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Abstract: For q ∈ R, |q| < 1 we consider the universal enveloping C∗-algebra of a
∗-algebra of q-canonical commutation relations (q-CCR), which is generated by
a1, . . . , an subject to the relations

a∗
i a j = δi j1 + qa ja

∗
i .

It has a distinguished representationπF called the Fock representation, which is believed
to be faithful. In this article we denote the image of the universal enveloping C∗-algebra
of q-CCR in the Fock representation by �n,q . The question whether C∗-isomorphism
�n,q � �n,0 holds has been considered in the literature and proved for |q| < 0.44. In
this article we show that �n,q � �n,0 for |q| < 1.
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1. Introduction

A broad class of operator algebras studied in the literature are universal enveloping
C∗-algebras of ∗-algebras defined by polynomial relations:

C(V (p)) = C[x1, . . . , xn, x∗
1 , . . . , x

∗
n ]/(pα(x1, . . . , xn, x

∗
1 , . . . , x

∗
n ) = 0)α∈I ,

where the variables do not commute. Such ∗-algebras are objects of study of noncom-
mutative algebraic geometry. If C(V (p)) has bounded ∗-representations on a Hilbert
space, one can consider the universal enveloping C∗-algebra of “continuous functions
on the noncommutative algebraic variety V (p)”:

C(V (p)) = C∗(C(V (p))).

This C∗-algebra encodes “topology” of the corresponding noncommutative variety.
Unfortunately, up to a restricted knowledge of the author, there has been not so many
examples of interplay between noncommutative algebraic geometry and operator alge-
bras. Thus the author wishes to highlight the possibility of such point of view on C∗-
algebras generated by generators and relations. In this paper we will consider a special
class of “quadratic noncommutative curves” calledWick algebras. We will be interested
in the “topological uniformization” of such noncommutative quadrics, i.e. in classifica-
tion of C(V (p)) up to C∗-isomorphism for a certain class of quadratic noncommutative
polynomials p.

Wick algebras have originated not fromalgebraic geometry, but from the study of non-
classical models of mathematical physics, quantum group theory and noncommutative
probability (see e.g., [2,8,10,13,16,19,27,28,30,31,34,35,40]), which gave rise to a
number of papers on operator algebras generated by various deformed commutation
relations [3,25,29], which areC∗-algebras of noncommutative algebraic varieties. They
include deformations of canonical commutation relations of quantum mechanics, some
quantum groups and quantum homogeneous spaces, see e.g., [15,26,37,38].

Also Wick algebras can be considered as deformations of Cuntz–Toeplitz algebras,
see [7,11,17,18,22,23]. This point of view will be considered in this article. Below we
give more details.

Let us formally defineWick algebras. Theywere defined in [22]. For {T kl
i j , i, j, k, l =

1, n} ⊂ C, T kl
i j = T

lk
ji , the Wick algebra W (T ) is the ∗-algebra generated by elements

a j , a∗
j , j = 1, n subject to the relations

a∗
i a j = δi j1 +

n∑

k,l=1

T kl
i j ala

∗
k .

It depends [22] on the so called operator of coefficients T , given as follows. LetH = C
n

and e1, …, en be the standard orthonormal basis, then

T : H⊗2 → H⊗2, T (ek ⊗ el) =
d∑

i, j=1

T l j
ik ei ⊗ e j .

It is a non-trivial and central problem in the theory ofWick algebras to determinewhether
a Fock representation πF of a Wick algebra exists, see [3,20,22]. Fock representation is
determined uniquely up to a unitary equivalence by the following property: there exists
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a cyclic vector � such that πF (a∗
i )(�) = 0 for i = 1, . . . , n. The problem of existence

and uniqueness of πF was studied in [2,13,40] and in [22] for a more general class of
Wick algebras. For some sufficient conditions it exists, for example if T is braided, i.e.,
(1⊗T )(T ⊗1)(1⊗T ) = (T ⊗1)(1⊗T )(1⊗T ), and if ‖T ‖ ≤ 1; moreover, if ‖T ‖ < 1
then πF is a bounded faithful representation of W (T ).

Another important question concerns the stability of isomorphism classes of the
universal C∗-envelope W(T ) = C∗(W (T )). It was conjectured in [21]:

Conjecture 1.1. If T is self-adjoint, braided and ||T || < 1, then W(T ) � W(0).

In particular, the authors of [21] have shown that the conjecture holds for the case
||T || <

√
2 − 1, for more results on the subject see [11,24].

In the case T = 0 and n = dimH = 1, theWick algebraW (0) is generated by a single
isometry s, its universalC∗-algebra exists and is isomorphic to theC∗-algebra generated
by the unilateral shift, and the Fock representation is faithful. The ideal I in E , generated
by 1 − ss∗ is isomorphic to the algebra of compact operators and E/I � C(S1), see
[6]. When n ≥ 2, the enveloping universal C∗-algebra exists and it is called the Cuntz–
Toeplitz agebra KOn . It is isomorphic to C∗(πF (W (0))), so the Fock representation of
KOn is faithful, see [7]. Furthermore, the ideal generated by 1−∑n

j=1 s j s
∗
j is the unique

largest ideal in KOn . It is isomorphic to the algebra of compact operators on Fn . The
quotient KOn/K is called the Cuntz algebra On . It is nuclear (as well as KOn), simple
and purely infinite, see [7] for more details.

AmongWick algebras, considerable attention has been paid to the study of so-called
q-CCR introduced by M. Bozejko and R. Speicher, see [2] which as a Wick algebra
corresponds to the operator T (x ⊗ y) = qy ⊗ x . Assume that q ∈ R, |q| < 1 . Define
q-CCR to be a ∗-algebra generated by elements ai , a∗

i , i = 1, . . . , n, satisfying the
following relations:

a∗
i a j = δi j + qa ja

∗
i .

It is a deformation of ∗-algebras of the classical commutation relations in the sense that in
the Fock realisation, the limiting cases q = 1 and q = −1 correspond to ∗-algebras of the
canonical commutation relations (CCR) and the canonical anti-commutation relations
(CAR) respectively.

It can easily be verified that in any ∗-representation π of the ∗-algebra q-CCR by
bounded operators one has

‖π(ai )‖ ≤ 1√
1 − |q| , i = 1, . . . , n.

Hence, there exists a universal enveloping C∗-algebra associated to q-CCR. We denote
it’s image in the Fock representation by �n,q . See more about the Fock representation
in [1].

Let us formulate the main result of this article:

Theorem 1.2. Let |q| < 1, then

�n,q � �n,0 � KOn .

Returning to the point of view of noncommutative algebraic geometry, this result
can metaphorically be considered as a topological uniformization of noncommuta-
tive quadrics. For commutative quadrics there are three families: parabolas, hyperbo-
las and ellipses. For the subclass of noncommutative quadrics given by q-CCR, we
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therefore have either “elliptic” Cuntz–Toeplitz algebra, “paraboli” fermionic algebra
and“hyperbolic” bosonic algebra.

Many authors were interested in the study of theC∗-algebra generated by operators of
the Fock representation of q-CCR. Namely, Dykema and Nica [11] proved that �n,q �
KOn for |q| < 0.44 which is slightly larger than

√
2 − 1 - result of [22]. Also an

embedding of KOn into �n,q was constructed for |q| < 1.
Later M. Kennedy in [24] showed existence of an embedding of �n,q into KOn and

proved that �n,q is an exact C∗-algebra.
Let us stress out that results concerning �n,q cannot be automatically lifted to the

universalC∗-algebra since at the moment we do not knowwhether or not πF is a faithful
∗-representation ofC∗(q-CCR) for any |q| < 1. However πF is a faithful representation
of q-CCR, i.e. it is faithful on the ∗-algebraic level.

2. Setup

Let q ∈ R, |q| < 1 and n ∈ N. In this sectionwewill defineC∗-algebras to be considered
in the article, the Fock representation, auxiliary operators, state and prove basic structural
facts about the algebras.

Definition 2.1 (q-deformed Fock space). Let F = ⊕∞
k=0(C

n)⊗k be a linear space.
Endow it with the following inner product, see [2,11]

〈ξ1 ⊗ . . . ⊗ ξk, η1 ⊗ . . . ⊗ ηk〉q =
∑

σ∈Sk
q inv(σ )〈ξσ1 , η1〉 . . . 〈ξσk , ηk〉.

The pair (Fq , 〈·, ·〉) is called the q-deformed Fock space. We denote Fq
k to be the k-th

component of Fq . Put � to be the unit vector in Fq
0 and call it vacuum vector.

Definition 2.2 (Creation operators). Let e1, . . . , en be an orthonormal basis in C
n .

Define

Lq
i : Fq → Fq , Lq

i (ξ) := ei ⊗ ξ.

Rq
i : Fq → Fq , Rq

i (ξ) := ξ ⊗ ei .

These operators are called correspondingly left and right creation operators

Definition 2.3 (Annihilation operators). With respect to the q-inner product on the q-
deformed Fock space the adjoints to left and right creation operators have the following
form

(Lq
i )

∗ : Fq → Fq , (Lq
i )

∗(ei1 ⊗ . . . ⊗ eik )=
k∑

m=1

qm−1δi im ei1 ⊗ . . . ⊗ êim ⊗ . . . ⊗ eik ,

(Rq
i )∗ : Fq → Fq , (Rq

i )∗(ei1 ⊗ . . . ⊗ eik )=
k∑

m=1

qk−mδi im ei1 ⊗ . . . ⊗ êim ⊗ . . . ⊗ eik ,

where by ·̂ we mean that the tensor is missed. We call (Lq
i )

∗, (Rq
i )∗ left and right

annihilation operators.
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Definition 2.4 (Fock representation). Define π L
F and π R

F to be the left and right Fock
representations of the ∗-algebra of q-CCR and define them to be

π L
F (ai ) = Lq

i , π R
F (ai ) = Rq

i , i = 1, . . . , n.

Definition 2.5 (C∗-algebra of the q-CCR in the Fock representation). We call�L
q ,�

R
q to

be the image of the universal enveloping C∗-algebra of q-CCR in π L
F , π

R
F respectively.

In other words,

�
L
q = C∗(Lq

1 , . . . , L
q
n),

�
R
q = C∗(Rq

1 , . . . , Rq
n ).

We will also use a compound version

�
L ,R
q = C∗(Lq

1 , . . . , L
q
n , R

q
1 , . . . , Rq

n ).

Definition 2.6 (Tensor-reverse operator). The following operator on Fq we call tensor-
reverse operator

Jq : Fq → Fq , Jq(ξ1 ⊗ . . . ⊗ ξk) := ξk ⊗ . . . ⊗ ξ1.

It can be seen that Jq is unitary, see [24].

It is easy to check that C∗-algebras �
L
q and �

R
q are C∗-isomorphic with isomorphism

given by Ad(Jq). Indeed, Jq Lq
i J

q = Rq
i . Thus when there is no need to distinguish �

L
q

and �
R
q we will simply write �n,q . Another consequence of the fact that Jq L

q
i J

q = Rq
i

is that Ad(Jq) is an automorphism of �
L ,R
n,q .

Definition 2.7 (Particle number operator). We define operators called particle number
operator

ρL =
n∑

i=1

Lq
i (L

q
i )

∗, ρR =
n∑

i=1

Rq
i (Rq

i )∗.

Their action on tensors are given by

ρL(ei1 ⊗ . . . ⊗ eim ) =
n∑

k=1

qk−1ei1 ⊗ . . . êik . . . ⊗ eim .

ρR(ei1 ⊗ . . . ⊗ eim ) =
n∑

k=1

qm−kei1 ⊗ . . . êik . . . ⊗ eim .

Definition 2.8 (Gauge action on �
L
n,q , �

R
n,q ). Let z ∈ T. Consider operators (Lq

i )
′ =

zLq
i . Then (Lq

1)
′, . . . , (Lq

n)
′ satisfy q-commutation relations and ((Lq

i )
′)∗(�) = 0, so

by the uniqueness of the Fock representation, there exists a unitary Uz which inter-
twines (Lq

i )
′ and Lq

i . The same unitary intertwines Rq
i and zRq

i . Thus we can define the

following action γ of the torus T on �
L ,R
n,q :

γz(x) = UzxU
∗
z ,
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which acts on generators by

γz(L
q
i ) = z · Lq

i , γz(R
q
i ) = z · Rq

i .

The action γ induces actions of T on �
q
L and �

q
R by

z � Lq
i = γz(L

q
i ), z � Rq

i = γz(R
q
i ).

Definition 2.9 (Fixed point C∗-subalgebra). We denote

�
T

n,q = {x ∈ �n,q : z � x = x, z ∈ T},
(�L ,R

n,q )T = {x ∈ �
L ,R
n,q : z � x = x, z ∈ T}.

Proposition 2.10 (Orthogonal projections onto the vacuumvector). The orthogonal pro-
jection P� onto Fq

0 belong both to �
L
n,q and �

R
n,q .

Proof. ByLemma4.1 of [11], ker ρL = ker ρR = Fq
0 = 〈�〉 and there existC1, C2 > 0

independent of m > 0, such that

C11�L
n,q

< (ρL)|Fq
m

< C21�L
n,q

, m ∈ N (1)

C11�R
n,q

< (ρR)|Fq
m

< C21�R
n,q

, m ∈ N (2)

In particular (1, 2) implies that 0 is an isolated point in the spectrum of ρL and ρR , hence
the spectral projection EρL (0) = EρR (0) = PFq

0
is contained in �

L
n,q and �

R
n,q . ��

Proposition 2.11 (Invariance of the ideal of compact operators). The ideal of compact
operators K(Fq) is contained both in �

L
n,q and �

R
n,q . Moreover, it is invariant under the

action of T.

Proof. The orthogonal projection P� is a compact operator and belongs to both �
L
n,q

and �
R
n,q . Both �

L
n,q and �

R
n,q are irreducible C

∗-subalgebras of B(Fq), so by Corollary
I.10.4 of [9], the whole ideal of compact operators is contained in �

L
n,q , �

R
n,q .

Since the action ofT is implemented by conjugationwith a unitary,K(Fq ) is invariant
being an ideal in both �

L
n,q and �

R
n,q . ��

Definition 2.12 (Quotient of q-CCR). We denote �
L
n,q = �

L
n,q/K(Fq), �

R
n,q =

�
R
n,q/K(Fq), �

L ,R
n,q = �

L ,R
n,q /K(Fq). When there is no need to distinguish �

L
n,q and

�
R
n,q we will simply write �n,q .

Definition 2.13 (Gauge action on �
L
n,q , �

R
n,q ). Since the ideal of compact operators is

T-invariant, the action of T descends to �
L
n,q and �

R
n,q .

Proposition 2.14 (Theorem4.3of [11]). There is aT-equivariant inclusionKOn ⊂ �
L
n,q

and KOn ⊂ �
R
n,q . Moreover, these inclusions are implemented by conjugation with the

same unitary U : F0 → Fq .

Proposition 2.15 (Theorem of [24]). There is an inclusion �
L
n,q ⊂ KOn and �

R
n,q ⊂

KOn. Moreover, these inclusions are implemented by conjugation with the same unitary
Uopp : Fq → F0.
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These propositions are reformulations of the corresponding Theorems in [11] and
[24]. T-equivariance follows from the fact that U conjugates generators s1, . . . sn of
KOn into operators of the form Ra1, . . . , Ran with R beingT-equivariant and a1, . . . , an
generators of �n,q .

In both cases the ideal of compact operators is mapped into the ideal of compact oper-
ators because the inclusion is given by conjugation with a unitary. Moreover, since the
quotient map�n,q → �n,q isT-equivariant, we can conclude the following Propositions

Corollary 2.16. There is a T-equivariant inclusion On ⊂ �n,q .

Corollary 2.17. There is an inclusion �n,q ⊂ On

3. Description of the Approach

3.1. Step 1, Approximation of flip: �
T
n,q � �

T

n,0.

Definition 3.1. Let A be a C∗-algebra. Consider an automorphism σ of A⊗min A given
by σ(a ⊗ b) = b ⊗ a. A has approximately inner flip if there is a sequence u1, u2, . . .
of unitaries in A ⊗min A such that for each x ∈ A ⊗min A

lim
k→∞‖ukxu∗

k − σ(x)‖ = 0.

Let Un∞ be the uniformly hyperfinite algebra of type n∞.

Theorem 3.2 ([12], Theorem 5.1). Let A be a unital C∗-algebra. Then A � Un∞ iff

(1) A has approximately inner flip.
(2) A has an asymptotic imbedding in Un∞ .
(3) A � A ⊗ Un∞ .

In order to prove that �
T
n,q � �

T

n,0 we show that �
T
n,q satisfies conditions of Theo-

rem 3.2, thus �
T
n,q � Un∞ .

3.2. Step 2, Crossed product by an endomorphism: �n,q � �
T
n,q � N. There are differ-

ent models for a crossed product by endomorphism: Doplicher, Stacey, Murphy, Exel,
Paschke, Kwasniewski gave their different visions on it. Under certain conditions these
models coincide.

Definition 3.3. Let A be a C∗-algebra and S be a nonunitary isometry in B(H) such that
SAS∗ ⊂ A and S∗AS ⊂ A. Then C∗(A, S) is called crossed product of A by S in the
sense of Paschke.

We will need to use results for the Stacey crossed product by endomorphism, so we
state a result which ensures that the Paschke crossed product is isomorphic to the Stacey
crossed product.

Proposition 3.4 ([32], Example 1.19). Let A be a C∗-algebra with faithful trace and
S be a nonunitary isometry such that SAS∗ ⊂ A and S∗AS ⊂ A. Suppose there are
no nontrivial ideals I in A such that S I S∗ ⊂ I or S∗ I S ⊂ I . Define endomorphism
β of A to be β(a) = SaS∗. Then the Stacey crossed product A �β N is isomorphic
to the Paschke crossed product C∗(A, S). Moreover, the crossed product is a simple
C∗-algebra.

Using Proposition 3.4 we prove that�n,q is isomorphic to the Stacey crossed product
of �

T
n,q by an endomorphism.
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3.3. Step 3, Kirchberg–Philips classification: �n,q � �n,0.

Theorem 3.5 ([32], Theorem 3.6). Let A be a unital non-type I C∗-algebra of real rank
zero that has strict comparison, let β be an injective endomorphism of A such that
β(1) �= 1 and β(A) is a hereditary sub-C∗-algebra of A. If the Stacey crossed product
A�β N is simple and β(1) is a full projection of A, then A�β N is purely infinite simple
C∗-algebra.

We use Theorem 3.5 to show that �n,q is nuclear purely infinite simple C∗-algebra
which satisfy Universal Coefficient Theorem.

Theorem 3.6 ([33], Theorem 4.2.4). Let A and B be separable nuclear unital purely
infinite simple C∗-algebras which satisfy Universal Coefficient Theorem, and suppose
that there exists a graded isomorphism α : K∗(A) → K∗(B) such that α([1A]) = [1B].
Then A � B.

We compute K-theory of �n,q and use Theorem 3.6 to show that �n,q � �n,0.

3.4. Step 4, Gabe–Ruiz classification of unital extensions: �n,q � �n,0. Consider two
six-term exact sequences

xi :
Hi
0 Li

0 Gi
0

Hi
1 Li

1 Gi
1

with distinguished elements xi ∈ Li
0, yi ∈ Gi

0 for i = 1, 2. A homomorphism
(ψ∗, ρ∗, φ∗) : x1 → x2 of six-term exact sequences consists of

ψ∗ : H1∗ → H2∗ , ρ∗ : L1∗ → L2∗,

making the diagram commute and such that ρ0(x1) = x2, φ0(y1) = y2.

Definition 3.7. For an extension

E : 0 → B → E → A → 0

of unital C∗-algebras we let Ku
six (E) denote the six-term exact sequence in K-theory

with distinguished elements [1E ] ∈ K0(E) and 1A ∈ K0(A). By K +,u
si x (E) we mean the

six-term exact sequence in K-theory with order in all K0-groups.

Theorem 3.8 (Proposition 5.9, [14]). Let

Ei : 0 → Bi → Ei → Ai → 0

be unital extensions of C∗-algebras for i = 1, 2 such that A1, A2 is a unital UCT
Kirchberg algebra and B1, B2 is a stable AF algebra. Then E1 � E2 iff K +,u

si x (E1) �
K +,u
si x (E2).
Since �n,q fits into short exact sequence

0 → K → �n,q → �n,q � On → 0,

Theorem 3.8 will be used to show that �n,q � �n,0.



CCR and CAR Algebras are Connected Via a Path of Cuntz–Toeplitz Algebras 1631

4. Approximation of Flip

In this section we will show that �
T
n,q has flip approximation property. In order to

comfortably make computations in �
T
n,q ⊗min �

T
n,q , we will use a spatial model for a

tensor product - it will be (�
L ,R
n,q )T.

Lemma 4.1 (Lemma 3.1, [36]).

[(Lq
i )

∗, Rq
j ]|Fq

n
= δi j q

n idFq
n
.

In particular, [�L
n,q , �

R
n,q ] ⊂ K(Fq).

Corollary 4.2.

[�L
n,q , �

R
n,q ] = {0}.

Lemma 4.3. Inclusion of the algebraic tensor product �
L
n,q � �

R
n,q ↪→ �

L ,R
n,q defined on

elementary tensors by l ⊗ r �→ lr is an injective ∗-homomorphism.
Proof. The inclusion is a ∗-homomorphism because �

L
n,q ↪→ �

L ,R
n,q commutes with

�
R
n,q ↪→ �

L ,R
n,q by Lemma 4.2.

In order to prove that the inclusion is injective, consider embedding

ι : �
L ,R
n,q ↪→ �

L ,R
n,0 ⊂ B(F0)/K(F0).

Notice that �L ,R
n,0 � �

L
n,0 ⊗�

R
n,0 and the inclusion ι has property ι(�L

n,q) ⊂ �
L
n,0 ⊗1 and

ι(�R
n,q) ⊂ 1 ⊗ �

R
n,0.

Every element of �
L
n,q � �

R
n,q can be written as

∑d
i=1 li ⊗ ri with l1, . . . , ld linearly

independent. Assume that
∑d

i=1 li ri = 0 ∈ �
L ,R
n,q . Then

ι(

d∑

i=1

li ri ) =
d∑

i=1

ι(li ) ⊗ ι(ri ) = 0 ∈ �
L
n,0 ⊗ �

R
n,0.

Since ι(l1), . . . , ι(ld) are also linearly independent, we conclude that ι(r1) = . . . =
ι(rd) = 0. By injectivity of ι we conclude r1 = . . . = rd = 0 and

∑d
i=1 li ⊗ ri = 0. ��

Lemma 4.4. For some C∗-completion α on �
L
q � �

R
q ,

(�L ,R
q ,Ad(Jq )) �Z/2Z (�L

n,q ⊗α �
R
n,q , σ ◦ (Ad(Jq ) ⊗α Ad(Jq ))) �Z/2Z (�n,q ⊗α �n,q , σ ).

Proof. Make �
L
n,q � �

R
n,q into a normed space by postulating that the injection ι from

Lemma 4.3 is an isometry. This norm is a C∗-norm on a tensor product, thus completion
of �

L
n,q � �

R
n,q makes it into a C∗-algebra �

L
n,q ⊗α �

R
n,q . Since expressions of the form∑d

i=1 li ri are dense in �
L ,R
n,q , ι : �

L
n,q ⊗α �

R
n,q → �

L ,R
n,q becomes surjective. Extensions

of isometries to a completion preserve injectivity. Moreover,

ι(σ (Jql Jq ⊗ Jqr Jq )) = ι(Jqr Jq ⊗ Jql Jq ) = Jqrl Jq = Jqlr Jq = Ad(Jq )(ι(l ⊗ r)).

��
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Definition 4.5. Let x ∈ B(Fq). Denote 1 ⊗ x, x ⊗ 1 ∈ B(Fq) as follows:

(1 ⊗ x)(�) = 0, (x ⊗ 1)(�) = 0,

(1 ⊗ x)(ξ) = ξ ⊗ x(�), (x ⊗ 1)(ξ) = x(�) ⊗ ξ,

(1 ⊗ x)(ξ1 ⊗ . . . ⊗ ξn+1) = ξ1 ⊗ x(ξ2 ⊗ . . . ⊗ xn+1),

(x ⊗ 1)(ξ1 ⊗ . . . ⊗ ξn+1) = x(ξ1 ⊗ . . . ⊗ ξn) ⊗ ξn+1.

In what follows we will use such notation:

• π : B(Fq) → B(Fq)/K(Fq).
• Jqk := 1⊗k ⊗ Jq ⊗ 1⊗k ∈ B(Fq).
• Uk := Jq Jqk = Jqk J

q ∈ B(Fq).
• Uk = Vk |Uk | = |Uk |−1V ∗

k - polar decomposition.
• jqk = π(Jqk ) ∈ B(Fq)/K(Fq).
• uk := π(Uk) ∈ B(Fq)/K(Fq).
• vk := π(Vk) ∈ B(Fq)/K(Fq).

Lemma 4.6. Let x ∈ B(Fq). Then

• (1 ⊗ x)Lq
i = Lq

i x,
• (x ⊗ 1)Rq

i = Rq
i x.

Proof.

(1 ⊗ x)Lq
i (ξ) = (1 ⊗ x)(ei ⊗ ξ) = ei ⊗ x(ξ) = Lq

i (x(ξ)).

(x ⊗ 1)Rq
i (ξ) = (x ⊗ 1)(ξ ⊗ ei ) = x(ξ) ⊗ ei = Rq

i (x(ξ)).

��
Lemma 4.7. If x ∈ �

L ,R
q then 1 ⊗ x ∈ �

L ,R
q and x ⊗ 1 ∈ �

L ,R
q .

If x ∈ �
L
n,q then 1 ⊗ x ∈ �

L
n,q .

If x ∈ �
R
n,q then x ⊗ 1 ∈ �

R
n,q .

Proof. Let ρ+
L , ρ

+
R be inverses of ρL , ρR outside ofFq

0 . In other words, ρLρ+
L = ρ+

LρL =
ρ+
RρR = ρRρ+

R = 1 − P�.

n∑

i=1

Lq
i x(L

q
i )

∗ =
n∑

i=1

(1 ⊗ x)Lq
i (L

q
i )

∗ = (1 ⊗ x)ρL ,

(1 ⊗ x) = (1 ⊗ x)(1 − P�) = (1 ⊗ x)ρLρ+
L =

n∑

i=1

Lq
i x(L

q
i )

∗ρ+
L ∈ �

L ,R
q .

n∑

i=1

Rq
i x(R

q
i )∗ =

n∑

i=1

(x ⊗ 1)Rq
i (Rq

i )∗ = (x ⊗ 1)ρR,

(x ⊗ 1) = (x ⊗ 1)(1 − P�) = (x ⊗ 1)ρRρ+
R =

n∑

i=1

Rq
i x(R

q
i )∗ρ+

R ∈ �
L ,R
q .

��
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Lemma 4.8. uk ∈ �
L ,R
q .

Proof. We prove that Jqk = Jq Ak for some Ak ∈ �
L ,R
q :

Jqk =
n∑

i=1

Lq
i (J

q
k−1 ⊗ 1)(Lq

i )
∗ρ+

L

=
n∑

i=1

n∑

j=1

Lq
i R

q
j J

q
k−1(R

q
j )

∗ρ+
R(Lq

i )
∗ρ+

L

=
n∑

i=1

n∑

j=1

Lq
i R

q
j J

q Ak−1(R
q
j )

∗ρ+
R(Lq

i )
∗ρ+

L

= Jq
n∑

i=1

n∑

j=1

Rq
i L

q
j Ak−1(R

q
j )

∗ρ+
R(Lq

i )
∗ρ+

L .

Thus

uk = π(Jq Jqk ) = π(Ak) ∈ �
q
L ,R .

��
Lemma 4.9. Let x ∈ B(Fq). Then for every k one has

‖1⊗k ⊗ x ⊗ 1⊗k‖ < Cx .

Proof.

SOT
lim
k→∞(1⊗k ⊗ x ⊗ 1⊗k) = 0,

thus by Banach-Steinhaus theorem supk∈N‖1⊗k ⊗ x ⊗ 1⊗k‖ < Cx . ��
Lemma 4.10. C∗(1, Lq

i (L
q
j )

∗, i, j = 1 . . . n) = (�L
q )T.

Proof. Proof is by induction. Let |μ| = |σ | = k + 1. Then

Lq
μ(Lq

σ )∗ = Lq
μ1...k

Lq
μk+1

(Lq
σ1...k

)∗(Lq
σ1

)∗ ∈
∈ (Lq

μ1...k
(Lq

σ1...k
)∗)(Lq

μk+1
(Lq

σ1
)∗) + span{Lq

α(Lq
β)∗, |α| = |β| = k}.

��
Lemma 4.11. For every x ∈ (�

L ,R
q )T one has limk→∞[ jqk , x] = 0.

Proof. Suppose limk→∞[ jqk , x] = 0 and limk→∞[ jqk , y] = 0. Then

lim
k→∞[ jqk , xy] = lim

k→∞ x[ jqk , y] + lim
k→∞[ jqk , x]y = 0,

lim
k→∞[ jqk , x + y] = 0

Suppose limk→∞[ jqk , x] = 0. Then

lim
k→∞[ jqk , jq x jq ] = lim

k→∞ jq [ jqk , x] jq = 0,
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lim
k→∞[ jqk , x∗] = 0.

Since (�
L ,R
n,q )T = C∗((�L

n,q)
T, (�R

n,q)
T) and jq(�L

n,q)
T jq = (�R

n,q)
T, it is enough

to prove the Lemma for x being generators of (�L
n,q)

T, which by Lemma 4.10 are
π(Lq

i )π(Lq
j )

∗.

Lq
i (L

q
j )

∗ Jqk (ξi1 . . . ξiM ) =
k∑

l=1

ql−1δ j,il ei ξi1 . . . ξ̂il . . . ξik ξiM−k . . . ξik+1ξiM−k+1 . . . ξiM

+
M−k∑

l=k+1

qM−lδ j,il ei ξi1 . . . ξik ξiM−k . . . ξ̂il . . . ξik+1ξiM−k+1 . . . ξiM

+
M∑

l=M−k+1

ql−1δ j,il ei ξi1 . . . ξik ξiM−k . . . ξik+1ξiM−k+1 . . . ξ̂il . . . ξiM .

Jqk L
q
i (L

q
j )

∗(ξi1 . . . ξiM ) =
k∑

l=1

ql−1δ j,il ei ξi1 . . . ξ̂il . . . ξik ξiM−k . . . ξik+1ξiM−k+1 . . . ξiM

+
M−k∑

l=k+1

ql−1δ j,il ei ξi1 . . . ξik−1ξiM−k . . . ξ̂il . . . ξik ξiM−k+1 . . . ξiM

+
M∑

l=M−k+1

ql−1δ j,il ei ξi1 . . . ξik−1ξiM−k−1 . . . ξik ξiM−k . . . ξ̂il . . . ξiM .

Thus

Lq
i (L

q
j )

∗ Jqk = Ai, j,k + qk Lq
i J

q
k (1⊗k ⊗ (Rq

j )
∗ ⊗ 1⊗k) + K1, K1 ∈ K(Fq),

Jqk L
q
i (L

q
j )

∗ = Ai, j,k + qk Jqk L
q
i (1

⊗k ⊗ (Lq
j )

∗ ⊗ 1⊗k) + K2, K2 ∈ K(Fq),

‖[ jqk , π(Lq
i )π(Lq

j )
∗]‖ ≤ qkCJq‖Lq

i ‖(C(Rq
j )

∗ + C(Lq
j )

∗) → 0.

��
Lemma 4.12. For every x ∈ (�

L ,R
q )T one has limk→∞[|uk |, x] = 0.

Proof. We use the following inequality from [24]:

‖[A 1
2 , B]‖ ≤ 5

4
‖B‖‖[A, B]‖.

Notice that u∗
kuk = ( jqk )∗ jqk .

lim
k→∞‖[(u∗

kuk)
1
2 , x]‖ ≤ 5

4
‖x‖ lim

k→∞‖[( jqk )∗ jk, x]‖

= 5

4
‖x‖ lim

k→∞‖( jqk )∗[ jqk , x] + [( jqk )∗, x] jqk ‖

≤ 5

2
‖x‖‖ jqk ‖ lim

k→∞‖[ jqk , x]‖

≤ 5

2
CJq‖x‖‖ jq‖ lim

k→∞‖[ jqk , x]‖ = 0.

��



CCR and CAR Algebras are Connected Via a Path of Cuntz–Toeplitz Algebras 1635

Lemma 4.13. For every x ∈ (�
L ,R
q )T one has

lim
k→∞ v∗

k xvk = jq x jq .

Proof.

lim
k→∞ v∗

k xvk = lim
k→∞ |uk |−1u∗

k xuk |uk |−1

= lim
k→∞ |uk |−1( jqk )∗ jq x jq jqk |uk |−1

= lim
k→∞ |uk |−1 jq x jq( jqk )∗ jqk |uk |−1

+ lim
k→∞ |uk |−1[( jqk )∗, jq x jq ] jqk |uk |−1

= jq x jq

+ lim
k→∞[|uk |−1, jq x jq ]|uk |

+ lim
k→∞ |uk |−1[( jqk )∗, jq x jq ] jqk |uk |−1.

Notice that for every k, ‖|uk |‖ = ‖|uk |−1‖ = ‖ jqk ‖ = ‖uk‖ < C . Thus

lim
k→∞ |uk |−1[( jqk )∗, jq x jq ] jqk |uk |−1 = 0,

lim
k→∞[|uk |−1, jq x jq ]|uk | = 0.

��
Theorem 4.14. �

T
n,q has flip approximation property.

Proof. The quotient mapping id⊗α→min : (�T
n,q ⊗α �

T
n,q , σ ) → (�T

n,q ⊗min �
T
n,q , σ )

is a Z/2Z-equivariant contraction. Thus the sequence id⊗α→min(vk) implements flip
approximation property for �

T
n,q by Lemmas 4.13 and 4.4. ��

Corollary 4.15. �
T
n,q is simple and nuclear.

5. Asymptotic Imbedding in Un∞

Theorem 5.1 ([12], Lemma 4.1). Suppose that A is a quasidiagonal unital C∗-algebra.
Then A has an asymptotic imbedding in Un∞ .

Definition 5.2. A C∗-algebra A is called RFD if there exists a sequence πn : A → Fn ,
where Fn is a finite-dimensional C∗-algebra such that

‖a‖ = sup
n

‖πn(a)‖.

Theorem 5.3 ([4], Example 3.15). Suppose that A is an RFD unital C∗-algebra. Then
A is quasidiagonal.
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Theorem 5.4. �
T
n,q is RFD.

Proof. Notice that elements of T ∈ �
T
n,q are precisely those for which T (Fq

m) ⊂ Fq
m .

Consider Ak = {T ∈ �
T
n,q : T |Fq

m
= 0, m < k}. Ak is an ideal in�

T
n,q such that�

T
n,q/Ak

is a finite-dimensional algebra. Denote πk to be the quotient map. Suppose there exists
x ∈ �

T
n,q such that x ∈ ker πk = Ak for every k. Then x ∈ ⋂∞

k=0 Ak = {0}. ��
Theorem 5.5 ([4], Proposition 8.3). Assume A is unital, nuclear and quasidiagonal, and
I is an ideal in A which has an approximate unit consisting of projections which are
quasicentral in A. Then A/I is also quasidiagonal.

Theorem 5.6. �
T
n,q is quasidiagonal.

Proof. Since the quotient mapping �n,q → �n,q is T-equivariant,

�
T

n,q � (�n,q/K(Fq))T � �
T

n,q/K(Fq).

Projections on the first k components of Fq is an approximate unit of K(Fq) which is
central in �

T
n,q . Since �

T
n,q is quasidiagonal, �

T
n,q is quasidiagonal by Theorem 5.5. ��

6. �
T

n,q � �
T

n,0

Proposition 6.1 ([39], LemmaL.1.4). Let {Ai , αi j } be a directed family (ofC∗-algebras)
where all the objects are isomorphic to an object A with isomorphisms making the
following diagram commutative

A j Ai

A

�

αi j

�

Then

lim−→(Ai , αi j ) � A.

Proposition 6.2. Let {An, αnm} and {Bn, βnm} be directed families (of C∗-algebras).
Assume there exists a sequence of isomorphisms λn : An → Bn making the following
diagram commutative

A1 A2 A3 . . .

B1 B2 B3 . . .

α1

λ1 λ2

α2

λ3

α3

β1 β2 β3

Then

lim−→(An, αnm) � lim−→(Bn, βnm).
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Lemma 6.3. �
T
n,q � Mn ⊗ �

T
n,q .

Proof. Let s1, . . . , sn be generators of On ⊂T
�n,q . Define λ : �

T
n,q → Mn(�

T
n,q)

λ(a) =
⎛

⎝
s∗
1as1 . . . s∗

1asn
. . .

s∗
nas1 . . . s∗

nasn

⎞

⎠

and λ−1

λ−1

⎛

⎝
a11 . . . a1n

. . .

an1 . . . ann

⎞

⎠ =
∑

si ai j s
∗
j .

Since the inclusion of On is T-equivariant, the maps are well-defined. ��
Let ϕ : �

T
n,q → �

T
n,q given by ϕ(a) = ∑n

i=1 si as
∗
i . Denote �

T

q to be the following
direct limit:

�
T

n,q
ϕ−→ �

T

n,q
ϕ−→ �

T

n,q
ϕ−→ . . . → �

T

q .

Theorem 6.4. �
T

q � Un∞ ⊗ �
T
n,q .

Proof. Define λ0 : �
T
n,q → �

T
n,q to be id and λn+1 : �

T
n,q → Mnk (�

T
n,q) to be (id ⊗

λn) ◦ λ. Notice that λn+1 ◦ ϕ = (1 ⊗ id) ◦ λn . The following diagram with vertical
isomorphisms commute

�
T
n,q �

T
n,q �

T
n,q . . .

�
T
n,q Mn(�

T
n,q) Mn2(�

T
n,q) . . .

ϕ

λ0

ϕ

λ1

ϕ

λ2

1⊗id 1⊗id 1⊗id

Top limit is �
T

q and bottom limit is Un∞ ⊗ �
T
n,q . ��

Theorem 6.5 ([12], Lemma 4.4). Suppose A is a direct limit of quasidiagonal C∗-
algebras. Then A is quasidiagonal.

Theorem 6.6 ([12], Corollary 2.4). Suppose A and B have an approximately inner flip.
Then A ⊗ B has an approximately inner flip.

Theorem 6.7. �
T

q � Un∞

Proof. Theorems 6.5 and 5.6 imply that �
T

q has an asymptotic embedding in Un∞ . Since

�
T
n,q and Un∞ � �

T

n,0 have approximately inner flip, Theorems 6.4 and 6.6 imply that

�
T

q has an approximately inner flip. Also Theorem 6.4 implies that

Un∞ ⊗ �
T

q � (Un∞ ⊗ Un∞) ⊗ �
T

n,q � Un∞ ⊗ �
T

n,q � �
T

q .

Thus by Theorem 3.2, �
T

q � Un∞ . ��
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Definition 6.8. Let B, A ⊂ B(H) be C∗-algebras. We say that A ⊂γ B if for every
a ∈ A such that ‖a‖ ≤ 1 there is b ∈ B such that ‖b − a‖ < γ .

Theorem 6.9 ([5], Theorem 6.10). Let A ⊂γ B, let η = 2(n +1)(2γ +γ 2)(2+2γ +γ 2),
and suppose that A is separable with nuclear dimension at most n. If η < 1/210000,
then A embeds into B. Moreover, for each finite subset X of the unit ball of A, there

exists an embedding θ : A → B with ‖θ(x) − x‖ ≤ 20γ
1
2 , x ∈ X.

Theorem 6.10. �
T
n,q is an AF-algebra.

Proof. We use the following characterization of AF-algebras: A is an AF-algebra if for
every subset {x1, . . . xn} ⊂ A and ε > 0 there exists a finite-dimensional subalgebra B
and a subset {b1, . . . , bn} ⊂ B such that ‖xi − bi‖ < ε.

Let ik : �
T
n,q → �

T

q be monomorphisms induced from the direct system. Let

{x1, . . . , xn} ⊂ �
T
n,q and ε > 0. Since �

T

q is an AF-algebra, there exists a finite-
dimensional subalgebra B and a subset {b1, . . . , bn} ⊂ B such that ‖i0(xi ) − bi‖ < η

(we can choose B to be C∗(b1, . . . , bn)). Since �
T

q is a direct limit, there exists

{a1, . . . , an} ⊂ A and k such that ‖bi − ik(ai )‖ < θ . Let ϕ : �
T

q → �
T

q be an automor-
phism induced by the following diagram:

�
T
n,q �

T
n,q �

T
n,q . . . �

T

q

�
T
n,q �

T
n,q �

T
n,q . . . �

T

q

ϕ

ϕ

ϕ

ϕ

ϕ

ϕ ϕ

ϕ ϕ ϕ

We prove that if we choose θ small enough, ϕ−k(B) ⊂η i0(�T
n,q). Notice that it is

equivalent to B ⊂η ik(�T
n,q).

Let N = dim B. Since B is finite-dimensional, there exists a set of multiindices
{μ1, . . . , μN }, where μi = (αi

1, . . . , α
i
ni ) and α j ∈ {−n, . . . ,−1, 1, . . . , n} such that

{bμ1 , . . . , bμN } is a basis of B. On B we have Frobenius inner product and Frobenius
norm. By change of basis of B via some linear operator T : B → B we can choose basis
cμi = T (bμi ) which is orthonormal with respect to the Frobenius inner product. Denote
aμi = ik(aαi

1
) . . . ik(aαi

ni
). Then there exists a sequence of polynomials P1, P2, . . . with

positive coefficients and Pi (0) = 0 such that ‖bμ − aμ‖ ≤ P|μ|(θ) for every multiindex
μ. One can prove this by induction: ‖bi − ik(ai )‖ < θ , so P1(x) = x . Let K =
max{‖b1‖, . . . , ‖bn‖} and notice that ‖ai‖ ≤ ‖bi‖ + θ

‖bμ − aμ‖ = ‖(bα1 − aα1)bμ\1 + aα1bμ\1 − aα1aμ\1‖
≤ θK |μ|−1 + (K + θ)P|μ|−1(θ).

Thus we can define Pn+1(x) = xKn + (K + x)Pn(x). By induction one can prove that
Pn(x) = (x + K )n − Kn .

Suppose we choose b ∈ B with ‖b‖ ≤ 1. Then b = ∑N
i=1 C

(b)
i cμi . Since all norms

on B are equivalent, there exists a constant K such that

‖b‖ ≥ L‖b‖F .
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Frobenius norm has property ‖a + b‖F = ‖a‖F + ‖b‖F + 2〈a, b〉F . Since the basis was
chosen orthonormal,

1 ≥ ‖b‖ ≥ L‖
∑

C (b)
i cμi ‖F = L

N∑

i=1

|C (b)
i |2.

Thus |C (b)
i | ≤ 1√

L
. Let α = maxNi=1 |μi |. Suppose that θ was chosen to be less than 1.

Then

‖
N∑

i=1

C (b)
i (cμi − T (aμi ))‖ ≤ ‖T ‖1√

L

N∑

i=1

‖bμi − aμi ‖ ≤

≤ ‖T ‖1√
L

N∑

i=1

P|μi |(θ) ≤

≤ ‖T ‖1N√
L

((θ + K )α − K α).

The last inequality follows from that (θ + K )α − K α increases on the interval (0, 1)
when α increases. Since ((θ + K )α − K α)(0) = 0, we can find θ sufficiently small for

‖T ‖1N√
L

((θ + K )α − K α) < η.

Since B has finite nuclear dimension, by Theorem 6.9 if we take η small enough, there
exists an embedding fη : ϕ−k(B) → i0(�T

n,q) such that ‖ fη(ϕ−k(bi )) − ϕ−k(bi )‖ ≤
20η

1
2 . Let cη

i ∈ �
T
n,q be such that i0(c

η
i ) = fη(ϕ−k(bi )).

‖xi − ϕk(cη
i )‖ = ‖i0(xi ) − i0(ϕ

k(cη
i ))‖

= ‖i0(xi ) − ϕk(i0(c
η
i ))‖

≤ ‖i0(xi ) − bi‖ + ‖bi − ϕk(i0(c
η
i ))‖

≤ η + ‖ϕ−k(bi ) − i0(c
η
i )‖

= η + ‖ϕ−k(bi ) − fη(ϕ
−k(bi ))‖ ≤ η + 20η

1
2 .

Take η such that ε = η + 20η
1
2 . Since C∗(ϕk(cη

1), . . . , ϕ
k(cη

n)) is finite-dimensional,
�

T
n,q satisfies the characterization of AF-algebras. ��

Theorem 6.11. �
T
n,q � Un∞ .

Proof. (1) Kunneth theorem: K0(�
T
n,q ⊗ Un∞) � K0(�

T
n,q) ⊗Z K0(Un∞). Thus

K0(�
T

n,q) ⊗Z Z

[
1

n

]
� Z

[
1

n

]
.
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(2) Rank of an abelian group A coincides with dimQ(A⊗Z Q). Thus rank of K0(�
T
n,q)

is

dim(K0(�
T

n,q) ⊗Z Q) = dim(K0(�
T

n,q) ⊗ (Z[1
n
] ⊗Z Q))

= dim((K0(�
T

n,q) ⊗ Z[1
n
]) ⊗Z Q)

= dim(Z[1
n
] ⊗Z Q)

= dim(Q) = 1.

(3) It is also clear that K0(�
T
n,q) is torsion-free, since it is a subgroup (K0(�

T
n,q)⊗Z1 ↪→

Z[ 1n ]) of a torsion-free group.
(4) In an abelian group of rank 1 for every two nontrivial elements a, b there are numbers

n,m such that na + mb = 0.
(5) Suppose one has an endomorphism of a torsion-free abelian group of rank 1. Then

it is determined by it’s value on an arbitrary element. Let ϕ(a) = x . Then for any b
in group 0 = ϕ(na + mb) = nx + mϕ(b). Since the group is torsion-free, ϕ(b) is
determined uniquely from this equation.

(6) Recall ϕ : �
T
n,q → �

T
n,q . Since ϕ(1) = 1, K∗(ϕ) = id. Denote K≤∗ to be the

functor of ordered group, which is an invariant of AF-algebras. It commutes with
direct limits. Take K≤∗ of the sequence

�
T

n,q
ϕ−→ �

T

n,q
ϕ−→ �

T

n,q
ϕ−→ . . . → �

T

q .

Since K∗(ϕ) = id, it follows that K≤∗ (�T
n,q) � K≤∗ (�

T

q ) � K≤∗ (Un∞). Assume

ϕ ∈ Aut(Z[ 1n ]). Then ϕ(x) = 1
nb
. Thus the class of 1 ∈ K0(�

T
n,q) is equal to

1
nb
.

By the classification theorem for AF-algebras, �
T
n,q ⊗ Mn−b � Un∞ if b < 0 and

�
T
n,q � Un∞ ⊗ Mnb if b > 0. By Lemma 4.18, �

T
n,q � Un∞ .

��

7. �n,q � �n,0

Theorem 7.1. �n,q = C∗((�L
n,q)

T, s1).

Proof. Since s1 = (ρ+
L)

1
2 π(Lq

1), a1 = π(Lq
1) ∈ C∗((�L

n,q)
T, s1). We prove that ak =

π(Lq
k ) ∈ C∗((�L

n,q)
T, s1):

(ak

∞∑

l=0

(−q)l(a1a
∗
1)

la∗
1)a1 = ak

∞∑

l=0

(−q)l(a1a
∗
1)

l + q(−q)l(a1a
∗
1)

l+1 = ak .

��
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Theorem 7.2.

�n,q � �
T

n,q �Ad(s1) N.

Proof. One can easily see that (�T
n,q , s1) satisfy all conditions of Theorem 3.4. Com-

bining with Theorem 7.1, we get the result. ��
Theorem 7.3. �n,q is simple, purely infinite, nuclear and satisfies UCT.

Proof. Simplicity is a corollary of Theorems 7.2, 6.11 and 3.4.
Pure infiniteness follows from Theorems 7.2, 6.11 and 3.5.
Nuclearity and UCT follows from �

T
n,q being AF. ��

Theorem 7.4.

K∗(�n,q) � K∗(�n,0) � Z/(n − 1)Z ⊕ 0.

Moreover, [1�n,q ] = [1�n,0 ] = 1 ∈ Z/(n − 1)Z.

Proof. We use Pimsner-Voiculescu sequence for Stacey crossed products:

K0(�
T
n,q) K0(�

T
n,q) K0(�n,q)

K1(�n,q) K1(�
T
n,q) K1(�

T
n,q)

1−K0(Ad(s1)) ι

ι 1−K1(Ad(s1))

Since K0(�
T
n,q) � Z[ 1n ], K0(Ad(s1)) is determined by the image of [1]:

K0(Ad(s1))([1]) = [s1s∗
1 ] = 1

n

n∑

i=1

[si s∗
i ] = 1

n
[ϕ(1)] = 1

n
[1].

Thus the sequence can be rewritten:

Z[ 1n ] Z[ 1n ] K0(�n,q)

K1(�n,q) 0 0

n−1
n ι

Hence

K0(�n,q) � Z[1
n
]/ ker ι � Z[1

n
]/(n − 1)Z[1

n
] � Z/(n − 1)Z.

K1(�n,q) � ker
n − 1

n
= 0.

Since K0(ι)(
a
nb

) = a mod Z/(n − 1)Z and [1
�T
n,q

] = nb ∈ Z[ 1n ],

[1�n,q ] = K0(ι)([1�T
n,q

]) = K0(ι)(n
b) = 1 ∈ Z/(n − 1)Z.

��
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Corollary 7.5.

�n,q � �n,0.

8. �n,q � �n,0

Consider the following extension

Eq : 0 → K(Fq) → �n,q → �n,q � On → 0.

Theorem 8.1. There are two possibilities:

K +,u
si x (Eq) =

(Z, P� = 1) (Z, 1�n,q = 1) (Zn−1, 1�n,q = 1)

0 0 0

·(1−n) mod (n−1)

or

K +,u
si x (Eq) =

(Z, P� = 1) (Z, 1�n,q = −1) (Zn−1, 1�n,q = 1)

0 0 0

·(n−1) ·−1 mod (n−1)

Notice that here order in K0(K(Fq)) is induced by the class of P�.

Proof. We know that for every q there is an injection KOn ↪→ �n,q which restricts
to an isomorphism of K(F0) and K(Fq). Since this map sends 1KOn − ∑

Si S∗
i to

1�n,q −∑
Si S∗

i , we can conclude that it induces identity map on the level of K0 groups.
Thus [P�] = 1 ∈ K0(K(Fq)) � Z.

Apply six-term exact sequence to the extension Eq :

Ksix (Eq) = Eq =
Z K0(�n,q) Zn−1

0 K1(�n,q) 0

There are two types of group extensions of Zn−1 by Z : they are either Z or Z ⊕ Zn−1.
If the second is the case then Eq is a trivial extension. Since it is also essential, by
Voiculescu theorem that would mean that �n,q � K ⊕ �n,q , which is not the case,
because P� = 1�n,q − ∑

Si S∗
i . Thus

K0(�n,q) � Z, K1(�n,q) � 0.

In Theorem 7.4 we have already shown that [1�n,q ] = 1. Since all surjective maps
Z → Zn−1 has form �b : a �→ ba mod (n − 1) for some b coprime with n − 1 and
1�n,q maps to [1�n,q ], we have that

Ksix (Eq) =
Z Z Zn−1

0 0 0

·±(n−1) �b
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and b[1�n,q ] = 1+k(n−1) for some k ∈ Z. Since P� is minimal projection inK ⊂ �n,q
and K0(K) ↪→ K0(�n,q) is injective, [P�]Z = (n − 1)Z. Moreover, But then

±(n − 1) = [P�] = [1 −
∑

Si S
∗
i ] = [1 −

∑
S∗
i Si ] = (1 − n)[1�n,q ],

so [1�n,q ] = ±1. If [1�n,q ] = 1 then b = 1+ k(n−1), �b = �1 and the sequence looks
like

K +,u
si x (Eq) =

(Z, P� = 1) (Z, 1�n,q = 1) (Zn−1, 1�n,q = 1)

0 0 0

·(1−n) �1

If [1�n,q ] = −1 then b = −1 + k(n − 1), �b = �−1 and the sequence looks like

K +,u
si x (Eq) =

(Z, P� = 1) (Z, 1�n,q = −1) (Zn−1, 1�n,q = 1)

0 0 0

·(n−1) �−1

��
Since considerations of the theorem above did not depend of q, by Theorem 3.8

Corollary 8.2.

�n,q � �n,0.

Proof. Choose the following isomorphism of the two possible exact sequences:

0 (Z, P� = 1) (Z, 1�n,q = −1) (Zn−1, 1�n,q = 1) 0

0 (Z, P� = 1) (Z, 1�n,q = 1) (Zn−1, 1�n,q = 1) 0

·1

·(n−1) �−1

·−1 ·1
·(1−n) �1

��
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