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Dynamics of bubbles across scales

NIKLAS HIDMAN
Department of Mechanics and Maritime Sciences
Division of Fluid Dynamics
Chalmers University of Technology

Abstract

This thesis presents numerical investigations of bubbly flow phenomena across a wide
range of relevant spatial and temporal scales. The aim is to increase our understanding
of a great variety of underlying phenomena and to facilitate improved predictions of bub-
bly flows at all relevant scales. The investigations start at small spatial scales (size of
individual bubbles and below). We focus on the evolution of vapour bubbles by formulat-
ing a multiphase Direct Numerical Simulation (DNS) framework and a computationally
inexpensive 1D framework, which both consider phase change- and thermal effects. These
frameworks are used to study laser-induced thermocavitation bubbles that are a part of
a promising technology to achieve good control of the properties of the formed crystals in
the crystallisation process. Our findings identify plausible mechanisms that induce crys-
tallisation and give guidelines for selecting suitable system parameters to maintain and
control the crystallisation process. We continue to larger scales by focusing on the dynam-
ics of individual rising bubbles. An efficient multiscale methodology is developed in an
Eulerian-Lagrangian framework that predicts the liquid-phase fluctuations experienced
by a bubble rising in a turbulent flow field. The dynamics and deformation of the bub-
ble due to the liquid-phase fluctuations are resolved using a multiphase DNS framework
together with a formulated Moving Reference Frame (MRF) technique. This multiscale
approach is useful for studying numerous small-scale processes where bubbles are smaller
than the Kolmogorov scales and can be used for bubbles, droplets or particles in both
laminar and turbulent flows. We use the developed DNS framework with the MRF to
study the lift force acting on deformable bubbles in steady shear flows. We formulate a
theoretical framework and support it with DNS to provide a comprehensive explanation
for the several identified mechanisms behind the lift force. The findings also elucidate
the influence of the shear rate and governing parameters on the lift force. Finally, we
study, using DNS, the dynamics and mixing properties of bubbly flows at large spatial
scales (size of the entire system). We extract and analyse the dynamics and statistics of
passive scalars involving O(10 − 100) bubbles in periodic domains. The results show a
significant influence of the bubble-induced turbulence on the scalar spectra and elucidate
the influence of the governing parameters on the scalar dynamics and mixing properties.

Keywords: Bubbly flows, DNS, multiphase, multiscale, lift force, scalar mixing
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NOMENCLATURE

Abbreviations
DNS Direct Numerical Simulations
EE Eulerian-Eulerian
EL Eulerian-Lagrangian
MRF Moving Reference Frame
PDF Probability Density Function
PID Proportional-Integral-Derivative
PLIC Piecewise Linear Interface Construction
VOF Volume Of Fluid
Dimensionless numbers

Eo = ρlgD
2

σ
Eötvös number. Ratio of buoyancy and surface tension. −

Ga = ρl

√
gDD

µl
Galilei number. Ratio of buoyancy and viscosity. −

Sc = ν/Dmol Schmidt number. Ratio of momentum diffusivity (kinematic viscosity) and
mass diffusivity. −

Sr = ωD√
gD

Dimensionless shear rate. −

Greek Letters
β Maximum density reduction ratio −
χ Accommodation coefficient / Bubble aspect ratio −
∆r Computational grid spacing radial direction m
∆t Computational time step s
∆x Computational cell size m
δS Dirac distribution function −
ϵ Cell cost function −
ε Energy dissipation rate m2 s−3

κ Interface curvature m−1

λ Thermal conductivity W m−1 K−1

µ Dynamic viscosity kg m−1 s−1

ν Kinematic viscosity m2 s−1
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Ω Computational domain m3

ω Vorticity field s−1

ω Shear rate s−1

ϕ Bubble orientation angle / gas volume fraction °/−
ψ Weighting factor −
ρ Density kg m−3

σ Surface tension N m−1

τ Time scale s
θ Angular coordinate rad
ξ Average angular quantity rad
ζ Average angular quantity rad
Roman Letters
a Acceleration vector m s−2

AB Bubble interface area m2

b Arbitrary positive value −
Co Courant number −
c Scalar field −
cp Specific heat capacity J kg−1 K−1

CAM Added mass coefficient −
CD Drag force coefficient −
CL Lift force coefficient −
D Force vector N
D Spherical equivalent bubble diameter m
Dmol Molecular diffusivity m2 s−1

db Spherical equivalent bubble diameter m
e Deviation of initial position vector m
E Spectrum −
FL Lift force vector N
f Volume fraction field −
g Gravitational acceleration m s−2

j Phase change mass flux kg m−2 s−1

k Wavenumber m−1

L Latent heat J kg−1

L Computational domain length m

viii



n Normal vector −
P Bubble proximity field −
p Pressure Pa
q Bubble integer tag number −
r Position vector m
R Bubble Radius m
r Radial coordinate m
Sq Sphere around bubble q m3

Sσ Supersaturation level −
SC Mass source term kg m−3 s−1

Sh Energy source term J m−3 s−1

T Bubble tag field −
T Temperature K
t Time s
U Undisturbed fluid velocity vector m s−1

u Fluid velocity vector m s−1

u Fluid velocity m s−1

V Bubble velocity vector m s−1

x Spatial coordinate vector m
Superscripts and Subscripts
′ Fluctuation
ˆ Coordinate system in a moving reference frame
˜ Disturbance field
η Kolmogorov scale
∞ Surrounding
BC Boundary Condition
mrf Moving reference frame
rel Relative
rep Repulsive
sat Saturation conditions
std Standard deviation
B Bubble
l Liquid
r Ratio
s Suspension
v Vapour

ix



x



List of publications

This thesis consists of an extended summary and the following appended papers:

Paper A

N. Hidman, G. Sardina, D. Maggiolo, H. Ström, and S. Sasic. Laser-
induced vapour bubble as a means for crystal nucleation in supersaturated
solutions - Formulation of a numerical framework. Experimental and
Computational Multiphase Flow 1.4 (2019), 242–254. doi: 10.1007/
s42757-019-0024-z.

Paper B
N. Hidman, G. Sardina, D. Maggiolo, H. Ström, and S. Sasic. Numerical
Frameworks for Laser-Induced Cavitation: Is Interface Supersaturation
a Plausible Primary Nucleation Mechanism? Crystal Growth & Design
20.11 (2020), 7276–7290. doi: 10.1021/acs.cgd.0c00942.

Paper C
N. Hidman, H. Ström, S. Sasic, and G. Sardina. A multiscale method-
ology for small-scale bubble dynamics in turbulence. International
Journal of Multiphase Flow 150 (2022), 103976. doi: 10 . 1016 / j .
ijmultiphaseflow.2022.103976.

Paper D
N. Hidman, H. Ström, S. Sasic, and G. Sardina. The lift force on de-
formable and freely moving bubbles in linear shear flows. Journal of
Fluid Mechanics 952 (2022), A34. doi: 10.1017/jfm.2022.917.

Paper E
N. Hidman, H. Ström, S. Sasic, and G. Sardina. “Assessing passive scalar
dynamics in bubble-induced turbulence using DNS”. Submitted to a sci-
entific journal.

xi



xii



Additional relevant publications

Paper 1
N. Hidman, G. Sardina, D. Maggiolo, H. Ström, and S. Sasic. “Numerical
simulation of a laser-induced vapour bubble for crystal nucleation at low
supersaturation levels”. Proceedings of the 10th International Conference
on Multiphase Flow, (ICMF19). Rio de Janeiro, Brazil, 2019.

Paper 2

N. Hidman, H. Ström, S. Sasic, and G. Sardina. “Resolving sub-
kolmogorov bubble dynamics in turbulent flows: Formulation of a multi-
scale numerical framework”. Proceedings of the 18th International Con-
ference on Fluid Flow Technologies. Conference on Modelling Fluid Flow
(CMFF22). Budapest, Hungary, 2022, pp. 318–325.

Paper 3
N. Hidman, H. Ström, S. Sasic, and G. Sardina. “The shear-induced lift
force on freely moving and deformable bubbles”. Proceedings of the 11th
International Conference on Multiphase Flow, (ICMF23). Kobe, Japan,
2023.

Paper 4
N. Hidman, H. Ström, S. Sasic, and G. Sardina. “The passive scalar
spectrum of bubble-induced turbulence”. Proceedings of the 11th Inter-
national Conference on Multiphase Flow, (ICMF23). Kobe, Japan, 2023.

xiii



xiv



Contents

Abstract i

Acknowledgements v

Nomenclature vii

List of publications xi

Additional relevant publications xiii

I Extended Summary 1

1 Introduction 3

2 Background 7
2.1 Scales in bubbly flows as considered in this thesis . . . . . . . . . . . . . . 7
2.2 Formation and evolution of small-scale vapour bubbles . . . . . . . . . . . 7
2.3 Dynamics of small-scale rising bubbles . . . . . . . . . . . . . . . . . . . . 10
2.4 Dynamics of intermediate and large-scale bubbly flows . . . . . . . . . . . 12
2.5 Multi-scale modelling strategies . . . . . . . . . . . . . . . . . . . . . . . . 13
2.6 Objectives of the research work . . . . . . . . . . . . . . . . . . . . . . . . 14

3 Numerical frameworks for bubble dynamics from small to large scales 19
3.1 Numerical frameworks for the evolution of small-scale vapour bubbles . . 19

3.1.1 Multiphase DNS framework for vapour bubble evolution . . . . . . 20
3.1.2 1D Numerical framework for vapour bubble evolution . . . . . . . 22

3.2 Numerical frameworks for small-scale rising bubbles . . . . . . . . . . . . 27
3.2.1 Multiphase DNS with non-inertial moving reference frame . . . . . 28
3.2.2 Coupled Eulerian-Lagrangian and multiphase DNS frameworks for

small-scale bubble dynamics in turbulence . . . . . . . . . . . . . . 30
3.3 Numerical frameworks for large-scale scalar dynamics in bubbly flows . . 33

3.3.1 Multiphase DNS framework for passive scalar transport in bubbly
flows . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

4 Selected results and discussion 39

xv



4.1 Numerical investigations of laser-induced thermocavitation . . . . . . . . . 39
4.2 Small-scale rising bubble dynamics . . . . . . . . . . . . . . . . . . . . . . 43

4.2.1 Dynamics of individual bubbles in turbulent flows . . . . . . . . . 44
4.2.2 Shear-induced lift force acting on deformable bubbles . . . . . . . 49

4.3 Passive scalar transport in large-scale bubbly flows . . . . . . . . . . . . . 54

5 Conclusions and recommendations for future work 59
5.1 Evolution of small-scale vapour bubbles . . . . . . . . . . . . . . . . . . . 59
5.2 Small-scale rising bubble dynamics . . . . . . . . . . . . . . . . . . . . . . 60

5.2.1 Shear-induced lift force acting on individual bubbles . . . . . . . . 61
5.3 Large-scale scalar dynamics in bubbly flows . . . . . . . . . . . . . . . . . 62

6 Summaries of appended papers and division of work 63

References 64

II Appended Papers A–E 71

xvi



Part I

Extended Summary

1



2



1 Introduction

Bubbly flow is a multiphase fluid flow regime characterised by a dispersed gaseous phase in
a liquid phase continuum. The gaseous phase is distributed as individual bubbles within
the heavier liquid phase, and due to gravity, a buoyant force acts on the bubbles in the
opposite gravitational direction. Bubbly flows are important in a wide range of industrial
and natural processes, among others in pipe flows, bubble columns, froth flotation tanks,
nuclear reactors, heat exchangers, bubble drag reduction on marine vessels, oil and gas
transport, atmosphere-ocean exchanges and cavitation [1]. To understand and design
such systems, it is essential to be able to accurately predict the bubbly flow dynamics.
However, there are numerous phenomena that are not yet fully understood and, hence, we
are still not in a position to have fully reliable models that cover a comprehensive range
of features and behaviours encountered in bubbly flows [2]. One of the main challenges in
developing such models is the large range of spatial and temporal scales [3]. Bubbles may
form at the scale of nanometers and, through complex interactions with other bubbles
and the liquid phase, induce two-phase flow structures in the order of tens of meters [4].

This thesis studies numerically the bubble dynamics in a wide range of spatiotemporal
scales with the aim of increasing our physical understanding about bubbly flow phenom-
ena and to improve bubbly flow predictions. In this thesis, we define and work with three
length scales relevant to bubbly flow phenomena: small, intermediate and large scales.
The small length scales refer to scales of individual bubbles or below. The intermediate
scales are the length scales of bubble swarms where the bubbles exhibit a collective be-
haviour, and the large scales refer to flow features at the scales of the entire bubbly flow
system. These scales are all above the molecular length scales that are not considered
in this work. Nonetheless, molecular processes such as the nucleation of vapour bubbles
are important and are briefly discussed in Section 2.2.

To appreciate the multi-scale nature of bubbly flows, consider a case of saturated nucleate
boiling, as illustrated in Figure 1.1. At the molecular scales, the vapour bubbles are
nucleated at the heating surface due to superheating of the adjacent liquid. The vapour
bubbles grow across the small length scales by evaporation of the superheated liquid at the
bubble interface. After reaching a critical size, the bubbles detach from the surface and
rise due to buoyancy. At the small scales, the bubbles may coalesce with other bubbles,
or, breakup into smaller ones. These processes occur continuously within the system and
result in a poly-disperse bubbly flow with a large variation of bubble dynamics. The
rising bubbles induce small-scale liquid velocity fluctuations that, at certain conditions,
generate bubble-induced (or pseudo-) turbulence [5]. In addition, small-scale viscous
boundary layers are formed at the rising bubble interface and in the case of chemical
reactions or phase change, also thermal, and mass transfer boundary layers are induced
in the adjacent liquid. At intermediate scales, the hydrodynamic interaction of rising
bubbles can lead to the formation of bubble swarms with a seemingly collective behaviour.
At the largest scales, the rising bubble swarms can produce system-size re-circulation
zones and even turbulent large-scale flows. Such dynamics at the large scales influence
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the processes at smaller scales resulting in a system that is coupled across the scales.

Because of this multiscale coupling, a fundamental understanding of the processes in-
volved at one scale, and how these processes influence other scales, is essential to predict
the complex dynamics of the entire system. This thesis comprises the appended Papers A-
E that investigate the physical phenomena behind several specific bubbly flow processes
(illustrated in Figure 1.1) and presents numerical frameworks for investigating bubbly
flows across a wide range of relevant length scales. Our results increase our understand-
ing of these processes and facilitate the development of improved sub-grid models that
are used to predict the dynamics of complex bubbly flows up to industrial scales.

This thesis is composed of six themed chapters. We begin with a brief overview of relevant
phenomena and numerical challenges characteristic of the different length scales in Section
2. To model this range of phenomena and length scales, we outline a commonly used
multi-scale modelling approach for bubbly flows in Section 2.5. Based on this overview,
we state in Section 2.6 the topics we have chosen to focus on in this thesis. We outline the
developed numerical frameworks in Section 3 and expand on certain details not included
in the appended papers. In Section 4 we show selected results from our numerical studies
and discuss our findings. We summarise our main contributions and results in Section
5 where we also provide recommendations for future work. Summaries of the appended
Papers A-E are presented in Section 6.

4



  Small scale 
bubble growth

Small scale coalescence 
and breakup

Large scale 
dynamics and
flow structures

Molecular scale 
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liquid fluctuations

Small scale 
boundary layers

Intermediate scale
bubble swarms

Small scale rising bubble 
dynamics

Papers A+B

Papers C+D

Paper E

Figure 1.1: Illustration of bubbly flow processes occurring at various length scales during saturated
nucleate pool boiling. Vapour bubbles nucleate at O(10−9 m) and, through complex interactions
with other bubbles and the liquid, form two-phase flow structures of the sizes of O(10 m). Papers
A-E indicate the types of scales and processes addressed in the respective papers.
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2 Background
In this section, we present a brief overview of important bubbly flow phenomena across
the considered length scales. This overview is intended to provide a context to the specific
processes we focus on in this thesis and to illustrate the relevance of the performed studies.
We find it useful to first remind the reader of our definitions of the scales in bubbly flows
that we work with in this thesis. Then, we discuss important phenomena at the range
from small to large scales and identify numerical challenges and current limitations in
understanding and modelling. Finally, we present an overview of a commonly used
multi-scale modelling strategy for bubbly flows that exemplifies numerical challenges and
highlights the importance of having trustworthy models at all scales. This strategy also
illustrates how the results of this thesis can facilitate the formulation of improved models.

2.1 Scales in bubbly flows as considered in this thesis

In this thesis, we distinguish three different length scales that are all above molecular
scales. The small scales are characteristic length scales of physical processes occurring at
the scale of a single bubble or below. Intermediate scales refer to the characteristic length
scales of several rising bubbles that interact and form bubble swarms with a seemingly
collective behaviour. Finally, the large scales refer to length scales of phenomena that
influence the dynamics of the entire bubbly flow system, such as inhomogeneous bubble
distributions and re-circulation zones but also statistical properties of the bubbly flow
such as turbulent characteristics, mixing and transport properties.

2.2 Formation and evolution of small-scale vapour bub-
bles

The smallest scales we consider in this thesis comprise the formation and evolution of a
vapour bubble. This process can be divided into two phases, the nucleation of the bubble
itself and the evolution of that bubble. We begin with an overview of the nucleation
process and then focus on the small-scale bubble evolution process.

Vapour bubble nucleation is a stochastic, molecular process governed by the liquid’s de-
parture from saturation conditions and the surface tension between the phases. Because
of the stochastic nature and the small scales of the problem, the nucleation process itself
is not entirely understood [6]. We will not analyse this process in detail but instead give
some general concepts and explain the terminology.

The nucleation process can be divided into two main types, homogeneous and heteroge-
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neous. In the homogeneous case, the nucleation occurs within the pure liquid phase due
to thermal motion. The stochastic thermal motion generates temporary voids that may
grow to bubbles if the voids are sufficiently large. In the heterogeneous case, nucleation
occurs at solid walls or particles in the liquid. The presence of foreign particles or walls
significantly increases the probability of nucleation; therefore heterogeneous nucleation
is the most common type in engineering applications [7].

Regardless of the type of nucleation, the vapour bubble formation process is commonly
separated into two categories, cavitation and boiling. Cavitation is the nucleation process
that occurs when the liquid pressure falls below the saturation pressure, and boiling is the
nucleation process that occurs when the liquid temperature is raised above the saturation
temperature.

The two bubble formation processes are similar, but the dynamics of the resulting vapour
bubble may differ considerably. In cavitation, the liquid pressure around the bubble
governs the bubble evolution process. The liquid pressure can change both rapidly and
uniformly around the bubble due to local flow phenomena or changes of the system
pressure. The rapid change of liquid pressure leads to fast growth and collapse dynamics
in many practical cavitation events. Conversely, in boiling, it is the phase change and heat
transport of the surrounding liquid that govern the bubble evolution process. Compared
to the possible rapid change of the liquid pressure, the liquid temperature around the
bubble usually varies much more slowly. Because of this difference, the bubble evolution
dynamics are usually slower in boiling situations than in the cavitation cases.

Nonetheless, there are processes for which also the temperature is rapidly varying, and
the difference between cavitation and boiling dynamics is less clear. One such process
is termed laser-induced thermocavitation, where a short (often nano-second) laser pulse
superheats a region of the liquid. Within this region, a vapour bubble is nucleated and
starts to grow due to rapid evaporation of the superheated liquid at the bubble interface.
The evaporation causes the pressure in the bubble to increase and, thus, the bubble to
grow. When the superheated liquid is evaporated or cooled, the vapour starts to condense
due to heat loss to the surrounding liquid, and the bubble begins to collapse. In a typical
laser-induced thermocavitation event, the entire bubble lifetime is of the order of 10−100
microseconds, and the maximum bubble radius is of the order of 100 micrometers.

Small bubbles are usually spherical due to the surface tension that results in a net force
per unit area in the radially inward direction. The net force increases inversely with
the radius of the bubble as 2σ/R, where σ is the surface tension and R is the bubble
interface radius. Since the radius of the nucleated bubble is small, the surface tension
force is relatively large compared to inertial or viscous forces. These force ratios result
in a spherical bubble with a minimum of surface energy.

The pressure of the gas, pB , inside a static spherical bubble, is at equilibrium conditions,
and for pure vapour, this corresponds to the saturation pressure, psat(TB), where TB is
the vapour temperature. The pressure in the surrounding liquid, p∞, and the surface
tension force compress the gas inside the bubble. At equilibrium conditions, the forces
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acting at the bubble interface balance according to the Young-Laplace equation [8, 9]

pB = p∞ + 2σ/R . (2.1)

However, at non-equilibrium conditions, the forces may not balance, and the bubble
interface either grows or shrinks according to the generalised Rayleigh-Plesset equation
[10–12]

pB(t) − p∞(t)
ρl

= R
d2R

dt2
+ 3

2

(
dR

dt

)2

+ 4νl

R

dR

dt
+ 2σ
ρlR

. (2.2)

Here, ρl and νl are the liquid density and kinematic viscosity, respectively and the effects
of phase change are not included. What differentiates the bubble growth processes in
cavitation and boiling situations are the phenomena that govern the pressure difference
on the left-hand side of Equation 2.2. In cavitation cases, the surrounding liquid pressure
p∞(t) is reduced, whereas, in boiling situations, the liquid is evaporated into the bubble
causing the bubble pressure pB(t) to increase. Both phenomena result in bubble growth,
but since the physical processes are different, the resulting bubble dynamics differ as well.

For most cavitation bubbles, the effects of phase change are relatively small, and the
growth rate of the bubble is controlled by the inertial effects of the surrounding liquid,
described by the two first terms on the right-hand side of Equation 2.2 [7]. With rapid
changes in the surrounding liquid pressure, the cavitation bubble can display fast growth
and collapse dynamics. When the liquid pressure falls, the bubble rapidly expands, and if
the bubble moves into a high-pressure liquid region, the bubble may collapse implosively.
During such collapse phases, the liquid inertia and the surface tension force can compress
the bubble and produce maximum gas temperatures of over 15000 K and the emission of
shock waves as fast as 4000 m/s [4, 13]. These gas temperatures are sufficient to produce
visible light, a phenomenon called cavitation luminescence, and, if the collapse occurs in
the proximity of a wall, the emitted shock waves and possible formation of liquid jets can
cause significant erosion of the solid material.

In boiling cases, the growth rate is mainly governed by the evaporation rate of the
interfacial liquid. Because of the latent heat of evaporation, the liquid at the interface is
cooled towards the saturation temperature, at which point the evaporation rate becomes
controlled by the ability of the phases to transport heat to the interface. Since the thermal
conductivity is usually much higher in the liquid phase, the growth rate is thus governed
by the heat transport in the liquid surrounding the bubble. The cooling of the interfacial
liquid produces a thermal boundary layer around the bubble with a thickness that can be
of the order of nanometers. Such small scales significantly complicate simulations of the
growing bubble since a well-resolved thermal boundary layer is necessary to accurately
capture the liquid heat transport that governs the evaporation rate.

To predict the evolution of boiling or cavitation vapour bubbles, the model must take into
account both fluid- and thermodynamic effects and include the effects of surface tension
and phase change at the interface. Because of the fast dynamics, compressibility effects
can be significant, and at the moving bubble interface, large transient gradients of the
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fluid conditions need to be accurately estimated. The number of physical phenomena and
their complex interactions constitute a major modelling challenge. Indeed, research on
this topic has been conducted for over a century and is still ongoing. Rayleigh (1917) [10]
developed an equation for the growth of an inertia-controlled spherical vapour bubble.
This formulation was further developed by, among others, Plesset and Zwick (1954) [11],
Scriven (1959) [14], Mikic et al. (1970) [15], Dalle Donne and Ferranti (1975) [16], Pros-
peretti and Plesset (1978) [17] and Lee (1993) [18] to consider growth regimes governed
by thermal and surface tension effects. Although the mathematical models provide great
insight into the governing physical mechanisms, they typically rely on assumptions and
simplifications that are only valid under certain conditions and growth regimes.

2.3 Dynamics of small-scale rising bubbles

The rising motion of gas bubbles in a liquid has intrigued researchers for a long time.
In a quiescent liquid, the bubble trajectory can be rectilinear, zigzagging, spiralling or
even chaotic depending on the governing parameters of the two-phase flow [19]. Interest-
ingly, already Leonardo da Vinci documented in the 1500s that the dynamics are indeed
three-dimensional, and Prosperetti (2004) termed the path instability phenomenon as
Leonardo’s Paradox since it was not known why an axisymmetric bubble would move in
a zigzagging, spiralling or chaotic path [20]. More recent numerical investigations of this
phenomenon have shown that the shape and path of a rising bubble are closely associated
and depend upon specific force ratios of the two-phase flow [21, 22].

For a single bubble rising in a quiescent liquid, the problem is completely described by the
following four dimensionless governing parameters [23]; the Galilei number Ga = ρl

√
gDD

µl

that relates buoyancy to viscous forces, the Eötvös number Eo = ρlgD2

σ that relates
buoyancy to surface tension forces, the density ratio ρr = ρl

ρg
and the dynamic viscosity

ratio µr = µl

µg
. Here, g is the gravitational acceleration, D is the spherical equivalent

bubble diameter, σ is the surface tension and l and g denote the liquid and the gaseous
phases. If the bubble is rising in a shear liquid flow, also the dimensionless shear rate is
introduced Sr = ωD√

gD
where ω is the shear rate of the undisturbed liquid flow.

The interfacial forces acting on the bubble govern the rising path dynamics. In a quies-
cent liquid, the driving force on a bubble is buoyancy which is steady and only acts in
the vertical direction. Therefore, it is somewhat surprising that an axisymmetric bubble
may rise with a zigzagging, spiralling or chaotic trajectory. Consequently, other inter-
facial forces acting on the bubble oscillate or, in the chaotic regime, vary without any
regularity. Developing models that can predict the correct interfacial forces for all gov-
erning parameters is thus a formidable task. As a result, most interfacial force models
focus on predicting the forces for a given range of governing parameters and often with
a quasi-steady approach to avoid describing the complex transient behaviours.
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Currently, the most common method for modelling the interfacial forces and the resulting
bubble motion is to use an equation of motion such as

ρg
dV

dt
= ρl

DU

Dt
−ρlCAM

d

dt
(V rel)− 3ρl

4D
CD|V rel|V rel −ρlCLV rel ×ωU +(ρg −ρl)g (2.3)

where the terms represent the inertia, added mass, drag, lift and buoyancy forces [24]. The
V is the bubble velocity vector, V rel is the relative velocity between the bubble and the
undisturbed liquid at the bubble position, ωU is the vorticity of the undisturbed liquid,
and CAM , CD and CL are the added mass, drag and lift force coefficients, respectively.
Note that additional forces such as the Basset (history) force and the pressure gradient
force should also be considered in general but are here neglected for brevity.

Although the functional form of Equation 2.3 is relatively simple, it is generally difficult
to determine the correct values for the force coefficients. The added mass force takes into
account the inertia of the liquid that moves with the bubble and the force coefficient CAM

represents the ratio of the bubble volume to the moving liquid volume. CAM depends
on the orientation of the bubble relative to the flow and is, in general, a second-order
tensor with components according to complex functions of all the governing parameters.
For a spherical bubble, the isotropic value CAM = 0.5 holds [25] and, for simplicity,
this value is often assumed also for non-spherical bubbles in viscous flows. There exist
numerous correlations for CAM but still none that is universally applicable for all types
of bubble-liquid systems.

At a steady rising motion in a quiescent liquid, the only forces acting on the bubble are
the drag and buoyancy forces that balance exactly. To predict the correct rising velocity,
it is therefore important to use an accurate value for the drag force coefficient CD. CD

is, however, also a complex function of all the governing parameters, and except for
near-spherical bubbles in the low- and high-Ga-number regimes, there is no satisfactory
explanation describing the drag force acting on a bubble [26]. Because of its importance,
the drag force has been extensively studied and now there exist many correlations for
CD, each valid in certain ranges of the governing parameters [27].

When bubbles rise in a shear flow (ωU is non-zero), a shear-induced lift force acts on
the bubble in a direction perpendicular to its relative motion. This lift force influences
the spatial distribution of bubbles in important bubbly flow systems such as bubbly pipe
flows [28] and affects the flow stability in bubble columns [29]. The lift force coefficient
CL is also a complex function of the governing parameters and may even change sign
at increasing bubble deformations. The CL-value varies significantly and highly non-
linearly with the governing parameters because of the interaction of four different lift force
mechanisms, some of which we only recently have begun to understand [30]. Theoretical
predictions for CL are thus limited to, for example, spherical bubbles in the low [31],
and high-Ga-limits [32], but for deformed bubbles at finite Ga-numbers, we still rely on
incomplete correlations.

Bubbles that come into contact may coalesce and form larger bubbles with different gov-
erning parameters that consequently display entirely different dynamics [33]. Conversely,
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if the surface tension force is not sufficient to keep the integrity of the bubble interface,
external flow forces may cause the bubble to breakup into smaller bubbles [34]. In cer-
tain bubbly flow systems, these two processes govern the global bubble size distribution
and can therefore alter the dynamics and characteristics of the entire system. However,
rigorous models for the breakup and coalescence dynamics are not yet available.

To accurately predict the behaviour of large-scale bubbly flows, models are needed to
predict all the above-mentioned small-scale dynamics. Without such models, the simula-
tions of large-scale systems need to resolve all small-scale dynamics leading to unfeasible
computational costs. To develop improved closures that are more universally applica-
ble, we generally require a better physical understanding of the phenomena behind the
small-scale dynamics. Such knowledge can then facilitate the design of robust theoreti-
cal or empirical models to describe the physics in the entire range of relevant governing
parameters.

Next, we outline bubble dynamic processes at intermediate and large scales and discuss
how they are coupled with the small-scale dynamics.

2.4 Dynamics of intermediate and large-scale bubbly
flows

The rising of a single bubble disturbs the surrounding liquid and, consequently, influences
the dynamics of other bubbles nearby. Therefore, the interfacial forces that govern single
bubble dynamics are altered by the presence of nearby bubbles [35]. In certain flows, this
hydrodynamic interactions between the individual bubbles cause bubble clustering and
the formation of bubble swarms with a seemingly collective bubble behaviour [36]. To
capture this phenomenon, models for the interfacial forces acting on a single bubble thus
need to be modified to predict the motion of the bubbles when the latter are in bubble
swarms.

Individual bubbles rise due to buoyancy induced by the gravitational force. At large
scales, spatially nonuniform bubble distributions produce an inhomogeneous gravitational
force distribution. These inhomogeneous forces induce large-scale flows that may enhance
the inhomogeneity of the bubble distribution and can even produce large-scale turbulent
flows [1]. At intermediate scales, the liquid turbulence may induce bubble dispersion
that acts as to increase the spatial homogeneity of the spatial bubble distribution [37].
At small scales, bubbles can both induce and dampen the turbulent fluctuations of the
liquid phase [5]. These complex multiscale processes cause different statistical properties
of the liquid fluctuations compared to single-phase flows. The turbulent kinetic energy
spectrum of the bubble-induced turbulence is found to have a −3 power law scaling [38–
44] at length scales comparable to or below the bubble size. This is in contrast with
the classical −5/3 scaling at inertial scales found in isotropic single-phase turbulence. In
addition, the Probability Density Functions (PDFs) of the liquid velocity fluctuations are
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found to be non-Gaussian and anisotropic due to the preferential motion of the bubbles
in the direction of the buoyancy force [39, 40].

The turbulent characteristics in bubbly flows have implications also for the transport
of scalar fields such as heat or chemical species. Recently, numerical and experimental
studies have examined the great potential of bubbly flows as a relatively simple means for
efficient scalar mixing due to the liquid agitation induced by the rising bubbles [42, 45–
48]. Still, it is not entirely clear how the characteristics of the bubble-induced turbulence
influence the dynamics and statistics of the passive scalar.

In certain bubbly flow applications, such as bubble columns and heat exchangers, the
mixing and turbulence are fundamental flow properties to control for efficiently designed
processes. However, these properties have a complex dependency on a number of gov-
erning parameters and are thus challenging to predict. Consequently, existing bubble-
induced turbulence models and models for passive scalar transport in large-scale bubbly
flows are still incomplete.

As illustrated in Figure 1.1 and in this section, the bubble dynamic processes occurring
at all scales are generally coupled. Therefore, we generally need to solve a coupled multi-
scale problem to model the dynamics of complex bubbly flow systems such as bubble
columns or saturated nucleate pool boiling. In multi-scale problems, the accuracy of all
models is important to predict the correct dynamics of the entire system. Therefore,
we need a clear understanding of all the relevant processes and to develop robust and
accurate models for them. In the next section, we give a brief overview of a simulation
strategy to solve the multi-scale problem using such models.

2.5 Multi-scale modelling strategies

To handle a wide range of spatial and temporal scales, it is common to use a bottom-up
multi-scale simulation strategy [49] as illustrated in Figure 2.1. In this approach, certain
numerical techniques are used to investigate phenomena at one scale and to derive closures
that can be used in numerical methods for bubbly flows at larger scales.

The smallest scales in the flow can be resolved by multiphase Direct Numerical Simula-
tions (DNS). The DNS approach fully resolves the bubble shape and the flow field in the
gas and liquid phases. The DNS typically provides all relevant information about the
two-phase flow and thus constitutes an indispensable tool to study and understand the
underlying physical phenomena behind complex bubble dynamics. The method, there-
fore, facilitates the development of improved closures for the bubble dynamic processes.
However, multiphase DNS is currently only practical for studying up to O(10) −O(100)
bubbles due to the excessive computational cost of resolving all scales.

At intermediate scales, the Eulerian-Lagrangian (EL) approach is practical to study sys-
tems with up to about O(106) bubbles. Here, the flow field around the bubbles and
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the bubble shapes are not resolved, and the motion of the bubbles is determined using
an equation of motion with interfacial force closures (as in Equation 2.3). By including
additional closures for the coalescence and breakup processes, it is also possible to obtain
the bubble size distribution from EL simulations.

To model industrial-scale systems, the Eulerian-Eulerian (EE) continuum approach is typ-
ically used where both the gas and liquid phases are treated as interpenetrating continua.
Here, interfacial force closures and bubble coalescence and breakup models are generally
needed and supplemented with bubble population balance models. Also hydrodynamic
interaction of bubbles and bubble-induced turbulence effects requires consideration. Since
the EE simulation technique depends on a high number of closures, the accuracy is de-
termined by the quality of those closures. This limitation highlights the importance of
performing further studies related to the bubble dynamics in order to achieve robust
closures and improved predictions of industrial bubbly flows.

Figure 2.1: Illustration of the bottom-up multi-scale modelling approach in bubbly flows.

2.6 Objectives of the research work

Based on the background given above, there are many open questions and model un-
certainties that require further investigations in an attempt to improve our physical
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understanding and the ability to model bubbly flows in general. In this thesis we have
chosen to focus on the following set of topics and objectives that span from small to large
scales of bubbly flows.

Evolution of small-scale vapour bubbles

The first topic concerns the evolution process of vapour bubbles and the fluid conditions in
the vicinity of such bubbles. We focus on the laser-induced thermocavitation method that
exemplifies challenges from both boiling and cavitation events. Because of the complex
physics and extreme fluid conditions, theoretical models for the bubble evolution and
fluid conditions are not yet complete. To facilitate the study of the bubble evolution
process and the detailed flow conditions, our main objectives are:

• to develop a numerical framework for small-scale bubble evolution processes taking
all relevant physics, such as interfacial phase-change into account and

• to determine the flow conditions in the gas and liquid phases of specific laser-
induced thermocavitation events and examine the influence of relevant governing
parameters on those conditions.

These objectives are addressed in Section 3.1 and Papers A and B. We develop two nu-
merical frameworks; a multiphase DNS framework with phase change modelling outlined
in Section 3.1.1 and described in detail in Paper A, and a corresponding 1D numerical
framework presented in Section 3.1.2 and Paper B. In these papers, we numerically in-
vestigate the fast and complex dynamics of laser-induced thermocavitation events that
are currently studied as a promising tool for controlling the process of crystallisation.
Selected results from these studies are also presented in Section 4.1.

Small-scale rising bubble dynamics

We shift the focus to small-scale rising bubble dynamics in both laminar and turbulent
flows. We identify two key issues in conventional simulation techniques that prevent
straightforward and efficient numerical studies of such problems. First, the studied bubble
dynamic process may develop over a large range of spatiotemporal scales or occur at a
location and time that are not known a priori. This issue makes it difficult to select an
appropriate domain size and can lead to computationally unfeasible DNS costs. Second,
the turbulent flow often includes length scales much larger than the bubble size. The
latter issue makes it computationally very costly to resolve all relevant scales in the
same numerical framework. To facilitate efficient numerical studies of this problem, we,
therefore, formulate the following objectives:
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• to develop a numerical framework for the rising bubble dynamics without a need
for a priori knowledge about the spatiotemporal scales over which the dynamics
develop, and

• to develop a general methodology for studying the small-scale rising bubble dynam-
ics in response to a realistic turbulent flow with length scales larger than the bubble
size.

These objectives are the focus of Paper C. Here, we focus on a bubble rising in a turbulent
flow with a size comparable to or smaller than the Kolmogorov scales of the turbulent flow.
We couple two fluid dynamic solvers into a general multiscale numerical framework that
constitutes an efficient numerical tool for studying the small-scale bubble dynamics in
response to turbulent fluctuations or laminar flows. The first solver is a multiphase DNS
framework with a Moving Reference Frame (MRF) technique that resolves the detailed
flow around the bubble (outlined in Section 3.2.1). The other solver is an EL-solver
that simulates the turbulent flow at scales larger than the bubble size (Section 3.2.2).
Example results from the first solver are presented in Section 4.2 and from the coupled
framework in Section 4.2.1.

Shear-induced lift force acting on individual bubbles

Here, we focus on the physical mechanisms behind the lift force acting on bubbles rising
in shear flows. As discussed in Section 2.3, the lift force is dependent on four distinct lift
force mechanisms. The complex interactions of these mechanisms induce a lift force that
is a complex function of all governing parameters and, consequently, not yet fully under-
stood. To increase our understanding of the lift force and facilitate improved closures,
we define the following objectives:

• to provide a general description for the four lift force mechanisms based on the
same flow features,

• to qualitatively explain how the different mechanisms cause the complex lift force
behaviour under a wide range of the governing parameters, and

• elucidate the role of the shear rate on the four lift force mechanisms.

We address these objectives in Paper D, where we provide a theoretical framework that
relates the bubble-induced vorticity to the lift force. Theoretical considerations are sup-
ported with the multiphase DNS framework developed in Paper C and outlined in Section
3.2.1. This framework is also used to investigate the role of the shear rate on the lift
force in Paper D.
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Large-scale scalar dynamics in bubbly flows

Our last topic concerns the dynamics and statistics of passive scalar transport in bubbly
flows at large scales. Although the statistical properties of bubble-induced turbulence
are well established, it is still not clear how those properties influence the dynamics and
statistics of the passive scalar. To investigate and quantify the scalar transport properties
in bubbly flows, we define these objectives:

• to develop a numerical framework to study passive scalar transport in monodisperse
turbulent bubbly flows and

• to determine how the bubble-induced turbulence influences the passive scalar dy-
namics and assess the effects of relevant governing parameters on the dynamics.

The first objective is addressed in Section 3.3 and Paper E where we develop and use
a multiphase DNS framework with a repulsive force model to avoid coalescence. In
Paper E, we focus on the second objective by using DNS simulations to show how the
scalar dynamics differ in bubbly flows compared to isotropic single-phase turbulence. We
also investigate the effects of several relevant governing parameters on the dynamics and
statistics of the scalar transport.

In the next section, we present an overview of the developed numerical frameworks and
expand on some details not covered in the appended papers. Selected results from the
numerical frameworks are presented in Section 4.
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3 Numerical frameworks for bubble
dynamics from small to large scales

In this section, we present the numerical frameworks developed in relation to the ob-
jectives of this thesis. The frameworks are described in detail in the appended papers,
but here we provide an overview and expand on additional details not covered in the
papers. First, we present our numerical frameworks developed for studying the evolu-
tion of small vapour bubbles (Paper A and Paper B). Then, we outline our multiscale
methodology for investigating small-scale rising bubble dynamics in both laminar and
turbulent flows (Paper C). The multiscale methodology comprises the coupling of an EL
and a multiphase DNS fluid solver with a moving reference frame technique. The latter
solver is also used in Paper D to study the shear-induced lift force. Finally, we outline
the numerical framework used for studying passive scalar dynamics in bubble-induced
turbulence (Paper E).

3.1 Numerical frameworks for the evolution of small-
scale vapour bubbles

To capture a general bubble evolution process, a numerical framework needs to take
into account a great number of relevant phenomena such as fluid- and thermodynamics
effects, phase change and surface tension effects. As discussed in Section 2.2, several
mathematical models are developed for this kind of bubble dynamics, but those models
are derived for bubble evolution under specific conditions and evolution regimes.

We aim to investigate the evolution of the fluid conditions in the vicinity of a laser-induced
thermocavitation bubble. The laser-induced thermocavitation method exemplifies chal-
lenges and complexities of both the boiling and cavitation processes. Here, the bubble
exhibits the fast dynamics characteristic for cavitation bubbles, but the bubble growth
rate is governed by rapid phase change and thermal effects. These types of bubbles
constitute a major modelling challenge and are, therefore, useful cases to study in an
attempt to formulate a general numerical framework.

We avoid the typically used modelling assumptions such as homogeneous vapour con-
ditions, constant physical properties and negligible viscous- inertia- or thermal effects
during specific bubble evolution periods. Instead, we consider all relevant effects during
the entire evolution process and resolve the fluid conditions in both space and time for
both phases taking into account the variation of the physical properties. This approach
adds complexity and requires a higher computational cost compared to when using simpli-
fied models but provides a more general methodology for predicting many vapour bubble
evolution processes.
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By resolving the two-phase fluid conditions, we also obtain detailed information about the
spatiotemporal variations of those conditions, which is essential in certain applications
such as laser-induced thermocavitation bubbles used for crystallisation. This application
is further discussed in Section 4.1.

In the following section, we outline our multiphase DNS framework with phase-change
modelling, and in Section 3.1.2, we describe our 1D numerical framework suitable for
extensive parameter investigations due to its almost negligible computational cost com-
pared to that of the DNS framework.

3.1.1 Multiphase DNS framework for vapour bubble evolution

To investigate the laser-induced thermocavitation bubbles numerically, we use a multi-
phase DNS fluid solver that accounts for thermal effects in both phases, surface tension,
and includes the effects of the interfacial phase change. Because of the rapid dynam-
ics, also compressibility effects are considered. This framework is described in detail in
Paper A and extended in Paper B. Here, we present an outline of the framework and
provide additional discussion regarding numerical challenges and limitations.

A major numerical challenge in multiphase DNS of bubbly flows is the presence of the
interface between the fluid phases. The interface is a 2D phenomenon (it does not have
a thickness) in the fluid continuum assumption. It is thus not possible to resolve the
interface with the standard finite volume method. Therefore, special numerical methods
have been developed to handle the discontinuity between the phases and the position of
the interface within the finite volume approach.

We use in this work the Volume Of Fluid (VOF) method to handle the two-phase flow
[50]. Here, the volume fraction field of the phases is tracked, and the interface between
the phases is identified as the position where the volume fraction field is between 1 and 0.
With this approach, the interface can be treated in the same finite volume approach as the
other governing equations, which significantly reduces the complexity of the numerical
method.

In the volume fraction field, the transition from one fluid phase to the other occurs over
the length scale of at least one computational cell. It is therefore not trivial to define
rigorously the exact location and orientation of the interface at the scale of individual
cells. At a curved interface, the surface tension induces a net force in the interface normal
direction, and if the surface tension varies along the interface, also a tangential force is
induced at the interface (a phenomenon called the Marangoni effect). Since these forces
act on the 2D interface, it is not trivial to include them in the finite volume method
either.

In the case of a laser-induced thermocavitation bubble, the bubble is small, and the in-
terface is highly curved. This lead to high forces in the interface normal direction. These
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forces are implemented as volume forces in the computational cells containing the inter-
face. For the highly curved, deformable and rapidly moving interfaces of our application,
the numerical implementation of the interfacial forces needs careful consideration. To ac-
curately resolve such interfaces, high spatial and temporal resolutions are required, and
to maintain a sharp interface, we use the PLIC interface reconstruction method that esti-
mates the location and orientation of the interface within the computational cells at each
computational time step [51]. This method avoids smearing of the interface that may
occur in other numerically diffusive volume fraction advection schemes. The interfacial
forces are implemented using the method proposed by Brackbill et al. [52] that depends
on an accurate representation of the interface to predict the correct forces.

The phase change (evaporation or condensation) occurs at the interface and governs the
evolution of the bubble in the laser-induced thermocavitation case. This is a complex
process that involves the transport of both heat and mass across the interface and the
absorption or release of thermal energy due to latent heat. To include these phenomena
in the VOF method, we implement the approach proposed by Hardt & Wondra [53] and
extend it to increase accuracy and reduce numerical instabilities at the interface (that
may arise in the extreme case of laser-induced thermocavitation). In this approach, the
effects of phase change are included by a phase change model that determines mass and
energy source terms in the computational cells at the vicinity of the interface. The source
terms model the effects of the phase change and ensure that the correct amount of mass
and energy that is added at one side of the interface is removed on the other side. The
implementation of the phase change model is explained in detail in Papers A and B and
the choice of model is further discussed in Section 3.1.2.

In this numerical framework, we consider both phases as compressible and solve for the
entire system of continuity, volume fraction, momentum and energy governing equations
together with the phase change model. Apart from the need for a high spatial resolution
to resolve the interface and thin boundary layers, the phase change model introduces addi-
tional constraints on the temporal resolution required for solving the governing equations.
These constraints are typically limiting the time step size during periods of high phase
change rate. To reduce the total computational cost of a simulation, we use a variable
time step size that is always less than or equal to the minimum of all constraints.

The phase change model introduces mass source terms SCq proportional to the phase
change rate in computational cells close to the interface. With a given time step size
and sufficiently high phase change rate, a cell could potentially be emptied during the
computational time step. To limit the reduction of the density in the cells during a time
step, we, therefore, define the constraint

∆tρ ≤ min
Ω

(
ρ

|SC |

)
β, ∀ SC < 0 , (3.1)

where ρ is the density of the cell and β = 0.1 is a maximum allowable reduction ratio.
Since the phase change is dependent on the temperature at the interface, we also need
to ensure that the temperature does not change too much during one time step. The
temperature is influenced by the energy source terms Sh determined by the phase change
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model. Here, we found that limiting the change to ∆Tmax = 3 K gave reasonable
numerical stability. This constraint is defined by

∆tT ≤ min
Ω

(
∆Tmaxcpρ

Sh

)
, (3.2)

where cp is the fluid specific heat capacity. Apart from the standard CFL-criterion, the
time step size is also restricted by the capillary time step constraint [54]

∆tσ ≤
√

(ρl + ρg)∆x3

2πσ
, (3.3)

where ρl, ρg, ∆x and σ are the liquid and gas densities, cell size and the surface tension
coefficient, respectively. This constraint ensures the resolution of the shortest numerically
represented capillary wave and is typically limiting the time step size during periods of
less intense phase change. In our simulations of laser-induced thermocavitation events, we
use cell sizes of 50 nm that give a capillary time step constraint of about ∆tσ = 5.8×10−10

s while ∆tρ and ∆tT vary in the ranges of about 1 × 10−10 to 1 × 10−11 s during the
periods of evaporation or condensation. The thermocavitation event is typically O(10µs)
indicating O(1 × 105) time steps are required. These limiting constraints, in conjunction
with a spatial grid of O(1 × 106) cells, result in a very large computational cost and
thus limit the practical applicability of this DNS framework for studying a wide range of
parameters. The high computational cost was indeed the main incentive for developing
the 1D numerical framework outlined in the next section.

The DNS numerical framework is developed, validated and described in detail in Paper A
and in Paper B, we further develop it to improve the accuracy of the interfacial energy
transfer. We also simulate an experimentally observed laser-induced thermocavitation
event and predict bubble growth rates in reasonable agreement with the experimental
measurements. In Paper B, we further study the laser-induced thermocavitation event
and assess the evolution of solute supersaturation on the liquid side of the interface.

3.1.2 1D Numerical framework for vapour bubble evolution

As discussed in the section above, there is a very large computational cost associated
with the multiphase DNS and phase change model that makes extensive parameter in-
vestigations practically impossible. However, the small size of the laser-induced cavities
makes them approximately spherical (discussed in Section 2.2), and by assuming that
the bubble evolution occurs far from an external boundary, the entire process can be
approximated as spherical-symmetric. This approximation allows us to formulate the
entire problem in a 1D framework, in the radial direction r, taking into account thermal
effects, surface tension, interfacial phase change and vapour compressibility effects. This
approach reduces the computational cost to an almost negligible fraction of the DNS
framework. The 1D framework is described in detail in Paper B, but we provide here an
outline and expand on a few numerical aspects not covered in that paper.
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The 1D problem is divided into a vapour region 0 ≤ r < R(t) and a liquid region
R(t) ≤ r < ∞ separated by the time-dependent bubble interface at r = R(t). The
evolution of R(t) is computed from the generalised Rayleigh-Plesset Equation 2.2 where
we also have included the effects of phase change on the liquid velocity as

2Ṙ(Ṙ− j/ρl) +R(R̈− j̇/ρl) − 1
2

(Ṙ− j/ρl)2 + 2σ
Rρl

+ 4µl

Rρl
(Ṙ− j/ρl) = pv|r=R − p∞

ρl
,

(3.4)

where p∞ is the liquid pressure far from the bubble and j is the phase change mass flux.
This equation is derived by substituting the incompressible liquid continuity equation
into the incompressible momentum equation in the radial direction and then integrating
from the bubble interface to far away in the liquid with the interface jump condition

pv|r=R = pl|r=R + 2σ
R

+ 4µlul|r=R

R
.

The effects of the phase change rate j on R(t) are often negligible in boiling and cavitation
events since typically the interface velocity Ṙ ≫ j/ρl, where ρl ≈ 1000 kg/m3 for water.
However, in certain laser-induced thermocavitation events, the evaporation rate can reach
values of O(1000) kg/(m2s) shortly after the laser pulse that gives O(Ṙ) = O(j/ρl)
indicating that the phase change rate should be taken into account in Equation 3.4.

Equation 3.4 also shows that it is the pressure in the vapour at the interface pv|r=R

that governs the evolution of R(t). It is thus important that the vapour pressure is
predicted accurately. This pressure is dominated by the evaporation rate j across the
interface during the initial bubble growth period. The evaporation rate is consequently
also important to predict correctly. However, models for estimating the phase change
rate are currently not universal and generally unable to predict accurately the correct
physics of the mass and energy transfer at the gas-liquid interface [55].

Two common approaches for estimating the local mass transfer rate at the interface
are the energy (or Rankine-Hugoniot) jump condition and the Schrage model [55]. The
former determines j from the energy balance at the interface

jL = λl
∂Tl

∂n

∣∣∣
l
− λv

∂Tv

∂n

∣∣∣
v

(3.5)

where L is the latent heat of phase change and ∂/∂n indicates the gradient on the
either side of the interface in the normal direction. However, to evaluate the temperature
gradients in the interface normal direction, non-trivial discretisation schemes are required
and typically, the information about the interface temperature that is often assumed at
saturation conditions Tsat(pl). Mass transfer models based on the energy jump conditions
and appropriate discretisation schemes are successfully implemented in, for example, [56,
57] to simulate vapour bubble growth in a liquid superheated by a few Kelvin.

The Schrage model is instead derived from the kinetic theory of gases and relates the
flux of molecules across the interface to the pressure and temperature of the two phases
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at the interface. The phase change rate j is determined by [58]

j = χ√
2πBv

(
psat(Tl|r=R)√

Tl|r=R

− Γvpv|r=R)√
Tv|r=R

)
(3.6)

where χ is the accommodation coefficient, Tl is the liquid temperature, pv is the vapour
pressure, psat is the saturation pressure, Bv is a material parameter and Γv is a correction
factor. This model is derived by assuming saturation states of the phases but allows for
a jump of temperature and pressure across the interface.

The available phase change models are typically based on simplifying assumptions such as
maintained saturation temperature at the interface. This makes the applicability of these
models uncertain in the case of laser-induced thermocavitation where the rapid heating
by the laser pulse may lead to deviations from saturation states. However, the Schrage
model has successfully been used to simulate laser-induced vapour bubbles in Akhatov et
al. [59], and the model inherently allows for departure from saturation conditions. Instead
of specifying constant saturation conditions at the interface, the Schrage model rather
maintain approximately saturation conditions by predicting higher phase change rate as
the conditions depart from saturation. This model does not require special discretisation
schemes and is simpler to implement in the multiphase DNS framework than the energy
jump condition. In the multiphase DNS framework, we use the model by Tanasawa
[60] that is a simplified form of the Schrage model and only dependent on the local
temperature at the interface. This further simplifies its implementation in the VOF
framework. In the present 1D framework, we use the Schrage model as presented in
Equation 3.6. The major drawback of the Schrage model is, however, the unknown
accommodation (or phase change) coefficient χ that, in general, requires experimental
data or, in certain cases, can be specified high enough to attain sufficiently small deviation
from saturation conditions at the interface [55]. In our simulations, we use values of χ
that give bubble growth rates in reasonable agreement with experimental data.

Equation 3.6 indicates that pv is not only implicitly dependent on itself but also on the
temperatures of the two phases at the interface. Therefore, it is important also that the
temperatures are predicted accurately at the interface. Since the vapour conditions vary
rapidly during the thermocavitation event, we model the vapour as a compressible gas.
This approach ensures that we accurately resolve the spatial and temporal variations of
the vapour conditions that influence the entire problem.

A key region to resolve spatially is the variation of the fluid conditions close to the in-
terface where the intense phase change rate induces high gradients and mass transfer
boundary layers of O(1 × 10−8m). Here, the phase change produces high recoil pres-
sures (that consecutively influence j according to Equation 3.6), and the latent heat of
phase change gives a boundary condition for the heat flux at the interface according to
Equation 3.5. According to Equation 3.5, a high value of j induces a high temperature
gradient at the interface that needs to be sufficiently resolved. Since typically we have
λv ≪ λl, it is the heat flux on the liquid side of the interface that governs the heat
available for evaporation.
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Equation 3.5 indicates that high spatial resolution is required at the interface during
periods of high rates of phase change. In the laser-induced thermocavitation events,
the phase-change rate j typically reaches a maximum just after the laser pulse and
then approaches zero in O(1µs). Since the entire event is O(10µs)-O(100µs), the finest
temporal and spatial resolution is only required during the initial growth period of the
bubble (and during the collapse that we do not focus on).

To reduce the total simulation time, we implemented both a variable time step and an
adaptive grid refinement technique. We use the standard CFL criterion with a Courant
number of Co = 0.75 in both phases as ∆tv ≤ Co∆r/(u + a) in the vapour phase and
∆tl ≤ Co∆r/u in the liquid phase, where ∆r is the grid spacing, u is the fluid velocity,
and a is the speed of sound in the vapor. Since we do not resolve any capillary waves in
the 1D framework, the capillary time step constraint of Equation 3.3 is not necessary here.
The time steps are further constrained analogously with Equation 3.1 and Equation 3.2
but here modified as

∆tρ ≤ ρvVcv

jABβ
, (3.7)

where Vcv is the volume of the first computational cell on the vapour side of the interface,
AB is the bubble interface area and β = 0.1. This formulation limits both the increase
and decrease of mass in the first computational cell on the vapour side of the interface
during a single time step. The liquid side of the interface is assumed incompressible,
which allows the continuity and momentum equations to be integrated in the radial
direction to provide analytical relations for the velocity and pressure in the entire liquid
region. Therefore, no time step constraint like Equation 3.7 is needed on the liquid
side of the interface. Still, the energy equation for the liquid is not easily integrated
because of the energy source term that represents the energy absorbed from a laser pulse.
Instead, we use the finite volume method to discretise the energy equation in the liquid
region. As discussed above, it is mainly the heat flux in the liquid phase that limits the
phase change rate, and therefore we need to limit the maximum change of the liquid
temperature during a time step in order to get stable solutions. This is achieved by the
constraint

∆tT ≤ ∆Tmaxcp,lVcvρl

∆jLAB
, (3.8)

where ∆Tmax = 0.1 K and ∆j is the change of phase change rate between two consecutive
time steps. This formulation ensures that the time step size is sufficiently small when the
phase change rate varies rapidly but allows larger time steps during periods of a more
steady phase change. The use of ∆j rather than j in Equation 3.8 can be explained with
Equation 3.5 that shows that the heat flux from the liquid phase towards the interface
balances the latent heat of evaporation. At a quasi-steady state, the heat flux through the
liquid thermal boundary layer (at the bubble interface) is uniform, and the heat required
for evaporation is supplied by the surrounding liquid outside the thermal boundary layer.
Thus, the interface temperature Tl|r=R does not change proportionally to j during periods
of steady evaporation. It is rather during rapid changes of j (large ∆j) that the Tl|r=R

changes significantly until a quasi-steady state is reached again.
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In a typical laser-induced thermocavitation simulation, the variable time step method
results in time step sizes ranging from O(1×10−13s) during the laser pulse to O(1×10−7s)
when the bubble is near its maximum radius, and the phase change is negligible. This
method consequently reduces the simulation time by O(1000) times compared to a fixed
time step of O(1 × 10−13s) and facilitates extensive parameter investigations.

The adaptive grid refinement technique is used both in the vapour and liquid regions
and has two main advantages. Firstly, as the bubble grows or shrinks, the grid in the
vapour phase is scaled proportionally to R(t). With a fixed number of grid points, the
grid would be either too coarse at large R or excessively fine at small R. By adapting
the grid, an appropriate grid spacing can be maintained throughout the bubble lifetime.
Secondly, large local gradients of the flow conditions are present, especially during the
bubble growth and collapse phases. The adaptive grid then ensures that a sufficient grid
resolution is used in those regions that vary both spatially and temporally during the
simulation.

The grid point positions rv,i in the vapour phase (0 ≤ r < R(t)) are defined in a coordi-
nate system with the origin in the bubble centre r = 0 and scaled with the evolving size of
the vapour region as rv,i(t) = rv,i(0)R(t)/R(0). The liquid region (R(t) ≤ r ≤ R(t)+R∞)
is defined with a large constant but a finite radial thickness R∞ making it convenient to
use a coordinate system that follows the bubble interface r̂ = r − R(t). The liquid grid
point positions r̂l,i in (0 ≤ r̂ ≤ R∞) do therefore not require any scaling with R(t).

The grid is adapted based on the first and second spatial derivatives of the tempera-
ture and density fields. To avoid too large changes of the conditions within a single
computational cell, we define a cell cost function ϵ for an arbitrary fluid variable X as

ϵi(X) = ∂X

∂r
∆riψ + ∂2X

∂r2 (∆ri)2(1 − ψ) , (3.9)

where ∆ri is the cell thickness at the grid point i and ψ = 0.2 is a weighting factor used
to promote high resolution in regions with high curvatures. In the vapour region, the
grid is refined if ϵv,i = (ϵi(Tv) + ϵi(ρv))/2 > 0.025 and coarsened if ϵv,i < 0.004. In the
liquid, the corresponding conditions are ϵi(Tl) > 0.01 and ϵi(Tl) < 0.003. These values
gave a sufficient resolution in our simulation cases. An example of the grid generated by
the adaptive technique is shown in Figure 3.1 in the region close to the bubble interface.
Here, the temperature in the liquid region is finely resolved close to the interface where
the evaporation induces a thermal boundary layer of O(1 × 10−7m). The first cell on the
liquid side of the interface is only 5 nm in width. Further away from the interface, the
liquid temperature is more uniform, and the adaptive grid method produces a significantly
coarser grid.

The 1D framework is developed, validated and used for an extensive parameter study in
Paper B. The validation cases consist of experimentally observed laser-induced thermo-
cavitation bubbles, and the 1D framework predicts the bubbles radius evolution in good
agreement with the experiments.
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Figure 3.1: Illustration of the adaptive computational grid used in the 1D numerical framework
during the simulation of a laser-induced thermocavitation bubble at an instant 4 ns after a laser
pulse of 6 ns has been applied. The vertical black line represents the bubble interface, and the
arrow indicates the interface velocity direction. The flow conditions in both phases are shown in
the region close to the interface, where typically, the first and second spatial derivatives are the
largest. The blue dots represent the grid points ri in the vapour and liquid regions. Here, it is
clear that the adaptive grid method refines the grid in the regions with the highest changes in the
fluid conditions. In the liquid phase, the grid is only used for the temperature, and here, the grid
becomes coarse in the regions away from the interface where the temperature is more uniform.

3.2 Numerical frameworks for small-scale rising bub-
bles

Here, we outline our numerical frameworks that focus on rising bubble dynamics at
small scales. As discussed in Section 2, there is still a need for improved closures for, for
example, interfacial forces, breakup, coalescence and bubble-induced turbulence effects.
These closures can be developed or improved by detailed numerical investigations of the
bubble dynamics using multiphase DNS methods in systems with few bubbles.

Many closures consider the quasi-steady bubble dynamics. A challenge with studying
such dynamics is that the small-scale bubble process may occur at an a priori unknown
location (such as breakup) or develop over relatively large spatial and temporal scales
(such as unsteady trajectories) until a quasi-steady state is reached. Therefore, it is
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difficult to a priori select a sufficient domain size, and the DNS simulations may require
both large computational domains and long simulation times. These issues cause large
computational costs and prohibit detailed numerical investigations across the relevant
parameter ranges.

To facilitate more efficient DNS simulations of the small-scale bubble dynamics, we de-
velop a numerical framework with a moving reference frame (MRF) technique that follows
the motion of the bubble. The MRF technique significantly reduces the required size of
the computational domain and avoids the problem of a priori determining the required
size of the domain to capture the bubble dynamic process. This framework is described
in the next section and in detail in Paper C. The framework is also used in Paper D
to study the small-scale phenomena of the lift force acting on bubbles rising in a linear
shear flow.

As discussed at the end of Section 2.3, a turbulent liquid field influences the small-scale
bubble dynamics. The closures for the latter dynamics should therefore take turbulence
into account. This is, however, a challenging topic to investigate numerically since the
largest length scales of the turbulent field may be orders of magnitudes larger than a
single bubble. To solve this problem, we couple an Eulerian-Lagrangian solver for the
liquid turbulence with our multiphase DNS framework using the MRF technique that
resolves the detailed bubble dynamics in response to the liquid fluctuations predicted by
the EL solver. This framework is outlined in Section 3.2.2 and described in detail in
Paper C.

3.2.1 Multiphase DNS with non-inertial moving reference frame

It is the flow field in the vicinity of the bubbles that governs the bubble dynamics. To
reduce the required size of the computational domain, it is convenient to make a change
of coordinates to a reference system moving with the bubble. By following the bubble,
the computational domain only needs to encompass the near flow field, while the flow
field far from the bubble is disregarded. Furthermore, a moving reference frame (MRF)
technique removes the need to a priori estimate a sufficient domain size to capture bubble
dynamics that may develop over relatively large spatiotemporal scales. For example,
in Cano-Lozano et al. [19], a computational domain of 128D in the vertical direction
was required to observe the transition to path instability for a rising bubble and the
development of different types of trajectories. The required vertical cross-section of the
domain was, however, only 8D × 8D. Moreover, the MRF technique ensures that the
distance between the bubble and the boundaries of the computational domain is constant
during a simulation. It is thus sufficient to select an appropriate distance at the simulation
initialisation/setup to avoid unwanted boundary effects.

In Paper C we develop, validate and demonstrate a multiphase DNS framework using
the VOF approach and with a reference frame moving with the bubbles. The numerical
framework is implemented in the open-source code Basilisk (basilisk.fr) [61]. Since the
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framework is described in detail in Paper C we only provide a brief outline here and
expand on some details not included in the paper.

The change of a coordinate system gives the following change of variables: x̂ = x −
rmrf , û = u − V mrf and t̂ = t, where rmrf and V mrf are the position and velocity
of the MRF in a laboratory reference frame. Since rising bubbles generally accelerate
(especially at unsteady trajectories), the moving reference frame becomes non-inertial. In
such reference frames, the acceleration of the reference frame should be included in the
momentum equation for the flow in the MRF [24] according to

ρ
Dû

Dt̂
= ρ(g − amrf ) − ∇p+ 1

Ga
∇ · (µ(∇û + ∇ûT )) + κ̂δSn̂

Eo
, (3.10)

where the equation is made non-dimensional according to Section 3.2 and amrf is the
acceleration of the MRF. In our method, the reference frame acceleration is continuously
adjusted to maintain the bubble at its initial position of the computational domain. For-
mally, the aim is to maintain amrf (t) = aB(t) where aB is the bubble acceleration in

the laboratory reference frame. Since aB = ∂

∂t

(
1

Ωg

∫
Ωg

udΩ
)

, where Ωg is the volume
occupied by the gas phase, is determined by the solution of the governing flow equa-
tions (including amrf (t)), it is not trivial to exactly secure that amrf (t) = aB(t). The
amrf (t) can be estimated in many ways, and in Paper C, we have chosen to determine
amrf (t) using a Proportional-Integral-Derivative (PID)-controller approach. Other meth-
ods such as a simple explicit extrapolation of the acceleration to the next time step n+ 1

as an+1
mrf = an

mrf +
an

mrf − an−1
mrf

∆tn
∆tn+1 (where ∆tn+1 = tn+1 − tn) introduces small er-

rors that, when integrated over long simulation times, were found to give considerate
deviations of the bubble position to its initial position in the MRF. The PID-controller
approach solves this problem by instead minimising the deviation e of the bubble position
from its initial position e = r̂B(t) − r̂B(t = 0) in the MRF by continuously adjusting
amrf (t). With appropriately chosen PID-coefficients, we thus get amrf (t) ≈ aB(t) with-
out accumulating deviations of the bubble position over time. This approach also gives
a general implementation that can handle both single and multiple bubble systems since
we consider the centre of mass of the entire gas phase.

A DNS example of using the PID-controlled MRF with a domain size of (25D)3 is shown
in Figure 3.2. Here, a bubble is rising in a linear shear flow (Uy = −0.1x) with a
helical trajectory. In panel (a), the trajectory is shown in the lab reference frame, and in
panel (b) the total deviation |e| of the bubble centre of mass from its initial position in
the MRF is less than 0.004D throughout the simulation. This illustrates that the PID-
control approach maintains amrf (t) ≈ aB(t) without introducing small displacements
that accumulate over time.

Since the flow field in the MRF is accelerated, the boundary conditions in the MRF
domain must be updated correspondingly. Considering a bubble rising in an undisturbed
liquid flow field U(x, t), the velocity at an inlet boundary at a current time tn and the
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later time tn+1 is
ûn

BC(x̂) = Un(x̂ + rn
mrf ) − un

mrf , (3.11)
ûn+1

BC (x̂) = Un+1(x̂ + rn+1
mrf ) − un+1

mrf , (3.12)

where we define rn+1
mrf = rn

mrf + 0.5(un+1
mrf + un

mrf )∆tn+1 and un+1
mrf = un

mrf + an+1
mrf ∆tn+1.

Here, an+1
mrf is determined by the PID-controller and defined as the constant MRF ac-

celeration between tn and tn+1. A linear variation of ûBC from tn to tn+1 can thus be
defined as

ûn→n+1
BC (x̂, t) = Un + Un+1 − Un

∆tn+1 (t− tn) − un
mrf − an+1

mrf (t− tn) . (3.13)

This formulation provides a consistent velocity boundary condition also for fields defined
at fractional time steps such as tn+1/2.

With this framework, the computational cost of the DNS simulations can be significantly
reduced, and setting up the simulations, e.g. specifying the domain size, is simplified.
This framework, therefore, facilitates more efficient numerical investigations of the small-
scale bubble dynamics that can be used to develop new or improve existing closures.
Indeed, this framework is used in Paper D to qualitatively explain the mechanisms behind
the shear-induced lift force and to examine the role of the liquid shear rate on the lift
force.

3.2.2 Coupled Eulerian-Lagrangian and multiphase DNS frame-
works for small-scale bubble dynamics in turbulence

Here, we aim to study the dynamics of an individual bubble rising in a turbulent liquid
flow. The turbulent flow influences the small-scale bubble dynamics (such as interfacial
forces, breakup and coalescence), and for this reason, the closures for those dynamics
should take turbulence into account. To develop improved closures, we need detailed
studies of the dynamics under a wide range of the governing parameters. Using conven-
tional numerical tools is challenging since DNS of the turbulent flow generally requires
accurate resolution in domains and length scales much larger than the bubble. We solve
this problem by coupling the Eulerian-Lagrangian (EL) numerical method (to resolve
the turbulent liquid flow) with the multiphase DNS method (to resolve the small-scale
bubble dynamics). The framework is described in detail in Paper C, but here we provide
a short outline and discuss some numerical implementations not mentioned in the paper.

The EL solver simulates a turbulent liquid field and tracks a Lagrangian bubble rising in
that field. The liquid phase fluctuations experienced by the bubble uEL

B (t) are sampled
throughout the simulation and used to define a fluctuating undisturbed flow field U(x̂, t)
on the multiphase DNS framework with a moving reference frame (MRF). By assuming
the size of the bubble comparable to the Kolmogorov length scales, the fluctuating undis-
turbed flow field in the MRF can be approximated as U(x̂, t) = uEL

B (t)+∇uEL
B (t)(x̂−r̂B).

This approach is illustrated in Figure 3.3.
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Figure 3.2: (a): Helical trajectory for a bubble with the governing parameters (Ga = 320, Eo =
10, Sr = 0.1) rising in a linear shear flow with the shear in the xy-plane and gravity acting in
the y-direction. This case is described in detail in Paper D. The blue line is the 3D trajectory in
a laboratory reference frame, and the grey line is a projection onto the xz-plane. (b): Magnitude
of the bubble displacement vector e(t) = r̂B(t) − r̂B(t = 0) showing that the bubble is kept within
0.004D from its initial position in the MRF throughout the simulation despite the unsteady tra-
jectory and a relatively long simulation time. This shows that the PID-controlled MRF achieves
approximately amrf (t) = aB(t) without introducing a drift of the bubble over time.
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To impose the unsteady flow field in the MRF we introduce an additional acceleration
term aU (x̂, t) (in the same term as amrf (t) in Equation 3.10) as aU (x̂, t) = dU/dt =
d/dt(uEL

B ) + d/dt(∇uEL
B )(x̂ − r̂B). We define an+1

U (x̂) as the spatially dependent but
steady acceleration of the external flow field between a current time tn and a later time
tn+1 according to

an+1
U (x̂) = Un+1(x̂) − Un(x̂)

∆tn+1 , (3.14)

where we use that U is already known at tn+1 from the EL simulation. The linear varia-
tion of U(x̂, t) gives the spatially dependent inlet Dirichlet velocity boundary conditions
similar to Equation 3.13 on the MRF domain according to

ûn→n+1
BC (x̂, t) = Un(x̂) + an+1

U (x̂)(t− tn) − un
mrf − an+1

mrf (t− tn) , (3.15)

and Neumann outlet velocity boundary conditions (that are not spatially dependent) on
a boundary with the normal unit vector n̂ as

∇ûn→n+1
BC (t) · n̂ = ∇

(
Un(x̂) + an+1

U (x̂)(t− tn)
)

· n̂ ⇒ (3.16)

∇ûn→n+1
BC (t) · n̂ =

(
∇uEL,n

B +
∇uEL,n+1

B − ∇uEL,n
B

∆tn+1 (t− tn)

)
· n̂ . (3.17)

The imposition of the unsteady external flow field U(x̂, t) allows us to study the detailed
small-scale bubble dynamics in response to the turbulent liquid phase fluctuations pre-
dicted by the EL solver. In addition, the coupling provides a more realistic flow around
the bubble in the MRF since bubbles preferentially move to regions of high vorticity
in the turbulent liquid phase (due to the density difference of the phases and the local
liquid phase pressure gradient). The Lagrangian bubble does, therefore, not in general
experience the same statistical fluctuations as would be sampled in the EL solver by, for
example, a fixed point or a heavy particle. The more realistic flow thus provides more
realistic small-scale bubble dynamics and facilitates more accurate closures.

It should also be noted that the general formulation of the coupled framework makes it
suitable to study the small-scale dynamics of any type of sub-Kolmogorov body, such as
droplets or particles using any multiphase DNS technique to handle the two-phase flow
(VOF, Front-tracking, level-set, lattice-Boltzmann, diffuse interface approach).

Still, the present framework can be improved by implementing a two-way coupling of
the two fluid dynamics solvers. Then, the solvers would be run in parallel and the bub-
ble trajectory predicted by the multiphase DNS framework is used directly in the EL
solver (instead of modelling the bubble motion using an equation of motion similar to
Equation 2.3). Such a two-way coupling would provide a more direct multiscale simula-
tion technique (coupling the two lower boxes in Figure 2.1) for studying the small-scale
dynamics of deformable bodies subjected to turbulent flows with large length scales.
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Figure 3.3: Illustration of the coupled multiscale framework. Turbulent liquid fluctuations and
shear rates experienced by a Lagrangian bubble are sampled in the EL simulation. These signals
are used to determine the linearised unsteady flow field that is imposed in the multiphase DNS
framework. The DNS thus predicts the detailed bubble dynamics in response to the turbulent
liquid fluctuations. The colours represent the liquid-phase vorticity magnitude.

3.3 Numerical frameworks for large-scale scalar dy-
namics in bubbly flows

In this section, we provide an overview of the last part of our work related to studying
properties of bubbly flows across large scales. As discussed in Section 2.4, bubbly flows
are an efficient means to enhance scalar transfer such as heat or chemical species (in, for
example, bubble columns and heat exchangers) without the need for moving parts. This
reduces the operating and maintenance costs [1]. The enhanced transfer is attributed to
the mixing induced by the bubbles-induced turbulence. To design efficient processes, it
is therefore crucial to predict the correct mixing characteristics induced by the bubbles.

The dynamics of scalars in bubbly flows have only recently received scientific attention in
experimental [45, 46, 48, 62–64] and numerical [47, 65] works. These works have shown
that the dynamics and statistics of the scalar transport are modified in bubble-induced
turbulence compared to single-phase turbulence. However, the mechanisms behind the
different characteristics and the influence of the governing parameters on the scalar dy-
namics are not yet entirely clear.

Multiphase DNS is a suitable tool for studying the dynamics and statistics of a passive
scalar in bubbly flows since all relevant scales are resolved (down to the viscous dissipation
scales), and reliable statistics can be readily extracted. In Paper E, we present such a
numerical framework, and in the next section, we provide some additional details not
included in Paper E.
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3.3.1 Multiphase DNS framework for passive scalar transport in
bubbly flows

The numerical framework is intended for studying the effects of monodisperse rising
bubbles on the dynamics and statistics of a scalar field with an imposed constant gradient
in a cubic and fully periodic domain.

We again use the VOF multiphase DNS approach implemented in the open-source code
Basilisk (basilisk.fr) [61]. The scalar fields that we study have Schmidt-numbers Sc =
ν/Dmol = O(1) (where Dmol is the diffusivity of the scalar in the fluid) suggesting that
the smallest scales of the scalar fluctuations are comparable to the smallest scales of
the bubble-induced turbulence. This indicates that a fine resolution is required in the
major part of the computational domain at a fully developed turbulence. The adaptive
grid refinement technique in Basilisk is, therefore, not particularly efficient in these types
of simulations. Instead, we use a constant and uniform grid (of (512)3 grid points in
Paper E) and make use of the cell-centred Cartesian multigrid solver that accelerates the
solution of the Helmholtz-Poisson type problems for the velocity components and Poisson
equation for the pressure correction [66]. This allows us to perform high-resolution 3D
simulations with a uniform grid at a feasible computational cost.

We use a cubic and fully periodic domain with gravity acting in the downward vertical
direction. Because of the periodicity, an additional body force is needed to avoid the
entire system from accelerating in the gravitational direction. This force is defined as
−⟨ρ⟩g where ⟨ρ⟩ is the volume average density of the bubble suspension. The force
represents the hydrostatic pressure gradient that would be induced by a wall at the
bottom of the domain [67]. The VOF approach uses a single-fluid formulation of the
momentum equation valid for both phases that, in nondimensional form, becomes

ρ
Du

Dt
= (ρ− ⟨ρ⟩)g − ∇p+ 1

Ga
∇ · (µ(∇u + ∇uT )) + κδSn̂

Eo
. (3.18)

The single-fluid formulation significantly simplifies the numerical solution of the govern-
ing equations. However, a drawback of the VOF method in the present study is that
the coalescence of the bubbles is a grid-dependent process where the bubbles inherently
coalesce when the distance between the bubble interfaces is smaller than the grid spac-
ing. The coalescence process also involves the formation of thin liquid films between the
interfaces that require very fine grid resolutions [44].

In the present study, we simplify the problem by focusing on the scalar dynamics in a
monodisperse bubbly flow where coalescence is not allowed. This is a fair assumption in
bubbly flows at low gas volume fractions where bubble collisions are relatively rare [68].
In addition, we are interested in the statistically steady-state properties of the bubbly
flow that would be difficult to obtain if the bubble number and sizes change during the
simulation.

To avoid coalescence, we implement a repulsive force between bubbles when they are in
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close proximity to each other. The repulsive force is achieved by locally increasing the
surface tension at the part of the bubble interfaces that is less than one bubble diameter D
away from another bubble’s centre of mass. Since the surface tension force acts normally
to the interface and towards the bubble interior, the local increase of the surface tension
induces a net force on the bubble in a direction away from the neighbouring bubble. The
method is similar to the one described in [69] but with a different implementation method
as described below. This approach effectively prevents coalescence in all our simulations
without introducing excessive external forcing in the liquid between the bubbles that may
affect the flow and scalar dynamics.

The implementation comprises (at each computational time step) the identification of
each individual bubble, computing the bubble positions in the periodic domain, identi-
fying interfacial cells that are within one D from another bubble’s centre of mass and
finally,increasing the surface tension in those cells. Each bubble is identified by using the
tag functionality in Basilisk (basilisk.fr/src/tag.h) that provides a unique integer value
q ∈ [1, Nb] to all the cells in the field T (xi) that belong to the same discrete bubble.
Computing the centre of mass for a bubble in a periodic domain requires additional con-
siderations since the bubbles may partly cross one or more periodic boundaries at a given
instant. This problem can be solved by transforming each spatial coordinate xi ∈ [0, L)
of the cubic domain (with the volume Ω = L3) to angles on a circle according to [70]:

θi = xi

L
2π . (3.19)

The centre of mass for a bubble q with a constant density is determined by first computing
the volume averaged quantities

ξq
i = 1

Ωq

∫
Ωq

cos θidΩ , (3.20)

ζq
i = 1

Ωq

∫
Ωq

sin θidΩ , (3.21)

where Ωq is the volume of the bubble q defined by the region satisfying T = q. The
average angles θq

i for bubble q on the circles are then computed by

θq
i = atan2(−ξq

i ,−ζ
q
i ) + π , (3.22)

and the corresponding centre of mass for the bubble is determined using Equation 3.19
as

xq
i = θq

iL/2π , (3.23)

that provides a consistent centre of mass for each bubble across the periodic domain
boundaries.

We identify interfacial cells that are closer than one D away from another bubble’s centre
of mass by first defining the initial proximity field P(xi) = 0 in Ω. For each bubble q,
we then add a positive value b to P(Sq) += b inside the region Sq defined by a sphere
centred at xq

i and with radius D. To take the periodicity into account, the sphere centre
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is shifted by −L and L in all spatial directions. The resulting proximity spheres enclose
all the bubbles in our simulations (with the spherical-equivalent bubble radius D/2),
although the bubbles are typically non-spherical. All regions in Ω where P > b identify
the regions where two or more proximity spheres overlap and b has been added more
than once to P.

To avoid coalescence, we locally increase the surface tension to σrep = 2.1σ in any part of
the bubble interfaces where P > b. This procedure ensures that repulsive forces act on
the bubbles before they are close enough to coalesce. Figure 3.4 illustrates the implemen-
tation procedure and confirms that the method works also across periodic boundaries. It
should be noted that the somewhat arbitrary model parameters (the radius D of Sq and
σrep) are found to give satisfactory results for the governing parameters used in Paper E
(and Figure 3.4) of Ga = 390, Eo = 0.85 and volume fraction up to ϕ = 5.2% that
correspond to 2.5 mm air bubbles in water. For other governing parameters or system
setups, the model parameters may need tuning.

This numerical framework is a useful tool for studying the properties of bubbly flows
at large scales by simulating representative volumes with about O(100) bubbles. Such
studies can facilitate the development of improved closures for processes in bubbly flows
up to industrial scales. In Paper E, we study the dynamics and statistics of a passive
scalar in bubbly flows. Still, the framework could be used to study many other rele-
vant processes, such as bubble-induced turbulence itself, other types of mass transfer or
extended to study heat transport and reacting flows. Selected results from our studies
using this framework are presented in Section 4.3.
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Figure 3.4: Illustration of the repulsive force model used for preventing coalescence of bubbles in
the DNS framework of Section 3.3.1. A proximity field P is used to identify the regions in the
domain where the force should be applied. For each bubble, a positive value b (equal to unity in this
case) is added to P in a sphere of radius D around the bubble centre of mass. In the regions where
P > b, the repulsive force is applied by increasing the surface tension at the part of the bubbles
interfaces that occupy P > b. Here, the bubbles are forced to collide at the relative velocity of
Vrel/

√
gD ≈ 2 (at about the nondimensional time t/

√
D/g = 6) that represents a strong collision

in a bubbly flow where bubbles mainly rise in parallel with the characteristic velocity
√

gD due to
buoyancy. At t = 11, part of the bubble interfaces occupy P > b, and the surface tension is locally
increased to σrep that induces a repulsive force on the bubble. Coalescence is prevented, and the
bubbles bounce back to collide again at t = 45 across the periodic boundary. This illustrates
that the implementation also handles the periodicity correctly. Note that this illustration case is
performed at a lower spatial resolution than in the DNS simulations of the bubble suspensions.
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4 Selected results and discussion

In this section, we show selected results from our studies using the above described
numerical frameworks. The results illustrate the findings from our studies of specific
bubbly flow phenomena and show the capabilities of the numerical frameworks. We
further discuss the usefulness of the frameworks in a more general context.

4.1 Numerical investigations of laser-induced thermo-
cavitation

The laser-induced cavities are increasingly studied as a part of a promising new technology
to achieve good spatiotemporal control in the process of crystallisation [71]. Crystalli-
sation has been observed in experiments around the laser-induced cavities in saturated
solutions, but the mechanisms behind the crystallisation are not entirely clear [72–75].
One crystal nucleation hypothesis is that the evaporation of the solvent at the bubble in-
terface produces a high solution supersaturation around the bubble [76]. The evaporation
increases the concentration of solute in the solution around the bubble and, at the same
time, cools the solution. These effects lead to an increase of the solution supersaturation,
and with sufficient duration and degree of supersaturation, crystals may nucleate within
the solution around the bubble. In general, the supersaturation level is dependent on
the concentration of the dissolved solute and the saturation concentration at the solution
temperature and pressure.

Because of the small spatiotemporal scales and fast dynamics of the cavitation event,
it is very difficult to measure the degree of supersaturation experimentally. With fully
resolved DNS simulations it is, however, possible to obtain such estimates.

In Paper B, our DNS framework is extended by considering the solute transport in the
liquid around the vapour bubble and with an improved formulation of the interfacial
energy transfer. In this study, we test if the crystal nucleation hypothesis about high
supersaturation in the solution around the bubble is plausible by simulating a thermo-
cavitation event with an experimentally observed crystallisation. In Figure 4.1, we show
the temperature contours from three instants during this simulation. Here, a solution at
293 K is placed between an upper and lower wall, 50 µm apart, and with outlets to the
sides. Initially, a 2 µm vapour bubble is placed in the centre of the domain, and during
the 9 ns laser pulse, a cylinder of liquid with the radius 10 µm is heated to almost 500 K.
The superheated liquid evaporates into the vapour bubble that rapidly expands between
the walls and reaches a diameter of over 130 µm in only 6 µs. Figure 4.2 shows that
the predicted bubble growth rates of the DNS simulation (2D axisymmetric) and the
1D framework are in fair agreement with the experimental measurements of Soare et al.
[75]. A major difference in the 1D simulation is that the liquid is heated uniformly in a
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(a) t = 0.1 µs

(b) t = 1 µs

(c) t = 6 µs

Figure 4.1: Temperature contours at three instants from the 2D-axisymmetric DNS of a laser-
induced thermocavitation bubble performed in Paper B. A 9 ns laser pulse superheats a cylinder
of liquid with the radius 10 µm to almost 500 K. The superheated liquid evaporates into the
vapour bubble that rapidly expands between the walls and reaches a diameter of over 130 µm in
only 6 µs.

sphere of radius 10 µm around the bubble rather than a cylinder, as in the DNS. The 1D
setup also assumes an unbounded domain, while the 2D-axisymmetric setup is bounded
by walls that significantly influence the bubble dynamics after an initially almost spher-
ical growth period. The results do, therefore, not agree after the initial growth period.
The fair agreement with the experiment does nonetheless indicate that the predicted
evaporation rates are reasonable since they govern the bubble growth rates.

During the simulations, we extract the temperature and pressure of the liquid phase at
the bubble interface and compute the evolution of the solute concentration in this liquid.
These properties provide an estimate of the solution supersaturation in the liquid at the
bubble interface. Figure 4.3 shows the evolution of the average interfacial properties dur-
ing the first five microseconds of the DNS (2D) and the 1D framework. Both frameworks
predict similar mass flux (evaporation) across the bubble interface, which implies that
the flow conditions close to the interface are sufficiently resolved in both simulations.
The interface average temperature of the liquid is, however, higher in the 2D simulation
due to the larger volume of superheated liquid in the cylinder (2D) than in the sphere
(1D) that influences the average interface cooling rate. The solute concentrations at the
bubble interface are similar in both frameworks because the evaporation rates that gov-
ern the concentration evolution are similar. Consequently, similar supersaturation levels
Sσ = c/csat(Tl)−1 are obtained in the liquid at the bubble interface, where c is the solute
concentration, and csat(Tl) is the saturation concentration at the liquid interface temper-
ature Tl. Both simulations show a significant peak of supersaturation (> 0.13) that is
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Figure 4.2: Comparison of the bubble radius evolution predicted by the 2D-axisymmetric DNS,
the 1D framework and the experiments by Soare et al. [75] of a laser-induced thermocavitation
bubble. The 1D simulation is performed in an unbounded domain and does therefore not predict
the same growth rate as the experiment and corresponding 2D setup after an initially almost
spherical growth period in both setups.

not possible to achieve in evaporative or cooling crystallisation under normal conditions
[76]. These results thus indicate that the crystal nucleation hypothesis is plausible and
deserves to be investigated further.

From experimental studies, it has been observed that crystallisation is only obtained
under certain conditions and laser pulse parameters [72, 73]. If the high supersaturation
in the solution around the bubble is indeed the mechanism behind the observed crystal
nucleation, it raises questions about the conditions that are necessary for obtaining the
high supersaturation.

To investigate these conditions, we first identify the important parameters that influence
the supersaturation level and then investigate those parameters using numerical simula-
tions. We reason in Paper B that it is the evaporation of the solvent that produces the
increase of the solute concentration in the solution around the bubble. The laser pulse
energy and the spatial distribution of that energy govern the rate and duration of the
evaporation, and the diffusivity and solubility of the solute influence the solute concen-
tration and supersaturation level in the solution. This gives us at least four important
parameters to investigate under a range of relevant values.

In Paper B, we perform an extensive parameter study using the 1D numerical framework.
The results indicate that the high supersaturation is only possible under specific ranges
of the investigated parameters. This conclusion is in line with the aforementioned exper-
imental observations, and the presented parameter studies can be used as guidelines for
any user to find appropriate setups to reach conditions favourable for crystallisation.
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Figure 4.3: Evolution of the average bubble interface properties predicted by the 1D and 2D
DNS frameworks for a laser-induced thermocavitation bubble. The top panel shows the mass flux
across the interface due to phase change. The second panel is the temperature of the liquid at the
bubble interface, and the third panel shows the evolution of the solute concentration at the same
position. The last panel shows the resulting supersaturation level of the solution at the bubble
interface and predicts a significant peak during the first microsecond. Such high supersaturation
is not possible using conventional crystallisation techniques under normal conditions and thus
indicates that the proposed crystal nucleation hypothesis is indeed plausible.
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Our results show that the multiphase DNS framework and the 1D framework can capture
the relevant phenomena in the extreme case of a laser-induced thermocavitation events
although more validation is needed to assess the accuracy. The numerical frameworks
are formulated in a general way and, therefore, constitute useful tools for studying many
types of bubble evolution processes. The DNS framework can be used to study the
detailed flow conditions in specific cases with one or more bubbles and possibly complex
geometries while the 1D framework is suitable for extensive parameter investigations in
simpler configurations.

4.2 Small-scale rising bubble dynamics

Here, we give a few example results and illustrations from our multiphase DNS frame-
work with a PID-controlled non-inertial Moving Reference Frame (MRF). We start by
illustrating the advantage of the PID-controlled MRF in combination with the adaptive
grid refinement technique of Basilisk. We examine the simple case of a planar 2D bubble
rising in a quiescent liquid with the governing parameters Ga = 100 and Eo = 1 that give
a zigzagging bubble motion. In an absolute reference frame, a domain height of about
160D would be needed to capture the last ten oscillation periods and obtain relatively
steady velocity statistics. However, a domain of about (20D)2 is sufficient in the PID-
controlled MRF technique since it keeps the bubble at its initial position in the MRF,
and the simulation can be continued indefinitely (or until the statistics are sufficiently
steady). This avoids the need for a priori determining a sufficient domain size to capture
the dynamics.

In this case, a resolution of more than 50 cells/D is required for DNS [44] that would
result in more than 64 million grid points in a domain of (160D)2 using a uniform grid.
By using the adaptive grid technique in the MRF simulation, approximately 45 000 grid
points suffice for DNS. This technique ensures high grid resolution in the regions with
large variations of the volume fraction and velocity fields and lower resolution in more
uniform regions. Here, an absolute error tolerance for the velocity field is specified as
ηu = 0.003, and ηf = 0.01 is selected for the volume fraction field [44]. An illustration
of the adaptive grid refinement levels and the resulting computational grid are shown in
Figure 4.4 for the MRF simulation. The computational cell size is always divided by a
factor of 2 for each refinement level.

In Figure 4.5, we show a similar example from a 3D DNS with the PID-controlled MRF
and the adaptive grid technique. The governing parameters are Ga = 320 and Eo =
10, and the bubble is rising in a linear shear flow with the nondimensional shear rate
Sr = ω∞D/(

√
gD) = −0.5 in the xy-plane. Because of the high shear, the bubble moves

almost 150D in the vertical direction in the first t/(
√
D/g) = 50 time units. With the

MRF, a domain of (25D)3 is sufficient for any time period. Here, we use a base grid
size of approximately 2.5 cells/D and a maximum grid resolution of 164 cells/D. As
illustrated in Figure 4.5, the highest grid resolution is only used close to the bubble and
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(a) Refinement levels of the computational grid. (b) Computational grid and vorticity field.

Figure 4.4: Illustration of the computational grid using the adaptive grid refinement technique
in a 2D multiphase DNS with the MRF of a zigzagging bubble. The thick black lines indicate
the bubble interface. The governing parameters are Ga = 100 and Eo = 1. (a): Refinement
levels used in the computational grid where warmer colours represent higher grid refinement
levels. Dark red represents the maximum level of 50 cells/D, and dark blue the minimum level
of 0.4 cells/D. (b): The computational grid close to the bubble where the colours represent the
logarithmic absolute value of the vorticity. Panel (b) illustrates that the velocity gradients are
well resolved in the entire flow field using the adaptive grid technique.

in the bubble wake. With the MRF, the length of the resolved wake can be selected by
adjusting the domain size and the bubble position within the MRF. The MRF approach
therefore avoids resolving unnecessarily long wakes.

Another advantage of the MRF technique is that it is straightforward to compute and
study time-averaged fields induced by the bubble since the bubble position is fixed. This
is illustrated in Figure 4.5b with the time-average streamwise vorticity field ωy. The
time-averaged field shows that the periodic wake of Figure 4.5a on average produces a
pair of counter-rotating vortices in the bubble wake. These vortices induce a lift force
in the negative x-direction (according to the theoretical framework of Paper D) and can
explain the average bubble motion in that direction.

Next, we show selected results from the coupling of the MRF framework with the EL-
solver to study bubble dynamics in turbulent flows.

4.2.1 Dynamics of individual bubbles in turbulent flows

In this section, we present an example study of individual sub-Kolmogorov bubbles rising
in a turbulent flow. The simulations are performed with the coupled Eulerian-Lagrangian
and DNS solver with the MRF technique outlined in Section 3.2.2 and described in detail
in Paper C. The simulation setup is described in Sections 3.1 and 3.5 of Paper C where
a bubble rises in a homogeneous isotropic turbulent flow with the Kolmogorov length
scale comparable to the bubble diameter and a Taylor Reynolds number of Reλ = 180.
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Figure 4.5: (a): Snapshot from the 3D DNS with the MRF technique of a bubble rising in a linear
shear flow. The governing parameters are Ga = 320, Eo = 10 and the nondimensional shear
rate Sr = −0.5 in the xy-plane. The iso-surfaces represent the streamwise vorticity ωy generated
by the bubble motion, and the cross-section illustrates the adaptive grid. (b): Iso-surfaces of the
time-averaged ωy-field in the same simulation and instant as (a). The time-averaged field is
straightforward to compute since the MRF technique keeps the bubble fixed in the domain.

Unlike in Paper C, we illustrate here the potential of the coupled numerical frameworks
by showing the influence of the Eo-number on the small-scale bubble dynamics.

In the EL-solver, we use a cubic and fully periodic domain and track the rising bubble
for t/τη = 4 where τη = (ν/ε)1/2 is the Kolmogorov time scale. This allows us to assess
the influence of the smallest turbulent scales on the bubble dynamics. We test the values
Eo = (10, 30, 50, 120) at a fixed Ga = 65 that corresponds to a 0.76 mm air bubble in
water but with a reduced surface tension. In the DNS solver with the MRF, we use a
domain size of (10D)3 with the bubble fixed in the centre and a maximum grid resolution
of more than 50 cells/D.

Characteristic bubble shapes for each Eo-number are shown in Figure 4.6. Three differ-
ent shape regimes are obtained with an approximately an oblate spheroid at Eo = 10,
spherical caps at Eo = 30 and Eo = 50, and peripheral breakup at Eo = 120. Because
of the breakup, we do not include quantitative values for the Eo = 120 case. The dif-
ferent shapes induce different small-scale bubble dynamics as illustrated in Figure 4.7
that shows the bubble trajectories predicted by the DNS solver. Here, it is clear that
the bubble motion is influenced by both the turbulent flow and the small-scale bubble
dynamics. The imposed turbulent flow causes significant bubble motion in the horizontal
x- and z-directions, and the different Eo-numbers give different rising motions. The case
Eo = 10 is approximately an oblate spheroid with a lower CD and higher rise velocity
than the spherical cap bubbles. While the latter cases (Eo = 30 and Eo = 50) show sim-
ilar trajectories and bubble shapes, the case Eo = 30 is spiralling, and the case Eo = 50
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(a) Eo = 10 (b) Eo = 30

ϕ

a b

χ=b/ a

(c) Eo = 50 (d) Eo = 120

Figure 4.6: Typical bubble shapes in cases of a bubble rising in homogeneous isotropic turbulence.
The bubbles rise in the same turbulent field but with increasing Eo-numbers that give lower surface
tension forces. The bubbles are increasingly deformed at higher Eo, and at Eo = 120, there is a
peripheral breakup. Panel (c) illustrates the definitions of the bubble aspect ratio χ = b/a, that
is, the ratio of the major b to minor a semi-axes of the bubble and ϕ is the orientation angle
between the minor axis and the vertical axis.

is not.

To quantify the observed differences, we compute the bubble aspect ratio χ and orienta-
tion angle ϕ (illustrated in Figure 4.6c), the relative velocity magnitude |V rel | between
the bubble and the imposed turbulent flow and the instantaneous drag force coefficient
CD. These properties are shown in Figure 4.8, where the top panel illustrates the magni-
tude of the imposed turbulent velocity fluctuations. The case Eo = 30 shows the highest
bubble aspect ratio and the largest orientation angle due to the spiralling motion, while
the case Eo = 50 has a lower aspect ratio but a similar orientation angle as Eo = 10.
Interestingly, despite the different aspect ratios and trajectories, the cases Eo = 30 and
Eo = 50 obtain almost the same average relative velocity that is significantly lower than
for Eo = 10. This is because the drag force coefficient CD is higher for the two former
cases (spherical caps) than the latter (oblate spheroid), as shown in the last panel of
Figure 4.8.

We can also assess how the instantaneous CD is influenced by the turbulent flow by
performing a time-lagged cross correlation between the |uEL

B |(t) and CD(t). Here, we
obtain a peak Pearson’s correlation coefficient when CD lags t/τη ≈ 0.5 for all cases (CD(t)
is shifted back t/τη ≈ 0.5). With this lag, the correlation coefficient is approximately
0.7 for the cases Eo = 10 and Eo = 50, and 0.3 for Eo = 30. The lower correlation
for the latter case is most probably due to the spiralling motion that influences CD.
Nonetheless, the obtained correlation coefficients show that CD is correlated with the
imposed turbulent velocity field but with a response time of t/τη ≈ 0.5. This response
time indicates that the response dynamics occur at time scales below the Kolmogorov
scales.

This example study illustrates the ability of the proposed multiscale framework to resolve
both the bubble deformations induced by turbulent fluctuations and the small-scale bub-
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Figure 4.7: Absolute trajectories of bubbles rising in homogeneous isotropic turbulence. The
trajectories are predicted by the DNS framework with the imposed liquid-phase fluctuations given
by the EL-solver. The same fluctuations are imposed in all three cases, but the various Eo
numbers give different small-scale bubble dynamics and trajectories.

ble dynamics associated with spatiotemporal scales below the Kolmogorov scales. The
presented results represent only a few relevant small-scale bubble phenomena and many
other phenomena, such as bubble breakup, dispersion and interfacial forces discussed in
Section 2.3 and Section 2.4 could be investigated as well. Such studies can elucidate
the effects of the turbulent flow on the small-scale bubble dynamics and facilitate the
development of improved small-scale models.

Next, we use the DNS solver with the MRF technique to study the specific phenomena
of the lift force acting on single bubbles rising in shear flows.
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Figure 4.8: (top panel): Magnitude of the imposed turbulent liquid velocity fluctuations. (second
panel): bubble aspect ratio χ. (third panel): bubble orientation angle ϕ from the vertical axis.
(forth panel): Relative velocity magnitude experienced by the bubbles in the DNS. (fifth panel):
Drag force coefficient predicted in the DNS. The legend below the first panel applies to all four
bottom panels.
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4.2.2 Shear-induced lift force acting on deformable bubbles

In this section, we present a number of example results and our main findings from
Paper D where we study the mechanisms behind the shear-induced lift for acting on
deformable bubbles rising in linear shear flows. The relevant governing parameters for
this problem are the Ga and Eo-numbers together with the nondimensional shear rate
Sr.

Based on previous studies, four distinct mechanisms are identified that induce a lift force
on bubbles in linear shear flows. The lift force acting on spherical bubbles (low Eo)
in inviscid flows (high Ga) is dominated by the Lighthill-, or L-mechanism [77]. This
mechanism is a consequence of a pair of counter-rotating streamwise vortices in the
bubble wake that induce a positive lift force (towards the pipe wall in upward pipe flows).
Spherical bubbles in low-Reynolds-number (low Ga) shear flows experience a positive
lift force due to the Saffman-mechanism that is a consequence of the vorticity generated
at the bubble surface [78]. Non-spherical bubbles (high Eo) in low-Reynolds-number
shear flows are instead dominated by the A-mechanism that induces a negative lift force
(bubbles migrate towards the pipe centre in upward pipe flows) [79]. Finally, the lift
force acting on deformed bubbles at higher Reynolds numbers (high Ga) is dominated
by the S-mechanism that is also a consequence of a pair of counter-rotating streamwise
vortices in the bubble wake but with the opposite signs of the L-mechanism [30]. The
S-mechanism, therefore, induces a lift force in the negative direction.

Because of the apparent connection with the vorticity dynamics, we aim for a compre-
hensive explanation of all four mechanisms in terms of the bubble-induced vorticity. We
provide in Paper D a derivation for the expression

D = − d

dt

(
1
2
ρl

∫
Ωl+Ωg

x̂ × ω̃dΩ

)
+ ρlΩg

dV rel

dt
, (4.1)

that relates the bubble-induced vorticity field ω̃ in a reference frame x̂ following the
bubble to the force D acting on the bubble by the disturbed liquid.

We consider the case of an undisturbed linear shear flow Uy = −xω∞ and gravity acting
in the negative y-direction. A bubble rises due to buoyancy in the opposite gravitational
direction, and, because of the shear flow in the xy-plane, a lift force acts on the bubble
mainly in the x-direction. The total force Dx acting on the bubble by the liquid in the
x-direction can, according to Equation 4.1, be divided into:

Dx = Dx,ωz
+Dx,ωy

= 0 , (4.2)

Dx,ωz
= − d

dt

(
1
2
ρl

∫
Ωl+Ωg

ω̃z ŷdΩ

)
, (4.3)

Dx,ωy = d

dt

(
1
2
ρl

∫
Ωl+Ωg

ω̃y ẑdΩ

)
, (4.4)

49



FL FL

y

z
x

A-mechanism Saffman-mechanism

Figure 4.9: Illustration of the A- and Saffman-mechanisms behind the lift force on a bubble
rising in a linear shear flow. The contours represent the disturbance vorticity field ω̃z at a
cross-section of the flow in the xy-plane, the arrows are the liquid velocity vectors, and the
streamlines inside the bubble illustrate the gas recirculation zones. The Saffman-dominated case
(Ga = 3.18,Eo = 0.4, Sr = 0.5) is a spherical bubble that generates a net negative amount of
ω̃z in the bubble near vortical system. The case (Ga = 3.18,Eo = 20, Sr = 0.1) is dominated by
the A-mechanism and instead generates a net positive amount of ω̃z. At this cross-section, these
ω̃z-fields correspond to fluid circulations of opposite sign.

at a steady bubble motion (dVrel,x/dt = 0). The shear-induced lift force must thus
induce either a non-zero rate of change of the ŷ-moment of ω̃z or the ẑ-moment of ω̃y.
Using theoretical analysis supported by our multiphase DNS with the MRF technique,
we illustrate in Paper D how the four lift force mechanisms are related to the Dx,ωz

and
Dx,ωy terms.

In viscous flows (low Ga), the lift force is governed by the term Dx,ωz
of Equation 4.3 and

the ω̃z-field generated at the bubble surface. Figure 4.9 shows the ω̃z-field at a steady
state in the xy-plane of the bubble for (right panel) a spherical bubble (low Eo) and (left
panel) a bubble deformed by the shear flow (high Eo and relatively low surface tension).
The spherical bubble induces a ω̃z-field with a net negative amount of ω̃z in the bubble
near vortical system. As described in Section 5.3 of Paper D, Equation 4.3 predicts
that such fields give a positive lift force, in accordance with the Saffman-mechanism.
The shear-deformed bubble at high Eo instead generates a net positive amount of ω̃z in
the bubble near vortical system. This field induces a negative lift force related to the
A-mechanism.

In weakly viscous flows (high Ga), it is the bubble-induced streamwise ω̃y vorticity that
governs the lift force by the term Dx,ωy of Equation 4.4. Figure 4.10 shows streamwise
vorticity iso-surfaces and cross-section contours in the wake of (right panel) a spherical
bubble (low Eo) and (left panel) an approximately oblate spheroid (high Eo). Here, the

50



FL

FL

y

z
x

S-mechanism L-mechanism

y

z
x

Figure 4.10: Illustration of the S- and L-mechanisms behind the lift force on a bubble rising in a
linear shear flow. Iso-surfaces of the streamwise vorticity ω̃z are shown in the bubble wakes, and
contours of ω̃y are shown in the cross-sectional plane below the bubble. The S-mechanism case
(Ga = 60, Eo = 5, Sr = 0.1) generates a pair of counter-rotating streamwise vortices that induce
a liquid flow in the positive x-direction and consequently generate a lift force in the opposite
direction. The L-mechanism case (Ga = 240, Eo = 0.1, Sr = 0.05) induces a pair of counter-
rotating streamwise vortices with the opposite signs as the S-mechanism and thus generates a lift
force in the positive x-direction.

bubbles generate a pair of counter-rotating vortices in their wakes with the opposite signs
in the two cases. The streamwise vortices induce a liquid flow in the x-direction that
pushes the bubbles in the opposite direction due to Newton’s third law. As described
in [30] and Section 5.4 in Paper D, the L-mechanism generates streamwise vorticity by
stretching and tilting the upstream vorticity of the shear flow with the signs corresponding
to the right panel of Figure 4.10. Conversely, the S-mechanism generates the streamwise
vorticity by stretching and tilting the vorticity generated at the bubble surface with the
signs corresponding to the left panel of Figure 4.10. The surface vorticity generation
increases with the bubble curvature and therefore the S-mechanism dominates the net
amount of streamwise vorticity at a sufficient bubble deformation (higher interface curva-
ture). Equation 4.4 shows that (discussed in Section 5.4 of Paper D) the opposite signs of
the streamwise vorticity indeed give a lift force in the opposite x-directions in accordance
with the L- and S-mechanisms.

Based on the above explanation for the four lift force mechanisms, it is not surprising that
the net lift force acting on a bubble is a complex function of the governing parameters
Ga and Eo. The lift force is most commonly modelled as in Equation 2.3 of this thesis
[80]:

FL = −CLΩgρlV rel × ωU , (4.5)

where CL is the lift force coefficient, Ωg is the bubble volume, ρl is the liquid density,
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Vrel = V − U is the bubble relative velocity and ωU = ∇ × U is the undisturbed liquid-
phase vorticity. This model formulation is appropriate for almost spherical bubbles at
moderate to high Ga where the L-mechanism dominates. The lift force coefficient CL

thus need to account for any influence of non-spherical bubble shapes and viscous effects
on the lift force.

Figure 4.11a shows the CL values (dots) obtained using Equation 4.5 in our simulations
and in experimental [81–83] and numerical [84, 85] studies in a wide range of the relevant
Ga − Eo phase space. The contours represent a surface fitted to the points (described
in Paper D) and to the analytical solution of CL,s,∞ = 0.5 [32] valid for a spherical
bubble (low Eo) in a weakly-sheared inviscid (high Ga) flow. Here, the CL contours
show relatively small variations in the ranges of approximately Eo < 1 and Ga > 10
that indicate that the L-mechanism dominates the net lift force. However, outside these
ranges, CL varies significantly because of the other lift force mechanisms.

Figure 4.11 shows the approximate regions of the phase space Ga − Eo where the four
mechanisms dominate the net lift force. These regions correspond both to the physical
explanations behind the four mechanisms described above and to the observed values for
CL in experimental and numerical studies. These results thus provide a qualitative and
comprehensive explanation for the behaviour of the lift force in the relevant ranges of the
governing parameters Ga and Eo. In Paper D, we also present an extensive investigation
on the role of the shear rate Sr on CL and show that Sr may significantly influence CL

in the cases governed by the Saffman-, A- and S-mechanisms.

In summary, our theoretical framework provides a comprehensive explanation for the four
mechanisms and makes it possible to estimate the induced lift forces in terms of moments
of the bubble-induced vorticity. Our theoretical and numerical results qualitatively ex-
plain how the different mechanisms influence the lift force in a wide range of the relevant
governing parameters. The study also shows how the lift force scales with the shear
rate in regions of the phase space governed by the different mechanisms. The findings
motivate further studies on determining the relative importance of the different lift force
mechanisms under relevant flow conditions. Such studies and the results presented in
Paper D can be used to develop improved lift force models that take all the mechanisms
into account, including their complex dependence on the shear rate Sr.
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Figure 4.11: (a): (Ga, Eo)-phase plot with the CL values (dots) obtained from experimental and
numerical studies with moderate to high Sr. The contours illustrate a surface fitted to these
points and the analytical solution of CL = 0.5 at high Ga and low Eo. The colour scale of the
data points and contours is limited to the range [−1.5, 1.5] for visualisation purposes. The dashed
black line indicates the contour line CL,fit = 0. (b): (Ga, Eo)-phase plot illustrating the different
behaviours of the lift force. The dashed lines represent qualitative indications of the regions where
the four lift force mechanisms dominate the net lift force. Typical bubble shapes and trajectories
(blue lines behind the bubbles) are shown for the case where the liquid velocity relative to the
bubble is higher on the right side of the bubble (representation of the relative velocity field above
the plot). The bubble positions in the phase plot indicate the parameters used in their respective
simulations. The bubble trajectories are scaled to more clearly show the direction of the lateral
motion. Note also that in some regions, Sr influences which mechanism dominates the net lift
force and this dependence is investigated in Paper D.
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4.3 Passive scalar transport in large-scale bubbly flows

Here, we present our main findings and example results from Paper E using the numerical
framework outlined in Section 3.3.1. We study the dynamics and statistics of a passive
scalar field with an imposed mean constant gradient in a monodisperse bubbly flow solved
in a cubic and fully periodic domain.

We use O(10) to O(100) bubbles (Nb) to get statistics not significantly dependent of
their number [47]. The statistics are extracted by averaging over the domain volume
and simulation time after an initial transient period. For this statistically stationary and
homogeneous system, the time and volume averaging are identical to ensemble averag-
ing (represented here by ⟨⟩) due to ergodicity. The extracted statistics thus represent
properties of the bubbly flow across large scales.

The scalar field is decomposed in c = ∇⟨c⟩ · x + c′, where ⟨c⟩ is the imposed mean linear
scalar field with a constant gradient, and c′ is the scalar disturbance due to the bubble
agitation. We impose the constant mean scalar gradient in either the vertical (∇⟨c⟩v = 1)
or horizontal direction (∇⟨c⟩h = 1) of the computational domain to assess the influence of
the gradient direction on the scalar statistics. The scalar fluctuation transport equation
that we solve numerically reads

∂c′

∂t
+ u · ∇c′ = ∇ · (Dmol∇c′) + ∇Dmol · ∇⟨c⟩ − u · ∇⟨c⟩ , (4.6)

where Dmol is the molecular diffusivity of the scalar in the fluid.

The governing parameters Ga = 390 and Eo = 0.85 are used for all simulations and
correspond to 2.5 mm air bubbles in water. We study the gas volume fractions ϕ = 1.7%
and 5.2% and liquid-phase Schmidt numbers Scl = νl/Dmol,l = (0.7, 1.5, 3, 7), where νl is
the kinematic viscosity of the liquid and Dmol,l is the molecular diffusivity of the scalar
in the liquid. The gas Schmidt number is Scg = νg/Dmol,g = 0.7 for all cases except for
the cases shown in grey colour in Figure 4.15 where Scg = 7.

Figure 4.12 shows snapshots from the simulation of ϕ = 5.2% and Scl = 7 for an imposed
mean gradient in the horizontal (Figure 4.12a) and vertical (Figure 4.12a) directions.
Here, the colours represent the total scalar field c and warmer (red) colours indicate
higher scalar values. We analyse the statistics of the bubble-induced velocity and scalar
fluctuations by computing their spectra and Probability Density Functions (PDFs). The
spectra of the velocity Eu(k) and scalar variance Ec(k) for the suspension (gas and liquid
phases) are defined as

Eu = 1
2

⟨u2⟩ =
∫ ∞

0
Eu(k)dk (4.7)

Ec = 1
2

⟨c′2⟩ =
∫ ∞

0
Ec(k)dk (4.8)
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Figure 4.12: Snapshots from our DNS with ϕ = 5.2%, Scl = 7 and an imposed mean scalar
gradient (a) in the horizontal direction ∇⟨c⟩h = 1 and (b) in the vertical direction ∇⟨c⟩v = 1.
The colours represent the total scalar fields c, where warmer colours indicate higher values.

where k = |k| is the wavenumber. To compute these spectra in the liquid phase, we use
the same definitions but regularise the fields according to ul = uf and c′

l = c′f where f
is the volume fraction field that is 1 in the liquid phase and 0 in the gas phase.

Figure 4.13 shows the normalised velocity spectra of the liquid phase and the suspension
for our cases that are in excellent agreement with previous DNS by Pandey et al. [43]
for a suspension at similar governing parameters (case R7 in that study with ϕ = 1.7%).
The latter study used a front-tracking technique that does not require the repulsive force
model described in Section 3.3.1. The agreement of the velocity spectra thus both confirm
that we capture the correct dynamics and that the implemented repulsive force model
does not influence the statistical properties of the bubbly flow.

We observe a peak of the velocity spectra at length scales comparable to the bubble
diameter db (k/kdb

≈ 1 with kdb
= 2π/db), which is a reasonable result since in this

system it is the bubble motion that generates the velocity fluctuations. However, at
k/kdb

> 1, the velocity spectra scale approximately as k−3 that is characteristic of
bubble-induced turbulence and in agreement with previous studies [38–44].

The scalar spectra for the case ϕ = 5.2% at different Scl-numbers are shown in Fig-
ure 4.13b. The spectra for ϕ = 1.7% are similar and not shown here for brevity. We
find that the scalar spectra transition from the k−5/3 scaling observed in single-phase
isotropic turbulence to the same k−3 scaling observed in the bubble-induced turbulence
velocity spectrum. The transition occurs at length scales comparable to or below the
bubble diameter (k ≥ kdb

), and the transition length scale decreases with the liquid
scalar diffusivity (increasing Scl). This transition clearly shows that the scalar dynam-
ics are influenced by the bubble-induced turbulence also at the scales below the bubble
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Figure 4.13: (a) velocity spectra from our DNS computed in the liquid phase and the suspension
(both phases). We note a transition to a k−3 scaling at the scales comparable to the bubble
diameter that is in good agreement with previous DNS studies [43]. (b) scalar fluctuation spectra
in the case of ϕ = 5.2% and Scg = 0.7 at various Scl-values. Also here we observe a transition
to an approximately k−3 scaling at the scales comparable to or below the bubble diameter.

diameter. In Paper E, we compute the scalar spectra budget and find that, at the scales
where k/kdb

> 1, the scalar transfer term scales as k−1 and balances with the diffusive
dissipation term to induce the k−3 scaling of the scalar spectra. This is in line with the
hypothesis proposed in the experimental work of Dung et al. [48] about the mechanisms
behind the k−3 scaling. This is, however, in contrast with the velocity fluctuations that
are continuously produced and directly dissipated in the bubble wakes at scales k > kdb

[38].

We find further differences between the velocity and scalar fluctuations by comparing
their normalised PDFs. The liquid horizontal and vertical velocity fluctuation PDFs
are shown in Figure 4.14, where the velocities are normalised by the standard deviation
in the corresponding case. Here, we note that our cases are in good agreement with
experimental (Riboux et al. [40]) and numerical (Pandey et al. [43]) studies at similar
governing parameters. The vertical PDFs are clearly asymmetric with large upward
(positive) fluctuations more probable than large downward fluctuations because of the
preferential upward motion of the bubbles. The horizontal velocity PDFs are also non-
Gaussian with a high exponential decay at small fluctuations but a slower decay at
more pronounced fluctuations. The horizontal velocity PDFs are symmetric because
the average bubble-induced liquid agitation is axisymmetric and the horizontal bubble
distribution is statistically homogeneous.

Contrary to the velocity, we find that the scalar fluctuation PDFs are approximately
Gaussian for all our cases. Figure 4.15a and Figure 4.15b show the liquid scalar fluctua-
tion PDFs for the cases with an imposed mean gradient in the horizontal ch

l and vertical
cv

l directions. The scalar fluctuations are normalised by their standard deviation in the
corresponding case and become self-similar. All the cases have Scg = 0.7 except for the
cases shown with grey colour where we assess the influence on the scalar dynamics of
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increasing Scg to 7. The black dash-dotted line represents a Gaussian distribution that
describes well the scalar PDFs. The corresponding PDFs for the bubble suspension (both
phases) are shown in Figure 4.15c and Figure 4.15d and display the same behaviour as for
the liquid except in the cases with Scg = 7 and the imposed mean gradient in the vertical
direction (shown in grey in Figure 4.15d). In the latter cases, large negative fluctuations
are more probable than the Gaussian distribution. Such an influence of the Scg on the
suspension statistics is observed also in Paper E for the effective scalar diffusivity and
can be explained by the same following mechanism.

When a bubble moves in the direction of the imposed scalar gradient, the scalar distur-
bance in the bubble change proportional to the last term on the r.h.s of Equation 4.6.
The time it takes for the scalar in the bubble to reach an equilibrium with the surround-
ing liquid is proportional to the characteristic equalisation time te = R2/Dmol,g where
R is the bubble radius. A higher Scg-number thus implies a longer te and, therefore, a
higher average absolute value of c′ in the gas phase. For a ∇⟨c⟩v = 1, the gas phase
average velocity is aligned with the mean scalar gradient, and Equation 4.6 then predicts
on average negative fluctuations in the gas phase. These negative scalar fluctuations
cause the observed deviation from a Gaussian distribution in the suspension (gas and
liquid phases). Because of the influence of Dmol,g, these deviations are more pronounced
at higher Scg-numbers.

This study shows how the passive scalar dynamics are influenced by the bubble-induced
turbulence and assesses the influence of several governing parameters on the scalar statis-
tics. The findings increase our understanding of the scalar transport in bubbly flows and
can contribute to the development of improved models to predict the scalar dynamics
at large-scale industrial systems. Further studies are, however, needed to investigate the
influence of other governing parameters, such as the Ga, Eo, ϕ and Sc, on the results. It
would also be interesting to study how other scalar injection mechanisms, such as chem-
ical reactions or dissolution processes at the bubble interface, would modify the findings.
The present numerical framework could also be used to investigate other relevant pro-
cesses, such as the bubble-induced turbulence, other types of mass transfer setups or be
extended to study heat transport and reacting flows.
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Figure 4.14: The probability density functions of (a) the horizontal velocity fluctuations and (b)
the vertical velocity fluctuations in our bubbly flow DNS are in good agreement with previous
experimental [40] and numerical [43] studies.
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Figure 4.15: The probability density functions of the scalar fluctuations in the liquid phase
(panels (a) and (b)) and in the suspension (panels (c) and (d)) with a mean scalar gradient in
the horizontal direction (a,c) and vertical direction (b,d) from our bubbly flow DNS.
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5 Conclusions and recommendations
for future work

The aim of this PhD project was to increase our understanding of bubbly flows and to
facilitate improved numerical predictions over a wide range of spatiotemporal scales. The
work was split into three parts related to the characteristic length scales of the specific
problems. Summaries of these parts are presented below in relation to their research
objectives. Here, we discuss contributions to the research field, limitations and propose
recommendations for future work.

5.1 Evolution of small-scale vapour bubbles

This part of the work aimed at first developing a numerical framework for resolving all
relevant phenomena in laser-induced thermocavitation events. These events exemplify
the challenges and complexities encountered in both boiling and cavitation processes.
The second aim was to determine the detailed flow conditions in the vicinity of specific
laser-induced thermocavitation events and examine the influence of relevant governing
parameters on those conditions.

We developed a multiphase Direct Numerical Simulation (DNS) framework in Paper A
and further improved it in Paper B. This framework takes into account a comprehen-
sive list of relevant phenomena in both cavitation and boiling vapour bubble evolution
processes. In Paper B, we simulate the fast and complex dynamics of a laser-induced
thermocavitation bubble with growth rates governed by a rapid phase change and ther-
mal effects at the bubble interface. The predicted growth rates are in fair agreement with
experimental results and show that the framework captures the relevant phenomena of
the vapour bubble evolution process. The results showed that the rapid solvent evapora-
tion during the early bubble growth phase produces a peak of solution supersaturation
at the bubble interface that is not possible to obtain using conventional crystallisation
techniques under normal conditions. Since crystals have a higher probability of nucleat-
ing at increased supersaturation levels, our results indicate that the predicted peak due
to rapid solvent evaporation may be the mechanism behind the observed crystallisation.

We also developed a 1D numerical framework in Paper B with an almost negligible
computational cost compared to the DNS. This framework allowed us to perform an
extensive parameter investigation where we examined the effects of the laser pulse energy,
the spatial distribution of that energy, the solute diffusivity and the solute solubility on
the maximum supersaturation level that is obtained during the bubble evolution process.
The results showed that high supersaturation peaks are only obtained under specific
ranges of the studied parameters. From our results, guidelines were provided to identify

59



suitable sets of parameters that produce conditions favourable for crystallisation.

Further validation of the numerical frameworks should be performed to assess their ac-
curacy under a wide range of relevant conditions. Additional phenomena such as plasma
formation and liquid shock wave emissions are not considered but are significant at high
laser pulse energies. The inclusion of these phenomena would expand the applicability of
the frameworks to cases with optical breakdown. It would also be interesting to model
the phase change with the energy jump condition (similar to [56, 57]) and examine pos-
sible differences on the results compared with the present Schrage model. The crystal
nucleation process occurs at molecular scales and is not considered in the current numer-
ical framework. To better understand the conditions that are favourable for nucleation,
it would be interesting to use the numerical frameworks (to study the detailed fluid con-
ditions) in combination with experiments (that show what governing parameters that
induce crystallisation). Such combined studies could help determine more accurately the
parameters that are favourable for crystallisation and to develop predictive models.

5.2 Small-scale rising bubble dynamics

Here, we shifted our focus to the small-scale rising bubble dynamics. We aimed first
at developing a numerical framework without a need for a priori knowledge about the
spatiotemporal scales over which the bubble dynamics may develop. Secondly, we wanted
to develop a general methodology for studying the small-scale rising bubble dynamics in
response to a realistic turbulent flow with length scales larger than the bubble size.

For these purposes, we developed in Paper C a multiscale methodology for studying the
small-scale bubble dynamics in laminar and turbulent flows. The multiscale methodology
predicts the motion of a sub-Kolmogorov bubble in fully resolved turbulence using an
Eulerian-Lagrangian solver. The turbulent fluctuations experienced by the bubble are
imposed on a multiphase DNS solver with a Moving Reference Frame (MRF) technique
that follows the rising bubble. The DNS solver thus resolves the detailed small-scale
bubble dynamics in response to the realistic turbulent fluctuations. The motion of the
MRF is determined using a PID-control approach that inherently handles both single
and multiple bubble systems. With the MRF approach, the size of the computational
domain and the cost of performing DNS can be significantly reduced, and the setup of the
DNS simulations is simplified by eliminating the need for a priori estimations of sufficient
domain sizes to capture the bubble dynamic process.

The presented results from the multiscale methodology represent a relatively limited
number of relevant small-scale bubble phenomena, and many other phenomena such as
bubble breakup, dispersion and interfacial forces discussed in Section 2.3 and Section 2.4
could be investigated as well. The general formulation of the multiscale methodology al-
lows for a relatively straightforward implementation of any DNS technique for multiphase
flows such as the VOF, level-set, lattice-Boltzmann or diffuse interface approaches. The
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methodology can hence be used to study many small-scale processes for bubbles, drops
or solid particles. Such studies can elucidate the effects of turbulent or laminar flows on
the small-scale dynamics and facilitate the development of improved small-scale models.

The coupling between the two fluid dynamics solvers could be further improved by directly
using the bubble trajectory predicted by the DNS solver in the EL-solver. This would
allow for a full two-way multiscale coupling between the bubble and the turbulent flow.
The multiscale methodology is currently limited to approximately linear velocity fields at
the scale of the bubble (Kolmogorov scales comparable to or larger than the bubble size).
To study the bubble dynamics in turbulent flows with scales smaller than the bubble size,
the EL-solver is not appropriate, and the turbulent flow could instead be imposed on the
DNS framework using a technique such as described in Feng and Bolotnov [86].

5.2.1 Shear-induced lift force acting on individual bubbles

In this part, we studied the lift force acting on deformable and freely moving bubbles
rising in a linear shear flow. We aimed at providing a general description of the four
mechanisms behind the lift force and qualitatively explaining how the different mecha-
nisms cause the complex lift force behaviour in the relevant phase-space of the governing
parameters. We also wanted to elucidate the role of the shear rate on the lift force
induced by the different mechanisms.

In Paper D, we provide a theoretical framework that relates the lift force acting on
the bubble to moments of the bubble-induced vorticity. Theoretical considerations are
supported by the DNS framework with the MRF developed in Paper C and provide a
comprehensive explanation for all mechanisms in terms of their characteristic bubble-
induced vorticity fields. The study shows qualitatively the regions of the phase-space
that are dominated by the different mechanisms and provides a qualitative explanation
for the complex lift force behaviour within the phase-space. The numerical results show
that the shear rate significantly influences the lift force coefficient in highly viscous flows
or at significant bubble deformations and should thus be accounted for when formulating
closures for the lift force. Our findings improve our understanding of the physical mecha-
nisms behind the lift force and extend our knowledge about how the lift force scales with
the shear rate under relevant conditions.

The results are limited to single clean bubbles rising in unbounded linear shear flows.
The influence of other non-ideal conditions, such as surfactants, walls, phase change,
turbulence and interaction with other bubbles, is not considered. These conditions are
all practically relevant and should be investigated further. In particular, the effects of
surfactants could be investigated numerically by extending the numerical framework to
consider a varying surfactant concentration at the bubble interface by, for example, the
method proposed in Muradoglu and Tryggvason [87]. As future research, it would also be
interesting to explore the transition between the regions of the phase-space governed by
the different mechanisms. By more precisely determining this transition border, it would
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be possible to identify the dominating lift force mechanism in the entire phase-space.

5.3 Large-scale scalar dynamics in bubbly flows

Lastly, we explored the passive scalar dynamics in bubble-induced turbulence across large
scales. The main aims were to first develop a numerical framework for studying passive
scalar dynamics in monodisperse turbulent bubbly flows. Then, we aimed at determin-
ing how the bubble-induced turbulence and relevant governing parameters influence the
passive scalar dynamics. We developed a multiphase DNS framework with a repulsive
force model (Paper E and Section 3.3) to prevent bubble coalescence and preserve the
monodisperse bubble size distribution over long simulation times. Using the DNS frame-
work, we resolve all relevant scales and can extract statistically steady quantities of the
velocity and scalar fields.

The results show that the bubble-induced turbulence induces a transition of the scalar
spectra from the k−5/3 scaling (observed in single phase isotropic turbulence) to the
k−3 scaling, with the wavenumber k, characteristic for the velocity spectrum of bubble-
induced turbulence. The transition length scale is comparable to or smaller than the
bubble diameter and decreases with the molecular diffusivity of the scalar in the liquid.
By using the DNS method, we resolve the scalar fluctuations at all scales down to the
diffusive dissipation scales. This allows us to analyse the scalar transfer term in the scalar
budget equation and show that this term scales as approximately k−1 at the scales below
the bubble diameter and induces the k−3 scaling of the scalar spectra.

We show in Section 4.3 that while the Probability Density Functions (PDFs) of the
velocity fluctuations are non-Gaussian, the scalar fluctuation PDFs are Gaussian (except
for the bubble suspension in cases with an imposed mean scalar gradient in the vertical
direction and low diffusivity of the scalar in the gas). In the latter cases, we found that
the gas scalar diffusivity significantly influence the gas scalar fluctuations. This effect
also influences the convective scalar diffusivity, and in Paper E, we propose approximate
scalings for this quantity based on a priori known governing parameters. These scalings
can guide the development of improved closures for the convective scalar diffusivity and
indicate that the scalar molecular diffusivity should be considered in such closures.

Our findings extend our knowledge about the passive scalar dynamics in turbulent bubbly
flows and elucidate the influence of the scalar molecular diffusivity, gas volume fraction
and mean scalar gradient direction on the scalar dynamics and statistics. The study
motivates further studies of the influence of other governing parameters such as Ga, Eo,
gas volume fraction, and molecular diffusivities on the scalar dynamics. The results are
relevant in the presence of a mean scalar gradient but are probably modified in systems
where the scalar in the liquid is injected/consumed at the bubble surfaces due to, for
example, chemical reaction or dissolution processes at the gas-liquid interface. Future
investigations are needed to assess how the scalar dynamics are modified in such systems.
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6 Summaries of appended papers and
division of work

In Papers A and B we study the evolution of micrometer-sized vapour bubbles, where
we identified a need for a better understanding of the flow conditions in and around
the bubble. We develop a multiphase DNS framework with phase change modelling
presented in Paper A and a corresponding 1D numerical framework in Paper B, that
both predict the relevant flow conditions. In these papers, we investigate the fast and
complex dynamics of laser-induced thermocavitation events that are currently studied as
a promising tool for controlling the process of crystallisation.

We then shift the focus to the dynamics of individual rising bubbles in Papers C and
D. Such bubble dynamics may develop over a large range of spatiotemporal scales. To
facilitate efficient simulations, we have developed a multiphase DNS framework with a
Moving Reference Frame (MRF) technique that follows the motion of a bubble. We
couple the DNS framework with an Eulerian-Lagrangian solver to provide an efficient
multiscale methodology for studying small-scale bubble dynamics in laminar or turbulent
flows. These frameworks are developed in Paper C.

In Paper D, we study the mechanisms behind the lift force acting on deformable bubbles in
linear shear flows. We provide a qualitative explanation for different lift-force mechanisms
using a theoretical framework that relates the bubble-induced vorticity moments to the
lift force. Theoretical considerations are supported with the DNS framework with the
MRF developed in Paper C. This framework is also used to investigate the role of the
shear rate on the lift force.

Finally, in Paper E, we investigate the large-scale dynamics and statistics of passive
scalars in bubbly flows using multiphase DNS. We examine how the bubble-induced
turbulence modifies the scalar spectra and study the scalar spectra energy budget to
elucidate the mechanisms behind the observed scalar spectra behaviour. We also assess
the influence of the governing parameters on the scalar spectra and look into the effective
scalar diffusivity of the bubble suspension.

All papers were written by N. Hidman with valuable support, input and contributions by
all co-authors. S. Sasic contributed considerably in the preparation of the manuscripts to
Papers A and B, and G. Sardina contributed greatly in the preparation of the manuscripts
to Papers C and E. All implementations into the flow solvers, the simulations and analysis
were performed by N. Hidman with support from the co-authors. The numerical frame-
works of Papers A and B were formulated by N. Hidman. The moving reference frame
technique in Paper C was developed by N. Hidman together with G. Sardina who also
conceptualised the multiscale methodology and performed the EL-simulations. The the-
oretical framework in Paper D was formulated by N. Hidman. G. Sardina conceptualised
the study of Paper E and developed the post-processing routines.
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