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INFINITE-DIMENSIONAL LIE BIALGEBRAS AND MANIN PAIRS

STEPAN MAXIMOV

DEPARTMENT OF MATHEMATICAL SCIENCES
CHALMERS UNIVERSITY OF TECHNOLOGY AND UNIVERISTY OF GOTHENBURG
GOTNEHBURG, SWEDEN 2023

ABSTRACT

This PhD thesis is devoted to the theory of infinite-dimensional Lie bialgebra structures as
well as their close relatives such as r-matrices and Manin pairs. The thesis is based on three
papers.

PAPER I. The standard structure on an affine Kac-Moody algebra induces a Lie bialgebra
structure on the underlying loop algebra and its parabolic subalgebras. We obtain a full
classification of the induced twisted Lie bialgebra structures in terms of Belavin-Drinfeld
quadruples.

First, we prove that the induced structures are pseudo quasi-triangular. Then, using
the algebro-geometric theory of the classical Yang-Baxter equation (CYBE), we reduce the
problem of classification to the well-known Belavin-Drinfeld list of trigonometric solutions.

PAPER II. We classify topological Lie bialgebra structures on the Lie algebra of Taylor series
g[x], where g is a simple Lie algebra over an algebraically closed field F' of characteristic 0.

We formalize the notion of a topological Lie bialgebra and introduce topological analogues
of Manin pairs, Manin triples, Drinfeld doubles and twists.

By relating topological Manin pairs with trace extension of F'[z] we obtain their complete
classification. The classification of topological doubles, which was known before, becomes a
special case of the classification of Manin pairs.

The classification of doubles tells us that there are only three non-trivial doubles over g[z],
namely g((x)) x glz]/z"g[z], n € {0,1,2}. We prove that topological Lie bialgebra structures
on g[z] are in one-to-one correspondence with Lagrangian Lie subalgebras of these doubles
complementary to the diagonal embedding A of g[x]. The classification of topological Lie
bialgebra structures is then obtained by associating the corresponding Lagrangian subalge-
bras with algebro-geometric datum. When the underlying field F' is the field of complex
numbers, the classification becomes explicit.

PAPER III. In this paper we associate arbitrary subspaces of g((z)) x g[z]/x"g[z] comple-
mentary to A with so-called series of type (n, s).

We prove that skew-symmetric (n, s)-type series are in bijection with Lagrangian sub-
spaces and topological quasi-Lie bialgebra structures on gx]. We classify all quasi-Lie bial-
gebra structures using the classification of Manin pairs from Paper II.

We show that series of type (n,s), solving the generalized CYBE, correspond to Lie
subalgebras.

KEYWORDS: Lie bialgebra, loop algebra, classical twist, Yang-Baxter equation, Manin triple,
Manin pair, r-matrix.
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1 INTRODUCTION

Lie bialgebras originate together with Poisson-Lie groups in mathematical physics as a part of
a vast research program launched by L.Fadeev in 1970’s. More precisely, Poisson-Lie groups
were introduced by V. Drinfeld in [10]. The motivation to introduce and study such objects
was two-fold: 1) They represent good candidates of Poisson manifolds, that can be quantized
and 2) Groups of dressing transformations of some integrable systems possess Poisson-Lie
structure and hence their study lead to a better understanding of Hamiltonian systems. A
Lie bialgebra is the structure we get if we consider the Lie algebra of a Poisson-Lie group. Lie
bialgebras were introduced in the same paper [10]. The study of Lie bialgebras, as well as Lie
algebras, is interesting on its own. Moreover, we have an extension of Lie’s third theorem:
Given a finite-dimensional Lie bialgebra we can view it as a tangent Lie bialgebra of some
Poisson-Lie group.

Lie bialgebra structures on finite-dimensional Lie algebras, as well as structures associated
with them, like classical r-matrices, have been thoroughly studied and there exist well-known
classification results. The same cannot be said about infinite-dimensional Lie bialgebra struc-
tures. There is an abundance of examples of such structures, for example, the standard Lie
bialgebra structure on a symmetrizable Kac-Moody algebra introduced in [11]. There are
also well-known classifications of classical r-matrices with spectral parameters |7, |18, |19|.
However, the first systematic classification of infinite-dimensional Lie bialgebras appeared
only in 2010 in paper [16] by F.Montaner, A. Stolin and E. Zelmanov, where they described
all Lie bialgebra structures on the Lie algebra g[x] of polynomials with coefficients in a simple
C-Lie algebra g.

The thesis is based on three papers, referred to as Paper I, IT and III, that can be seen
as an attempt to close the gap between finite and infinite-dimensional pictures.

This introduction is devoted to a description of the classical finite-dimensional theory
of Lie bialgebras in such a way that the infinite-dimensional results of Papers I, IT and III
become a natural extension of the analogous finite-dimensional results.

1.1 CLASSICAL LIE BIALGEBRAS

Let F' be a field of characteristic 0 and g be a Lie algebra over F'. We impose no restrictions
on the dimension of g. The linear map 0: g — g ® g is called a (classical) Lie bialgebra
structure on g if the following conditions are satisfied:

1. the dual map ¢V: (g®g)Y — g", restricted to g¥ ® g, is a Lie bracket on the algebraic
dual gV;



2. for all x,y € g we have
oz y) =lr@l+leri(y]-yol+1ey i), (1.1)

where [z @14+ 1®z,a®b) =2 (a®b) = [r,a] ®b+ a ® [x,b]. In other words, J is a
1-cocycle with values in g ® g.

If ¢ satisfies all the properties above, we call the pair (g, ) a Lie bialgebra. Since the category
of finite-dimensional Lie algebras is anti-equivalent to the category of finite-dimensional Lie
coalgebras we could equivalently say that Lie bialgebra is both a Lie algebra and a Lie
coalgebra such that the compatibility condition holds.

I[Equation (1.1)[can be written more symmetrically using the adjoint and coadjoint repre-
sentations for g and g¥, namely

(adsg, ad,y) + (ad} f,adjy) — (ad,g,ad}y) + (ad;g,adjz) — (ad; f,adjz) = 0. (1.2)

Such a representation of the compatibility condition reveals the symmetry between the com-
mutator map on g and the cocommutator §. It follows that a pair (g,0) is a Lie bialgebra
structure if and only if (g¥,[-,]") is.

Example 1.1.1. The easiest possible Lie bialgebra structure on g is the trivial structure

5 =0. ¢
Ezxample 1.1.2. Consider g = sl(2,C) with the basis

R )by

Then for any choice of constants ¢q, ca, c3 € C we have the following Lie bialgebra structure
on g:
d(e) = cre A\ f + cae A h,

d(h) =cse Nh—cif Ah,

(f) =cse N f+caf Nh.
If we denote the dual basis for g¥ by {e*, h*, f*}, then the bracket defined by 0¥ is described
explicitly by

~

[6*7 f*] = Cl‘g|< + CSf*a
[e*, h*] = coe”™ + c3h”,
[f*, h*] = CQf* — Clh*.
1

The Lie bialgebra structure corresponding to the choice ¢; = c3 = 0 and ¢; = 5 is usually

called the standard structure. O
A morphism between two Lie bialgebras (g1,91) and (gs,09) is a Lie algebra homomor-
phism ¢: gy — go which satisfies the relation

S0 = (p ® )0y. (1.3)

In other words, it is a homomorphism of both Lie algebra and Lie coalgebra structures.

Observe that if (g,9) is a Lie bialgebra then so is the pair (g,£0) for any £ € F. It is
natural to identify Lie bialgebra structures if they differ only by a non-zero scalar multiple.
We say that two Lie bialgebras (g1, 1) and (g2, d2) are equivalent if there is a constant £ € F'*
such that (gq,01) is isomorphic to (gs, &d2).



Ezample 1.1.3. It was shown in [20] that, up to equivalence, there are three Lie bialgebra
structures on sl(2, C):

1. 0 =0;
2. 8(e)=12enh, 6(h) =0, 6(f) =35fAh;
3. 0(e)=0, 6(h)=eAh, 0(f)=eNf.

Later we describe the methods of [20] in more detail because they can be generalized to the
case of infinite-dimensional Lie bialgebras. O

1.1.1 COBOUNDARY LIE BIALGEBRAS AND CONSTANT 7-MATRICES

The easiest way to find a 1-cocycle 0: g — g ® g is to take a 1-coboundary dr for some
r € g® g. Lie bialgebra structures of g of the form § = dr are said to be coboundary. The
requirement on dr" to define a Lie algebra structure on g¥ means that

1. for any x € g the tensor dr(z) € g ® g is skew-symmetric and
2. drY restricted to g¥ ® g satisfies the Jacobi identity.

Note that any element r = > . a; ® b; € g ® g defines a linear map r: g — g by
f = >, f(a;)b;. The following lemma gives equivalent formulations of the first requirement
above.

Lemma 1.1.4. Write r = a + s, where a is the alternating part of r and s is its symmetric
part. The following statements are equivalent:

1. for all x € g the element dr(x) is skew-symmetric;
2. ds =0, i.e. s is ad-invariant;
3. for all x € g we have soad), = ad, o s.

Now, following |14], we represent the Jacobi identity for dr" in terms of r itself. We start
with the skew-symmetric case r = a. Using the Einstein notation we write a = z; ® y'.
Consider the algebraic Schouten bracket of a, i.e. the element

[a.a] = =2(ly", ¥l @ v @a; + 2, @[y, Y] @z + o, @ ;@ [y, y']) € gAgAg. (14)
One can check that it is the unique element satisfying the equation

(f ©® g @ h,[a,a]) = =2((f,[alg), a(W)]) + (g, [a(h), a(f)]) + (h, [a(f), alg)]))
=-20 <f7 [Q(g)ag(h)D

for all f,g,h € g¥. We use the symbol O to denote the summation over circular permutations
of symbols f, g and h. A direct computation yields the relation

(1.5)

(f®g@h,d([a,a])(x)) =2 O (da’(da’(f @ g) ® h),x), Vf.g,h€g” (1.6)

Therefore, we have the following statement.



Proposition 1.1.5. For any skew-symmetric tensor a € g ® g, the restriction of the linear
map da" to g¥ @ g" satisfies the Jacobi identity if and only if [a, a] is ad-invariant.

Combining [Proposition 1.1.5(and |Lemma 1.1.4|with the F-linearity of the differential map
we can state the following.

Corollary 1.1.6. Let r = a+ s € g® g, where a is the alternating part of r and s is its
symmetric part. The linear map dr is a Lie bialgebra structure on g if and only if both s and
[a,a] are ad-invariant.

The invariance of [a,a] can be analyzed even further. Any element r € g ® g produces
the skew-symmetric bilinear map (r,r): g¥ ® g¥ — g, given by

(rr)(f®g) =[r(f),r(g)] = (rodr)(f@yg). (1.7)
Define (r,r) as the unique element of g ® g ® g satisfying
(fog®h, (rr)=(h{rr)(f®g)), Yfgheg" (1.8)

Explicitly, if r = 2; ® y* then
(r,ry =2, 2] QY @y + 2, @[y, 2] @y + 1 @ 3; ® [y, 1] (1.9)

Observe that for skew-symmetric » we have
1
(r.r) = =5[] (1.10)

Theorem 1.1.7.
1. Ifs € g®g is symmetric and ad-invariant, then (s, s) is skew-symmetric and ad-invariant;
2. Letr =a+s € g®g, where a is skew-symmetric and s is symmetric and ad-invariant,
then (r,r) is skew-symmetric and (r,r) = {(a,a) + (s, s);
3. Forr asin 2. the equality (r,r) = 0 is a sufficient condition for [a,a] to be ad-invariant.
The equality (r,r) = 0 is called the (constant) Classical Yang-Baxter equation (CYBE).
Usually, it is written in another form. More precisely, define the following embeddings of
g®ginto U(g) ® U(g) ® U(g):
() rRy— IRy l,
(P rRy—Ire1ey, (1.11)
()P ey 10y,

where U(g) stands for the universal enveloping algebra of g. Let CYB: g®g — g®g® g be
the function given by

CYB:r— [7’12, 7"13] + [T12,r23] + [r13, 7“23], (1.12)

where e.g. [ty ® 1,1 ®a®b = 2 ® [y,al ® b. Then the CYBE is exactly the equation
CYB(r) = 0. Elements r € g ® g solving the CYBE are called quasi-triangular r-matrices.
Skew-symmetric quasi-triangular r-matrices are called triangular r-matrices or simply r-
matrices. Therefore, according to the theorem above any (constant) r-matrix r gives rise to
the Lie bialgebra structure dr on g.



Remark 1.1.8. If r € g®g is a triangular r-matrix, then dr defines a Lie bialgebra structure
on any Lie algebra ¢ containing g as a subalgebra. The same is not true for quasi-triangular
r-matrices, because in general the invariance of the symmetric part of r» with respect to the
action of g does not imply the invariance with respect to e¢. For example, any invariant
element of sl(n, C) is a multiple of the quadratic Casimir element. But Casimir elements are
different for different n. O

We now have defined a subclass of Lie bialgebra structures on g, namely the coboundary
structures. The first cohomology group H'(g,g A g) measures the size of this subclass.
Since for any finite-dimensional semi-simple Lie algebra over a field of characteristic 0 (not
necessarily algebraically closed) we have H'(g,g A g) = 0, any Lie bialgebra structure on
such a Lie algebra is automatically coboundary. Furthermore, if the field is assumed to be
algebraically closed and g is simple, then by [15, Theorem 11.2] the space of ad-invariant
elements in g A g A g is 1-dimensional. These observations lead to the following theorem.

Theorem 1.1.9. Let g be a finite-dimensional semi-simple Lie algebra over a field of char-
acteristic 0. Then for any Lie bialgebra structure § on g there isr € g® g such that § = dr.
Moreover, if g is simple and the field is assumed to be algebraically closed, then r can be
chosen to be quasi-triangular, i.e. CYB(r) = 0.

Ezample 1.1.10. The Lie bialgebra structures on s((2, C) from [Example 1.1.3|are defined by
quasi-triangular r-matrices:

1. »=0;
2. r1=3h@h+e@ f=(Gh@h+i(e@f+f®e)+ilexf—f®e);
3. r=3(e®h—h®e).

O

Remark 1.1.11. In view of [I’heorem 1.1.9] to classify all Lie bialgebra structures on a simple
Lie algebra g over C, it is enough to describe all solutions to the classical Yang-Baxter
equation

[TIQ’ 7,13] 4 [7,127 T23] 4 [T13, 7,23] — 0.

If we assume that g has dimension n, then solving the CYBE amounts to solving n® quadratic
equations in n? variables. This is what makes the search for solutions a hard task that cannot
be solved by a straight-forward calculation. O

We say that two elements ry, 7y € g® g are gauge equivalent, if there is ¢ € Autp_pieaig(9)
such that

re = (@ ® p)ry. (1.13)

It is clear that if r defines a Lie bialgebra, then so does &r for any & € F. We say that ry

and ry are equivalent if there is a constant ¢ € F'* such that r; is gauge equivalent to &rs.
One can easily check that the relations

drap = (p @ p)dr; and 19 = (¢ ® @)1y

are equivalent. Consequently, equivalent coboundary Lie bialgebra structures correspond to
equivalent elements in g ® g and, conversely, if 1,7, € g ® g are equivalent and r; defines a
Lie bialgebra structure on g then ro also defines a Lie bialgebra equivalent to the first one.
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Remark 1.1.12. By|[Theorem 1.1.9|Lie bialgebra structures on a finite-dimensional simple Lie
algebra g over an algebraically closed field F' are completely determined by quasi-triangular
r-matrices. For the case F' = C, there are well-known classification results.

For r = a + s with s # 0 the classification was obtained in |7]. The case s = 0 is less
friendly. It was shown in 18] that the classification of skew-symmetric solutions is equivalent
to the classification of quasi-Frobenius subalgebras of g. The latter problem is known to be
"representation-wild”. Therefore, at the present there is no hope to obtain a full classification
of triangular r-matrices for simple Lie algebras, except for some low-dimensional ones; see

[18, [19]. 0

1.1.2 MANIN TRIPLES

Now we place Lie bialgebras and quasi-triangular r-matrices into a larger picture of Lie
algebra splittings and generating functions.
Let W be a subspace of a vector space V equipped with a reflexive bilinear form B and
define
W+ ={veV|BW)=0}

Recall that the subspace W is called
e isotropic if W C W+,

e coisotropic if W+ C W;

e Lagrangian if W = W+,

A (classical) Manin triple is a triple ((L, B), Ly, L_), where L is a Lie algebra with an
invariant non-degenerate symmetric bilinear form B and L.y are Lagrangian subalgebras of
L such that L = Ly + L_. We use the sign 74" to denote the direct sum of vector space
structures, but not necessarily of Lie algebra structures.

Each Lie bialgebra (g, d) can be associated with a Manin triple. More precisely, equip the
vector space g + gV with the form

Bz + f,y+g) = f(y) +g(z). (1.14)

Then one can prove that there exists a unique Lie bracket on g + g¥ making the triple
((g+gY,B),g,¢") into a Manin triple, namely

[z, f] = —foad, + (f ®1)i(z). (1.15)

Such a Manin triple associated with a Lie bialgebra (g,0) is called the (classical) double of
(g,9). The Lie algebra g+ g" with the form above is usually denoted by D(g, d).

The converse is not true: not every Manin triple ((L, B), L, L_) defines a Lie bialgebra
structure on L. However, if the dual map

[V LY - (L-® L)Y (1.16)

of the Lie bracket on L_ restricts to the map §: L, — L, ® L, , where we use the inclusion
L, C LY given by B, then (Ly,J) is a Lie bialgebra. Equivalently, if there is a linear map
0: Ly — Ly ® L, satisfying the condition

B(5(a),b1 & bg) = B(CL, [b17b2]), Va € L., Vby,by € L_, (].].7)
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then (L,,0) is a Lie bialgebra. In this case § coincides with dual map on L.
When the condition above is satisfied we say that the Manin triple ((L, B), Ly, L_) defines
the Lie bialgebra (L., J).

Remark 1.1.13. If ((L,B), Ly, L_) is a Manin triple with finite-dimensional L, then the
form B identifies L_ with LY and the triple does define a Lie bialgebra structure. It follows
that the notions of a finite-dimensional Manin triple and a finite-dimensional Lie bialgebra
coincide. O

There is no nice way of defining a homomorphism between two Manin triples, but there is a
natural notion of isomorphism. We call Manin triples ((L, B), Ly, L_) and (M, Q), My, M_)
isomorphic if there is a Lie algebra isomorphism ¢: L — M satisfying the conditions

¢(Ls) =My and B(z,y) = Q(¢(r), ¢(y)).

Similar to the Lie bialgebra case it is natural to identify Manin triples ((L, B), Ly, L_)
and ((L,&B), Ly, L_), where £ € F'*. We say that two Manin triples ((L, B), L., L_) and
((M,Q), M., M_) are equivalent and write

((L7 B)7L+7 L—) ~ ((M7Q)7 M+7 M—)

if there is £ € F* such that ((L, B), Ly, L_) is isomorphic to ((M,£Q), My, M_). It is not
hard to see that equivalent Manin triples define equivalent Lie bialgebra structures.

1.1.3 GENERATING SERIES

Assume r € g ® g is a quasi-triangular r-matrix and write it as r = z; ® y*, where (z;) and
(y') are sequences of linearly independent vectors. Define the following subspaces of g:

[ = spanp{z;}, € :=spanp{y'}, and L :=[+&=spanp{z; y'}.

Since CYB(r) = 0 these subspaces are subalgebras of g. Moreover, dr restricts to the map
L — L ® L making (L, dr) into a Lie bialgebra. This Lie bialgebra is defined by the Manin
triple (D(L,dr), L, L"). Let us write [f, g]" :== dr¥(f ® g) for the Lie bracket on LY. Now we
observe that the linear map r: LY — € is surjective and hence it gives rise to the isomorphism
(of vector spaces)

r: V= LY ker(r) — & (1.18)

Again, since CYB(r) = 0 we can dlrectly compute that

[rf.rgl =rlf,g]" (1.19)

In other words, the map is a Lie algebra isomorphism. Putting all these observa-
tions together we see that ([ + € [, €) is Manin triple, where the Lie bracket and the form on
[4 ¢ are defined in the same way as on ©(L,dr) = L+ LY. If we now take a basis {v;} for [
and a dual basis {w'} in € the matrix v; ® w’ € [® £ will coincide with the original matrix 7.
Therefore, we have proven the following result.



Lemma 1.1.14. Letr € g® g be a quasi-triangular r-matriz. Write it as a sum r = x; @ y°
with a minimal number of simple tensors. Then there exists a Lie algebra a with an invariant
non-degenerate symmetric bilinear form that splits into a direct sum

a =4 = spanp{z;} +spanp{y'}
of Lagrangian Lie subalgebras, generated by the left and right components respectively of r.

FExample 1.1.15. Consider, for example, the quasi-triangular r-matrix r = ih Qh+e® f
from [Example 1.1.10, The construction above gives the Manin triple (b4 +b_,b,,6_). The
Lie bracket on b, + b_ is given by

[(6, O)’ (07 f)] = %(h’ h)a [(6, O)’ (07 h)] = (_26’ 0)7
[(hv O)’ (07 f)] = (0’ _2f)7 [(h’ 0), (07 h)] = (07 O)

and r splits this Lie algebra into the direct sum of Lagrangian Lie subalgebras. O

1.1.4 CLASSICAL TWISTS

Let ((L,B), Ly, L_) be a finite-dimensional Manin triple. As we now know it defines a Lie
bialgebra structure § on L, . Assume we can find another Lagrangian Lie subalgebra L' C L
such that L, + L” = L. Then, using the same arguments, ((L, B), Ly, L") defines another
Lie bialgebra structure ¢’ on L, . It is natural to ask what is the relation between d and ¢’

Let us now investigate this question. Each f € L_ can be decomposed as f = f, + [,
where f, € L, and f’ € L' . Define the linear map

Then L' ={(t+1)f | f € L_}. The isomorphism LY = L, given by the form B, associates
the map t with a unique element ¢t € L, ® L. If t = 2; ® 9/, then for all f,g € L_ the
Lagrangian property of L' gives

0=B((t+1)f,(t+1)g)
= B(tf,g) + B(f,t9)

=By +y @z, f ®g).

In other words, the element ¢, corresponding to the map t, is skew-symmetric. A direct
calculation then yields the equality

B(6(a) +dt(a),(t+1)f @ (t+1)g) = B(a, [t +1)f, (L +1)g])

B+ Do+ 1)y, 2

showing that &' = § + dt.
Note that if we simply add some 1-coboundary dt to 0 the resulting linear map 0 + dt
does not need to be a Lie bialgebra structure. For that, the element ¢ needs to satisfy certain

8



L/

conditions which we will state very soon. The procedure of obtaining new Lie bialgebra
structures from a given one by adding certain 1-coboundaries is called twisting. And we have
just seen that at the level of Manin triples twisting is nothing else but a change of the third
component in the triple.

Let us now present the exact statements. Consider a Lie bialgebra (L, ) (not necessarily
finite-dimensional). A skew-symmetric element ¢t € L, ® L, is called a classical twist of ¢ if
it satisfies the equation

CYB(t) =0 (§® 1)t (1.21)

where Oz YRz =2rQYyR2+yYR® 2R xr+ 2@ r®y. For a classical twist ¢ the linear
map d; = ¢ + dt is again a Lie bialgebra. Note that for 6 = 0 condition [Eq. (1.21)| turns into
condition (r,r) = 0 from [Theorem 1.1.7, Therefore, classical twists of 0 = 0 are precisely the
triangular r-matrices in L, ® L. In Paper I, based on the results from |13} |17, |18, |19], we
prove the following statement.

Theorem 1.1.16. Let (Ly,d) be a Lie bialgebra defined by the Manin triple (L, Ly, L_).
Then we have the following one-to-one correspondences: Let (L., d) be a Lie bialgebra defined
by the Manin triple (L, Ly, L_). Then there are the following one-to-one correspondences:

Classical twists of 9, i.e.
skew-symmetric tensorst € Ly @ L
satisfying CYB(t) =0 (0 ® 1)t

/ \

Lagrangian Lie subalgebras L; C L Linear maps T: L_ — Ly such that
complementary to L, and dim(im(7")) < oo and for all wy,wq, w3 € L_
commensurable with L_, i.e. holds B(Twy,ws) + B(wy, Twy) =0 and
dim(L;+ L_)/(LiNL_) < o0 B ([Twy — wy, Twy — wa], Tws — w3) =0

Remark 1.1.17. It is clear that the conditions on ¢t € L, ® L, to be a classical twist are
sufficient but not necessary. Indeed, if d =0 and t = a+s € L, ® L, then, as we know from

9



ITheorem 1.1.7, the map dt is a Lie bialgebra structure if and only if both s and CYB(t) are
ad-invariant. In a similar vein, one can prove that §; = 0 4+ dt, wheret =a+s € L, ® L,
is again a Lie bialgebra structure if and only if both s and CYB(t)— O (6 ® 1)t are ad-
invariant. However, twisting ¢ with such an element ¢ does not correspond to a change of the
third component in the corresponding Manin triple (D(Ly,d), Ly, L_). In other words, if we
want twisting to preserve the first two components of the Manin triple we need the notion of
a classical twist. O

We have explained how (classical) twisting looks at the level of cocycles and Manin
triples. Let us finally explain how it is seen from the viewpoint of quasi-triangular r-matrices.
Consider a Lie bialgebra (g, = dr) for some quasi-triangular r-matrix r = a + s € g ® g.
Adding a skew-symmetric ¢ € g ® g to r does not change the invariance property of s.
Moreover, a straight-forward computation shows that

CYB(r+1t) =CYB(r) + CYB(t)— O (6 ® 1)t = CYB(t)— O (0 ® 1)t. (1.22)

In other words, a skew-symmetric ¢ € g ® g is a classical twist of a quasi-triangular structure
0 = dr if and only if r; == r 4t is again a quasi-triangular r-matrix. It is clear that ¢, = dr;.

1.2 CLASSIFICATION SCHEME FOR CLASSICAL LIE
BIALGEBRAS

Let (g,0) be a Lie bialgebra and (D,g,g") be the associated Manin triple. Twisting §,
as we have seen, changes the third component of the triple and leaves the rest untouched.
Therefore, if t € g®g is a classical twist of §, then D (g, d+dt) = D(g,0) as a Lie algebra with
form. In other words, classical doubles are invariant under twisting. For this reason, they
are sometimes called twisting classes. This observation leads to the following classification
scheme of Lie bialgebra structures on a given Lie algebra g.

1. Classify all classical doubles (g, d);

2. Choose a representative o within each twisting class and describe its classical twists.

Remark 1.2.1. If (Ly,6;) and (Lo, ds) are isomorphic Lie bialgebras, then so are the as-
sociated Manin triples. Indeed, if ¢: L; — Ls is a Lie bialgebra isomorphism, then the
isomorphism between (D (Ly,d1), L1, LY) and (D(La, d3), Lo, Ly) is given by ¢ + (¢~1)¥. In
particular, isomorphic Lie bialgebra structures will fall into the same twisting class. How-
ever, if 09 is a classical twist of d; then, in general, we do not know if these structures are
isomorphic or not. Therefore, if we want to classify Lie bialgebra structures not just up to
twists, but up to equivalence we need to add an extra step to the classification scheme above:

3. Describe isomorphism classes of twists.

v

By [Theorem 1.1.16] we know that the second step of the scheme is equivalent to the
classification of subalgebras W C ©(g,d) complementary to g and commensurable with
g’. In case § = dr, for some quasi-triangular » € g ® g, this problem is equivalent to the
classification of quasi-triangular r-matrices of the form r+¢, where t € gAg. Furthermore, if r
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is triangular, then the description of the twists coincides with the description of all triangular
r-matrices of the form r + ¢ with ¢t € g ® g. By our previous observations, isomorphic twists
will correspond to gauge equivalent quasi-triangular r-matrices.

Remark 1.2.2. The division of quasi-triangular Lie bialgebra structures into different doubles
can be used as a tool to determine if given r-matrices are not gauge equivalent. More precisely,
if ®(g, dry) is not isomorphic to (g, drs), then r; cannot be gauge equivalent to 5. O

There is no general solution for the problem in step 1. However, one of the key results in
Paper II is the following theorem that allows us to approach this question for a large variety
of Lie algebras.

Theorem 1.2.3. Let g be a central simple Lie algebra over a field F' of characteristic 0 and
A be a reduced unital associative commutative F'-algebra. FEquip the tensor product g ® A
with the Lie algebra bracket

[a® f,b®g] =a,b] ® fg.

Let L be a Lie algebra equipped with a non-degenerate symmetric invariant bilinear form B
such that g@ A C L is a coisotropic subalgebra. Then, as Lie algebras, L = g® A for a unital
associative commutative algebra extension A O A.

FExample 1.2.4. Consider a finite-dimensional simple Lie algebra g = g ® C over C. Let 0
be a Lie bialgebra structure on it. Then, by definition of the double, g ® C is a Lagrangian
subalgebra of D(g, ). [Theorem 1.2.3| gives an isomorphism of g-modules D (g, d) = g® A for
some algebra extension C C A. Furthermore, if g has dimension n over C then ©(g,0) = g+g"
has dimension 2n over C. It now follows that A must have dimension 2 over C. Up to
isomorphism, these extensions are

C@® C and C[z]/(z?).

This means that classical doubles of (g,0), as Lie algebras, are isomorphic to either

gxg or gla]/a’gla]. (1.23)

In the first case g sits inside g x g diagonally, i.e. g = A = {(a,a) | a € g}. In the second case
we embed g into glx]/z?g[z] as g ® 1. Unfortunately, this is not a classification of classical
doubles yet, because we need to classify all possible non-degenerate invariant symmetric
bilinear forms on these Lie algebras as well. For that, fix a Cartan subalgebra h C g and
decompose g into root spaces

s=bP ..

a#0
For each a > 0 choose a pair of vectors (eq,€_q) € ga X §_q such that k(e,,e_,) = 1. Let us
denote by B a non-degenerate invariant symmetric bilinear form on ®(g, ). Choose some
a # 0 and consider the linear functional t: A — C, given by

t(f) = Blea®1l,e_q ® f). (1.24)

If A= spanc{1,v}, then t is completely determined by its value A = t(v). Indeed, since
g ® 1 is a Lagrangian subalgebra of g ® A we have t(1) = 0 and hence t(¢; + cov) = 2\ for
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all ¢1,co € C. It was shown in [20] that the functional t does not depend on our choice of the
root a and, moreover, it completely determines the form B itself. More precisely, we have
the equality

B(a® f,b® g) = k(a,b)t(fg). (1.25)

Therefore, up to scaling, the only possible non-degenerate invariant symmetric bilinear forms

on Lie algebras from are

B(a® (M1, A2),b® (1, p2)) = k(a, b)(Arpr — Aapia),

Bla® (M + Xo2),b® (1 + p127)) = #(a, ) (A1 ftz + Aajiy)- (1.26)

This result completes the classification of classical doubles.

In the second step we need to choose some representatives within the two twisting classes
above and describe their twists. One obvious representative from the second class is § = 0,
which corresponds to the splitting

glz]/2*glz] =g @ 1+ g ® [x],

where the bracket on the second factor is trivial: [f®[z], g®[z]] = [f, g]®[2?] = 0. Therefore,
the second class corresponds to triangular r-matrices r € g ® g. This also means that if we
take a quasi-triangular r-matrix r € g ® g which is not skew-symmetric, dr will fall into the
first twisting class. An example of such an r-matrix is

r:Ze_a@)ea—l— Z(e_a®eg—eg®e_a)€g®g. (1.27)

a>0 a>F>0

This example can be considered, in some sense, as a generalization of the quasi-triangular
r-matrix th @ h + e ® f from [Example 1.1.10]

To complete steps two and three we need to classify triangular and non-alternating quasi-
triangular r-matrices up to gauge equivalence. We have already mentioned in [Remark 1.1.11]
that such classifications can be found in |7, 18] and [19]. In particular, for s((2,C) we get
precisely 3 equivalence classes mentioned in [Example 1.1.3] O
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2 PSEUDO QUASI-TRIANGULAR
STRUCTURE

A Lie bialgebra structure  on g is a coboundary structure if there is r € g ® g such that
0 = dr, where
dr(a) =[a®1+1®a,r]. (2.1)

Sometimes we can use [Eq. (2.1) to define a Lie bialgebra structure on g even when r is not

an element of g ® g. In this case we refer to such a structure as pseudo quasi-triangular.

Example 2.0.1. Let a be a finite-dimensional semi-simple Lie algebra over a field F' of char-
acteristic 0. Define g := a[z] = a ® F[z] to be the Lie algebra of polynomials. Consider the
formal power series

Q

Jf—y:

Q> Yk e (a® a)(@) [y, (2.2)

k>0

where €2 € a ® a is the quadratic Casimir element of a. To see that still makes

sense, we need to use the well-known invariance of €2, i.e.

r(z,y) =

[a®1+1®a,Q =0, Vaé€a. (2.3)

Taking it into account we have

) .0 ) . Q0
Zaix’®1+1®2aiyl,— = Z(ai@)l)xl— (g, @Dy '+ (a; @1 +1® a;)y", ——
i>0 >0 =Y | i>0 r—y

=) (@) -y,
| i>1 =Y

= [a;®1,Q@ "+ Y+ +ay Py ) eg@ag.
i>1

(2.4)
Therefore, series that does not lie in g ® g produces a well-defined linear map
dr: g — g ® g through the same formula . This map, by definition, is a 1-cocycle.
Furthermore, since 2 is ad-invariant, the element dr(f) is skew-symmetric for any f € g.
Finally, using once again the invariance of the Casimir element, we compute

r—y—r+z+y—=z
(z—y)(y —2)(z —2)

O (dr@)dr(f) = —f-CYB(r) = — f-CYB(Q) —0, Vf €alz]. (2.5)
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In other words, the Jacobi identity for drV restricted to g¥ ® g" is equivalent to the ad-
invariance of CYB(r), exactly as in the standard coboundary case. In our particular example
CYB(r) = 0 implying the invariance. Consequently, dr is indeed a Lie bialgebra structure
on afz]. ¢

In general, if we take a as in the example above and consider a series of the form

s(y)$
r—y
where s € F[y] and ¢ € (a ® a)[z,y], then dr: f — [f(z) ® 1 + 1 ® f(y),r(x,y)] is again
a well-defined linear map a[z] — (a ® a)[z,y|. Moreover, if dr(f) is skew-symmetric for all
f € alz], then we have an identity similar to the one in the classical picture:

O (dre@1)dr(f)=—f-CYB(r) € (a®a®a)lz,y,z]. (2.7)
We can also view r in as a meromorphic function r: C x C — a®a. Considering

elements f € afz| as polynomial functions with values in a we can again give meaning to

Eq. (2.1) Namely, we define a polynomial function
dr(f)(z,y) = [f(z) @ 1+ 1@ f(y),r(z,y)]; (2:8)

which we then interpret as an element of (a ® a)[z,y].

Therefore, we can define more Lie bialgebra structures on Lie algebra a[z] (as well as
alz, 271, a[z] etc.) using and either meromorphic functions or series of the form
Eq. (2.6)l The first case leads to consideration of analytical solutions to the CYBE whereas
the second - to formal. We now look at these two types of solutions in more detail. starting
with the analytical case because it does not require any additional preparation.

r(z,y) = +9(z,y) € (a® a)(@)]y], (2.6)

2.1 ANALYTICAL SOLUTIONS

Let g be a Lie algebra over a field F'. The two-parameter classical Yang-Baxter equation is
the equation of the form

[r12(z1, 22), 7 (21, 23)] + [r2 (21, 22), 72 (29, 23)] + [r'3 (21, 23), 7% (22, 23)] = 0, (2.9)

where r is any function with the codomain g ® g. The notation 7 (z;, x;) means (r(z;, z;))",
where the maps (-)¥ are defined exactly as in [Eq. (1.11)} The same notation CYB(r), or
CYB(r)(z,y, z) if one wants to specify the parameters, is used to denote the left-hand side
of Historically, one usually considers finite-dimensional Lie algebras over C and
search for solutions in the set of meromorphic functions r: U — g® g defined on a connected
open neighbourhood U C C x C.

Fxample 2.1.1. Let g be a semi-simple Lie algebra over C and 2 € g®g be the corresponding

quadratic Casimir element. Consider the function r: C x C — g ® g given by
Q

rT—y

As we have seen in [Example 2.0.1 CYB(r) = (z —y) "y — 2) "}z — 2)'CYB(Q)(z — y —

r+z+y—2z)=0. 9

r(z,y) = (2.10)
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Example 2.1.2. Let g be again a semi-simple C-Lie algebra. Fix some triangular decomposi-
tion g = n_+4h+n;. Denote by Q4 and € the projections of the Casimir element Q € g® g
on the subspaces ny ® ny and h ® b respectively. Another interesting example of a solution

r:CxC— g®gtolEq. (2.9)|is

y$ o Oy
— + Q5. 2.11
x—y+2+ * ( )

r(z,y) =

Subalgebras n, and n_ play symmetric roles, so we could equivalently have chosen €2 _ instead
of 4. The constant part rp; = §2/2 4 €2 is a solution to the (constant) classical Yang-
Baxter equation known as Drinfeld-Jimbo r-matriz. O

Constant r-matrices form a subset of solutions to , so there can be no question
about their full classification. However, there are well-known classification results for non-
degenerate solutions for simple Lie algebras. Let us present them in more detail.

The Killing form s on a finite-dimensional simple Lie algebra g over C induces an iso-

morphism of vector spaces
¥ g®g— End(g),

a®br k(- b)a. (2.12)

Let U be again a connected open subset of C x C. A meromorphic function r: U — g® g is
called

1. Non-degenerate if the endomorphism ¢ (r(x,y)) is invertible for some (z,y) € U;

2. Skew-symmetric if for all (z,y) € U we have r(x,y) = —7(r(y, x)), where 7(a®b) = b®a.

Similar to [Eq. (1.13)} we call two meromorphic functions r1,72: U — g ® g (holomorphi-
cally) gauge equivalent if there is a holomorphic map ¢: U — Autc_riealg(g) such that

ra(z,y) = (p(z) @ o(y))ri(z,y), V(r,y) €U (2.13)

It is easy to see, that if r; solves the CYBE, then so does r5.

Ezample 2.1.3. Let g = n_ + bh + n, be as in [Example 2.1.2] The linear isomorphism of
hY given by a — —a induces an automorphism o of g, which we can view as a constant

holomorphic function. Applying o(z) ® o(y) to [Eq. (2.11)| we obtain

y$t oy
ELALENE e R O 2.14
e s (2.14)

r(z,y) =
O
The following result, proven in [8], describes local behaviour of solutions to the CYBE.

Theorem 2.1.4. Let g be a complez finite-dimensional simple Lie algebra, U be a connected
open subset of CxC andr: U — g®g be a non-degenerate meromorphic solution to .
Then there exists an open neighbourhood V- C C of 0, a holomorphic function ¢: V —
Autc_riealg(g) and a non-constant holomorphic function f: V. — U such that

(o(v1) @ p(v2))r(f(v1), f(v2)) (2.15)

depends on the difference vy — vs.

15



The proof consists of three main steps. First, by translating and shrinking the domain U
to U x U C C x C one shows that

s(y)<2
T —y

r(z,y) = +9(z,y), (2.16)
for some holomorphic functions s: U — C* and g: UxU — g®g. Second, setting z = f(vy)
and y = f(vq), where f is the solution to the differential equation f'(y) = s(f(y)), we remove
the coefficient in front of the Casimir element:

r(F(or), flen)) = —2

U1 — U2

+ h(’Ul, UQ).

Finally, solving another differential equation we obtain a gauge transformation ¢: V —
Autc_piealg(g) such that

X (1 —w2) = (p(v1) @ p(v2))r(f(v1), f(v2)), (2.17)

where X : V — g ® g is a meromorphic solution to

(X2 (v) — vg), XB(v; — v3)] + [X 2 (v1 — v2), X*(vg — v3)] + [X 2 (v) — v3), XB(vy — v3)] = 0.

(2.18)
Meromorphic functions in one variable solving |Eq. we thoroughly studied in |7]. The
following statement is the famous trichotomy result for such solutions.

Theorem 2.1.5. Let V' C C be a connected neighbourhood of 0 and r:'V — g® g be a
non-degenerate solution to |Eq. (2.18)| Then r is skew-symmetric, its poles form a lattice

I' € C and exactly one of the following three cases occurs:

1. rank(I') = 2. Such solutions are called elliptic;

2. rank(I') = 1. In this case there ezists a rational function f:V — g® g and a constant
A € C such that r(z2) is gauge equivalent to f(e**). Such r is called trigonometric;

3. rank(I') = 0 and r is equivalent to a rational function f: V — g® g.

Ezample 2.1.6. Let g =sl(2,C).
1. Elliptic solution of R. Baxter

)= 2o D ew fh oo+ i E ot o 1)
2. Trigonometric solution of R.Baxter
r(z) = CO;(Z)h ® h+ sin(2) (e f+ f®e);
3. Rational solution of C. Yang
r(z)z%(%h@h—i—@@f—i—f@e). %
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Ezample 2.1.7. The two-parameter solution 2/(x — y) from [Example 2.1.1| clearly corre-
sponds to a rational solution. It was shown in [13] that applying [Theorems 2.1.4] and [2.1.5]
to yQ/(x — y) + rps we get a trigonometric solution. O

A complete classification of elliptic and trigonometric solutions were achieved in the same
paper [7]. These results are also stated in Section 7 of Paper II, so we do not repeat them here.
However, to simplify further narration we should mention, that the authors of |7] present a
list (BD list) of trigonometric solutions. These solutions are completely determined by: 1)
an automorphism v of the Dynkin diagram of g; 2) a BD quadruple @ = (I'y, s, 7, t9). It
is then shown, that any non-trivial trigonometric solution of is (holomorphically)
gauge equivalent to a non-zero multiple of some solution from the list. We will denote the
trigonometric solution from the list corresponding to a Dynkin diagram automorphism v and
a BD quadruple @ by X¢. When @ is the trivial quadruple (0, 0,0,0) we will simply write
Xy.

Remark 2.1.8. One can check by direct calculation that the meromorphic function

y§2
r—y

+t, (2.19)

fort € g®g is a (trigonometric) solution to CYBE if and only if ¢ = a+ s is a quasi-triangular
r-matrix with the symmetric part s = €). Therefore, the classification of trigonometric
solutions includes the classification of quasi-triangular r-matrices with a non-zero symmetric
part, mentioned in [Remark 1.1.12]

Similarly, the function

+t, (2.20)
r—Yy

for t € g® g is a (rational) solution if and only if ¢ is a triangular r-matrix. As we now know,

the classification of triangular r-matrices is a wild problem, so the class of rational solutions

cannot be fully classified. However, there are strong structural results for such solutions

developed in |18, [19]. O

2.1.1 SUBTLETIES OF MEROMORPHIC SOLUTIONS

DEPENDENCE ON CHANGES IN THE DOMAIN. Given a solution to the CYBE of the form
Eq. (2.16), solutions to the differential equations leading to the difference-dependent form
Eq. (2.17)[ are unique. Meaning that assignment of one of the classes is unique. However, it
is unclear why two different forms for r, defined on disjoint subsets U; and U, of
U, should lead to the same type of solution. In other words, the solution type may depend
on how we translate and shrink the domain. To avoid this problem we can simply start with
solutions, which are already in the form

s(y)Q2
T —y

+9(z,y), (2.21)

for holomorphic functions s: U — C* and g: U x U — C x C, where U C C is an open
connected neighbourhood of 0.
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DEPENDENCE ON THE FIELD. There is no strong reason to consider solutions of the CYBE
only for the field of complex numbers. Historically, this was done in order to use the tools of
complex analysis. In particular, the trichotomy result [['heorem 2.1.5| depends heavily on the
field of complex numbers. At the same time, two solutions we have seen

Q
and
r—=y r—y

+ Tps

make sense for any finite-dimensional semi-simple Lie algebra g over a field F of characteristic
0. And they both produce pseudo quasi-triangular Lie bialgebra structures on g|x]. For that
reason we want to consider functions defined over any field of characteristic 0.

CONVERGENCE. We obtained a Lie bialgebra structure dr on g[z] with the help of r(z,y) =
Q/(x — y) by defining pointwise

dr(f)(z,y) = [f(x) @1+ 1@ f(y),r(z,y)].

This approach fails if we try to define in the same way a Lie bialgebra structure on the
Lie algebra of Taylor series g[z], because we cannot in general evaluate elements f € g[x]
even over C. Viewing r as a series and computing formally [f ® 1 + 1 ® f,r] in the space
(g @ 9)[z,y][(z —y)™'] C (g ® g)(«))]y] does not lead to such a problem and yields a Lie
bialgebra structure on g[z].

EQUIVALENCES. Lie bialgebras are algebraic structures and hence we want an algebraic
notion of equivalence. Assume we have two Lie bialgebra structures dr; and dry on g[x] given
by two meromorphic functions r; and ry of the form . If these functions are gauge
equivalent, i.e. (p(z)® p(y))ra(x,y) = ri(x,y) for some holomorphic ¢, then, in general, this
gives us no information about the relation between dr; and dry. To apply ¢ to g[z] we need
to express it as a formal power series. And even if we do that, there is no guarantee that it
will preserve g[z].

2.2 PAPER I

Let g be a finite-dimensional simple Lie algebra over C and o be its automorphism of finite
order |o| = m. The eigenvalues of o are e* = exp(2rwik/m), 1 < k < m, and we have the

following splitting of g into a direct sum of eigenspaces under the action of o

g= Do (2.22)
0

3

i

Denote by £ the Lie algebra of Laurent polynomials glx, x| :== g@C[x, 2~ !] with coefficients
in g. The loop algebra £° is the subalgebra of £ defined by

£ =Pl

keZ
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()= )

g @ o £ = @zkgz

Pt kEZ

where we put g7, = g7 for any £ € Z. In particular, gid = g,

If we fix an automorphism v of the Dynkin diagram of g, and take two finite-order
automorphisms o and o’ of g, whose cosets are conjugate to vInnc_riealg(g), then the theory
of loop algebras tells us exactly what the relation between £7 and £ is: it is a composition
of a conjugation and an operation known as regrading.

It was explained in [11] that any symmetrizable Kac-Moody algebra £(A) admits a so-
called standard Lie bialgebra structure dq. If we fix a non-degenerate symmetric invariant
bilinear form B on f(A) and a set {X, , H;, X;'} U{D;} of standard generators, then §y can
be described as

B(oy', o)

Hi N XE.
Assume A is an affine matrix of type X](Vm), g is a Lie algebra of type Xy and v is an
automorphism of the corresponding Dynkin diagram of order m. Then the loop algebra £
is isomorphic to the quotient [R(A), R(A)]/Z(R(A)) of the derived algebra of K(A) by its
center. Consequently, the loop algebra £ inherits the standard Lie bialgebra structure dg
from R(A). Using conjugation and regrading we can then push this structure to £7 for any
finite-order automorphism o of g whose coset is conjugate to vInng_rieaig(g). In this way,
any loop algebra £7 is equipped with a standard Lie bialgebra structure dg.

As we already know, these structures can be twisted. One of the main results of Paper I
is the classification of classical twists of the standard Lie bialgebra structure 6] on the loop
algebra £7. The process looks as follows.

First, we show that for any finite-order automorphism o the corresponding standard
structure 9§ is pseudo quasi-triangular. More precisely, for each o we define a meromorphic
solution of CYBE rJ: C x C — g ® g such that

0 (N)(x,y) =[fz)@1+1@ f(y),r{(z,y)] Vfe L, Vo,yeC

Since the equality [Eq. (1.22) and the discussion after it holds verbatim for pseudo quasi-
triangular structures, twisted structures 07 = 6J + ¢ are defined by r-matrices r{ = rJ + t.
We name these r-matrices o-trigonometric.

FExample 2.2.1. For ¢ = id we get the familiar r-matrix from [Example 2.1.3]

a Uy
= o
n=r Tyt
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And when o is the so-called Cozeter automorphism o corresponding to a Dynkin diagram
automorphism v, the function 7' corresponds to the trigonometric solution X} in the BD
list |7, Eq. 6.1]. More precisely,

ry! (e“/|"1|, e””‘”') = X{(u— ).

O

Second, we show that the operations of regrading and conjugation, that relate two loop
algebras £7 and £ can be performed at the level of the corresponding o-trigonometric
r-matrices.

regrading
Qo conjugation , SUI
A~ A~
< H' ~
79 ¢ r’

Third, using regrading and conjugation at the level of o-trigonometric r-matrices we
push the BD list from Coxeter case to any other finite-order automorphism o. More pre-
cisely, start with a Lie bialgebra structure 47 on £ with the corresponding o-trigonometric
solution r7. Let v be the automorphism of the Dynkin diagram of g lying in the same coset
olnne_riealg(g). We start by showing that there exists a trigonometric r-matrix X: C — g®g
and a holomorphic function ¢;: C — Autc_riealg(g) such that

(p1(w) @ p1(v))rg (e, e”1) = X (u —v).

Since any trigonometric solution to is (holomorphically) gauge equivalent to a
multiple (in this case 1) of some solution from the BD list, there exists a BD quadruple @
and a holomorphic function ¢y: C — Autc_riealg(g) such that

(p2(1) ® @2 ()) X (u —v) = XG(u—v) = rg (ev/lH] /Il

We make an observation that the holomorphic maps ¢; and ¢, actually take their values
in Inng_riealg(g). This implies that oy is the Coxeter automorphism from the same coset
gAutc_riealg(g). Therefore, we can now regrade oy back to ¢ by applying another holomor-
phic ¢3: C — Inng_reals(g), namely

(gog(u) X g03(v))rgg1 (6””01'7 6”/\01|) _ Tg? (eu/lal7 6v/|a\> .

Composing these gauge equivalences we obtain a holomorphic map ¢: C — Innc_rieals(9)
making the following (holomorphic) transformation

(p(w) ® p(v))ry (el ev/lonl) = o (ev/lel ev/lely .

Thus we now have a copy of BD list at each o.
We have explained in that holomorphic equivalences are not suitable for
purposes of classification of Lie bialgebra structures, since in general they do not produce

20



regular
(£7,67) +——— (£7,69)

T‘ -
» regular «
r7(z,y) < > 15 (7, y)
% I3 &
%) : §
2, 1S $
%, % S
g &
_ 01
X(;E y) holomorphic TQ (I’ y)

isomorphisms of Lie algebras. The automorphisms we are interested in are called regular.
These are elements in Autclol ,-1o1_piealg (£7). The final step is to show that the existence of
a holomorphic gauge equivalence ¢ between r{ and rf, guarantees the existence of a regular
gauge equivalence ¢. This is done using the gemetric theory of CYBE |2, [9)].

The regular equivalence ¢ gives the desired equivalence of the corresponding Lie bialgebra

structures
000 = (¢ ® )y
In this way, we have shown that all twists of the standard Lie bialgebra structure §§ on

£7 up to regular equivalence can be described by BD quadruples (). Solutions of the form
rid t € (g ® g)[z,y], are called quasi-trigonometric. Our result gives an alternative proof of

their classification presented in |17].
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3 TOPOLOGICAL LIE BIALGEBRAS AND
FORMAL SOLUTIONS

In Paper II we introduce the notion of a topological Lie bialgebra. Roughly speaking, we
equip g with a topology and allow a Lie bialgebra structure on g to be a continuous map
o:g — gw/éb\g, where the codomain is a completion of g ® g with respect to some linear
topology. If g is equipped with the discrete topology, the notion coincides with the classical
one presented in

The notion of a topological Lie bialgebra can be motivated in different ways. Our original
motivation comes from paper [16], where the authors study Lie bialgebra structures on gfx],
for a simple Lie algebra g over C. Instead of taking the algebraic dual g[z]", which is
uncountable, they take

g[z]" = {linear f: g[z] — C | f(z"g[z]) = 0 for some n > 0}. (3.1)

The corresponding ”"double” is defined as the space g[z] + g[z]" with the same Lie bracket
and bilinear form as in the classical case. By [Iheorem 1.2.3| we know that it has the form
g ® A, where A is an algebra extension of F[z] with a countable basis over F. Classifying
such extensions they obtain a beautiful result: up to some notion of equivalence there are
only three non-trivial doubles

g((2), o(2) xg. and g(a)) x glz]/2g[x]. (3.2)

This result is then used for classification of Lie bialgeba structures on glz| and their classical
twists. For more information we refer to the introduction of Paper II.

Remark 3.0.1. We always have the trivial Lie bialgebra structure 6 = 0 on any Lie alge-
bra. The corresponding double is called trivial or degenerate. All triangular Lie bialgebra
structures fall into that double. O

Another possible motivation is given through formal r-matrices which we now present.

3.1 FORMAL r-MATRICES

Let g be a finite-dimensional semi-simple Lie algebra over an algebraically closed field F' of
characteristic 0. A series of the form

) = 24 g = s e € GO O@I (33)
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where s € Fy] and g € (g ® g)[z,y] is called a formal r-matriz if it solves the (formal)
classical Yang-Baxter equation, i.e. CYB(r) = 0.

We explained in that any meromorphic solutions to the CYBE locally is of
the form s(y)Q?/(z — y) + g(z,y), where s and ¢ are some holomorphic functions. Taking
its Taylor series expansion at y = 0 we obtain a formal r-matrix. Moreover, to define a Lie
bialgebra structure, using a meromorphic solution, we need to know only its local behaviour.
Therefore, by looking at formal solutions instead of analytical ones we do not loose any pseudo
quasi-triangular Lie bialgebra structure. Instead, there are formal solutions to the CYBE
having 0 radius of convergence. Furthermore, there is no restriction on the field anymore.
In this way, we avoid most of the problems analytical solutions have and extend the class of
pseudo quasi-triangular Lie bialgebra structures.

To each formal r-matrix r we associate another formal power series 7 by

s(z)Q
T—y

T(r,y) = —7(9(y, 7)), (3.4)

where 7 stands for F[x,y]-linear extension of the map 7(a ® b) = b ® a. We call a formal
r-matrix skew-symmetric if r = 7.
Remark 3.1.1. Note that a series of the form
u(z, y)2
r—y
where s € F[z] can be easily rewritten in the standard form [Eq. (3.3)] Indeed,

+ g(z,y),

U(x;y>9+g<x7y) _ U(y,_y)ﬁ +U(%@/):U(y,y) + g(ay)
T —y T —y T —
— i(?i)g + h(z,y).

Here we used the fact, that if T € (g ® g)[z,y] satisfies T'(x,z) = 0, then there exists
H € (g ® g)[z,y] such that T'(z,y) = (v — y)H(z,y). %

Motivated by the proof of skew-symmetry for analytical solutions, we prove in Paper II
that any formal r-matrix is automatically skew-symmetric. In the classical scenario, if we
have a triangular r-matrix, then by [Lemma 1.1.14] it defines some Lagrangian Lie algebra
splitting as well as a Lie bialgebra structure on an appropriate Lie algebra. Let us check if
the same is true for a formal r-matrix.

Fix a basis {b;}{, for g orthonormal with respect to its Killing form. Given a formal
r-matrix r with s € Fy]* we can write it in the form

r(z,y) = Z Zrkz(x) ® biy", (3.5)

k>0 i=1
where 7 ; € g((z)). Define the subspace

g(r) =spanp{re; | k > 0,1 <i <d} C g((x)). (3.6)
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We show in Paper II, that g(r) is a subalgebra of g((x)) complementary to g[z], i.e.
9((z) = gl=] + a(r).
Moreover, equipping g((z)) with the form
Bla® f,b® g) = r(a,b)coetf_1{fg}, (3.7)

both g[x] and g(r) become Lagrangian subalgebras. Consequently, (g(x)), g[x],g(r)) is a
Manin triple. This can be viewed as a topological analogue for |[Lemma 1.1.14] However,
the dual of the Lie bracket on g(r) does not produce a map gz] — g[x] ® g[z], but a map
g[z] — (g ® g)[x,y]. This can be seen, for example, by letting f in the formula be
a formal power series. In other words, dr is not a Lie bialgebra on g[z] in the classical sense.
Moreover, g((z)) is not a classical double either, because g(r) has countable dimension, not
uncountable as the algebraic dual gz]".

To fix this issue, we equip g[z] with the (z)-adic topology and the tensor product gfz] ®
g[x] with the unique linear topology making ®-map continuous. Then the completion of the
tensor product gfz] ® g[z] is exactly (g ® g)[x, y]. The continuous dual gx]’ coincides with

the space [Eq. (3.1) We equip it with the discrete topology. A linear map
0: gla] = (s @ gz, y]

is called a topological Lie bialgebra structure on g[z] if 6 is a 1-cocycle and the dual map
0 : glz]’ ® gly]’ — g[z]’ is a Lie bracket. In this setting we get a very beautiful result.

Lemma 3.1.2. Any formal r-matriz r defines a topological Lie bialgebra structure dr on the
Lie algebra g[z].

In Paper II we also introduce the notion of a topological double for a topological Lie
bialgebra structure. We know that in the finite-dimensional case the construction of a classical
double gives a bijection between Manin triples and Lie bialgebra structure. This bijection is
not true as soon as we take into account infinite-dimensional Lie algebras. We explained in
that every Lie bialgebra produces a Manin triple, but not any Manin triple gives
rise to a Lie bialgebra structure. Making one more step forward to the topological setting,
these relations are completely lost in general. It is not true anymore, that a topological Lie
bialgebra gives rise to a (topological) Manin triple. Luckily, when we consider topological
Lie bialgebra structures on g[z] this is still the case. For each such structure we can define
a topological double D(g[z],d), with a commutator map and a form given by the same
and and a (topological) Manin triple (D(g[x], ), g[z], g[=]’).

From this viewpoint, paper [16] becomes the very first step in our classification scheme,
namely, the authors classify all topological doubles for Lie bialgebra structures on g[z].
Furthermore, they find pseudo quasi-triangular representatives within each of the non-trivial

doubles: 0 0 2
5 Y ‘|‘7‘DJ and, y
rT—y T—y r—y

+ Y€ (3.8)

Having such a picture in front of you, it is tempting to extend the notion of a twist and
apply the same classification scheme as in [Section 1.2l This can be considered as the start
of the main part of Paper II.
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3.2 PAPER II

Let  be a topological Lie bialgebra structure on g[z]. A topological twist is simply a skew-
symmetric element ¢t € (g ® g)[z,y] of the completed tensor product satisfying the same
relation as in the classical case, namely

CYB(t) =0 (3 & 1)t.

We prove the following analogue of [I'heorem 1.1.16]

Theorem 3.2.1. Let (g[z],d) be a topological Lie bialgebra with the classical double ©. Then
there are the following one-to-one correspondences:

Topological twists of &

/N

Lagrangian Linear maps T': g[x]' — g[x] such that
Lie subalgebras W C D for all py,p2, p3 € glx]’
complementary to glz] | B(Tp1,p2) + B(p1,Tp2) =0 and
B([Tp1 — p1,Tp2 — pa}, Tps — p3) = 0

If W defines a topological structure o, then the twist W, of W by t defines the topological
structure 0 + dt. And similarly, if 6 = dr for some formal r-matrix r, then r 4 ¢ is a formal
r-matrix if and only if ¢ is a topological twist of §. Therefore, topological twists behave in
the exact same way as classical twists. Furthermore, since we have pseudo quasi-triangular
representatives in each non-trivial twisting class, given by r-matrices [Eq. (3.8)] we obtain the

converse of [Lemma 3.1.21

Lemma 3.2.2. For each topological Lie bialgebra structure 6 on g[z] there exists a formal
r-matriz, such that 6 = dr.

In other words, we have a picture similar to the one described in [Iheorem 1.1.9] The
classification of topological Lie bialgebra structures on g[z] reduces completely to the classi-
fication of formal r-matrices.

We have seen that formal r-matrices

s(y)<2
T —y

r(z,y) = +g(z,y)

with s € F[y]* lead to Lagrangian subalgebras in the first double g((z)). We prove that if
s € y™Fy]*, then it gives rise to a Lagrangian splitting of g((z)) x g[z]/z™. If m > 2, such
a splitting would contradict the fact, that there are only 3 non-trivial doubles. This imposes
an interesting limitation on formal r-matrices.
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Lemma 3.2.3. Let
s(y)<2

r—=Yy
be a formal r-matriz with s € y"F[y], then m € {0, 1,2}.

r(z,y) = +g(z,y)

As a consequence, there are three classes of formal r-matrices, corresponding to m = 0, 1
and 2 that we need to describe. We remind that the base field F' is an arbitrary algebraically
closed field of characteristic 0.

Formal r-matrices with m = 0 were thoroughly studied and classified in [1]. Such formal
r-matrices, after an appropriate coordinate transformation x — x + asz® + ..., a; € F, are
of the form

5 9(x,y), (3.9)
for some g € (g ® g)[x,y]. Such solutions were geometrized in [1], i.e. it was shown how to
attach a certain geometric datum to them. In particular, every such solution is associated
with a sheaf of Lie algebras on a projective curve X of arithmetic genus 1, constructed using
the subalgebra g(r) C g((z)). This results in a trichotomy of such solutions, namely X is
either elliptic or has a singularity, which is either nodal or cuspidal. In the special case F' = C
one restores [Theorem 2.1.5] More precisely, it is shown that any formal r-matrix is formally
equivalent to a Taylor series expansion at y = 0 of a meromorphic r-matrix and that this
correspondence respects the classes.

In Paper II we use similar geometrization techniques for cases m = 1 and 2 to show that
Lagrangian subalgebras W of g((z)) x g[z|/x™g[z]|, complementary to the diagonal embedding
A={(f,f) | f € g[x]} of g[x], carry a structure of an F[x~!]-module. Using this fact one
can prove that up to an appropriate equivalence any such W is bounded. This means that
topological Lie bialgebra structures on g[z] with doubles g((x)) x g and g((z)) x g[z]/z*g[x]
correspond respectively to formal r-matrices of the forms

2

+p(z,y) and + q(x,y),

r—y r—y

for some polynomials p,q € (g ® g)[x,y]. Solutions of the first type are precisely the quasi-
trigonometric solutions. For F' = C they were classified in [17] and Paper I. Solutions of
the second kind are called quasi-rational. They are described in [21]. This completes the
classification of topological Lie bialgebra structures on g[z] with non-trivial doubles.

3.3 GENERALIZATIONS AND PAPER III

Let F' be again an algebraically closed field of characteristic 0 and g be a finite-dimensional
simple Lie algebra over F' with an orthonormal basis {b;}%_,. We equip g[z] with the (x)-adic
topology.

Results of Paper II tell us that a topological Lie algebra L

e equipped with a separately continuous non-degenerate invariant symmetric bilinear form B

e containing g[z] as a Lagrangian (topological) Lie subalgebra
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e and satisfying g[z]' C B(L, ")

is necessarily of the form L(n,«) or L(co). Here

L(n, o) = g((x)) x glz]/="g[z]

and it is equipped with a bilinear form

Bla® (f,[p]),b® (g,1a])) = k(a,b) ta(fg — pq)

completely determined by a sequence a = (a; € F' | —o00 < i < n—2), a; € F, and L(c0)
is the double of the trivial topological Lie bialgebra structure 6 = 0 on g[z]. The latter
Lie algebra admits no clear additional structure so we ignore it as we did while classifying
topological Lie bialgebra structures.

Remark 3.3.1. Lie algebras L satisfying the conditions presented above are called topological
Manin pairs over g[x]. In the classical case each Manin triple is a Manin pair by forgetting the
third component. However, by our conventions, topological Manin triples are not necessarily
topological Manin pairs because we do not require from Manin triples to satisfy the last
inclusion. O

By this point we have seen that Lagrangian Lie subalgebras of L(n,«) complementary to

A=A{(f D] €alz]} = glz].

exist only for n € {0, 1,2} and they correspond on one hand to topological Lie bialgebra
structures on g[z], on the other hand to formal r-matrices, which in some sense are generating
functions for such subalgebras.

Instead of looking at Lagrangian Lie subalgebras, we can look separately at Lagrangian
subspaces and Lie subalgebras of L(n,a) complementary to A. This leads to a number
of interesting questions: Do they exist for each n? What are the corresponding algebraic
structures? What conditions do their generating functions satisfy? These are the main
questions considered in Paper III.

We start by defining series of type (n, s). These are series of the form

s(x)y" Q2
()— +9g (3:7 y)
r—=y
We have already met such series before, but this time we interpret them not as elements in
(9 ® g)(=))[y] but in (L(n, ) @ g)[(y, [y])]. More precisely, we have

xyiQy -y Zbi(o’—[ﬂf]("*”*k)®bi(yka[y]’“)+Zzbi(x(”*l)*k,0)®bi(y’“,0). (3.10)
Since ((L(n, ) ® 9)[(y,[y])] is an Flz] = F[(z, [z])}-module and (g ® g)[z,y] = (A ®
9)[(y; [y)], the series

s(z)y"Q

P +9(z,y),
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with g € (g ® g)[z,y] and s € F[z]* is again in ((L(n,a) ® g)[(y, [y])]. If n = 0 we get a
series of the form discussed earlier.
For each (n, s)-type series r we define another (n, s)-type series 7:

s(y)z"Q

T —y
where 7 is the F[z,y]-linear extension of the map a ® b — b ® a. A series of type (n,s) is
called skew-symmetric if r =7.

Each series of type (n, s) produces in a natural way a subspace of L(n, «). More precisely,
we associate a series

(. y) = 7(9(y, 2)) € (L(n, @) @ ) [(y, [v])]; (3.11)

SR ) =3 fu @b, ) (3.12)

=y k=0 i=1
with the subspace
W(r) =spanp{fi; | £k >0,1<i<d} C L(n,«a). (3.13)

Again, for n = 0 this construction coincides with the construction of g(r).
The main theorem of Paper III describes the relation between (n, s)-type series and sub-
spaces of L(n,«) complementary to A.

Theorem 3.3.2.

1
’ z?a(x)

plementary to the diagonal A, i.e. L(n,a) = A+ V;

1. W defines a bijection between series of type (n > and subspaces V C L(n,«a) com-

2. For any series r of type <n, #@)) we have W (r)* = W (F) inside L(n,a);

3. W defines a bijection between skew-symmtric (n, ﬁ(gj» -type series and Lagrangian sub-

spaces V- C L(n,«) complementary to the diagonal A;

4. W defines a bijection between <n, ﬁ(@) -type series solving the generalized Yang-Baxter
equation
GCYB(r) = [r'?(z1, 22), 7 (21, 23) |+ [r2(z1, 22), 7% (29, 23) ]+ [r"? (21, 23), 723 (29, 23)] = 0
and subalgebras V C L(n,a) complementary to the diagonal A.

In other words, if we split the condition of being a Lagrangian subalgebra into being a
Lagrangian subspace and a Lie subalgebra, the classical Yang-Baxter equation splits into
skew-symmetry condition and the generalized Yang-Baxter equation.

Remark 3.3.3. To restore the original (n, m>—type series from a subspace W of L(n, «)
complementary to A, we just need to construct a basis {f; 1} of W dual to {b;(y*, [y]*)} C A.

Then .
r=> > fir@bly* [y
k>0 i=1
is the original series of type (n, #(x)) O
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Following ideas from [6] and [12] we define a topological quasi-Lie bialgebra structure on
g[x] by relaxing the axioms for a topological Lie bialgebra. It then turns out, that Lagrangian
subspaces of L(n,«) are in bijection with topological quasi-Lie bialgebra structures on g[z].

We prove the existence of Lagrangian subspaces and Lie subalgebras for all n and a by
explicitly constructing examples for each n and oo = (..., 0, g, 0,...,0). These constructions
can be coordinate-transformed to any other sequence «.

Topological quasi-Lie bialgebras can be twisted in a much easier way than topological
Lie bialgebras. If § is a quasi-Lie bialgebra, then so is 0 + dt, where ¢ is an arbitrary skew-
symmetric element in (g ® g)[x,y]. In terms of subspaces: If W is a Lagrangian subspace
of L(n,«a) defining a quasi-Lie bialgebra structure 0, then any other Lagrangian subspace of
L(n, «) corresponds to a twist of . Therefore, the explicit examples of Lagrangian subspaces
for each pair (n,«) give us a classification of topological quasi-Lie bialgebra structures on
g[x] up to twisting.

The last part of Paper III is devoted to construction of Lie subalgebras of L(n,«a). In
particular, we construct Lie subalgebras of L(n,a) complementary to A having unbounded
orthogonal complements. We hope such subalgebras will be interesting from the viewpoint
of Adler-Konstant-Symes scheme.
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