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Abstract: For g € R, |g| < 1 we consider the universal enveloping C*-algebra of a
x-algebra of g-canonical commutation relations (¢-CCR), which is generated by
ai, ..., an subject to the relations

a;aj =6jl+qaja;.

It has a distinguished representation 7y called the Fock representation, which is believed
to be faithful. In this article we denote the image of the universal enveloping C*-algebra
of g-CCR in the Fock representation by 3, ;. The question whether C*-isomorphism
Dn,q o~ 3, 0 holds has been considered in the literature and proved for |¢| < 0.44. In
this article we show that 3, , >~ 3, o for |g| < 1.
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1624 A. Kuzmin

1. Introduction

A broad class of operator algebras studied in the literature are universal enveloping
C*-algebras of x-algebras defined by polynomial relations:

C(V(p) =Clx1, ..., X0, X7, ., X5 1/ (Pa (X1, <oy X X5 oo, X)) = 0)ger,

where the variables do not commute. Such x-algebras are objects of study of noncom-
mutative algebraic geometry. If C(V (p)) has bounded x-representations on a Hilbert
space, one can consider the universal enveloping C*-algebra of “continuous functions
on the noncommutative algebraic variety V (p)™:

C(V(p) = C*(CV(p)).

s

This C*-algebra encodes “topology” of the corresponding noncommutative variety.
Unfortunately, up to a restricted knowledge of the author, there has been not so many
examples of interplay between noncommutative algebraic geometry and operator alge-
bras. Thus the author wishes to highlight the possibility of such point of view on C*-
algebras generated by generators and relations. In this paper we will consider a special
class of “quadratic noncommutative curves” called Wick algebras. We will be interested
in the “topological uniformization” of such noncommutative quadrics, i.e. in classifica-
tion of C(V (p)) up to C*-isomorphism for a certain class of quadratic noncommutative
polynomials p.

Wick algebras have originated not from algebraic geometry, but from the study of non-
classical models of mathematical physics, quantum group theory and noncommutative
probability (see e.g., [2,8,10,13,16,19,27,28,30,31,34,35,40]), which gave rise to a
number of papers on operator algebras generated by various deformed commutation
relations [3,25,29], which are C*-algebras of noncommutative algebraic varieties. They
include deformations of canonical commutation relations of quantum mechanics, some
quantum groups and quantum homogeneous spaces, see e.g., [15,26,37,38].

Also Wick algebras can be considered as deformations of Cuntz—Toeplitz algebras,
see [7,11,17,18,22,23]. This point of view will be considered in this article. Below we
give more details.

Let us formally define Wick algebras. They were defined in [22]. For {Tl.];l L, k=
TnycC Tl =T},
aj, a}, j = 1,n subject to the relations

the Wick algebra W(T) is the x-algebra generated by elements

n
L kl *
a;aj =61+ Z T;j aay.
k,l=1

It depends [22] on the so called operator of coefficients T, given as follows. Let H = C"
and eq, ..., e, be the standard orthonormal basis, then

d
i
T: H®? > H®?, T(ex Qep) = Z Tl.,fe,- ®e;.
i,j=1
Itis a non-trivial and central problem in the theory of Wick algebras to determine whether

a Fock representation 7w of a Wick algebra exists, see [3,20,22]. Fock representation is
determined uniquely up to a unitary equivalence by the following property: there exists
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a cyclic vector Q2 such that pr(a;‘)(SZ) =0fori =1,...,n. The problem of existence
and uniqueness of wr was studied in [2,13,40] and in [22] for a more general class of
Wick algebras. For some sufficient conditions it exists, for example if 7 is braided, i.e.,
ARXTNTRINHART) =(TR1DHARXT)ART),andif |T|| < 1; moreover, if |T| < 1
then 7 is a bounded faithful representation of W (T').

Another important question concerns the stability of isomorphism classes of the
universal C*-envelope W(T') = C*(W(T)). It was conjectured in [21]:

Conjecture 1.1. If T is self-adjoint, braided and ||T|| < 1, then W(T) ~ W(0).

In particular, the authors of [21] have shown that the conjecture holds for the case
IIT|| < +/2 — 1, for more results on the subject see [11,24].

Inthecase T = Oandn = dim ‘H = 1, the Wick algebra W (0) is generated by a single
isometry s, its universal C*-algebra exists and is isomorphic to the C*-algebra generated
by the unilateral shift, and the Fock representation is faithful. The ideal Z in £, generated
by 1 — ss* is isomorphic to the algebra of compact operators and £/Z ~ C(S!), see
[6]. When n > 2, the enveloping universal C*-algebra exists and it is called the Cuntz—
Toeplitz agebra KO,,. It is isomorphic to C*(;r (W (0))), so the Fock representation of
KO, is faithful, see [7]. Furthermore, the ideal generated by 1 — Z?: 18 /s;f is the unique
largest ideal in KO, It is isomorphic to the algebra of compact operators on F,,. The
quotient KO, /K is called the Cuntz algebra O,,. It is nuclear (as well as KQO,,), simple
and purely infinite, see [7] for more details.

Among Wick algebras, considerable attention has been paid to the study of so-called
g-CCR introduced by M. Bozejko and R. Speicher, see [2] which as a Wick algebra
corresponds to the operator 7(x ® y) = gy ® x. Assume that g € R, |g| < 1. Define
g-CCR to be a *-algebra generated by elements a;,a’, i = 1,...,n, satisfying the
following relations:

a;jaj =é;j+qaja;.

Itis a deformation of x-algebras of the classical commutation relations in the sense that in

the Fock realisation, the limiting cases ¢ = 1 and ¢ = —1 correspond to x-algebras of the
canonical commutation relations (CCR) and the canonical anti-commutation relations
(CAR) respectively.

It can easily be verified that in any x-representation 7 of the x-algebra g-CCR by
bounded operators one has

1
lr@)ll = ———, i=1,...,n
V1—1lql
Hence, there exists a universal enveloping C*-algebra associated to g-CCR. We denote
it’s image in the Fock representation by 3, ,. See more about the Fock representation
in [1].
Let us formulate the main result of this article:

Theorem 1.2. Let |q| < 1, then
:n,q ~ :ln’() x>~ K(’)n.

Returning to the point of view of noncommutative algebraic geometry, this result
can metaphorically be considered as a topological uniformization of noncommuta-
tive quadrics. For commutative quadrics there are three families: parabolas, hyperbo-
las and ellipses. For the subclass of noncommutative quadrics given by ¢g-CCR, we
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therefore have either “elliptic” Cuntz—Toeplitz algebra, “paraboli” fermionic algebra
and“hyperbolic” bosonic algebra.

Many authors were interested in the study of the C*-algebra generated by operators of
the Fock representation of g-CCR. Namely, Dykema and Nica [11] proved that 3, , ~
KO, for |g| < 0.44 which is slightly larger than +/2 — 1 - result of [22]. Also an
embedding of KO, into 3, , was constructed for |¢| < 1.

Later M. Kennedy in [24] showed existence of an embedding of :ln,q into KO,, and
proved that 3, , is an exact C*-algebra.

Let us stress out that results concerning 3, ;, cannot be automatically lifted to the
universal C*-algebra since at the moment we do not know whether or not 7 is a faithful
s-representation of C*(¢-CCR) for any |¢| < 1. However 7 is a faithful representation
of g-CCR, i.e. it is faithful on the *-algebraic level.

2. Setup

Letg € R, |g| < 1 andn € N.In this section we will define C*-algebras to be considered
in the article, the Fock representation, auxiliary operators, state and prove basic structural
facts about the algebras.

Definition 2.1 (g-deformed Fock space). Let F = @,fio(([?”)@k be a linear space.
Endow it with the following inner product, see [2,11]

E1®..Q&m®...®Mm)g= Y ad™ & m) ... (o ).

UGSk

The pair (F4, (-, -)) is called the g-deformed Fock space. We denote ]—',g to be the k-th
component of F4. Put Q2 to be the unit vector in fg and call it vacuum vector.

Definition 2.2 (Creation operators). Let eq, ..., e, be an orthonormal basis in C”".
Define

Ll F1— F4, L1(§) :=¢; ®E.

R;’  F1 — F9, R;’(é) =& Qe;.

These operators are called correspondingly left and right creation operators

Definition 2.3 (Annihilation operators). With respect to the g-inner product on the g-
deformed Fock space the adjoints to left and right creation operators have the following
form

k
(L F1— FLLD e, ®...@e) =Y ¢" Si,en®...08, ...,

m=1

k
(RI*: F1 — F1,(RH*(ei, ®.--®eik)=qu_m8,~imeil ®...Q¢, Q...Qe¢,
m=1

where by = we mean that the tensor is missed. We call (LY)*, (R7)* left and right
annihilation operators.
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Definition 2.4 (Fock representation). Define n{; and 1{3 to be the left and right Fock
representations of the x-algebra of g-CCR and define them to be

nf(a) =LY, wf@)=RI, i=1,...,n.

Definition 2.5 (C*-algebra of the g-CCR in the Fock representation). We call J%, :lff to

be the image of the universal enveloping C*-algebra of g-CCR in 1%, T }5 respectively.
In other words,

2=crad.... L.
2 =Cc*R{.....RD.
We will also use a compound version
2R =crat.. .. Li.R].....R}).

Definition 2.6 (Tensor-reverse operator). The following operator on F¢ we call tensor-
reverse operator

JIU:FI > F1, 161 ®...08) =& Q...Q&.
It can be seen that J7 is unitary, see [24].

It is easy to check that C*-algebras Jg and :lf; are C*-isomorphic with isomorphism
given by Ad(J9). Indeed, J9L] J9 = R . Thus when there is no need to distinguish I
and Jf we will simply write J, ;. Another consequence of the fact that JYL J¢ = R{
is that Ad(J7) is an automorphism of Jﬁ”f .

Definition 2.7 (Particle number operator). We define operators called particle number
operator

n n
pr= LILDH* pr =) RIR)).
i=1 i=1
Their action on tensors are given by

n
oL(e; ®...Q¢;,) Zquileil ®...E,-;...®e,-m.
k=1

n
PrR(CH; ®...®¢,) = qu_keil ®...6,...Qe€,.
k=1
Definition 2.8 (Gauge action on 3,%) PR J,If‘ q). Let z € T. Consider operators (L;.’)’ =
zL?. Then (L‘f)/, ..., (LY satisfy g-commutation relations and ((L?)’)*(Q) =0, so
by the uniqueness of the Fock representation, there exists a unitary U, which inter-
twines (L!) and LY. The same unitary intertwines R} and zR{. Thus we can define the

following action y of the torus T on :l,f,’qR:

v:(x) = UZ-XUZ*?
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which acts on generators by
v(L{) =z L], v:(R)) =z R}.
The action y induces actions of T on 37 and J% by
LI =y, (L], z~ R] =y, (R]).
Definition 2.9 (Fixed point C*-subalgebra). We denote

JT ={x63n‘q:zmx=x, z € T},
3

M)T {er,’;;f:zmx:x, z €T}

Proposition 2.10 (Orthogonal projections onto the vacuum vector). The orthogonal pro-
Jection Pg onto F belong both to 3%  and IR

Proof. ByLemma4.1of[11],ker p; = ker pg = FI = (Q)andthereexist C;, C > 0
independent of m > 0, such that

Cll:l,’;_q <(pL)|fr«£l <C21:l,1;_q’ meN (D)
Cilzg, < PRz < Calzg,, meN @

In particular (1, 2) implies that O is an isolated point in the spectrum of p, and pg, hence
the spectral projection £y, (0) = E (0) = Pz is contained in 2f, and 3F . O

Proposition 2.11 (Invariance of the ideal of compact operators). The ideal of compact
operators K(F1?) is contained both in :l,f_y g and :l,’f, q- Moreover, it is invariant under the
action of T.

Proof. The orthogonal projection Py is a compact operator and belongs to both :l,% q
and ¥ . Both 3 and 3F  are irreducible C*-subalgebras of B(F?), so by Corollary
1.10.4 of [9], the whole 1deal of compact operators is contained in J% L :l,’f’ g

Since the action of T is implemented by conjugation with a unitary, K(F?) is invariant

being an ideal in both TF  and 7TF . O

Definition 2.12 (Quotlent of g-CCR). We denote - ¢ = :lﬁﬂq JK(F?), _l,lf’q =
ar q/]K(}"f) 'I = J,I{)qR/K(]—"f). When there is no need to distinguish 'I,f’q and

R, we will 81mply write Ty 4.

Definition 2.13 (Gauge action on T- L 5’ ¢)- Since the ideal of compact operators is
T-invariant, the action of T descends to -I,’;’ q and -I,If’ g

Proposition 2.14 (Theorem 4.3 of [11]). There is a T-equivariant inclusion KO,, C 3,’;’ q
and KO, C J,Ii q- Moreover, these inclusions are implemented by conjugation with the
same unitary U : FO — F4.

Proposition 2.15 (Theorem of [24]). There is an inclusion 3k n, C KO, and :lR

KOy,. Moreover, these inclusions are implemented by conjugation with the same unltmy
Uerr . 4 7,
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These propositions are reformulations of the corresponding Theorems in [11] and
[24]. T-equivariance follows from the fact that U conjugates generators s, ...s, of
KO, into operators of the form Ray, ..., Ra, with R being T-equivariantanday, .. ., a,
generators of 3, ;.

In both cases the ideal of compact operators is mapped into the ideal of compact oper-
ators because the inclusion is given by conjugation with a unitary. Moreover, since the
quotientmap 3, ; — 1,4 is T-equivariant, we can conclude the following Propositions

Corollary 2.16. There is a T-equivariant inclusion O, C Ty 4.
Corollary 2.17. There is an inclusion T, 4 C Oy

3. Description of the Approach

Definition 3.1. Let Abea C *-algebra. Cons1der an automorphism o of A ®,,;, A given
by o(a ® b) = b ® a. A has approximately inner flip if there is a sequence uy, us, ...
of unitaries in A @i, A such that for each x € A ®,,in A

3.1. Step 1, Approximation of flip: -I

lim |lugxu; —o(x)| = 0.
k— 00

Let 81,00 be the uniformly hyperfinite algebra of type n*°
Theorem 3.2 ([12], Theorem 5.1). Let A be a unital C*-algebra. Then A >~ i~ iff
(1) A has approximately inner flip.
(2) A has an asymptotic imbedding in ;0.
(3) A~ AQU,~.

In order to prove that T
rem 3.2, thus _I;J{q >~ $l,00.

g = -ITO we show that _I satisﬁes conditions of Theo-

3.2. Step 2, Crossed product by an endomorphism: T, 4 ~ -IT n,q % N. There are differ-
ent models for a crossed product by endomorphlsm Doplicher, Stacey, Murphy, Exel,
Paschke, Kwasniewski gave their different visions on it. Under certain conditions these
models coincide.

Definition 3.3. Let A be a C*-algebra and S be a nonunitary isometry in B(H) such that
SAS* C A and S*AS C A. Then C*(A, S) is called crossed product of A by S in the
sense of Paschke.

We will need to use results for the Stacey crossed product by endomorphism, so we
state a result which ensures that the Paschke crossed product is isomorphic to the Stacey
crossed product.

Proposition 3.4 ([32], Example 1.19). Let A be a C*-algebra with faithful trace and
S be a nonunitary isometry such that SAS* C A and S*AS C A. Suppose there are
no nontrivial ideals I in A such that SIS* C I or S*IS C 1. Define endomorphism
B of A to be B(a) = SaS*. Then the Stacey crossed product A xg N is isomorphic
to the Paschke crossed product C*(A, S). Moreover, the crossed product is a simple
C*-algebra.

Using Proposition 3.4 we prove that 7, , is isomorphic to the Stacey crossed product
of 'IE’ 4 by an endomorphism.
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3.3. Step 3, Kirchberg—Philips classification: T, 4 =~ T 0.

Theorem 3.5 ([32], Theorem 3.6). Let A be a unital non-type I C*-algebra of real rank
zero that has strict comparison, let S be an injective endomorphism of A such that
B(1) # 1 and B(A) is a hereditary sub-C*-algebra of A. If the Stacey crossed product
A xg Nis simple and B(1) is a full projection of A, then A x g N is purely infinite simple
C*-algebra.

We use Theorem 3.5 to show that 7, , is nuclear purely infinite simple C*-algebra
which satisfy Universal Coefficient Theorem.

Theorem 3.6 ([33], Theorem 4.2.4). Let A and B be separable nuclear unital purely
infinite simple C*-algebras which satisfy Universal Coefficient Theorem, and suppose
that there exists a graded isomorphism « : K.(A) — K. (B) suchthat a([14]) = [1].
Then A >~ B.

We compute K-theory of T, ;, and use Theorem 3.6 to show that 7, ; >~ T, 0.

3.4. Step 4, Gabe—Ruiz classification of unital extensions: 3, 4 ~ T, 0. Consider two
six-term exact sequences
i i i
- Hy— Ly — G
1
x'
T !
H{ +— L} «— Gj
with distinguished elements x; € Lf), yi € G6 for i = 1,2. A homomorphism
(Vs ps, Px) : x1 — x? of six-term exact sequences consists of
w*:H*l—>Hf, p*:Li—>Li,
making the diagram commute and such that pg(x1) = x2, ¢o(y1) = ¥2.
Definition 3.7. For an extension

E:0-B—-E—-A—-=0

of unital C*-algebras we let K (£) denote the six-term exact sequence in K-theory

with distinguished elements [1g] € Ko(E) and 14 € Ko(A). By K:”': (£) we mean the
six-term exact sequence in K-theory with order in all Ko-groups.

Theorem 3.8 (Proposition 5.9, [14]). Let
& :0—- B~ E — A —0

be unital extensions of C*-algebras for i = 1,2 such that Ay, Ay is a unital UCT
Kirchberg algebra and By, B is a stable AF algebra. Then E1 ~ E, iff K" (&1) ~

o Six
Ksi’x (52)
Since 3, 4 fits into short exact sequence
0->K—3,5— Thgx0,—0,

Theorem 3.8 will be used to show that 3, ; >~ T, 0.
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4. Approximation of Flip

In this section we will show that -IE’ ¢ has flip approximation property. In order to

comfortably make computations in -I,lr’q Omin o

n.q> W will use a spatial model for a
JR\T
q) -

tensor product - it will be (-l,ﬁ

Lemma 4.1 (Lemma 3.1, [36]).

(D" R} g = 81jq"id py.
In particular, [:l,lqu, J,qu] C K(F9).
Corollary 4.2.

&

n,q’

TR ,1=1{0).

Lemma 4.3. Inclusion of the algebraic tensor product _i,I; O] -I,If ¢ _l,ﬁ’f defined on
elementary tensors by l @ r + lr is an injective x-homomorphism.

Proof. The inclusion is a *-homomorphism because 7% g = T,I;hR commutes with
ax, = -l,L,qu by Lemma 4.2.

In order to prove that the inclusion is injective, consider embedding
cTER e Tl R e B /K.

Notice that _li’(f ~ Tk, ® X and the inclusion ¢ has property «(T% ) C TTE (® 1 and

n
(IR ) C1eT8,.
Every element of -I,];’ ¢ © _iff’ q can be written as Z?: (i ®rp withly, ..., Iy linearly
independent. Assume that Z;‘!:] Lirir=0¢ -l,ﬁ’qR . Then

d

d
(Yl =Y @) =0 € T @ TRy,
i=1

i=1

Since ¢(l1), ..., t(ly) are also linearly independent, we conclude that ((r;) = ... =
t(rg) = 0. By injectivity of t we conclude r{ = ... =ry = 0 and Zle L®r=0 0O

Lemma 4.4. For some C*-completion o on -Ig O} _I,I;,
(LR, A(9) =272 (L @4 TR, 0 0 (A(ID) @4 Ad(TN) 2222 (T, 4 @ Tag. o).

Proof. Make -I,fy 7 © -l,’f’ ¢ into a normed space by postulating that the injection ¢ from
Lemma 4.3 is an isometry. This norm is a C*-norm on a tensor product, thus completion

of TE o) R o, makes it into a C*-algebra ak g ®a R q- Since expressions of the form

d : L,R . =L R L.,R P .
Zg:l lir; are dense in 'l,,,.q U g R -Inq - Tng becomes surjective. Extensions
of isometries to a completion preserve injectivity. Moreover,

Wo (J91T9 @ J9rd®)) = ((J9rJ4 @ J91J9) = J9rlJ9 = JrJ? = Ad(J) (1 @ r)).
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Definition 4.5. Let x € B(F7). Denote 1 ® x, x ® 1 € B(FY) as follows:

(IT®x)(R) =0, (x®1)(Q) =0,

(I®x)E) =86R®x(2), x®DE)=x(Q)E,
(IQX)EI®...086+1)=861Q0x(52Q ... ® xp41),
CODEI®...®&+1) =x(61 Q... 8 &) ® &+l

In what follows we will use such notation:
7 B(F?) — B(F1)/K(F?).
Jl =18k g J1 @ 19 € B(F9).
U :==J9J = J1J1 € B(FY).
Ur = Vi|Ux| = |Ug|™! V¥ - polar decomposition.
il =7l € B(F9)/K(FY).
ug = w(Uy) € B(F?)/K(F9).
v = (Vi) € B(F?)/K(F?).

Lemma 4.6. Let x € B(F?). Then

e (1®x)L] = Llx,
e (x® DR! = Rx.

Proof.

(1®X)LIE) =(1®x)(e; ®&) =e¢; ®x(§) = LI (x(&)).
x®DRIE) =(x®@DE®e) =x(E) ®e; = RI(x(8)).

Lemma 4.7. [f x € Jé*’R then1 ® x € Dg’R andx® 1 € :lfj"R.
Ifx € Jﬁ’q then1 @ x € :l,ﬁq.
Ifx € ¥ thenx ®1€3f .

Proof. Let p}, pk be inverses of py, pg outside of 7. In other words, p.p} = pj pr =
+ — +
PRPR = PRPR = 1 — Pq.

S LI =) (1 @x)LILH* = (1 ®x)pL.
i=1

i=1

(1®x) =(1®x)( - Po) =(1@x)pLpf = Y LIx(L])p} € I-F.

i=1

D ORIx(RD* =) " (x @ DRI (RN)* = (x ® 1)pr.
i=1 i=1

@@= —Py)=(x®prpk =Y _ RIx(R!)*p} € 2L-F.

i=1
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Lemma 4.8. u; € 'IqL’R.
Proof. We prove that J;' = J9 Ay for some Ay € Jé’Ri
n
B =Y LG e D}
i=1
n n
=Y > LIRIE (R pp(L*pf
i=1 j=1
n n
=) > LIRII A RD (L) o]
i=1 j=1
n n
=J91Y S RILY A (R pR (L) * pf.

i=1 j=I

Thus
up =w(J9JY) = m(Ap) € ] g

Lemma 4.9. Let x € B(F?). Then for every k one has
1% @ x @ 1%¢) < C,.

Proof.

SOT
lim (1% @ x @ 195 = 0,
k—o00

thus by Banach-Steinhaus theorem sup .|| 1%¥ ® x ® 18K < C,.

Lemma 4.10. C*(1, L?(Lj)*, i,j=1...n)= (:Q)T.
Proof. Proof is by induction. Let || = |o| = k + 1. Then

q ayx — 14 q q *rd H\*
LM(LU) _Lm“.kLMkH(LUL“k) (LUI) €

€ (LY, (L IO, (LE)") +spanf{LL(Ly)*, |l = |B] = k}.

M1k Ol..k Hk+1

Lemma 4.11. For every x € (‘[,?’R)T one has limk_mo[j,?, x]=0.
Proof. Suppose limy_ o[ !, x] = 0 and limg_ oo [ !, y] = 0. Then

lim [, xy] = lim x[j{, y]+ lim [j?, x]y =0,
kinéo[]k xy] k_)OOX[Jk vl k_)oo[]k x]y

lim [, x +y] =0
Jim g »x + ]
Suppose limg—, o[ i/, x] = 0. Then

lim
k—o00

i, jixj9] = Jim Ji x1j7 =0,

1633
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lim [, x*]=0.
k— 00

Since (Tr0" = C*((AEHT RO and j4CTE HTj4 = (IR )T, it is enough
to prove the Lemma for x being generators of (_l,ﬁ q)T, which by Lemma 4.10 are
n(Lf.’)n(Lj)*.

k
L?(L‘,’-)*JZ(&I &) = qu_lﬁj,i,eiéil BB Ei ik G i
=1

M—k
M-l £
+ Z q 5j,l'1€i$i1 cee éikSiM,k ce Si] ce gik+1$l‘M7k+] e 'i:iM

I=k+1

M
-1 £
+ Z q Sj,i]eisil -~~$ik$iM,k-“SikﬂgiM,kH ~--§i1 "'giM'

=M —k+1

k
J]?L?(L?)*(Sil G = qu_l5j.i,€i$i1 BBy ik G i
=1

M—k
-1 &
+ Z q 8j.i13i$i1 .. ~$ik71§iM,k .. -Eiz .. -Eik%'iMka .. 'SiM

I=k+1

M
+ Z ql_laj.i]eisil -ngik,]SiM,k,] --~$ik$iM,k---éi1 ~~"§iM'

=M —k+1
Thus
LILD* ] = A+ g“ LI T (1% ® (RN ® 196 + Ky, K1 € K(F9),
LI = A ja+q" T LI %F @ (L))" @ 19%) + Ky, Ka € K(FD),
1L (DT LD < g Crall LI I(C gaye + Cpaye) — 0.
)’IF

Lemma 4.12. For every x € (‘lé’R one has limy_, o[|ug|, x] = 0.

Proof. We use the following inequality from [24]:
1 5
I[AZ, B]|| < ZIIBIIII[A,B]II-
Notice that ufur = (j;)*j!.

. 1 5 . g
lim [|[ugu)2, x1) < <lx]l Em 1[G ik, x]1I
k—00 4 k—00

5

= I« klingo”(]k)*[]k X+ G x Ll
5 . . ;

=< EIIXIIIIJ,fII kll)H;OII[J;f,x]II
5

= 5Cu [EalFA kli)lgoll[jf,x]ll =0.
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Lemma 4.13. For every x € (TqL’R)T one has

lim vixve = jixj9.
k— 00

Proof.
lim vfxve = lim (o]~ ufxug ug ™!
k—00 k— 00
— 1 —1/:9\* :q . :q 9 —1
= lm fug|™ ()" J7xj? ji; lul
k—o00
. 1 .q._-q, - . —1
= lim |ug| ™" j7xj? G i lurl
k—o00
. 1y, - g g - -1
+ lim Jug |7 LGOS x5
k—o00
= j9xj1
. ~1 .q._ -
+ 1im [Jug| ™, j9xj9 |ug
k—o00
+ lim Jug] T TG G 1 el
k—o00
Notice that for every k, [[|u|ll = [[lux|™| = !l = lull < C. Thus

im Juel = LG %907 e ™t =0,
k—o00

lim [lug|™", j9xj97ug| = 0.
k—o00

Theorem 4.14. -[E, o has flip approximation property.

Proof. The quotient mapping idg, .., : (‘IE,q ®q¢ Ty, 0) — (‘IE,Q ®min Ty g: 0)

n,q’ n,q’
is a Z/27Z-equivariant contraction. Thus the sequence idg, .. (vk) 1mplements flip
approximation property for _if, 4 by Lemmas 4.13 and 4.4. O

Corollary 4.15. 'IE, q Is simple and nuclear.

5. Asymptotic Imbedding in L[,

Theorem 5.1 ([12], Lemma 4.1). Suppose that A is a quasidiagonal unital C*-algebra.
Then A has an asymptotic imbedding in ;.

Definition 5.2. A C*-algebra A is called RFD if there exists a sequence 7, : A — Fy,,
where F), is a finite-dimensional C*-algebra such that

lall = supliza(a)].
n

Theorem 5.3 ([4], Example 3.15). Suppose that A is an RFD unital C*-algebra. Then
A is quasidiagonal.
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Theorem 5.4. J7  is RFD.

Proof. Notice that elements of T € :lT are precisely those for which T (L) C Fp.

Consider Ay = (T € DT :T|gs =0, m < k}. Agisanideal 1nDT such thatJT ¢/ Ak
is a finite-dimensional algebra Denote 74 to be the quotient map. Suppose there ex1sts
X € :l”’q such that x € ker iy = Ay for every k. Then x € ("~ Ax = {O0}. O

Theorem 5.5 ([4], Proposition 8.3). Assume A is unital, nuclear and quasidiagonal, and
I is an ideal in A which has an approximate unit consisting of projections which are
quasicentral in A. Then A/l is also quasidiagonal.

Theorem 5.6. 7T\ q is quasidiagonal.

Proof. Since the quotient mapping 3, ; — .4 is T-equivariant,
Thg = Qg /KEFNT ~ 27 /KF).

Projections on the first k components of F4 is an approximate unit of K(F%) which is
central in 33’ q- Since JE‘ 4 18 quasidiagonal, TE’ ¢ 18 quasidiagonal by Theorem 5.5. O

6‘[Eq:‘IT

Proposition 6.1 ([39], LemmaL.1.4). Let {A;, o;;} be adirected family (of C*-algebras)
where all the objects are isomorphic to an object A with isomorphisms making the
following diagram commutative

Then
lim(A;, ajj) >~ A
Proposition 6.2. Let {A,, anm} and {B,,, Bum} be directed families (of C*-algebras).

Assume there exists a sequence of isomorphisms A, : A, — B, making the following
diagram commutative

A]LAg%A3£}...

b e D

Bli)32£>33ﬁ>...

Then

li_n;(An’ Cpm) = @}(Bn» Bnm)-
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Lemma 6.3. 7] ~ M, ® T, .

n,g —
Proof. Letsy, ..., s, be generators of O, CT T, 4. Define 1 : _I,qf’q - M, (TE,q)
sfasy ... sfas,
Ma) =
*k *
syasy ...s,asp
and 17!
X al ... ain
AT = Zsiaijs;’f.
Aanl - .. Qnn
Since the inclusion of O, is T-equivariant, the maps are well-defined. O

. =T .
Letg : TF g~ ne g given by p(a) = 37 s;as;. Denote T, to be the following
direct limit:

T

T ¢ T ¢ T ¢ =
-In,q—>'In’q—>"ln,q—>...—>'lq.

Theorem 6.4. ﬁj ~ Yoo ®@ T e
Proof. Define A : _I'[r — _qu to be id and A,41 : -In - M L(—l g) o be (id®

An) o A. Notice that kn+1 op = (1 ®id) o A,. The followmg dlagram with vertical
isomorphisms commute

T 4 N T ¥ \ T ¢ \
T, > Tng > g >
be L L
1®id 1®id 1®id
T, 2 M, T 2 Ml 12
. .. =T o
Top limit is -Iq and bottom limit is (00 ® qu =

Theorem 6.5 ([12], Lemma 4.4). Suppose A is a direct limit of quasidiagonal C*-
algebras. Then A is quasidiagonal.

Theorem 6.6 ([12], Corollary 2.4). Suppose A and B have an approximately inner flip.
Then A ® B has an approximately inner flip.

Theorem 6.7. ﬁj ~ 00

Proof. Theorems 6.5 and 5.6 imply that ﬁj has an asymptotic embedding in Ll,,c. Since
—IE’ q and poo =~ _Ig’o have approximately inner flip, Theorems 6.4 and 6.6 imply that

=T . . . L
-Iq has an approximately inner flip. Also Theorem 6.4 implies that

o ® Ty = Wy @ $hyoe) @ T, = Shyoe ® T, = T,

Thus by Theorem 3.2, ﬁ;r ~ 0. O
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Definition 6.8. Let B, A C B(H) be C*-algebras. We say that A C,, B if for every
a € A such that |la|| < 1 thereis b € B such that |b — a| < y.

Theorem 6.9 ([5], Theorem 6.10). Let A C,, B, letn = 2(n+1)QQy +y>) 2 +2y +y?),
and suppose that A is separable with nuclear dimension at most n. If n < 1/210000,
then A embeds into B. Moreover, for each finite subset X of the unit ball of A, there

exists an embedding 6 : A — B with ||0(x) — x| < 207/%, x € X.
Theorem 6.10. 7T o is an AF-algebra.

Proof. We use the following characterization of AF-algebras: A is an AF-algebra if for
every subset {xq,...x,} C A and ¢ > 0 there exists a finite-dimensional subalgebra B
and a subset {by, ..., b,} C B such that |x; — b;|| < &.

, =T . . .
Let iy : -qur’q — -lq be monomorphisms induced from the direct system. Let

. =T . . .
{x1,...,x4} C -l,lr and ¢ > 0. Since 1, is an AF-algebra, there exists a finite-

dimensional subalgé%ra B and a subset {1, ..., b,} C B such that |lig(x;) — bi|| < n
(we can choose B to be C*(by,...,b,)). Since ﬁj is a direct limit, there exists

{ay,...,a,} C A and k such that ||b; — ix(a;)|| < 6.Lety : ﬁqqr — ﬁg be an automor-
phism induced by the following diagram:

T % T @ T [ =T
‘I,,’q — ‘IM > ‘IM > ... 5 ‘Iq
I e e ls
T {2 T 4 T 4 =T
‘In’q = ‘ln,q 5 ‘In,q S 5 ‘Iq

We prove that if we choose 6 small enough, o%(B) Cy io(-l,lr’ q). Notice that it is
equivalent to B C, ik('lg’q).

Let N = dim B. Since B is finite-dimensional, there exists a set of multiindices
{1, ..., un}, where u; = (a’i, . ,af,i) andaj € {—n,...,—1,1,..., n} such that
{bu,, ..., buy}is abasis of B. On B we have Frobenius inner product and Frobenius
norm. By change of basis of B via some linear operator 7 : B — B we can choose basis
¢u; = T(by;) which is orthonormal with respect to the Frobenius inner product. Denote
ay; =l (a“'i) . (aa’;l. ). Then there exists a sequence of polynomials Py, Ps, ... with

positive coefficients and P;(0) = O such that ||b,, —ay|l < P, () for every multiindex
1. One can prove this by induction: ||b; — ix(a;)|| < 6, so Pi(x) = x. Let K =
max{||by|l, ..., ||bn||} and notice that ||a; || < ||b;| + 6

”pr —aull = |(bey — aal)bu\l +aa1bu,\l — agyapl
< KM= 4 (K +0) Ply—1(0).
Thus we can define P, (x) = xK" + (K + x) P,(x). By induction one can prove that
P,(x)=x+K)"— K",

Suppose we choose b € B with ||b|| < 1. Then b = Z,N:1 Cl.(h)c#l.. Since all norms
on B are equivalent, there exists a constant K such that

61l = LIbl



CCR and CAR Algebras are Connected Via a Path of Cuntz—Toeplitz Algebras 1639

Frobenius norm has property |la + b||r = |la|lF + ||b||F + 2{(a, b) r. Since the basis was
chosen orthonormal,

N
b b
Lz 1B = LIY S ¢V llr = L ) I1CP.
i=1

Thus |C,.(b)| < ﬁ Leta = maxf\’:1 |ii]. Suppose that 6 was chosen to be less than 1.
Then

Y TN <
(b)
1P eu = T@i)ll < 2 Y by, — |l <
i=1 \/Z i=1

T
= E P (0) =
i=1

VL ¢

_ TN

- VL
The last inequality follows from that (6 + K)* — K“ increases on the interval (0, 1)
when « increases. Since ((6 + K)* — K*)(0) = 0, we can find 0 sufficiently small for

(0 +K)* — K%).

171N
VL
Since B has finite nuclear dimension, by Theorem 6.9 if we take n small enough, there
exists an embedding f, : g?_k (B) — io('IE, 7 such that || f; (a_k b)) — @‘k @) <
2077, Letc! € 7, be such that ig(c]) = £, @ (b).

(0 +K)*—K* <n.

Ixi — @* ()l = llio(xi) — io(@* ()
= llio(xi) — @* (o (]
< llio(xi) = bill + 1b; — @* Gio(c)) |
<0+l 7% i) —io(chll
— 0+ 1575 ) — f,@ B < n+2097.

Take n such that ¢ = n + 2077%. Since C* ((pk (C?), R (pk (c)) is finite-dimensional,
-IE’ o satisfies the characterization of AF-algebras. |

Theorem 6.11. 7T | ~ (.

Proof.(1) Kunneth theorem: K()(-IE’q ® Hy00) Ko(-lg’q) ®7 Ko(il,00). Thus

Ko(TT) @2 Z H ~7 H .

n
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(2) Rank of an abelian group A coincides with dimg(A ®z Q). Thus rank of K 0(7;{ q)
is

1

dim(Ko(Ty ) ®2 Q) = dim(Ko(T; ) ® (Z[ -1 7 Q)
1

= dim((Ko(T; ) ® ZI-) @z Q)

1
= dim(Z[;] ®z Q)
= dim(Q) = 1.

(3) Itisalso clear that Ko(-if,q) is torsion-free, since it is a subgroup (Ko(-lg,q) Rzl —

Z[%]) of a torsion-free group.

(4) Inan abelian group of rank 1 for every two nontrivial elements a, b there are numbers
n, m such that na + mb = 0.

(5) Suppose one has an endomorphism of a torsion-free abelian group of rank 1. Then
it is determined by it’s value on an arbitrary element. Let ¢ (a) = x. Then for any b
in group 0 = @(na + mb) = nx + me(b). Since the group is torsion-free, ¢ (b) is
determined uniquely from this equation.

(6) Recall ¢ : TE,q — TE,q. Since (1) = 1, K4(¢) = id. Denote K; to be the
functor of ordered group, which is an invariant of AF-algebras. It commutes with
direct limits. Take K of the sequence

T ¢ T ¢ T @ =T
Tn’q RS _ln,q RS _In’q - ... _Iq.
Since K,(p) = id, it follows that Kf(‘l}f!q) ~ Kf(ﬁj;) ~ K= (Uy). Assume
@ € Aut(Z[%]). Then ¢(x) = nl—,, Thus the class of 1 € KO(_IE)q) is equal to an
By the classification theorem for AF-algebras, _I?E’ q ®M,-» =y if b < 0 and
Tng = Une ® M,y if b > 0. By Lemma 4.18, 7T} | > {00
O

7. -In’q ~ -In’()
Theorem 7.1. 71, , = C*((T5 )7, s1).
Proof. Since 51 = (pZ)%n(L‘{), a; = n(L‘{) € C*((_I,I;’q)T, s1). We prove that a; =

m(L]) € CX(CTE ) s

(@ Y (=) @apahar = a Y (=) (@a)) +q(—q) (@ap)*' = a.
1=0 1=0
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Theorem 7.2.
-In,q ~ -I;]{q >4Ad(s1) N.

Proof. One can easily see that (7?{ pe s1) satisfy all conditions of Theorem 3.4. Com-
bining with Theorem 7.1, we get the result. O

Theorem 7.3. 7, , is simple, purely infinite, nuclear and satisfies UCT.

Proof. Simplicity is a corollary of Theorems 7.2, 6.11 and 3.4.
Pure infiniteness follows from Theorems 7.2, 6.11 and 3.5.
Nuclearity and UCT follows from -[E, o4 being AF. O

Theorem 7.4.
K (Tng) = Ki(Tn0) =~ Z/(n — DZ & 0.
Moreover, [19, 1=1[17,,]=1€Z/(n — 1)Z.

Proof. We use Pimsner-Voiculescu sequence for Stacey crossed products:

Ko(TE ) 80 o (T ) —— Ko(Tug)

] J

Ki(Thg) —F/— Kl(—[g,q)lm)Kl(-lg,q)

Since Ko(-lg’q) ~ Z[%], Ko(Ad(sy)) is determined by the image of [1]:

n

1 1 1
Ko(Ad(s))([1]) = [s157]1 = - Z[Sisi*] = ;[<P(1)] = ;[l].

i=1

Thus the sequence can be rewritten:

3

ZIY) —— Z[1] — Ko(Tug)

T l

K (—lnq) <

)
)

Hence

1 1 1
Ko(Thg) =~ Z[;]/ ker ¢ ~ Z[;]/(n — I)Z[;] ~7Z/(n— 1)Z.

n—1

K1(Th,g) =~ ker =0.
Since Ko(L)(na—b) =a mod Z/(n — 1)Z and [1-[%] =nbe Z[%],

(19,1 =Ko ([1y D= Ko)(n”) =1€Z/(n—1)Z.



1642 A. Kuzmin

Corollary 7.5.
_In,q ~ Tn,().

8. Jn,g =~ Tnyo
Consider the following extension

& 0> KFY) - g — Tng=0,— 0.
Theorem 8.1. There are two possibilities:

1
(Z. Po=1) =" (Z,13,, = 1) Zn-1.17,, = 1)

K3i(E = i !

mod (n—1)
e

0 < 0 < 0
or
Z, Po=1) - 2,15, = -1) =%, 1,15, = 1)
+M5)
Sl.x( T l/
0 < 0 < 0

Notice that here order in Ko(IK(F?)) is induced by the class of Pg.

Proof. We know that for every ¢ there is an injection KO, < 3, , which restricts
to an isomorphism of K(F%) and K(F9). Since this map sends Iko, — 2 SiSf to
13,, — > 5; S}, we can conclude that it induces identity map on the level of Ko groups.
Thus [Pal =1 € Ko(K(F?)) =~

Apply six-term exact sequence to the extension &;:

7 —— Ko(3ug) —— Zy—i

Ksix(gq) = gq = T l

0 ¢—— Ki(Quy) — 0

There are two types of group extensions of Z,_1 by Z : they are either Z or Z @ Z,_1.
If the second is the case then &, is a trivial extension. Since it is also essential, by
Voiculescu theorem that would mean that 3, g 2K T .¢» Which is not the case,
because Po = 15, — > S;S*. Thus

n,q

KO(:n,q) ~ 7, K; (:nq) ~ 0.

In Theorem 7.4 we have already shown that [1, /] = 1. Since all surjective maps
7, — Zpn—1 has form Ay : a — ba mod (n — 1) for some b coprime with n — 1 and
13, , maps to [14, ], we have that

A(n—1) Ap

> 7 > Lin—1

!
0

Ksix (gq) =

S —r N

A~
(=)
A~
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and b[13, ] = l+k(n—1) for some k € Z. Since Pg is minimal projectionin K C Jn,q
and KO(K) — Ko(3y,¢) is injective, [P@]Z = (n — 1)Z. Moreover, But then

tn— ) =[Pol=[1-)_ SiS1=[1-Y 8§8I=1-nllz,,]

so[13, ] ==+1.1If[13, ] = 1thenb = 1+k(n —1), A, = A and the sequence looks
like

(1— A
2, Po=1) - 2,15, = 1) — Z,1,14,, = 1)

stx(g)_ T l

0 < 0 < 0

If[15,,]=—1thenb = —1+k(n — 1), A, = A_; and the sequence looks like

A
@, Po=1) " 2,15, = 1) ——— @Z,_1,15,, =)
YI.X (5 ) = T J,
0 < 0 < 0
O
Since considerations of the theorem above did not depend of g, by Theorem 3.8
Corollary 8.2.
:n,q ~ jn,o.
Proof. Choose the following isomorphism of the two possible exact sequences:
0 — (Z, Po=1) " @ 15, =—1) —= @y 1,15, =1) —> 0
l~l l—l 11
0— Z Po=1) "8 2,15, =1) —2 % Zy1,15,,=1) —> 0
0
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