This tiling will be the basis for our smooth approximation scheme later. Before we
can state our main observation (Corollary 4.10) of this subsection, we need some
preliminaries. For a positive integer N, we define

k—1
S(N) =3 (uy,...,ux_1) eRF s uy, . ug— <0 and Zuj >—N¢,
j=1
and set

S :=8(1) and S, :=[—1,0 "\S). (4.10)

We note that this definition of S coincides with the one given in (4.8) above. Geo-
metrically, S| and S, are the lower and upper pieces of the unit cube (—1, O]k in Rk—!
cut in half by the hyperplane u; + - - - 4+ uy_1; = —1. Furthermore, we define

Pyi:={nel0,NI"'nZ" 0 §i—nc SN}, fori=1,2.

The next lemma tells us that S(N) can be tesselated by translates of S by vectors
in Py,1 and by translates of Sy by elements of Py 2. We stress that while the sets of
integer vectors Py, 1 and Py » are not disjoint, the translates of S1 and Sz by vectors
in the respective sets are disjoint.

Lemma 4.6 For every positive integer N,
s = L] =o)Ll L] &-»
nePy.1 nePy
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In particular,

max Inllc < N and |Py;| < Volz_1(S(N)) « N*71.
ne N.i

Proof Fix u € S(N), and note that since —N < u; < 0 for all j, there are unique
integers 0 < n; < N such that

wi=u+nel[-1,0", wheren = (ni,...,nk_1),

and thus either w € S; or w € Sy, whence u € S; — n for either i = 1, 2. Clearly
these are disjoint events, so in particular,

Sn={ ] s-ol L] s2-m].
nePy .1 nePy 2

which finishes the proof. O

We observe that in view of (4.9) the sets At are related to suitable dilations of the
sets S(N). Indeed, for T and s with s < dlog T, we let

t7(s) == Diag (t7,1(5). ..., T7.k=1(5))

denote the diagonal (k — 1) x (k — 1)-matrix with the positive diagonal entries
, forj=1,...,k—1, 4.11)

then

Ar = {(u,s,é) csel, £€€B, uc tT(s)S(l_logTJ)—f—vT}.

il

Therefore, applying Lemma4.6to S([log T ]), we get the following “functional tiling’
for the characteristic function xa .

Lemma4.7 Forall (u,s,&) € RF-I xR x Sq withs < dlogT,

Xars.©) = 3 s (7 )7 @+ T = vr)) g s () x5 (®)

n€PlogT].1

+ Y s (@ T en = vn) Kogr() 1),

n€PllogT| 2
In particular, for all T > P4 this identity holds everywhere.

) Birkhauser



12 Page 34 of 44 M. Bjérklund, A. Gorodnik

4.5 Construction of a functional tiling

Now we construct our functional tiling, namely, the objects satisfying conditions (I.a)—
(I.c) and (Il.a)—(I1.c) with V7 := Vol(Q27).

4.5.1 Construction of the sets 51,;, Qr,i(y) and maps Br,;, ET,,- (assumptions
(I.a)-(1.b))

Let us now rewrite the assertion of Lemma 4.7, so that it fits the decomposition (2.4).
We note that

7(s) = Too + 0(1/(10g T)) as T — oo (4.12)
uniformly on s in compact sets, where
T := Diag(d/dy, ....d/dk—1).
We define

Br :RFTXxR—> RF! and Br:RF! — RE!

Br(u,s) :=tr(s)u —vr and Br(u) := Toott — VT (4.13)

foru € R Tand s € R. Let
éT,i = Pllog7],i C RFT, fori =1,2. (4.14)
From Lemmas 4.2 and 4.6, we see that |§T,,~| <« Vol(27). The condition (3.13) in

(Il.a) can be also checked easily. The following lemma verifies condition (I.b). We
recall that || - || denotes the £°°-norm on Rk,

Lemma4.8 Let J C R be a bounded interval.

(i) There exist ¢y, ca > 0 such that for all T > To(J), s1,52 € J, and u, v € ér,i,
|Br . s1) = Br (v, s2)| = erllu — vl — 2.
(ii) There exists c3 > O such that forall T > To(J), s € J, andu € QJT,,',
|7, 9) = Br@] < es.

Proof Since ||u|| < logT for all u € ém, this lemma follows immediately from

(4.12) and the definitions of the maps fr and Br. O
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Remark 4.9 While in Sect. 2 we have allowed B7 and ﬂ~T to also depend on i, it is not
necessary at this point. However, to properly work with these functions in our setting,
we also need to define the finite measure spaces (Y7 ;, kr,;), for i = 1, 2. This will
be done in the next section.

Let us now rewrite the decomposition in Lemma 4.7 using the standard coordinates.
We set

Or.i(s) == pr(0r.i. s) (4.15)
and
hri(u,s, &) = xs; (TT(S)_IM) Xiog 1(5) x5 (&),
fori = 1, 2, and note that the assertion in the lemma above can be written as

Xap (s, €)= Y hraGu+Br(w,s),s, &)+ Y hra(u+pr(w,s),s, €

welr,| welr,
= Y hraw+v,s, )+ Y hraw+vs € (416)
veQr,1(s) veQr 2(s)

for all large enough 7. Let us now set
hri:= 71}»,- omw, fori=1,2.

Since xo, = xa; © 7, the equivariance (4.5) of m yields the following corollary of
Lemma 4.7:

Corollary 4.10 For all large enough T,

d
xor@ =Y hra@@+ Y. hraa@)z), forzeRS.
veQr,1(s(2) veQr 2(s(2))

We stress that the summation range in the above formula depend on the point z, albeit
in a weak way via s(z). In the next subsection, we will get rid of this z-dependence
upon introducing an additional average. The price we have to pay for this is that the
functions A7 ; will be replaced with more complicated functions fr ;, which depend
on the an extra variable, coming from the average.

4.5.2 Construction of the spaces (Y7 ;, k7,;) and functions f7 ; (assumptions

(1.a)-(l.b))
If T ¢ R*"!isasubsetand r > 0, we denote by 7, the r-thickening of 7" with respect

to this norm. Similarly, for a subset B of Sy, we denote by B, the r-thickening of B
with respect to the rotation-invariant metric on Sy.
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Since |v| < log T for every v € éTyi, it follows from (4.12) that for any bounded
inter\Lal J C R, there exist ¢(J) > 0 such that for all s,r € J, T > Ty(J), and
veQr,,

ler ()" (Brv.s) = Brw.0)| = |rr ()" r(s)v — rr )| < (D) |s —t].

Hence, we deduce that for all s, 7 € J satisfying |s — 1| < r, T > To(J), u € Rk-1
andv € Qr,

x5, (rr )7 @+ Br(v.9))) < XSy, (1) T @+ Brv.1)). (417

Let us now introduce a parameter ¢ € (0, 1) and a non-negative real smooth function
pe on R with

supp(pe) C [—&/2,¢/2] and /Rpg(t) dr = 1. (4.18)
For future reference, we also note that p. can be chosen, so that
llpepllca < &7 174, (4.19)
By the standard properties of convolutions,
Xlogl = Pe * X(logD: = X(log I) -
Then, using (4.17), we deduce that for every u € RF-1andv e ér‘,-,
By i (u+ Br(v,9),5,8) = x5, (vr ()™ ( + Br (v, ) xiog 1 (5) xB(§)
< /( (e o B ) octs =0 xs ) ds

5/(] N XS (77 () T+ Br(v, 1)) pe(s — 1) xp (&) dt,
0g 1)e

where ¢ = ¢(J) > 0 for a fixed bounded interval J which contains (log 7). for all
0 < & < 1. Let y; . be a smooth function on R*=1 such that

X(Shee = Vie = X(Saeer  fOri =12, (4.20)
and let ¥¢ be a smooth function on Sy such that
XB < VU¢ < XB,- 4.21)
For future reference, we note that these functions can be constructed, so that
% for some 6, > 0. (4.22)

IWiellcs < e 177 and [|Pellcs < &~
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From the above estimate, we deduce that for every u € R-Tandv e é T.i»

’ET,i(“‘f‘ﬂT(UaS)ﬂSvf)Sv/(.l " Vie (7 )N+ Br . 1)) pels — 1) De () dr. (4.23)
0g1)e

By the same argument as in (4.17~), we also have for all s, r € J satisfying |s —t] < ¢,
T>To(J),u e R andv e Qr,,

XS0 (71 ()T w4 Br (v, 1)) < X530 (T7 () " u + Br (v, 9))).

Then it follows from (4.20) and (4.21) that

hr i (u+ Br(v.s). s, &) 5/(1 Y Vie(tr () T+ Br (v, 1)) pe(s — 1) D (€) dt, (4.24)
0g1)e

and
/(1 ) Vie(tr () (u + Br(v, 1)) pe(s — 1) V(&) dt
0g l)e

< /ﬂ K (107 Br0,0) pels =) )
0g1)e

= /(1 n X(SD)3ece (":T(S)_l(lzl + Br (v, s))) pe(s — 1) 0. (€) dt
0g 1)
< X(Ssee (1)@ + Br (0. 5))) Xatog 172: 5) X8, (6). (4.25)

We introduce a parameter e7 € (0, 1), to be specified later, and define

Y7 := (logl)s; and k7 :=Leb |y, . (4.26)
For y € Yr, we set
J?T,i((u, 5.6).y) == Vi (Tr ($)7"u) pey (s — ) Oep (6) 4.27)
and consider
Frass)= [ (0 Fralw+wos6).9))dero)
Yr weQr,1(y)
+/ (X Fro(@+ws).y))dero.
1 weQram

It follows from (4.23) that for every u € RfTand v e @T,,',

hri(u+ Br(v,s),s, &) < ; fr.i(+ Br(v, y),s,8),y) dir ().
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Hence, by (4.16) and (4.24),

Xar, s, &) 5/
)%

T

(> Fral@+pre.v.s.6.5))der ()

velr i

+/ ( > fr,z((u+ﬂT(v,y),s,§),y))d/<T(y)
Yr ~

veQT 2

=Fr(u,s,£).

Let

x5, (s, €)= Z X(SDeer (rr ()" u + Br(v. 5))) X(log 12y (8) X B, (§)

UGQTJ
-1
Y XS, (71 )T W+ Br(v,9) X(tog 1120, (5) X, ().
Ueér.z

(4.28)

Then it follows from (4.25) that

Fr(u.s. &) < x} (u.s.8).
We conclude that

xar < Fr < x} . (4.29)

The estimate indicates that Fy provides an approximation for the characteristic func-
tion xa,. Let us now define fr; : R? x R — [0, 00) by

fri(z.y) = fri(n(z).,y) forzeR% and y e Yr, (4.30)

and fr;(z,y) :=0forall z € R4 \Rg. Then f7; is smooth in the z-coordinate. We
also set

Fr = FT oT. (4.31)

From (4.5) we see that the function F7 can be written as

ro=[ (X sifawzy)dro

veQr,1(y)

(X fralewzy))dero. (432)
Yr

veQr 2(y)

which is exactly the form of functional tiling analyzed in Sect. 3.
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The following lemma demonstrates that the function Fr proves a good approxima-
tion for the characteristic function xq, = xa, o 7.

Lemma4.11 Let p > 1. For e = Vol(Qr) ™" with n > p/2, then
Ixer — Frll,, = o(Vol(@p)"/?) as T — oo.

Proof We shall use the integral formula from Lemma 4.2. From (4.29),

|xar = Fr I < ”er = xarler

1/p
< (_/;d/RkI/]RXXT(”vS’s)XAT(M,S,§)|pesdsdudK(§)) ,

We recall that XIT and x, are given by (4.28) and (4.16) respectively. By successive
use of the triangle-inequality, this expression is less than A| + A;, where

Ai= Y (A1) + Aia(v) + Ai3(v)

velr,;
with
1/p
A1) = (/ /Rk*l /RX<5,')3¢-5T\51‘ (TT(S)’I(u+ﬁr(v.5)))Xj(S)X3£T ®e' dsdudk(é)) .
d
1 1/p
Aj2(v) = /Sd /kal /RX(S,-)3C5T (er )™ (u+ﬁr(v,s)))X(loganT\(logl)ET () xBey €€ dsdudk(é)) .

1/p
Ai3) = ( , /RH /Rm,.)MT (e 7w+ Br (v, )1 ) XBep\B(E) € dsdudK(E)) :

Since

Lebg—1 (z7(5)((Si)3c\Si)) < &

uniformly over s € J and sufficiently large 7', we conclude that A; 1 (v) < 8;/ P

uniformly over v. Also since
Lebg—1 (27 (s)(Si)3ee) < 1
uniformly over s € J and sufficiently large T, and
Leb; ((log I)2:\(log 1)) < & and k(B:\B) < ¢,
we deduce that A; 2(v) + 4;3(v) K 8;«/ P uniformly on v. Therefore,
Ixar = Frl|» < (10711 +10721) ey " < Vol(Qr) e/
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Hence, when er = Vol(Q7)™" with n > p/2, we have |[xo, — FrllLr =
o(Vol(Q7)'/?). o

4.5.3 Construction of the maps hr ; (assumption (ll.c))

Let us now turn to the construction of the maps A7 ; satisfying the condition (IL.c).
We recall that 27 ; should be non-negative Borel functions on RY x v T.i satisfying

fr.i(aBr@, )z, y) < hr,i(a(Br®)z, y)

forallv € ér,i, z € RY, and y € Y7 ;. Moreover, we arrange that the supports the
functions x +— hr ;(x, y) lie in a fixed compact set, independent of y € Yr, and

Supf ht.,i(z, y)dir (y) < oo.
z,T JYT

We shall use the coordinate system (4.4). Then in view of (4.30), it is sufficient to
construct non-negative Borel functions g7 ; on (Rk’] x R x Sg) x Yr such that

fri(@+Br@,y),s,8),y) < Zri(w+Brw),s, ), y), (4.33)

forallv e éT’,- and (u, s, &) € R R x Sq and y € Y7, whose supports lie in a
set I x Y7 ;, with a fixed compact K C RF-T R x S4, and such that

sup /?T,i((u,s,f),y)dkr(y)<00-
(u,s,&),T JYT

Indeed, if such maps have been constructed, we can simply set hp ; = g7; o w. We
recall from (4.27) that

I (W, 5,8), ) = Vier (01 ()™ 1) pey (5 — ¥) e (6,

where ; ¢, satisfies
X(Seey = Vier = X(S2eep -
By Lemma 4.8(ii), there is a compact set Dy C R¥~! such that
Br(v,y) — ,Er(v) € Dy, forallv e Qr,i, y € Yr, andT > Top(J).

Furthermore, by the construction of the map 77 in (4.11), there exists a compact set
D c R¥=1 guch that

T (s)((Si)zch — Do) C D, foralls € Jand sufficently largeT .
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Hence, foralls € J,u e RF-1 y e ér,,-, y € Yr, and sufficiently large 7T,

Vier (717 @+ Br@, ) = K500, (717 @+ Br) + Brv. ) = Brn)
< XS0y ~Do (T ®) 7w+ Fr)

< xp+ Br)).
Let us now define
27.i((u,5.8).y) := xpW) per (s — y) ey (§).

Then the estimate (4.33) clearly holds. Furthermore,
/y gr,i((u,s, &), y)drr(y) < /J XD Wper (s = ) Vep (€) dy < XD W)y, () XBs, (6),
T,i
which is clearly compactly supported and bounded, uniformly in 7.

4.6 Estimation of the function norms
In order to apply our general result from the previous section (Theorem 3.19), We
have to estimate the norms of the functions fr ;, specifically, the quantities M7 and

My, defined in (3.2)~(3.3).

Lemma 4.12 For the functions fr ; defined in (4.30),
Mr < 8;1 and Mr 4 < s;r"

withrg > 0.
Proof We use that fr (-, y) = fT,,-(-, y) o r, and the maps f~T,l-(-, y) are supported
in a fixed compact subset of RF~! x R x Sq4, which is independent of y € Y7 ;. Then

the restrictions to this compact set of all partial derivatives of the map  are uniformly
bounded. Therefore, it is sufficient to estimate

M7 = max / | fr.iCo 0| codrr.i(y) and My g == max sup | fr.i¢. )| o
i Jyy b oyierr

We recall from (4.27) that
F1.i (G, 5.8), ¥) = Yoy (7 ()™ ) ey (s — ¥) Dy ().
According to (4.20), (4.19), and (4.21),
IWierlico <1, llpepllco K er's 10epllco < L.
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Hence, we conclude that || fT,i(', y) ||C0 Lép ! This proves the first estimate. Using

additionally (4.22), we conclude that also H ﬁ’i(~, y) || ce K e;rq for some r; > 0,
which implies the second estimate. O

4.7 Proof of Theorem 1.3

Let us now summarize what we have done in this technical section. The aim has been
to produce smooth approximations Fr for the indicator functions xgq, to which the
arguments of Sect. 3 apply. These approximations are given explicitly in (4.32). They
are integrals of varying averages which are fibered over the finite measure spaces

(7. k) = ((og e Leb laog ., ) -

These averages are constructed using finite subsets ér’i and Q7 ;(y) of Rk=1 defined
in (4.14) and (4.15), and Borel maps Bt : Ry, — R andET (R AT
defined in (4.13). The approximations Fr depend on a choice of a parameter e7, which
we take e7 = Vol(27)~" for some 1 > 0. In order for these approximations to be
useful for us, we arrange that

Ixer = Frll o =0 (VOI(QT)I/Z) asT — oo, forp=1,2. (4.34)

According to Lemma 4.11, one can take n > 1. Then (4.34) holds. The averages are
further made up by Borel functions f7; : RY x Y7 — [0, 00), which are defined in
(4.27) and (4.30). These functions are smooth in the first variable, but unbounded as
T — oo. They are however "bounded on average", in the sense that there are Borel
functions At ; : R? x Y7 — [0, 00) defined in Sect. 4.5.3. Ultimately, this provides
the framework outlined in (I.a)—(I.c) and (I.a)—(II.c) from Sect. 3, so that we can apply
Theorem 3.19 with V7 = Vol(27). The conditions on the norms M7 and Mt 4, have
been verified in Lemma 4.12 with 8p = n > 1. We recall that the limit

. —1/2 ||~ ~
o= lim V, / xXQr —/ Xordp .
T—o00 X L2(X)

has been computed in Corollary 4.5. In view of (4.34), it follows from Corollary 4.4
that

||igr — Fr ||L1,(X) = o(VTl/z) asT — oo, forp=1,2. (4.35)

Hence, we conclude that also

. —-1/2
1 V.
T1—>moo r

= 0.

E—/Em
X L2(X)

Now we have verified all the assumptions of Theorem 3.19.
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We conclude that the functions VT_ l/ 2(I?T — f X fT d M) converge in distribution to
the Normal Law with variance o when d > 4(1 + n) with some 1 > 1, namely, when
d > 9. Because of (4.35), the functions

v, <Yszr (A) —f ?szrdﬂ) = VT_1/2(|A Nl - VOI(QT))
X

also converge in distribution to the same limit.
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