
Thesis for The Degree of Licentiate of Engineering

Interpretable machine learning models
for predicting with missing values

Lena Stempfle

Department of Computer Science and Engineering
Chalmers University of Technology | University of Gothenburg

Gothenburg, Sweden, 2023



Interpretable machine learning models for predicting with missing
values

Lena Stempfle

© Lena Stempfle, 2023
except where otherwise stated.
All rights reserved.

ISSN 1652-876X

Department of Computer Science and Engineering
Division of Data Science and AI
Chalmers University of Technology | University of Gothenburg
SE-412 96 Göteborg,
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Abstract

Machine learning models are often used in situations where model inputs are
missing either during training or at the time of prediction. If missing values are
not handled appropriately, they can lead to increased bias or to models that
are not applicable in practice without imputing the values of the unobserved
variables. However, the imputation of missing values is often inadequate and
difficult to interpret for complex imputation functions.

In this thesis, we focus on predictions in the presence of incomplete data
at test time, using interpretable models that allow humans to understand the
predictions. Interpretability is especially necessary when important decisions
are at stake, such as in healthcare. First, we investigate, the situation where
variables are missing in recurrent patterns and sample sizes are small per
pattern. We propose SPSM that allows coefficient sharing between a main
model and pattern submodels in order to make efficient use of data and to
be independent on imputation. To enable interpretability, the model can be
expressed as a short description introduced by sparsity. Then, we explore
situations where missingness does not occur in patterns and suggest the sparse
linear rule model MINTY that naturally trades off between interpretability
and the goodness of fit while being sensitive to missing values at test time. To
this end, we learn replacement variables, indicating which features in a rule can
be alternatively used when the original feature was not measured, assuming
some redundancy in the covariates.

Our results have shown that the proposed interpretable models can be
used for prediction with missing values, without depending on imputation.
We conclude that more work can be done in evaluating interpretable machine
learning models in the context of missing values at test time.
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guidance, and opportunities to learn.

I have the pleasure of collaborating with the Traumabase Group in France.
Thank you for the interesting discussions and for sharing your domain know-
ledge.

To my parents, Elisabeth and Karl, I want to thank you for your endless
love and support throughout all my decisions. I am extremely grateful for my
sister Johanna and my very close friends Verena, Anja, Kathi, and Theresa.
Thank you for always supporting me and filling my life with joy. I could not
have undertaken this journey without the support of my partner Amr. Thank
you for always encouraging me and believing in me.

Our computations were enabled by resources provided by the Swedish
National Infrastructure for Computing (SNIC) at Chalmers Centre for Com-
putational Science and Engineering (C3SE) partially funded by the Swedish
Research Council through grant agreement no. 2018-05973. Thank you to the
Wallenberg AI, Autonomous Systems and Software Program (WASP) funded
by the Knut and Alice Wallenberg foundation, for generously supporting my
Ph.D. studies.

Lena Stempfle
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Chapter 1

Introduction

Making predictions on incomplete data is an ongoing research field with high
relevance to practical applications. For example, medical data often suffer
from incompleteness caused by tool unavailability and merging databases with
heterogeneous data types [Groenwold, 2020; Madden et al., 2016]. Highly
accurate predictions can significantly improve early disease detection and
treatment procedures [Jayatilake and Ganegoda, 2021; Jiang et al., 2017].

Common approaches when predicting with missingness include either remov-
ing incomplete entries or imputing the missing value [Nakagawa, 2015; Rubin,
1976]. Both simple techniques such as mean imputation and more advanced
ones, such as multiple imputation by chained equations (MICE), have been
proposed to replace missing values [Raghunathan et al., 2001; Van Buuren,
2007]. Simpler imputation methods lead to bias in the estimate due to the
variance between the imputed and the true value [Buck, 1960]. On the other
hand, complicated imputation functions are not interpretable and it is difficult
to trace how they recovered the missing value [White, Royston and Wood,
2011]. If values are also missing at test time, they must be imputed here as
well. Moreover, if there is a distribution shift in the data between the training
and the deployment, and the imputation was fit on training data it could affect
the prediction [van Buuren, 2018]. Hence, imputation is powerful, but not
always optimal under test-time missingness [Le Morvan et al., 2021].

For data-driven predictions to be effective and useful in clinical care, they
must be designed to be understood by end users, i.e., medically trained person-
nel. The underlying challenge is that medical staff may not necessarily have a
strong Machine Learning (ML) background, but should still be able to use the
predictions for downstream tasks, such as making decisions on treatment or
diagnosis [Ahmad, Eckert and Teredesai, 2018].

The research field that studies comprehensible ML models is called Inter-
pretable Machine Learning (interpretable ML). In this thesis, “interpretable”
methods and models are those that make the behavior and predictions of ML
systems understandable to humans [Doshi-Velez and Kim, 2017; Molnar, 2020].
Interpretability is especially important for decisions with large implications and
could help to improve transparency and strengthen trust in ML systems [Rudin,
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4 CHAPTER 1. INTRODUCTION

2019]. Interpretable ML models include simpler algorithms like regression
models and rule-based scoring systems as they are deemed more comprehensive
than complex models like neural networks [Molnar, 2020; Tomsett et al., 2018;
Ustun and Rudin, 2019].

In my research, I work on developing prediction models with high perform-
ance for problems when the input data is incomplete at the time of deployment.
Moreover, I focus on creating simple and descriptive models that can be
communicated and interpreted by domain experts.

This thesis compiles the results from three different papers. In Paper I (Sec-
tion 3.1) we aimed to predict a clinical outcome using real-world data with
high missingness. We ran experiments using traditional ML models showing
that predictions heavily depend on imputation methods. We also found that
missingness often occurs in patterns, which may vary between training and
test time. Next, we investigated pattern missingness, and proposed sharing
pattern submodels (SPSM), a linear prediction model, specialized for learning
with patterns in variable missingness by sharing coefficients between patterns.
The sharing is achieved by regularizing pattern specific submodels towards
a main model (Section 3.2). In Paper III (Section 3.3), we investigated the
case where there are no patterns in missingness. We studied interpretable rule-
based models in the context of missingness and proposed to learn replacement
variables during training for situations where some variables are correlated but
not necessarily all observed at test time. We call the method developed in this
work MINTY. The advantage of MINTY is that the methodology does not rely on
imputation and it can be represented in a simple way.



Chapter 2

Background

In this chapter, I explain some of the background relevant to the contribution
presented in this thesis. The focus of my research is two-fold: learning with
missingness (Section 2.1), and interpretable ML (Section 2.2).

The mathematical notations for predicting with missingness at test time are
presented in Section 2.1.1, followed by a background on missingness mechanisms
(Section 2.1.2), which describes the relationship between the incomplete data
and outcomes. A discussion on the commonly used approaches of predicting
with missing values together with their limitations is mentioned in Section 2.1.3.
The motivation for this thesis originates from the limitations of existing methods
for predicting with missing values at test time, especially in high-stake settings
such as healthcare. In such environments, it is particularly important to be able
to interpret the model predictions and verify the models as needed. Therefore,
I describe a class of models—interpretable ML models—and then present
examples that are considered interpretable by current literature (Section 2.2.1).

2.1 Learning with missing values

In this section, I will outline the mathematical framework for prediction on
incomplete input data, give an overview of the three different mechanisms of
missingness and comment on missingness patterns. Then, common approaches
for learning with missing values at test time and their limitations are presented.
Finally, I briefly connect to the results of the first paper where we applied
traditional ML to a data set with a high missingness ratio.

2.1.1 Prediction with test-time missingness

Supervised learning typically focuses on learning to predict an outcome Y ∈
Y from inputs X ∈ X , where the pair (X,Y ) are random variables with
distribution P . Overall, the aim is to find a function f ∈ F : X → Y, that
minimizes the expected loss E[ℓ(f(X), Y )], where ℓ : Y × X → R is the cost
function [Vapnik, 1999]. Missing values are indicated as NA and we define an
indicator matrix M ∈ {0, 1}n×p, where, Mij = 1 if Xij is observed and Mij = 0

5



6 CHAPTER 2. BACKGROUND

otherwise. Next, let X̃ ∈ (R∪{NA})d be the mixed observed-and-missing values
of X according to M.

Our goal is to predict Y under missingness M in X using functions f :
(R ∪ {NA})d → R. We aim to minimize the risk with respect to the expected
loss

min
f

R(f), where R(f) := EX̃,Y∼P [ℓ(f(X̃)− Y )], (2.1)

R(f) is the expected loss for the future prediction. Loss functions may differ
for classification (0-1 loss) or regression tasks (squared loss).

Let F be a collection of classifiers, where we want to find f∗ ∈ F such that
the function is minimized by

f∗ ∈ argmin
f∈F

E[ℓ(f(X̃), Y )]. (2.2)

The classifier f∗ is called the Bayes classifier and it is the one with the best
predictive performance for future data.

Since the distribution P is unknown in most problems, R(f) is an unknown
quantity as well. Instead, it is common to minimize its sampled analog

R̂n(f) =
1

n

n∑

i=1

L(f(x̃(i)), y(i)). (2.3)

R̂n(f) is called the empirical risk and finding the function f̂ that minimizes it,
is known as empirical risk minimization (ERM), where

f̂ = argmin
f∈F

R̂n(f). (2.4)

The function f in 2.4 can be a composition of an imputation function and a
prediction function, or it could be a function that makes use of the missingness
mask M.

2.1.2 Missingness mechanisms

The mechanisms generating missing values are various but are commonly
classified into three main categories defined by [Rubin, 1976]: missing completely
at random (MCAR), missing at random (MAR), and missing not at random
(MNAR). This categorization is based on the relationship between missing
and observed values. For example, the chance that a subject will obtain
measurements of an MRI image may depend on the availability of an MRI
scanner in the clinic where the subject is located [Carpenter and Kenward,
2005]. We can partition the observations X into observed and missing: X =
(Xobs, Xmis) [Sportisse, 2021].

The missingness mechanisms express the probability that a set of values are
missing given the values taken by the observed and missing observations [Rubin,
1976]. It can be denoted by: Pr(M | Xobs, Xmis).
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First, we define MCAR as the probability of missing an observation, inde-
pendent of the observed or unobserved measurements and denote it with

Pr(m | Xobs, Xmis) = Pr(m).

An example that initially appears to be MCAR is taking a random sample
from a population for a clinical trial, where each candidate has an equal chance
of being included in the sample [van Buuren, 2018].

If given the observed data, the missingness mechanism does not depend
on the unobserved data, it is possible to perform an analysis using only the
observed data without information about the missingness mechanism, Pr(M |
Xobs, Xmis) [Little and Rubin, 1986].

The MAR setting is described in mathematical terms by,

Pr(m | Xobs, Xmis) = Pr(m | Xobs).

In short, MAR conveys the idea that the missing value mechanism can be
expressed exclusively in terms of observed observations. An example of MAR
is when two measurements of the same variable are produced at the same time
in a laboratory. If these two measurements differ by more than a specified
threshold, a third measurement is taken. This third measurement is missing
for all samples that did not deviate by the specified amount in the first two
measurements [Carpenter and Kenward, 2005].

The third setting of missingness mechanisms is described as MCAR when
neither MCAR nor MAR applies. In MCAR, even if we account for all available
observational information, the reasons for the absence of variables still depend
on the unseen observations themselves. A descriptive example includes when
smoking status is not recorded for patients who are admitted as emergencies
because these patients are more likely to have a worse surgical outcome.

We cannot verify only by observed data whether the missing observations
are MCAR, NMAR or MAR. However, MCAR and MAR can be distinguished
from each other [Little, 1988]. Note, in situations of MNAR it is very difficult
to know the appropriate model for the missingness mechanism [Carpenter and
Kenward, 2012]. We want to emphasize that the impact of the missing values
on the analysis depends on the mechanism of the missing values, which is rarely
known. However, in most situations, the true mechanism is probably MNAR.

Missingness Pattern Missing data can also be described by patterns of
missing data, which characterizes the structure of observed and missing values
in data sets [Little, 1993]. Missingness pattern should be distinguished from
the missing mechanisms which explain why the values are missing and do not
define where ”the gaps” are. Pattern missingness emerges in data-generating
processes where there are structural reasons for which variables are measured.
Samples in data sets can be grouped by recurring patterns of observed and
missing variables [Little, 1993]. Samples obtain only a fraction of the observed
variables when, for example, different measurements are systematically made
with different sensors or instruments in hospitals.
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2.1.3 Approaches and their limitations to learning with
missing values

In the following, common approaches when predicting with missing values
during training and test time are presented and respective limitations are
discussed. The limitations are mentioned in italic under each approach.

Complete case analysis The most common way of handling missing data is
called list-wise deletion, where cases (or rows/lists) containing missing values are
deleted and then a model is fit on data without any missing values [Nakagawa,
2015; Rubin, 1976].

Removing incomplete cases is not only using available data inefficiently, but
it also diminishes valuable information.

Imputation methods Imputation attempts to replace the missing values,
denoted by NA in the data set by aiming to reconstruct X from X̃ to create X̂
and then use the reconstructed X̂ to predict Y [Rubin, 1976]. This strategy is
known as impute-then-regress estimation. The success of recovering the missing
value depends on how well we can recover the information needed to make a
good prediction based on the non-missing values that are still available [van
Buuren, 2018].

The simplest imputation method is zero-imputation, where the missing
values are replaced with a zero [Rubin, 1976]. Zero-imputation holds advantages
for certain kinds of binary data. For instance, if a value is more likely to be
present if a patient has a medical history of something (value= 1) than if they
do not (value= 0) [Jamshidian and Mata, 2007]. Instead of adding a zero,
we can perform single imputation where the missing data are filled by some
means and the resulting completed data set X̂ is used for prediction. Mean
imputation (MI) is one such method in which the mean of the observed values
is computed and then used to replace the missing values for that variable.
Alternatively, [Buck, 1960] proposed imputing the missing values by predictions
from regression models that are fitted using the mean and covariance matrix
estimated by complete case analysis. The imputation functions can be learned
by regression for continuous variables on complete observations or observations
with less missingness. For categorical features, we use classification.

Zero and single imputation are rarely able to recover the true value of missing
values since they do not reflect the uncertainty about the prediction of the
missing values. In particular, the mean method can lead to highly biased
estimates even when the data are MCAR [Jamshidian and Schott, 2007]. If the
number of missing values in a variable is large and these values are replaced by
the observed sample mean, the resulting variance estimate for that variable may
be severely underestimated. When using deterministic functions to calculate an
imputation value random, variations (i.e. an error term) around the regression
slope are not considered. Imputed values are therefore often too precise and lead
to an overestimation of the correlation between X and Y . Moreover, simple
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imputation is based on a deterministic function that produces only one value,
and that is the value taken by the missing value [Rubin, 1976]. Also note that
it may be difficult to learn the missing values if all observations have some
missing values in each row or if there are only a small number of complete rows
(∼ 5%). Especially for small data sets, the resulting reduction in statistical
power is significant [Tibshirani, 1996].

A method that accounts for the variance and creates more than one sample
of each missing is multiple iterative imputation [Rubin, 1976]. One of the
most popular methods for imputation is MICE [Raghunathan et al., 2001;
Van Buuren, 2007], in which a chained equation involves an iterative process
that starts with a placeholder value for a missing variable and updates it in
each iteration. To find the new values, a function is fit in each iteration based
on imputations of other variables—this requires no full observations. To obtain
multiple values, noise is added to the imputation functions to create a stochastic
setting. Alternatively, the variables used for the regression can be randomly
split so that slightly different functions are used each time [Rubin, 1976].

One downside of multiple imputation is if the imputation function is complex,
X̂ and the corresponding prediction might be hard to interpret [White, Royston
and Wood, 2011].

Imputation methods may fail when data is not MAR—for example, missing
values can not be reliably imputed. If the reason a variable is missing is
connected to the outcome that we are trying to predict and that reason is not
encoded in the other variables. If we impute variables based on the observed
variables, the information that we need is not captured in those variables, then
the imputed value might not be as good as we would like it to be to have an
optimal prediction. Predicting with incomplete data can be especially beneficial,
when missingness is dependent on unobserved factors that are related also to the
prediction target, the fact that a variable is unmeasured can itself be predictive—
so-called informative missingness [Marlin, 2008; Rubin, 1976].

Missingness indicators Alternatively, instead of replacing the missing
values, the missingness mask M together with X̃ can be used to predict Y .
There are models that are sensitive to the missingness mask M. For instance,
XGBoost supports missing values by default. For the tree algorithm, the
branching directions for missing values are learned during training and stored
as default settings for each node [Chen and Guestrin, 2016]. Missingness
indicators can also be combined with any imputation method mentioned before.
To generate X̂, either a simple imputation method such as zero or mean, or
even a more complicated method, like MICE is used, and the missingness mask
M is then added to X̂. The prediction function we try to learn is,

f̂ ∈ argmin
f∈F

Ê[ℓ(f(X̂,M), Y )]. (2.5)
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Although missingness indicators do not add any bias, they might hinder the
interpretation of data sets with many features.

2.1.4 Connection to own research

In Paper I, we focused on applying traditional ML to the Alzheimer’s Disease
Neuroimaging Initiative database (ADNI) with high missingness. The missing-
ness in the data set is most likely caused by patients dropping out of the study
or different memory clinics measuring different features due to the availability
of tools. To compensate for the missingness in the data, we used zero and mean
imputation. We found that only a fraction of the variance could be explained
by mostly highly correlated cognitive test scores. Often not all cognitive tests
are measured at test time, but since they have some redundancy, they may
not need to be in order to predict accurately. We come back to this finding in
Paper III.

2.2 Interpretable Machine Learning

In this section, we first describe the concept and scope of interpretability in
ML and then provide examples of how interpretability is implemented. Finally,
we show how interpretablity was integrated into the work subject of this thesis.

There is no universally valid definition for Interpretable Machine Learning
available. The general idea is, that interpretable ML refers to methods and
models that make the behavior and predictions of ML systems understandable
to humans [Doshi-Velez and Kim, 2017]. Another description by [Rudin, 2019]
is:

An interpretable ML model obeys a domain-specific set of con-
straints so that humans can better understand it.

The work by [Lipton, 2018] adds that interpretability is context- or domain-
dependent, and thus cannot be uniformly defined. Despite this diversity of
definitions and an ongoing debate about what interpretability entails, there
is an agreement on what interpretability does not mean. Interpretability
is NOT about understanding all bits and pieces of the model for all data
points [Doshi-Velez and Kim, 2017]. It is about knowing enough for downstream
tasks, especially for high-stake decisions and troubleshooting [Molnar, 2020].
Examples of such settings include criminal justice models, credit scoring, or
healthcare applications [Rudin, 2019].

Situations, where interpretability is not necessarily required are, for ex-
ample, ad servers, or in postal code sorting [Rudin, 2019]. In general, in any
situation where no human intervention is needed, there are no consequences
for unacceptable results, or when the problem is well-studied and validated in
real-world applications [Doshi-Velez and Kim, 2017].

In the context of this thesis, we differentiate between (inherently) inter-
pretable and post-explainability [Molnar, 2020; Rudin, 2019]. Post-explainability
mainly uses black box models such as neuronal networks and then creates a
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second (post hoc) model to explain the first black box model. Generated
explanations are often not reliable, since the explanations approximate the
behavior of the system and can therefore be misleading [Rudin, 2019]. We
instead use models that are inherently interpretable, meaning they provide
their own explanations, which are faithful to what the model actually computes.
In this thesis, for simplicity, the terms inherently interpretable and interpretable
are used interchangeably. An example of interpretable models is risk scores
which are widely used for clinical decision-making and are commonly generated
from logistic regression models using patient data [Struck et al., 2020]. Risk
scores help clinicians quickly assess the risk for a patient by adding up the point
associated with key predictors which are called rules. Figure 2.1 shows such
key predictors (left) and their points (right). The total score is then translated
to a risk of a clinical outcome, e.g. having a seizure.

Figure 2.1: Illustration of variables used to calculate the 2HELPS2B risk
score [Struck et al., 2020]. The total score is calculated by summing over the
points on the right column, associated with a particular risk of experiencing
seizure. The rules explain medical details such as the brief independent periodic
discharge (BIPD), continuous EEG (cEEG), generalized periodic discharg
(GPD), lateralized periodic discharge (LPD), lateralized rhythmic delta activity
(LRDA). Plus features are defined as superimposed rhythmic, fast, or sharp
activity for LRDA, BIPDs, LPDs, or GPDs

As the example in Figure 2.1 shows, interpretable models output humanly
understandable summaries of their calculations that help us understand how
predictions are produced. As a result, that leads to better transparency, and
humans may increase their trust in ML systems [Rudin, 2019]. A remaining
challenge of interpretability is to design models that are simple enough to be
understood by users while maintaining high predictive power.

2.2.1 Examples of interpretablity

Next, I present what is widely understood to be interpretable by current liter-
ature. In general, simpler model classes like regression, sparse/small decision
trees, rule models, and scoring systems are seen to be more interpretable than
complex models like neural networks [Adadi and Berrada, 2018; Molnar, 2020].
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Linear Models A linear regression model, e.g., y = a0+a1x1+ ...+adxd+ ϵ
aims to predict the target y as a weighted sum of its j features. ajs define the
coefficients or learned feature weights and a0 denotes the intercept. The ϵ is
the error resulting from the difference between the prediction and the actual
outcome. The model is linear if the association between features x and target
y is modeled linearly [Hastie, Tibshirani and Friedman, 2009]. The linearity of
the learned relationship makes the interpretation easy. The interpretation of
weight in the linear regression model depends on the type of the corresponding
feature. For a numerical feature, an increase of feature xj by one unit increases
the prediction for output y by aj units when all other feature values remain
fixed. Changing a categorical feature xj from the reference category to the other
category increases the prediction for y by aj when all other features remain
fixed [Hastie, Tibshirani and Friedman, 2009]. However, not all relationships
between features are linear, interactions between characteristics or a nonlinear
relationship between features and the target value can be compensated by
adding interaction terms or regression splines [Molnar, 2020].

Sparsity In linear models, sparsity is integrated by enforcing feature selection
and regularization of the selected feature weights which results in only a subset
of the input characteristics [Tibshirani, 1996]. Sparsity is introduced by utilizing
a penalty on a loss function, such as LASSO [Tibshirani, 1996]. LASSO stands
for ”least absolute shrinkage and selection operator” and regularizing a linear
models results in the following cost function,

1

n

n∑

i=1

(a⊤x(i) − y(i))2 + α∥a∥1, (2.6)

a > 0 is a vector of coefficients. The last term is called the ℓ1-norm or
LASSO penalty [Tibshirani, 1996] and leads to the penalization of large weights
and α is a hyperparameter used to set the intensity of this penalty term.
Mathematically, we can describe sparsity as being the zeros in the coefficient
vector by ∥a∥1 =

∑d
j=1 |aj | [Tibshirani, 1996]. The LASSO penalty forces the

less important coefficients down to zero, and removes these variables from the
model, hence the sparsity and only the best features are selected. By reducing
the number of parameters to be analyzed, sparse models may be easier to
understand, resulting in higher descriptive accuracy.

Decision trees Decision trees (DTs) are useful when relationships between
features and outcomes are non-linear or when features interact with each
other [Tibshirani, 1996]. Trees exist for classification and regression. Tree-
structured classifiers split the data several times according to certain threshold
values in the covariates. Through splitting, different subsets of the data set are
created, indicating which instance belongs to one subset. The final subsets are
named leaf nodes and the average outcome of the training data in a node is
used to predict the outcome in each leaf node. A tree can be interpreted by
following from the root node, through the edges and the subsets, to the leaf
node with the predicted outcome. All edges are connected by ”AND” [Molnar,



2.2. INTERPRETABLE MACHINE LEARNING 13

2020]. In addition, feature importance in DTs is computed and interpreted as a
share of the overall model importance. Note that, DTs are human interpretable,
as long as they are short. Gradient boosting machines [Chen and Guestrin,
2016], and random forests are typically inscrutable to humans due to their
complexity and, often big size.

Decision Rules A decision rule is a simple IF-THEN statement consisting
of a condition and a prediction [Molnar, 2020]. Rules are learned from data by
using e.g. RuleFit [Friedman and Popescu, 2008], and Bayesian modeling [Chen
and Guestrin, 2016]. Note that any tree can be transformed into a rule set,
while the opposite is not possible [Margot and Luta, 2021]. An advantage of the
IF-THEN structure is that, if the conditions are expressed in understandable
terms, they are semantically similar to natural language and there are not too
many rules, they are easy for humans to interpret [Margot and Luta, 2021].

Scoring systems/Risk scores Traditionally, scoring systems have been
designed using manual feature elimination on logistic regression models, with
rounded coefficients. Today, we can learn scoring systems, for instance, as
sparse nonlinear models with integer coefficients for risk assessment (i.e., risk
scores) from data [Ustun and Rudin, 2019]. Risk scores represent the majority
of scoring systems that are currently used in medicine, such as sleep apnea
screening [Ustun et al., 2016], or Alzheimer’s diagnosis [Souillard-Mandar et al.,
2016] and criminal justice (recidivism prediction) [Rudin, Wang and Coker,
2020].

Generalized Linear Models Linear models can be extended to Generalized
Linear Models (GLMs) when the outcome, given the features, has a non-
Gaussian distribution, or the features interact and the relationship between
the features and the outcome is nonlinear [Nelder and Wedderburn, 1972].

In GLM, the weighted sum of the features (aXT ) is linked to the mean
value of the assumed distribution using the link function g, depending on the
type of outcome. We denote EY defined by the probability distribution from
the exponential family [McCullagh, 2019] such that,

g(EY (y|x)) = a0 + a1x1...+ adxd. (2.7)

The assumed distribution together with the link function, determines how
the estimated feature weights are interpreted. The interpretability decreases
when the feature dimensions are too large, which may be beyond the compre-
hension ability of humans [Wei et al., 2019].

2.2.2 Connection to own research

To create interpretable models, I made use of the methods mentioned in the
previous section in my research. In Paper II, we incorporated sparsity into
SPSM and applied it to tabular data to create short descriptions of pattern
specialization that help construct a simple and expressive model. We enforced
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sparsity to limit the number of differences between submodels. If the number
of nonzero coefficients is sufficiently small, a practitioner can interpret the
variables corresponding to those coefficients to be meaningfully related to the
outcome, and can also interpret the magnitude and direction of the coefficients.

In Paper III, we proposed an interpretable rule-based model MINTY which
is used when covariates are redundant and can be used as substitutes for each
other when one or more of them are missing at test time. Literal disjunctions
are used, and LASSO regularization leads to a sparse solution that naturally
allows for a trade-off between interpretability and predictive power.



Chapter 3

Summary of Included
Papers

3.1 Paper I: Predicting progression and cognit-
ive decline in amyloid-positive patients with
Alzheimer’s disease

In Paper I, we studied the problem of predicting disease progression and
cognitive decline of potential Alzheimer’s disease (AD) patients with established
amyloid-β (Aβ) pathology using ADNI.

In AD, Aβ peptides aggregate in the brain and form amyloid concentrations
in the cerebrospinal fluid, which is an important pathological characteristic of
the disease. Although, amyloid concentrations in CSF may also be observed
in cognitively unimpaired elderly participants. In this work, we thus aim to
explain the variance in disease progression in patients with Aβ pathology.

From ADNI, we selected a cohort of n=2293 participants, of whom n=749
were Aβ positive to study heterogeneity in disease progression for patients
with Aβ pathology. Clinical variables including demographics, genetic markers,
and neuropsychological data were used in the analysis. We trained statistical
and supervised ML models to predict cognitive decline within two and four
years from baseline, and a model for predicting worsened diagnosis status after
two years. To compensate for cohorts that were too small and unbalanced, we
designed our experiments to use weighted groups. The use of non-Aβ-positive
subjects in the derivation of progression prediction models decreases variance
by increasing the sample size of cohorts with a small number of individuals.

When predicting the change in cognitive test scores in Aβ-positive subjects
during the 2-year follow-up period, we achieved an R2 value of 0.388, whereas
the best model for predicting negative changes in diagnosis produced a weighted
F1 value of 0.791. Conforming to expectations, Aβ-positive subjects declined
faster on average than those without Aβ pathology, but the specific CSF Aβ

15
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was not predictive of progression rate. The best model achieved an R2 score of
0.325, when predicting cognitive score change four years after baseline and it
was found that fitting models to the extended cohort improved performance.
We identified that in order to achieve the most accurate predictions, the models
combine clinial variables measured at baseline. In this regard, the results of
the cognitive tests at baseline proved to be the strongest predictors, explaining
most of the variance in all models.

We also realized that the data suffered from a significant amount of miss-
ingness in the covariates but also the outcome variable. The missingness in
the outcome variable is partly explained by subjects leaving the study before
follow-up. The reason for subjects who ended their participation in the study is
not known but may be connected to disease development [Larson et al., 2004].
This phenomenon can bias the trend of the Aβ positive subjects decreasing
their MMSE score (Figure 3.1). As a result, if more people with lower cognitive
function were included, the slope of the graph would be slightly steeper, result-
ing in an even lower average MMSE score. To compensate for the missingness
we imputed missing values in the data set during pre-processing using zero and
mean imputation.
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Figure 3.1: Graph showing the MMSE score development for CN, MCI and
AD subjects split by Aβ-status. The shaded areas represent 95% confidence
intervals for the mean values. The number of subjects decreases over time,
hence the growing uncertainty bands.

In summary, we first found that most predictive covariates are highly cor-
related, mainly due to the fact that cognitive tests capture similar information.
Second, we concluded that a high missingness rate affects the prediction when
using imputation. This led to further investigations in methods that do not
require imputation and utilities the redundancy in predictive features, which
build the motivation for Paper III.
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3.2 Paper II: Sharing pattern submodels for
prediction with missing values

In the presence of missingness patterns at the time of deployment and small
sample sizes per pattern, we proposed an approach called Sharing Pattern
Submodels (SPSM). SPSM produces accurate predictions based on incomplete
input data and has a short description that allows for better interpretability
by domain experts.

In this work, we focused on settings where inputs are partially missing
both during training and at the time of prediction [Little and Rubin, 1986].
If missing values are not handled appropriately, they can result in increased
bias or in models that are inapplicable in deployment without imputing the
values of unobserved variables [Le Morvan et al., 2020; Liu, Zachariah and
Stoica, 2020]. To avoid the limitations of imputation, it can be beneficial to let
models make predictions based on both the partially observed covariates and
on missingness indicators [Groenwold, 2020; Jones, 1996].

In Figure 3.2, we show an example of observing patients from three different
clinics, each systematically taking slightly different measurements [Stempfle
and Johansson, 2022]. 24
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Figure 3.2: Coefficient sharing between a main model θ and pattern submodels
for three clinics with different patterns in missing values. Without specialization,
∆m, an average prediction shared by clinics with different patterns may not
lead to an optimal solution for any of them. Conversely, fitting separate models
for each clinic does not use all of the available data efficiently and leads to high
variance.

For this setting, Pattern submodels have been proposed, fitting a separate
model to samples from each pattern [Marshall et al., 2002; Mercaldo and
Blume, 2020]. This solution does not rely on imputation and can improve
interpretability compared to black-box methods. Although, it might led to
high variance, especially when the number of unique patterns is large and the
number of samples for a individual pattern is small. Notably, pattern submodels
do not account for the fact that the prediction task is shared between each
pattern. However, in situations such as in Figure 3.2, using one shared model
for all clinics may also be suboptimal if clinics take different measurements, or
treat patients differently (high bias).
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In this work, we proposed SPSM, in which submodels for different missingness
patterns share coefficients across patterns, while allowing limited specialization.
Sharing is accomplished by regularizing submodels towards a main model and
solving the resulting coupled optimization problem in 3.2. Moreover, sharing
coefficients encourages efficient use of information across submodels leading to
a beneficial tradeoff between predictive power and variance in the case where
similar submodels are desired.

Fitting SPSM Let θ ∈ Rd represent the main model coefficients used in
prediction under all missingness patterns and defined as subset of coefficients
corresponding to variables observed under m. To emphasize, θ¬m depends only
on m in selecting a subset of θ—the coefficients are shared across patterns.
Similarly, define ∆¬m ∈ Rdm to be pattern-specific specialization of these
coefficients to m. In contrast to θ¬m, the values of ∆¬m are unique to each
pattern m. Note, a model fm depends only on the observed components of X.
In regression tasks, we learn sharing pattern submodels on the form

fm(x) := (θ¬m +∆¬m)⊤x¬m, ∀ m ∈ M (3.1)

by solving the problem,

minimize
θ,{∆¬m}

1

n

n∑

i=1

(
(θ¬m(i) +∆¬m(i))⊤x

(i)

¬m(i) − y(i)
)2

+
γ

n
∥θ∥+

∑

m∈M

λm

nm
∥∆¬m∥1 , (3.2)

nm is the number of samples of pattern m and λm ≥ 0 and γ ≥ 0 are
regularization parameters. The learning problem is taken from our paper
in [Stempfle and Johansson, 2022]. While we show a regression task in 3.2,
SPSM can also be learned for classification tasks by replacing the square loss
with the logistic loss. The penalty for ∥θ∥, can either be the ℓ1 or ℓ2 norm to
tradeoff bias and variance in the main model. A high value for λm regularizes
the specialization of model coefficients to missingness pattern m in a way that
high λm encourages smaller ∥∆m∥1 which leads to greater coefficient sharing.
Our ∆ is regularized by a ℓ1-norm since we aim for a sparse solution with a
small number of non-zero specialization coefficients.

We evaluated the SPSM model1 on simulated and real-world data. Exper-
imental results show that SPSM performs comparably or slightly better than
baselines across all data sets without relying on imputation (Figure 3.3). The
results demonstrate that the proposed method never performs worse than non-
sharing pattern submodels as these do not make efficient use of the available
data. Our theoretical analysis shows that, in the linear-Gaussian setting, our
method also recovers the sparsity of the true process. In the large-sample limit,
this may not be beneficial for variance reduction, but sparsity contributes to
interpretability.

1Code to reproduce experiments is available at
https://github.com/Healthy-AI/spsm.
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Figure 3.3: Performance on simulated data Setting A (higher is better). Error
bars show standard deviation over 5 random data splits. The full data set has
n = 2000 samples.

Table 3.1: Example of ∆4 for regression using SPSM using ADNI. SPSM takes
γ = 10 and λ = 13 as parameters for a single seed. There are 10 missingness
patterns in total, while 4 of them have non-zero coefficients for ∆ and pattern-
specific intercept. Coefficients are for standardized variables.

Missing features in pattern 4: ABETA, TAU, and PTAU at baseline (bl)

Feature ∆4 θ θ +∆4

Age -0.140 0.121 -0.019
FDG-PET -0.090 -0.039 -0.129
Whole Brain (bl) 0.000 -0.045 -0.044
Fusiform 0.016 0.021 0.037
ICV 0.001 0.093 0.094

Intercept -0.10 0.18

Why is SPSM Interpretable? We improve interpretablity in SPSM by allowing
domain experts to compare pattern specializations and reason about how similar
submodels are, and how they are affected by missing values (Table 3.1). We
claim that a set of submodels is easier to interpret if specializations contain fewer
non-zero coefficients, ∆¬m is sparse. We achieved that by adding regularization
in SPSM which leads to a sparse model that only comprises a subset of the
input features affecting predictions, and reducing the effective complexity of
the model [Cowan, 2010; Miller, 1956].

Note, SPSM is limited to learning linear models, but it is not limited to
learning from linear systems. For future work, we aim to identify other models
in interpretable ML that could benefit from this type of sharing.
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3.3 Paper III: Learning replacement variables
in interpretable rule-based models

In Paper III, we further explored the model class of interpretable ML models
when predicting with test-time missingness. For this purpose, we made use of
rule-based models, which are among the most interpretable models, due to their
use of natural language and simple representation. However, with incomplete
input data during testing time, the predictions of standard rule models are
undefined or ambiguous.

In this work, we learned accurate rule-based models with missing values at
both training and testing times, based on the notion of replacement variables.
We defined replacement variables in settings where there is redundancy in the
covariates, meaning two features have similar associations with the outcome,
but they do not both need to be observed to predict accurately. Rather, the
redundant variables A and B could be used as replacements to each other when
one of the two variables is missing: “If A is not available, use B”, or “If B is
not available, use A”.

Below we show a case of rules that demonstrates how replacement variables
can be utilized in the context of linear rule models with binary variables. We
focused on situations, where if at least one variable in each rule is observed
and active, the prediction is the same independent of whether other covariates
are missing from the rule.

prediction = Coefficient1(Variable1 OR Variable2)

+ Coefficient2(Variable3 OR Variable4)

+ Coefficient3(Variable5)

Imputation or missingness indicators are not required, when using replacement
variables when making predictions.

We proposed a method called MINTY which learns replacement variables in
the form of disjunctions when one or more is missing. This results in a sparse
linear rule-based model that naturally allows a trade-off between interpretability
and predictive performance, while being sensitive to missing values at test time.

In preliminary experiments, we compared MINTY with baselines in predictive
performance and interpretability. In future work, we will further develop
the methodology by exploring the models’ limits. This includes the model’s
behavior when no substitute is found for rare but highly predictive covariates,
or the model is very uncertain in its prediction. One alternative way to
determine replacement variables is to incorporate concept associations by
domain knowledge into the constraints [Lage and Doshi-Velez, 2020]. We will
also investigate to what extent the model performance can be improved by some
kind of imputation without affecting the degree of interpretability. Moreover,
we will conduct more experiments with simulated and real-world data sets to
generalize our results more.



Chapter 4

Concluding Remarks and
Future Directions

In this thesis, we studied methods that enable prediction with missing val-
ues at test time. In the context of healthcare, values can be missing at test
time for several reasons such as incomplete data entry, and tool unavailabil-
ity [Groenwold, 2020; Madden et al., 2016]. To provide clinical relevance and
support medical staff in their decision-making, the proposed methods need to
be interpretable [Doshi-Velez and Kim, 2017; Rudin, 2019].

In Paper I (Section 3.1), we used traditional machine learning methods to
predict the disease progression of AD in amyloid-β subjects using real-world
data from ADNI. We identified that the data suffers from high missingness and
predictions might be affected by imputation of missing values. We also found
that a fraction of the variance can be explained by only cognitive test scores
which are among the most predictive features but not always all of them are
measured at test time. The cognitive test scores contain similar information
and are therefore somewhat redundant to each other.

In Paper II (Section 3.2), we focused on missingness occurring in patterns,
where we learned prediction models from data with pattern missingness with
different sets of incomplete predictors at test time. We targeted the case
where small, interpretable models are desired, but sample sizes per missingness
pattern are small. Therefore, in Paper II we proposed SPSM as a method that
utilizes coefficient sharing over patterns. SPSM does not rely on imputation and
provides a small description of shared coefficients introduced by regularizing
the sharing parameter λ to achieve a sparse solution. The model representation
allows domain experts to reason about how similar submodels are, and how
they are affected by missing values.

Next, we looked at situations where missingness does not occur in patterns,
but we still aim to provide an interpretable model. Based on the findings in
Paper I, where we learned that some main predictors are strongly correlated
but not always available for all subjects at test time, we hypothesize that there
is a way to exploit this property. In Paper III (Section 3.3), we proposed the
method MINTY which learns replacement variables in disjunctive combinations

21
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within rules.
There are some limitations in this work that call for future work. We limit

SPSM to learn linear models, although in theory it is not limited to learning from
linear systems. In future work, we plan to investigate other classes of models
developed with interpretability that take advantage from sharing information.

So far, in Paper III we have shown how MINTY can be learned, but to
generalize the results more experiments including several other baselines and
data sets are needed. In addition, the methodology MINTY itself can be further
developed which I discuss in more detail in the next section.

Second, although we strive for interpretability in the models we have
developed and have conducted initial assessments, user-studies can help to
evaluate our models in order to make more general statements about their
usefulness in an applied context.

4.1 Future Directions

The methodology in MINTY can be extended by integrating various ways of
determining replacement variables. For instance, a replacement can be found if
variables are based on similar measurements or come from a pre-defined concept.
An example of a concept in our situation is cognitive risk scores, including
different questionnaires and test procedure to evaluate similar cognitive abilities.
To this end, one idea is to involve humans in an interactive approach to define
the concepts and then use the concepts to make final predictions [Koh et al.,
2020; Lage and Doshi-Velez, 2020]. A potential model improvement in MINTY

tackles the situations where there is uncertainty in the prediction. An existing
solution is to learn predictors that choose to defer the decision to a downstream
expert [Mozannar and Sontag, 2020]. More investigation is needed on how
learning to defer is useful in the presence of missing values at test time.

Another research direction is the evaluation of interpretable ML models
when predicting with missing values. The evaluation of interpretable ML models
can be extended beyond traditional prediction metrics, such as accuracy or area
under the curve (AUC) to quantitatively and qualitatively decide whether the
model helps stakeholders achieve their downstream tasks [Futoma et al., 2020;
Lipton, 2018]. Evaluation frameworks including application-grounded, human-
grounded, and functionally grounded perspectives have been proposed [Doshi-
Velez and Kim, 2017]. One approach to include end users in the model
development and evaluation process is called human-in-the-loop [Monarch,
2021]. In an upcoming project, we will perform a human-in-the-loop evaluation
on MINTY within an international collaboration with domain experts from the
TraumaBase Group1. Traumabase Group is a database originated in France
which collects data from Trauma patients. We hypothesize that, especially
for the replacement variables, clinicians have a mental model that they use in
clinical practice. We plan to investigate how users interpret different classes of
machine learning models with missing values at test time and identify their
model representation preferences.

1https://www.traumabase.eu/en US
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Abstract

Background: In Alzheimer’s disease, amyloid-β (Aβ) peptides aggregate in the brain forming CSF amyloid
levels, which are a key pathological hallmark of the disease. However, CSF amyloid levels may also be present
in cognitively unimpaired elderly individuals. Therefore, it is of great value to explain the variance in disease
progression among patients with Aβ pathology.

Methods: A cohort of n=2293 participants, of whom n=749 were Aβ positive, was selected from the
Alzheimer’s Disease Neuroimaging Initiative (ADNI) database to study heterogeneity in disease progression for
individuals with Aβ pathology. The analysis used baseline clinical variables including demographics, genetic
markers and neuropsychological data to predict how the cognitive ability and AD diagnosis of subjects
progressed using statistical models and machine learning. Due to the relatively low prevalence of Aβ pathology,
models fit only to Aβ-positive subjects were compared to models fit to an extended cohort including subjects
without established Aβ pathology, adjusting for covariate differences between the cohorts.

Results: Aβ pathology status was determined based on the Aβ42/Aβ40 ratio. The best predictive model of
change in cognitive test scores for Aβ-positive subjects at the two-year follow-up achieved an R2 score of 0.388
while the best model predicting adverse changes in diagnosis achieved a weighted F1 score of 0.791.
Aβ-positive subjects declined faster on average than those without Aβ pathology, but the specific level of CSF
Aβ was not predictive of progression rate. When predicting cognitive score change four years after baseline, the
best model achieved an R2 score of 0.325 and it was found that fitting models to the extended cohort
improved performance. Moreover, using all clinical variables outperformed the best model based only on a suite
of cognitive test scores which achieved an R2 score of 0.228.

Conclusion: Our analysis shows that CSF levels of Aβ are not strong predictors of the rate of cognitive decline
in Aβ-positive subjects when adjusting for other variables. Baseline assessments of cognitive function accounts
for the majority of variance explained in the prediction of two-year decline but is insufficient for achieving
optimal results in longer-term predictions. Predicting changes both in cognitive test scores and in diagnosis
provides multiple perspectives of the progression of potential AD subjects.

Keywords: Alzheimer’s disease; Amyloid-beta; Progression; Prediction; Machine learning

Background
About 50 million people worldwide suffer from some
form of dementia and 60–80% of all cases have
Alzheimer’s disease (AD) [1]. Patients who already
suffer from mild cognitive impairment (MCI) are at
higher risk of developing AD [2, 3]. Studies have shown
that the conversion rate from MCI to AD is between
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10% to 15% per year with 80% of these MCI patients
progressing to AD after approximately six years of
follow-up [4, 5]. Identifying those who are at greatest
risk of progression to AD is a central problem.

A key pathological hallmark, required for an AD
diagnosis, is the accumulation of Aβ peptides into
plaques, located extracellularly, and in intracellular
tangles, consisting of phosphorylated tau (p-tau) pro-
tein [6, 7]. The precipitation of Aβ in the brain appears
decades before the patient shows symptoms during the
so-called preclinical stage of AD [8, 9, 10]. Lower levels
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of the aggregation-prone peptide Aβ42 (or Aβ42/Aβ40
ratio) together with increased levels of p-tau and to-
tal-tau (t-tau) are a core cerebrospinal fluid (CSF) sig-
nature of AD [6]. However, despite strong evidence
for association between these biomarkers and AD, in-
dividuals with significantly lowered Aβ ratio do not
necessarily exhibit any cognitive impairment [11, 12].
Therefore, Aβ pathology alone is not sufficient as a
predictor of disease progression [13, 14].

Although AD predictors and pathological hallmarks
have been researched for many years, today there is
still no drug available that cures AD or drastically
changes its course. New drug candidates that have
potential disease-modifying effects [15] are currently
in development and recently, the FDA approved ad-
ucanumab for the treatment of patients with AD un-
der the Accelerated Approval process. The FDA con-
cluded that the benefits of Aduhelm for patients with
Alzheimer’s disease outweigh the risks of the therapy.

If a successful treatment is developed, it is of utmost
importance that a prognostic tool is available to iden-
tify the patients most likely to decline towards AD,
to implement preventive treatments and interventions.
This leaves the challenge of predicting how patients
with Aβ pathology will progress, explaining the varia-
tion in cognitive function of such subjects. As a result,
a recent focus area in applid statistical and computa-
tional research is predicting a change in diagnosis for
patients progressing from cognitively normal (CN) to
MCI and from MCI to AD [16, 17, 5, 18, 19].

Most predictive models of neurodegenerative dis-
eases are based on recent advances in machine learn-
ing models by obtaining data sets with measurements
of cognition and neuropathology from large cohorts
[20, 21, 16, 22]. In this context, classification meth-
ods such as random forest[13, 23, 24, 21], and logistic
regression (LR) [25, 26, 27, 21] have been used to pre-
dict whether individuals will decline or remain stable
in their diagnosis.

Classification approaches are dependent on the avail-
ability of clinical labels and do not focus on captur-
ing patient-specific disease trajectories. To overcome
this limitation, disease progression has also been stud-
ied with respect to continuous measures of the disease
severity [28, 29]. Previous works employed an elastic
net linear regression model [30, 31] to predict changes
in cognitive test scores to capture the patient’s cog-
nitive ability over time. The most common targets
when predicting cognitive decline are the Mini Mental
Status Test (MMSE) [32] and the Alzheimer’s Disease
Assessment Scale-Cognitive Subscale (ADAS-Cog) [33]
scores [34, 35, 36].

In prediction modelling, the question arises as to
which of the considered input variables are particu-

larly predictive. In addition to predictors of AD di-
agnosis, relationships between CSF biomarkers (CSF
p-tau/Aβ42 ratio and several other biomarkers) and
prediction of cognitive decline have been explored [37,
38, 26, 39]. However, even though Aβ-positivity has
been identified as a strong predictor of disease status,
little is known about what determines the disease pro-
gression of Aβ-positive subjects [27, 40].

This study aims to predict the future severity of de-
mentia for subjects with established presence of low
Aβ levels in CSF. We propose and demonstrate sev-
eral predictive models of disease progression for three
different cohorts , studying two primary aspects of pro-
gression: cognitive decline and change in diagnosis. For
the former, we predict the change in the MMSE cog-
nitive test score both two and four years after baseline
(the first visit of each patient). For the latter, we use a
classification approach to predict whether subjects will
have a worse diagnosis two years after baseline. Both
tasks are addressed using linear and non-linear pre-
diction models, the parameters of which were selected
using ML methodology.

A predictive approach could be used to assist health-
care professionals in evaluating and prioritizing pa-
tients for treatment. Given that our model builds on
only a small set of biomarkers and demographic data,
available for most patients, the methodology is widely
applicable.

Methods
Subjects and ADNI

The data used in this study were obtained from the
publicly available Alzheimer’s Disease Neuroimaging
Initiative (ADNI) database (http://adni.loni.usc.
edu). ADNI collects clinical data, neuroimaging data,
genetic data, biological markers, and clinical and neu-
ropsychological assessments from participants at dif-
ferent sites in the USA and Canada to study MCI and
AD. Since its inception in 2003, several releases have
been made; the cohorts used in this work were assem-
bled from ADNI 1,2,3 and GO.

The compiled data set used in this project includes
2293 subjects that were further filtered by eligibility
criteria, such as availability of diagnostic labels and
on Aβ ratios. Among the 2293 subjects, there were 749
Aβ-positive positive subjects. The exclusion flowchart
(see Figure 2) describes how many subjects are as-
signed to perform a prediction task for the all-subjects
and Aβ-positive cohorts. For baseline statistics of the
processed Aβ cohort, see Table 1. Tables 6 and 7 in
the supplementary material show the characteristics
of All Subjects and Aβ-positive subjects for the three
prediction tasks.
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Determination of amyloid-positive status
The presence of Aβ plaques can be detected at a pre-
clinical stage years before the patient shows any symp-
toms [9, 10]. While Aβ plaques (and tau-levels) may
not be the root cause of disease development [41],
their abnormal deposits in the brain uniquely define
AD [6, 7]. However, even among subjects with Aβ
pathology, there is significant variability in symptoms,
such as cognitive function. For this reason, our work
is focused on predicting progression for subjects with
lowered CSF levels of Aβ indicating plaque formations
in the brain. Subjects were evaluated for Aβ pathol-
ogy based on their Aβ42/Aβ40 ratio (hereinafter sim-
ply Aβ ratio) as measured in CSF at baseline. The full
cohort was split into three groups: those who had a
baseline Aβ ratio lower than 0.13 (Aβ-positive), those
who had a higher ratio (Aβ-negative), and those with
unknown status. The threshold used in this work is
slightly higher than in some other works. For exam-
ple, a threshold of 0.0975 proposed in [42] for the di-
agnosis of AD. However, as diagnosing AD was not
our primary concern, we let the distribution of ratios
themselves decide the threshold, see Figure 1, rather
than tying it to a particular prediction target.

Progression outcomes
We studied the progression of Aβ-positive subjects
with respect to two principal outcomes: change in cog-
nitive function relative to baseline and change in clin-
ical dementia diagnosis.

Cognitive function was assessed using the widely
adopted MMSE scale [32]. The MMSE score is com-
monly used as a target variable in clinical trials
analysing the treatment effects of drugs aimed at en-
hancing cognition for AD patients and in ML for pre-
dicting change in patient’s cognitive ability [43, 44].
The MMSE comprises a series of 20 individual tests
covering 11 domains for a total of 30 items. The test
covers the person’s orientation to time and place, recall
ability, short-term memory, and arithmetic ability.The
MMSE score takes values on a scale from 0 to 30 where
a lower score represents worse cognitive function [45].
The specific targets of prediction were the changes in
MMSE score measured at follow-up visits two years
after baseline and four years, relative to baseline.

Changes in dementia diagnoses were determined by
comparing the disease status (CN/MCI/AD) recorded
in ADNI at follow-up visits to the status at baseline.
For the corresponding prediction task, a binary vari-
able was created, indicating whether or not a subject’s
diagnosis had worsened in two years. Due to the low
number of available subjects after four years, changes
were evaluated only two years after baseline. The mod-
els were used to predict whether Aβ-positive subjects

would transfer from the CN group at baseline to either
MCI or AD, or convert from MCI at baseline to AD
at a follow-up visit after two years.

Potential predictors
The covariates available at baseline (enrolment in
ADNI) contain analyzed biofluid samples from CSF,
plasma and serum including different biochemical-
markers such as proteins, hormones and lipids. Ad-
ditionally, features extracted from brain imaging
biomarkers, such as positron emission tomography
(PET) scan and MRI were included. Demographic
data such as age and gender were also considered.

The CSF samples include measurements of both
Aβ42 and Aβ40, which are Aβ peptides ending at posi-
tions 42 and 40 respectively. Their ratio in CSF mea-
surements has been proposed to better reflect brain
amyloid production than their individual measures
[46, 47]. Therefore, the ratio Aβ ratio in CSF is calcu-
lated and added as a new feature for all subjects with
both measurements available.

Predictive models were built on two different sets
of features. The first set of features (all features) was
preselected following [48] and expanded to include key
features from the ADNI TadPole competition [49] in
addition to a few features that were available for over
90% of the ADNI cohort. This resulted in a set of 37
features including biomarkers tau, ptau and Aβ42 in
CSF, the PET measures of AV45 and FDG, seven dif-
ferent size measurements of brain regions and 15 dif-
ferent cognitive tests. Moreover, the FDG-PET data
has been measured by a research group of UC Berke-
ley. The MPRAGEs (Magnetization Prepared Rapid
Acquisition Gradient Echo) for each subject is seg-
mented and parcellated with Freesurfer (version 5.3.0)
to define a variety of regions of interest in each sub-
ject’s native space. The second feature set (cognitive
tests only) consists only of the 15 cognitive tests also
present in the all feature set. A full list and descrip-
tions of the features are given in Table 1 and Table 2
in the supplementary material. When building models
for predicting the change in MMSE score, the MMSE
measures at baseline were not included in the predic-
tions since the target output itself was calculated from
the change in its baseline value.

Statistical analyses
We used machine learning (ML) methods to train
predictive models of cognitive decline within two
(task A1) and four years (task A2) from baseline,
as well as a model for predicting worsened diagno-
sis status (task B) after two years. The full procedure,
described further below, involved cohort sample split-
ting and weighting, model selection and fitting, and
evaluation.



Dansson et al. Page 4 of 14

Derivation & evaluation cohorts
Due to the small number of Aβ-positive subjects avail-
able for each task (500/230/398 for tasks A1/A2/B,
respectively), see the exclusion flowchart in Figure 2),
we compared training predictive models from only Aβ-
positive subjects to two ways of training using All Sub-
jects, irrespective of Aβ status. All models were eval-
uated only on Aβ-positive subjects, as they are the
primary target of this work.

The first derivation setting (Aβ Only) used only Aβ-
positive subjects for model derivation. This ensures
that model parameters are unbiased with respect to
the Aβ-positive cohort but may suffer from high vari-
ance due to a small sample size. The second setting
(All Subjects) combined Aβ-positive and Aβ-negative
subjects and those without Aβ measurements into one
derivation set. Consequently, the derivation sample
size has been increased substantially, at the cost of
introducing bias into the sample, while the evaluation
cohort remains the same.

In the third setting (All Subjects, Weighted), we ap-
plied sample weighting to the All Subjects cohort to
mimic a larger sample of Aβ-positive subjects. Each
subject i was assigned a weight wi > 0 based on the
probability that their individual Aβ-ratio ri would be
observed for an average hypothetical Aβ-positive sub-
ject, as estimated using a two-component Gaussian
mixture model (GMM) [50] fit to observed ratios.

We let the latent state C ∈ {0, 1} of a GMM, fit to
the Aβ-ratios of the All Subjects cohort, represent Aβ-
positivity. The weight wi was computed as

wi = p̂(R = ri | C = 1)/p̂(R = ri) .

This is the ratio of the estimated probability to ob-
serve the Aβ-ratio ri for an average Aβ-positive sub-
ject and the overall probability of observing that ratio.
This procedure is described further in the supplemen-
tary material. The weighting scheme assigns a higher
weight to subjects with Aβ-ratio more like that of Aβ-
positive subjects and lower to those with higher or
unobserved ratios. The weight was clamped between
0.2 and 1.0 so that subjects with unmeasured or very
high ratios were given small but non-negligible influ-
ence and so that decidedly Aβ-positive subjects would
be given the weight 1.0. Each prediction model was
then fit to the weighted full sample but evaluated only
on held-out (unweighted) Aβ-positive subjects.

Prediction models & learning objectives
First, we predicted the change in MMSE score relative
to baseline at the two-year follow-up (task A1) and
four-year follow-up (task A2) visits using two separate
regressions. Second, prediction of change in diagno-
sis after two years (task B) was treated as a binary

classification problem (worse diagnosis/not worse di-
agnosis). For each task, we considered both linear and
non-linear estimators.

The first model type used for the MMSE prediction
was ordinary least squares linear regression. Similarly,
for the classification task, a logistic regression model
was used. The second model type used both for regres-
sion and classification was tree-based gradient boost-
ing [51]. Gradient boosting is an ensemble method
where many weak learners, in our case decision and
regression trees, are combined in an iterative fashion
to create a strong one. The trees are fit to the negative
gradient of the loss function (mean squared error and
logistic loss): iteratively, the remaining residual error
from the current tree model is the target of the next
model. The trained trees are then combined together
to form the final model. Our estimates were made us-
ing the scikit-learn [52] library.

Model selection & evaluation

In this work, we are primarily interested in evaluating
how well machine learning models perform for previ-
ously unseen subjects. To this end, sample splitting
was used to produce an unbiased estimate of the out-
of-sample performance of our models. We used k-fold
cross-validation to divide the Aβ-positive subjects into
training and test sets. Selection of hyperparameters for
the gradient boosting models then used a nested k-fold
cross-validation scheme, i.e. cross validation was fur-
ther performed only on the training samples to select
hyperparameters from a grid of possibilities to give a
good trade-off between bias and variance.

Cross-validation was used to divide the sample into
k outer folds of approximately the same size, k − 1 of
which were used for model derivation and 1 for vali-
dation. The out-of-sample performance was measured
by the average across each combination of k deriva-
tion and validation folds. In this work, 5-fold cross-
validation (k = 5) was used, training the model on
80% of the data and testing it on the other 20%. This
was repeated so that each subset is used exactly once
as a validation set and therefore giving a better indi-
cation of how well the model performs on unseen data.
The overall performance can then be estimated by av-
eraging over the k folds [53].

Hyperparameter search was performed within each
of the k folds; each derivation set was further split
again into k inner folds, k − 1 of which were used to
select a set of model hyperparameters and 1 fold used
to validate these. Once the best set was identified, ac-
cording to the average of the inner held-out folds, the
model was retrained on the entire outer derivation fold
and tested on the held-out data.
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To get a robust and consistent evaluation this proce-
dure was repeated 10 times for different five-fold cross-
validation splits and the average test score given as the
final performance i.e., 50 held out test score measures
from models with (possibly) different hyperparameters
are behind the average score and standard deviation
reported. As such, it is indicative of the average quality
we can expect from a model trained on a new similarly-
sized sample and evaluated on a held-out similarly
sized sample.

The classification models were evaluated using the
weighted F1 score while the regression models used
the coefficient of determination—the R2 score—as a
criterion. The F1 score contained the weighted aver-
age of precision and recall. Consequently, this score
took both false positives and false negatives into ac-
count. The F1 was chosen since it is usually more useful
than accuracy, especially if the data show an uneven
class distribution [54]. The R2 measures how well the
independent variables are capable of explaining the
variance of the dependent variable and is defined by
R2 = 1− Sres/Stot where Sres =

∑n
i=1(yi − ŷi) is the

residual sum of squares and Stot =
∑n
i=1(yi − y) is

the total sum of squares. An R2 value of 0 indicates
that performance is as good as predicting the mean of
the variable; higher values are better. This definition
of R2 takes values in [−∞, 1] where negative values
represent predictions worse than the mean [55].

Results
We first report the results of the data preprocessing
steps, present cohort statistics and describe the impu-
tation approach of variables in the ADNI data set. Sec-
ond, we present the average rates of cognitive decline
over time for the CN, MCI and AD groups, includ-
ing both Aβ-positive and Aβ-negative subjects. We
then inspect the results for models predicting change
in MMSE relative to baseline (A1, A2) and change in
diagnosis (B). Finally, we study the relationship be-
tween predictions in tasks A1 and B with respect to
the 2-year follow-ups.

Preprocessing
Preprocessing of the data started with zero-mean nor-
malization of continuous variables and one-hot encod-
ing (dichotomization) of categorical variables to re-
duce variation in the variables’ scales. A simple im-
putation scheme was used to address missingness in
the covariate set. For continuous features, missing val-
ues were imputed using mean-imputation while cate-
gorical, one-hot encoded features were zero-imputed.
These preprocessing steps are performed to maximize
the size of the available data and have all features on
a similar scale. Since the available cohort for each task

was fairly small, and our focus was on held-out predic-
tion risk, which can be estimated in an unbiased way
irrespective of the imputation method, model-based
imputation was not used. Subjects with missing out-
comes were excluded from each corresponding predic-
tion task.

As our main focus is to study the progression of
subjects with Aβ pathology, we identified an Aβ-pos-
itive cohort by examining the recorded ratio of Aβ40
and Aβ42 at baseline. To avoid introducing bias in the
analysis, the ratio was not imputed. For 1279 subjects
measurements of both Aβ40 and Aβ42 were available
which resulted in an Aβ-positive cohort of n = 749
subjects (see Figure 2). It should be noted that, over
time, some participants left the study. Consequently,
different numbers of subjects were available at follow-
ups two and four years after baseline. The number of
Aβ-positive subjects with an MMSE test score avail-
able two years after baseline was 500 and 230 after
four years. A total of 398 subjects remained for the
diagnosis change prediction task.

The subgroup of Aβ-positive subjects had a mean
age of 73.7 years (std. of 7.2) over all the diagnosis
groups. The gender distribution over all groups was
55.4% male and 44.6% female. The MMSE score was
available for All Subjects at baseline: the CN group
had a mean value of 29.0 (1.2), the MCI subgroup a
mean of 27.4 (1.9) and AD subjects 23.3 (2.0). An-
other important feature was the tau variable, where
measurements were available nearly for all (99%) of
the Aβ-positive subjects. Additionally, the main ge-
netic risk factor for AD, the APOE4 gene, of which a
person can have zero, one or two copies, was included
for almost all of the Aβ-positive cohort (only 39 were
missing) [56].

FDG, measured by positron emission tomography
and shown to be a strong marker for AD [47], was
absent in 20.9% of the cohort. The statistics of key fea-
tures used in the three prediction tasks are presented
in Table 1 for the subgroup of Aβ-positive subjects
and in Table 6 in the supplementary file for the cohort
of All Subjects.

Average rates of cognitive decline
For each visit at t = 1/2, 1, 2 and 4 years after baseline,
the average MMSE score was calculated for observa-
tions of different groups divided based on baseline di-
agnosis (CN, MCI, AD) and Aβ-cohorts (Aβ-positives
and Aβ-negatives). The results are shown in Figure 3.
While we observe a noticeable difference in the rate
of cognitive decline between the Aβ-positive and neg-
ative groups for the MCI subjects, the two CN groups
differ only slightly in their trajectories. For the group
of AD-positive participants the mean MMSE score in-
creases again after two years. However, it is likely that
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this change is due to the dropout of a significant num-
ber of study participants around this time, resulting in
a cohort with different characteristics than at baseline.

The average MMSE score for the Aβ-positive MCI
group was 23.79 four years after the baseline visit,
while it was initially 27.40—a decrease on average by
3.61. In contrast, the average score of the MCI Aβ-
negative group started at 28.27 and averaging 28.20
score points after four years, showing an average de-
crease of only 0.07. The analysis shows for the CN Aβ-
positive and negative groups a decrease in the average
score of 0.70 and an increase of 0.08 respectively.

As expected, Aβ-positivity was strongly correlated
with faster progression. Although there were remark-
able differences in the average deterioration of the
MMSE score between the Aβ groups, it should be
noted that there was a significant number of missing
observations for each group and time point after the
baseline visit, due to subjects not undergoing a cer-
tain inspection or dropping out of the study. For ref-
erence, there were fewer Aβ-positive subjects involved
in the study in total (n = 230) after four years than at
the beginning of the study (n = 749) (Figure 2). The
number of participants in the CN Aβ-positive (and
negative) groups decreased from 115 and (237) at the
beginning of the study to 69 and (143) after four years,
respectively, while the number of subjects in the MCI
Aβ-positive (and negative) groups started at 356 and
(226), and declined to 168 and (149) after four years.
The AD group has a massive drop from 179 at baseline
to only 10 subjects after four years.

Task A: Predicting change in MMSE score
In Table 2, we report the performance of the lin-
ear regression and the gradient boosting models that
predict the change in MMSE scores after two and
four years, respectively, as measured using the aver-
age cross-validated R2 score and standard deviation.
The standard deviation was computed across the held-
out validation sets corresponding to different cross-
validation folds. We compare models fit using only cog-
nitive test scores measured at baseline as predictors,
to models fit using a preselected feature set described
previously.

The best two-year MMSE prediction model achieved
an R2 of 0.388 (std. 0.073) using all features and
a linear regression model utilizing All Subjects but
weighted during training. This model scored marginally
higher than restricting the training data to only Aβ
subjects with a R2 of 0.372 (std. 0.081). The gradi-
ent boosting models performed worse across the three
cohort selections compared with their linear regres-
sion counterparts. These results do not indicate any
immediate benefit from using nonlinear estimators to

model cognitive score change in this sample. The best
prediction for the two-year follow-up using only cogni-
tive tests resulted in an R2 of 0.350 (std. 0.079) which
is only slightly lower than the best model using all
features.

The best cross-validated R2 score for predicting
change in MMSE after four years was 0.325 (std.
0.134), using all features and a linear regression model
using the equally weighted cohort in the training. Us-
ing only cognitive tests for this task gives a lower score
indicating that other biomarkers offer more than in the
two-year case. Using only the Aβ subjects for this task
results in quite poor predictions with high variability
compared to utilizing the weighted sample cohort or
the weighted equally cohort while training, indicating
that more data can significantly improve the training
of these models. Similarly to the two-year setting, the
gradient boosting models showed lower performance
than the linear models.

Across both tasks A1 and A2, linear models using
the larger feature selection and utilizing more subjects
than just the cohort containing only Aβ positive sub-
jects performed considerably better in predicting the
change of the MMSE score.

Figure 4 shows a calibration plot for held-out data
corresponding to a single fold from the cross-validation
from a linear regression model predicting MMSE
change after two years. Calibration was good for
smaller declines but worse for faster-declining subjects,
for which the predictions underestimated the change.
This trend was consistent across the two follow-up
lengths; there are a few subjects whose change in the
MMSE score is significantly larger than others and
therefore are more difficult to predict. These outliers
may potentially also have decreased the quality of pre-
dictions of other data points.

In Table 4 in the supplementary material, we
list the importance measures of features across the
two-year prediction models using all features. For
predicting change in the MMSE score, the most
important features were baseline cognitive scores,
with ADAS13, TRABSCORE, and ADAS11 being
the most predictive. The linear models addition-
ally selected the mPAACCtrailsB, LDELTOTAL and
ADASQ4 while other cognitive tests such as FAQ and
RAVLT immediate were chosen by the gradient boost-
ing models as part of the most predictive features.
This is expected since subjects with early disease sta-
tus (e.g., with high baseline MMSE score) tend to
change less rapidly than already progressing subjects
[57]. For this reason, we included also the results of
estimators predicting change in MMSE based only on
baseline cognitive scores in Table 2. However, we see
that across all models and tasks, the performance im-
proved slightly by using additional predictors.
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Several features were only identified as important by
one or two models across the cohorts. For instance, the
volume measurement of WholeBrain was selected by
two gradient boosting models including All Subjects
equally weighted and the Aβ only cohort. Moreover,
the FDG feature, obtained by PET and known to be
a strong marker for AD [47] is selected in the cohort
including only Aβ positives among the five most im-
portant features.

The estimated levels of Aβ measured through Aβ42
in CSF and AV45 PET scans showed low predictive
power in the context of other features across all cohorts
and models. For example, the Aβ42 measurements were
only included with a coefficient of 0.30 in the linear
regression model using All Subjects equally weighted
and −0.01 when training with only Aβ subjects and
the AV45 is rated even less predictive.

For the four-year predictions, the features that are
rated most important in the linear regression models
are a dementia diagnosis, TAU and PTAU proteins
in CSF followed by the mPACCtrailsB and ADASQ
cognitive tests. The gradient boosting models however
deem FDG along with the cognitive scores ADAS13,
FAQ and mPACCtrailsB to be of most importance for
making predictions. Comparing to the two-year pre-
dictions it is interesting to see the increased value in
using biomarkers other than cognitive tests. The four-
year predictions also indicate low predictability by Aβ
related features when predicting the rate of decline in
Aβ-positive individuals.

Task B: Predicting diagnosis change
In Table 3, we report the results of predicting a wors-
ened diagnosis at the two-year follow-up visit. Gradi-
ent boosting using all features and an equally weighted
cohort during training resulted in the best perfor-
mance, achieving a cross-validated weighted F1 score
of 0.791 with a standard deviation of 0.042. However,
the gradient boosting model with weighted subjects in
the cohort reaches only a slightly lower weighted F1

score of 0.782 with a standard deviation of 0.040. The
logistic regression models consistently perform worse
than the gradient boosting ones on the diagnosis pre-
diction for the two-years follow-up.

When using only the cognitive tests, the best per-
forming model also uses gradient boosting and a co-
hort including All Subjects weighted equally achieving
a weighted F1 score of 0.787 with a standard deviation
of 0.043. This is very close to the previous result us-
ing all features. Similarly, the other models using only
cognitive tests performed marginally worse than their
counterparts using all features. Similarly, the models
using only cognitive tests performed marginally worse
than their counterparts using all features. In summary,

additional features lead to only a slight improvement
in the performance for both logistic regression and gra-
dient boosting.

The most important features for the diagnosis mod-
els over all three training cohorts are LDELTOTAL
and mPACCtrailsB. This result demonstrates that the
two most important features in progression prediction
belong to the group of cognitive assessment. The logis-
tic regression models also selected as important: TAU,
PTau, two APOE4 genes and DX NUM 1.0 which
represents the MCI diagnosis at baseline. However,
the gradient boosting models identified several other
cognitive test scores as important features, for exam-
ple, FAQ, TRABSCOR, and ADAS13. Similarly, to
the prediction of the change of MMSE score, one can
conclude that the Aβ42 obtained by CSF as well as the
AV45 retrieved by PET are not among the most impor-
tant features for any of the diagnosis change models.

We can conclude that the logistic regression models
and the gradient boosting models rely on similar fea-
tures. There are bigger differences between important
features in logistic regression models than those using
gradient boosting.

Relating predicted cognitive decline & diagnosis change
In Figure 5, we plot the predictions made by models for
tasks A1 and B for the same set of baseline-MCI sub-
jects. Overall, we see a strong correlation between pre-
dicted cognitive decline (negative change in MMSE)
and predicted change from MCI to AD status. The
variance in predicted MMSE change is larger for AD-
transitioning subjects than for MCI-stable subjects.

Discussion
Formation of amyloid-beta plaques in the brain is a
hallmark of Alzheimer’s disease. Only recently, the
first drug which may mitigate or slow down the forma-
tion of these plaques was approved by the FDA[58, 59].
To best target future interventions of this kind, it is
of great interest to identify individuals who are most
likely to suffer rapid cognitive decline. Since presence
of Aβ plaques is required for an AD diagnosis and can
be detected early in CSF and plasma, successful pre-
diction of who among Aβ-positive subjects are likely
to deteriorate first could have significant clinical im-
plications.

Machine learning approaches, including classification
[23, 24] and regression [26, 28] methods, have been
used to predict progression of patients from CN to MCI
and from MCI to AD. The results show that subjects
who already have cognitively declined are most likely
to deteriorate more rapidly. However, although such
studies have shown that Aβ levels among others are
strong predictors of the transition from MCI to an AD
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diagnosis [13, 20, 27], prediction of progression specif-
ically for patients with established amyloid pathology
is so far unexplored.

In this work, we studied prediction of cognitive de-
cline in an Aβ-positive cohort using machine learning
methods. We applied multivariate statistical analyses
to explain the variation in changes in cognitive scores
and diagnoses, between subjects in the ADNI dataset,
as a function of commonly available clinical variables.
We found that the predictability of changes in cogni-
tive test scores was low, leaving a large portion of vari-
ance unexplained. Our results complement previous
works which show good discrimination of progressing
and non-progressing subjects [16, 21] in cohorts com-
prising both Aβ-positive and Aβ-negative subjects. In
particular, we show that discriminating between sub-
jects who are potential candidates for drugs designed
to reverse or slow down Aβ plaque formation presents
a harder prediction task.

Predictors of progression in Amyloid-positive subjects
Confirming previous results, we found that the ratio
of Aβ42 and Aβ40 CSF level is a good first-line pre-
dictor of decline in the MMSE score [43]. However,
when limiting the cohort to only the Aβ-positive sub-
jects, the predictive power of the levels of Aβ42 and
Aβ40 was substantially reduced. In other words, the
Aβ biomarkers served predominantly to produce a bi-
nary grouping of subjects.

The most important features for predicting disease
progression in all considered tasks were baseline cog-
nitive test scores. Although related work has not fo-
cused specifically on the Aβ-positive cohort, these re-
sults are consistent with previous results in selecting
cognitive tests such as the MMSE and ADAS13 tests
as important predictive features [44, 29]. Our analysis
demonstrated that cognitive test results indicate well
how the individual will progress and that those who
were already cognitively impaired would likely deteri-
orate more. Since most of the cognitive test scores are
highly correlated, several cognitive scores could per-
haps be combined and summarized in a joint variable
rather than using all of them separately. Apart from
cognitive scores, some of the CSF biomarkers, brain
scans and other biomarkers showed lower average im-
portance as predictors for progression when including
All Subjects. This can partially be explained due to
the higher missingness of these features when viewing
All Subjects.

Increasing training cohort
Increasing the number of subjects by adding those
that were not in the Aβ-positive cohort to the train-
ing set consistently increased the predictions for that

group. Therefore, it seems the Aβ-negative subjects
have fairly similar characteristics that determine their
cognitive decline. A weighting procedure allowing us
to include more subjects in the training gave a bet-
ter performance than using only the subjects we were
interested in predicting. The increased performance
from the addition of out-of-cohort samples also indi-
cates that more data would increase the quality of the
prediction tasks even further. In the case of predicting
MMSE change after four years using a small cohort
of only Aβ-positive subjects gave a drastically worse
performance.

MMSE as target variable
The MMSE score has been used frequently in dementia
research for grading the cognitive state of patients[60,
61]. For this reason, the change in MMSE score was
used in this work as a target variable and thus as a
proxy for a person’s cognitive change. The test bene-
fits from high practicability as the typical administra-
tion time is only 8 minutes for cognitively unimpaired
individuals and increases to 15 minutes for individu-
als with dementia. Internal consistency appears to be
moderate and test-retest reliability good [62].

The MMSE is neither the most accurate nor the
most efficient instrument for assessing cognitive im-
pairment, nor is it designed specifically for AD. De-
spite its frequent use, the MMSE lacks sensitivity in
patients with high levels of premorbid education and
suspected early impairment [63]. Especially for stud-
ies that screen cognitively normal populations for ev-
idence of cognitive impairment, the Montreal Cogni-
tive Assessment (MOCA) may be better able to detect
age-related cognitive decline in adults since it elimi-
nates the ceiling effects of MMSE [64]. The ADAS13
cognitive test which we used in the primitive studies,
could also function as a target variable. The ADAS13
test is also commonly used in clinical trials to thor-
oughly identify incremental improvements or deterio-
rations in cognitive performance. Although the ADAS
is genuinely accurate in distinguishing individuals with
normal cognition from those with impaired cognition,
some research studies indicate that the ADAS test may
not be difficult enough to consistently detect only mild
cognitive impairment [33, 65, 66]. Alternatively, for
future work, the outcome variable could be a combi-
nation of several cognitive tests, which outweighs the
individual characteristics of the cognitive test.

Clinical implications
Prediction of cognitive decline among Aβ-positive sub-
jects could have clinical implications in a scenario
where a disease-modifying drug becomes available on
the market. In this case, our approach could be used to
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assess how an Aβ-positive person, either unimpaired
or already in cognitive decline, might develop in the
near future. With a further developed predictive ap-
proach, physicians could be supported in the priori-
tization and evaluation of patients for treatment. In
particular, models with interpretability aspects may
encourage clinicians to use machine learning-based de-
cision-making methods in a clinical context. Further,
our approach benefits from relying only on a small
number of biomarkers and demographic data that are
widely available for many patients and therefore pro-
vides high practical relevance. In order to be able to
generalize results even better, more accessible patient
data will be needed in the future. For an efficient,
timely and practical approach to predicting disease
development in Alzheimer’s patients, the approach of
precision medicine could be important. With the goal
of improving the health of well-defined patient popu-
lations, precision medicine will affect all stakeholders
in the healthcare system at multiple levels, from the
individual perspective to the societal perspective[67].

Limitations
Our study should be viewed in light of the follow-

ing limitations. First, there was significant missingness
in the target outcome variables, MMSE and diagnosis
status, for all prediction tasks. Since these are the tar-
gets of prediction, they were not imputed and only
subjects with the available output variables were in-
cluded. Consequently, the cohorts for tasks A1, A2 and
B were all different and potentially biased subsets of
the initial cohort. For example, the cohort sizes for the
regression tasks differ based on whether the MMSE
test score variable was available after two years (A1,
n = 500) or after four years (A2, n = 230).

The missingness of outcome variables at follow-up
time is partly explained by subjects leaving the study
before follow-up. The reason for subjects to end their
participation in the study is not known but may be re-
lated to disease progression [68]. This phenomenon can
bias the trend of the Aβ positive subjects decreasing
their MMSE score (Figure 3). However, the dropout
rate of people was around 40% in both CN groups
and the MCI Aβ-negative one while there was more
dropout in the MCI Aβ-positive group where it was
55% and a staggering 94% for the AD group. Conse-
quently, if more people with lower cognitive function
would have been included, the average MMSE score
would be lower and therefore, the slope of the graph
would be slightly steeper and result in an even lower
average MMSE score.

As a consequence of the prohibitively small and im-
balanced cohorts, we performed a grouped analysis.

The use of non-Aβ-positive subjects in deriving pro-
gression prediction models reduces variance by increas-
ing the sample size of cohorts that had small numbers
of subjects. However, this risks bias in terms of the
best model for Aβ-positive subjects. Note that Aβ-
positive-negative subjects were used in the derivation
of predictive models, but not in evaluation.

Conclusions
We studied the problem of predicting disease progres-
sion and cognitive decline of potential AD patients
with established Aβ pathology in the ADNI database.
The best performing model achieved a performance
of R2 = 0.388 predicting the change in MMSE scores
two years after baseline using a linear regression model
based on a cohort with weighted samples in the train-
ing cohort using all features at baseline. Similarly, a
gradient boosting model with all subjects weighted
equally predicted the change in diagnosis with high
accuracy (F1 = 0.791) when using all features. For the
most accurate predictions, our models combine vari-
ables measured at the baseline such as cognitive tests,
CSF biomarkers, proteins and genetic markers. Among
these, baseline cognitive tests scores were found to be
the strongest predictors, accounting for most of the
variance explained by all features, across models. Fi-
nally, we identified that even though the Aβ42/Aβ40
ratio is a good predictor for AD in the preclinical
phase, the respective levels of Aβ are less useful in pre-
dicting progression among only Aβ-positive subjects.
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Tábuas-Pereira, M., Beato-Coelho, J., Duro, D., Almeida, M.R.,

Oliveira, C.R.: Addition of the aβ42/40 ratio to the cerebrospinal fluid

biomarker profile increases the preadictive value for underlying

alzheimer’s disease dementia in mild cognitinve impaierfrment.

Alzheimer’s research & therapy 10(1), 1–15 (2018)

44. Li, K., Chan, W., Doody, R.S., Quinn, J., Luo, S.: Prediction of

conversion to alzheimer’s disease with longitudinal measures and

time-to-event data. Journal of Alzheimer’s Disease 58(2), 361–371

(2017)

45. Dick, J., Guiloff, R., Stewart, A., Blackstock, J., Bielawska, C., Paul,

E., Marsden, C.: Mini-mental state examination in neurological

patients. Journal of Neurology, Neurosurgery & Psychiatry 47(5),

496–499 (1984)

46. Lewczuk, P., Esselmann, H., Otto, M., Maler, J.M., Henkel, A.W.,

Henkel, M.K., Eikenberg, O., Antz, C., Krause, W.-R., Reulbach, U.,

et al.: Neurochemical diagnosis of Alzheimer’s dementia by CSF Aβ42,

Aβ42/Aβ40 ratio and total tau. Neurobiology of aging 25(3), 273–281

(2004)

47. Lewczuk, P., Riederer, P., O’Bryant, S.E., Verbeek, M.M., Dubois, B.,

Visser, P.J., Jellinger, K.A., Engelborghs, S., Ramirez, A., Parnetti, L.,

Jr, C.R.J., Teunissen, C.E., Hampel, H., Lleó, A., Jessen, F., Glodzik,
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Figures

Figure 1 Histogram showing the Aβ ratio of subjects at
baseline. The different coloured groups represent different
diagnoses: dementia, MCI and CN. The upper left histogram
shows all diagnoses together and overlaps have blended
colours like green and dark red.

Figure 2 Exclusion flowchart showing the Aβ-positive (left)
and All Subjects (right) cohort. The graphs present the
cohorts used for the prediction in the change in the MMSE
score (A1 and A2) for the a change in the diagnosis after two
years (B).

Figure 3 Graph showing the MMSE score development for
CN, MCI and AD subjects split by Aβ-status. The shaded
areas represent 95% confidence intervals for the mean values.
The number of subjects decreases over time, hence the
growing uncertainty bands.

Figure 4 A calibration plot (true vs predicted values) for a
linear regression model that predicts the change in MMSE
score two years from baseline.

Figure 5 Predicted change in MMSE score and the predicted
probability of a change in diagnosis after two years in the
baseline-MCI group. Points are color-labeled based on their
observed change in diagnosis.

Tables
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Table 1 Baseline demographic and clinical characteristics of the ADNI cohort for Aβ-positive subjects and All Subjects.

Column ’Overall Aβ-positive’ and ’Missingness’ have been swapped.

Overall Aβ-positive Missing CN MCI AD All subjects All missing

n 749 132 411 206 2293

AGE, mean (SD) 73.7 (7.2) 1 75.2 (6.0) 73.2 (7.0) 73.6 (8.1) 73.2 (7.2) 9

Gender, n (%) m 415 (55.4) 0 55 (41.7) 247 (60.1) 113 (54.9) 1217 (53.2) 5

f 334 (44.6) 77 (58.3) 164 (39.9) 93 (45.1) 1071 (46.8)

MMSE, mean (SD) 26.5 (2.8) 0 29.0 (1.2) 27.4 (1.9) 23.3 (2.0) 27.4 (2.66 ) 5

ADAS13, mean (SD) 20.1 (9.6) 5 10.2 (4.6) 18.4 (6.7) 30.3 (7.7) 17.0 (9.25) 29

TAU, mean (SD) 337.1 (139.2) 7 281.5 (102.5) 334.3 (141.9) 378.6 (141.5) 285.6 (132.9) 1010

ABETA42, mean (SD) 754.0 (320.0) 0 885.3 (396.5) 761.5 (311.6) 654.8 (240.7) 1090.7 (607.5) 1014

FDG, mean (SD) 1.19 (0.15) 157 1.29 (0.11) 1.22 (0.14) 1.06 (0.13) 1.23 (0.15) 806

APOE4, n (%) 0 245 (34.5) 39 63 (50.4) 133 (34.5) 49 (24.6) 1162 (54.1) 147

1 345 (48.6) 56 (44.8) 187 (48.4) 102 (51.3) 780 (36.4)

2 120 (16.9) 6 (4.8) 66 (17.1) 48 (24.1) 204 (9.5)

Hippocampus, mean (SD) 6517.6 (1091.6) 168 7300.8 (788.8) 6585.0 (1029.8) 5883.8 (1008.4) 6794.0 (1185.7) 806

AV45, mean (SD) 1.37 (0.20) 312 1.29 (0.21) 1.36 (0.20) 1.44 (0.18) 1.21 (0.23) 1205

ABETARatio, mean (SD) 0.087 (0.029) 0 0.094 (0.020) 0.086 (0.023) 0.084 (0.023) 0.129 (0.057) 1014

Table 2 Performance of the linear and gradient boosting
regressions, predicting change in MMSE two and four years after
baseline for three different cohort selections. We compare models
trained on features a) the all features set from baseline and b)
from baseline cognitive scores only.

R2 (SD) 2-year follow-up 4-year follow-up

all features

Linear regression, Aβ Only 0.372 (0.081) 0.205 (0.227)

Linear regression, All Subjects 0.354 (0.083) 0.325 (0.134)

Linear regression, All Subjects, Weighted 0.388 (0.073) 0.304 (0.152)

Gradient boosting, Aβ Only 0.287 (0.124) 0.156 (0.244)

Gradient boosting, All Subjects 0.356 (0.108) 0.252 (0.191)

Gradient boosting, All Subjects, Weighted 0.338 (0.950) 0.263 (0.192)

Cognitive tests only

Linear regression, Aβ Only 0.343 (0.087) 0.178 (0.203)

Linear regression, All Subjects 0.333 (0.081) 0.228 (0.143)

Linear regression, All Subjects, Weighted 0.350 (0.079) 0.225 (0.160)

Gradient boosting, Aβ Only 0.272 (0.133) -0.050 (0.358)

Gradient boosting, All Subjects 0.323 (0.118) 0.149 (0.224)

Gradient boosting, All Subjects, Weighted 0.293 (0.114) 0.118 (0.227)

Table 3 Performance of the classification models in predicting
change in diagnosis two years after baseline for three different
cohort selections.

weighted F1 (SD) follow-up after 2-year

all features cognitive tests only

LR, Aβ Only 0.763 (0.050) 0.761 (0.046)

LR, All Subjects 0.781 (0.044) 0.762 (0.050)

LR, All Subjects, Weighted 0.776 (0.047) 0.770 (0.046)

GB, Aβ Only 0.770 (0.043) 0.784 (0.041)

GB, All Subjects 0.788 (0.045) 0.793 (0.039)

GB, All Subjects, Weighted 0.786 (0.046) 0.787 (0.037)

Supplementary material
0.1 Supplementary material 1

Supplementary material The supplementary material includes a method

describing weighting of cohorts, along with lists of the cognitive tests and

other features. Hyperparameter values, and two tables showing the feature

importance for two and four years after baseline are presented.
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Abstract

Missing values are unavoidable in many applications of ma-
chine learning and present challenges both during training
and at test time. When variables are missing in recurring pat-
terns, fitting separate pattern submodels have been proposed
as a solution. However, fitting models independently does not
make efficient use of all available data. Conversely, fitting a
single shared model to the full data set relies on imputation
which often leads to biased results when missingness depends
on unobserved factors. We propose an alternative approach,
called sharing pattern submodels, which i) makes predictions
that are robust to missing values at test time, ii) maintains
or improves the predictive power of pattern submodels, and
iii) has a short description, enabling improved interpretability.
Parameter sharing is enforced through sparsity-inducing reg-
ularization which we prove leads to consistent estimation. Fi-
nally, we give conditions for when a sharing model is optimal,
even when both missingness and the target outcome depend
on unobserved variables. Classification and regression exper-
iments on synthetic and real-world data sets demonstrate that
our models achieve a favorable tradeoff between pattern spe-
cialization and information sharing.

1 Introduction
Machine learning models are often used in settings where
model inputs are partially missing either during training or
at the time of prediction (Rubin 1976). If not handled appro-
priately, missing values can lead to increased bias or to mod-
els that are inapplicable in deployment without imputing the
values of unobserved variables (Liu, Zachariah, and Stoica
2020; Le Morvan et al. 2020). When missingness is depen-
dent on unobserved factors that are related also to the predic-
tion target, the fact that a variable is unmeasured can itself be
predictive—so-called informative missingness (Rubin 1976;
Marlin 2008). Often, imputation of missing values is insuffi-
cient, and it can be beneficial to let models make predictions
based on both the partially observed data and on indicators
for which variables are missing (Jones 1996; Groenwold
et al. 2012). As mentioned in Morvan et al. (2020), even
the linear model—the simplest of all regression models—
has not yet been thoroughly investigated with missing values
and still reveals unexpected challenges.

Copyright © 2023, Association for the Advancement of Artificial
Intelligence (www.aaai.org). All rights reserved.
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Figure 1: Coefficient sharing between a main model θ and
pattern submodels for three clinics with different patterns
in missing values. Without specialization, ∆m, an average
prediction shared by clinics with different patterns may not
lead to an optimal solution for any of them. Conversely, fit-
ting separate models for each clinic does not use all of the
available data efficiently and leads to high variance.

Pattern missingness emerges in data generating processes
(DGPs) where there are structural reasons for which vari-
ables are measured—samples are grouped by recurring pat-
terns of measured and missing variables (Little 1993). In
Figure 1, we illustrate an example of this when observing
patients from three different clinics, each systematically col-
lecting slightly different measurements. Assume for simplic-
ity that the pattern of missing values is unique to each clinic.
In this way, a pattern-specific model is also site-specific.

Pattern submodels have been proposed for this setting, fit-
ting a separate model to samples from each pattern (Mer-
caldo and Blume 2020; Marshall et al. 2002). This solution
does not rely on imputation and can improve interpretability
over black-box methods (Rudin 2019), but can suffer from
high variance, especially when the number of distinct pat-
terns is large and the number of samples for a given pattern
is small. Moreover, if the fitted models differ significantly
between patterns, it may be hard to compare or sanity-check
their predictions. Notably, pattern submodels disregard the
fact that the prediction task is shared between each pattern.
However, in the context of Figure 1, using a shared model
for all clinics may also be suboptimal if clinics take differ-
ent measurements, or treat patients differently (high bias).

We propose the sharing pattern submodel (SPSM) in
which submodels for different missingness patterns share



coefficients while allowing limited specialization. This en-
courages efficient use of information across submodels lead-
ing to a beneficial tradeoff between predictive power and
variance in the case where similar submodels are desired
and sample sizes per pattern are small. Additionally, models
with few and small differences between patterns are easier
for domain experts to interpret.

We describe SPSM in Section 3, and we prove that in
linear-Gaussian systems, a model which shares coefficients
between patterns may be optimal—even when the predic-
tion target depends on missing variables and on the missing-
ness pattern (Section 4). Finally, we find in an experimental
evaluation on real-world and synthetic data that SPSM com-
pares favorably to baseline classifiers and regression meth-
ods, paying particular attention to how SPSM boosts sample
efficiency and model sparsity (Section 5).

2 Prediction with Test-Time Missingness
Let X = [X1, ..., Xd]

⊤ be a vector of d random variables
taking values in X ⊆ Rd, and M = [M1, ...,Md]

⊤ be a ran-
dom missingness mask in M ⊆ {0, 1}d where Mj = 1 indi-
cates that variable Xj is missing. Next, let X̃ ∈ (R∪{NA})d
be the mixed observed-and-missing values of X according
to M and define X¬M = [Xj : Mj = 0]⊤ ∈ Rd−∥M∥1 to
be the vector of observed covariates under M . The outcome
of interest, Y ∈ R, may depend on all of X , observed or
missing, as well as on M . Let k = |M| denote the num-
ber of possible missingness patterns.1 Further, assume that
variables X,M, Y are distributed according to a fixed, un-
known joint distribution p. The assumed (causal) dependen-
cies of the variables used, coincide most closely with selec-
tion missingness (Little 1993) (Figure 4 in the appendix).

Our goal is to predict Y under missingness M in X using
functions f : (R ∪ {NA})d → R. We aim to minimize risk
with respect to the squared loss on p,

min
f

R(f), where R(f) := EX̃,Y∼p[(f(X̃)− Y )2] . (1)

Under the assumption that Y has centered, additive noise,

Y = g(X,M) + ϵ where E[ϵ] = 0, (2)

the Bayes-optimal predictor of Y is f∗ = E[Y | X¬M ,M ].
In general, observed values X¬M are insufficient for pre-
dicting Y ; f∗ may depend directly on the mask M , even if
Y does not depend directly on M (Le Morvan et al. 2021).

A common strategy to learn f is to first impute the miss-
ing values in X̃ and then fit a model on the observed-or-
imputed covariates XI ∈ R—so-called impute-then-regress
estimation. Even though imputation is powerful, it is not al-
ways optimal under test-time missingness (Le Morvan et al.
2021) and often assumes that data is missing at random
(MAR) (Carpenter and Kenward 2012; Seaman et al. 2013).

2.1 Pattern Submodels
In cases where the number of distinct missingness pat-
terns k is small, it is possible to learn separate predic-

1In practical scenarios, we expect k to be much smaller than the
worst-case number, 2d.

tors fm for each pattern. This idea has been called pat-
tern submodels (PSM) (Mercaldo and Blume 2020; Mar-
shall et al. 2002), a set of models which aim to minimize
the empirical risk under each missingness pattern. Let D =
{(x̃(1),m(1), y(1)), ..., (x̃(n),m(n), y(n))} be a data set of n
samples, with partially observed features x̃(i), correspond-
ing to missingness patterns m(i), drawn independently and
identically distributed from p. PSM may be learned by min-
imizing the regularized empirical risk,

min
{fm}∈Fk

1

n

n∑

i=1

L(fm(i)(x̃(i)), y(i)) +
∑

m∈M
R(fm) (3)

over a suitable class of models F and regularization R. Mer-
caldo and Blume (2020) considered linear and logistic re-
gression models, fm = σ(θ⊤mx) with σ either the identity
or logistic function and loss L chosen to match. The objec-
tive in (3) is separable in m and can be solved independently
for each pattern. However, this often leads to high variance
in the small-sample regime since each pattern accounts for
only a subset of the available samples. Without structural
assumptions, the number of patterns k grows exponentially
with d (see discussion in Section 6).

PSM allows for prediction under test-time missingness
which adapts to the pattern m without relying on imputa-
tion or assumptions on missingness mechanisms like MAR.
However, the prediction target (and the Bayes-optimal
model f∗) may have only a small dependence on the pat-
tern m; the optimal submodels for all m may share signifi-
cant structure. Next, we propose estimators that exploit such
structures to reduce variance and increase interpretability.

3 Sharing Pattern Submodels

We propose sharing pattern submodels (SPSM), linear pre-
diction models, specialized for patterns in variable miss-
ingness, which share information during learning. Sharing
is accomplished by regularizing submodels towards a main
model and solving the resulting coupled optimization prob-
lem. While linear models are limited in expressive power,
they are often found to be useful approximations of nonlin-
ear functions due to their superior interpretability.

Fitting SPSM Let θ ∈ Rd represent main model coeffi-
cients used in prediction under all missingness patterns, and
define θ¬m = [θj : mj = 0]⊤ ∈ Rdm to be the subset of co-
efficients corresponding to variables observed under m. To
emphasize, θ¬m depends only on m in selecting a subset of
θ—the coefficients are shared across patterns. Similarly, de-
fine ∆¬m ∈ Rdm to be pattern-specific specialization of
these coefficients to m. In contrast to θ¬m, the values of
∆¬m are unique to each pattern m. Note, a model fm de-
pends only on the observed components of X . In regression
tasks, we learn sharing pattern submodels on the form

fm(x) := (θ¬m +∆¬m)⊤x¬m, for all m ∈ M (4)



by solving the following problem with λm ≥ 0 and γ ≥ 0,

minimize
θ,{∆¬m}

1

n

n∑

i=1

(
(θ¬m(i) +∆¬m(i))⊤x

(i)

¬m(i) − y(i)
)2

+
γ

n
∥θ∥+

∑

m∈M

λm

nm
∥∆¬m∥1 . (5)

where nm is the number of samples of pattern m. λm > 0
and γ > 0 are regularization parameters. Intercepts (pattern-
specific and shared) are left out for brevity. The optimization
problem is convex, and we find optimal values for θ and ∆m

using L-BFGS-B (Byrd et al. 1995) in experiments. In clas-
sification tasks, the square loss is replaced by the logistic
loss. In either case, we call the solution to (5) SPSM.

For the penalty ∥θ∥, we use either the ℓ1 or ℓ2 norm to
tradeoff bias and variance in the main model. A high value
for λm regularizes the specialization of model coefficients
to missingness pattern m such that high λm encourages
smaller ∥∆m∥1 and greater coefficient sharing. In experi-
ments, we let λm take the same value λ for all patterns. ℓ1-
regularization is used for ∆ as we aim for a sparse solution
where the majority of specialization coefficients are zero.

Consistency For fixed λ, γ, sums of the minimizers of (5),
θ∗¬m + ∆∗

¬m, converge to the best linear approximations of
the Bayes-optimal predictors f∗

m for each pattern m in the
large-sample limit. We state this formally and sketch a proof
in Appendix A.2 using standard arguments. This result is
agnostic to parameter sharing; ∆∗ may not be sparse. In
Section 4, we prove that, in the linear-Gaussian setting, our
method also recovers the sparsity of the true process. In the
large-sample limit, this may not be beneficial for variance
reduction, but sparsity contributes to interpretability.

Why is SPSM Interpretable? Comparing pattern special-
izations allows domain experts to reason about how similar
submodels are, and how they are affected by missing val-
ues. We argue that a set of submodels is more interpretable
if specializations contain fewer non-zero coefficients, ∆¬m

is sparse. Sparsity is a generally useful measure of inter-
pretablity (Rudin 2019), since it results in only a subset of
the input features affecting predictions, reducing the effec-
tive complexity of the model (Miller 1956; Cowan 2010).

4 Optimality of Sharing Models
In this section, we give conditions under which an optimal
pattern submodel has sparse specializations (shares param-
eters between patterns) and when SPSM converges to such
a model in the large-sample limit. We analyze DGPs where
the outcome Y depends linearly on all components of X
(models have access only the observed subset of these) and
on the pattern M , but not on interactions between X and M ,

Y = θ⊤X + αM + ϵ , with ϵ ∼ N (0, σ2
Y ). (6)

Here, αM is a pattern-specific intercept. Without αM , this
is a setting often targeted by imputation methods, since the
outcome is a parametric function of the full X . However,
we know that X will be partially missing also at test time,

and M is allowed to have arbitrary dependence on X . In this
case, imputation need not be necessary or sufficient.

Next, we study this setting with Gaussian X , where we
can precisely characterize optimal models and their sparsity.

4.1 Sparsity in Linear-Gaussian DGPs
Recall that X¬m and θ¬m denote covariates and coefficients
restricted to observed variables under pattern m, and define
Xm and θm analogously for missing variables. For outcomes
which obey (6), the Bayes-optimal model under m is

E[Y | X¬m,M = m] = θ¬m
⊤X¬m + ξm (7)

where ξm = θm
⊤EXm [Xm | X¬m] + αm is the bias of

the naı̈ve prediction made using the coefficients θ¬m of the
true system but restricted to observed variables. Ignoring
ξm coincides with performing prediction following zero-
imputation and is biased in general. ξm thus captures the
specialization required for pattern submodels to be unbiased.
For closer analysis, we study the following setting.

Condition 1 (Linear-Gaussian DGP). Covariates X =
[X1, ..., Xd]

⊤ are Gaussian, X ∼ N (µ,Σ) with mean µ
and covariance matrix Σ. The outcome Y is linear-Gaussian
as in (6) with parameters (θ, {αm}, σY ). M is arbitrary.

In line with Condition 1, let Σ¬m,m be the submatrix
of Σ restricted to the rows corresponding to observed vari-
ables under m and columns corresponding to variables miss-
ing under m. Define Σ¬m,¬m and Σm,¬m analogously.
Throughout, we assume that Σ is invertible so that the dis-
tribution is non-degenerate. In practice, the non-degenerate
case can be handled through ridge regularization.

Proposition 1. Suppose covariates X and outcome Y obey
Condition 1 (are linear-Gaussian). Then, the Bayes-optimal
predictor for an arbitrary missingness mask m ∈ M, is

f∗
m = E[Y | X¬m,m] = (θ¬m +∆¬m)⊤X¬m + Cm

where Cm ∈ R is constant with respect to X¬m and

∆¬m = (Σ−1
¬m,¬m)Σ¬m,mθm .

Proposition 1 states that, for a linear-Gaussian system, the
Bayes-optimal model under missingness pattern m has the
same form as SPSM with pattern-specific intercept, combin-
ing coefficients of a main model θ and specializations ∆¬m.
The result is proven in Appendix A.3.

In nonlinear DGPs, the optimal correction term ∆¬m may
not be constant with respect to X¬m. The NeuMiss model
by Le Morvan et al. (2020) learns such corrections as func-
tions of the input and missingness mask using deep neural
networks. However, this method lacks the interpretability of
sparse linear models sought here. Even in this more general
case, SPSM may achieve a good bias-variance tradeoff. In-
deed, we find on real-world data, which may not be linear,
that SPSM is often preferable to strong nonlinear baselines.

When is Sparsity Optimal? Like other sparsity-inducing
regularized estimators, such as LASSO (Tibshirani 1996),
SPSM reduces variance by shrinking some model parame-
ters to zero. Under appropriate conditions, when the training



set grows large, we expect the learned sparsity to correspond
to properties inherent to the DGP. For LASSO, this means re-
covering zeros in the coefficient vector of the outcome. For
SPSM, objective (5) is used to learn submodels on the form
(θ¬m+∆¬m)⊤X¬m where θ is shared between patterns and
∆¬m is sparse. It is natural to ask: When can we expect the
“true” or an “optimal” ∆¬m to be sparse and, if it is, when
can we recover this sparsity with SPSM? Surprisingly, as we
will see, the optimal specialization ∆¬m may be sparse even
if Y depends on all covariates in X .

Assume that Condition 1 (Linear-Gaussian DGP) holds
with system parameters (µ,Σ, θ, {αm}, σY ). We can char-
acterize sparsity in the Bayes-optimal model (θ, {∆¬m}),
see Proposition 1, by the interactivity of covariates. We say
that variables Xj and Xj′ are non-interactive if they are sta-
tistically independent given all other covariates. As is well-
known, for Gaussian X , Xj and Xj′ are non-interactive if
Sj,j′ = 0, where S = Σ−1 is the precision matrix.

Proposition 2 (Sparsity in optimal model). Suppose that a
covariate j ∈ [d] is observed under pattern m, i.e., mj = 0,
and assume that Xj is non-interactive with every covariate
Xj′ that is missing under m. Then (∆¬m)j = 0.

Proposition 2 states that the sparsity in ∆ is partially de-
termined by the covariance pattern of observed and unob-
served covariates. For example, specialization is not needed
for a variable j under pattern m if it is uncorrelated with all
missing variables under m. Conversely, specialization, i.e.,
(∆¬m)j ̸= 0, is needed for features j that are predictive
(θj ̸= 0) and redundant (replicated well by unobserved fea-
tures which are also predictive). This is because in the main
model, redundant variables may share the predictive burden,
but when they are partitioned by missingness, they have to
carry it alone. This shows that prediction with a single model
and zero-imputation is sub-optimal in general.

Consistency of SPSM In the large-sample limit, under
Condition 1, we can prove that SPSM recovers maximally
sparse optimal model parameters. If the true system param-
eters are also sparse, SPSM learns these.

Theorem 1. Suppose that Condition 1 holds with param-
eters (θ, {∆¬m}) as in Proposition 1, such that, for each
covariate j, the number of patterns m for which mj = 0
and (∆¬m)j = 0 is strictly larger than the number of pat-
terns m′ for which m′

j = 0 and (∆¬m′)j ̸= 0. Then, with
γ = 0 and fixed λ > 0, the true parameters (θ, {∆¬m}) are
the unique solution to (5) in the large-sample limit, n → ∞.

Proof sketch. We provide a full proof in Appendix A.5. The
main steps involve showing that the SPSM objective (5) is
asymptotically dominated by the risk term, and the sums of
its minimizers (θ∗¬m + ∆∗

¬m) coincide with optimal regres-
sion coefficients (θ̂¬m) fit independently for each missing-
ness pattern m. For any λ > 0, regularization steers the so-
lution towards one which is maximally sparse in ∆∗

¬m.

4.2 Relationship to Other Methods
For particular extreme values of the regularization parame-
ters γ, λm, SPSM coincides with other methods (Table 1).

γ < ∞ γ → ∞
λm → ∞ Zero imputation Constant

0 < λm < ∞ Sharing model Pattern submodel
λm = 0 No sharing Pattern submodel

Table 1: Extreme cases and equivalences of SPSM, provided
that no pattern-specific intercept is used.

First, the full-sharing model (λm → ∞, γ < ∞) coin-
cides with fitting a single model to all samples after zero-
imputation. To see this, set ∆¬m = 0 for all m and note

θ¬m(i)
⊤x(i)

¬m(i) = θ⊤I0(x̃
(i))

where I0(x̃) replaces missing values in x̃ with 0. In this set-
ting, submodel coefficients cannot adapt to m. In the im-
plementation, we allow the fitting of pattern-specific inter-
cepts which are not regularized by λm. Second, (λm <
∞, γ → ∞) corresponds with the standard PSM without pa-
rameter sharing (Mercaldo and Blume 2020) or the Extend-
edLR method of (Morvan et al. 2020). The precise nature
of this equivalence depends on the choice of regularization.2

In this setting, each submodel f̂m is fit completely indepen-
dently of every other. Finally, an SPSM model with optimal
parameters (θ, {∆¬m}), in the linear-Gaussian case, implic-
itly makes a perfect single linear imputation,

E[Xm | X¬m] = X¬mΣ−1
¬m,¬mΣ¬m,m,

and applies the main model’s parameters θm to the imputed
values. If many samples are available, it may be feasible to
learn the imputation directly. However, if the variables in
X¬m and Xm are never observed together, imputation is no
longer possible. In contrast, SPSM could still learn an opti-
mal submodel for each pattern, given enough samples.

5 Experiments
We evaluate the proposed SPSMmodel3 on simulated and on
real-world data, aiming to answer two main questions: How
does the accuracy of SPSM compare to baseline models, in-
cluding impute-then-regress, for small and larger samples;
How does sparsity in pattern specializations ∆ affect perfor-
mance and interpretation?

Experimental Setup In the SPSM algorithm, before one-
hot-encoding of categorical features, all missingness pat-
terns in the training set are identified. At test time, pat-
terns that did not occur during training, variables are re-
moved until the closest training pattern is recovered. Both
linear and logistic variants of SPSM were trained using the
L-BFGS-B solver provided as part of the SciPy Python
package (Virtanen et al. 2020). Our implementation sup-
ports both ℓ1 and ℓ2-regularization of the main model pa-
rameters θ and ℓ1-regularization of pattern-specific devi-
ations ∆. This includes both the no-sharing pattern sub-
model (λm < ∞, γ → ∞) and full-sharing model (λm →

2Mercaldo and Blume (2020) adopted a two-stage estimation
procedure, the relaxed LASSO (Meinshausen 2007).

3Code to reproduce experiments and the appendix is available
at https://github.com/Healthy-AI/spsm.



∞, γ < ∞) as special cases. In the experiments, γ can take
values within [0, 0.1, 1, 5, 10, 100], and we used a shared
λm = λ ∈ [1, 5, 10, 100, 1000, 1e8] for all patterns. Inter-
cepts were added for both the main model and for each pat-
tern without regularization. We do not require patterns to
have a minimum sample size but support this functionality
(appendix Table 8). For missingness patterns at test time that
did not occur in the training data, variables were removed
until the closest training pattern was recovered.

We compare linear and logistic regression models to the
following baseline methods: Imputation + Ridge / logistic
regression (Ridge/LR), Imputation + Multilayer percep-
tron (MLP) with a single hidden layer, and XGBoost (XGB),
where missing values are supported by default (Chen et al.
2019). Last, we compare the Pattern Submodel (PSM) (Mer-
caldo and Blume 2020). Note, our implementation of PSM is
based on a special case of our SPSM implementation where
regularization is applied over all patterns and not in each pat-
tern separately. Hyperparameters are based on the validation
set. For imputation, we use zero (I0), mean (Iµ) or iterative
imputation (Iit) from SciKit-Learn (Pedregosa et al. 2011b;
Van Buuren 2018). XGB’s handling of missing values is de-
noted In. Details about method implementations, hyperpa-
rameters and evaluation metrics are given in Appendix B.2.

5.1 Simulated Data
We use simulated data to illustrate the behavior of sharing
pattern submodels and baselines in relation to Proposition 1,
focusing on bias and variance. We sample d input features
X from a multivariate Gaussian N (0,Σ) with covariance
matrix Σ specified by a cluster structure; the features are
partitioned into k clusters of equal size. The covariance is
defined as Σii = 1, Σi ̸=j = 0 if i, j are in different clusters,
and Σi ̸=j = c if i, j are in the same cluster, where c is chosen
as large as possible so that Σ remains positive semidefinite.

Each cluster c ∈ {1, ..., k} is represented in the outcome
function Y = θ⊤X + ϵ by a single feature i(c), such that
βi(c) ∼ N (0, 1) and θj = 0 for other features. We let
ϵ ∼ N (0, 1), independently for each sample. We consider
three missingness settings: In Setting A, each variable in
cluster c is missing if Xi(c) > −0.5. In Setting B, each vari-
able in cluster c—except one chosen uniformly at random—
is missing if Xi(c) > −0.5. Both settings satisfy the condi-
tions of Proposition 1 but are designed to violate MAR by
letting the outcome variable depend directly on missing val-
ues which may not be recovered from observed ones. In Set-
ting C, we follow missing-completely-at-random (MCAR),
where variables are missing independently with probability
0.2. We generate samples with d = 20 and k = 5.

In Figure 2, we show the test set coefficient of determi-
nation (R2) for Setting A. Note, that the methods which use
imputation (imputation method selected based on validation
error at each data set size) perform well initially but plateau
quickly, indicating relatively high bias. SPSM and PSM both
achieve a higher R2 for the full sample. SPSM performs bet-
ter than PSM for small samples indicating lower variance.
The SPSM model includes 42 non-zero pattern-specific co-
efficients when the training set size is 0.2 and 68 with the
fraction is 0.8. Results for Setting B and C are presented in
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Figure 2: Performance on simulated data Setting A (higher
is better). Error bars show standard deviation over 5 random
data splits. The full data set has n = 2000 samples.

Appendix C.1. Even in the MCAR setting C, PSM performs
considerably worse than alternatives due to excessive vari-
ance from fitting independent pattern-specific models.

5.2 Real-World Tasks
We describe two health care data sets used for classification
and regression. More information on the non-health related
HOUSING (De Cock 2011) data is shown in Appendix C.3.

ADNI The data is obtained from the publicly avail-
able Alzheimer’s Disease Neuroimaging Initiative (ADNI)
database.4 ADNI collects clinical data, neuroimaging and
genetic data. In the classification task, we predict if a pa-
tient’s diagnosis will change 2 years after baseline diagno-
sis. The regression task aims to predict the outcome of the
ADAS13 (Alzheimer’s Disease Assessment Scale) (Mofrad
et al. 2021) cognitive test at a 2-year follow-up based on
available data at baseline.

SUPPORT We use data from the Study to Understand
Prognoses and Preferences for Outcomes and Risks of Treat-
ments (SUPPORT) (Knaus et al. 1995), which aims to
model survival over a 180-day period in seriously ill hos-
pitalized adults using the Physiology Score (SPS). Follow-
ing Mercaldo and Blume (2020), in the regression task we
predict the SPS while for the classification task, we predict if
a patient’s SPS is above the median; the label rate is 50/50 by
definition. We mimic their MNAR setting by adding 25 units
to the SPS values of subjects missing the covariate ”partial
pressure of oxygen in the arterial blood”.

5.3 Results
We report the results on health care data in Table 2. For re-
gression tasks, we provide the number of non-zero coeffi-
cients used by the linear models. In addition, we study pre-
diction performance as a function of data set size in Figure 3
and in the appendix Figure 7. The statistical uncertainty of
the average error is measured with its square root, which is
a standard deviation and expressed by 95% confidence in-
tervals over the test set. Results of HOUSING data are pre-
sented in Appendix C.3.

4http://adni.loni.usc.edu



Regression R2 # Coefficients
ADNI
Ridge, Iµ 0.66 (0.59, 0.73) 37 + 0
XGB, Iµ 0.41 (0.31, 0.50) —
MLP, I0 0.62 (0.55, 0.69) —
PSM 0.51 (0.43, 0.60) 0 + 430
SPSM 0.66 (0.59, 0.73) 37 + 21

SUPPORT
Ridge, I0 0.38 (0.35, 0.42) 11 + 0
XGB, In 0.30 (0.27, 0.34) —
MLP, Iµ 0.56 (0.53, 0.59) —
PSM 0.52 (0.49, 0.56) 0 + 188
SPSM 0.53 (0.50, 0.56) 11 + 91

Classification AUC Accuracy
ADNI
LR, I0 0.85 (0.80, 0.90) 0.85 (0.74, 0.94)
XGB, In 0.80 (0.74, 0.86) 0.84 (0.73, 0.94)
MLP, I0 0.86 (0.78, 0.89) 0.84 (0.73, 0.94)
PSM 0.81 (0.75, 0.87) 0.84 (0.74, 0.95)
SPSM 0.86 (0.81, 0.90) 0.85 (0.75, 0.96)

SUPPORT
LR, I0 0.83 (0.81, 0.85) 0.77 (0.74, 0.79)
XGB, I0 0.85 (0.83, 0.87) 0.78 (0.75, 0.81)
MLP, I0 0.86 (0.85, 0.88) 0.79 (0.76, 0.81)
PSM 0.84 (0.83, 0.86) 0.78 (0.75, 0.81)
SPSM 0.85 (0.83, 0.86) 0.78 (0.75, 0.80)

Table 2: Results for ADNI and SUPPORT tasks along with
the respective imputation method (see setup). We also re-
port the number of non-zero coefficients in shared (k) and
pattern-specific models (l) as k + l.

For ADNI regression, SPSM and Ridge are the best per-
forming models with R2 of 0.66 showing the same confi-
dence in the prediction. Validation performance resulted in
selecting γ = 10.0, λ = 50 for SPSM. With an R2 score of
0.51, PSM seems not able to benefit from pattern-specificity
in ADNI. In contrast, SPSM makes use of coefficient shar-
ing which results in a significantly smaller number of coef-
ficients compared to PSM. For SUPPORT regression, PSM
achieves almost the same result as SPSM (R2 of 0.52–0.53)
with partly overlapping confidence intervals for the predic-
tions. Although, the number of coefficients used in SPSM
is smaller than in PSM due to the coefficient sharing be-
tween submodels. The best regularization parameter values
for SPSM were γ = 0.1, λ = 5.0 which is lower than for
ADNI, consistent with the larger data set size. The best per-
forming model is MLP (R2 of 0.56) for SUPPORT regres-
sion. However, the black-box nature of MLP is not conducive
to reasoning about the influence of the missingness pattern.
Mean and zero imputation have the best validation perfor-
mance for Ridge, XGB and MLP. In summary, SPSM is
consistently among the best-performing models in both data
sets, with fairly tight confidence intervals. In ADNI classifi-
cation, SPSM, MLP and LR achieve the highest prediction ac-
curacy (0.84–0.85) and Area Under the ROC Curve (AUC)
(0.85–0.86). All methods perform similarly well on ADNI.
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Figure 3: Performance on ADNI for the regression task. Er-
ror bars indicate standard deviation over 5 random subsam-
ples of the data. Equal performance for SPSM and Ridge
and subpar performance for PSM indicates that for ADNI re-
gression, pattern specialization is mostly irrelevant.

SPSM selected γ = 0 and λ = 1.0 which indicates moderate
coefficient sharing. For SUPPORT data, all models perform
almost at the same level. XGB and MLP perform slightly bet-
ter than SPSM (γ = 0.1, λ = 10.0) and PSM. Across ADNI
and SUPPORT LR, XGB and MLP predominantly use zero
imputation. In all tasks, SPSM performs comparably or fa-
vorably to all other methods. The tight confidence intervals
for classification in both data sets indicate high certainty in
the result averages.

Non-Healthcare Data and Coefficient Specialization In
contrast to the previous data sets, where sharing coefficients
is beneficial, we see for the HOUSING data, a large ad-
vantage from nonlinear estimation: the tree-based approach
XGB (Table 9). It shows an R2 of 0.76 and outperforms the
other baseline methods for the regression task confirming
the non-linearity of that data set. We also do not see the
same positive effect in specializing (PSM, SPSM not better
than Ridge with imputation). None of the missing value in-
dicators show a significant feature importance level in XGB
which might indicate that pattern specialization is not neces-
sary. For results on the HOUSING data, see Appendix C.3.

Performance with Varying Training Set Size Figure 3
shows the test R2 for linear models trained on different frac-
tions of ADNI data. Each set was subsampled into fractions
0.2, 0.4, 0.6, 0.8, 1.0 of the full data set. Especially for small
fractions, SPSM benefits from coefficient sharing and lower
variance data compared to PSM. Ridge with mean impu-
tation performs comparably. A similar figure for the SUP-
PORT is presented in appendix Figure 7. SPSM and PSM
perform equally well across the fractions, whereas Ridge
shows high error compared to both pattern submodels.

Pattern Specialization in SPSM We inspect pattern spe-
cializations ∆ for SPSM in the ADNI regression task with
respect to interpretablity. In Table 3, we present the main
model θ and pattern-specific coefficients ∆4 for pattern 4.
Table 7 in the appendix shows all patterns m with ∆¬m ̸= 0.
For pattern 4, measurements of the amyloid-β (ABETA)
peptide and the proteins TAU and PTAU are missing in the



Missing features in pattern 4:
ABETA, TAU and PTAU at baseline (bl)

Feature ∆4 θ θ +∆4

Age -0.140 0.121 -0.019
FDG-PET -0.090 -0.039 -0.129
Whole Brain (bl) 0.000 -0.045 -0.044
Fusiform 0.016 0.021 0.037
ICV 0.001 0.093 0.094
Intercept -0.10 0.18

Table 3: Example of ∆4 for regression using SPSM using
ADNI. SPSM takes γ = 10 and λ = 13 as parameters
for a single seed. There are 10 missingness pattern in to-
tal, while 4 of them have non-zero coefficients for ∆ and
pattern-specific intercept. Coefficients are for standardized
variables.

baseline diagnostics (ADNI 2012). The absence of these
three features affects pattern specialization: For an imaging
test FDG-PET (fluorodeoxyglucose), the magnitude of its
coefficient is increased, placing heavier weight on the fea-
ture in prediction. Similarly, the coefficients for Fusiform
(brain volume), and ICV (intracranial volume) increase in
magnitude and predictive significance when ABETA, TAU,
and PTAU are absent. In contrast, for the feature AGE, the
resulting coefficient of -0.019 (compared to 0.121 in the
main model) means that the predictive influence of this fea-
ture decreases under pattern 4. As Table 3 shows, SPSM ap-
plied to tabular data allows for short descriptions of pattern
specialization, which helps construct a simple and meaning-
ful model. We enforce sparsity in ∆ to limit the number of
differences between submodels, and present all features j
with specialized coefficients ∆¬m(j) ̸= 0, five in the ex-
ample case. In this way, the set of submodels is more inter-
pretable and the user, e.g., a medical staff member can be
supported in decision-making. For a more detailed analysis
on interpretability properties of SPSM, see Appendix C.4.

Tradeoff between Interpretability and Accuracy The
interpretability-accuracy tradeoff is especially crucial for
practical use of SPSM. The empirical results do not show
any significant evidence that our proposed sparsity regular-
ization hurts prediction accuracy (Table 2, Figure 3). Never-
theless, in a practical scenario, domain experts may choose a
simpler model at a slight cost in performance. Then, we can
measure the tradeoff by varying values of hyperparameters
to find an adequate balance (Figure 8). The parameter selec-
tion is based on the validation set and aligns with the test set
results. We see some parameter sensitivity in SUPPORT that
supports sharing, but only in a moderate way.

6 Related Work
Pattern-mixture missingness refers to distributions well-
described by an independent missingness component and a
covariate model dependent on this pattern (Rubin 1976; Lit-
tle 1993). In this work, pattern missingness refers to emer-
gent patterns which may or may not depend on observed
covariates (Marshall et al. 2002). Mercaldo and Blume

(2020); Morvan et al. (2020) and Bertsimas, Delarue, and
Pauphilet (2021) define pattern submodels for flexible han-
dling of test time missingness. The ExtendedLR method of
Morvan et al. (2020) represents a related method to pattern
submodels. However, they neither study coefficient sharing
between models nor provide a theoretical analysis of when
optimal submodels have partly identical coefficients (shar-
ing, sparsity in specialization). Marshall et al. (2002) de-
scribes the one-step sweep method using estimated coeffi-
cients and an augmented covariance matrix obtained from
fully observed and incomplete data at test time. In very re-
cent and so far unpublished work, Bertsimas, Delarue, and
Pauphilet (2021) present two methods for predicting with
test time missingness. First, Affinely adaptive regression spe-
cializes a shared model by applying a coefficient correction
given by a linear function of the missingness pattern. When
the number of variables d is smaller than the number of
patterns (which could grow as 2d), and the outcome is not
smooth in changes to missingness mask, this may introduce
significant bias. The resulting bias-variance tradeoff differs
from our method, and unlike our work, is not justified by the-
oretical analysis. Second, Finitely adaptive regression starts
by placing each pattern in the same model, recursively par-
titioning them into subsets.

Several deep learning methods which are applicable un-
der test time missingness with or without explicitly attempt-
ing to impute missing values have been proposed (Bengio
and Gingras 1995; Che et al. 2018; Le Morvan et al. 2020;
Morvan et al. 2020; Nazabal et al. 2020). The NeuMiss net-
work, discussed briefly in Section 4.1, proposes a new type
of non-linearity: the multiplication by the missingness indi-
cator (Le Morvan et al. 2020). NeuMiss approximates the
specialization term ∆⊤

¬mX¬m (along with per-pattern bi-
ases) using a deep neural network where both covariates
and missingness mask are given as input, sharing parameters
across patterns. NeuMiss and Affinely adaptive regression
(see above) are similar since their pattern specializations are
functions of the inputs and the masks, both in contrast to
SPSM. Moreover, neither method attempts to learn sparse
specialization terms (e.g., no ℓ1 regularization of ∆).

7 Conclusion
We have presented sharing pattern submodels (SPSM) for
prediction with missing values at test time. We enforce pa-
rameter sharing through sparsity in pattern coefficient spe-
cializations via regularization and analyze SPSM’s consis-
tency properties. We have described settings where informa-
tion sharing is optimal even when the prediction target de-
pends on missing values and the missingness pattern itself.
Experimental results using synthetic and real-world data
confirm that SPSM performs comparably or slightly better
than baselines across all data sets without relying on impu-
tation. Notably, the proposed method never performs worse
than non-sharing pattern submodels as these do not use the
available data efficiently. While SPSM is limited to learn-
ing linear models, it is not limited to learning from linear
systems. An interesting direction is to identify other classes
of models developed with interpretability that could benefit
from this type of sharing.
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Figure 4: Directed graph showing assumed probabilistic de-
pendencies. X̃ is a deterministic function of X,M . Unob-
served variables U may influence both covariates X , miss-
ingness M and the outcome Y , ruling out ‘missing at ran-
dom’ (MAR).

A Technical appendix
A.1 Variable dependencies
The assumed (causal) dependencies of the variables X,M, Y are
represented in a directed graph in Figure 4.

A.2 Consistency in the general case
Proposition 3. For each pattern m, the minimizers (θ∗,∆∗

¬m) of
(5) are consistent estimators of the best linear approximation to
E[Y | X¬m,M = m],

lim
n→∞

(θ∗¬m +∆∗
¬m) = min

η
E[(η⊤X¬m − Y )2 | M = m] .

When the true outcome is linear, Y = η⊤
¬mX¬m+ϵ with Gaussian

errors ϵ, limn→∞(θ∗¬m +∆∗
¬m) = η¬m .

Proof sketch. Minimizers ∆∗ and θ∗ will have bounded norm due
to the quadratic form of the objectives. This, in the limit n → ∞,
regularization terms vanish due to normalization with n and the
minimizers (θ∗, {∆∗

¬m}) are invariant to additive transformations;
with c ∈ Rdm , θ′¬m = θ∗¬m + c and ∆′

¬m = ∆∗
¬m − c also mini-

mize the objective. Choosing c = −θ∗¬m, we get θ′¬m = 0 and the
objective becomes separable in m. As a result, the objective can be
written as k standard least squares problems, one for each pattern.
As is well known, for additive sub-Gaussian noise, the minimizers
of these problems are consistent for the best linear approximation
to the corresponding conditional mean.

A.3 Proof of Proposition 1
Proposition (Proposition 1 Restated). Suppose covariates X and
outcome Y obey Condition 1 (are linear-Gaussian). Then, the
Bayes-optimal predictor for an arbitrary missingness mask m ∈
M, is

f∗
m = E[Y | X¬m,m] = (θ¬m +∆¬m)⊤X¬m + Cm

where Cm ∈ R is constant with respect to X¬m and

∆¬m = (Σ−1
¬m,¬m)Σ¬m,mθm .

Proof. By properties of the multivariate Normal distribution, we
have that

EXm [Xm | X¬m]

= E[Xm] + Σm,¬mΣ−1
¬m,¬m(X¬m − E[X¬m])

and as a result, following the reasoning above,

E[Y | X¬m]

= (θ¬m + (Σm,¬mΣ−1
¬m,¬m)θm)⊤X¬m + Cm

= (θ¬m +∆m)⊤X¬m + Cm,

where Cm = θ⊤m(E[Xm]−Σm,¬mΣ−1
¬m,¬mE[X¬m])+αm, which

is constant w.r.t. X¬m.

A.4 Sparsity in optimal model
Proposition (Proposition 2 restated). Suppose that a covariate
j ∈ [d] is observed under pattern m, i.e., mj = 0, and assume
that Xj is non-interactive with every covariate Xj′ that is missing
under m. Then (∆¬m)j = 0.

Proof. Let θ̄¬m = θ¬m+∆¬m. Recall that S = Σ−1 is the preci-
sion matrix for X ∼ N (µ,Σ) and permute the rows and columns
of Σ into observed and unobserved parts, such that, without loss
of generality, we can write

Σ =

[
Σ¬m,¬m Σ¬m,m

ΣT
¬m,m Σm,m

]
. (8)

Note that by the definition of ∆¬m (Proposition 1),

Σ

[
∆¬m

−θ̄¬m

]
=

[
Σ¬m,¬m Σ¬m,m

ΣT
¬m,m Σm,m

] [
∆¬m

−θ̄¬m

]

=

[
0
gm

]
,

where gm is a suitable vector. Hence
[

∆¬m

−θ̄¬m

]
= Σ−1

[
0
gm

]
= S

[
0
gm

]

We conclude the result by noting that (∆¬m)j is zero if in the
jth row of S, all entries corresponding to the unobserved part is
zero.

A.5 Consistency in linear-Gaussian DGPs
Theorem (Theorem 1 restated). Suppose that Condition 1 holds
with parameters (θ, {∆¬m}) as in Proposition 1, such that, for
each covariate j, the number of patterns m for which mj = 0 and
(∆¬m)j = 0 is strictly larger than the number of patterns m′ for
which m′

j = 0 and (∆¬m′)j ̸= 0. Then, with γ = 0 and λ > 0,
the true parameters (θ, {∆¬m}) are the unique solution to (5) in
the large-sample limit, n → ∞.

Proof. Consider the optimization problem in eq. (5) with γ = 0.
In the large-sample limit (n → ∞), minimizers of the empirical
risk over n samples will also minimize the expected risk and, since
the outcome is linear-Gaussian, satisfy the constraint in eq. (9).
Then, solving (5) is equivalent to solving the following problem:

minimize
θ′,{∆′¬m}

∑

m

∥∆′
¬m∥1 (9)

subject to θ′¬m +∆′
¬m = θ¬m +∆¬m, m ∈ M

Many parameters (θ′,∆′) can satisfy the constraint, due to trans-
lational invariance. However, for any value of λ > 0, regular-
ization in (5) steers the solution towards the one with the small-
est norm, ∥∆′∥1. The reasoning is similar to the argument in the
proof of Proposition 3, adding the assumption that the true system
is linear-Gaussian. Under the added assumptions of Theorem 1,
we can now prove that we also get the correct decomposition.



Take a solution θ∗, {∆∗
¬m} of (9). For simplicity of notation

below, let vectors θ,∆¬m, θ∗,∆∗
¬m always be indexed such that

the same index j refers to coefficients corresponding to the same
covariate Xj . Next, define Ij = {m | mj = 0, (∆¬m)j = 0}
to be the set of patterns where covariate j is observed and with-
out specialization under the optimal model. Similarly, define Icj =
{m | mj = 0, (∆¬m)j ̸= 0} to be the set of patterns where
covariate j is observed and needs specialization. First, note that

∑

m

∥∆∗
¬m∥1 =

∑

j

∑

m|mj=0

|(∆∗
¬m)j |

=
∑

j

∑

m∈Ij

|(∆∗
¬m)j |+

∑

j

∑

m∈Ic
j

|(∆∗
¬m)j | .

For m ∈ Ij , we have θ∗j + (∆∗
¬m)j = θj . Hence

∑

j

∑

m∈Ij

|(∆∗
¬m)j | =

∑

j

|Ij ||θj − θ∗j | (10)

For m ∈ Icj , we have θ∗j + (∆∗
¬m)j = θj + (∆¬m)j and hence

by the triangle inequality, we have
∑
j

∑
k∈Ic

j

|(∆∗
k)j | ≥

∑
j

∑
k∈Ic

j

(
|(∆k)j | − |θj − θ∗j |

)
=

∑
m

∥∆¬m∥1 −
∑
j

|Icj ||θj − θ∗j | (11)

We conclude that∑

m

∥∆∗
¬m∥1 ≥

∑

m

∥∆¬m∥1 +
∑

j

(|Ij | − |Icj |)|θj − θ∗j |

≥
∑

m

∥∆¬m∥1

where the last inequality is by the assumption. This provides the
desired result.

B Experiment details
B.1 Real world data sets
ADNI The compiled data set includes 1337 subjects that were
preprocessed by one-hot encoding of the categorical features and
standardized for the numeric features. The processed data has 37
features and 20 unique missingness patterns. The label set is quite
unbalance showing 1089 patients who do not change from their
baseline diagnosis, and 248 do. The regression task targets pre-
dicting the result of the cognitive test ADAS13 (Alzheimer’s Dis-
ease Assessment Scale) at a 2 year follow-up (Mofrad et al. 2021)
based on available data at baseline.

SUPPORT The data set contains 9104 subjects represented by
23 unique missingness pattern. The following 10 covariates were
selected and standardized: partial pressure of oxygen in the arterial
blood (pafi), mean blood pressure, white blood count, albumin,
APACHE III respiration score, temperature, heart rate per minute,
bilirubin, creatinine, and sodium.

B.2 Details of the baseline methods
We compare to the following baseline methods:

Imputation + Ridge / logistic regression (Ridge/LR) the
data is first imputed (see below) and a ridge or logistic regres-
sion is fit on the imputed data. The implementation in SciKit-
Learn was used (Pedregosa et al. 2011a). The ridge coefficients
are shirked by imposing a penalty on their size. They are a re-
duced factor of the simple linear regression coefficients and
thus never attain zero values but very small values (Tibshirani
1996)

Imputation + Multilayer perceptron (MLP): The MLP esti-
mator is based on a single hidden layer of size ∈ [10, 20, 30]
followed by a ReLu activation function and a softmax layer
for classification tasks and a linear layer for regressions tasks.
As input, the imputed data is concatenated with the missing-
ness mask. The MLP is trained using ADAM (Kingma and Ba
2014), and the learning rate is initialized to constant (0.001)
or adaptive. We use the implementation in SciKit-Learn (Pe-
dregosa et al. 2011b).

Pattern submodel (PSM): For each pattern of missing data, a
linear or logistic regression model is fitted, separately regular-
ized with a ℓ2 penalty. Following Mercaldo and Blume (2020),
for patterns with fewer than 2∗d samples available, a complete-
case model (CC) is used. Our implementation of PSM is based
on a special case of our SPSM implementation where regular-
ization is applied over all patterns and not in each pattern sepa-
rately. To enforce fitting separated submodels for each pattern,
we set γ = 1e8 and λ = 0.

XGBoost (XGB): XGBoost is an implementation of gradient
boosted decision trees. Note, XGBoost supports missing val-
ues by default (Chen et al. 2019), where branch directions for
missing values are learned during training. A logistic classi-
fier is then fit using XGBClassifier while regression tasks are
trained with the XGBRegressor (Pedregosa et al. 2011b). We
set the hyperparameters to 100 for the number of estimators
used, and fix the learning rate to 1.0. The maximal depth of the
trees is ∈ [5, 10, 15].

Imputation methods and hyperparameters for all methods were
selected based on the validation portion of random 64/16/20 train-
ing/validation/test splits. Results were averaged over five random
splits of the data set. The performance metrics for classification
tasks were accuracy and the Area Under the ROC Curve (AUC).
For regression tasks, we use the mean squared error (MSE) and the
R-square, (R2) value, representing the proportion of the variance
for a dependent variable that’s explained by an independent vari-
able, taking values in [−∞, 1] where negative values represent
predictions worse than the mean (Dancer and Tremayne 2005).
Confidence intervals at significance level α = 0.05 are computed
based on the number of test set samples. For accuracy, MSE and
R2 we use a Binomial proportion confidence interval (Fagerland,
Lydersen, and Laake 2015) and for AUC we use the classical
model of (Hanley and McNeil 1983).

Computing Infrastructure The computations required re-
sources of 4 compute nodes using two Intel Xeon Gold 6130
CPUS with 32 CPU cores and 384 GiB memory (RAM). More-
over, a local disk with the type and size of SSSD 240GB with a
local disk, usable area for jobs including 210 GiB was used. Inital
experiments are run on a Macbook using macOS Montery with a
2,6 GHz 6-Core Intel Core i7 processor.

C Additional experimental results
C.1 Simulation results
Results for synthetic data with missingness Setting B (pattern-

dependent) and Setting C (MCAR) can be found in Figures 5
and 6, respectively.

C.2 Results for ADNI and SUPPORT
A figure illustrating the performance on SUPPORT with varying
data set size is given in Figure 7. Table 4 presents the MSE score



0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
Data set fraction

0.0

0.1

0.2

0.3

0.4

0.5

0.6

R
2

PSM
SPSM
MLPR
Ridge
XGBoost

Figure 5: Performance on simulated data Setting B. Error
bars indicate standard deviation over 5 random data splits.
The complete data set has n = 10000 samples.
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Figure 6: Performance on simulated data Setting C (MCAR).
Error bars indicate standard deviation over 5 random data
splits. The complete data set has n = 10000 samples.

Linear
Methods MSE

ADNI
Ridge, I0 0.36 (0.26, 0.46)
XGB, Iµ 0.60 (0.48, 0.74)
MLP, Iµ 0.37 (0.27, 0.47)
PSM 0.50 (0.38, 0.62)
SPSM 0.35 (0.25, 0.45)

SUPPORT
Ridge,I0 0.61 (0.56, 0.66)
XGB, Iµ 0.69 (0.63, 0.75)
MLP, I0 0.44 (0.39, 0.48)
PSM 0.47 (0.42, 0.52)
SPSM 0.47 (0.42, 0.51)

Table 4: Experimental results of regression methods for
ADNI and SUPPORT data set.

as an additional performance metric for the regression tasks us-
ing ADNI and SUPPORT data. For the MAR setting in the SUP-
PORT data, we present the results for classification and regression
tasks in Table 6 and Table 5. Moreover, the full table of pattern
4 non-zero coefficients with the corresponding missing features is
displayed in Table 7.
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Figure 7: Performance on SUPPORT data for a regression
task. Error bars indicate standard deviation over 5 random
subsamples of the data.

Regressions R2 MSE
SUPPORT

Ridge, I0 0.38 (0.34, 0.41) 0.62 (0.57, 0.67)
XGB, Iµ 0.27 (0.23, 0.31) 0.73 (0.67, 0.78)
MLP, I0 0.55 (0.52, 0.58) 0.45 (0.40, 0.49)
PSM 0.51 (0.48, 0.54) 0.49 (0.44, 0.53)
SPSM 0.52 (0.49, 0.58) 0.47 (0.42, 0.51)

Table 5: Experimental results of regression methods for
SUPPORT data set MAR.

C.3 HOUSING data
The Ames Housing data set (HOUSING) (De Cock 2011) was
compiled by Dean De Cock for use in data science education.
The data set describes the sale of individual residential property
in Ames, Iowa from 2006 to 2010. The data set contains 2930 ob-
servations and a large number of explanatory variables (23 nom-
inal, 23 ordinal, 14 discrete, and 20 continuous) involved in as-
sessing home values. In this study we used a subset of the features
27 features to describe the main characteristics of a house. Exam-
ples of features included are measurements about the land (’Lot-
Frontage’, ’LotArea’, ’LotShape’, ’LandContour’, ’LandSlope’),
the ’Neighborhood’, and ’HouseStyle’, when the house was build
(’YearBuilt’), or remodeled (’YearRemodAdd’). Moreover, fea-
tures describing the outside of the house (’RoofStyle’, ’Foun-
dation’), technical equipment (’Heating’, ’CentralAir’, ’Electri-
cal’, ’KitchenAbvGr’, ’Functional’, ’Fireplaces’, ’GarageType’,
’GarageCars’, ’PoolArea’, ’Fence’, ’MiscFeature’), and informa-
tion about previous house selling prices and conditions (’MoSold’,
’YrSold’, ’SaleType’, ’SaleCondition’). The numeric features

Classifiers AUC Accuracy
SUPPORT
LR, I0 0.82 (0.80, 0.84) 0.75 (0.72, 0.78)
XGB, I0 0.83 (0.81, 0.85) 0.76 (0.74, 0.78)
MLP, I0 0.85 (0.84, 0.87) 0.78 (0.76, 0.81)
PSM 0.83 (0.81, 0.85) 0.78 (0.74, 0.80)
SPSM 0.83 (0.81, 0.85) 0.76 (0.73, 0.80)

Table 6: Experimental results of classifiers for SUPPORT
data with MAR.



Missing features in pattern 0:
None

No. of
missingness

pattern
Feature ∆m θ θ + ∆m

Age -0.038 0.121 0.082
EDUCAT 0.014 -0.005 0.009
APOE4 0.046 -0.010 0.035
FDG -0.032 -0.039 -0.071
ABETA 0.027 -0.000 0.027
LDELTOTAL 0.051 -0.391 -0.340

0 Entorhinal 0.007 -0.131 -0.124
ICV 0.013 0.093 0.106
Diagnose MCI 0.078 -0.139 -0.061
GEN Female -0.054 0.003 -0.050
GEN Male 0.000 0.062 0.062

Not Hisp/
Latino 0.047 -0.114 -0.067

Married 0.115 -0.159 -0.044
Missing features in pattern 1:

FDG
1 Age -0.052 0.121 0.069

Missing features in pattern 4:
ABETA, TAU and PTAU at baseline (bl)

Age -0.140 0.121 -0.019
4 FDG -0.090 -0.039 -0.129

Whole Brain 0.000 -0.045 -0.044
Fusiform 0.016 0.021 0.037
ICV 0.001 0.093 0.094

Missing features in pattern 10:
FDG, ABETA (bl), TAU (bl), PTAU (bl)

10 APOE4 0.038 -0.010 0.027

Table 7: Full table showing ∆m in the regression task using
SPSM for ADNI.

where standardized and the categorical ones are one-hot-encoded
during preprocessing. The HOUSING data set shows 15 different
missingness patterns. An exploratory analysis has shown that the
house sale prices are somehow skewed, which means that there is
a large amount of asymmetry. The mean of the characteristics is
greater than the median, showing that most houses were sold for
less than the average price. In the classification predictions, we
look if the sale prices for a house are above or below the median,
while for regression tasks we predict the sale price for a house.

We report the results of the HOUSING data set in Table 9.
In classification, on average a high performance over all mod-
els, whereas the best performing one, XGB achieves an AUC of
0.96 and an accuracy of 0.91. SPSM achieves only slightly lower
prediction power of 0.95 AUC and 0.88 accuracies than XGB.
While LR, XGB and MLP depend on mean or zero imputation,
PSMand SPSM are able to achieve comparable results without
adding bias to their prediction with high confidence on average.
For the HOUSING regression, the validation power suggested
γ = 10, λ = 100 for SPSM, resulting in an R2 of 0.64 and an MSE
of 0.39. This result is better than for PSM(R2 of 0.58 and MSE of
0.46) and thus demonstrates the benefit of coefficient sharing in
SPSM compared to no sharing. Although Ridge, and MLP per-
form better the differences are only marginal to SPSM. The best

Pattern
number

Number of
subjects

per pattern
R2

0 119 0.64 (0.53, 0.75)
1 30 0.30 (-0.10, 0.55)
6 27 0.71 (0.50, 0.92)

10 28 0.71 (0.50, 0.91)
others ≤ 13 undefined or insignificant

Table 8: A minimum sample size is required for SPSM to
maintain predictive performance
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Figure 8: Heatmap visualizing the tradeoff between inter-
pretability and prediction power including different hyper-
parameter values for γ and λ, expressed by the R2 using
SUPPORT data. Each cell is indicating a γ,λ combination,
e.g. 1,100 represents 1 = γ and 100 = λ.

performing model is the black-box method of XGB achieving an
R2 of 0.76 and MSE of 0.27 indicating the non-linearity of the
data set.

C.4 Analysis of interpretability
By enforcing sparsity in pattern specialization, we ensure that
the resulting subset of features is reduced to relevant differences
which will foster interpretability for domain experts; SPSM allows
for more straight-forward reasoning about the similarity between
submodels and the effects of missingness. Lipton et al. (2016) pro-
vides qualitative design criteria to address model properties and
techniques thought to confer interpretability. We will show that
SPSM satisfies some form of transparency by asking, i.e., how
does the model work?. As stated in (Lipton et al. 2016), trans-
parency is the absence of opacity or black-boxness meaning that
the mechanism by which the model works is understood by a hu-
man in some way. We evaluate transparency at the level of the
entire model (simulatability), at the level of the individual compo-
nents (e.g., parameters) (decomposability), and at the level of the
training algorithm (algorithmic transparency). First, simulatability
refers to contemplating the entire model at once and is satisfied
in SPSM by it’s nature of a sparse linear model, as produced by
lasso regression (Tibshirani 1996). Moreover, we claim that SPSM
is small and simple (Rudin 2019), in that we allow a human to take
the input data along with the parameters of the model and perform
in a reasonable amount of time all the computations necessary to
make a prediction in order to fully understand a model. The as-
pect of decomposabilty (Lipton et al. 2016) can be satisfied by us-
ing tabular data where features are intuitively meaningful. To that
end, we use two real-world tabular data sets in the experiments and
present the coefficient values for input features in Table 3. More-



Housing
Classification AUC Accuracy
LR, Iµ 0.96 (0.94, 0.98) 0.90 (0.85, 0.95)
XGB, I0 0.96 (0.94, 0,98) 0.91 (0.87, 0.96)
MLP, I0 0.96 (0.93, 0.98) 0.90 (0.85, 0.94)
PSM 0.93 (0.90, 0.96) 0.88 (0.83, 0.93)
SPSM 0.95 (0.92, 0.97) 0.88 (0.83, 0.94)

Regression R2 MSE
Ridge, Iµ 0.68 (0.62, 0.75) 0.35 (0.25, 0.44)
XGB, I0 0.76 (0.70, 0.81) 0.27 (0.18,0.35)
MLP, I0 0.64 (0.58, 0.71) 0.39 (0.29, 0.49)
PSM 0.58 (0.50, 0.65) 0.46 (0.35, 0.57)
SPSM 0.64 (0.57, 0.71) 0.39 (0.29, 0.49)

Table 9: Experimental results of classification and regression
methods for HOUSING data set.

over, one can choose to display the coefficients in a standardized
or non-standardized way to provide even better insights. The com-
prehension of the coefficients depends also on domain knowledge.
Finally, algorithmic transparency is given in SPSM, since in lin-
ear models, we understand the shape of the error surface and have
some confidence that training will converge to a unique solution,
even for previously unseen test data. Additionally, Henelius, Puo-
lamäki, and Ukkonen (2017) claims that knowing interactions be-
tween two or more attributes makes a model more interpretable.
SPSM shows in θ + ∆ the coefficient specialization between the
main model and the pattern-specific model and therefore reveals
associations between attributes.
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Abstract

Rule models are favored in many prediction tasks due
to their interpretation using natural language and
their simple presentation. When learned from data,
they can provide high predictive performance, on par
with more complex models. However, in the presence
of incomplete input data during test time, standard
rule models’ predictions are undefined or ambiguous.
In this work, we consider learning compact yet accur-
ate rule models with missing values at both training
and test time, based on the notion of replacement vari-
ables. We propose a method called MINTY which learns
rules in the form of disjunctions between variables that
act as replacements for each other when one or more is
missing. This results in a sparse linear rule model that
naturally allows trade-off between interpretability and
goodness of fit while being sensitive to missing values
at test time. We demonstrate the concept of MINTY in
preliminary experiments and compare the predictive
performance to baselines.

1 Introduction

Rule-based models, such as risk scores, rule lists, and
linear rule models, are favored in prediction problems
and domains where interpretability is a concern (Mar-
got and Luta, 2021; Wei et al., 2019; Fürnkranz et al.,
2012). For example, clinical scoring systems are
defined using a small number of rules with associated
points that add up to a score, indicating, e.g., the
risk of mortality for a patient (Knaus et al., 1991).
In the same domains, it is common for some vari-
ables used in rules to be unobserved at the time of
prediction, due to varying tool availability, examina-
tion protocols, or heterogeneous data sources Madden
et al. (2016). Despite this, most rule-based models
lack built-in principled ways for making predictions
with missing values.

Approaches to prediction with incomplete data,
include imputation (Rubin, 1976), Bayesian model-
ing, fallback default rules (Chen and Guestrin, 2016),
weighted estimating equations Ibrahim et al. (2005)
and prediction with missingness indicators (Le Mor-
van et al., 2020). Drawbacks of existing meth-
ods are that they are specific to a non-interpretable

model class or that they reduce the interpretability
of rule-based models by relying on auxiliary mod-
els which may not be interpretable (imputation, es-
timation weighting) or on parameters associated with
missingness itself (default rules, missingness indicat-
ors) (Stempfle and Johansson, 2022).

If there is redundancy in the covariates set, where
two variables have similar associations to the outcome,
we may not need to observe both of them to predict ac-
curately. Instead, redundant variables A and B could
be used as replacements for each other when one of
them is missing: “If A is not available, use B”, or “If
B is not available, use A”.

Below we show an example of rules which illustrate
how replacement variables can be used in the context
of linear rule models with binary covariates; if at least
one variable in each rule is observed and active, the
prediction is the same whether other variables in the
rule are missing.

prediction = Coefficient1(Variable1 OR Variable2)

+ Coefficient2(Variable3 OR Variable4)

+ Coefficient3(Variable5)

Using replacement variables also avoids direct depend-
ence on imputation or missingness indicators.

In this project, we aim to learn replacement vari-
ables for missing values at test time using a rule-base
interpretable model. Replacements for unobserved
variables should be learned during the training phase
and then retrieved at test time. We propose a new
methodology, MINTY which utilizes replacement vari-
ables, defined by disjunctions of literals, in generalized
linear rule models. Replacement variables indicate
which features can be alternatively used in situations
where the original feature was not measured. In ad-
dition, they ensure a comparable predictive power to
their original counterpart.

Contributions. Our contributions can be summar-
ized as follows: 1) We propose an algorithm for op-
timizing generalized linear rule models to learn dis-
junctions of replacement variables as its rules. This
technique, which we call MINTY, does not rely on im-
putation or missingness indicators. 2) We optim-
ize MINTY using iterated constrained optimization by
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adding conditions on the missingness of replacement
variables to the column generation approach of Wei
et al. (2019). 3) We perform empirical experiments
comparing MINTY to baseline models on synthetic data
and illustrate that our formulation achieves compar-
able prediction performance but benefits from the
flexibility to handle missing values at test time and
provide interpretable results for domain experts.

2 Prediction with missing val-
ues at test time

We consider a supervised learning problem of predict-
ing a continuous outcome of interest Y ∈ R based on
a vector of d input features X = [X1, ..., Xd]

⊤. In
our setting, features may be missing both at training
time and at test time, as indicated by a random miss-
ingness mask M = [M1, ...,Md]

⊤ ∈ {0, 1}d such that
Mj = 0 if Xj is observed and Mj = 1 otherwise. We

let X̃ ∈ (R ∪ {NA})d indicate the partially observed
feature vector, with NA indicating missingness.
We are given a training data set of samples

(xi,mi, yi) for i = 1, . . . , n, drawn i.i.d. from a
distribution p, with xi = [xi1, ...xid]

⊤ the feature
vector of sample i with missing values, and mi, yi
defined analogously. For convenience, we let X ∈
(R ∪ {NA})n×d,M ∈ {0, 1}n×d,Y ∈ R1×d denote data
matrices of features, missingness masks and outcomes
for all observations, respectively.
We assume that all features Xj represent logical lit-

erals, taking values in {0, 1}, whereXij = 1 represents
that literal j is true for observation i. For instance,
in a health care example, feature j may represent the
literal Age ≥ 70 and a patient i that is 73 years old
would have the observation xij = 1. There are stand-
ard ways to transform observations of continuous and
categorical variables to such a representation, such as
discretization by quantiles and dichotomization, see
e.g., Rucker et al. (2015).
Our goal is to predict Y under missingness M in X

using functions f : (R ∪ {NA})d → R, with minimum
risk with respect to the squared loss on p,

min
f

R(f), where R(f) := EX̃,Y∼p[(f(X̃)−Y )2] . (1)

We assume that features and their missingness have
the same distribution at test time as during training.
A common strategy for learning and prediction with

missing values is to impute unobserved variables based
on observed ones Rubin (1976), and proceed as if no
values were missing in the first place. However, when
missingness itself depends on unobserved values—
variables are missing not-at-random (MNAR)—this
strategy is suboptimal, in general, Jamshidian and
Mata (2007).

In our setting, under the assumption that Y
has centered, additive noise, Y = g(X,M) +
ϵ where E[ϵ] = 0, the Bayes-optimal predictor of
Y is f∗ = E[Y = 1 | X̃,M ] Morvan et al. (2021),
which depends directly on the missingness mask M
itself. However, when interpretability is wanted, let-
ting models include features such as “Age is missing”
may be undesirable. Next, we propose a rule-based in-
terpretable model which is sensitive to test-time miss-
ingness but avoids direct dependence on missingness
indicators.

3 Methodology

We propose MINTY, a linear rule model for learning
replacement variables when values expected by the
model may be unobserved at test time. Our goal is to
obtain small, interpretable models with high predict-
ive performance when inputs are incomplete. We first
describe the model class and then show how we solve
the regression task using constrained optimization.
MINTY is a generalized linear rule model (Wei et al.,

2019) with three main components:

1. Rule definitions z·k ∈ {0, 1}d, for rules k =
1, ...,K, which define logical rules in terms of d
features (literals)

2. Rule activations aik ∈ {0, 1}, which indicate
whether individual i = 1, ..., n satisfies rule k

3. Rule coefficients, β = [β1, ..., βK ]⊤ ∈ RK , where
βk relates rule k to the predicted outcome. By
letting rule 1 always be true, β1 takes the role of
an intercept.

MINTY handles missing values by making predic-
tions based on rules formed as disjunctions of liter-
als, such as “(Age > 20) or (Female)”. If the value
of “Age” is missing, the rule depends only on the
value of “Female”. If none of the features in a dis-
junction is observed, the rule is inactive—acting like
zero-imputation. To prevent this from happening, at
training time, we require that, for each observation
and each rule, at least one literal is observed. We
formalize the MINTY model as follows.

Given an observation xi, with missingnenss, let x̄i

denote its zero-imputation, x̄i = xi1[xi ̸= NA]. Then,
define the activation of rule k for xi to be,

aik =
d∧

j=1

zjkx̄ij = max
j∈[d]

zjkx̄ij

where zjk = 1 indicates that literal (feature) j is
included in disjuction (rule) k. Given such activ-
ations, the prediction for an input xi is made as
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ŷi =
∑

k∈S β⊤
k aik, where S denotes the set of disjunc-

tions under consideration, defined by indicators zjk.
We aim to find both a set of rules S and coefficients
β that minimize the regularized empirical risk,

min
β,S

1

n

n∑

i=1

(
∑

k∈S

βkaik − yi)
2 +

∑

k

λk|βk|, (2)

with an ℓ1-penalty λk|βk for including rule k. By
choosing λk, we can control the number and size of
rules used by the model.

When generating the rule set, we restrict S to only
include rules where at least one of the variables in each
rule k is measured for each subject i.

3.1 Optimization

By letting S be the set of all possible disjunctions
K = {0, 1}d, our learning problem (2) reduces to a
LASSO problem with known solvers, but with a num-
ber of rules and coefficients growing exponentially in
d. Even for moderate-size problems, it would be in-
tractable to enumerate all of them. Instead, we follow
the column-generation strategy by Wei et al. (2019),
which intelligently searches the space of disjunctions
and builds up S ⊆ K incrementally.

The idea is to first solve a restricted problem with a
small set of candidate rules S0, in our case just the in-
tercept rule, and then iterative adding new candidates
based on the optimal dual solution of the restricted
problem. A rule is selected based on the marginal be-
nefit (or partial derivative) of introducing it to the re-
stricted problem. If the partial derivative for the most
promising column is non-negative, the procedure ter-
minates. We modify their approach by requiring that
each added rule has at least one observed feature for
each observation in the training set.

Given a current set of disjunctions S and coeffi-
cients β, a new rule is added to S by finding a dis-
junction that can explain the largest part of the re-
sidual of the current model, R = Aβ − Y, where
A = [a1·, . . . , an·]⊤ is the matrix of rule assignments
for all observations i = 1, . . . , n in the training set.
Wei et al. (2019) show that such a rule z may be found
by solving the following optimization problem for both
signs of the first term in the objective.

minimize
a∈{0,1}n

z∈{0,1}d

± 1

2n

n∑

i=1

riai + λ0 + λ1

d∑

j=1

zj

subject to ai,k =
K∑

k=1

max(xijzj)

∀i, k :
∑

j

(1−Mij)zj ≥ 1

(3)

The first constraint in (3) makes sure that rule ac-
tivations aik correspond to a disjunction of literals xij

as indicated by zj . For the second constraint, we re-
quire that, for all rules, at least one of the included
literals j : zj = 1 is observed for every individual i.
To find an approximate solution to (2), we start with
a subset S0 of rules, solve (2) with respect to β for
this set, and compute the residual R for the current
model. Then, repeatedly, a single rule is added to S
based on maximizing its correlation with the residual
R, solving (3), and the coefficients β are refit. When
no rule can be found with a negative solution to (3),
the algorithm terminates and the coefficients β are
refit one last time.

4 Experiments

We evaluate the proposed MINTY model1 on synthetic
data, aiming to answer two main questions: How does
the accuracy of MINTY compare to baseline models;
How do replacement variables affect performance and
interpretation?

Experimental Setup In the column generation
subproblem, to find values for β, given rule defin-
itions S, we use the LASSO implementation in
scikit-learn (Buitinck et al., 2013) with covariate
weighting to achieve variable-specific regularization
strength. We iteratively add variables to S by optim-
izing (3) using Gurobi, a general-purpose optimization
solver Gurobi Optimization, LLC (2023).

The objective function regularizes each rule z·k with
strength λk = λ0+λ1∥z·k∥0, penalizing high numbers
of unmeasured literals per rule. The values of λ0 range
within [10−5, 0.5] and we set λ1 = 0.2 · λ0.

We run two MINTY variations, where one in-
cludes missingness in the input data and uses zero-
imputation, therefore learning disjunctions but disreg-
arding the missingness constraint in (3).

Baseline models We compare the two MINTY vari-
ations, to baseline algorithms in a regression task with
synthesized data. The baselines are ℓ1-regularized
linear regression models (LASSO) applied to data im-
puted with either zero imputation or single imputa-
tion by chained equations, implemented as the Iterat-
iveImputer in scikit-learn (Buitinck et al., 2013), but
without posterior sampling.

Data We use simulated data to illustrate the process
of generating replacement variables focusing on pre-
dictive performance and interpretablity. We sample

1Code to reproduce experiments is available at
https://github.com/Healthy-AI/minty.
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Figure 1: Performance on simulated data. The full
data set has n = 200 samples and was generated over
100 turns.

n × d independent binary input features such that
Xij ∼ Bernoulli(p), with p = 0.3. The outcome Y is
given by a disjunctive linear rule model of S, without
noise (see Table 1). We limit our experiments to the
missing-at-random (MAR) mechanism given by Mayer
et al. (2019) for now. To give the rules meaning-
ful descriptions we constructed column names based
on the features available in the Alzheimer’s Disease
Neuroimaging Initiative (ADNI)2 database.

4.1 Results

We review our results for the regression task for
predictive performance and comment on the inter-
pretablity aspects of rule-based models.
In Figure 1 we compare predictive performance in

terms of the coefficient of determination (R2) on the
test set, averaged across multiple draws of synthetic
data, against the regularization strength indicated by
the λ0. We have fit four models namely MINTY, MINTY
with zero imputation, and LASSO models with either
zero or single imputation by chained equations as
baseline models. We find that the MINTY models per-
form better than the baseline models since they most
likely benefit from their nonlinear function class. A
potential reason why MINTY with zero-imputation per-
forms better than the MINTY including missing values
is that the missingness constraint in (3) is always in-
active for MINTYzero. This leads to the conclusion that
MINTYzero has more rules in the model class to choose
from. The constraint to improve interpretablity seems
to introduce some cost on MINTY when learning rules.
Further investigation is needed and we plan to run
more experiments with more data, perform hyper-
parameter tuning, and will investigate different miss-
ingness mechanisms.

2http://adni.loni.usc.edu

Table 1: Customized rule sets for predictions based
on the ground true rule set S
Rules Coeff.
(Age≥70) OR (Sex= female) +2
(Heart rate≥120BPM) OR (Educationlow) +3
(Educationlow) OR (Prior AD diagnosis) +2
(Age≥70) OR (Heart rate≥120BPM) −5
Intercept +0

Table 2: Learned rules sets and the corresponding
coefficients

.

Rules Coeff.
(Age≥70) OR (Heart rate≥120BPM) −1.96
(Educationlow) OR (Prior stroke)

OR (Prior AD diagnosis) +1.56
Intercept +1.54
Prediction −0.41

Customized rule sets Next, we present descrip-
tions for individual instances and describe the rules
relevant to them while the coefficients sum up to
the prediction made by the model (Table 1). In the
context of the experimental data, this means that
variables that are not measured are removed from
the rules, and the coefficients of the rules that be-
come equal due to the removed variables are summed
up. We implement this by adding a parameter
only active rules indicating that the description con-
tains only features that are ”1”, i.e., apply to that
instance. The simple representation as in Table 1 sup-
ports domain experts, such as clinicians to make use
of MINTY in their decision-making.

In addition, we show an example of learned rules
and compare them to the ground truth rules (Table 1)
from the generated data. We can interpret the results
in Table 2 by saying that the rule (Age≥70) OR
(Heart rate≥120BPM) has a coefficient of −1.96,
while the true coefficient for this rule is also negative
but higher in value (-5) (see last row of rules in
Table 2). The model also learns a rule including three
literals and a coefficient of +1.56. There is no exact
matching rule in the ground truth but educationlow
or prior stroke occur together with a coefficient of
+2, being somewhat close to the true coefficient.

5 Related work

In this work, we focused on developing an inter-
pretable rule-based model when aiming to predict
with missingness at test time by identifying variables
that may act as replacements for each other. The lit-
erature on interpretable machine learning models con-
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tains other methods where learning replacements vari-
ables might be beneficial for prediction with test-time
missingness. For example, risk scores provide a way
to add interpretability in applications with domain-
specific constraints (Ustun and Rudin, 2019). They
comprise simple logistic-linear models but depend on
imputation for dealing with missing data. The tree-
based model XGBoost Chen and Guestrin (2016) of-
fers an alternative by assigning default paths through
the trees for missing variables.

6 Discussion and Conclusion

In this work, we studied prediction with missingness
in situations where groups of variables are correlated
and have similar relationships to the outcome of in-
terest, but one or more may be missing at training and
test time. We proposed the rule-based interpretable
model MINTY for learning replacement variables for
linear combinations of decision rules. Initial empir-
ical results show that MINTY achieves comparable pre-
dictive performance to the baseline models and allows
us to reason about predictions given incomplete data
sets. If meaningful variables are present, they can be
evaluated by a domain expert for intuitiveness as a
replacement.
There are some limitations that suggest interest-

ing future work. First, more experiments are needed
to generalize our results, including several baseline
models and data sets. Next, finding features with
similar prediction power is only one way to find re-
placements. Therefore, we could introduce concep-
tual closeness e.g. similar way to retrieve a measure-
ment using feature concepts associations by domain
knowledge into the constraints (Lage and Doshi-Velez,
2020). Moreover, we will investigate the model be-
havior when no substitute can be found for rare but
highly predictive covariates, and describe the proper-
ties of such a situation. Furthermore, if only a few
features are observed or the model is uncertain in its
prediction, it should not make a prediction, but refer
to a standard rule that applies to many individuals,
or refer to one individual. The latter is referred to as
”learning to defer” (Mozannar et al., 2022) and should
be applied in especially sensitive areas, such as health
care, where it is necessary that no false sense of secur-
ity is conveyed when the model is uncertain. Finally,
if there is high variance in the missingness mechanism
when the training data grows, it becomes increasingly
unlikely to find a small group of replacement variables
among which at least one is always measured. To rem-
edy this, we want to examine combining our approach
with imputation, but relying on it as little as possible.
As a compromise, instead of having the constraint that
every rule be measured for every training sample, we

can minimize the number of rules where a variable is
not measured.
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