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Two-dimensional Hubbard lattices with two or three holes are investigated as a function of U in the large-
U limit. In the so-called Nagaoka limit (one-hole system at infinite U ), it is known that the Hubbard model
exhibits a ferromagnetic ground state. Here, by means of exact full configuration interaction quantum Monte
Carlo simulations applied to periodic lattices up to 24 sites, we compute spin-spin correlation functions as a
function of increasing U . The correlation functions clearly demonstrate the onset of ferromagnetic domains,
centered on individual holes. The overall total spin of the wave functions remains the lowest possible (0 or 1

2 ,
depending on the number of holes). The ferromagnetic domains appear at interaction strengths comparable to
the critical interaction strengths of the Nagaoka transition in finite systems with strictly one hole. The existence
of such ferromagnetic domains is the signature of Nagaoka physics in Hubbard systems with a small (but greater
than 1) number of holes.

DOI: 10.1103/PhysRevB.107.064405

I. INTRODUCTION

The Hubbard model is a simple yet important model in
the study of correlated electrons, as it captures complex
correlations between electrons on a lattice with a fairly sim-
ple Hamiltonian [1]. Exact results of the two-dimensional
Hubbard model are helpful for understanding a plethora of
phenomena in strongly correlated systems, including pairing
mechanisms in unconventional superconductors [2], the Mott
metal-insulator transition [3], optical conductivity [4,5], and
itinerant magnetism [6,7]. For the single-band 2D Hubbard
model on a square lattice, Nagaoka [8] proved analytically that
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the limit of infinitely strong interactions, in the presence of a
single hole on top of a Mott-insulating state with one electron
per site, results in a ferromagnetic ground state. Intuitively, the
Nagaoka ferromagnetism can be understood as resulting from
an interference effect between the different paths that the hole
can take across the lattice. When the spins are aligned, these
paths interfere constructively and lower the kinetic energy of
the hole [9–12].

While Nagaoka ferromagnetism has been analytically
proven under extreme conditions, and has also been observed
in a quantum dot plaquette [13], the stability of the Nagaoka
ferromagnetic state at finite interaction strengths on finite
lattices has also been actively studied [14–21]. However, open
questions still exist, especially concerning the thermodynamic
stability of the ferromagnetic state for systems with more than
one hole. Extrapolations from the results on finite lattices have
been used to study properties in the thermodynamic limit.
Thus it is important to obtain exact results in systems with
two, three, and perhaps more holes, on lattices as large as
possible.

In the two-hole system, the total spin of the ground state
is zero (S = 0). This has been numerically studied by exact
diagonalization (ED) [22], the spin-adapted full configuration
interaction quantum Monte Carlo (FCIQMC) method [21],
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TABLE I. The ground-state S = 0 spin-spin correlation 〈S(i) · S( j)〉 values as a function of their distance, R = |i − j|, obtained from
FCIQMC calculations on the 18-site square lattice Hubbard model with 16 electrons for different values of U . For comparison the values from
the exact diagonalization (ED) calculation taken from Ref. [42] are also shown.

R = 1 R = √
2 R = 2 R = √

5 R = 3

U 2-RDM ED 2-RDM ED 2-RDM ED 2-RDM ED 2-RDM ED

20 −0.1910(1) −0.19096 0.0448(1) 0.04473 −0.0154(1) −0.01541 −0.01401(1) −0.01398 0.0493(1) 0.04931
40 −0.1820(1) −0.18197 0.0341(1) 0.03417 −0.0274(1) −0.02739 −0.0062(1) −0.0061 0.0619(1) 0.06188

and analytical studies of arbitrarily large systems [19]. How-
ever, the specific type of magnetism is unknown, because
antiferromagnetism, paramagnetism, as well as low-spin-
coupled ferromagnetic domains all correspond to S = 0. For
the three-hole system, on the other hand, ED results of an
effective Hamiltonian [22] show that the total spins of ground
states on the 8- and 16-site lattices are 3

2 and 7
2 , respectively.

Here the effective Hamiltonian is constructed to exclude dou-
ble occupation and thus should be related to the Hubbard
model in the large-U limit. It is interesting to see whether the
partial magnetization will still be observed on larger lattices.
In order to answer the above open questions, in this work we
investigate the two- and three-hole systems with the FCIQMC
method.

FCIQMC is based on stochastic simulations of the dynamic
evolution of the wave function in imaginary time. Different
from the diffusion quantum Monte Carlo (DMC) [23] with
the fixed-node approximation and the auxiliary-field quantum
Monte Carlo (AFQMC) [24] with the phaseless approxi-
mation, no systematic approximation is made in FCIQMC
[25–27], and it thus serves as a highly accurate method
to approach the ground-state wave functions. The annihila-
tion procedure of the algorithm enables it to overcome the
fermionic sign problem exactly, as long as enough walkers are
used to overcome the annihilation plateau which is observed
in the method [25]. In practice, for Hubbard systems at large
U , this means, with the currently available hardware, systems
up to 26 sites can be studied [21]. (A 26-site lattice represents
a useful increase in size compared to exact diagonalization,
for which 20 sites is the largest lattice size so far reported [4].)
In the present paper, we extend this to the study of a system
with a few holes, as well as report on spin-spin correlation
functions for the obtained exact ground states.

The energy in FCIQMC is most easily calculated through
projection onto an appropriate trial wave function �T ,

Eproj = 〈�T |Ĥ |�〉
〈�T |�〉 , (1)

where � is the wave function given by the instantaneous dis-
tribution of walkers. Clearly, for this expression to be useful,
the denominator needs to have a nonzero time average, with
small fluctuations. In practice, this requirement is fulfilled
when a sufficient number of walkers is used to overcome the
annihilation plateau, meaning that at least one determinant ac-
quires a permanent population of walkers of a given sign. This
fixes the global sign of �, and leads to a substantially nonzero
time average of 〈�T |�〉. Nevertheless, it should be noted that
even after this has occurred, the projected energy fluctuates [as

both the numerator and denominator of Eq. (1) are stochastic
quantities], and for this reason, the instantaneous value of Eproj

can dip below the exact energy. However, the time average
of the projected energy converges to the exact FCI energy
within stochastic error bars [25], which can estimated through
a reblocking analysis of the time sequences of the numerator
and denominator of the projected energy formula [27]. In
Table I of the Supplemental Material [44], the total energies
(showing stochastic errors of about 10−3t) are provided for
the systems studied in this paper.

The FCIQMC simulations were performed with the NECI
package code base, which provides a state-of-the-art imple-
mentation of the FCIQMC algorithm, and a very powerful
parallelization which scales efficiently to more than 24 000
central processing unit cores [27]. The FCIQMC method in
a Slater determinant (SD) basis has been extended to calcu-
late ground and excited state energies, spectral and Green’s
functions for ab initio and model systems, as well as proper-
ties via the one-, two-, three-, and four-body reduced density
matrices (RDMs). To study magnetism, we need to use the
replica-sampled 2-RDMs [28–30] to obtain the spatial spin
distribution. The replica-sampling technique removes the sys-
tematic error in the RDM, at the expense of requiring a
second walker distribution. The premise is to ensure that
these two walker distributions are entirely independent and
propagated in parallel, sampling the same (in this instance
ground state) distribution. This ensures an unbiased sampling
of the desired RDM, by ensuring that each RDM contribution
is derived from the product of an uncorrelated amplitude from
each replica walker distribution. By using replica-sampled
2-RDMs the spin-spin correlation function, 〈Ŝi · Ŝ j〉, can be
calculated, where i and j are lattice site indices. This spin-spin
correlation function can then be used to identify the specific
type of magnetism of the ground states.

FCIQMC in a spin-adapted basis is also used to study
the partial polarization in three-hole systems. Spin-adapted
FCIQMC uses SU (2) symmetry (arising from the vanishing
commutator [Ĥ , Ŝ2] = 0) conservation. SU (2) symmetry is
imposed via the graphical unitary group approach (GUGA)
[31–33] which dynamically constrains the total spin S of
a multiconfiguration and highly open-shell wave function
in an efficacious manner. The spin-adapted version of the
FCIQMC algorithm based on GUGA has been developed
in our group [34,35], with—among others—applications to
ab initio systems [36,37] and Nagaoka ferromagnetism in
one-hole systems [21]. With the spin-adapted method, the
magnetization of the ground state can be determined in a
reliable way, especially for systems with small spin gaps.
The results of spin-adapted FCIQMC show the partial spin
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polarization only appears in small, three-hole system (less
than 18 sites) [22], which is the second important result of
this work.

The rest of this paper is organized as follows: In Sec. II, we
briefly describe the methods, where we mainly provide some
more details on the measurements of the spin-spin correla-
tion function, 〈Ŝi · Ŝ j〉, from the replica-sampled 2-RDMs in
FCIQMC. In Sec. III, results about the spatial spin distribu-
tion and partial spin polarization are discussed. Finally, we
conclude in Sec. IV.

II. METHODS

The Hamiltonian of the Hubbard model in real space takes
the form

Ĥ = −t
∑

〈i j〉σ
a†

i,σ a j,σ + U
∑

i

ni↑ni↓, (2)

where a†
iσ (aiσ ) creates (annihilates) an electron with spin σ

on site i, and niσ = a†
iσ aiσ is the particle number operator. U

refers to the Coulomb interaction strength. We consider only
nearest-neighbor hopping terms, where t is positive and is
used as the unit of the energy. When U is infinitely large, there
will be no double occupancy and the system can be treated
with an effective Hamiltonian with constrained hopping terms
[22]

Heff = −t
∑

〈i j〉σ
ã†

i,σ ã j,σ , (3)

with ã†
i,σ = ai,σ (1 − ni,σ ). In our current work, we want to

study the magnetic properties for finite U and thus will stay
with the original Hamiltonian (2). However, we find that our
results for the three-hole systems in the large-U limit (see
Sec. III B) coincide with the result of Riera et al. [22] for
the effective Hamiltonian, Eq. (3). In future work we will
study the t-J model [38], containing corrections of order t2/U
[39] to study ferromagnetic domains for larger lattices. In
our current investigation we apply two different FCIQMC
methods, which are based on full CI expansions in terms of
SDs and in terms of spin eigenfunctions (spin-adapted basis
states), respectively.

FCIQMC is a projector QMC method for obtaining the
ground-state wave function |�0〉. By Monte Carlo simulation
of the imaginary-time evolution of the wave function

|�(τ )〉 = e−τ (Ĥ−E0 )|�(0)〉, (4)

the ground-state wave function is approached in the long-time
limit |�(τ → ∞)〉 ∝ |�0〉.

In a previous work [21], we have investigated the mag-
netism for one-hole and two-hole systems by using the
spin-adapted [SU (2) conserving] FCIQMC method. We ex-
tend these investigations to three-hole systems in this work.
With the spin-adapted method, the magnetization of the
ground state can be determined in a reliable way, especially
for systems with small spin gaps. For details of the spin-
adapted FCIQMC method, we refer to previous work [21].

We also calculate the spin-spin correlation function to get
knowledge of the spatial spin distribution. For these calcu-
lations, we find that the FCIQMC method based on SDs is

more efficient, in particular when it is combined with the
replica-sampling techniques for the 2-RDMs. With this tech-
nique, two independent FCIQMC simulations are performed
in parallel and the wave function expansions

|�(τ )I/II〉 =
∑

μ

cI/II
μ (τ )|Dμ〉 (5)

are sampled simultaneously for these two replicas. The sam-
pled coefficients {cI

μ} and {cII
μ } are then used to calculate the

2-RDM elements

�rs
pq = 〈�|a†

pa†
qasar |�〉

=
∑

μ,ν

cI
μcII

ν 〈Dμ|a†
pa†

qasar |Dν〉, (6)

where p, q, r, and s are spin-orbital indices. Because the two
simulations are uncorrelated, the two-body RDM in Eq. (6)
becomes an unbiased one.

To calculate the spin-spin correlation, we need only the
following 2-RDM elements:

�
i↑(↓) j↑(↓)
i↑(↓) j↑(↓) = 〈�|a†

i,↑(↓)a
†
j,↑(↓)a j,↑(↓)ai,↑(↓)|�〉

= 〈�|ni,↑(↓)n j,↑(↓)|�〉,
�

i↑(↓) j↓(↑)
i↑(↓) j↓(↑) = 〈�|a†

i,↑(↓)a
†
j,↓(↑)a j,↓(↑)ai,↑(↓)|�〉

= 〈�|ni,↑(↓)n j,↓(↑)|�〉,
�

i↓(↑) j↑(↓)
i↑(↓) j↓(↑) = 〈�|a†

i,↑(↓)a
†
j,↓(↑)a j,↑(↓)ai,↓(↑)|�〉. (7)

By using the following expressions of the local spin operators,

Sx
i = 1

2
(a†

i↑ai↓ + a†
i↓ai↑),

Sy
i = i

2
(a†

i↓ai↑ − a†
i↑ai↓),

Sz
i = 1

2
(ni↑ − ni↓), (8)

the Ŝz-spin correlation 〈Ŝz
i · Ŝz

j〉 can be evaluated as

〈
Ŝz

i · Ŝz
j

〉 = 1

4
(〈�|ni,↑n j,↑|�〉 − 〈�|ni,↑n j,↓|�〉

− 〈�|ni,↓n j,↑|�〉 + 〈�|ni,↓n j,↓|�〉)

= 1

4

(
�

i↑ j↑
i↑ j↑ + �

i↓ j↓
i↓ j↓ − �

i↑ j↓
i↑ j↓ − �

i↓ j↑
i↓ j↑

)
, (9)

and the total spin correlation function as

〈Ŝi · Ŝ j〉 = 1

2

(
�

i↓ j↑
i↑ j↓ + �

i↑ j↓
i↓ j↑

)

+ 1

4

(
�

i↑ j↑
i↑ j↑ + �

i↓ j↓
i↓ j↓ − �

i↑ j↓
i↑ j↓ − �

i↓ j↑
i↓ j↑

)
. (10)

For the special case when 〈Ŝz〉 = 0, the above expressions
can be simplified to [40]

〈
Ŝz

i · Ŝz
j

〉 = 1

2

(
�

i↑ j↑
i↑ j↑ − �

i↑ j↓
i↑ j↓

)
(11)

and

〈Ŝi · Ŝ j〉 = �
i↓ j↑
i↑ j↓ + 1

2

(
�

i↑ j↑
i↑ j↑ − �

i↑ j↓
i↑ j↓

)
(12)
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by using the relations �
i↑ j↑
i↑ j↑ = �

i↓ j↓
i↓ j↓ and �

i↑ j↓
i↑ j↓ = �

i↓ j↑
i↓ j↑ . More

details are presented in the Supplemental Material [44] (see,
also, Refs. [1–3] therein).

III. RESULTS

Calculations are performed on three square lattices with
tilted periodic boundary conditions, namely the 18-site lattice
with lattice vectors (3, 3), (3,−3), the 20-site lattice with
lattice vectors (4,−2), (−2,−4), and the 24-site lattice with
lattice vectors (5, 1), (−1,−5). The supercell of the 24-site
lattice is not square, but the underlying lattice still is. This
24-site lattice has been discussed comprehensively by Betts
[41] with regard to its finite-size properties, which are indeed
favorable, having a low topological imperfection as defined by
Betts. The above three tilted lattices are presented in [21] (see
Fig. 1 therein).

A. The two-hole system

The two-hole system has been investigated in our previous
work [21], where we find the total spin of the ground state
is always zero for all the different lattices. This supports the
early conclusions based on exact diagonalization [22] and
analytical studies of arbitrarily large systems [19].

To check the performance of our algorithm, we first per-
form calculations on the 18-site lattice, where Lanczos-based
ED results are available [42]. In Table I, the results of the spin-
spin correlation, 〈Ŝ(i) · Ŝ( j)〉, on the 18-site lattice for U = 20
and 40 are presented in comparison with the ED results. In our
simulation we use a time step of τ = 0.001, Nw = 5 × 107

number of walkers and treat the 5 × 104 most populated states
deterministically. As shown in Table I, the two results agree
very well for different R (the distance between two different
sites i and j).

In order to get a visual impression of the spatial spin dis-
tribution, we plot the pair correlation function 〈Ŝz(i)Ŝz( j)〉 for
different interaction strengths and number of holes in a lattice
cutout composed of four supercells, as presented in Figs. 1–3,
respectively, for the 18-, 20-, and 24-site lattices. The lattice
site i is set in the center of the cutout.

On the 18-site lattice, the spatial spin distribution in the
half-filling case shows a clear antiferromagnetic pattern as
shown in Fig. 1(d). For two-hole systems, we still find some
antiferromagnetic features when U is not too large, as the
cases shown in Figs. 1(a) and 1(b), where spins on neigh-
boring sites are still antiparallel. However, when U is larger
than a certain critical value (Uc), as presented in Fig. 1(c),
the neighboring spins become parallel, and we find some kind
of ferromagnetic domain structure. It is interesting to find that
the critical Uc is very close to that of Nagaoka ferromagnetism
in one-hole systems. We therefore do not try to determine
these critical Uc values, but rather use those Uc’s determined
for the Nagaoka ferromagnetization as references. Such tran-
sitions of the spatial spin distribution patterns are also found
on the 20- and 24-site lattices, see Fig. 2 and Fig. 3, where
we also find ferromagnetic domains when U is large enough.
When the lattice size increases, the size of the ferromagnetic
domains becomes larger, and their shape changes.

FIG. 1. Spatial spin distributions given by 〈Ŝz(i)Ŝz( j)〉 on the
18-site lattice for two-hole [(a)–(c)] and half-filled (d) systems.
The critical interaction strength is Uc = 92 and the site i is set in
the center.

The fact that critical Uc’s are close to those of Nagaoka
ferromagnetism in one-hole systems provides a physical pic-
ture that holes tend to separate from each other. This picture,
originally suggested by Tian [43], is now tested and verified
based on the analysis of SDs of the ground state. For the
two-hole systems, we have also found that for large U ’s the
binding energies are positive as shown in Fig. 4. The binding
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FIG. 2. Spatial spin distributions given by 〈Ŝz(i)Ŝz( j)〉 on the
20-site lattice for two-hole [(a)–(c)] and half-filled (d) systems. The
critical interaction strength is Uc = 103.

energy of two holes is defined as δ = (E2 − E0) − 2(E1 −
E0) = E2 − 2E1 + E0, where En is the ground-state energy of
the n-hole system. The positive binding energy implies that
two holes tend to separate, rather than to bind for large U ’s.
In this case, it is reasonable to assume that each hole carries a
halo of ferromagnetic texture.

To further confirm the picture of the hole separations we
have looked at the spin distribution of the most populated SD

FIG. 3. Spatial spin distributions given by 〈Ŝz(i)Ŝz( j)〉 on the
24-site lattice for two-hole [(a)–(c)] and half-filled (d) systems. The
critical interaction strength is Uc = 127.

in the ground state of the 20-site lattice. For U = 200, the
spin distribution of the SD with highest weight is plotted in
Fig. 5, where we find that the distance between two holes is
the farthest,

√
10, and spins around each hole are the same.

The analysis of the 8 × 105 most populated SDs shows that
the most common hole distance is not

√
10, but

√
5 instead

[as shown in Fig. 6(b)]. Similarly on the 24-site lattice,
√

5
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FIG. 4. Binding energy of two holes vs 1/U on 18 sites.

is the most common hole distance [Fig. 6(c)], and on the 18-
site lattice, the distance 2 is slightly more common than

√
5

[Fig. 6(a)]. Ferromagnetic domains appear on finite lattices
when holes are far away from each other. For systems with
a fixed number of holes, the possibility of the formation of
ferromagnetic domains increases with the system size, which
means that the ferromagnetic domain structure favors a low
hole density.

B. The three-hole system

For three-hole systems, we first study the possibility of
partial spin polarization on lattices larger than 16 sites. As
mentioned in the introduction, results of exact diagonalization

FIG. 5. Spin distributions of the Slater determinant with the most
weight in the ground state of the 20-site lattice with two holes.
The red (blue) arrows represent spin up (down), and the green dots
represent a hole. The lattice cutout is composed of four supercells.
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R
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U/Uc=2.72
(a)
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(b)

1 1.5 2 2.5 3 3.5
R

0.1
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W
ei

g
h
t

U/Uc=1.57
(c)

FIG. 6. Statistical distribution of the distance between two holes
on 18-site (a), 20-site (b), and 24-site (c) lattices. The numbers of
considered SDs in the ground-state wave function considered for the
analysis are 5 × 105 (0.93% of total occupied SDs in the FCIQMC
ground-state estimate), 8 × 105 (0.85% of occupied SDs), and 107

(0.76% of occupied SDs), respectively. Please note that the ground-
state wave function is not normalized and the weight shown in the
figure is a relative value.

(ED) based on an effective Hamiltonian [22] show that the
total spin of the ground state on 8- and 16-site lattices is 3

2
and 7

2 , respectively. If this partial spin polarization also exists
for larger lattices, then for large enough U there would be a
phase of ferrimagnetism (a mixed type of antiferromagnetism
and ferromagnetism). To investigate this problem, we have
mainly calculated ground-state energy as a function of total
spin, E (S), on 16- and 18-site lattices.
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FIG. 7. E (S) − E (Smax) versus S on 16-site (a) and 18-site
(b) lattices with three holes, and the width of spin spectrum �E as the
function of 1/U on 18-site (c) and 20-site (d) lattices, respectively.

In Fig. 7(a), the ground-state energy as a function of the
total spin for the 16-site lattice is shown. The results are
presented for different U ’s in comparison with the ED result
for U = ∞ [22], according to Eq. (3). With increasing U , the
E (S) curves clearly converge to the ED result, and in fact the
result at U = 20 000 already coincides with the ED result.
These results show a partial spin polarization at S = 7

2 in the

FIG. 8. The spatial spin distributions of the 18-, 20-, and 24-site
lattices with three holes are provided in (a)–(c); Uc are the same as
those in two-hole system.

large-U regime. However, on the 18-site lattice, such a partial
spin polarization does not exist for any U . In Fig. 7(b), the
results of E (S) are plotted for different U ’s for the 18-site
lattice. The coincidence of the two curves at U = 20 000 and
U = 50 000 indicates the convergence in the large-U limit.
For any U the total spin of the ground state always takes the
smallest value S = 0.5 and thus there is no partial spin polar-
ization. Similar results are also obtained on the 20-site lattice,
where we have only performed calculations for U = 20 000.
We therefore believe that the partial spin polarization result
obtained in Ref. [22] is only a finite-size effect.

To investigate the possibility of ferromagnetic do-
mains in three-hole systems we have calculated the width
of the spin spectrum �E = Emax − Emin, where Emax =
max[E (S)], Emin = min[E (S)] are the maximal and minimal
values of the energy over all spin states for a given U . In
our previous work [21], we find that for two-hole systems
a clear change in the slope of �E (1/U ) usually implies the
formation of ferromagnetic domains. The widths of the spin
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spectrum �E for three-hole systems on the 18- and 20-site
lattices are plotted in Figs. 7(c) and 7(d), respectively, as
functions of 1/U , in comparison with those for two-hole sys-
tems. For three-hole systems, the curve of �E (1/U ) for the
18-site lattice is simply a straight line, while for the 20-site
lattice we see a small but clear change of slope. This indicates
that on large enough lattices the three-hole systems can also
have ferromagnetic domains in the large-U regime. To sup-
port this, we have also investigated spatial spin distributions
of three-hole systems by calculating the spin-spin correla-
tion functions. The spatial spin distributions are presented in
Fig. 8, where ferromagnetic domains are found on 20- and
24-site lattices. Comparing with the ferromagnetic domains
in two-hole systems, the extent of ferromagnetic domains is
smaller in this case.

IV. CONCLUSION

The instability of Nagaoka ferromagnetism in the Hubbard
model is studied for two- and three-hole systems on finite
lattices. It is shown that the total spin of the ground state takes

the minimal value S = Smin, and there exists no partial spin
polarization on lattices larger than 16 sites both on two- and
three-hole systems. In the large-U regime (U � Uc, where Uc

is the critical U of Nagaoka ferromagnetism in the one-hole
system), we find the formation of ferromagnetic domains.
Based on the analysis of binding energy and the statistical
distance between two holes, we find a general feature of the
ferromagnetic domain structure, with the holes tending to be
far away from each other.
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