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Abstract

In this paper, we introduce quadrature domains for the Helmholtz equation. We show exis-
tence results for such domains and implement the so-called partial balayage procedure.
We also give an application to inverse scattering problems, and show that there are non-
scattering domains for the Helmholtz equation at any positive frequency that have inward
cusps.
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1 Introduction and Main Results
1.1 Background

This work is motivated by a problem in inverse scattering theory, but it raises questions
of independent interest in the context of quadrature domains and free boundary problems.
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We recall that a bounded domain D C R” is called a quadrature domain (for harmonic
functions), corresponding to a measure @ with supp(u) C D, if

/ h(x)dx :/h(x)du(x) (1.1)
D

for every harmonic function 4 € L' (D). More generally, one can consider distributions j €
&' (D). In the most classical case one is interested in domains D for which p is supported at
finitely many points, so that Eq. 1.1 reduces to a quadrature identity for computing integrals
of harmonic functions.

Quadrature domains can be viewed as a generalization of the mean value theorem
(MVT) for harmonic functions. Indeed, we can rephrase the MVT for harmonic functions
as follows:

B, (a) is a quadrature domain with © = m(B(a))d,,

where §, is the Dirac measure at a, m denotes the Lebesgue measure in R” (i.e. dm = dx)
and B, (a) is the ball of radius r centered at a. In general, the boundary of a quadrature
domain is a free boundary in an obstacle-type problem (see [39]), and hence near any given
point z € 3D the domain D is either smooth or D¢ has zero density at z. Various examples
can be constructed via complex analysis, for example, the cardioid domain in Example 3.3
below. We refer to [19], [42], and [29] for further background.

The inverse scattering problems studied in [45] lead to a related concept, for solutions of
the Helmholtz equation (A + k2)u = 0, where k > 0 is a frequency. This setting gives rise
to various interesting questions. We are not aware of earlier work on quadrature domains for
k > 0, and in this article we only give some first steps. In addition, we show that any quadra-
ture domain is a non-scattering domain (cf. Definition 1.8) if it admits an incident wave
that is positive on its boundary. In [45] it was observed that in the case k = 0 quadrature
domains are non-scattering domains, and hence there are non-scattering domains having
inward cusps. Corollary 1.9 below provides a similar result valid for all £ > 0.

1.2 Notation

Here we gather recurring notation and definitions. We also mention here that all functions
and measures will be real-valued unless stated otherwise.

m Lebesgue measure in R”

B, (a) ball of radius r centered at a

B, ball of radius r centered at origin

D unit disk

Jo Bessel function of first kind

Ja,1 the first positive zero of the Bessel function Jy

Y, Bessel function of second kind

R(n, k) = c,rf’fk_1 maximal length scale

Cf>k = <i>k, R(n,k) a particular fundamental solution of the Helmholtz operator —(A + k%)
U,f = &y % ( potential of a measure p

ZF1 () the class of admissible functions in an obstacle problem

CE/[,YI constant related to mean value theorem

D () saturated set for Baly (1)

() non-contact set for an obstacle problem
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1.3 Main Results
We begin with a definition generalizing Eq. 1.1.

Definition 1.1 Let & > 0. A bounded open set D C R" (not necessarily connected) is
called a quadrature domain for (A + k?), or a k-quadrature domain, corresponding to a
distribution u € &'(D), if

/ wx)dx = (u, w)
D

for all w € L' (D) satisfying (A + k>)w = 0 in D.

We remark that solutions of (A + k%)w = 0 are sometimes called metaharmonic func-
tions, see e.g. [35, Section 4] or [22] for a discussion. It is important that supp () has to be
a subset of D (see however [32, Lemma 2.8] for a discussion that weakens this assumption
for harmonic functions). Indeed, that supp(x) C D implies that the distributional pairing
(i, w) is well defined, because solutions of (A + k2)w = 0 are smooth in D. Furthermore,
without this requirement the existence of a distribution satisfying the definition would be
trivial, indeed one could choose u = xp.

The first question is whether k-quadrature domains even exist for k£ > 0. This is indeed
the case. In fact, balls are always k-quadrature domains. This is a consequence of a MVT
for the Helmholtz equation which goes back to H. Weber [48, 49] (see also [35], [36], or
[18, p. 289]). The MVT takes the form

/ wx)dx = C,I:A,YIw(a)
B, (a) .

whenever w € L'(B,(a)) and (A + k®)w = 0 in B,(a). However, unlike for harmonic
functions, the constant cE/[,YI has varying sign depending on k, r. In particular, the con-
stant vanishes when J,/2(kr) = O where J, denotes the Bessel function of the first kind.
More details are given in Appendix A. It follows that unions of disjoint balls are also k-
quadrature domains corresponding to linear combinations of delta functions. Choosing two
balls whose closures intersect at one point furnishes an example of a k-quadrature domain
whose boundary is not smooth.

In order to make further progress we consider a PDE characterization of k-quadrature
domains. One can show (see Proposition 2.1) that D is a k-quadrature domain corresponding
to u € &' (D) if and only if there is a distribution u € &' (R") satisfying

{(A+k2)M:XD—/,L %nR", (1.2)
u=1|Vu| =0 in R" \ D.

Note that by elliptic regularity the distribution u solving (A 4+ k?)u = xp near 8 D must be
C! near 3 D, and thus the condition that x and Vu vanish in R\ D (instead of R” \ D) makes
sense. The following result is a local version of the above fact, characterizing domains D
that are k-quadrature domains for some distribution p. However, there is no reason to expect
that ¢ could be chosen to have support at finitely many points.

@ Springer



P.-Z.Kow et al.

Theorem 1.2 Let k > 0, and let D be a bounded open set in R". Then D is a k-quadrature
domain for some . € &' (D) if and only if there is a neighborhood U of 9D in R" and a
distribution u € 9’ (U) satisfying

{(A +Ku=yp inU,

] (1.3)
u=1|Vu| =0 inU\ D.

Moreover, if D is a k-quadrature domain for some . € &' (D), then D is also a k-quadrature
domain for some measure [ having smooth density with respect to Lebesgue measure.

Remark 1.3 If u is as in Theorem 1.2, then clearly

{ Au= fxp ?nU, (1.4)
u=|Vul=0 inU\ D,

with f = 1 — k%u. Extending u from a neighborhood of 3D into some distribution in R”
with 4 = |Vu| = 0in R" \ D shows that we have an analogue of Eq. 1.2 with k = 0
and with yp replaced by f xp. Thus any k-quadrature domain is a weighted 0-quadrature
domain. Since the weight f is positive on d D, free boundary regularity results for weighted
0-quadrature domains apply also to k-quadrature domains. In particular, such a domain has
locally either smooth boundary or its complement is thin in the sense of minimal diameter
(see [39, page 109]). We also remark that when k = 0 the Eq. 1.2 is related to harmonic
continuation of potentials, see [31] for further information.

Theorem 1.2 has an immediate consequence showing that domains with real-analytic
boundary are k-quadrature domains.

Corollary 1.4 Ifk > 0, then any bounded open set D C R" with real-analytic boundary is
a k-quadrature domain.

Proof Since 0D is real-analytic, we can use the Cauchy—Kowalevski theorem to find a
real-analytic function u near d D satisfying

(A +k%>)u = 1 near D,
ulagp = dulyp =0,

where 0, denotes the derivative in the normal direction to dD. We redefine u to be zero
outside D. One can directly check that # and Vu are Lipschitz continuous across d D. Hence
u will be C!! near 3 D and will satisfy the condition in Theorem 1.2. This proves that D is
a k-quadrature domain. O

The next result gives further examples of k-quadrature domains in two dimensions.

Theorem 1.5 Let k > 0, and let D be the unit disc in R? = C. Suppose that D = ¢(D)
where ¢ is a complex analytic function in a neighbourhood of D such that ¢: D — D is
bijective. Then D is a k-quadrature domain.

Domains D as in Theorem 1.5 include cardioid type domains and domains with double
points. Examples and further properties of these domains are given in the end of Section 3.
We also study k-quadrature domains from the potential theoretic point of view. More pre-
cisely, we construct some k-quadrature domains by using partial balayage, that is, given a
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non-negative compactly supported Radon measure (4, we construct a measure v by distribut-
ing the mass of © more uniformly. By investigating the structure of v, we then construct a
k-quadrature domain D with respect to . For the case when k = 0 this procedure is clas-
sical, see e.g. [26-28, 42]. In this paper, we give similar results for £ > 0 and many of our
results and proofs follow those in the case of k = 0 as presented in [26, 27]. In this direction,
our main goal is to prove the following theorem:

Theorem 1.6 (see also Theorem 7.1) Let u be a positive measure supported in a ball of
radius € > 0. There exists a constant ¢, > 0 depending only on the dimension such that if

0<k< and € < cou(RHY™, (1.5)

Cn
p(Rm)1/n
then there exists an open connected set D with real-analytic boundary which is a k-
quadrature domain for . Moreover, for each w € L'(D)NL(w) satisfying (A +kHw >0
in D we have

/ w(x)dx Z/w(x)d,u(x). (1.6)
D

Remark 1.7 The assumption w € LY (w) is in order to ensure that the right-hand side of
Eq. 1.6 is well defined.

Finally we consider the relation of k-quadrature domains to the inverse problem of
determining the shape of a penetrable obstacle from a single measurement, as discussed
in [45]. See [14, 17, 52] for more details about scattering problems. Let D C R”" be a
bounded open set, and let 2 € L°°(D) satisfy |h| > ¢ > 0 a.e. near 3D (such a func-
tion £ is called a contrast for D). The pair (D, h) describes a penetrable obstacle D with
contrast .

We now probe the penetrable obstacle (D, i) by some incident field ug at frequency
k > 0. The incident field is a solution of

(A+Kk)up=0 in R™.

Let ug be the corresponding scattered field. That is, the unique function u: so that the total
field uior = uo + usc satisfies

(A4 k% 4+ hxp)uw =0 in R", wan

ug satisfies the Sommerfeld radiation condition at |x| — oo. '
Here we recall that a solution u of (A +k%)u = 0 in R” \ Bg (for some R > 0) satisfies the
Sommerfeld radiation condition if

lim |x|%(3ru —iku) =0, uniformly in all directions X = X e S,
|x|]—00 |x]
where 0, denotes the radial derivative. Solutions satisfying the Sommerfeld radiation
condition are also called outgoing. The functions ug, us. and uo are allowed to be complex.
The single measurement inverse problem is to determine some properties of the obstacle
D from knowledge of the scattered wave ug(x) when |x| is large. If D = ¢J, then uy. = 0,
and a related question is to ask whether some nontrivial domain D admits some % and ug so
that us. = O for large x. Such a penetrable obstacle (D, h) would be invisible when probed
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by the incident wave u and would look like empty space. Domains D having this property
for some /4 and ug will be called non-scattering domains.

Definition 1.8 We say that a bounded open set D C R” is a non-scattering domain if there
is some i € L®(D) with |h| > ¢ > 0 a.e. near d D and some solution uq of (A +k%)ug = 0
in R” such that the corresponding scattered wave ug. satisfies uSC|R,,\§R = 0 for some
R > 0.

The following result states that k-quadrature domains are also non-scattering domains,
at least if there is some incident wave u that is positive on d D. By the results in [45] such
an incident wave u( exists at least when

e Disa C! domain (Lipschitz if n = 2, 3) so that R" \ D is connected and k2 is not a
Dirichlet eigenvalue of —A in D; or
® D is contained in a ball of radius < k! 12 where j 2 | is the first positive zero of

the Bessel function J,—2.
2

By combining Theorem 1.2 and [45, Remark 2.4] we deduce the following corollary.

Corollary 1.9 Let D C R" be a k-quadrature domain, and assume that there exists ug
solving (A + kz)uo = 0in R" with ug|lsp > 0. Then D is a non-scattering domain (for the
incident wave uo and for some contrast h).

From Theorem 1.5 and Corollary 1.9 we see that there exist non-scattering domains with
inward cusps for any k > 0, extending the corresponding result for k = 0 in [45]. In
contrast, domains having suitable corner points cannot be non-scattering domains for any
k > 0, i.e. “corners always scatter”. This line of research was initiated in [7] and various
further results were obtained in [4-6, 15, 16, 21, 38].

1.4 Organization

We prove Theorems 1.2 and 1.5 in §2, respectively §3. In §4, we introduce an obstacle prob-
lem, and define the partial balayage in terms of the maximizer of such an obstacle problem.
We then study the structure of partial balayage in §5 and §6. Using these properties, we
prove Theorem 1.6 in §7. Finally, we provide some details about a real-valued fundamental
solution relevant to our construction, some results related to maximum principles, and the
mean value theorem (MVT) in Appendix A.

2 PDE Characterization of Quadrature Domains

In this section we will prove Theorem 1.2 from the introduction. We begin with a global
PDE characterization of k-quadrature domains.

Proposition 2.1 Let k > 0, and let D C R" be a bounded open set. Then D is a k-
quadrature domain corresponding to n € &'(D) if and only if there is a distribution u €
2'(R") satisfying

A+ku=xp—pn inR",

. 2.1
u=|Vu|=0 inR"\ D.
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Note that even though u is only assumed to be in 2’ (R"), the equation (A + k)u = xp
near 3D and elliptic regularity imply that u is C! near D and hence the condition that
u = |Vu| =0in R" \ D is meaningful.

Example 2.2 (When p is a Dirac mass.) For the case when D = B with R > 0, and
the measure is a constant multiple of the Dirac mass, we can find an explicit solution u =
ui,r of Eq. 2.1 in terms of Bessel functions. The general radially symmetric solution of
(A4 k>u =1inR"\ {0} is

1 _n _n
u(0) = 5 +erlel 72 gy KIxD) + ealx] T2 ¥g g (klx)).
Given a radius R > O there is a unique choice of the constants ¢y, ¢z so that ux g =
urxpg € CH1(R™\ {0}), namely

TRZYs (kR) TR%Jn(kR)
¢g=——2— and p=——-"A2—

2k 2k

With these choices of coefficients uy, g satisfies

(A + K urr = xBg —k_%(2nR)%J%(kR)8 inR",

uk,Rlgm gz = 0
which gives an example of Proposition 2.1 with u = k3 Qr R)% J 3 (kR) 6.

Example 2.3 (When = 0.) Let D be a bounded domain in R” such that 8 D is homeomor-
phic to a sphere. The well-known Pompeiu problem [40, 50, 53] asks whether the existence
of a nonzero continuous function on R” whose integral vanishes on all congruent copies of
D implies that D is a ball.

The problem can be reformulated in terms of free boundary problems, or in the context
of this paper, in terms of null k-quadrature domains (i.e., 1 = 0). Indeed the assumption in
Pompeiu problem is equivalent to the existence of a function v solving the free boundary
problem

Av +Av = xp inR", v = 0 outside D, 2.2)

for some A > 0, see [51, Theorem 1] and [50]. If the bounded open set D satisfies the
assumptions in the Pompeiu problem and its boundary 9 D is additionally Lipschitz regular,
then d D is analytic [51]. See also [9, 10, 20] for some related results. The so-far unanswered
question is: whether D has to be a ball?

The fact that balls (with appropriate radii depending on k& > 0) solve this problem is

evident from the following simple procedure: take the function u(x) = |x|2%n J 12 (k|x])

that solves Au + k*u = 0 in R”, add a constant to u so that one of the local minima (say
|x] = R) of u reaches the level zero, and then redefine the function to be zero outside Bp.
After multiplying by a suitable constant, this function obviously solves the free boundary
formulation of the Pompeiu problem.

An interesting observation is that the solution to the free boundary formulation of the
Pompeiu problem thus constructed may change sign. The construction leads to a non-
negative solution only if we choose R to be the smallest radius for which u takes a
minimum.

The above discussion also gives an indication of the failure of the application of the
classical moving-plane technique for this problem.
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We will require the following Runge approximation type result, see e.g. [1, Chapter 11]
for related results. We will follow the argument in [43, Lemma 5.1].

Proposition 2.4 Let k > 0, and let D C R" be a bounded open set. Let ¥y be any funda-
mental solution of —(A + k?) and let 2 D D be any open set in R". Then the linear span
of
F={0%"VU(z— )lp : z€ Q\ D, |a| <1}
is dense in
H L' (D) ={w e L'(D) : (A+kHw =0in D)}
with respect to the L' (D) topology.

Remark 2.5 If the domain D has sufficiently regular boundary it suffices to take & = 0 in
F. However, for domains like the slit disk one needs to consider also 0% Wy (z — -)|p for all
| = 1 and z € Q\ D below (note that these functions are all in LY(D)). We shall later
require a version of this result for sub-solutions (see Proposition 7.5).

Proof of Proposition 2.4 By the Hahn—Banach theorem, it is enough to show that any
bounded linear functional £ on L' (D) that satisfies €| = 0 also satisfies ¢| mL'(py = 0.

Since the dual of L' (D) is L®(D), there is a function f € L*®(D) with
L(w) = / Ffwdx, w e LY(D).
D

We extend f by zero to R” and consider the function
u(z) = — (Vg x f)(z) forallz € Q.
By the assumption £|r = 0, the function u satisfies
A+Ku=f inQ,
u=|Vul=0 inQ\ D.
We now consider the zero extension of u, still denoted by u, which satisfies
(A+kHu=f inR",
u=1|Vul=0 inR"\ D.

Note that since f € L™, we have u € C!* forany @ < 1. In order to show that LDy =
0, we take some w € Hy L' (D) and compute

E(w):/ fwdx:/((A+k2)u)wdx.
D D

We claim that one can integrate by parts and use the condition (A 4+ k%)w = 0 to conclude
that

/ (A + uwywdx = 0. (2.3)
D

This implies that €|y, ;1p) = 0 and proves the result. However, the proof of Eq. 2.3 is
somewhat delicate due to the failure of Calderén—Zygmund estimates when p = co. In the
case k = 0, Eq. 2.3 follows from [43, Lemma 5.1]. We will verify that the same argument
works for k > 0.
First observe that u solves
Au = f —k*uinR".
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Since f and u are L®°, it follows from [25, Theorem 3.9] that Vu satisfies
[Vu(x) — Vu(y)| < Clx — yllog(1/|x — yD), x,yeD, x—yl<e

Using the condition u = |Vu| = 0 in R" \ D, this implies that uniformly for x € D near
0D one has

u(x) = 0(8(x)* log(1/8(x))),
Vu(x) = 0(8(x)log(1/5(x))),
where §(x) = dist(x, d D).

As in [43, Lemma 5.1] we introduce the sequence (w j)?ozl of Ahlfors—Bers mollifiers
[2, 3] that satisfy w; € C®(R"),0 < w; < 1, w; = O near D, w; = 1 outside a
neighborhood of 9D, w;(x) — 1 forx ¢ 0D, and

10%;(x)] < Coj'8(x) "% (log 1/8(x)) ™" for x ¢ 8D,
see [30, Lemma 4]. We now begin the proof of Eq. 2.3. One has
/ (A +Ewwdx = lim [ (A +k)ww;wdx
D D

dY

= lim [ [(a+K) @) —2Vo; - Vu = (Aw)u|wdx.
D

J]—> 00

Using the estimates for u and wj, the limits corresponding to the last two terms inside the
brackets are zero. Moreover, since w is smooth near supp(w;), we have

/(A+k2)(wju)wdx=/ wju(A+kHwdx = 0.
D D

This concludes the proof of Eq. 2.3. O

Proof of Proposition 2.1 Let ¥, be any fundamental solution of —(A + k2), i.e. U} €
2/ (R") solves —(A + k2) W, = 8y in R". In particular, Wy is smooth away from the origin.
If D is a k-quadrature domain corresponding to y, then

/ "W (z —x)dx = (u, 0% Wi (z — -)) 2.4)
D

whenever z € R" \ D and |o| < 1. Letu = —W; * (xp — w), which is well defined
since xp — w is a compactly supported distribution. We see that (A + k?)u = xp — w and
u = |Vu| =0inR" \ D as required.

Conversely, suppose that u € 2'(R") is as in the statement. We easily obtain the quadra-
ture identity for functions w that solve (A + k?)w = 0 near D, since by taking a cutoff
¥ € CX(R") with ¥ = 1 near D we have

/Dwdx (w0 ) = (XD — s Yw) = (—(A + K, Yw) = {1, —(A + k) (Yw)) = 0,

using that the derivatives of i vanish near supp(u).
For general solutions w € L'(D) we need another argument. Since u is compactly
supported, by the properties of convolution for distributions we have

u=08yku=—(A+kHWxu=—U % (A+kDu=—V x (xp — 11).
Using that u = |[Vu| = 0in R" \ D, we have

/ W (z — x)dx = (i, Wi (z — -)) 2.5)
D
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forallz € R"\ D and || < 1. Now let w € L'(D) solve (A + k*)w = 01in D, and use
Proposition 2.4 to find a sequence w; € span{d*W;(z — -)|p : z € R"\ D, |a| < 1} with
w; —> we L'(D). In particular, for any j > 1 we have

/ wjdx = (u, wj). (2.6)
D
Since u € &' (D), there is a compact set K C D and an integer m > 0 such that

i, @) = Cllellen k), @ € C™(D).

By elliptic regularity and Sobolev embedding, any v € L' (D) with (A + k*)v € H*~2(D)
satisfies v € C™(K) when s > m + n/2. By the closed graph theorem this yields the
estimate

Illen) < CAILIp) + 1A + K0l s2(p))-
Applying this estimate to v = w; — w gives
lwj —wllemix)y < Cllw; — w”Ll(D)- 2.7

Thus we may take limits as j — oo in Eq. 2.6 and obtain that

/ wdx = (u, w).
D
This shows that D is a k-quadrature domain for . O

Proof of Theorem 1.2 If D is a k-quadrature domain corresponding to u, then taking a
neighborhood U of 9D that is disjoint from supp(u) and restricting the distribution from
Proposition 2.1 to U gives the required u € 2'(U) satisfying Eq. 1.3.

Conversely, assume that u € &'(U) satisfies Eq. 1.3. Let ¢y € C°(U) satisfy 0 < ¢ < 1
and ¢ = 1 near 9D, and define ii = Yu € 2'(R"). Also define

fi:=xp — (A+ ki 28)
Then u satisfies
(A+k»Hi=xp—ja inR",
u=|vu|=0 inR"\ D.
Moreover, i € 2'(R") satisfies supp(ft) C D by the assumption on u. Then D is a k-
quadrature domain by Proposition 2.1. By elliptic regularity « is smooth in U N D, and thus

[ coincides with a smooth function in D. Since one also has supp(t) C D, it follows that
[ has a smooth density with respect to Lebesgue measure. O

3 Quadrature Domains with Cusps
This section contains the proof of Theorem 1.5. The proof will employ the following simple
fact regarding the vanishing order of solutions. In this section all functions are allowed to

be complex valued.

Lemma 3.1 Let v be a C* function near some xo € R" satisfying

Av = O(|Jx — xo|™) near xg,

v|ls = dyv|s =0,
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where m > 0 is an integer, S is a smooth hypersurface through xo, and 9, denotes the

derivative in the normal direction to S. Then one has v = O(|x — xo|"™12), and more
precisely
v= Z Vo (X) (x — x0)®
la|=m+2

where vy are smooth near x.
Proof After a rigid motion, we may assume that xo = 0O and the normal of § satisfies
v(0) = e,. We use the Taylor formula and write v as

m+1

v = ZPj—l—R, R = Z Ve (X) (x — x0)%,
j=0 lo|=m—+2

where each P; is a homogeneous polynomial of degree j and each vy is smooth. Using the
assumption v|s = d,v|s = 0 we have Py = P; = 0. Moreover, the assumption for Av

implies that
m+1

> AP = 0(xI™).
j=2
Since the left hand side is a polynomial of degree m — 1, it follows that we must have
AP;j=0for2<j<m+L
Suppose that y is a smooth curve on S with ¥ (0) = 0 and y (0) = w where w L e, and
|w| = 1. Since v|g = d,v|s = 0, we have
m+1
0 =v(y@) = ZIV(I)IJPJ‘(V(I)/IJ/(I)I) +O0(y @I, (3.1
j=2
m+1
0 = 3u(y®) =Y IOV vy @) - VPi(y0)/ly ) + Oy OI"H. (3.2)
j=2

Since y(t) = tw + 0(1?), we have y(@®)/ly(t)] - wast — 0. If one would have
P>(w) # 0, then multiplying Eq. 3.1 by =2 would lead to a contradiction as r — 0. Simi-
larly 9, P»(w) # 0 would lead to a contradiction with Eq. 3.2. Thus P>(w) = 9, P2(w) = 0.
Varying w implies that
P2 |x,=0 = 0y P2lx,=0 = 0.

But since A P, = 0, unique continuation implies that P, = 0. Iterating this argument shows
that P, =...= Py41 =0as re:quired.1 O

We are now ready to prove Theorem 1.5. As we shall illustrate in Examples 3.3-3.5 the
domain D may have inward cusps and the map ¢ is not necessarily injective on 9D, which
introduces some technicalities in the argument.

Proof of Theorem 1.5 Let D = ¢(D) where ¢ is analytic near D and injective in ID. Note
that D is an open set by the open mapping theorem for analytic functions [41, Theo-
rem 10.32]. We claim:

ifz; e Dand d(¢(z;), 0D) — 0, thend(z;, D) — 0. 3.3)

Lemma 3.1 can also be proved by a simple blow-up argument. Starting with a quadratic blow-up one obtains
P> in the limit and S becomes a hyperplane {x, = 0}, along with the zero Cauchy-data for P,. This implies
P, = 0. Repeating this argument, by a cubic scaling we obtain P; = 0. Iterating this argument we have
P;j=0forall j <m+ 1.
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To see Eq. 3.3, we argue by contradiction and assume that d(¢(z;), D) — 0 but there
is € > 0 and a subsequence (z;) with d(zj,dD) > e. After passing to another sub-
sequence also denoted by (zj,), we have z;, — z € D with d(z,dD) > €. However,
since d(¢(zj), 9D) — 0 we must have d(¢(z), D) = 0. This contradicts the fact that
¢(D) = D, proving Eq. 3.3.

Next we show that

@(0D) = aD. (3.4)

We begin the proof of Eq. 3.4 by taking z € 9D and showing that ¢(z) € 3 D. By continuity
¢(z) € D.If one had ¢(z) € D, then since ¢ is bijective D — D there would be some
7/ € D with ¢(z') = ¢(z). For any € < |z — 7/|/2 we consider the open sets ¢(B(z')) and
¢ (B¢ (z) ND). The point ¢(z) is contained in the interior of the first set and in the closure of
the second, in particular the two sets are not disjoint. This contradicts the assumption that ¢
is injective, and thus proves that ¢ (dID) C dD. For the converse inclusion, if x € 9D and
x; — x where x; € D, then x; = ¢(z;) for some z; € ID. After passing to a subsequence
we may assume that z;, — z € D, and by Eq. 3.3 one must have z € dD. Thus x =
lim(z;) = ¢(z), proving Eq. 3.4.

By Theorem 1.2, the result will follow if we can find a distribution u near d D solving

(3.5)

(A+k>u=xp near 9D,
u=|Vu|=0 outside D.

By the chain rule the equation (A + k¥)u = 1 in some set ¢(Uy), with Uy C D open, is
equivalent to the equation

(A+ K1) (o) = |¢/|* in Uy.

Since |¢'|? = 9¢dg is real-analytic near 9D, the Cauchy—Kowalevski theorem implies that
there exists a neighborhood U of 9D and a function & which is real-analytic in U such that

{(A+k2|¢/|2)ﬁ =g/ in U,

N A 3.6)
u=0o,u=0 on 0D.

By Eq. 3.4 and the open mapping theorem we know that V = ¢(U) is an open neighborhood
of D. We define
A(p~'(x)) forall x e VN D,
u(x) =
0 forall x e V\ D.

The function u is defined piecewise and it satisfies Eq. 3.5 away from dD. If we can
prove that u € C!1(V), then u will satisfy Eq. 3.5 also near 3D and the proof of the
theorem will be concluded. Note that by the inverse function theorem, « is smooth in VN D.
We would like to show that « is continuous up to dD. If x € 9D and x; € V N D satisfy
xj — x, then x; = ¢(z;) for some z; € D. Then d(¢(z;), dD) — 0, and Eq. 3.3 ensures
that d(z;, D) — 0. It follows that

u(xj) =iu(z;) =0

since i is Lipschitz near D and #|yp = 0. This shows that u € cov).

Next we show that u is C! upto dD. Let x € 3D and x; € D with x; — x.Itis enough
to show that for any € > 0 there is jo such that |[Vu(x;)| < € for j > jo. Now x; = ¢(z;)
where z; € I, and by the chain rule one has

94G) " Bz =

a = .
u(p(2)) () 70

@ Springer



Quadrature Domains for the Helmholtz Equation with Applications...

Thus vi
Vu(p()| = 4L
1@

Using Eq. 3.3 we know that d(z;, D) — 0, and thus Vii(z;) — 0 since Vii|sp = 0. How-
ever, ¢/(z;) may also converge to zero and this requires some care. We start by observing

that there are only finitely many points zg € 9D with ¢’(z9) = 0, and near any such zo one
can write

3.7

0(2) = p(z0) + (2 — 20)°8 (2,
for some analytic function g. Since ¢: D — D is bijective it follows that ¢ (z9) # 0 and
hence g(z0) # O (see Remark 3.2). Thus |ga’(z)|2 = 0(lz — 20»). Using Lemma 3.1 we
know that
3%i(z) = O(|z — zo[*™1%!) for || < 4 and for all z near zo. (3.8)

By Eq. 3.7, for z € D near zp we have

|z — zol?
IVu(p(2)| < C———— < Clz — 2o/

|z — zo|

Thus there is § > 0 such that
|Vu(p(z))| < € whenz € W := U B.snD).
20€9D,¢’(20)=0

We have dD C W U W’ where W’ is some open set with |¢'(z)| > ¢ > 0 forz € W/. We
already know that |[Vu(¢(z;))| < € when z; € W, and for z; € W' the expression Eq. 3.7
gives that

1
[Vu(p(z;)| < E|V’2(Zj)|

which becomes < € when j > jy for some sufficiently large jo by Eq. 3.3. This concludes
the proof that u € clv).
Finally, we use the chain rule again and observe that for z € ID one has

|V2i(2)] IW(Z)IIQO”(Z)I)
¢’ (2)]? l¢' ()3 '

As before, the worst case is when z is close to some zg € 9D with ¢’(z9) = 0. By Eq. 3.8,
for z near zg one has

IV2u(p(2))] < c(

2 A A
IVou()| | Vu()| ) <c
lz—z0> " lz—2z0P®

It follows that Vu is Lipschitz continuous in V. In fact it is Lipschitzin V. N D and V \ D,
andifx e VN Dandy € V\ D we let y; be a closest point to x in R” \ D (so that y; € dD)
and observe that

Vu(x) = Vu(y)l = [Vu(x) = Vu(y)| = Clx — y1| = Clx — y|.

IV2u(p(2)] < c(

This proves that u € C1(V), and therefore concludes the proof of Theorem 1.5. O

Remark 3.2 Let D = ¢(ID) where ¢ is an analytic function near D which is injective in .
In this remark we clarify what d D looks like. Recall from Eq. 3.4 that (D) = 9D. We
may divide the boundary points in three categories.

(i) (Smooth points) If xg € 3D is of the form xg = ¢(z0) for a unique zo € 0D and
¢'(z0) # 0, then by the inverse function theorem D near xp is given by the region
above the graph of a real-analytic function.
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(i) (Inward cusp points) If xg € D is of the form xo = ¢(z0) for some zo € dD with
¢'(z0) = 0, then ¢”(z9) # O since if ¢ vanished to higher order the bijectivity in D
would fail in the same way that it does for z — z*, m > 2, around z = O (the image
of an arbitrary half-plane covers C\ {0} more than once). Thus ¢ behaves near zg like
z +> z2 which produces an inward cusp.

(iii) (Double points) If xo € d D satisfies xg = ¢(z1) = ¢(z2) for two distinct z1, z2 € D,
then by the bijectivity ¢’(z1) # 0 and ¢’(z2) # 0 and there exists an r > 0 small
enough so that 3D N B, (xg) is the union of two analytic arcs whose intersection is
{xo} where the arcs touch (by injectivity they do not cross).

Moreover, there are only finitely many points which fail to be in category (i).

This classification of the points on the boundary of D is rather classical. Remark 3.2 is
also related to Sakai’s regularity theorem, see [44, Theorem 5.2] as well as [37, Section 3.2].

Example 3.3 (Fig. 1) Let ¢(z) = z + %zz and D = ¢(D). Then D is a cardioid whose
boundary is smooth except at the point ¢(—1) = —1/2 where it has an inward cusp. It is
clear that ¢ satisfies the conditions of Theorem 1.5. Similarly, if p(z) = z+ %zm for integer
m > 2 then D has m — 1 inward cusps.

Example 3.4 (Fig. 2) Let ¢p(z) = z — ¥12 + %z3 and D = ¢(D) (see e.g. [37, equa-
tion (1.9)]). Then the corresponding domain D is not a Jordan domain and furthermore
its boundary has inward cusps. By Theorem 1.5, the domain D is a k-quadrature
domain.

Example 3.5 (Fig. 3) Let p(z) = (z — 1)* — (1 — §) (z = 1)* and D = ¢(D). The domain
D looks similar to a cardioid, but with an inward cusp which is curved in such a manner
that the 9 D cannot locally be represented as the graph of a function. It is also a k-quadrature
domain by Theorem 1.5.

1.5 1.5
1 y A \\\ 1 ) /’// \\
A W / p—
[ D\ [ 1 N
0.5 “ \ 0.5 “
\ | \ \
0 p } 0 4 :‘
0.5 \ 0.5 \ 4
-1 Ao e -1 v, P
-15 ¢+ -15 ¢+
-1t5 -1 -05 O 0.5 1 15 -1t5 -1 -05 O 0.5 1 15
(A) m=2 (B) m=4

Fig. 1 Plot of Example 3.3 (GNU Octave)
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0.2
2 T VAT
e ~.
D 0.1
1 / \
/ |
/ /"
0 \ — 0 —
‘ N
\ \

k7 -0.1

-0.2 -
-3 -2 -1 0 1 2 0.3 0.4 0.5 0.6

(A) Global view (B) Near points of
interest
Fig.2 Plot of Example 3.4 (GNU Octave)

4 Partial Balayage Via an Obstacle Problem

In this section we define the partial balayage measure Bal(u) with respect to A + k2 for
certain sufficiently concentrated measures 1 when k > 0 is small. For simplicity we will
assume that p is concentrated near the origin, but by translation invariance any other point
would do. There are several ways of defining partial balayage, and we will proceed via an
obstacle problem (see e.g. [27, Definition 3.2] for k = 0).

Let R(n, k) = % Jj 12 lk’l and let &y = d~>k, R(n,k) be the fundamental solution given in
Proposition A.1. Here and in what follows we write U;" := ®; * u for any Radon measure
w. In the special case where © = xom for some open set 2 we simply write U kQ = Dk xq.

10 0.1

/ 0.05
‘:\ \\\
0 N
// } 0 o
| ,/“J
-5 \ /
\ ya
/ -0.05
-10 T
-0.1 -
-5 0 5 10 15 -0.1 -0.05 0 0.05
(A) Global view (B) Near the cusp

Fig.3 Plot of Example 3.5 (GNU Octave)
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We now restrict ourselves to measures p having a bounded density with respect to
Lebesgue measure. Slightly abusing notation we write ;1 € L°°(€2) to mean that p has the
form

w=jfm,
where f € L (R") satisfies f = 0 outside 2. Under this assumption, by elliptic regularity
(see e.g. [25, Theorem 9.11])

2, _
Ul' e m WP (@R C ﬂ C* (Brau)-
l<p<oo O<a<l

For k > 0 and u € L (Bg(n,k)) define

(A+ kz)v > —1in B,k
Fi(w) = { ve H (Brup)| v < U} in Bru o . 4.1)
=U/ondB
v ="U; ondBreuk

Lemma 4.1 Let 0 < y < R(n, k) and . € L*°(B,). Assume that there exists r > 0 such

that
r<Rm k) —y and %> pup@®RY, 4.2)
where ch,‘(/Tr is the constant appearing in the mean value theorem for the Helmholtz equation

(see Eq. A.3). Then F; () contains an element iy which equals U,f in BR(u,x) \ By+r (note
thaty +r < R(n, k).

Proof Let
1
iy = U,ﬁ“ *h, — U,ﬁL‘ where  hy 1= <55 XB, - (4.3)

n,k,r

Using the mean value theorem in Proposition A.2, we have

U,ﬁ“*’“ (x) < U{"" (x) for all x € R" with equality if u4 (B, (x)) = 0,
which implies
ik <UL inR" and ix = Uy inR"\ By,
Finally we note that
. p+(Br(x)) py (R

(AR (x) = (=pgshy+po)(x) 2 —pxhy (1) = === = = oo = —1,
n,k,r Cn,k,r

which shows that i1, € F;(u). O

For fixed 1 we now choose the parameter » in Lemma 4.1 in order to find an explicit
range of k > O for which the lemma applies.
By the definition of C%YI the second inequality in Eq. 4.2 is equivalent to
Qrkr)? Jn (k)7
k< ——2——.
i (R)#

. 1 1. . . . . . ..
Since t > t2 J% (¢)7 is strictly increasing on [0, j.—2 ], we see that in order to maximize
7=,

4.4

the range of k we here want to choose kr as large as possible.
By the definition of R(n, k) we see that the range of r we can consider is given by

L.
O<rk<§j%’l—yk.
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Therefore, if we assume that

we can choose

Consequently, for any

. 1 . 1 .
Tjnz2 1\ 2 Jnz2 {\n Jnz2 4
cn < min[ 2 Ju [ —2 ,—2 }
4 A 4

we conclude the following lemma:

Lemma 4.2 Fix any y > 0 and p € L*(By). There exists a positive constant ¢,
(depending only on the dimension n) such that if

0 <k < cyminfy ™",y (R 7) 4.5)
then Fi () contains an element iy, with

ik = U nearR"\ Bri). (4.6)

The following proposition will be used to define partial balayage in terms of the solution
of our obstacle problem.

Proposition 4.3 Let ;v and k > 0 be as in Lemma 4.2. Then there exists a largest element
Vkﬂ in Zi(w). In addition, the element Vk“ satisfies

(1+(A+HVE VUl =0, (4.7)
where (-, ) is the H™ ' (Br(n,1)) x Hj (BRu.k)) duality pairing.

Remark 4.4 Note that Lemma 4.2 implies that there exists ity € Fy(u) satisfying iy = U’
near 0 Br(, k). Therefore, if Vk“ is that largest element in .% (i) then

VI =U/" near dBg k). (4.8)
Therefore, we can extend Vk” to the whole R", by defining Vk“ =U ]5 outside Bg(u k).

The proof of the proposition is based on variational arguments. In particular, we shall
need the following elementary lemma several times in the proof.

Lemma 4.5 Fixk > 0and 0 < R < Joz2 k=1 Leta: Hj(Bg) x H}(Bgr) — R be the
symmetric bilinear form defined by
a(ui,uz) = | (Vuy-Vuy — kK>uiuz) dm. 4.9)
Bg
Then a is continuous, positive, and coercive.
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Proof That a is a continuous is clear from the definition. To prove that the form is coercive
and positive we observe that by assumption k2 is strictly smaller than the first eigenvalue of

Dirichlet Laplacian on Bg (which is exactly jZ , 1R—Z). Therefore,
7

a(u,u):/ (Vul> = K*u®)dm > (1 —k*>R%*j;% ) | |Vul>dm.
Bg T’l Bgr
This concludes the proof. O

Proof of Proposition 4.3 Letp € H 1 (BR(n,k)) be the unique solution to

A+k*p=~-1 in B ,
(A + ﬂ)@ m DR(n,k) (4.10)
» = Uk on aBR(n,k)v

and define

(A+ kz)w <0in BR(n,k) }

A _ — T, — 1
Fr(w) ={w=9—v|ve T} {w € Hy(Brno)| > ¢ — U in Bru i

We claim that there exists a smallest element u, of jk (w). If this is the case then
V=@ —us in Brai 4.11)

is the largest element of % (w).

To see that there exists a smallest element in jk(u) we argue as follows. Let a be
the bilinear form defined in Eq. 4.9 with R = R(n, k). By Lemma 4.5 a is symmetric,
continuous, and coercive. Define the constraint set

Ky :={u € H (Brouw) |u = ¢ — Ul" }. (4.12)
Note that ¢ — U} € H} (Bg(,x)) by definition of ¢, thus Ky is nonempty. Since Ky, is
a nonempty closed convex subset of HO1 (BR(n,k)), Stampacchia’s theorem [8, Theorem 5.6]
implies that there exists a unique u, € Ky that minimizes the functional
ur> au,u) (4.13)
and u, € /Ck can also be characterized by
a(ug,u—uy) >0 forallu e Iak. (4.14)

Plugging in u = u, + ¢ with non-negative ¢ € C>°(Br(s.k)) into Eq. 4.14, the definition
of a in Eq. 4.9 implies that
(A +kDuy < 0in Brey .- 4.15)
In particular, we conclude that u, € j\k (w). Finally, by arguing as in the proof of
[34, Theorem I1.6.4], one can prove that uy < vin Bg(, k) forallv € jk (u). Consequently,
we have found the desired smallest element in jk ().
Choosing u = ¢ — U}* € H} (Bg(u,1)) in Eq. 4.14, we have

(A +K)us, ¢ — U —us) <0. (4.16)

Since u, € Ky we know that i, > ¢ — U,f. Along with Egs. 4.15 and 4.16 this inequality
implies

(A + Ky, ¢ — Ul —uy) =0, (4.17)
Combining Eq. 4.17 with Eq. 4.11, as well as Eq. 4.10, we obtain

0={(A+K) -V VI —U!) = =1+ A +V V- U,

@ Springer



Quadrature Domains for the Helmholtz Equation with Applications...

which shows that Vk“ satisfies Eq. 4.7. O

We are now ready to define partial balayage for the Helmholtz operator.

Definition 4.6 Let 1 and k > 0 be as in Lemma 4.2. The partial balayage of w is defined
by

Balg(n) == —(A + kz)VkM in distribution sense, (4.18)
where V/" is given by Proposition 4.3.

We have the following basic properties of the partial balayage measure and the
corresponding potential.

Lemma 4.7 Let i and k > 0 be as in Lemma 4.2. Then

Baly(n) <1 inR", (4.19a)
U}?alk(u) =V" inR" (4.19b)
We also have
Ul?alk(u) <U/' inR" (4.19¢)
and
U,?alk(“) = U} inaneighborhood of R" \ B ). (4.19d)

Proof If we can show Eq. 4.19b, then Eqs. 4.19a and 4.19c are immediate consequence of
Proposition 4.3 and the definition of .% (1), while Eq. 4.19d is an immediate consequence
of Remark 4.4. It remains to prove Eq. 4.19b. Write u = U}' — V}, so —(A + k*)u =
n — Balg(w). Note that # has compact support by Remark 4.4. Thus

u = By x (—(A +kDu) = B * (1 — Bal(p) = Uf' — UFHW.

This proves that U,? b _ VE. O

We also make the following observation which will be very useful in our construction of
k-quadrature domains.

Lemma 4.8 Let i and k > 0 be as in Lemma 4.2. If

Baly (i) = xpm for some open set D (4.20)

then
up <ul' inR", (4.21a)
uP =ul inR"\D. (4.21b)

Proof We already proved Eq. 4.21a in Lemma 4.7. Set v = Bal; (1) and rewrite Eq. 4.7 as
0=/ (U,f—UkD)(l—XD)dx=/ Ul - Uup)ydx.
BR(n k) BRn.o\D
Combining this equality with Egs. 4.21a and 4.19d, we conclude Eq. 4.21b. O

We end this section by quickly relating our definition of partial balayage through an
obstacle problem to a formulation in terms of energy minimization. Such a formulation is
classical in the setting of k = 0 (see for instance [27]).
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Remark 4.9 (Partial balayage and energy minimization) Let # and & > 0 be as in
Lemma 4.2. Using Proposition 5.1, we know that v := Balg() € L*(Bg(n k). We define
the following bilinear form:

Guro e = [ b - DA diaw = [ U@ e
BR(n,k) X BR(n k) BR(n.k)

forall 1, o € L°(BRr(n.k))- Using Lemma 4.7, we can write Eq. 4.7 as (v—u, m—v)e x =
0. Accordingly, for each o € L®(Bg(n,x)) With o < m, we see that

V=m0 —=V)ex=W—u,0—m)i >0, (4.22)

where the inequality follows from Lemma 4.7. By defining the “energy” Ex(A) := (A, Ak,
we see that

V=, 0 =V)er =—Ex(v—pw)+©—pn,0— ek,
thus from Eq. 4.22, we have

Ex(w—p) <(—p,0 — ek forallo € L¥(Bru.k) witho < m. (4.23)

When U/, U{* € H} (Bg(n.x)) We can compute
(W1, m2)ek = —/ UL (A + UL dx = aU, U™,
BRn.k)

Ex(u1) = a(U}", U™) >0,

where a(-, -) is the (real) inner product given by Lemma 4.5. Thus the notion of Ej as an
energy functional makes sense. Using this observation and the Cauchy-Schwarz inequality,
if we restrict o in Eq. 4.23 to those functions satisfying U7 — U,i‘ € H(} (BRr(n,k)), then we
have

Ex(v —p) < aU ", U7
@(U} = U UY = U)2 @Uf — Ul Ug = Ul))?
1 1
= (Ex(v — )2 (Ex(o — p))2.
Therefore, the partial balayage v minimizes the energy in the following sense:

Ek(v — ,LL) < Ek(a — ,LL) forall o € LOO(BR(n’k)) with Ulé7 € fk(y,), (4.24)

IA

where % () is given by Eq. 4.1. Here we also refer to [47, Section 30] for a related
discussion.

5 Structure of Partial Balayage
In this section we prove the following proposition which provides information concerning
the structure of Baly(w). This will in particular be useful when we later on wish to construct

k-quadrature domains.

Proposition 5.1 (Structure of partial balayage) Let ;v and k > 0 be as in Lemma 4.2 and
let v := Balg (). Then

min{g, m} <v <m inR" 5.1

Furthermore, if we define the open sets
D(u) := R" \ supp(m — v), and (5.2)
o) = {x eR"|U!(x) > U (x) } (5.3)
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then w() C D(w) and for each measurable set D with w(u) C D C D(u) we have
V= XpM+ XRn\DMU. 54

Remark 5.2 The corresponding result for k = 0 can be found in [26, Theorem 2.3(c)]. We
refer also to [24, 27, 46], and in particular [27, Figure 3] for a visualization.

The set D(u) is called the saturated set for v = Balg (), which is the largest open set O
in R” such that v|» = m|e. By our assumptions and Lemma 4.7 both supp(v) and supp(u)
are contained in Bg k), and hence D () C Bg(n k). We also note that if O C D(u) \ w(n)
has positive Lebesgue measure then |0 = v|p = m|e. In particular, if the density of u is
greater than 1 on supp(u) it holds that m(D () \ w(u)) = 0. See also [26, Remark 2.4] for
some discussions on the relation between D(u) and w(u) for the case when k = 0.

Proof of Proposition 5.1 Step 1: A minimization problem. Let £ € Hol(BR(,,,k)) be the
unique solution to —(A + kz)é‘ = (1 — @)+, and consider the constraint set

Ki = {w e H Bruw) |w= & —u.)

where u, € HOl (BR(n,k)) 1s the function appearing in the proof of Proposition 4.3. We recall
that u, minimizes the functional a(«, u) among all functions in I@k, where a is the bilinear
form defined in Eq. 4.9 and I@k was defined in Eq. 4.12. Note that I@k is nonempty since
S — Uy € I&k.

By Lemma 4.5 and Stampacchia’s Theorem (see [8, Theorem 5.6]) there exists a unique

ws € Kx which minimizes the functional w + a(w, w) among w € K. Moreover, the
minimizer w; is characterized by the property

a(Wy, w — wy) = (—(A +k2)w*, w—ws) >0 forallw e /@k. (5.5)

Step 2: Complementarity formulation. Since w, € I@k, we can in Eq. 5.5 restrict w to
those satisfying w > w,. The definition of a implies that

(A+KHw, <0 in Brius)- (5.6)
Choosing w = & — u, in Eq. 5.5,
(A + K ws, & — s — wy) <0,
which along with Eq. 5.6 and the fact that wy > & — u, implies
(A + K ws, § —uy —ws) =0. (5.7)
In fact, if w, € I&k satisfies Egs. 5.6 and 5.7, then
(A + K wy, w — wy)
= (A + R we w — ¢ —u) + (A + k) we, § — s —ws) <0,

for all w € I@k. Hence the minimizer w, € l@k can also be characterized by the
complementarity problem Eqgs. 5.6 and 5.7.
Step 3: An energy inequality. We can rewrite Eq. 5.7 as
(A + ) wi, & — wi) = (A +K)ws, ). (5.8)
The inequalities (A + k2).§ =—0—-w4+ <0and wy > & — uy (ie. uy > & — w,) thus
imply that
(A +KDE & —wi) > (A +KDE, ). (5.9)
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Combining Egs. 5.8 and 5.9, one finds
a(E — we, & —wy) = (—(A + A (E — i), £ — wy)
< (—(A+ KD (E — wi), us) = a(E — wy, ux)
< a(E — e & — w) aluy uy)?.

By Lemma 4.5 the bilinear form a is positive, and thus we obtain the energy inequality

a(€ — wy, & —wy) < auy, uy). (5.10)
Step 4: Verifying that w, = & —u,. If we can show that & —w, € I@k, i.e. that it satisfies
E—wy>¢—U in Brauy (5.11)

where ¢ is the function in Eq. 4.10, then since u, minimizes a(u, u) among all u € I@k the
inequality in Eq. 5.10 implies that & — wy = uy in Bg(, k), in other words wy = & — u, in

BRrn,k)-
To prove Eq. 5.11 we argue as follows. Let

¢ == min{wy, & — (¢ — U)} in Bre,p.- (5.12)
By the definition of ¢ and Proposition A.5,
p<w., ¢eki, and —(A+kDp>0 inBrpu. (5.13)
Using Eq. 5.13 and the facts that w, € HOI(BR(,Lk)) and —(A + kHw, > 0in BRrn,k), we
have in terms of distributional pairings in Bg k) that
a(¢, d) = (—(A+K)¢, ¢)
< (—(A+ KD, wi) = (¢, —(A + KD)w.)
< (e, —(A + KD wi) = a(ws, wy).

Since w, was defined to be the unique minimizer of a(w, w) among w € I@k, we obtain
¢ =ws in Bgrpi-
By the definition of ¢ this can equivalently be stated as
wy <E—(p—U) in Bri-
After rearranging we deduce the desired inequality Eq. 5.11. By the discussion following
Eq. 5.11 it holds that
Wy :f — Uy in BR(n,k)-
Step 5: Proving Eq. 5.1. By 5.1, Eq. 5.6, and the definition of &,

(A + K > (A +EHE = —(1 — w4 (5.14)
From Egs. 4.11 and 4.19b we deduce that
uy =9 —U}. (5.15)

Combining Egs. 5.14 and 5.15, we obtain that in Br, k)

v—12>—(1—-w4=-—max{l — u, 0} = min{n — 1, 0}
<= min{l, u} < v.

By the definition of partial balayage v < 1 in Bg(, k), and we have arrived at Eq. 5.1.
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Step 6: Proving Eq. 5.4. By the Calderén-Zygmund inequality U/*, U e WP

p<oo "loc
(R™) and hence w(w) is well defined as an open set. From Eq. 4.7 and Proposition 4.3, it

follows that
Osf (U,f—Uk“)d(m—v)gf Ul =uydm—v) =0,
() BRrnk)

and hence

/ (U = UY)yd(m—v) =0. (5.16)
()

Consequently, |y () = M|o(w)- Since w (u)¢ = {x e R" : U (x) = U,f(x)} and U,f, Uy €

leo’cp (R™) it holds that (A + k2)(U ¥ — U}") = 0 almost everywhere on this set. Therefore,

Vo = Mloue-
Consequently, for any D as in the proposition we by the definition of D(u) have
V[p\w() = MIp\w(w) and thus the claimed decomposition

V= XpM+ XRn\DM

follows. This completes the proof of Proposition 5.1. O

We next deduce the following lemma.

Lemma 5.3 Let w and k > 0 be as in Lemma 4.2. Suppose there is an open set D such that
D C Bgn k) and supp(i) C D and a distribution u satisfying

(A+KYu=xp—p inBrui,
u>0 in D, 5.17)
u=2~0 in BR(n,k) \ D.

Then Balg() = xpm, D = w(w) and D is a k-quadrature domain for .

Proof of Lemma 5.3 Since u (extended by zero outside Bg, k)) is a compactly supported
distribution, we have

u =P x (—(A+kHu) = U} —UP.
Since u is non-negative, then we know that U, kD € Z1 (), where 7 () is the collection of
functions given in Eq. 4.1. For each v € % (u), since u = 0 in BRr,ky) \ D, we see that
wi=UP —v=UL-Ul'+U'—v>0 inBrui\D.

On the other hand, we have (A+k%)w = —1—(A+k%)v < 0in D. Therefore the maximum
principle in Proposition A.4 implies that w > 0 in D as well. This shows that UkD is the
largest element in % (1), so by the definition of partial balayage Eq. 4.18 we have

Baly(1) = —(A +kHUP = xpm.
By the above we see that D = {u > 0} = {U] > U,?a]"(“)} =w(u).
Since u € C'(R") attains its minimum in D¢ it holds that |Vu| = 0 in D¢. Therefore,

since by assumption supp(u) C D, Proposition 2.1 implies that D is a k-quadrature domain
for p. (I
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6 Performing Balayage in Smaller Steps

Fix y > 0 and assume that j1, uo € L*(B,) are non-negative. By Proposition 4.3, there
exists a positive constant ¢, such that if
0 <k < ¢ymin{y~", 1 (R 7, ©.1)
then U,?al"(’”) is the largest element in .%#; (111) (defined as in Eq. 4.1) and U,f;alk(’”) =U"
near d Br(, k). Again Proposition 4.3 also implies that if
s _1
0 <k < cyminfy ™", (i + p2)R") "7}, (6.2)

Bal,
Uk ale(pitia) _ U]étlﬂtz

Bal
then U, alk(ur+u2) near

is the largest element of % (11 + o) and

8BR(n,k)-
Finally, if we additionally assume that supp(vy) C B, with v; = Balg(u1), Proposi-
tion 4.3 implies that if

0 <k < cominly ™!, (v + p2) (R") 75}, 6.3)

then U,?alk(v‘ﬂm is the largest element of .%; (v; + u2) and U,?al"(”‘ﬂm = U,:‘JFM near
0BRux)- Using Proposition 5.1 we observe that

supp(u1) C supp(p1 + u2) C supp(vi + u2) C By,.

We are now ready to prove the following proposition:

Proposition 6.1 Let y > 0 and i, u> € L°°(By) be non-negative and such that
supp(Balg(u1)) C By, If

. _ _1 _1
0 <k < cyminfy ™!, (i1 + p2)®") 77, Balk(ur) + p2)(R") 77}
with ¢, (depending only on the dimension n), then

Balg (i1 + p2) = Balg(Balg (1) + 12)

and
(g + u2) = o) Yo Balg(ur) + 12).

Proof Note that if k satisfies the inequality in the proposition then k satisfies the inequali-
ties Egs. 6.1, 6.2, and 6.3.

We begin by showing the equality Balg (i1 + n2) = Balg(Balg(u1) + 12).

Since U,:H'M = U + U? and U}" = U near 9B,y it suffices to show that

U]f’alk(”l""l/&) — UEalk(MlJrMZ) in BR(n,k)- (64)
Step 1: The implication “<” of Eq. 6.4. Using Lemma 4.7 we observe that
Ul?alk(kuz) < U:nwz - U/:’l + U,f“

=+ .
UM+ U2 =0 in Broup

A

and
(A +KHUPHH2) > 1 in B

Thus U,?al"(v‘Jr“z) € Z (1 +u2). Since U,?alk(”‘ﬂ”) is the largest element in % (111 + u2),
we arrive at
Bal, + Bal, + .
Ukak(Ul 12) < Ukak(m 12) in Briu.p)- (6.5)
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Step 2: The implication “>" of Eq. 6.4. Observe that
Balg(p1+n12) + .
Uk alp(per+u2) UIg«Z S Ulg«] Mn2 U]ifLZ — U]ifl«l in BR(Vl,k)

and
(A + KD UFHHHTD _yhy > 4y > —1 in Brop.

Thus U,?alk(m'ﬂm —U}"* € Z (). Since U} is the largest element in .% (1), it holds that

U]?alk(ﬂl""ﬂZ) _ U]iiZ < U]:] in BR(n,k)s

and hence Bal( )
aly (1+p v H vitha
U Ktpa) U + Uk2 = Ukl > in Brn.k)-
Furthermore,
(A +k2)U]?alk(u1+M2) > —1 in Briuk)-

Thus U,?al"(’“ﬂm € F (v1 +u2). Since U,?alk(vlﬂm is the largest element in .% (v1 + 1),
it follows that
U]?alk(VI'HlZ) > U]?alk(ﬂl+ﬂz) in Breu.i)- (6.6)
Step 3: Conclusion. Combining Eqgs. 6.5 and 6.6 implies Eq. 6.4 and completes the proof
that
Balg (1 + p2) = Balg(vy + u2).
In the proof of this equality we established that

U/:Salk(uﬁuz) - Ul?alk(w—HLz) < UI:1+/L2 - Ul:l + U,ﬁ‘z < U/i“ + Uliiz — Uliuﬂn )

The first inequality is an equality only in w (Balg(11) + u2)¢ and the second is an equality
only in w(u1)¢. Therefore, the combined inequality, U ,? At () <y fa 112 () is an
equality only for x € w(vi + w2)° Nw (1) = (@1 4+ w2) U w(u1))€. By definition,
w (1 + n2) is the set where this inequality is strict so the claim follows. This completes the
proof of Proposition 6.1. O

7 Construction of k-Quadrature Domains

In this section our aim is to prove the following theorem, which contains the statement of
Theorem 1.6.

Theorem 7.1 Let u be a positive measure supported in B for some € > 0. There exists a
constant ¢, > 0 depending only on the dimension such that if

0<k< and € < cou(RHY™, (7.1)

Cn
M(R”)l/”
then there exists an open connected set D with real-analytic boundary satisfying D C
BR(n,ky which is a k-quadrature domain for j. Moreover, for each w € LY'(D) N L'(w)
satisfying (A + k*)w > 0 in D we have

/ wx)dx > /w(x)du(x). (7.2)
D

Remark 7.2 As we shall see in the proof the k-quadrature domain is constructed as the non-
contact set w of the partial balayage of a measure obtained by averaging p over a small
ball. If p satisfies the assumptions of Lemma 4.2 then Balg(u) is well-defined and the
k-quadrature domain D we construct is precisely w(u).

@ Springer



P.-Z.Kow et al.

However, our definitions and results concerning Bali(14) and w (u) are not valid for every
1 as in the statement of the theorem, and as such we need to take some care.

Before we turn to the proof of Theorem 7.1 we prove some preliminary results that we
will need in our main argument.

The first is a simple lemma concerning the partial balayage of a multiple of Lebesgue
measure restricted to a ball.

Lemma7.3 LetO <r <71’ < %]% lk_1 = R(n, k). Then there exists a positive constant
¢n (depending only on the dimension n) such that if

1 Jatkr)n
O<k§cnmin{7,%} (7.3)
r Ju(kr')n (rr')2
then
M,
Baly (%mm) = xB,m (7.4)
n,k,r
and
MVT
Cn.k,r’
co( ST XBrm) = B,. (7.5)
n,k,r

Remark 7.4 Since t — 13 J% (¢) is strictly increasing on ¢ € [0, j.—2 ], then we see that
7=,
MLy e

MVT — /27,
o rn/ Jy (kr)

(7.6)

Since t > 72 J% (¢) is a decreasing function on [0, jat2 1, we find that
=,

CMVT CMVT
n,k,r’ n,k,r’
Balk ( MVT XBr m) (Rn) - MVT XBrm(Rn)

nk,r n.k,r

(r/)n/ZJ%(kr/) .
2Ty k)

(krh2 (k)2 ) -
Jukr'y  Ja(kr)) =

=m(B)((r)" - (7.7)

=m(B) )7y ) (

Proof of Lemma 7.3 For each x € R”, we see that the distribution y — Oy (x — y) is in
L} (R") and satisfies (A + k?)®(x —-) = —8, < 0 in R". By applying the MVT in
Proposition A.2, we have

1 1 - 1 - 1 B,
SrU 0 = v [ ety = or [ 8=y = er U

n,k,r n,k,r n,k,r’ B, n,k,r’
(7.8)
for all x € R", and equality holds if and only if x € R" \ B,~. In other words
CM]\(/T 5
n,k,r’ N L 1
u=—rU — U e CC(RY
n,k,r

@ Springer



Quadrature Domains for the Helmholtz Equation with Applications...

satisfies
CMVT/ )
(A+Kk)u = xp, — ¥rxs, nR"
nk,r
u>0 in B, (7.9)
u=20 inR"\ B,.
The conclusion of the lemma follows by applying Lemma 5.3. O

The second result we require is an analogue of Proposition 2.4 but for sub-solutions of the
Helmbholtz equation. We again follow the argument in [43, Lemma 5.1] which considered
the case k = 0.

Proposition 7.5 Let k > 0, and let D C R" be a bounded open set. Let Wy be any funda-
mental solution of —(A + k?) and let Q@ > D be any open set in R". Then the linear span
with positive coefficients of
F={+0"VU;(z—)|p:2€ Q\ D, |a| <1}U{—Wi(z — )|p : z € D}
is dense in
StL'(D) = {w e L'(D) : (A +k*)w > 0in D}
with respect to the L' (D) topology.

Proof We first show that if any bounded linear functional ¢ on L' (D) with £|r > 0 also
satisfies
Z'SkLl(D) Z O, (7.10)

then we have G = S;L'(D), where G is the linear span with positive coefficients of F.
Suppose to the contrary that there exists fy € Sy L'(D)\G. Using the Hahn-Banach theorem
(second geometric form, see e.g. [8, Theorem 1.7]), there exists a closed hyperplane {¢y =
) that strictly separates the closed set G and the compact set { fy}, thus we have

Co(fo) < o < Lo(f) forall f € G. (7.11)

Since Mo (f) = Lo(Af) > a forall A > 0 and each fixed f € G, we deduce that £o(f) > 0
for all f € G and that @ < 0. By Eq. 7.10 and since fy € Sy L' (D) we know that £y( fo) >
0. Combining this with Eq. 7.11 and the fact that « < 0 gives a contradiction.

Now let ¢ be a bounded linear functional on L!(D) with £|F > 0. We need to prove that
L, L1(py = 0. Since the dual of LY(D) is L®(D), there is a function f € L% (D) with

L(w) = / fwdx, weLY(D).
D
We extend f by zero to R" and consider the function
u(z) = — (Y x f)(z) forall z € Q.
By the assumption ¢|r > 0, the function u satisfies

(A+k)u=f inQ,
u=|Vul=0 inQ\D,
u=>0 in D.

Our aim is to employ the same argument as in the proof of Eq. 2.3 to show that

/ (A +KHwwdx >0, forallw e S L (D),
D
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which implies €|, ;1py > 0. However, in order to carry out the the integration by parts
which concluded that argument we used that solutions of the Helmholtz equation are smooth
in the interior of D, this is not necessarily the case for sub-solutions. To circumvent this
issue we use a classical mollification argument. Fix a non-negative ¥ € C2°(R") with
support in By and ||| L1gey = 1. For € > 0 set Y (x) = € "y (x/¢€). Forw € Sy LY (D)
set we = w * Y, which is well defined and C* near any compact subset K of D if
€ < dist(K, D). Then we — w in L'(K) as € — 07. We claim that (A +k?)w,(x) > 0in
K fore < dist(K, D). Indeed, since (A +k%)w(x) > 0in D this is in particular the case in
B (y) for any y € K. The claim follows by differentiating under the integral sign and using
the non-negativity of . With this approximation in hand the argument can be completed
as in the proof of Eq. 2.3 by appealing to the L! convergence of w, to w in the support of
the cutoff function w;, and applying the integration by parts argument with w replaced by
We. O

Finally we need the following result which is in the spirit of Proposition 2.1. This result
can be interpreted as saying that D is a quadrature domain for sub-solutions w satisfying
(A+k*Hw>0inD (ie. Disa quadrature domain for metasubharmonic functions).

Corollary 7.6 Let k > 0, and let D, Q C R" be bounded open sets such that D C , and
let @ € L*®(D) be a non-negative measure with supp(un) C D. If

v =Ul' inQ\D, (7.12a)
v <ul inQ, (7.12b)
then for each w € LY (D) satisfying (A + k) w > 0in D we know that

/ w(x)dx Z/w(x)d,u(x). (7.13)
D

Proof By Eqgs. 7.12a and 7.12b U,f - UkD > 0 with equality in Q \ D. By Calder6n—
Zygmund estimates U,i‘, UkD e C(Q). Since U,ﬁ‘ - UkD attains its minimum in  \ D it
holds that VU ]i‘ = VU, kD in 2\ D. When combined with Eqs. 7.12a and 7.12b we conclude
that

/ Bo‘ék(z—x)dx:/B“ék(z—x)d,u(x) for all z€ Br(n,x)\ D, l| <1, (7.14a)
D

/ Dp(z —x)dx < /ik(z—x)du(x) forall z € D. (7.14b)
D

Let w be the function as in the statement of the lemma, and use Proposition 7.5 to find a
sequence

{£8°®(z — )|p : 2 € Braupy \ D, la| < 1}
i € span ~ ’
Wj €SP +< U[—®x(z — )Ip : z € D}

withw; — w € LY(D). From Eqgs. 7.14a and 7.14b, we know that

/ w;(x)dx > /wj(x) du(x) forall j. (7.15)
D
Since u € L°° (D) Holder’s inequality implies that

)f(wj(x) — w(x))du(x)‘ < Il pyllw — wjll 1 py-
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Taking the limit j — oo in Eq. 7.15 we therefore arrive at

/Dw(x) dx > /w(x) du(x).
This is the desired inequality Eq. 7.13, and thus completes the proof. O
We are now ready to prove Theorem 7.1.
Proof of Theorem 7.1 Step 1: Constructing the k-quadrature domain. For ¢ < § <

R(n, k) to be chosen set
1

h(S = WXBE. (716)
n,k,8
Then (Bs(x))
n(Bs(x
Cn.k,5
is non-negative and supported in By s. Furthermore for all x € Bs_,
u(Bs(x))  p@®")
Ww*hs(x) = T = VT (7.18)
Cnk,8 Cnk,8
Let us for « > 1 and r > 0 define
Mic,r = K XB,M.
Set
1= pey and  po = pkhs — ey
with
n(R™)
1<k < VT and O<r<§—c¢ (7.19)
c
n,k,§

to be chosen. Note that these choices of r, x imply that the measures w1, > are non-
negative. Furthermore, both measures have bounded densities with respect to Lebesgue
measure and

R™")m(B
i ®) = km(8,) and pa®") = LEIRED g,

Cn k.8
Our aim is to appeal to Proposition 6.1 and perform an initial balayage of w1 by utilizing
Lemma 7.3. To this end we choose

n,k,r’

- n
oy r2Jy(kr)

MY )Ty (k)

K =
for some r < r’ < R(n, k). By Lemma 7.3, if

1

(1 Ju (kr)n ol 1 Cn

O<k<cnmm[7,ﬁ]:cnmm{f,f]:—, (7.20)
T Ju(kr)u(rr')2 r r

Knr
then Balg(111) = xp,m and by Eq. 7.7 it holds that Balx (1) (R") > 1 (R") = «|B;|.
Consequently, (u1 + w12)(R*") < (Balg(u1) + u2)(R") and thus if

1 1 1
0O<k<c min[—, , ] 7.21
S (DT @S+ () — serm) 7y

then Eq. 7.20 is valid, since r’ > r, and furthermore Proposition 6.1 implies that

Balg(xhs) = Balg (i1 +p2) = Balg(Balg (1) +u2) = Balg(uey o +pxhs — e ) (7.22)
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and
o *hs) = w(u) UwBal(ur) +n2) O By, (7.23)

where we also used that w (1) = B, by Lemma 7.3.
By construction

W1+ pwkhs — e, =0 outside B U Begs (7.24)
and
Wk hs — e = 0. (7.25)
Therefore,
Wi+ mkhs — e, =1 in By, (7.26)

Consequently, if we choose our parameters to satisfy
r>e+4, (7.27)
then the fact that u * hs € L°°(R") combined with Proposition 5.1 implies
Balp(p1,r + % hs — Mu,r) = XD(uy r+pshs — )M (7.28)

and B, C D(py,7 + 1% hs — fyer)-
Combining Eqs. 7.22 and 7.28, we have

Balg (e * hs) = Balx(py, + i % hs — fhe.r) = XDy pr+pushs — e ) M-
Using Eq. 7.23 and that we shall choose our parameters so that 7’ > € + § we find
supp(u * hs) C By C w(u * hs),
therefore Lemma 5.3 implies that?

Balg (i * hs) = X (ushs)M. (7.29)

Using that only one connected component of w(u * hg) intersects supp(u * hs), we can
argue as in [26, Corollary 2.3] to prove that w(u * hs) is connected.
By Lemma 4.8 and the definition of @ (u * hs),

U:;(Mh,s) _ Ulg*ha — &y« pukhy in Brinxy \ @(u * hs), and (7.30a)
U;’(“*h“) < U]i‘*ha = ®pkpukhs in w(uxhs). (7.30b)

Under our assumptions, Corollary 7.6 implies that w(u * hs) is a k-quadrature domain for
W * hs and furthermore we have the quadrature inequality for sub-solutions.

The MVT (Proposition A.2) implies that Ok hs y) < Dy (y) for all y € R" and equality
holds if |y| > §. Therefore, by the non-negativity of u,

UL 0 = Boow s = [ @ ha)x = 9)dn(y) = B w) = UL )

with equality if dist(x, supp(x)) > 8. In particular, since under our assumptions

{x € R" : dist(x, supp(it)) < 8} C Bets C By C w(u * hy)

2Note that 11 #hs does not necessarily have a density which is greater than 1 on its support and so the structure
of its partial balayage in Eq. 7.29 does not follow directly from Proposition 5.1.
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we have equality for x € Bru k) \ @(i * hs). We have thus arrived at?
Ul — gt in Breug \ @(u % hs), and (1.31a)
P <yl in o (ux hy). (7.31b)

We now show that we can choose the parameters r, 8, k appropriately only depending
on the measure u, specifically we shall choose them depending on €, u(R"). We choose
8 =2ecandr =€, and let y = ke.

Since 1 > 73 Ju (1) is a decreasing function on [0, jd 1] satisfying that

limy o, ¥y~ H Ju (y) = r(1+ 5 we by using the explicit form of cMVT find that

3 _ra+
VT )1y = — Y a+3 (7.32)
” n2 Ju (2)/) m2
The required bound on k Eq. 7.21 is then valid if
(11 1
0<k<cnmm[—/,7, _ } (1.33)
e @ADL+ @) + (7))

Assume that ¢, < j% (/4sothat 0 < y < j% /4. Then, since ¢ — t%J% (1) is
strictly increasing on [0, j.2 ;] we can choose r’ = 4r which ensures that Eq. 7.27 is
satisfied since

r'=4r =4e > 3e =€ + 6,

and we have .
o _Un2dyGy)  2'5¢y)
C,%YI r%J%(y) Ju(y)

We now want to find a sufficient condition so that Eq. 7.19 holds. By the choice of ¥ and
the definition of y what we need to verify is the inequality

_ 2@y p@®) _ p@®y?
s Tl Qeymily@y)

(7.34)

or equivalently,
273 (4y)Js (21/)

Jg(J/)J/

R,
Since the function
T3 (4) ]2 2y)
- =

Js(y)y?
is continuous it is bounded from above for all y € [0, j% 1/4] by a constant depending

only on n. Therefore, the required bound Eq. 7.19 holds if we assume that
€ < cup (R (7.35)

31t 1 € L (BR(n,k)) then Eqs. 7.31a and 7.31b combined with an application of Lemma 5.3 implies that

o(n) =w(u*hs) and Balg(n) = Balg(u * hs) = Xo@uwm.
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provided ¢, is chosen sufficiently small, specifically so that

Ji(y)y? b
cn < min < T ) :
velO.juz /N4 2 Ty (4y)Js (2y)

Since we chose our parameters so that ' = 4¢, the require bound on k Eq. 7.33 (and thus
also Eqs. 7.21 and 7.20) is valid if
Cn

Consequently, all our requirements are met provided

0<k< and € < cou(®RMH/" (7.37)

Cn
p(Rm)1/n
for some constant ¢, depending only on 7.

From here and on we let 4 denote the function A5 with the particular choice § = 2¢ in
the discussion above. By the construction we have that

Bali(i % 1) = Yooy M (7.38)
and
supp(it) C Be C supp(u * h) C Bae C (i x h). (7.39)

Step 2: w(u * h) is a k-quadrature domain with respect to . Equations 7.31a and
7.31b imply that U,f — U,?) uxh) > 0 with equality in Br(, k) \@ (u*h). By elliptic regularity

U,?)(“*h) is C1(Bg(u,1)) and U}" is smooth away from supp(u). Thus U} — U,i”(“*h) attains
its minimum in Bg(, k) \ @(i * h), and consequently
VUL — VU in Briugy \ @(u % h). (7.40)

Since supp(i) C w (i * h) C Br,k) the extension by zero of U,f — U,f)(”*h) to all of R”
satisfies the assumptions of Proposition 2.1 and hence w(u * k) is a k-quadrature domain
with respect to u.

As noted above, Eqgs. 7.30a, 7.30b and Corollary 7.6 imply that

/ w(x)dx > f w(x) d(p* h)(x)
o (pxh)

forall w € LY (w(u * h)) satisfying (A + k) w(x) > 0in w(p * h). Assume further that
we LY (). By Fubini and since by construction Bs(y) C w(u *h) for all y € supp(u) the
integral above can be rewritten as

/ w0 d(u# ) (x) = f ( / WO (x — ¥) dx) du(y)
o (xh) (uxh)

it [, )
= T w(x)dx | du(y).
/<C,§’fkv,§ Bs(»)

Since Bs(y) C w(u * h) for all y € supp(u) the function w(x) is a sub-solution of the
Helmbholtz equation on B;(y) for all y € supp(u). Therefore, the mean value inequality for
sub-solutions of the Helmholtz equation implies that the expression within the parenthesis
is greater than w(y) for each y € supp(u). Since w € L'(u) and u is non-negative this
proves Eq. 7.2.

Step 3: Regularity of dw(n * h). We now show that w(u * h) has real-analytic
boundary dw (e * h) by using the moving plane technique as in [27, Theorem 5.4]. Set
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wi= UM — Ul e Mo_oo1 C* (Brinr)- By Proposition 4.3, we know that u is the
smallest among all w € HO1 (BR(n,k)) satisfying
w>0 and (A+kHw<—puxh+1 inBrup. (7.41)
Moreover, Lemma 4.8 and the fact that Balg (14 * i) = X4 (usxn)™m implies
u=0 inBrui \o(u*h). (7.42)

Given xp € dw (1 * h), there by Eq. 7.39 exists a hyperplane that separates supp(u * k) and
Xo. Since Laplacian is translation and rotation invariant, without loss of generality, we may
assume that the hyperplane is

{xeR"|x, =0}, (7.43)

and that supp(u * h) C { x € R"|x, < 0}. We define
(@ xh)oc =o(wxh)N{xeR"|[x, >0}

and
(B (p * h))ioc = 0 (xh) N {x e R"|x, >0} .

Let u™* be the reflection of u with respect to the hyperplane Eq. 7.43, that is, u*(x/, x,) =
u(x’, —x,). We now define

vi=u—influ, u™} = (u —u™),.

Since (A + k*)u < —p x h+ 1 < 1in Breux), we have (A + k>)u* < 1in Brep)-
Since there exists a unique ¢ € HOI(BR(n,k)) such that (A + k%)¢p = 1 in BRr(n.k), using
Proposition A.5, we know that

(A + K> influ, u*} < 1 in Brup.-
From (A + k®u = 1 in (w (i * h))1oc, we have
(A+KHv >0 in (@ * h))oc.

The boundary condition v = 0 on d((w( * h))joc) and using maximum principle in
Proposition A.4 yield v < 0in (w(u * h))joc, and hence

v=0 in (& *h))ioc,
because v > 0 by its definition. Thus we have

u

0x,

<0 on{xeR”‘xn:0}. (7.44)

From Eq. 7.42, we know that 637"” = 0on (Qw(u * h))ioc. On the other hand, we know that

(A+KDu =1 in (@@ ")
Hence € C®((w( * h))ioc) N ﬂ0<a<l C%%((w( * h))1oc) and it satisfies

ou .
(A+i)— = Ju =0 in (@ *h))oc.
Xn 0xy,
Applying the strong maximum principle in Proposition A.4 on W’ we obtain - 8” < 0in

(w( * h))ioc (because L £ 0inw(u * h)).

Since xg can be separated from supp(u * i) by hyperplanes whose normals form an open
convex cone, this argument implies that in a neighbourhood of xg the function u is decreas-
ing in a cone of directions. We deduce that in a neighbourhood of x¢ the free boundary
dw (e = h) is the graph of a Lipschitz function. Since the choice of xg € dw(u * h) was
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arbitrary, we conclude that the free boundary dw (i * k) is locally a Lipschitz graph. Using
[11=13], we know that dw (i * k) is C', and then from [33] we conclude that de (i * k) is
real-analytic. We also refer to the monograph [23] for the general regularity theory for free
boundaries. O

Appendix A: Auxiliary Propositions
The results in this appendix are well-known, and the proofs can found at arXiv:2204.13934.
A.1 A Real-Valued Fundamental Solution

In this section we give an exact expression for a real-valued radial fundamental solution
to the Helmholtz equation. This solution is positive in a ball with suitable radius, which is
crucial for our construction of k-quadrature domains.

Proposition A.1 Fixk > 0 andn > 2. For any R > 0, let &Dk,R be given by

n—2

bpp(r) = 177 (Vg2 (6R) o (KIx]) — (A1)
4Q2m) 2 J% (kR) : :

Jua (KR)Y a2 (KIxD) ).
2 2

Then the distribution d~>k, R € Lllo C(RN ) is radial, smooth outside the origin and satisfies

(A+ k)P =—8 inD'R",

= (A.2)
Dpr(x) =0 for x € 9Bg(0).

Furthermore, in the case when 0 < R < jn2 k=1, the distribution Ci>k,R is positive in Bg(0).
2

A.2 The Mean Value Theorem

Proposition A.2 Letn > 2 be an integer, and let R > 0 be any constant. Ifu € LY (Br(x0))
is a solution to

(A+KkHu =0 in Br(xg),
then

R%J% (kR)

/ u(x)dx = M Mu(xo) with M = @m)"/? (A.3)
Br(x0) o o

k2

In addition, if we assume that 0 < R < j% lk’1 and u € LY (Bg(xp)) is a sub-solution of
the Helmholtz equation,

(A+KkHu >0 in Br(xo),

then, provided x is a Lebesgue point for u,

/ u(x)dx > CnM,XTRM(XO) (A.4)
Br(x0)
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with equality if and only if (A 4+ k*)u = 0 in Bg(xo). In addition, the mapping

r u(x)dx

MVT
Cnykyr By (x0)
is monotone increasing on (0, R) unless there exists an 0 < R’ < R such that (A +3u =0

in B/ (xg) in which case the mapping is constant on (0, R') and increasing on (R’, R).

Remark A.3 In particular,
Mvr 2T RJ{(kR)
€2k, R — r
47 (sin(kR) — kR cos(kR))
= k3 .
Unlike the mean value theorem for harmonic functions, there are radii for which C}XIZE is
Zero or even negative.

whenn = 2,

M
Gk,

=

whenn = 3,

A.3 Maximum Principle

We will need the following (generalized) maximum principle and properties of sub/super-
solutions in small domains.

Proposition A4 Fixn > 2, let U C R" be a bounded open set, and let L1 (U) denote the
first eigenvalue of the Dirichlet Laplacian on U, that is

IVul?,
MU) = in = (A.5)
ueHy ) Mully2 )

Given any 0 < k2 < a(U). Ifw e HY(U) satisfies w|yy < 0 (i.e. wy = max{w, 0} €
Hol(U)) and (A + k¥ w > 0 in the sense of H-Y(U), then w < 0 in U. If we additionally
assume that w € C(U), then in each connected component of U we have either w < 0 or
w=0.

Proposition A.5 Fixn > 2, k > 0, and let U C R" be a bounded open set. If wi, wy €
HY(U) satisfy (A + kz)wj < 0 in the sense of H~V(U) for j = 1 and 2, then the same is
true for w = min{wy, wa}.

Remark A.6 Note that A1 (Bg) = jffz 1R_z. Therefore, the condition k2 < A1(U) is

2
satisfied if U C Bg with 0 < R < ju_z k™.
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